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Abstract 

Cylindrical shells are widely used in civil engineering. Examples include cooling 

towers, pipelines, nuclear containment vessels, steel silos and tanks for storage of 

bulk solids and liquids, and pressure vessels. The loading condition for these shells is 

quite varied depending on the function of the shell. Axial compression, global 

bending, external or internal pressure and wind loading are some of the most 

common loading forms for realistic structures. 

The failure of these cylindrical shell structures is often controlled by elastic or 

elastic-plastic buckling failure. Yield failure may occur in thick cylinders in some 

situations. A cylindrical shell under different loading conditions may display quite 

different buckling behaviour. The objective of this thesis is to investigate the 

characteristics of different buckling behaviours of cylindrical shell structures under 

axial compression, global bending, uniform external pressure and wind pressure. 

Some challenging practical problems in the design of these shell structures are 

explored. 

This thesis is expected to have some far-reaching impacts in defining how to 

design cylindrical shell structures to give them adequate strength to resist extreme 

events. Many aspects will be based on the latest Eurocode (EN 1993-1-6, 2007) and 

Recommendations (ECCS EDR5, 2008). The results show both some strength and 

some weaknesses in the Eurocode in design of shell structures. New methods are 

proposed for some practical problems. Some new conclusions and suggestions are 

derived and are expected to provide some useful knowledge for the improvement of 

the Eurocode in cylindrical shell design in general.  



 

Acknowledgement 

I am deeply grateful to my supervisor, Professor J.M. Rotter, for his 

encouragement, generous support and enlightening guidance in carrying out this 

research and in producing this thesis. 

I would like to thank Dr Jian-fei Chen and Dr Cornelia Doerich for their 

invaluable suggestions and constructive comments during my study. I would like to 

thank Dr Martin Gillie for his advice on my thesis writing. I would also like thank 

the friends and colleagues in the University of Edinburgh for their help and support. 

I would like to express my special thanks to my parents, my sister and my 

girlfriend for their love, care and support during the last three years. I am much 

indebted to them. 

Finally, financial support from the China Scholarships Council and the University 

of Edinburgh is greatly acknowledged. 



i 

Table of Contents 

Nomenclature............................................................................................................. vi 

Chapter 1 Introduction.............................................................................................. 1 

 1.1 Background to the problem.............................................................................. 1 
 1.2 Buckling problems in shell structure design .................................................... 1 
 1.3 Design Rules .................................................................................................... 5 
 1.4 Research approach............................................................................................ 5 
 1.5 Research objective............................................................................................ 6 
 1.6 Review of thesis contents................................................................................. 6 

Chapter 2 A general outline of buckling in shells ................................................. 10 

 2.1 An overview of shell buckling ....................................................................... 10 
 2.1.1 Various types of buckling mode.............................................................. 10 
 2.1.2 Shell buckling.......................................................................................... 12 
 2.1.3 Nonlinear elastic theories for buckling in cylindrical shells ................... 14 

 2.2 Imperfection-sensitivity analysis of cylindrical shells ................................... 16 
 2.2.1 Buckling strength of imperfect cylindrical shells.................................... 16 
 2.2.2 “Worst” and “practically-relevant” geometric imperfections ................. 16 

 2.3 Elastic-plastic analyses for thicker shells.......................................................19 
 2.4 The European Standard EN 1993-1-6 (2007) and European 

Recommendations ECCS EDR5 (2008) for steel shell buckling analysis..... 20 
 2.4.1 Types of shell buckling analysis in EN 1993-1-6 (2007)........................ 21 
 2.4.2 The capacity curves for shell buckling in EN 1993-1-6 (2007) .............. 24 
 2.4.3 Geometrical imperfections in EN 1993-1-6 (2007)................................. 27 
 2.4.4 General rules of EN 1993-1-6 (2007) on boundary conditions............... 29 

 2.5 Finite element analysis package ABAQUS ................................................... 30 
 2.5.1 Brief introduction to finite element method and finite element package 

ABAQUS ................................................................................................30 
 2.5.1 Type of element and method used for shell buckling analyses in this 

thesis........................................................................................................ 31 
 2.6 Cylindrical shells under axial compression.................................................... 32 

 2.6.1 Introduction ............................................................................................. 32 
 2.6.2 Nonlinear post-buckling behaviors of perfect elastic cylinders .............. 33 
 2.6.3 Imperfection sensitivity analysis for elastic cylinders............................. 35 
 2.6.4 Elastic-plastic imperfection sensitivity analysis...................................... 39 

 2.7 Conclusions .................................................................................................... 43 

Chapter 3 Nonlinear Stability Analysis of Elastic Cylinders under Global 

Bending.................................................................................................. 43 

 3.1 Introduction and literature review.................................................................. 43 
 3.2 Theoretical solutions for elastic cylindrical shells subjected to global bending

 …………………………………………………………………………….45 
 3.3 Scope of the calculations................................................................................ 49 
 3.4 Numerical results............................................................................................ 50 

 3.4.1 Dimensionless moment-curvature curves................................................ 50 



ii 

 3.4.2 Maximum critical bending moment prediction for cylinders with different 
geometries ............................................................................................... 55 

 3.5 Imperfection-sensitivity analysis for long cylinders ...................................... 60 
 3.6 Conclusions .................................................................................................... 63 

Chapter 4 A study of cylindrical shells under global bending in the elastic-

plastic range.......................................................................................... 65 

 4.1 Buckling and plastic collapse of thin cylinders in bending............................ 65 
 4.2 The EN 1993-1-6 capacity curve for shells in global bending....................... 67 
 4.3 Computations of elastic-plastic buckling strengths........................................ 68 
 4.4 Buckling strength predictions for cylinders under pure bending with ideal 

elastic-plastic material ................................................................................... 69 
 4.4.1 Aspects of finite element analysis ........................................................... 69 
 4.4.2 Moment-curvature curves........................................................................ 70 
 4.4.3 Buckling strength prediction for cylinders with different geometries..... 72 
 4.4.4 Extraction of capacity curve parameters ................................................. 74 

 4.5 Buckling strength predictions for cylinders under pure global bending with 
hardening Model B ........................................................................................ 78 

 4.5.1 The stress-strain relationship for hardening Model B ............................. 78 
 4.5.2 Buckling strength prediction ................................................................... 79 
 4.5.3 Extraction of capacity curve parameters ................................................. 83 

 4.6 Buckling strength predictions for cylinders under pure bending with 
hardening Model C ........................................................................................ 85 

 4.6.1 The stress-strain relationship for hardening Model C ............................. 85 
 4.6.2 Buckling strength prediction ................................................................... 85 
 4.6.3 Extraction of capacity curve parameters ................................................. 90 

 4.7 Comparison of results for different material models ..................................... 91 
 4.8 Cylindrical shells under combined axial compression and global bending in 

the elastic-plastic range.................................................................................. 97 
 4.8.1 Buckling of cylindrical shells under combined axial compression and 

global bending......................................................................................... 97 
 4.8.2 Aspects of finite element modeling......................................................... 97 
 4.8.3 The moment-curvature curves................................................................. 98 
 4.8.4 The nonlinear buckling modes for cylinders with 200/ =tr ............... 100 
 4.8.5 Interaction between axial compression and bending............................. 101 
 4.8.6 Conclusions ........................................................................................... 105 

 4.9 Conclusions .................................................................................................. 106 

Chapter 5 Buckling analysis of short cylinders of uniform thickness under 

uniform external pressure ................................................................. 108 

 5.1 Introduction and literature review ................................................................108 
 5.1.1 Buckling of cylindrical shells under uniform external pressure............ 108 
 5.1.2 Theoretical solutions for cylinders under uniform external pressure.... 110 

 5.2 Computational model for cylinders under uniform external pressure.......... 115 
 5.2.1 Linear bifurcation buckling analysis (LBA).......................................... 115 
 5.2.2 Different form of boundary conditions.................................................. 116 
 5.2.3 Finite element model ............................................................................. 117 



iii 

 5.3 Mesh convergence study .............................................................................. 117 
 5.3.1 General .................................................................................................. 117 
 5.3.2 Mesh convergence ( 250/ =tr , BC1r and BC2f boundaries)............... 118 

 5.4 Buckling strength of cylinders under uniform external pressure with 
membrane pre-buckling stresses.................................................................. 121 

 5.5 Effect of meridional end rotation δβ  on buckling strength of short cylinders 
with membrane pre-buckling stresses.......................................................... 123 

 5.6 Influence of pre-buckling bending deformation (linear elastic pre-buckling 
stress state)................................................................................................... 129 

 5.7 Conclusions .................................................................................................. 136 

Chapter 6 Buckling analysis of cylinders of uniform thickness under wind 

pressure ............................................................................................... 138 

 6.1 Introduction .................................................................................................. 138 
 6.2 Literature review and objective.................................................................... 139 
 6.3 Wind pressures on cylindrical shells............................................................ 141 

 6.3.1 Brief introduction of related elementary fluid dynamics ...................... 141 
 6.3.2 Wind pressure........................................................................................ 142 
 6.3.3 Wind pressure distribution on cylindrical shells ................................... 144 
 6.3.4 Membrane stresses for cylinders under wind pressure.......................... 148 

 6.4 Linear elastic bifurcation analysis (LBA) .................................................... 149 
 6.4.1 Review of linear bifurcation buckling analysis ..................................... 149 
 6.4.2 Computational aspects of finite element analysis ................................. 150 
 6.4.3 Linear bifurcation analysis for cylinders with 200/ =tr ..................... 150 
 6.4.4 Linear bifurcation analysis for cylinders with 500/ =tr ..................... 163 
 6.4.5 Linear buckling strength for thin cylinders with different geometries 

under wind pressure and uniform external pressure.............................. 165 
 6.5 Geometrically nonlinear analysis for cylinders under wind loading............ 168 

 6.5.1 Overview of geometrically nonlinear buckling analysis (GNA) for 
cylinders under wind loading ................................................................ 168 

 6.5.2 Geometrically nonlinear analysis for cylinders with 200/ =tr ........... 169 
 6.5.3 Geometrically nonlinear analysis for cylinders with 500/ =tr ........... 174 
 6.5.4 Comparison of the results from LBA and GNA for cylinders under 

uniform external pressure and wind pressure........................................ 176 
 6.6 Mesh Convergence study ............................................................................. 181 
 6.7 Geometrically and materially nonlinear analysis (GMNA) ......................... 185 
 6.8 Geometrically nonlinear imperfection sensitivity analysis .......................... 188 

 6.8.1 Literature review ................................................................................... 188 
 6.8.2 Imperfection forms ................................................................................ 189 
 6.8.3 Imperfection sensitivity for cylinders with different length to radius ratios 

under wind loading ( )500/ =tr ........................................................... 192 
 6.8.4 The effect of imperfection amplitude on the buckling strength ............ 200 

 6.9 Conclusions .................................................................................................. 203 

Chapter 7 A study of cylindrical shells with stepwise varying wall thickness 

under external pressure ..................................................................... 205 

 7.1 Cylindrical shells of stepwise varying wall thickness.................................. 205 



iv 

 7.2 Buckling behaviour of cylinders under external pressure............................ 206 
 7.2.1 Buckling behavior of cylinder under uniform external pressure........... 206 
 7.2.2 Buckling of cylinders of stepwise variable wall thickness under uniform 

external pressure.................................................................................... 210 
 7.3 Current design method of EN 1993-1-6 (2007) and ECCS EDR5 (2008) due 

to Greiner (1981) ......................................................................................... 212 
 7.4 The weighted smeared wall method for non-uniform walls ........................ 215 
 7.5 Weighted smeared wall method applied to a varied wall thickness distribution

 221 
 7.6 Buckling predictions using the weighted smeared wall method .................. 223 
 7.7 Comparison of the weighted smeared wall method, Greiner’s method in EN 

1993-1-6 (2007) and finite element predictions .......................................... 227 
 7.7.1 Comparison of the buckling modes using the weighted smeared wall 

method and finite element predictions .................................................. 227 
 7.7.2 Comparison of the buckling pressure predictions using the three different 

methods ................................................................................................. 228 
 7.7.3 The influence of the boundary condition at bottom of the shell............ 231 

 7.8. The buckling pressure predictions for different models using the weighted 
smeared wall method ...................................................................................234 

 7.9 Exploitation and enhancement of the weighted smeared wall method based on 
accurate finite element predictions .............................................................. 238 

 7.7 Cylinders of stepwise wall thickness under wind loading ........................... 242 
 7.7.1 Existing provisions in EN 1993-1-6 (2007) and ECCS EDR5 (2008).. 242 
 7.7.2 The effect of geometric nonlinearity ..................................................... 244 
 7.7.3 The relationship of the nonlinear buckling strength under wind pressure 

and uniform external pressure ............................................................... 246 
 7.8 Conclusion.................................................................................................... 250 

Chapter 8 Minimum bending stiffness of the ring stiffener at the top edge of the 

cylinder under wind loading.............................................................. 251 

 8.1 Overview ...................................................................................................... 251 
 8.2 Rules in publications and standards ............................................................. 252 
 8.3 Method and objective in this Chapter .......................................................... 255 
 8.4 Minimum bending stiffness coefficient mink  for a ring stiffener under wind 

loading ......................................................................................................... 256 
 8.4.1 Linear bifurcation analysis (LBA)......................................................... 257 
 8.4.2 Geometrically nonlinear analysis (GNA).............................................. 270 

 8.5 Conclusion.................................................................................................... 276 

Chapter 9 Summary and Conclusions.................................................................. 277 

 9.1 Summary ...................................................................................................... 277 
 9.2 Conclusions .................................................................................................. 279 

 9.2.1 Cylindrical shells under global bending ................................................ 279 
 9.2.2 Cylindrical shells under uniform external pressure............................... 281 
 9.2.3 Cylindrical shells of uniform thickness under wind pressure ............... 282 
 9.2.4 Cylindrical shells of stepwise varying thickness under external pressure

   …………………………………………………………………….284 



v 

 9.2.5 Requirement of the minimum bending stiffness of the ring stiffener for 
cylindrical shells under wind pressure .................................................. 285 

 9.3 Future research ............................................................................................. 285 

References      ......................................................................................................... 288 

Appendix - ABAQUS Input Program for cylindrical shells of stepped wall 

cylinders under uniform external pressure ..................................... 304 



vi 

Nomenclature 

The definition of the symbols in the thesis unless otherwise stated 

clσ  Classical elastic buckling stress for perfect cylindrical shells under 
uniform  axial compression 

E Young’s modulus 

r  Radius of the cylindrical shells 

t  Thickness of the cylindrical shell walls 

ν  Poisson ratio 

Pcr  Linear critical load under axial compression 

I  Second moment of area 

L Length of a column or a cylinder 

l  Axial half-wavelength of the buckle 

w  Radial displacement of the cylindrical shells 

P  Applied axial compressive load 

α  Elastic imperfection reduction factor 

λ  Relative slenderness 

Rcr  Classical elastic critical resistance 

Rpl   Plastic reference resistance 

kR (
GMNIAR ) Critical load determined by experiment or from GMNIA analyses 

β   Plastic range factor 

oλ   Squash limit relative slenderness 

pλ              Plastic limit slenderness 

χ  Characteristic strength 

η  Interaction exponent 

oη   Plastic limit interaction exponent 

0δ   Imperfection amplitude 

θ     Circumferential coordinate in cylinder middle surface 

D  Flexural stiffness of cylindrical shells with ( )2

3

112 υ−
= Et

D  

xσ  Meridional stress of cylindrical shells 
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θσ  Circumferential stress of cylindrical shell 

ρ  Local radius of the cross-section of the cylindrical shell 

Ω  Dimensionless length parameter with 2/1)/)(/( rtrL=Ω  

ω  Dimensionless length parameter with rtL /=ω  

σcr Critical buckling stress for imperfect cylindrical shells 

φ  Mean curvature of the shell in bending 

Mcr Classical elastic critical moment for cylinders in bending 

MBraz Brazier moment for cylinders in bending 

crφ  Curvature of the shell in bending according to the linear bending 
theory 

ξ  Ovalization parameter 

LBAM  Critical bending moment derived from linear bifurcation analysis 

MNAM  Critical bending moment derived from materially nonlinear analysis 

GNAM  Critical bending moment derived from geometrically nonlinear  
analysis 

σy Yield stress 

My   Initial first yield moment for cylinders in bending 

Mp  Full plastic moment for cylinders in bending 

MGMNIA (Mk)   Critical bending moment derived from geometrically and materially 
nonlinear analysis of imperfect cylinders 

yφ  Curvature of the shell in bending at the linear first yield 

TE  Tangent modulus 

pσ  Critical axial compressive stress for cylinders in pure uniform axial     
compression with consideration of plasticity 

crθσ  Critical circumferential buckling stress 

θC ( sCθ ) External pressure buckling factor  (sCθ for short cylinders) 

m  Buckling wave number 

crm  Critical buckling wave number 

mx,σ  Meridional membrane stress  

m,θσ    Circumferential membrane stress 

p  Applied external pressure 

Dcr,θσ  Elastic critical circumferential stress derived from classical linear 
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Donnell-type shell buckling theory  

crbθσ  Elastic critical circumferential stress with considering the pre-
buckling bending deformation  

crmθσ  Buckling stress based on the pre-buckling membrane stress 
assumption 

PC  The wind pressure coefficient around the circumference of the shell 

LBAcrq ,  Linear critical buckling pressure for cylinders under external pressure 

LBAwq ,  Linear critical stagnation pressure for cylinders under wind pressure 

LBAuq ,  Linear critical pressure for cylinders under uniform external pressure   

GNAwq ,  Nonlinear critical buckling stagnation pressure for cylinders under 
wind pressure 

GMNAwq ,  Critical buckling stagnation pressure for cylinders under wind 
pressure  (derived from GMNA) 

θ0w∆  The equivalent amplitude of the dimple 

θgl  The gauge of length in circumferential direction 

GNIAwq ,  Critical buckling stagnation pressure for cylinders under wind 
pressure (derived from GNIA) 

effl  The effective length of the stepped wall cylinder 

C  Membrane stiffness of the cylinder with 
21 ν−

=
Et

C  

0ε  The circumferential strain before buckling 

zε  Meridional strain after buckling 

θε  Circumferential strain after buckling 

eqt  Equivalent uniform thickness 

,cr Dp  Linear buckling pressure derived from Donnell’s linear shell theory 

Scrp ,  Buckling pressure obtained from the weighted smeared  wall method 

FEcrp ,  Buckling pressure obtained from the finite element predictions 

mink  The minimum bending stiffness coefficient 

min,rI  Minimum second moment of area of the cross-section of the ring  

stiffener 
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Chapter 1 Introduction 

 1.1 Background to the problem 

Cylindrical shells are widely used in civil engineering. Examples include cooling 

towers, pipelines, nuclear containment vessels, metal silos and tanks for storage of 

bulk solids and liquids, and pressure vessels. The loading conditions for these shells 

are quite varied depending on the specific function of the shell. Axial compression, 

global bending, external or internal pressure and wind loading are some of the most 

common loading forms in practical structures. A common application of cylindrical 

shells is design of silos and tanks (Fig. 1-1).  

  

    

 (a) Silo  (b) Saddle-supported tank  (c) Tank under wind loading 

Figure 1-1: Cylindrical shell structures in engineering (photographs courtesy by J.M. Rotter) 

Cylindrical shells used in engineering are generally very thin, and the mechanical 

behaviour is more complex than that of other structures like beams, columns and 

plates. The strength of a shell structure is often controlled by the buckling failure 

(Fig. 1-1c). A cylindrical shell under different loading conditions may display quite 

different buckling behaviour. So it is essential to understand the buckling behaviour 

of shell structures in different conditions comprehensively and establish suitable 

design methods. 

 1.2 Buckling problems in shell structure design 

Shell structures are widely used in many fields. The buckling and stability 

analysis of cylindrical shells is an active research area in recent years.  The collapse 
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of shell structures is a common phenomenon in the real world. Failure is believed to 

be caused by either local buckling or global buckling of the shell. By contrast, failure 

controlled by loss of material strength is not very common in practical shell 

structures. Exploration of buckling behaviour of cylindrical shells involves many 

different aspects. This thesis focuses on the buckling behaviour of cylindrical shells 

under uniform axial compression, global bending, uniform external pressure and 

wind loading. 

A cylindrical shell under uniform axial compression is one of the most common 

applications. Axial compression in a cylinder arises from many different causes. For 

heavy structures like towers and chimneys, self-weight provides uniform axial 

compression. For a silo (Fig. 1-1a), the frictional force between the solids and shell 

wall imposes substantial axial compression. For a shell with a closed roof, axial 

compression is caused by the weight of the roof. In addition, many shells under other 

loading conditions can also induce or include either symmetrical or unsymmetrical 

axial compression.  

The first theoretical shell buckling problem to be solved was the cylindrical shell 

under axial compression (Lorenz, 1908; Timoshenko, 1910; Southwell, 1914). This 

analysis determined the linear bifurcation stress of a perfect cylinder under ideal 

conditions of medium length, with pre-buckling stresses unaffected by boundary 

conditions but inducing the constraint of circumferential displacement during 

buckling. This buckling stress is known as the “classical elastic buckling stress”: 

                                 
r

Et

r

tE
cl 605.0

)1(3 2
≅

−
=

ν
σ                                             (1.1) 

The buckling strength of a thin cylindrical shell under axial compression is more 

sensitive to imperfections than shells under other loading conditions. The buckling 

behaviour changes greatly with changing pattern of geometry, loading and boundary 

conditions, and the form and amplitude of the imperfections. For these reasons, the 

axially compressed cylinders are more extensively studied. However, this buckling 

problem is not the main topic in this thesis. Knowledge of this buckling problem can 

be found in many shell buckling published papers and books. 
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Cylindrical shell structures under global bending are common that can be found in 

civil engineering. In a saddle-supported tank (Fig. 1-1b) that is supported at both 

ends, the shell acts as a beam in bending, leading to axial compression at top but 

axial tension at bottom of the shell. This axial compression or tension varies around 

the circumference and along the length. When the tank is filled with water or other 

liquids, the tank is subject to combined bending and internal pressure. The thickness 

of many of these cylinders is generally much thinner than that of a pipeline or a 

tubular structural member, but it is often much thicker than that of a highly 

imperfection sensitive thin shell used in tanks and squatter silos.  Desired thickness 

lies in an uncomfortable range which is extremely thin for the structural tube 

community and very thick for the shell buckling community. The buckling strength 

of these structures is dominated by extensive plasticity, but the fully plastic state is 

usually far from being attained. Yielding and buckling can occur simultaneously and 

the two may interact with each other, depending on the specific geometries and other 

conditions. The mechanical behaviour of these cylinders is more difficult to 

understand. 

Cylindrical shells under uniform external pressure have been studied by many 

researchers. The buckling behaviour of these cylinders is quite different from that of 

cylinders under uniform axial compression. The effects of cylinder length, of 

restraining conditions at the boundaries and of the length of the pressurised zone all 

have great influences on the critical buckling load, especially for short cylinders. So 

it is necessary to clearly understand the effect of these factors on the critical buckling 

load. In EN 1993-1-6 (2007), for short cylinders, the meridional end rotation is not 

considered separately in defining the external pressure factor and all equations are 

based on the classical pre-buckling membrane stress condition. However, this may 

cause inaccurate results for short, and especially for extremely short, cylinders. This 

buckling problem will be discussed in this thesis. 

Cylindrical storage tanks or silos are susceptible to buckling due to wind loading 

when they are empty or partially filled. Figure 1-1(c) shows an example of the 

buckling phenomenon of a stocky cylindrical shell caused by wind loading. Wind 

loading is a complex asymmetrical loading form. Buckling behaviour of cylinders 
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under wind loading is quite different from that under uniform external pressure. Due 

to the complexity of its mechanical behaviour, buckling analysis of cylinders under 

wind loading is currently usually investigated by either experiment or computational 

analysis. In this thesis, this problem is explored using nonlinear finite element 

analysis. 

Cylindrical shells of stepwise varying wall thickness are typically found in 

cylindrical containment structures of moderate length, like vertical-axis tanks and 

silos. The thickness changes because the stress resultants are much larger at lower 

levels. Increase of internal pressure and axial compression in the shell is addressed 

by increasing the wall thickness. A buckle caused by external pressure or wind 

usually extends to several of the top thinner parts of a shell. In the European 

Standard for Shells EN 1993-1-6 (2007) and the European Recommendations on 

Shell Buckling ECCS EDR5 (2008), a complex design method based on the research 

of Resinger & Greiner (1974; 1976) and Greiner (1981) was introduced. The process 

is awkward in practical design of silos and tanks. A much simpler method called 

“weighted smeared wall method” is proposed in this thesis to deal with this buckling 

problem. 

The imperfection-sensitivity analysis of cylindrical shells is one of the most 

significant problems in shell design. Imperfections are unavoidable during the 

process of shell construction. The large discrepancy between classical buckling stress 

predictions and experimental buckling strength was first shown to be predominantly 

caused by geometric imperfections in the shell surface by Koiter (1945). The 

buckling strength of a cylindrical shell depends much on the form and amplitude of 

the imperfection. So a key problem in design process is to identify and characterise 

appropriate “worst” and practically-relevant geometric imperfections, including both 

their shapes and amplitudes (Rotter, 1985; Teng and Rotter, 2004). Imperfection 

sensitivity is almost always seen in shell buckling problems, where imperfections 

have a significant influence on the buckling strength. 
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 1.3 Design Rules 

The latest Eurocode (EN 1993-1-6, 2007)-“Strength and Stability of Shell 

Structures” is the first generic standard to deal with both strength and stability of 

shells and the first to attempt to accommodate all forms of static structural analysis 

within the framework of the same design philosophy. The latest 5th edition of the 

ECCS European Recommendations for the Buckling of Steel Shells (edited by 

Rotter, 2008) provides an extensive commentary on existing rules relating to the 

buckling in the Eurocode, but extends far beyond it in giving recommendations, 

expansions, advice, warnings, explanations and examples. Other related codes 

include the DIN standard on silo loads (1987), ACI standard on silo loads (1991), 

Australian standard on silo loads (1996), Eurocode 1: Actions in silos and tanks (EN 

1991-4, 2006), Eurocode 3: Design of steel structures: Part 4.1: Silos (2007) and 

Eurocode 3: Design of steel structures: Part 4.2: Steel tanks (2007). 

 1.4 Research approach 

The study of shell structures involves a lot of areas covering small or large 

deformations, elastic, elastic-plastic, hardening, bifurcation, snap-through, 

imperfection-sensitivity, stability, and collapse analyses. The mechanical properties 

of cylindrical shells determine that theoretical analysis is quite complex and difficult, 

sometimes causing unexpected mistakes. The strength of cylindrical shells measured 

in laboratory tests also falls far below the ideal strength. The reason for this great 

difference and the loss of strength is mainly caused by geometric imperfections in the 

shell surface. How to define practically relevant geometric imperfections properly is 

a major challenge for researchers. Factors such as different fabricating methods, 

simpler loading cases as well as their boundary conditions all make it difficult to 

ensure that the experimental model is completely consistent with practical structures. 

In addition, it is not easy to obtain accurate buckling strength of imperfect cylindrical 

shells through costly experiments. However, many experimental results are already 

documented in the literature. For example, a lot of experimental data is available for 

axial compressive buckling from many earlier or later authors: Lee (1962), 

Batterman (1965), Bardi and Kyriakides (2006) along with the experimental data for 
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cylinders in bending derived by Suer et al. (1958), Dow and Peterson (1960), 

Elchalakani et al. (2002), Jullien and Limam (2002), Mathon and Limam (2006), 

Limam (2010), etc. Considering the difficulty to conduct experiments and the 

existence of many existing test data, it is not necessary to conduct experiments for 

present study.  

The development of the computer makes it possible to perform nonlinear finite 

element analyses to derive accurate and reliable results. Computational skills can 

now allow the finite element model to approximate practical structures quite well. 

The latest Eurocode (EN 1993-1-6, 2007) represents a major advance in defining the 

use and interpretation of computational calculations of all kinds in design of shells, 

and permits each kind of calculation to be entered into some part of the hand 

calculation process (Rotter, 1998, 2002). This thesis will use the finite element 

software ABAQUS to simulate the shell buckling analysis. The arc-length method is 

used to capture the buckling strength accurately.  

 1.5 Research objective 

This study deals with some challenging practical problems in the design of 

cylindrical shells, some of which have not been fully understood yet in the current 

literature. This project is expected to have some far-reaching impacts in defining how 

to design cylindrical shell structures to give them adequate strength to resist extreme 

events. Many aspects will be based on the latest Eurocode (EN 1993-1-6, 2007) and 

the ECCS Recommendations (ECCS EDR5, 2008). The results show both some 

strengths and weaknesses in the Eurocode in the design of shell structures. 

 1.6 Review of thesis contents 

Based on linear or non-linear finite element analysis, this thesis focuses on the 

buckling behaviour of thin cylindrical shells under both uniform and non-uniform 

loading conditions. Both perfect and imperfect cylinders are investigated. Cylinders 

of either uniform thickness or stepwise variable wall thickness are included. The 

contents are described below. 
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Chapter 2 presents a general overview of shell buckling. Various bifurcation 

buckling types are introduced for different kinds of structures, columns and plates. 

The historical and current developments for shell buckling research are generalized. 

The imperfection-sensitivity study of cylindrical shells, elastic-plastic analyses for 

thicker shells, and related aspects of shell buckling in EN 1993-1-6 (2007) and ECCS 

EDR5 (2008), are introduced. Cylinders under axial compression are discussed and 

outlined in this chapter. The buckling analysis of an elastic cylindrical shell under 

axial compression is conducted using the finite element software ABAQUS.  

Imperfections in terms of either the perfect shell buckling eigenmode or a weld Type 

A depression (Rotter and Teng, 1989) are adopted, respectively. The aim is to verify 

the sensitivity of the elastic buckling strength of a thin-walled cylindrical shell to 

initial imperfections. 

In Chapter 3, nonlinear stability analysis of cylindrical shells under global 

bending in the elastic range is studied. Different buckling behaviours of short, 

medium-length and long cylinders are investigated. Effects of geometric nonlinearity 

and the ovalization of the cross-section on the buckling behaviour are discussed. 

Finally, the effect of the geometric imperfections on the buckling strength of a long 

cylinder is explored. 

In Chapter 4, an imperfection-sensitivity study of cylindrical shells of moderate 

length in global bending in the elastic-plastic range is studied. Effects of geometric 

and material nonlinearity on the buckling strength are explored. A weld depression 

imperfection with different amplitudes is adopted to explore the imperfection 

sensitivity of buckling strength. Cylinders with different radius to thickness ratios are 

involved. Then two different material hardening models are studied to investigate the 

influence of material hardening on the buckling strength. Results have been mapped 

onto the shell buckling capacity curve of EN 1993-1-6 (2007) and show how the 

capacity curve of the European shell buckling standard can be exploited to capture 

very complicated phenomena accurately. Finally, the buckling behaviour of 

cylindrical shells under combined global bending and axial compression in the 

elastic-plastic range is presented. 
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Chapter 5 presents a study of cylindrical shells under uniform external pressure. 

The elastic buckling behaviour for short, medium-length and long cylinders is re-

examined. It focuses on the influence of meridional rotation and pre-buckling 

bending deformation on the buckling strength of short cylinders, especially 

extremely short cylinders, while in EN 1993-1-6 (2007), these two effects are not 

considered separately for short cylinders. Different fitted equations for the external 

pressure factor are proposed, depending on different boundary conditions. 

Chapter 6 presents a comprehensive study of thin cylindrical shells of uniform 

thickness under wind pressure. Analyses focus on practical geometries of silos and 

tanks. Linear bifurcation analysis (LBA) and geometrically nonlinear analysis (GNA) 

are performed to investigate the buckling behaviour of shells with different 

geometries. The results indicate that the linear buckling behaviour and the nonlinear 

buckling behaviour may be quite different, depending on the specific geometries. 

Geometrically and materially nonlinear analysis (GMNA) is performed to explore 

the influence of plasticity on the buckling behaviour. Finally, geometrically 

nonlinear imperfection sensitivity study (GNIA) is conducted to explore the buckling 

behaviour of imperfect cylinders under wind pressure. The most detrimental form of 

an imperfection depends on the nonlinear buckling mode of specific aspect ratio 

cylinders. 

Chapter 7 presents a study of the buckling behaviour of cylinders of stepwise 

varying wall thickness under either uniform external pressure or wind pressure. A 

new method is introduced, referred to here as “weighted smeared wall method” based 

on Trahair’s idea for stepped wall cylinders (Trahair, 1983). The buckling strength 

prediction derived from this method is close to accurate finite element predictions. It 

provides a much simpler way to deal with stepped wall cylinders than the method in 

EN 1993-1-6 (2007) or ECCS EDR5 (2008). 

Chapter 8 presents an investigation of the requirements of minimum bending 

stiffness of ring stiffeners for cylindrical shells under wind pressure. Cylindrical 

shells with different aspect ratios are studied. The influence of bending stiffness of 

the ring stiffener on the buckling behaviour is discussed. Linear bifurcation analysis 
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(LBA) and geometrically nonlinear analysis (GNA) are presented separately. A new 

criterion is proposed to determine the minimum stiffness coefficient. 

Chapter 9 summarizes the conclusions drawn from previous chapters. The 

problems encountered in the present study are reviewed. The areas for the future 

research are highlighted. 
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Chapter 2 A general outline of buckling in shells 

 2.1 An overview of shell buckling 

 2.1.1 Various types of buckling mode 

Buckling may evoke an image of failure of a structure with very large 

deformation. However, from a scientific and engineering point of view, buckling 

phenomena generally occur before the deformations are very large, and the structure 

may appear to be not deformed or only slightly deformed (Bushnell, 1985). Buckling 

of structures is an important phenomenon in structural mechanics, because buckling 

often (but not always) leads to failure of structures. It is particularly important in 

shell structures because it often occurs without any obvious warning, and can have 

catastrophic effects (Calladine, 1983). 

Earlier buckling analysis began with Euler’s (1757) analysis of the bifurcation 

buckling of a column.  Euler developed a theory to calculate the complete post-

buckling behaviour of a straight pin-ended column under axial compression and 

obtained the critical load crP known as the Euler load (Eq. 2.1).  

                                 
2

2

l

EI
Pcr

π=                                                                             (2.1) 

Post-buckling paths for perfect and imperfect columns under axial load are shown 

in Fig. 2-1a. For an imperfect column, the relationship between the deflection w  at 

the middle of the column and the axial load P is given with sufficient accuracy by 

the equation (Timoshenko and Gere, 1961): 

                              
1/

1

−
=

PP

a
w

cr

                                                                            (2.2) 

in which 1a  is the initial deflection at the middle of the column.  
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When the load is approaching the critical loadcrP , the deflection rises 

progressively but the critical load can not be exceeded, based on the assumption of 

small displacement theory. 

 w 

P 

Pcr 

  w 

P 

Pcr 

 
 (a) Neutral post-buckling  (b) Stable post-buckling 

 
w 

P 

Pcr 

  Crown deflection w 

Plim 0<δ  

0>δ  

P 

 
 (c) Unstable post-buckling  (d) Snap-through buckling 

 

Perfect structure 

Imperfect structure 
 

Figure 2-1:  Load-deflection curves for various types of buckling mode (originally by Bushnell, 

1985) 

Different structures may display different post-buckling behaviour. An axially 

compressed isotropic flat plate displays a symmetric stable post-buckling behaviour 

as shown in Fig. 2-1b. The failure load is higher than the predicted classical critical 

load due to the stable post-buckling load-displacement path. A cylindrical shell under 

axial compression displays an unstable post-buckling behaviour as shown in Fig. 2-

1c.  The structure can collapse suddenly without any further obvious deformation 

after the bifurcation load crP  is reached. This buckling is commonly termed 

bifurcation buckling, which is a significant buckling pattern in shell buckling 

analysis. An arch bridge can display a snap-through buckling mode as shown in Fig. 

2-1d. The structure is stable under increasing load until a local maximum point is 

reached. After this point, the equilibrium path becomes unstable and the structure 
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buckles dramatically. The structure jumps to a shape that resembles the original 

structure in an inverted form. When this type of buckling occurs, the maximum load 

is referred to as a limit loadlimP . In shell buckling analysis, snap-through buckling 

may also be found under certain conditions (e.g. spherical domes). 

The load-displacement paths for various types of loading for imperfect structures 

may be different (Fig. 2-1). For structures with a snap-through buckling mode (Fig. 

2-1d), the response of an imperfect structure is similar to that of a perfect structure 

and the limit load varies with the imperfection amplitudeδ . For structures with 

neutral or stable post-buckling path (Fig. 2-1a and b), the effect of geometric 

imperfections is less significant. A faster growth of deflections is observed as the 

bifurcation load of a perfect system is approached, but the equilibrium path remains 

stable and continuously rising (ECCS EDR5, 2008). For structures with a bifurcation 

buckling mode and unstable post-buckling path (Fig. 2-1c), the situation becomes 

quite different. The imperfection plays an important role in affecting both the 

structural response and the instability load. The critical load may have a considerably 

lower value than the bifurcation load for the perfect structure.  

 2.1.2 Shell buckling 

Classical analysis of elastic buckling of a simple column leads to the development 

of the ‘classical’ theory of elastic buckling of many structures, like two-dimensional 

flat plates and three-dimensional curved shells. In the field of shell buckling 

research, a moderately long perfect elastic cylindrical shell under uniform axial 

compression was first to be investigated and the classical buckling strength clσ  (Eq. 

1.1) is commonly used as a reference value for all the analyses. It is restricted to the 

perfect cylinders with simply supported boundary conditions, a uniform membrane 

pre-buckling stress state and in elastic material. 

Why does buckling occur in a cylindrical shell? For thin-walled cylindrical shells, 

in general, the membrane stiffness is several orders of magnitude greater than the 

bending stiffness (Bushnell, 1985). Before buckling, the structure deforms slightly as 

the shell can absorb a great deal of membrane strain energy without deforming too 

much. While at the buckling load, the shell fails rather dramatically as it exchange its 
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membrane energy for bending energy, which requires the shell to deform a lot to 

absorb all the energy from bending strains (Bushnell, 1985).  

Two different types of shell buckling exist, namely nonlinear collapse and 

bifurcation buckling (Fig. 2-2). Nonlinear collapse is predicted by a nonlinear stress 

analysis. At the collapse load, the slope of the load-deflection curve, also called the 

tangent stiffness of the structure, is equal to zero. After the collapse load, the load 

decreases with increasing displacement to satisfy mechanical equilibrium. Failure of 

a structure will occur if the load is maintained or increased. This type of instability is 

often called snap-through buckling.  

w 

P Collapse load 

Bifurcation point 

 

Figure 2-2: Load-deflection curve for two different types of shell buckling 

Bifurcation buckling refers to a different kind of failure mode that is often 

predicted by a linear eigenvalue analysis or a nonlinear analysis that may involve 

either geometric nonlinearity or material nonlinearity or both of them. At the 

buckling load, the deformation begins to grow in a new pattern, which is quite 

different from the pre-buckling pattern. The nonlinear load-deflection path may be 

followed using the arc length method (Riks, 1979). Each iterative step must be 

checked to determine if negative eigenvalues have appeared. The appearance of 

negative eigenvalues indicates that a bifurcation point on the load-deflection curve 

has been passed.  When this situation occurs, a subsequent nonlinear analysis should 

be performed, beginning at the last step before the first negative eigenvalue appears, 

using a smaller increment to trace the accurate bifurcation load. Sometimes the same 

process must be checked repeatedly to obtain an accurate result.  
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Buckling failure may be of either the collapse or bifurcation type, depending on 

the specific conditions. If the bifurcation point appears after the collapse point in the 

load-displacement path (Fig. 2-2), the collapse load should be regarded as the critical 

buckling load of the structure. Snap-through buckling is then dominant and controls 

the failure of the structure. The entire load-deflection path corresponds to a pre-

buckling deformation mode.  

When the bifurcation point appears before the collapse point in the load-

displacement path (Fig. 2-2), the pre-buckling path before the bifurcation point 

follows a pre-buckling deformation mode. After the bifurcation point, the load-

deflection path corresponds to a different post-buckling deformation mode. In this 

situation, the bifurcation load should be regarded as the critical buckling load to 

control the failure of the structure. 

 2.1.3 Nonlinear elastic theories for buckling in cylindrical shells 

Several nonlinear elastic theories for circular cylindrical shells, including Donnell 

theory, Timoshenko shell theory, Modified Flügge theory and Sanders’ theory, and 

Rotter and Jumikis’s theory are introduced briefly next. These theories give the 

theoretical basis for most of the research in the stability analysis of cylindrical shells. 

• Donnell theory 

Donnell’s nonlinear theory was developed by Donnell (1933) for circular 

cylindrical shells, in connection with the analysis of torsional buckling of thin-walled 

tubes. It assumes the shell is sufficiently thin, the strain is sufficiently small, and 

Hooke’s law is still applicable. The theory complies with the Kirchhoff-Love 

hypotheses and assumes the deformation is dominated by the normal radial 

displacement and the in-plane displacements are negligible. The bending curvature is 

assumed to be related to the normal radial displacement only. Due to its 

approximations, Donnell’s theory has limitations in its scope and applicability, but it 

is still widely used in many buckling and post-buckling problems due to its 

simplicity. 
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• Timoshenko shell theory 

In the 1940s, Timoshenko developed and extended Donnell’s theory on shells. His 

theory considered the influence of the axial and circumferential displacements on the 

bending curvature changes, which were neglected by Donnell. Thus, Timoshenko’s 

shell theory has a wider application than Donnell’s theory. 

• Modified Flügge theory 

The so called shallow shell approximations in Donnell’s shell theory are not 

applicable for a cylindrical shell, under the condition that in-plane displacements are 

no longer neglected. A typical example relates to an intermediate aspect ratio 

cylinder under asymmetric wind pressure. Flügge’s modified theory makes up this 

deficiency and takes in-plane displacements into consideration to derive expressions 

for the stress and strain components. 

On the other hand, Flügge derived basic equations for the buckling of circular 

cylindrical shells under typical loading conditions (Flügge, 1932), without resort to 

the shallow shell approximation. However, Flügge’s modified theory is not 

sufficiently accurate in some cases, since the pre-buckling state is assumed to be a 

membrane stress state. This neglects the effect of the bending deformations near 

boundary conditions or under unsymmetrical bending. 

• Sanders theory 

Sanders theory (1963) was first developed for finite deformations of thin shells, 

which was focussed on circular cylindrical shells. It takes the finite deformations of 

non-shallow shells with small strains and moderately small rotations into account. 

The Sanders equations are much more complex than those of the Donnell theory but 

somewhat simpler than those of the Modified Flügge theory. Since its generality 

makes it directly applicable to non-shallow shells with any geometric configuration, 

Sanders’ theory has been favoured in structural analysis, especially using the finite 

element method (Yamaki, 1984). 

• Complete expressions for nonlinear elastic theory 

All the above theories used simplifications to try to make the nonlinear equations 

simple enough to produce useful algebraic analyses. However, in the new era of 
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powerful computer formulations, there is no special merit in simplifying the 

expressions and the complete nonlinear strain-displacement relationships may be 

adopted, as derived for example by Combescure (1986) and Rotter and Jumikis 

(1988) and exploited in their analyses (Teng and Rotter, 1989; Combescure, 1998). 

 2.2 Imperfection-sensitivity analysis of cylindrical shells  

 2.2.1 Buckling strength of imperfect cylindrical shells 

The imperfection-sensitivity analysis of cylindrical shells has remained an active 

area of research. The large discrepancy between the classical buckling stress 

prediction and experimental buckling strength was first shown to be predominantly 

caused by geometric imperfections in the shell surface by Koiter (1945). Koiter was 

the first to develop the asymptotic theory for the initial post-buckling behaviour of 

perfect and imperfect structures. The ultimate aim of all imperfection sensitivity 

analyses is to determine the maximum load-carrying capacity of the imperfect 

structures.  

Koiter (1945) showed that the buckling strength of axially compressed cylindrical 

shells is very sensitive to the initial geometric imperfections and the imperfection in 

the form of a perfect shell buckling eigen-mode would be very deleterious. This 

concept was later widely accepted for a long time. A minor imperfection could have 

a disproportionate effect on the buckling strength (Almroth, 1963, 1966). 

The effect of an imperfection on the buckling strength can be expressed by a 

“knock-down factor”α , which is the ratio of the critical buckling stress crσ  for the 

imperfect structures achieved under elastic conditions to the classical elastic critical 

stress clσ  for perfect structures.  

 2.2.2 “Worst” and “practically-relevant” geometric imperfections 

Following Koiter’s work, imperfection in the form of the perfect shell buckling 

eigenmode has long been regarded as the worst imperfection form and this type of 

imperfection appears to cause the most serious reduction to the buckling strength. 

Many pieces of research have reviewed and developed Koiter’s theory and many 
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applications of the theory could be found in shell buckling analysis (Koiter, 1963; 

Hutchinson and Koiter, 1970; Tvergaard, 1976; Singer, 1982; Calladine, 1983; 

Yamaki, 1984; etc).  

It has been widely accepted that the buckling strength of a cylindrical shell is 

dependent on imperfections, so a key problem in design process is to identify and 

characterise the appropriate “worst” and practically-relevant geometric 

imperfections, including both their shapes and amplitudes (Teng and Rotter, 2004). 

However, because of the huge range of potential imperfection shapes (Yamaki, 

1984), and the poor relationship of simple forms to measured imperfections (Ding et 

al, 1996; Teng et al., 2005),  there has long been a debate concerning the “worst” 

form of imperfection and the “practically relevant” form (Rotter, 2004).  

 One of the simplest solutions to this controversy is the adoption of a 

circumferential weld depression imperfection (Fig. 2-3) (Hutchinson 1965; Rotter 

and Teng, 1989; Teng and Rotter, 1992), which is seen in practical civil engineering 

constructions and is often either the worst or close to the worst (Rotter and Zhang, 

1990; Song et al., 2004) when measured using accepted stick measurements (EN 

1993-1-6, 2007).  

This type of imperfection is the most practically relevant since it relates to the 

construction process of circular silos and tanks which are commonly built from 

rolled steel plates. The weld depression is formed during the rolling process and 

subsequent welding during construction (Rotter and Teng, 1989). This type of 

imperfection has been adopted as a realistic form by a wide range of studies (Teng 

and Rotter, 1992; Rotter, 1996, 1997b; Holst, 2000; Schmidt and Winterstetter, 2001; 

Pircher et al, 2001; etc.). 

One major advantage of the circumferential weld depression is that it is easily 

defined (Rotter and Teng, 1989), local, continuous with the remainder of the shell, 

and can be used in studies of a wide range of different problems for comparison. This 

arises because its effects on the elastic buckling strength of cylinders have been 

accurately and thoroughly documented in the past.  
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Figure 2-3: Development of circumferential weld depression imperfections (Rotter, 2002) 

Though the weld depression imperfection has been proved to be more realistic and 

“worst” than any other imperfection, the real structure may have many different 

forms of imperfection, which have naturally a somewhat random distribution due to 

other fabrication processes. So in addition to the eigenmode imperfection and the 

weld depression imperfection mentioned above, other researches may adopt many 

different types of imperfection for different studies, such as the local imperfection in 

the form of the rectangular shape or ring shape (Greiner, 1995), the imperfection in 

the form of the pre- or post-buckling mode for perfect cylinders (Esslinger and Geier, 

1972; Cai, 2003; Song et al., 2004; Guggenberger et al., 2004; Doerich, 2007). Due 

to the complexity and uncertainty of the imperfection form, it is usually difficult to 

determine the most detrimental and practical imperfection form under a specific 

condition. Different factors, such as loading conditions, boundary conditions and 

buckling behaviour of the specific structure, all should be considered to determine an 

appropriate imperfection form. 

The residual stresses resulting from the process of welding are another form of 

imperfection though they have not received much attention. However, the residual 

stresses are found to have usually a beneficial effect towards the failure load (Rotter, 

1996; Holst et al., 2000; Pircher and Bridge, 2001).  

So the initial imperfections contribute to the majority loss of the buckling strength 

comparing with the classical buckling strength and play a significant role in the thin 

cylindrical shell buckling analyses. More details about how to choose appropriate 
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imperfection forms and imperfection amplitudes for design can be found in EN 

1993-1-6 (2007). 

 2.3 Elastic-plastic analyses for thicker shells 

For thin cylinders ( 500/ >tr ), yield occurs in the post buckling range, especially 

in regions of local bending, and bifurcation buckling occurs before the beginning of 

yield. In this situation, elastic buckling strength is dominant in the design process and 

plasticity of the material plays no role in shell buckling analyses. The buckling 

behaviour is entirely elastic and the outcome of GMNIA and GNIA analyses are 

identical (Chapter 8, ECCS EDR5, 2008). However, under some especially complex 

loading conditions, it is difficult to define the boundary between thin shells and thick 

shells, and is thus difficult to determine whether plasticity affects the buckling 

behaviour. In this situation, caution should be taken at all times to observe the 

outcomes of GMNIA and GNIA. 

For quite short thick shells, yield occurs in regions of local bending before elastic 

bifurcation buckling occurs. When the yield stress is reached, the deformation of the 

structure develops quickly until the plastic limit load is reached, which represents the 

state of material rupture or unacceptable large plastic deformation, when stability 

phenomena do not intervene. Its simplest and clearest expression is in the classical 

plastic limit load, which is derived from a small displacement theory analysis and is 

important in defining slenderness.  

Inclusion of geometric nonlinearity in an evaluation of the plastic limit state 

requires caution for both geometrically hardening and softening structures (Rotter, 

2005b). For softening structures, the distinction between the plastic limit and 

buckling is lost and the peak load is the same as that for plastic buckling, unless 

bifurcation occurs. In hardening structures, plastic limit depends on the maximum 

permitted deformation (Rotter, 2002). 

For some moderate thickness cylinders, they are generally much thinner than 

pipelines and tubular structural members, but are often much thicker than cylinders 

subject to the highly imperfection sensitive very thin shells used in tanks and squatter 
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silos. Their thickness lies in an uncomfortable range which is extremely thin for the 

structural tube community and very thick for the shell buckling community. The 

buckling strength of these structures is dominated by extensive plasticity, but the 

fully plastic state is usually far from being attained. Buckling and yielding may 

interact with each other for these structures, depending on the specific geometry of 

the cylinders. The geometrically and materially nonlinear analysis of an imperfect 

structure must be performed to determine the elastic-plastic limit load.  

The plastic limit load is commonly assessed as the ideal value of the plastic 

reference resistance. This resistance is a significant reference value in the elastic-

plastic buckling analysis of cylindrical shells. This resistance can be simply 

evaluated based on the membrane theory calculations or linear elastic shell bending 

theory calculations. The Ilyushin yield criterion is the simplest plasticity criterion for 

a shell and always provides a safe estimation. This criterion is only applied to the 

stress state at a single point and does not allow for the development of a complete 

plastic mechanism that is necessary for a true plastic collapse to occur (Rotter, 

2008a). In the elastic-plastic stability analysis of cylindrical shells, the plastic 

reference resistance is required as a formal part of the elastic-plastic buckling 

strength assessment and should always be evaluated using a small-displacement 

theory rigid-plastic or elastic-plastic analysis (MNA) (Chapter 7, ECCS EDR5, 

2008). 

 2.4 The European Standard EN 1993-1-6 (2007) and European 

Recommendations ECCS EDR5 (2008) for steel shell 

buckling analysis 

The most relevant standard in steel shell buckling analysis is the European 

standard EN 1993-1-6 (2007). It is the first standard to take numerical solutions into 

account, including computational treatments for shells. It extends its application to a 

wider range of shell structures under all types of loading and stress conditions. It also 

includes a hand calculation assessment. The European Recommendations ECCS 

EDR5 (2008) provides an extensive commentary on the rules in EN 1993-1-6 (2007) 

relating all aspects of shell buckling, but extends far beyond it in giving 
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recommendations, expansions, advice and warnings, explanations and examples, all 

of which should give users considerably more insight and confidence in applying the 

rules of EN 1993-1-6 (2007) (Rotter, 2008). 

 2.4.1 Types of shell buckling analysis in EN 1993-1-6 (2007) 

The purpose of any shell buckling analysis is to determine the final buckling 

strength of a shell structure under specific conditions (loading conditions, boundary 

conditions and material properties, etc). Several methods are described in EN 1993-

1-6(2007) for shell buckling analysis. The challenge for designers and researchers is 

to choose the simplest and most effective method to obtain accurate and reasonable 

results. So a summary of different methods is described below. 

• Linear analysis (LA) 

The simplest treatment of shell buckling analysis is linear elastic stress analysis 

termed LA, which is based on the assumption of small displacement theory and 

elastic material for perfect structures. It can be used to evaluate the plastic reference 

resistance plR (Fig. 2-4). The evaluated membrane stress resultants should be used to 

estimate plR . This method of estimating plR is conservative, but it may be very 

conservative where local loads or geometric features lead to high, locally elevated 

stresses (Schmidt and Rotter, 2008). 

• Linear bifurcation analysis (LBA) 

Linear bifurcation analysis (LBA) is a small displacement stability analysis that 

assumes a perfect geometry, linear elastic material behaviour and no change in 

geometry (small displacement theory) before the infinitesimal displacements of the 

secondary path (Rotter, 2005a). It is based on LA stresses, and is classed as part of 

the LA analysis. It accurately determines the elastic critical load crR  (Fig. 2-4), 

which is an important reference load for all analyses, since it is required in the 

definition of relative slenderness of cylindrical shells. Linear bending and stretching 

shell theory is adopted. LBA analysis can not capture the snap-through buckling, so 

caution should be made where the snap-through buckling may occur. 
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• Geometrically nonlinear analysis (GNA) 

When geometrical nonlinearity may affect the buckling behaviour and can not be 

neglected, geometrically nonlinear analysis (GNA) should be adopted. It is an elastic 

buckling analysis of perfect shells and the pre-buckling deformations are taken into 

account using large displacement theory (Fig. 2-4). The elastic snap-though buckling 

can be detected using this analysis. For most thin shells, failure is controlled by 

elastic buckling and plasticity does affect the buckling behaviour, so GNA analysis 

can often capture an accurate strength assessment of a perfect shell.  

• Materially nonlinear analysis (MNA) 

An accurate estimation of the plastic reference resistance plR  of a perfect shell is 

termed MNA, with the assumption of a small deflection theory and nonlinear 

material model (Fig. 2-4). The plastic reference resistance plR  is needed for the 

definition of relative slenderness together with the elastic critical loadcrR . 

• Geometrically and materially nonlinear analysis (GMNA) 

Geometrically and materially nonlinear analysis (GMNA) considers the effect of 

both geometric and material nonlinearity on the buckling behaviour of a perfect shell 

(Fig. 2-5). It identifies the elastic-plastic buckling resistance of the perfect structure. 

If the structure is not sensitive to imperfections or if the imperfection does not need 

to be considered in some situations, this analysis can be adopted. 

• Geometrically nonlinear analysis with imperfections (GNIA) 

When an imperfection of the shell is introduced into the geometrically nonlinear 

analysis (GNA), the analysis is termed GNIA. Now, it is well known that the 

buckling strength of a cylindrical shell is very sensitive to imperfections, and for 

most thin cylinders like tanks and silos, the failure is controlled by elastic buckling 

rather than yield failure, so GNIA is a common type of analysis that can be 

applicable to many buckling problems for cylindrical shells. 

• Geometrically and materially nonlinear analysis with imperfections 

(GMNIA) 
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When an imperfection of the shell is introduced into the geometrically and 

materially nonlinear analysis (GMNA), the analysis is termed as GMNIA analysis 

(Fig. 2-5). GMNIA analysis is the most comprehensive analysis for shell buckling 

analysis. It identifies the elastic-plastic buckling resistance for imperfect structures. 

GNIA and GMNIA emphasize the influence of imperfections. The difficulty in these 

two analyses is to choose an appropriate type of imperfection, depending on the 

specific buckling problem. 

Different types of computational shell buckling analysis are summarized in Table 

2-1, which gives a full description of the characteristic of each analysis in EN 1993-

1-6 (2007). 

Table 2-1: Computational shell buckling analysis (after EN 1993-1-6, 2007 and 
ECCS EDR5, 2008) 

Type of analysis Terminology Shell theory Material 
law 

Shell 
geometry 

Linear elastic shell 
analysis 

LA Linear Linear Perfect 

Linear bifurcation 
analysis 

LBA Linear Linear Perfect 

Geometrically nonlinear 
elastic analysis 

GNA Non-linear Linear Perfect 

Materially nonlinear 
analysis 

MNA Linear Non-linear Perfect 

Geometrically and 
materially nonlinear 

analysis 

GMNA Non-linear Non-linear Perfect 

Geometrically nonlinear 
elastic analysis with 

imperfections 

GNIA Non-linear Linear Imperfect 

Geometrically and 
materially nonlinear 

analysis with imperfections 

GMNIA Non-linear Non-linear Imperfect 
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Figure 2-4: Calculated load-displacement relationship curves for LA, LBA, MNA and GNA 

analyses (Rotter, 2002) 
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Figure 2-5: Criteria of failure for GMNA and GMNIA analyses (Rotter, 2002) 

 2.4.2 The capacity curves for shell buckling in EN 1993-1-6 (2007) 

The capacity curves (Fig. 2-6) for a structure describe the relationship between the 

buckling strength and the relative slendernessλ .  The relative slenderness is defined 

in terms of the plastic limit reference resistance plR  (small displacement theory with 
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ideal elastic-plastic analysis (MNA), producing plMNA RR = ), and the linear elastic 

critical resistance crR  (linear bifurcation analysis (LBA), producing crLBA RR = ).                                              
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(b) Transformed relative strengths (Rotter, 2002, 2007) 

Figure 2-6:  Capacity curve of EN 1993-1-6 (2007) 

The relative slenderness λ  is defined as 

                                       crpl RR /=λ                                                                  (2.3) 

and the dimensionless strength parameter χ is defined as  

                                         plk RR /=χ                                                                     (2.4) 
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where the characteristic resistance kR is determined by experiment or from a 

geometrically and materially nonlinear analysis of the imperfect structure (termed 

GMNIA, producing kGMNIA RR = ). 

The shape of the EN 1993-1-6 (2007) capacity curve, shown in Fig. 2-6(a), was 

devised by Rotter (1999) and is given by 

 01 whenχ λ λ= ≤   (2.5) 

    0
0

0
1 when p

p

ηλ λ
χ β λ λ λλ λ

− 
= − < < − 

         (2.6)     

   2 when pχ α λ λ λ= <                   (2.7)              

   with  ( )1pλ α β= −              

This relationship between resistance and slenderness is controlled by the 

parameters α, β, 0λ  and η, each of which describes a separate feature of the 

behaviour (Rotter, 2005a and b).  Under elastic conditions, the elastic imperfection 

reduction factor α describes the loss of strength due to geometric nonlinearity and 

imperfection sensitivity. The load level at which yielding first impacts on the 

buckling strength is captured by the plastic range factor β. Τhe slenderness at which 

the plastic reference resistance is exceeded as a result of strain hardening is captured 

by the squash limit relative slenderness0λ , and the shape of the elastic-plastic curve 

by the interaction exponent η.   

It is difficult to extract the key parameters α, β, 0λ , and η from plotted results in 

the form of Fig. 2-6(a), so Rotter (2002, 2007) devised a transformation as Fig. 2-

6(b) which permits these parameters for any structural system to be accurately 

obtained with relative ease.  
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 2.4.3 Geometrical imperfections in EN 1993-1-6 (2007) 

The principal tolerances and imperfections concerned in EN 1993-1-6 (2007) 

include three forms of deviations normal to the nominal surface. They are out-of-

roundness, eccentricities and local dimples. The related imperfections adopted in this 

thesis, like eigenmode imperfections and weld depression imperfections, are related 

to the dimple tolerances. The amplitude of the imperfection related to the dimple 

tolerances is based on gauge measurements and should be measured in both the 

meridional and circumferential directions. The gauges are devised related to the size 

of buckles that are expected to form under each of the different basic load cases 

(ECCS EDR5, 2008).  

The depth 0w∆  (Fig. 2-7) should be measured and adopted according to the 

following rules in EN 1993-1-6 (2007): 

The depth of initial dimple 0w∆  should be assessed in 

terms of dimple parametersxU0 , θ0U , wU0 given by: 

  gxxx wU l/00 ∆=     θθθ gwU l/00 ∆=                             (2.8)                          

gxl , θgl and gwl are gauge of lengths given by: 

        rtgx 4=l                                                             (2.9) 

  ( ) ( ) rrtrg
41213.2 ll =θ  ,   but rg ≤θl                          (2.10)     

                  Where l is the meridional length of the shell segment. 
tgw 25=l         or          min25tgw =l                            (2.11)  

but with mmgw 500≤l . mint is the thickness of the thinnest 

plate at the weld. 
The value of the dimple parametersxU0 , θ0U , wU0  should 

satisfy the conditions: 

         max,00 UU x ≤
    max,00 UU ≤θ        

         max,00 UU w ≤                                                        (2.12) 

where max,0U is the dimple tolerance parameter for the 

relevant fabrication tolerance quality class and can be 
adopted according to 1993-1-6 (2007). 
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Figure 2-7: Measurement of the depth 0w∆ of initial dimples (picture taken from ECCS EDR5, 

2008) 
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 2.4.4 General rules of EN 1993-1-6 (2007) on boundary conditions 

The practical cylindrical shells are restrained by ring stiffener, roof, or be 

anchored at their ends against displacement. The boundary conditions for a 

cylindrical shell with different functions may take different forms. The effect of 

boundary conditions for the buckling strength of some cylindrical shells is extremely 

important. In EN 1993-1-6 (2007), the categories of boundary condition are shown in 

Table 2-2. 

Table 2-2: Boundary conditions for shells (EN 1993-1-6, 2007) 

 

For the buckling limit state, special attention should be paid 
to the boundary conditions which are relevant to the 
incremental displacements of buckling (as opposed to pre-
buckling displacements). Examples of relevant boundary 

Boundary 
condition 

code 
Simple term Description 

Normal 
displace-

ments 

Meridional 
displacements 

Meridional 
rotation 

BC1r Clamped 
radially restrained 

meridionally restrained 
rotation restrained 

0=w  0=u  0=φβ  

BC1f  
radially restrained 

meridionally restrained 
rotation free 

0=w  0=u  0≠φβ  

BC2r  
radially restrained 
meridionally free 
rotation restrained 

0=w  0≠u  0=φβ  

BC2f pinned 
radially restrained 
meridionally free 

rotation free 
0=w  0≠u  0≠φβ  

BC3 Free edge 
radially free 

meridionally free 
rotation free 

0≠w  0≠u  0≠φβ  

Note: the circumferential displacement ν  is very closely linked to the displacement w  

normal to the surface so separate boundary conditions are not identified for these two 

parameters, but the values in column 4 should be adopted for displacement ν . 
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conditions are shown in Fig. 2-8, in which the codes of Table 
2-2 are used. 
 

 

Figure 2-8: Schematic examples of boundary conditions for the buckling limit state (EN 1993-1-
6, 2007) 

 2.5 Finite element analysis package ABAQUS  

 2.5.1 Brief introduction to finite element method and finite element 

package ABAQUS 

Due to the complex mechanical behaviour of shell structures, it is quite difficult to 

obtain analytical solutions for many practical buckling problems. Fortunately, the 

computational ability of the computer develops quickly nowadays. Many complex 

problems that could not be solved theoretically could be solved based on 

computational analysis. The finite element method (FEM) was first proposed by 

Courant (1943) and then developed by many researchers (Clough 1960; Zienkiewicz 

and Taylor, 1971; Martin and Carey, 1975; Bathe, 1976; Hughes, 1987; etc).  
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The FEM is a method utilizing certain numerical techniques, such as a directional 

integration method, Rayleigh-Ritz method or Galerkin method, to find approximate 

solutions of partial differential equations (PDE) as well as of integral equations. The 

finite element software ABAQUS (HKS, 2006) is a powerful tool to perform 

numerical predictions for many different types of analysis in civil engineering 

applications. The theoretical formulation of ABAQUS is based on the finite element 

stiffness method. It is a comprehensive, commercial general-purpose finite element 

analysis product. However, before using ABAQUS to design a computational 

approach, both engineers and researchers should understand the mechanical 

behaviour of the structure well for their problems, so the important aspects of the 

finite element analysis, such as the mesh, the elements, the boundary conditions and 

the analysis method are well understood and correctly applied to obtain accurate and 

reliable results for engineering design.  

 2.5.1 Type of element and method used for shell buckling analyses in this 

thesis 

In this thesis, some challenging practical shell buckling problems in the design of 

cylindrical shells were studied using ABAQUS. Different types of analysis discussed 

in 2.4.1 (LA, LBA, GNA, GNIA, and GMNIA) could all be conducted using 

ABAQUS. The powerful geometrically nonlinear formulation in ABAQUS gives 

assurance that the results will be accurate and reliable. In most cases, general S4 

element, which is a fully integrated, general-purpose, finite-membrane-strain element, 

was used. Accurate results could be obtained by using this element when the 

dominate deformation of the shell is in-plane bending. When the shell may be 

subjected to out-plane bending, the four-node rectangular shell element with reduced 

integration S4R could be used. Compared with the full integration shell element S4, 

S4R shell element could eliminate the effect of shear locking. The element S4R was 

used for cylinders in global bending in this thesis. However, the results using the two 

types of element are proved to be very close in most situations. 

For linear bifurcation analysis, the eigenvalue extraction method was used to 

extract the lowest eigenvalue as the linear elastic buckling load. In non-linear 

problems, the modified Riks method (Riks, 1979) was used. The process of the 
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analysis was controlled by automatic control of the step increment, which was 

provided for all relevant analysis procedures. The ABAQUS/Standard automatically 

selected the convergence tolerances and the increments required for the step. The 

convergence of the solution was achieved by using an “arc length method” 

(Wempner, 1971, Riks, 1979, Ramm, 1981 and Crisfield, 1983). ABAQUS Standard 

uses the “the arc length along the static equilibrium path in load displacement space” 

(HKS, 2003). The load-factor at each iteration is modified so that the solution 

follows some specified path until convergence is achieved. Using this method, the 

bifurcation buckling point and the equilibrium point with a negative stiffness matrix 

in the load-displacement path could be detected. The critical load for the shells under 

this loading condition could thus be determined. This method is the best known 

methods to describe the nonlinear buckling behaviour of shells. 

 2.6 Cylindrical shells under axial compression 

 2.6.1 Introduction 

The buckling of a thin cylindrical shell under axial compression has received 

more attention than any other buckling problem due to its economic importance and 

extraordinary discrepancy between test and theory caused by its high sensitivity to 

geometric imperfections (Rotter, 2004). This buckling problem have been 

extensively studied in recent decades (Timoshenko, 1961; Fischer, 1962, 1963; 

Almroth, 1966; Hoff, 1966; Flügge, 1973; Brush and Almroth, 1976; Singer, 1982, 

1983; Calladine, 1983, Yamaki, 1984; Bushnell, 1985; Teng, 1996, 2000; Blachut, 

1998; Rotter, 1998, 2003; Limam, 2011). These studies mainly focused on nonlinear 

pre-buckling behaviour and its effects on bifurcation buckling, the post-buckling 

behaviour of a perfect cylindrical shell, and most importantly, the effect of initial 

geometric imperfections on buckling strength.  

The buckling strength of an axially compressed thin cylindrical shell depends on 

many factors, such as the geometric parameters (radiusr , thickness t and lengthL ) 

of the cylinder, elastic modulusE , yield stress yσ , the amplitude and form of a 

minor imperfection in its geometry, the end boundary conditions and the patterns of 

loading condition, etc.  
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 2.6.2 Nonlinear post-buckling behaviors of perfect elastic cylinders 

The classical elastic buckling analysis for perfect thin cylinders under uniform 

axial compression assumes that the state of stress before buckling is perfectly 

uniform and consists of membrane stress alone. The typical load-axial shortening 

curve is shown in Fig. 2-9 (Rotter, 2004). The dotted line corresponds to a load-axial 

shortening path of linear bifurcation analysis. The well-known classical elastic 

critical stress is expressed by Eq. 1.1.  

 

Figure 2-9: Typical load-end shortening relationship for an axially compressed cylinder      

(Rotter, 2004) 

 

Figure 2-10: Typical buckling modes for axially compressed cylinders (Rotter, 2004) 
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Through geometrically nonlinear analysis, the load-axial shortening curve shows 

that the nonlinear pre-buckling primary path displays a very linear path before the 

bifurcation point. This corresponds to an axisymmetrical mode of deformation. 

While after the bifurcation point, the cylindrical shell suddenly bifurcates into a non-

axisymmetrical mode of deformation, with several full waves of buckling mode 

around the circumference (Rotter, 2004). This usually includes several waves up the 

column height (Fig. 2-10b), which corresponds to an unstable post-buckling path in 

Fig. 2-9. At buckling, the load decreases quickly and the length of the cylinder 

actually increases. As the load falls, bifurcation after bifurcation occurs as the mode 

of deformation switches from one circumferential wave number to another in 

dynamic jumps (Rotter, 2004). 

The number of the waves around the circumference and the wavelength of the 

buckles in both axial and circumferential directions may vary without altering the 

buckling load much. So a number of modes can be critical simultaneously. The linear 

axial half-wavelength for an axisymmetric mode (Fig. 2-10a) is given by (Rotter, 

2004): 

                            [ ] rtrtcl 728.1
)1(12

4/12
≅

−
=

υ
πλ                                      (2.13) 

The critical buckling mode for Fig. 2-10b can be described in terms of the number of 

full waves around the circumference in this mode, given by (Rotter, 2004): 

                            ( )( ) trtrncl /909.0/1434 2 ≅−= ν                                      (2.14) 

For quite thin shells, the value of cln  is large, and the buckling may occur locally, 

since the buckle can form in a zone about the size of a single wavelength. 

A rather comprehensive research of the effects of end boundary conditions on 

buckling strength was given by Hoff (1966). The ends of the cylindrical shell had 

three translational degrees of freedom and one rotational degree of freedom. The 

restraint of any freedom could affect the displacement and membrane stress during 

the buckling process. The local bending of the pre-buckling displacement near the 

ends could lead to a small loss of bifurcation buckling strength. 



35 

 

Figure 2-11: Effect of boundary conditions and shell length on perfect shell buckling load 

(Yamaki, 1984) 

More extensive and detailed discussions of the classification of boundary 

conditions and the influence of different boundary conditions on buckling strength 

could be found in Yamaki (1984). It was discovered that if the cylinders were free to 

displace in the circumferential direction, then the perfect shell buckling strength was 

affected most, falling to about half the classical value. However, the changes of other 

boundary conditions had a much smaller effect (Yamaki, 1984). The effect of 

boundary conditions and shell length on perfect shell buckling load derived by 

Yamaki is shown in Fig. 2-11. 

  2.6.3 Imperfection sensitivity analysis for elastic cylinders 

The imperfection sensitivity analysis for elastic cylindrical shells under axial 

compression has been widely studied. Koiter (1945) was the first to identify that the 

imperfection in the form of the perfect shell buckling mode is very deleterious to the 

buckling strength. He formulated a perturbation analysis theory for axially 

compressed cylindrical shells which reveals an extreme sensitivity of buckling loads 

to initial geometrical imperfections. He presented an asymptotic formula for the 
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bifurcation buckling stress of cylinders under axial compression with small 

amplitude sinusoidal imperfections in form of axisymmetric buckling mode (Fig.2-

10a) as (Koiter, 1963): 
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where 0δ is the amplitude of the imperfection and ( ) 239.11375.0 2 ≅−= υψ .  

Rotter and Teng (1989) used a more “practically relevant” weld depression 

imperfection to study the buckling strength of a cylindrical shell under axial 

compression. The relationship between the buckling stress ratio clcr σσ / and 

dimensionless imperfection amplitude t/0δ  is shown in Fig. 2-12. The two different 

types of imperfection including the eigenmode imperfection and Type A weld 

depression imperfection were considered. The Type A imperfection is defined by 

(Rotter and Teng, 1989): 

                                 ( )
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x
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in which x  is the axial distance form the weld centre, λ  is linear bending half 

wavelength defined by 

                               [ ] rtrt 44.2
)1(3

4/12
≅

−
=

υ
πλ                                             (2.17) 

It is obvious that a minor imperfection has a disproportionate effect on the 

buckling strength and the buckling strength is affected by both the shape and 

amplitude of the imperfection.  

In Fig. 2-12, it seems the eigenmode imperfection has a more significant effect on 

the buckling strength than weld depression imperfection, which is not correct. 

Imperfection amplitudes for different types of imperfection are described in different 

ways. The eigenmode imperfection is axisymmetric about the axis of perfect 

geometry, so the maximum inward and outward radial deviations normal to the 
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surface are equal. By contrast, the weld depression just has inward deviations at the 

weld depression centre. The imperfection amplitude is the maximum deviation of the 

imperfection to the axis of perfect geometry. So if the same values of amplitudes are 

given for these two imperfections, the inward deviations of the two imperfections are 

equal. But the eigenmode imperfection also has outward deviations, leading to more 

reduction in the buckling strength.  
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Figure 2-12: Imperfection Sensitivity curves for cylindrical shells under uniform axial 

compression ( 3/,500/ == rLtr ) 

 

Figure 2-13: Experimental strengths of isotropic axially compressed cylinders                       

(Harris et al., 1957) 
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The sensitivity of the buckling strength to imperfections explains the low 

strengths investigated in experiments. The experimental buckling strengths of axially 

compressed cylinders (Fig. 2-13) are scatted far below the ideal buckling strength for 

perfect cylinders, which is caused by the indeterminate imperfections during shell 

fabrication (Harris et al. 1957).  

The contributions of imperfections to the discrepancy of the buckling strength 

between experiment and theory for axially compressed cylinders have led to an 

enormous amount of research. Yamaki’s (1984) study showed that the buckling 

strength was less sensitive to asymmetric imperfection than that with symmetric 

imperfection. As a result, most of the research on the imperfection sensitivity study 

of axially compressed cylinders focused on the effect of the axisymmetric 

imperfection forms. Some notable research includes Karman and Tsien (1941), 

Donnell and Wan (1950), Hutchinson (1965), Amazigo (1969), Cohen (1971), 

Hutchinson et al. (1971), Singer (1982), Teng and Rotter (1992), Rotter and Zhang 

(1990), Rotter (1996, 1997b), Limam et al. (2011). 

However, the most “worst” and “practically relevant” imperfection should be 

determined considering many factors, such as loading conditions, shell geometry or 

boundary conditions, and most importantly the linear or nonlinear buckling mode of 

a shell. One imperfection that is most damaging for one particular condition is not 

necessarily the most damaging one for another (Song et al., 2004). For example, the 

weld depression imperfection is the most deleterious type for a cylinder under 

uniform axial compression. However, for an intermediate aspect ratio cylindrical 

shell under asymmetric wind pressure, the nonlinear buckling mode is a local axial 

compressive buckling mode at the upper part of the cylinder. In this situation, if the 

weld depression is occasionally in the buckling area or near the buckling area, then 

this imperfection can cause a considerable reduction in the buckling strength. By 

contrast, if the weld depression is far away from the buckling area, its effect 

decreases (Pircher, 2004). For cylindrical shells under wind pressure, the “worst” and 

“practically relevant” imperfection is more difficult to be determined than other 

buckling problems. The buckling analysis of cylindrical shells under wind pressure is 

discussed in Chapters 6 and 7. 
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  2.6.4 Elastic-plastic imperfection sensitivity analysis  

Most literatures on imperfection sensitivity analysis of cylindrical shells under 

axial compression focused on elastic buckling strength. But for thicker cylinders, 

yielding and buckling may occur simultaneously and may both affect the failure load. 

For thin cylinders, elastic bifurcation buckling occurs before the yield stress is 

reached and the deformation mode changes from an axisymmetric pre-buckling 

mode to a non-axisymmetric post-buckling mode, called the “diamond” mode (Fig. 

2-10b) which displays both axial and circumferential waves throughout the structure 

(Tvergaard, 1983a, b).  

 However, for thick shells, yield stress is reached near the ends of the cylinder 

before elastic bifurcation buckling occurs. Then the local deformation develops at 

both ends in the form of the outward axial half-waves. The maximum load occurs 

simultaneously as the axisymmetric deformed shape is localized at both ends. The 

axisymmetric failure occurs if the bifurcation point is near the limit load, or a non-

axisymmetric “elephant foot” failure will occur if the bifurcation point appears at the 

decreasing primary bifurcated branch. Tvergaard (1983a, b) also showed that the 

circumferential order of the solution decreases as the radius-to-thickness ratio 

decreases and that a weak hardening makes either an axisymmetric failure or an 

“elephant foot” failure easier to occur.  

The analysis of the transition between the axisymmetric mode and the “diamond” 

mode for a perfect cylinder was studied by Goto and Zhang (1999). They found that 

the boundary conditions are a deciding factor for obtaining various types of buckling 

modes. They also found two successive bifurcation points for a moderately thick 

cylinder with built-in ends. The first one of these was on the fundamental branch, 

near the limit load leading to an axisymmetric mode, while the second one, on the 

decreasing primary bifurcated branch, led to a localized non-axisymmetric secondary 

mode, named ‘‘elephant foot’’. The thinner the shell was, the earlier the secondary 

mode occurred. Thus, if the shell was thin enough, the second bifurcation point 

superseded the first one, preventing any localization and giving rise to a ‘‘diamond’’ 

mode. Conversely, if the shell was thick enough, the second bifurcation point 

disappeared—at least in the computed range—and the failure was very likely 
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axisymmetric (Goto and Zhang, 1999). The circumferential wave number decreased 

with thickness. In the case of simply supported ends, the wave was very near the 

ends, so that, if it existed, the localization never led to a second bifurcation. 

Grognec and Van (2008) examined the numerical computations of critical loads, 

bifurcation modes and the advanced post-buckling behaviour of compressed shells in 

the elastic-plastic range. They first made comparisons between the numerical results 

and the available analytical solutions in the case of axisymmetric modes with a linear 

isotropic hardening or a non-linear isotropic hardening. Then they described the post-

buckling behaviour of cylinders and obtained the both axisymmetric and non-

axisymmetric deformed shapes. These included the “diamond” modes or the 

“elephant foot” modes mentioned above. The also explored how the geometric, 

material parameters and the boundary conditions affect the buckling mode types. 

They concluded that in the case of sufficiently thick shells and for some 

combinations of tr / and stress-strain properties, the axisymmetric mode switches 

into a non-axisymmetric post-buckling mode after the limit load and the second 

bifurcation mode, or so-called “elephant foot” mode, occurred. While for thin shells, 

the non-axisymmetric buckling mode, or so-called “diamond” mode, occurred before 

the limiting load. Bifurcation modes and post-bifurcation behaviour of a cylinder 

under axial compression are indicated in detail at Table 2-2. 

Table 2-3: Bifurcation modes and post-bifurcation behaviours of a cylinder under 
axial compression (Grognec and Van, 2008) 

Cylinders 
Simply supported 

edges 
Built-in edges Free edges 

Thick 

Sinusoidal 
axisymmetric mode 
Post-bif: localization 
at the ends 

Sinusoidal axisymmetric 
mode 
Post-bif: localization 
somewhat far from the ends 

Damped sinusoidal 
axisymmetric mode 
 

Moderately 
Thick 

(Results between 
those for thick and 
thin cylinders) 

Axisymmetric mode 
(+localization) 
“Elephant foot” secondary 
mode 

(Results between those 
for thick and thin 
cylinders) 

Thin “Diamond” mode “Diamond” mode 
Damped Sinusoidal 
non- axisymmetric 
mode 
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Rotter (2008b) studied the elastic-plastic imperfection sensitivity of axial 

compressed cylinders. The cylindrical shells were treated as medium length (EN 

1993-1-6, 2007), so the imperfection is far from the ends and the boundary 

conditions were not important in determining the buckling strength. The perfect 

elastic-plastic material was used with a yield stress MPay 250=σ . A single 

axisymmetric Type A weld depression imperfection (Rotter and Teng, 1989) at the 

centre of the cylinders was adopted. The cylinders with radius to thickness ratios in 

the range 2000/20 << tr  and with geometric imperfections with amplitudes in the 

range 2/0 0 << tδ  were studied. The buckling strengths for different conditions 

were explored using the program NEPAS. The results were used to calibrate the 

parameters of the European standard on Shell Buckling EN 1993-1-6 (2007) to 

deliver accurate representations of the calculated buckling strengths.  

This study tries to investigate the relationship between different failure modes 

including elastic buckling mode, plastic buckling mode and plastic collapse mode 

with change of slenderness. The buckling resistance strengths are shown in Fig. 2-14 

(Rotter, 2008). The boundaries between the three modes depend almost uniquely on 

the slenderness. The cylinders with very small geometric imperfections suffer very 

little from plasticity before reaching full yield because the stress field of uniform 

compression permits high stresses without yielding. 

 

Figure 2-14: Elastic-plastic buckling and collapse strengths of imperfect cylinders                

(Rotter, 2008) 
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Figure 2-15: Alternative capacity curves for parameter extraction (Rotter, 2008) 

The alternative capacity curve is shown in Fig. 2-15 (Rotter, 2008). The elastic 

imperfection reduction factor can be seen as vertical lines at fixed values of 

imperfection sensitivityα . These are followed by a sharp change of direction when 

yielding begins to affect the buckling resistance, which is related to the plastic range 

factorβ . Above this point, the curve shape can be expressed by an interaction 

exponentη . These parameters can be closely represented by (Rotter, 2008)  

                             
( ) 8.0

0 /2.21

1

tδ
α

+
=                                                                 (2.18) 

                            t/54.0 0δβ =                                                                   (2.19) 

                             ( )t/6.41
4.5

0δ
η

+
=                                                              (2.20) 

The procedure is undertaken not only to capture these strengths with simple 

relationships, but to illustrate to researchers working on other elastic-plastic buckling 

problems how they may exploit the EN 1993-1-6 (2007) formulation to their own 

advantage (Rottter, 2008).  

Buckling of circular cylindrical shells under combined axial compression and 

pressure has also studied by many researchers. Through these studies, it has been 

repeatedly shown that, when an axially compressed cylinder is internally pressurized, 
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the tensile circumferential membrane stress reduces the deleterious effects of 

imperfections and the buckling axial load increases. At very low internal pressures, 

the cylindrical shell fails near an imperfection by elastic buckling in a mode similar 

to that for un-pressurized cylinders (Rotter and Teng, 1989). At high internal 

pressures, the buckling mode becomes axi-symmetric (Fung and Sechler, 1957; 

Harris et al, 1957; Weingarten et al, 1965; Rotter and Teng, 1989). The changing 

buckling mode reflects the declining imperfection-sensitivity of the buckling load. 

In thin steel cylinders ( 250/ >tr ), the buckling collapse stress for axial 

compression is usually low compared with yield stress, so elastic investigations are 

directly relevant. However, once the internal pressure becomes significant, high 

bending as well as membrane stresses arise near the base of the cylinder and local 

yielding may then occur. This failure mode is commonly known as the ‘elephant’s 

foot’ buckling (Rotter, 2006). Yielding in a thin cylinder occurs in the zone of local 

bending adjacent to a boundary support, a change in wall thickness, stiffener, or 

other local disturbance. The strength appears to be less sensitive to random 

imperfections.  

 2.7 Conclusions  

In this chapter, some fundamental aspects of shell buckling analysis were 

introduced. For thin-wall cylindrical shells, the discrepancy between membrane 

stiffness and bending stiffness is generally of several orders. The big stiffness 

difference has shown that a steel shell structure would be susceptible to buckling, 

especially for thin-walled shells (Bushnell, 1985). Due to their low mass and high 

membrane stiffness, cylindrical shells might have several buckling modes without 

changing the buckling load significantly. The big difference of in-plane and out-

plane stiffness, together with the high buckling modes, would lead to a high 

sensitivity of buckling strength to imperfections. 

The mechanical behaviour of cylindrical shells is quite complex, especially when 

the cylinder is subjected to asymmetric loading conditions. It is more complicated 

when geometric and material nonlinearities are considered. As a result, only some 

fundamental problems in the area of shell buckling analysis can be accurately solved 
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theoretically. In most situations, computational methods, commonly including the 

finite element methods which are based on the basic nonlinear shell theory, have to 

be adopted to obtain accurate numerical results. Engineers and researchers should 

have a good understanding of the buckling behaviour of the shells and pay attention 

to every possible factor that may affect the buckling behaviour, such as the mesh, the 

elements, the boundary conditions and the analysis method, etc. Any possible checks 

with other reliable analytical or experimental results are necessary. 

Cylindrical shell under axial compression is one of the most common problems in 

shell buckling analyses. Previous researches were summarised and an imperfection 

sensitivity analysis was performed to give a general understanding of the shell 

buckling behaviour. However, this thesis focuses on the buckling behaviour of 

cylindrical shells under other common loading conditions, such as global bending, 

uniform external pressure and asymmetric wind pressure. Many practical buckling 

problems are discussed next. 
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Chapter 3 Nonlinear Stability Analysis of Elastic C ylinders 

under Global Bending 

 3.1 Introduction and literature review 

Many cylindrical shells are used in structural applications in which the dominant 

loading condition is global bending. Key examples are chimneys, wind generation 

towers, tubular piles and tall silos. The failure of these thin-walled structures in 

bending is an active research area in recent decades. The theoretical maximum 

bending stress that will cause buckling of a cylindrical shell was commonly accepted 

as being equal to 1.3 times the classic elastic critical stress for uniform compression 

(Flugge, 1932; Timoshenko, 1932). However, Seide and Weingarten (1961) later 

investigated the stability of circular cylindrical shells under pure bending by means 

of Batdorf’s modified Donnell’s equation and the Galerkin method. Their results 

showed that the maximum critical bending stress is for all practical purposes equal to 

the critical compressive stress, when the ratio of bending and compressive stresses is 

minimized with respect to the wave length. Seide and Weingarten’s results (1961) 

described the local buckling in a good manner for short cylinders with relatively little 

ovalization as the bending moment increases.  

For long elastic thin-walled cylinders subjected to pure bending, the cross-section 

tends to take on an oval shape as the bending moment increases. This results in a loss 

of bending stiffness and a limit point instability, called snap-through buckling. This 

phenomenon is also termed the Brazier effect, after the original research of Brazier 

(1927).   

Brazier’s work used a simplified theory, but was later verified by Reissner (1959 

and 1961) and Fabian (1977), who used the “large deflection” nonlinear shell theory 

to derive an accurate nonlinear solution. Brazier’s solution agreed quite well with the 

accurate nonlinear solution. Axelrad (1962) investigated the instability behaviour of 

cylindrical shells in bending according to a nonlinear flexible shell theory. Calladine 

(1983) used a “two stage” energy method to discuss the Brazier effect in a circular 

tube and his results were exactly the same as those found by Brazier. Other major 
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research on the ovalization instability of cylindrical shells in bending can be found in 

Kyriakides and Shaw (1982), Axelrad and Emmerling (1984), Tang (1984), Corona 

and Kyriakides (1988) and Karamanos and Tassoulas (1991). 

The critical bending moment obtained by Seide and Weingarten for short 

cylinders with little ovalization is almost double Brazier’s maximum bending 

moment for an infinitely long cylindrical shell with Brazier ovalization of the cross-

section (Calladine, 1983). However, in terms of intermediate long cylinders, the 

response of the structure involves a coupling of ovalization instability and bifurcation 

instability. With increasing length, the amount of ovalization of the cross-section 

increases, but the Brazier critical ovalization is not achieved, and the elastic critical 

bending moment falls steadily towards the value corresponding to an infinitely long 

cylinder.  

For cylindrical shells in bending, much research has been presented on the 

relationship between the ovalization instability and bifurcation instability. Akselrad 

(1965) first considered the interaction of the above two forms of instability and 

introduced the effect of ovalization as a pre-buckling deformation on the local 

buckling. Local buckling was assumed to occur when the maximum compressive 

stress at most compressed fibre reached the critical value for uniform compressed 

cylinders, with radius equal to the local radius of the ovalized shell at the “critical” 

point. 

 Calladine (1983) extended Brazier’s original calculations by adding the “local 

buckling” condition, and examined the effect of internal or external pressure in 

combination with bending moment. Tatting et al. (1995) concluded that local 

buckling almost always occurs before the limit moment is reached for finite length 

shells. 

 Li (2002) investigated the nonlinear bending response and buckling of ring-

stiffened cylindrical shells under pure bending, using a modified Brazier approach 

based on the minimum potential energy principle and Seide-Weingarten’s 

approximation.  
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Karamanos (2002) examined instability in long thin elastic tubes in bending. The 

relationship between the curvature and the development of ovalization was analyzed 

in detail. Houliara and Karamanos (2006) studied a long elastic tubular shell in 

bending using nonlinear finite element techniques. They concluded that in elastic 

cylinders, bifurcation into a non-symmetric buckling mode also occurs shortly before 

the snap-though buckling condition, but the moment at the bifurcation point and at 

the snap-though instability point are so close as to be almost indistinguishable. Other 

major studies include Brush and Almroth (1975), Stephens et al. (1975), Chen and 

Kempner (1976), Libai and Bert (1994). 

 Limam et al. (2006, 2010) studied the buckling behaviour of both thick and thin 

cylindrical shells under combined bending and internal pressure using an 

experimental method. It concludes that internal pressure can significantly stabilize 

the structure by delaying localization and collapse. It may lead to a collapse load 

higher than the buckling stress for cylinders in moderate length. 

Based on current research, for elastic cylindrical shells under global bending, 

except extremely short cylinders, the failure strength is mainly dominated by local 

bifurcation buckling caused by axial compressive stress at the most compressed 

fibre, with a consideration of the effect of a pre-buckling ovalization of the cross-

section. The aim of this chapter is to explore this nonlinear instability behaviour in 

elastic cylinders in pure bending. Cylinders with different length to radius ratios and 

radius to thickness ratios are studied to investigate this instability behaviour 

comprehensively. The effect of ovalization of the cross-section on the buckling 

behaviour of cylinders with different geometries is discussed. The effect of a 

geometric imperfection on the buckling strength of a long cylinder with 80/ =tr  is 

also investigated. 

 3.2 Theoretical solutions for elastic cylindrical shells subjected 

to global bending  

When a thin cylindrical shell is subjected to global bending, one side experiences 

relatively uniform axial compressive stresses while the other experiences relatively 
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uniform axial tensile stresses. The deformation pattern of a cylinder in bending is 

shown as Fig. 3-1. 

The size of typical buckles under axial compressive stress regimes is rather small 

and extends over a very small zone, with the axial compressive stress reaching the 

critical value. The critical value must extend over a zone large enough to form an 

axial compressive buckle. So the first estimate of the elastic buckling strength in 

bending is the condition in which the most compressed fibre reaches the buckling 

stress for uniform axial compression.  
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             (a) Un-deformed form                                            (b) Deformed form 

Figure 3-1: Deformation of cylinders in bending 

 For a perfect short cylinder, the buckling load of a circular cylinder in bending 

was determined by Seide and Weingarten (1961) using Batdorf’s modification of 

Donnell’s equation which is expressed as: 
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The Galerkin method was then used to derive the stability criterion, by assuming a 

radial deflection w  given in terms of an infinite series as 
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Seide and Weingarten’s method (1961) assumed a linear undeformed pre-

buckling state and did not consider the effect of the ovalization of the cross-section. 
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So it is applicable to short cylinders without ovalization before bifurcation buckling 

occurs. Their results verified that the bending stress for the critical moment is equal 

to the buckling stress for uniform compression. Based on their solution, the critical 

buckling moment and the corresponding bending stress could be estimated directly 

according to Eqs 3.3 and 3.4. They were based on the linear Euler bending theory for 

beams and the “classical buckling stress” expression for cylinders under uniform 

axial compression, respectively. The moment and stress values were given by: 
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For an infinitely long cylinder in bending, a limit point occurs as a result of 

ovalization. The critical bending moment, called the Brazier moment (Brazier, 1927), 

was obtained from the minimum strain energy principle, and can be expressed as: 
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However, the increased axial stress on the compression side, which is 

concentrated locally due to ovalization will cause bifurcation instability at a lower 

moment than that given by Eq. 3.5. The results of Hutchinson (1968), Reddy and 

Calladine (1978), Tatting et al. (1995) and Karamanos (2002) have all verified that 

the bifurcation buckling caused by axial compressive stress after some ovalization 

occurs before the Brazier moment is reached in long cylinders. However, the values 

of the critical moment at the bifurcation point and at the Brazier maximum moment 

are very close. 

For intermediate long cylinders, bifurcation buckling occurs with less ovalization 

of the cross-section as the ovalization is partly restrained by the end boundaries. At 

the bifurcation point, the axial compressive stress on the most compressed fiber (Fig. 

3-1b) should be equal to the buckling stress for a uniformly compressed cylinder 
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with a radius equal to the local radius of the cross-section with ovalization, at the 

point where the compressive stress is greatest. The critical bending stress should be 

calculated by replacing the radius r in Eq. 3.4 by the local radius ρ as 

                                       
ρ

σ Et
cr 605.0≅                                                                 (3.6) 

Calladine (1983) assumed a “two stage” deformation process based on the energy 

method to derive the critical bending moment for finite length cylinders in bending. 

The relationship between the dimensionless moment crMM /lim and the 

dimensionless length parameter Ω  is shown in Fig. 3-2, where limM  is the maximum 

bending moment that varies with the length and crM is expressed by Eq. 3.3 and Ω  

is given by 

                                              2/1)/)(/( rtrL=Ω                                                      (3.7) 
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Figure 3-2: Relationship between the dimensionless moment 
crMM /lim and the dimensionless 

parameter Ω (after Calladine, 1983) 

Calladine’s solutions (1983) were based on cylinders in the range 3/ >rL , so that 

only the circumferential bending strain energy and longitudinal stretching strain 

energy were considered. So Calladine’s results are not accurate enough for very short 

cylinders when the shear strain energy cannot be neglected. 
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Li (2002) investigated the nonlinear bending response of finite length cylindrical 

shells with stiffening rings based on a modified Brazier approach and the Rayleigh-

Ritz method. The deformation of the shell was assumed to be quite small compared 

with the radius of the cylinder, so the strain-displacement relationships could be 

expressed in a comparatively simple way.  

However, for long cylinders, the cross-section experiences considerable 

ovalization before buckling, so more complex nonlinear strain-displacement 

relationships have to be considered to obtain accurate results. This makes theoretical 

calculations more complex and difficult. Fortunately, powerful nonlinear finite 

element analysis software makes many complex problems in shell buckling analysis 

much easier to solve and it can usually be used to obtain accurate results with careful 

modelling. Thus the complex theoretical derivation process can be avoided.  

Through this chapter, a cylinder of finite length L  is subjected to rotations at both 

ends of θ , leading to uniform bending moments throughout the length. If the 

deformation is completely uniform along the length, all sections are subject to the 

same curvature, but the local changes of deformation near the boundaries, variations 

in the ovalization along the length, the appearance of bifurcation buckles, and local 

deformations associated with an imperfection, all lead to non-uniformity of the 

curvatures. To make the interpretation simple, uniform and clear, all the 

deformations are expressed in terms of the mean curvature 

                                                           
L

θφ 2=                                                            (3.8) 

 3.3 Scope of the calculations  

Nonlinear stability analyses of cylinders in bending were undertaken with radius 

to thickness ratios in the range 500/10 ≤≤ tr .  The length to radius ratio was varied 

from a very small value to a very large value to investigate the different buckling 

behaviours at different lengths. The dimensions were all expressed in terms of the 

wall thickness t. The material was elastic mild steel with MPaE 5100.2 ×=  

and 3.0=ν . The end boundaries were subjected to a global moment and were kept 
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circular using rigid rings. To realize such boundaries in ABAQUS, one reference 

point was first established at the centre of both top and bottom cross-sections 

respectively, then “COUPLING” command was used to impose a kinematic coupling 

constraint between the reference node and the corresponding group of nodes located 

on top and bottom surfaces. It must be used in conjunction with the “KINEMATIC” 

option. All the displacements were restricted, the rotation in the direction of applied 

moment was free, and the other rotations were restricted. Finally, a displacement 

boundary condition by giving a value of rotation was imposed to realize the required 

loading conditions. 

For the imperfection sensitivity analysis, Rotter and Teng's (1989) axi-symmetric 

Type A weld depression imperfection was adopted and was assumed to be a single 

local feature, not interacting with any other imperfections. Due to the symmetry, a 

o180 half cylinder model is adequate to model the problem accurately (Fig. 3-3). A 

very fine finite element mesh with element sizes equal to rt25.0  was used to 

accurately capture the local buckling behaviour.  

 

Figure 3-3: Finite element model for cylinders in bending 

 3.4 Numerical results 

 3.4.1 Dimensionless moment-curvature curves 

Cylinders with a fixed radius to thickness ratio but of different lengths were 

studied first. The changing form of the calculated moment-curvature curves for 

cylinders with radius to thickness ratio 10/ =tr  is shown in Fig 3-4, because this 

plot shows moment against curvature, all curves begin with the same slope EI . The 

value of the applied moment is normalized by the critical elastic bending moment 
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crM (Eq. 3.3) as crMMm = . The curvature is normalized as crφφκ /= , where φ  is 

the mean curvature throughout the cylinder and crφ  is calculated according to the 

linear bending theory as  
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Figure 3-4: Dimensionless moment-curvature curves for cylinders in bending (r / t=10) 
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Figure 3-5: Moment-curvature curves for cylinders with L / r=0.5 and r / t=10 
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For extremely short cylinders (e.g. 5.0/ =rL ), the half wavelength of the buckle 

is long, so that the buckle is restrained by the boundary conditions, and the critical 

bending moment may exceed the elastic critical moment crM  and the dimensionless 

moment parameterm  can reach a large value at the limit point. This occurs for 

5.0/ =rL  with 51.2=m , as shown in Fig. 3-5. The reason for this high moment is 

the constraint on the buckle size caused by the two very close boundary conditions. 

Local buckling occurs near the two ends of the cylinder and two buckles are clearly 

detected (Fig. 3-6a). The post-buckling path is particularly sharp. After the 

bifurcation point, the curve traces the original pre-buckling path with decreasing load, 

and pre-buckling and post-buckling path have similarities of deformation.  

    
 (a) 5.0/ =rL                                                        (b) 1/ =rL   

          Figure 3-6: Buckling modes for very short cylinders 

With a small increase in rL / , the bending effect near the ends quickly decays (Fig. 

3-6b for 1/ =rL ). The most compressed fibre is located at the centre of the shell 

causing local bifurcation buckling which dominates the buckling behaviour. But, to 

some extent, the half wavelength of the axial buckle is still long and bifurcation 

buckling is still restrained by the boundaries. The buckling stress required to form an 

axial compressive buckle is somewhat larger than the classical value for medium-

length cylinders under axial compression, which is independent of the boundary 

conditions. Bifurcation buckling for 1/ =rL  occurs at the centre of the shell and the 

critical bending moment is about 1.35 timescrM . 

With increasingly larger values of rL /  (e.g. 5.1/ =rL ), bifurcation buckling 

occurs when the moment is 1.06crM . The strength is limited by bifurcation buckling 

with a steep post-buckling fall, quickly followed by a recovery (Fig. 3-4). The value 
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of the limit moment is close to crM  indicating that the critical bending stress is close 

to the critical stress for a cylinder under axial compression. Also, the local 

deformations near the boundary condition almost have no effect on the buckling 

strength.  The curvature at the critical load is close to that according to linear bending 

theory. For a cylinder with a typical geometry, boundary conditions affect the 

buckling strength insignificantly and the ovalization of the cross-section before 

bifurcation buckling is negligible. The critical bending moment can be estimated 

approximately according to Seide and Weingarten’s (1961) analysis.  

With a further increase of rL /  ( 2/ =rL  in Fig. 3-4), bifurcation buckling occurs 

when the dimensionless moment parameterm reaches 0.85. The critical bending 

moment is less than the elastic critical momentcrM , which indicates that the cross-

section becomes oval to some extent when bifurcation buckling occurs. The local 

radius of curvature of the shell increases due to the oval distortion and thus leads to a 

reduction in the axial compressive resistance and the critical bending moment. 

With a further increase in rL / , the effect of ovalization of the cross-section on the 

buckling strength becomes more noticeable. The buckling behaviour is a coupling 

between the flattening of the cross-section and the formation of short wavelength 

bifurcation buckles. Bifurcation buckling has a more precipitous post-buckling fall 

for larger values of rL / . As the length increases, progressively more ovalization 

occurs, producing an increased local radius of curvature near the potential buckling 

area and the effect of geometric nonlinearity leads to a steady decrease in the axial 

compressive resistance and the critical bending moment. For a long enough cylinder, 

the critical bending moment occurs when the ovalization approaches the Brazier 

critical value, so the critical bending moment has no obvious change with further 

increase in rL / . The critical bending moment is very close to the value 

corresponding to an infinitely long tube. For long cylinders, the bifurcation buckling 

point appears just before the snap-through buckling point. Buckling occurs quite 

locally and the half wavelength of the buckle is quite small, making the post-

buckling path difficult to follow. 
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The same moment-curvature curves can alternatively be shown as in Fig 3-7. Here 

the value of the moment is normalized by the Brazier moment as BrazMMm =' . The 

curvature is normalized as Brazφφκ /'= , where Brazφ  is the curvature when Brazier 

moment is reached and is calculated according to the linear bending theory as  

                                               
22 1

314.0
ν

φ
−

=
r

t
Braz                                            (3.10)                          

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6
1.8

2

2.2

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6

Normalised Curvature κ'=Φ / ΦBraz

M
om

en
t /

 B
ra

zi
er

 m
om

en
t  

  
m

'=
M

 / 
M

B
ra

z

L/r = 0.5
L/r = 1.5
L/r = 2
L/r = 7
L/r = 10
L/r = 50

bifurcation point

 

Figure 3-7: Dimensionless moment-curvature curves for cylinders in bending (r / t=10) 

The characteristics of the curves are the same as Fig. 3-4, but the values of the 

coordinates have different meanings.  When 'm  is close to 1, it means that the critical 

moment approaches the Brazier moment and bifurcation buckling occurs with 

Brazier critical ovalization of the cross-section. When 1'>m , it means the critical 

moment is larger than the Brazier moment due to the restraint of ovalization by the 

boundary conditions. It can also be noted that for long cylinders with Brazier critical 

ovalization, the dimensionless curvature 'κ  at critical load is larger than 1, which is 

due to the reduced tangential modulus during deformation caused by geometric 

nonlinearity, but Brazφ  is calculated based on linear bending theory. 

Load-displacement curves for cylinders with 50/ =tr  are shown in Figs 3-8 and 

3-9. These two figures are almost identical because crM  and BrazM  are closely 
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related. The relationship between the dimensionless critical bending moment and the 

corresponding curvature parameter has similar characteristics as for 10/ =tr . 
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Figure 3-8: Dimensionless moment-curvature curves for cylinders in bending (r / t=50) 
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Figure 3-9: Dimensionless moment-curvature curves for cylinders in bending (r / t=50) 

 3.4.2 Maximum critical bending moment prediction for cylinders with 

different geometries 

Taking the maximum moment from each of the moment-curvature curves, the 

relationship between the dimensionless moment crGNA MMm /lim = and the length 
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parameter ω  is shown in Fig. 3-10. In this figure, GNAM  is the critical bending 

moment derived from elastic geometrically nonlinear analysis (GNA), andω  is the 

dimensionless length parameter, expressed as 
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Figure 3-10: Relationship between the dimensionless moment limm and the length parameter ω  
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Figure 3-11: Relationship between the dimensionless moment limm and the length parameter ω  

for short cylinders (Detail of Fig. 3-10) 
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The detail of Fig. 3-10 for short cylinders is shown in Fig. 3-11. The critical 

moment-length relationship curves for short cylinders with different values of tr /  

are seen to be identical if the length is expressed in terms of the dimensionless length 

parameter ω  (Fig. 3-11). The only exception to this is the extremely thick cylinder 

with 10/ =tr , which is discussed further below. For extremely short cylinders, the 

values of limm increase quickly with decreasing length. This is because the 

boundaries restrain the development of the buckle greatly for these cylinders and 

thus increase the critical bending moment significantly. 

When the cylinder length is not extremely short and lies in an intermediate range, 

the value of limm  is close to 1, which indicates that the critical elastic bending 

moment (GNA) is close to the reference elastic critical moment crM . This 

corresponds to the analysis of Seide and Weingarten (1961). They analysed cylinders 

with radius to thickness ratios in the range 1000/100 << tr  and drew the conclusion 

that for relatively short cylinders, the critical bending stress is not more than 10% 

greater than that for pure compression.  

The exception in Fig. 3-11 is for thick cylinders with 10/ =tr , for which the 

critical bending moment has a more rapid reduction with increasingω . This indicates 

that the critical moment in thicker cylinders is more prone to the influence of 

ovalization of the cross-section at short lengths. But for very thick and short 

cylinders, due to the high stress concentration on the most compressed fibre, 

plasticity should be involved in the buckling behaviour. So it is not important that the 

curve for 10/ =tr  is not consistent with other curves in Fig. 3-11. 

It is interesting to note that the curves in Fig. 3-11 have several waves, as 

described in detail by Seide & Weingarten (1961). This phenomenon is associated 

with the changing relationship between the cylinder length and the buckle wave 

length.  

For short cylinders with 50/ ≥tr  in the range 307 << ω , most values of limm are 

slightly less than 1 (Fig. 3-11). This drop is due to the slight effect of geometric 

nonlinearity caused by bending on the buckling strength GNAM , since crM  is 
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calculated using the linear bending theory of shells without consideration of any 

influence of geometric nonlinearity. 

With a further increase in rL / , the value of ω  at which the ovalization of the 

cross-section begins to affect the buckling behaviour is different for each value of 

tr / . For thick cylinders with 10/ =tr , the oval distortion starts to affect the buckling 

strength from a very small value of ω . By contrast, for thinner cylinders with 

500/ =tr , this effect intervenes at a very large value ofω . For cylinders under 

global bending, the value of ω  at which the oval distortion starts to affect the 

buckling behaviour is here defined as the boundary between short and medium-

length cylinders. 

Table 3-1: The length boundary ω  between short and medium-length cylinders 
under global bending 

tr /  rL /  ω  (Global bending) tr /5.0=ω   

10 1.58 5 5 
50 3.5 28 25 
200 7 99 100 
500 12 268 250 

 

The value of ω  at which the ovalization begins to affect the buckling behaviour 

for different values of tr /  is shown in Table 3-1. The definition of the boundary 

between medium-length and long cylinders under uniform axial compression in EN 

1993-1-6 (2007) is tr /5.0=ω  (Table 3-1). 

It is clear that that the values of ω   that define the boundary between short and 

medium-length cylinders under global bending, are close to the values of tr /5.0=ω , 

which is used to define the boundary between medium-length and long cylinders 

under uniform axial compression, so tr /5.0=ω can also be used to define the 

boundary between short and medium-length cylinders under global bending. 

According to this definition, the critical strength of medium-length cylinders under 

global bending is influenced by the pre-buckling ovalization deformation while the 

critical strength of medium-length cylinders under uniform axial compression is 

quite naturally not affected by any comparable pre-buckling geometric nonlinearity. 
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When the value of ω  exceeds tr /5.0 , the dimensionless moment limm  begins to 

decrease steadily with further increase of ω   due to the effect of ovalization of the 

cross-section. It is clear that this effect starts at different values of ω  for different 

tr /  and that the moment-length curves cannot be brought together using the length 

parameterω , as is shown in Figs 3-10 and 3-11. The length parameter Ω  (Eq. 3.7) is 

then adopted to find a unifying relationship between the critical moment and the 

length that is valid for all values of tr / . 
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Figure 3-12: Relationship between the dimensionless moment limm and the length parameter Ω  

for medium-length and long cylinders 

The relationship between the dimensionless critical moment limm and length 

parameter Ω  for medium-length and long cylinders is shown in Fig. 3-12. In the 

range 35.0 ≤Ω≤ , a combination of ovalization instability and bifurcation instability 

occurs. The elastic critical moment falls steadily with increasingΩ , as does the 

amount of ovalization of the cross-section in the local buckling zone. With increasing 

Ω , the critical moment falls steadily towards a constant corresponding to an 

infinitely long tube.  

The boundary between medium-length cylinders with partial ovalization of the 

cross-section and long cylinders with Brazier critical ovalization of the cross-section 
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at the critical bending moment can be defined approximately at 3=Ω . Details of the 

curves in the range 92 <Ω<  are shown in Fig. 3-13, where the dimensionless 

moment parameter limm  is replaced by BrazGNA MMm /'lim = . The value of lim'm  is 

smaller than 1 for long cylinders with Brazier critical ovalization, indicating that the 

elastic critical moment for long cylinders is slightly smaller than the Brazier moment. 

When 200/ ≥tr , the dimensionless moment lim'm  with Brazier critical ovalization 

stabilises on 0.92 (slightly smaller for thinner cylinders). For thicker cylinders, the 

corresponding value is slightly larger than 0.92 (0.936 for 50/ =tr  and 0.95 for 

10/ =tr ). There are two reasons for this. One is that theGNAM  calculated here is the 

critical value at the bifurcation buckling point, which always occurs before the 

Brazier moment. The other reason is that the value of lim'm depends slightly on the 

value of the radius to thickness ratio. This is because the effect of geometric 

nonlinearity in the pre-buckling phase depends slightly on r/t.   
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Figure 3-13: Relationship between the dimensionless moment lim'm and the length parameter 

Ω  for long cylinders 

 3.5 Imperfection-sensitivity analysis for long cylinders  

For cylinders under uniform axial compression, the buckling strength is quite 

sensitive to geometric imperfections. Both the shape and amplitude of the 
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imperfection play major roles in shell buckling analysis. As mentioned in Chapter 2, 

there has long been a debate concerning the “worst” and most “practically relevant” 

form (Rotter, 2004).  One of the simplest solutions to this controversy is adoption of 

a circumferential weld depression imperfection. This is common in practical civil 

engineering construction and is often either the worst or close to the worst case 

(Song et al., 2004) when measured using accepted stick measurements (EN 1993-1-

6, 2007). Furthermore, the weld depression imperfection has been verified as being 

one of the worst imperfections and causes most reduction in buckling strength for 

cylinders under uniform axial compression. Considering the close relationship of the 

buckling behaviour under global bending and axial compression, it is natural to study 

the imperfection sensitivity of cylinders under global bending by referring to the 

imperfection used for uniform axial compression.  
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Figure 3-14: Imperfection sensitivity curve for a long cylinder with 80/ =tr  and 

50/ =rL under global bending 

A single Type A weld depression imperfection was applied at the centre of the 

cylinder, which was the location where the local bifurcation buckling occurred. The 

purpose was to study the imperfection sensitivity of the critical bending moment for 

a long cylinder under global bending. Nonlinear stability analysis for cylinders with a 

radius to thickness ratio of 80/ =tr  was conducted with geometric imperfection 

amplitudes in the range 2/0 0 ≤≤ tδ . The dimensions were all expressed in terms of 
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the wall thicknesst , and the length to radius ratio was fixed at 50/ =rL  for all 

reported calculations to ensure that Brazier critical ovalisation occurs at the critical 

bending moment for perfect cylinders. The calculated imperfection sensitivity curve 

is shown in Fig. 3-14.  

The imperfection sensitivity curve indicates that the elastic critical bending 

moment has a steady reduction with an increase of imperfection amplitude. The 

value of the critical bending moment for 2/0 =tδ  is reduced to half the critical 

moment for a perfect cylinder, which indicates that the buckling strength for a long 

cylinder under global bending is quite sensitive to weld depression imperfections. 

The ovalization of the cross-section under the critical bending moment can be 

measured through a dimensionless parameterξ  as (Karamanos, 2002) 

                                                           
D

DD

2
12 −=ξ                                                (3.12) 

whereD means the diameter before deformation, 1D  is the diameter normal to the 

plane of bending at the critical point and 2D  is the diameter on the plane of bending 

at the critical point. The relationship between the ovalization parameter ξ  and 

dimensionless imperfection amplitude t/0δ is shown in Fig. 3-15.  

The value of ξ  has a steady reduction in the range 1/0 0 << tδ , from 32.0=ξ  for 

the perfect geometry to an approximately stable value 094.0=ξ  for 1/0 =tδ . 

Ovalization of the cross-section at the critical point is alleviated for larger amplitudes, 

because large imperfection amplitudes cause more reduction in the buckling strength 

leading to the critical bending moment being reached earlier at a reduced critical 

moment. When 1/0 >tδ , ξ  increases slightly with increasing values of t/0δ . That is 

because the critical bending moment has little reduction when 1/0 >tδ , while the 

original diameterD  in the expression for ξ  at the centre of cylinder continuously 

decreases due to the imperfection, leading to a slight increase inξ . 
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Ovalisation
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Figure 3-15: Ovalization of the cross-section with change of the imperfection amplitude 

( 80/ =tr  and 50/ =rL ) 

 3.6 Conclusions 

Geometrically nonlinear stability analysis of elastic cylinders with different 

geometries under global bending has been studied. For short cylinders, local 

bifurcation buckling occurs at the middle on the most compressed side of the shell. 

There is little ovalization and the critical bending moment by geometrically nonlinear 

elastic analysis (GNA) is close to the reference elastic critical moment crM . For 

extremely short cylinders, local snap-through buckling near the boundaries occurs 

due to the restraint given by the boundary conditions, so the critical bending moment 

may rise to several timescrM . 

For medium-length cylinders, a combination of ovalization instability and 

bifurcation instability occurs. The influence of the ovalization of the cross-section 

should be emphasized because it can lead to a considerable reduction in the elastic 

buckling stress below the value for uniform axial compression. Longer cylinders 

have more obvious ovalization in the pre-buckling stage, leading to a more 

significant reduction in the critical bending moment. 

For long cylinders, bifurcation buckling occurs just before snap-through buckling 

and the two buckling points are almost indistinguishable. The critical moment is 
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approximately equal to the Brazier moment, with Brazier critical ovalization of the 

cross-section.  

In thick and comparatively short cylinders, plasticity will usually be involved in 

the buckling behaviour, due to the high local shell bending stress caused by the 

bending moment. The effect of plasticity on the buckling behaviour of medium-

length cylinders under global bending is discussed in Chapter 4. 

A geometric imperfection can cause a considerable strength reduction for a long 

elastic cylinder under global bending. Bifurcation buckling occurs earlier at a 

reduced critical moment, leading to an alleviation of the ovalization of the cross-

section. An imperfection sensitivity analysis for medium-length cylinders with no 

obvious ovalization of the cross-section is investigated in Chapter 4. 
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Chapter 4 A study of cylindrical shells under globa l bending 

in the elastic-plastic range 

 4.1 Buckling and plastic collapse of thin cylinders in bending 

In Chapter 3, the elastic buckling behaviour of cylindrical shells under global 

bending was investigated. The characteristics of the buckling behaviour for short, 

medium-length and long cylinders were investigated, respectively. For a perfect 

medium-length cylinder without the effects of the boundary conditions and pre-

buckling ovalization on the buckling strength, the critical bending stress equals the 

buckling stress for uniform axial compression and this would give the elastic critical 

buckling moment as  

                                        rEtM cr
290.1≅                                                               (4.1) 

This result is very close to that obtained for moderately long cylinders when a 

linear bifurcation analysis is used (Flugge, 1973; Seide and Weingarten, 1961). In 

longer cylinders and pipes, the cylinder tends to take on an oval shape under 

bending, leading to a snap-through buckle, which is termed the Brazier Effect 

(Brazier, 1927).  

Where rings are used to maintain the circularity of the cylinder at moderate 

intervals, the ovalisation of the cross-section is very greatly constrained, and the 

elastic nonlinear buckling condition is very close to the linear bifurcation moment 

defined by Eq. 4.1. This Chapter is concerned only with cylinders that are not very 

long according to the European Standard EN 1993-1-6 (2007) between boundaries or 

stiffening rings that are effective in holding the cylinder to a circular form.  

For the geometry used in this Chapter ( 7/ =rL ), ovalization does not play a 

significant role. The explanation for this conclusion is deduced from the results in 

Chapter 3. It was shown in Chapter 3 that for perfect thick cylinders with 10/ =tr  

and 7/ =rL , the shell has a considerable ovalization when elastic bifurcation 

buckling occurs. However, the value of the full plastic moment (Eq. 4.3) is less than 

5% of the elastic critical bending moment, not to mention the first yield moment. So 



 

66 

yielding of the full cross-section already occurred far before the oval distortion began 

to develop. The same situation is evident for a cylinder with 50/ =tr  and 7/ =rL . 

For comparatively thin cylinders with 200/ ≥tr  at 7/ =rL , the ovalization of the 

cross-section is negligible even when elastic bifurcation buckling occurs. When 

plasticity is involved, elastic-plastic buckling may occur at a reduced moment, so 

that ovalization of the cross-section is far from being developed. So it can be 

concluded that for all the cylinders with different values of tr / at 7/ =rL , 

ovalization does not influence the buckling behaviour.  

The above description was concerned only with the strength of perfect cylinders.  

Since the bifurcating zone of a cylinder in bending is subject to a relatively uniform 

axial compressive stress and the bifurcation under uniform axial compression occurs 

with small buckles in limited zones and is known to be extremely imperfection-

sensitive, it is natural to suppose that the analyses for perfect cylinders in bending 

will all produce strengths far in excess of the reliable or experimental strengths of 

very thin cylinders. 

For thick and short cylinders, very high local stresses often develop in shell 

structures under elastic conditions and these are smoothed away by plasticity long 

before failure. In some buckling problems, the behaviour of the structure can change 

drastically as soon as a small region begins to enter the plastic range (Calladine, 

1983). This is especially true for an imperfect cylinder in bending, for which the high 

local bending stress usually develops quite locally nearby the imperfection area. So 

plasticity would definitely affect the buckling behaviour, depending on the specific 

geometry. 

A second limit to strength occurs in thicker shells (tubes), when the full plastic 

moment is reached in a cylinder with perfect elastic-plastic properties.  First yield 

occurs when  

                                 2
Y yM r tπ σ=                                                                          (4.2) 

where σy is the yield stress, and full plasticity occurs when  
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   24p yM r tσ=   or for thicker tubes   
3 34

3 2 2p y
t t

M r rσ
    = + − −    
     

             (4.3) 

giving a shape factor of 1.273 for thin shells, or first yield at 79% of the full plastic 

moment in a perfect shell.   

 4.2 The EN 1993-1-6 capacity curve for shells in global bending 

The capacity curve (Fig. 2-6a) for a structure describes the relationship between 

the buckling strength and the relative slenderness. For cylinders in global bending, 

the description may be written as follows. The relative slenderness is defined in 

terms of the full plastic moment pM  (small displacement theory ideal elastic-plastic 

analysis, termed MNA, Eq. 4.3), and the linear elastic critical resistance crM  (linear 

bifurcation analysis, termed LBA, Eq. 4.1).  

 As an important reference resistance of the elastic-plastic buckling strength 

assessment, the definition of the plastic reference resistance has sometimes been 

challenged. It is usually evaluated using a small-displacement theory rigid-plastic or 

elastic-plastic analysis (MNA) as the plastic limit load under an applied combination 

of actions (ECCS EDR5, 2008). For the current buckling problem, several MNA 

analyses were performed for some perfect thick shells in bending. The results agreed 

well with the predictions using Eq. 4.3. So Eq. 4.3 is adopted to represent the plastic 

reference resistance throughout this chapter. However, for comparatively thin 

cylinders, this definition seems to cause some problems due to a complex bending 

and stretching behaviour of the shell, which will be discussed later. 

For another important reference parameter, the linear elastic critical resistance, an 

accurate definition should be determined from a linear eigenvalue analysis (LBA). In 

current buckling problems, several LBA analyses for some shells with different 

radius to thickness ratios were performed using finite element software ABAQUS. 

The results indicated that the prediction of the linear elastic critical resistance crM  

using Eq. 4.1 agreed well with the accurate numerical predictions. The error between 

the two is usually less than 1%. Even for quite thick cylinders, the error does not 
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exceed 2%. So Eq. 4.1 is used to describe the elastic critical resistance throughout 

this chapter. 

The relative slenderness λ is defined in the European standard EN 1993-1-6 

(2007) as 

                                                   p crM Mλ =                                                   (4.4) 

and the dimensionless strength parameter χ is defined as  

                                                  k pM Mχ =                                                       (4.5) 

where the characteristic resistance Mk is determined by experiment or from a 

geometrically and materially nonlinear analysis of the imperfect structure (termed 

GMNIA, producing kGMNIA MM = ). 

 4.3 Computations of elastic-plastic buckling strengths  

Cylindrical shells in bending were treated as of medium length (EN 1993-1-6, 

2007) with a single local weld depression imperfection far from the ends, with end 

boundaries restrained to remain circular.  These boundary conditions effectively 

prevent ovalization for these shells.    

Elastic-plastic imperfect shell buckling calculations (GMNIA) were performed 

using the program ABAQUS (Hibbit et al, 2003).  The lowest resistance determined 

from GMNIA was deemed to be the best numerical prediction of the elastic-plastic 

buckling resistance of the imperfect structures. The arc-length method described 

before in the nonlinear finite element calculation was used to capture the failure load 

in the load-displacement path.  

Due to the close relationship between the buckling behaviour of cylinders under 

axial compression and global bending, it is natural to use the axisymmetric Type A 

weld imperfection (Rotter and Teng, 1989) as a “worst” and “most practically” type 

of imperfection for cylinders in global bending (Rotter, 2004). The imperfection was 

assumed to be a single local feature, not interacting with other imperfections.   
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All the calculations reported here used an ideal elastic-plastic stress-strain relation 

obeying von Mises criterion with the normal flow rule and the flow theory of 

plasticity in bifurcation calculations, with MPaE 5100.2 ×=  and 3.0=ν . Three 

different material models including the ideal elastic-plastic material Model A, a first 

hardening Model B and a second hardening Model C were adopted to explore the 

effect of strain hardening on the buckling behaviour. 

 4.4 Buckling strength predictions for cylinders under pure 

bending with ideal elastic-plastic material  

 4.4.1 Aspects of finite element analysis 

The bifurcation or plastic collapse of shells with radius to thickness ratios in the 

range 2000/10 ≤≤ tr  was determined with geometric imperfections with amplitudes 

in the range 2/01.0 0 ≤≤ tδ .  The dimensions were all expressed in terms of the wall 

thickness t, and the length to radius ratio was kept at 7/ =rL  for all reported 

calculations, with selective successful verification at 14/ =rL  to ensure that 

ovalization did not alter the outcome.  The end boundaries were subjected to a global 

moment, and were kept circular. A single weld depression imperfection was used at 

the centre of the cylinder (Fig. 4-1).  The ideal elastic-plastic stress-strain 

relationship was adopted with yield stress MPay 250=σ . The mesh was verified by 

accurately reproducing the imperfection sensitivity curve for axial compression 

(Rotter and Teng, 1989). 

 

Figure 4-1:  Finite element mesh for half cylinder, with careful detail around the central weld 
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 4.4.2 Moment-curvature curves 

The changing form of the moment-curvature curve for different radius to 

thickness ratios is shown in Figs 4-2 and 4-3. In these figures, φ  is the mean 

curvature deduced from the change in rotation between the two ends. The geometric 

imperfection amplitude has here been held constant at δo/t = 0.50, though this is a 

small imperfection in thin shells and a very deep one for thicker shells.  The reason 

for retaining this imperfection at a constant value will be evident later. As the radius 

to thickness ratio passes from a thick cylinder (r/t=10) to a moderately thin cylinder 

(r/t=100) to a very thin one (r/t=1000), the moment curvature relationship changes 

from a smooth relatively ductile response all the way to bifurcation buckling with a 

precipitous post-buckling fall.   

 

Figure 4-2: Typical moment-curvature curves for cylinders with different radius to thickness 

ratios (imperfection amplitude δδδδo/t = 0.50) 

In Fig. 4-2, the bending moments have all been normalised relative to the full 

plastic moment (Eq. 4.3) and the curvatures of the shell have been normalised 

relative to the linear bending first yield value (
Er

y
y

σ
φ = ).  Because the imperfection 

of δo/t = 0.50 is such a major deviation of geometry for r/t=10, it does not achieve 

the full plastic moment of the perfect geometry, but remains ductile at a plateau near 
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M/Mp=0.90, which is caused by the complex pattern of bending and stretching 

yielding at the deep imperfection.  In slightly thinner cylinders (r/t=20), the ductility 

begins to be lost, and soon (r/t=50) the strength is limited by bifurcation with a 

softening post-buckling response.  By r/t=100, the bifurcation has a steep post-

buckling fall, quickly followed by recovery and a second bifurcation leading to 

progressive falls in strength.  This pattern is repeated as the shell becomes 

progressively thinner. 
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Figure 4-3: Typical moment-curvature curves for cylinders with different radius to thickness 

ratios (imperfection amplitude δδδδo/t = 0.50) 

The behaviour of the thinner shells is difficult to see in Fig. 4-2, so the same 

information is presented in Fig. 4-3 in different form.  Here the bending moment has 

been normalised relative to the linear bifurcation moment (Eq. 4.1) and the curvature 

relative to the value at which this bifurcation would occur according to linear theory 

(φcr=Mcr / EI).  Since the shell is so short that ovalization is effectively prevented, the 

pre-buckling path is very close to linear, and shells with 300/ >tr all achieve very 

similar moments at bifurcation, which occurs elastically. The thicker shells bifurcate 

under plastic conditions and this elastic-plastic buckling occurs over the full range 

( 300/50 << tr ) for this imperfection amplitude.   

Similar calculations were performed for a large range of imperfection amplitudes 

( 2/01.0 0 ≤≤ tδ ) and a large range of radius to thickness ratios ( 2000/10 ≤≤ tr ) to 
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explore the full range of behaviour from very thin shells to practical thickness tubes.  

The peak value of bending moment on each curve was used for the remainder of this 

study. 

The deduced imperfection sensitivity curves for cylinders with different radius to 

thickness ratios and imperfection amplitudes are shown in Fig. 4-4. For very thin 

cylinders, the curves represent the single effect of the imperfection amplitude on the 

elastic buckling strength. While for comparatively thick cylinders the curves 

represent the effects of both the imperfection amplitude and the plasticity on the 

buckling strength.  
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Figure 4-4: Imperfection sensitivity curves for cylinders with different radius to thickness ratios 

in bending 

 4.4.3 Buckling strength prediction for cylinders with different geometries 

Taking the maximum moment from each curve, complete traditional buckling 

curves (capacity curves) for cylinders in bending with weld depression geometric 

imperfections of different amplitudes are shown in Fig. 4-5. These cannot be 

compared with traditional lower bound curves on experimental data because the 

amplitude of the imperfection in most experiments remains unknown. However, 

these predictions can be used to back-figure appropriate imperfection amplitudes to 

capture the practical experimentally-based relationship between radius to thickness 
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ratio and imperfection amplitude (e.g. see Rotter, 1997).  It may be noted that the 

strength of thick imperfect cylinders appears to fail to reach the full plastic moment.  

However, these cylinders have a deep axisymmetric imperfection (δo/t = 1 is a large 

radius reduction when r/t = 20), and this causes the calculated strengths to fall well 

below the full plastic moment.  This effect is not important for any practical shells, 

since these imperfections are too deep. The practical characteristic imperfection 

amplitude could be adopted according to Eq. 4-6 (EN 1993-1-6, 2007). 

                                          t
t

r

Q

1
0 =δ                                                                    (4.6) 

where Q is the meridional compression fabrication quality parameter which can be 

found in EN 1993-1-6 (2007). 
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Figure 4-5:  Buckling strength (capacity) curves for cylinders in bending with different 

imperfection amplitudes δδδδo/t (constant yield stress σσσσy=250MPa and changing r/t) 

The same data is shown in Rotter’s (2002) alternative form of the capacity curve 

in Fig. 4-6.  The capacity curve parameters may be extracted from this plot, each as a 

function of the imperfection amplitude δo.  The very rapid loss of strength after first 

plasticity can be captured by choosing a value of the exponent η that is less than 

unity.   
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In Fig. 4-6, it can be seen that the value of α deduced from these curves is not 

perfectly stable for a given imperfection amplitude when the radius to thickness ratio 

is changed along each curve.  This is because the effect of geometrically nonlinearity 

in the pre-buckling phase depends slightly ontr / . Moreover, the curves for small 

imperfection amplitudes display a remarkable plateau in the range 0.6 < Mk/Mp < 0.8, 

which is perhaps the cause of some controversy in the past concerning the 

appropriate definition of the plastic reference load for cylinders in global bending.   
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Figure 4-6:  Alternative form of capacity curves for cylinders in bending with different 

imperfection amplitudes δδδδo/t   (constant yield stress σσσσy=250MPa and changing r/t) 

To make the information presented in Figs 4-5 and 4-6 accessible to the design 

process, it is necessary to extract the relevant parameters for the Eurocode buckling 

curve for each imperfection amplitude using Fig. 4-6. 

 4.4.4 Extraction of capacity curve parameters  

The calculations presented here used an ideal elastic-plastic stress strain curve, 

and no strain hardening was included.  Under this loading condition, the cylinder 

does not display geometric hardening either (Rotter, 2005).  Consequently, it was 

assumed here, ab initio, that the value of the squash limit relative slenderness λ0 

could be taken as zero for all imperfection amplitudes.   
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The easiest parameter to extract from Fig. 4-6 is the elastic imperfection 

sensitivity factor α, which is defined (EN 1993-1-6, 2007) as the ratio of the 

buckling strength found in a geometrically nonlinear elastic analysis that includes 

imperfections (GNIA) to that found in a linear bifurcation analysis of the perfect 

structure (LBA).  The value of α is found from the vertical straight line (for each 

imperfection amplitude) that occurs at lower values of the ratio Mk / Mp.  This rather 

precise extraction leads to a classical “imperfection sensitivity curve”, which is 

shown in Fig. 4-7.  The lines for different radius to thickness ratios lie perfectly on 

each other so that they are effectively indistinguishable.  
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Figure 4-7:  Imperfection sensitivity curve giving the value of parameter α  (constant yield 

stress σσσσy=250MPa and changing r/t) 

The plastic range factor β captures (as 1−β) the moment at which yielding first 

begins to affect the global buckling strength, which is not the same as the first yield 

moment.  It should be noted that the first yield moment defines initial yielding on the 

surface of the shell at one point, but even after yielding begins the potential buckle is 

of comparable size to the elastic buckle, and yield must spread over a zone that 

covers a significant part of one buckle before it impacts significantly on the bending 

stiffness of the whole area.  Thus the value of β must be extracted from Fig. 4-6 by 

careful examination, and not as a simple numerical deduction as the first yield 
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moment. Extracted values of β are shown in Fig. 4-8, and plotted as the function 

(1−β) for reasons that will be evident later.  

It is immediately evident that the moment at which yield first influences the 

buckling strength is very sensitive to the amplitude of the geometric imperfection.  

This aspect of cylinder buckling under bending has not been described very clearly in 

the past.  Thus, the transition from elastic to plastic bifurcation in thin cylindrical 

shells should be clearly seen as strongly associated with geometric imperfections and 

tolerance measures that control them.  
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Figure 4-8:  Extracted values of the plastic range factor ββββ (constant yield stress σσσσy=250MPa and 

changing r/t) 

Extraction of the values of the parameter η is less straightforward, and the 

simplest procedure is to choose a suitable functional form and use a least squares 

best-fitting procedure to determine the values.   

The solid curves shown in Figs 4-7 and 4-8 can be closely approximated by a 

function of the form  

         
( )

,  1 ,  
1 /

c

o

a

b t
α β η

δ
− =

+
                                                                       (4.7) 
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The dashed line in Fig. 4-7, which gives a very close approximation to the elastic 

imperfection reduction factor α  is given by 

                  
( )0.8

1

1 2.00 /o t
α

δ
=

+
                                                                            (4.8) 

or a = 1.0, b = 2.00 and c = 0.80. 

The plastic range factor β, is accurately modelled by the dashed line in Fig. 4-8, 

which is given by  

                
( )0.8

0.77
1

1 1.2 /o t
β

δ
− =

+
                                                                            (4.9) 

or a = 0.77, b = 1.20 and c = 0.80. 

Finally, least squares minimisation of the calculated values of buckling or 

maximum moment Mk for all those cases in the elastic-plastic domain leads to a 

representation of the interaction exponent η represented by  

            
( )2

0.80

1 0.07 /o t
η

δ
=

+
                                                                                     (4.10) 

All three of these expressions were derived in a stepwise manner. All three 

coefficients a, b and c were first permitted free range.  A choice was then made of a 

simple fixed value for the coefficient c, since it is desirable to have a simple power in 

an empirical equation.  The second empirical fit then only used a and b, from which 

a simple value of the coefficient b was chosen.  The final fit was made to define the 

coefficient a alone, ensuring that this value was the best choice given the 

approximations already made in choosing simple values for b and c.  

The results of using Eqs 4.8, 4.9 and 4.10 in Eqs 2.5, 2.6 and 2.7 to represent the 

complete conventional capacity curves are shown in Fig. 4-9.  An extremely good fit 

to the rather strange forms of these relationships is achieved, which illustrates how 

powerful is the form of capacity curve represented by Eqs 2.5, 2.6 and 2.7.  The 

greatest deviations occur for very thin cylinders with high amplitude imperfections, 
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and this conservative error arises because the dashed line in Fig. 4-7 falls below the 

calculated imperfection sensitivity curve when the imperfection amplitude exceeds 

δo/t = 1.5.  Since these are large imperfections, this conservatism seems unimportant.  

 

Figure 4-9:  Calculated and best fitted capacity curves (constant yield stress σσσσy=250MPa and 

changing r / t) 

Equations 4.8, 4.9 and 4.10 can be implemented directly into the Eurocode EN 

1993-1-6 (2007), since the tolerance level and assumed imperfection amplitude 

associated with a particular Fabrication Quality Class are already defined there.  

These expressions offer a very considerable enhancement over the simple fixed 

values of β and η and the empirical lower bound for α currently given in EN 1993-1-

6 (2007).   

 4.5 Buckling strength predictions for cylinders under pure global 

bending with hardening Model B 

 4.5.1 The stress-strain relationship for hardening Model B  

In this section, the material was given an isotropic hardening modulus 

MPah 4000=  once the shell reached the first yield stress (Fig. 4-10). The tangent 

modulus TE  is related to Young’s modulus E  and h  by 
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The final plateau stress was chosen as 284MPa which gives a 14% rise above the 

first yield value. The buckling behaviour due to this strain hardening was 

investigated next. 
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Figure 4-10:  The stress- strain relationship for hardening Model B 

 4.5.2 Buckling strength prediction 

The changing form of moment-curvature curves with different radius to thickness 

ratios for hardening Model B are shown in Figs 4-11 and 4-12. The geometric 

imperfection amplitude has here been held constant at δo/t = 0.50. The behaviour 

undergoes radical changes from bifurcation with a precipitous post-buckling fall at 

high radius to thickness ratios to a smooth rounded response due to ductile plasticity 

in thick cylinders. The moment and curvature are normalized as for the ideal elastic-

plastic material model.  

Compared with the moment-curvature curves for the ideal elastic-plastic material 

model (Figs 4-2 and 4-3), in Figs 4-11 and 4-12, for thick shells, because the first 

yield stress is already reached before the elastic buckling occurs, the moment-

curvature curves have a strengthening stage after reaching the first yield stress due to 

the strain hardening, and thus the buckling strength increased to some extent 

depending on how much the buckling strength is affected by the plasticity for each 
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radius to thickness ratio. Thicker cylinders are more influenced by the strain 

hardening. For thin shells, where elastic buckling occurs without involving the effect 

of plasticity, the curves are exactly the same as the corresponding curves in Figs 4-2 

and 4-3. 
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Figure 4-11:  Typical moment-curvature curves for cylinders with different radius to thickness 

ratio (imperfection amplitude δδδδo/t = 0.50) 
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Figure 4-12: Typical moment-curvature curves for cylinders with different radius to thickness 

ratio (imperfection amplitude δδδδo/t = 0.50) 
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Figure 4-13: Imperfection sensitivity curves for cylinders with different radius to thickness 

ratios in bending (Model B) 

The imperfection sensitivity curves for hardening Model B with different radius to 

thickness ratios and imperfection amplitudes are shown in Fig. 4-13. Compared with 

the imperfection sensitivity curves for the ideal the elastic-plastic Model A (Fig. 4-

4), the curves for very thin cylinders are precisely the same because plasticity has no 

effect on the buckling strength. For comparatively thick cylinders, where the curves 

represent the effects of both imperfection amplitude and plasticity on the buckling 

strength, the curves for these cylinders for the two material models are different, 

depending on the specific radius to thickness ratio.  

The complete traditional buckling curves (capacity curves) and alternative form of 

capacity curves for cylinders in bending with weld depression geometric 

imperfections of different amplitudes are shown in Figs 4-14 and 4-15. Compared 

with the capacity curves for the ideal elastic-plastic material model (Figs 4-5 and 4-

6), the values of pk MM / for hardening Model B have an obvious increase for thick 

shells ( 100/10 <≤ tr ).  

For very thick shells ( 10/ =tr ), after the first yield stress at the most compressed 

fibre is reached, the plastic strain needs to develop a lot to almost the whole cross-

section before the collapse moment is reached. So the whole hardening stage is 

experienced. After the first yield, the stress value in the plastic zone might increase 
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to the value of the final yield stress during the development of the yield zone, and the 

cross-section can thus bear more bending moment due to increased stresses in the 

plastic range.  
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Figure 4-14:  Buckling strength (capacity) curves for cylinders in bending with different 

imperfection amplitudes δδδδo/t (Model B and changing r/t) 
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Figure 4-15:  Alternative form of capacity curves for cylinders in bending with different 

imperfection amplitudes δδδδo/t   (Model B and changing r/t) 



 

83 

Assuming the failure is still controlled by plastic yield, with increasing values of 

tr / , the plastic zone before the collapse moment is reached becomes smaller, and 

the collapse mechanism forms before the yield strain spreads to the whole cross-

section. In this situation, the collapse moment might be reached during the strain 

hardening stage, and the maximum extreme fibre stress at collapse moment is 

between the first yield stress and final plateau stress. So the critical strength is 

affected less by strain hardening for comparatively thinner cylinders than for very 

thick cylinders.  

For thinner cylinders ( 500/100 <≤ tr ), the failure is dominated by elastic-plastic 

buckling. The axial bifurcation buckling occurs after the first yield stress is reached 

but the yield of the full cross-section is far from being reached. The thinner the shell 

is, the sooner bifurcation buckling occurs after first yield and the less influence strain 

hardening has on the buckling strength. The values of pk MM / for the ideal elastic-

plastic material Model A and hardening Mode B are thus closer with increasing tr / . 

For cylinders with 500/200 <≤ tr , the difference in pk MM /  between these two 

models is negligible.  

For very thin cylinders with 500/ ≥tr , the failure of the cylinder is controlled by 

elastic bifurcation buckling, and plasticity has no effect on the buckling behaviour at 

all. So the capacity curves of these cylinders for the two material models are 

identical. 

It is concluded that only the buckling strength of very thick cylinders is affected 

much by the hardening of material.  

 4.5.3 Extraction of capacity curve parameters  

Considering the definitions of elastic imperfection reduction factor α  and plastic 

range factor β, and observing the results for the ideal elastic-plastic material model 

and hardening Model B, it is obvious that the parameter α  is not affected by strain 

hardening of material and β  is only slightly affected. The expressions for α andβ  
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for the ideal elastic-plastic material are therefore still applicable for Model B. The 

expressions are expressed as follows: 
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However, the interaction exponent η is affected by the hardening of the material 

and may be closely represented by  
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Figure 4-16:  Calculated and best fitted capacity curves (Model B and changing r/t)   

Results of using Eqs 4.11, 4.12 and 4.13 to represent the complete conventional 

capacity curves are shown in Fig. 4-16. 
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 4.6 Buckling strength predictions for cylinders under pure 

bending with hardening Model C 

 4.6.1 The stress-strain relationship for hardening Model C 

In this section, another hardening Model C  was adopted to represent classical 

mild steel behaviour. Once the first yield stress is reached, the strain increases to ten 

times the first yield strain on a plastic plateau before it hardens, with a strain 

hardening modulus MPah 4000= , producing a final stress that is ten times the initial 

yield stress. This huge hardening curve was used to explore the effects of both a 

yield plateau and the outcome for indefinite strain hardening. The tangent modulus 

TE  is again related to Young’s modulus E and h  by 

                                                   
hEET
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Figure 4-17:  The stress- strain relationship for hardening Model C 

The stress- strain relationship for hardening Model C is shown in Fig. 4-17. 

 4.6.2 Buckling strength prediction 

The changing form of the moment-curvature curves with different radius to 

thickness ratios for hardening Model C are shown in Figs 4-18 and 4-19. Here, the 

geometric imperfection amplitude has been held constant at δo/t = 0.5. The behaviour 
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undergoes radical changes from bifurcation with a precipitous post-buckling fall at 

high radius to thickness ratios to a smooth rounded response due to ductile plasticity 

in thick cylinders. The moment and curvature are normalized as for the previous two 

models.  
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Figure 4-18:  Typical moment-curvature curves for cylinders with different radius to thickness 

ratio (imperfection amplitude δδδδo/t = 0.50) 
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Figure 4-19:  Typical moment-curvature curves for cylinders with different radius to thickness 

ratio (imperfection amplitude δδδδo/t = 0.50) 

For very thick shells, after first yield, the plasticity zone needs to develop very 

large strains to achieve a full plastic collapse. A cross-section made of ideal elastic-
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plastic material can not quite reach pM  even at large curvatures as Fig. 4-20 (c) and 

Fig. 4-21 shows. Some strain-hardening is necessary for pM  to be reached and 

exceeded (Fig. 4-20d). The value of the plastic strain may exceed ten times the first 

yield strain before the geometrically nonlinear collapse moment is reached and thus 

strain hardening should have a strong effect on the buckling behaviour in very thick 

cylinders. The buckling strength can increase to some extent due to strain hardening 

depending on the specific r / t ratio. 
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Figure 4-20: Stress distribution of the circular cross-section for cylinders in global bending 
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Figure 4-21: Relationship between the moment and curvature for cylinders in bending with 

ideal elastic-plastic material 
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For a thin shell, where the failure is dominated by either the yield or elastic-plastic 

bifurcation buckling, the collapse moment may occur during the development of 

plastic strain at constant yield stress. In this situation, the hardening of the material 

does not affect the collapse moment. The collapse moment derived for hardening 

Model C was consequently the same as for the ideal elastic-plastic material Model A. 

 For very thin shells, where the failure of the structure is dominated by elastic 

buckling without involving the effect of plasticity, the curves of these cylinders are 

exactly the same as the corresponding curves for the other two material models. 

amplitudes 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
δo/t

M
G

M
N

IA
 / 

M
LB

A

r/t=10
r/t=50
r/t=100
r/t=200
r/t=300
r/t=400
r/t=500
r/t=1000
r/t=2000

 

Figure 4-22: Imperfection sensitivity curves for cylinders with different radius to thickness 

ratios in bending 

The imperfection sensitivity curves for hardening Model C with different radius to 

thickness ratios and imperfection amplitudes are shown in Fig. 4-22. The curves for 

comparatively thin cylinders are exactly the same as the corresponding curves for the 

ideal elastic-plastic model (Fig. 4-4) because plasticity has no effect on buckling 

behaviour. For quite thick cylinders, where the collapse moment is affected by both 

the imperfection amplitude and plasticity, the curves of these cylinders for Model A 

and Model C may be different, depending on the specific values of tr / .  

The complete traditional buckling curves (capacity curves) and the alternative 

form of the capacity curves for cylinders in bending with weld depression geometric 

imperfections of different amplitudes are shown in Fig. 4-23 and Fig. 4-24. 
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Figure 4-23:  Buckling strength (capacity) curves for cylinders in bending with different    

imperfection amplitudes δδδδo/t (Model C and with changing r/t) 
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Figure 4-24:  Alternative form of capacity curves for cylinders in bending with different 

imperfection amplitudes δδδδo/t   (Model C and with changing r/t) 

Compared with the capacity curves for the ideal elastic-plastic material model 

(Figs 4-5 and 4-6), the values of pk MM / for hardening Model C increase 

remarkably for very thick shells ( 50/10 <≤ tr ). This is especially so for very thick 

cylinders with deep imperfection amplitudes, which is due to the indefinite hardening 
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in hardening Model C. Plastic strains can develop considerably before reaching the 

collapse moment for very thick cylinders, so the high stress in the strain hardening 

stage can play an important role in increasing the collapse moment. By contrast, if 

the critical bending moment is reached before the strain hardening begins to 

intervene, the capacity curves for hardening Model C are precisely the same as for 

the ideal elastic-plastic material Model A. 

 4.6.3 Extraction of capacity curve parameters  

The elastic imperfection reduction factor α  and the plastic range factor β are not 

affected by the hardening of material. The expressions of α andβ  for ideal elastic-

plastic material are still applicable for hardening Model C. They are expressed as:   
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Figure 4-25:  Calculated and best fitted capacity curves (Model C)             
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However, the interaction exponent η is affected by the hardening of material and 

may be closely represented by  

                   
5.1

0 )/(3.01

1

tδ
η

+
=                                                                         (4.16)      

Results of using Eqs 4-14, 4-15 and 4-16 to represent the complete conventional 

capacity curves are shown in Fig. 4-25.                                                                   

 4.7 Comparison of results for different material models 

The relationship between normalized moment pGMNIA MM / and imperfection 

amplitude t/0δ for cylinders with 10/ =tr  and material models is shown in Fig. 4-

26. At a very small imperfection amplitude δo/t=0.01, the values of pGMNIA MM / for 

Models A and C are the same and close to 1. The corresponding value for Model B is 

larger than the other two. The results indicate that, after the first yield, the immediate 

strain hardening will increase the collapse moment considerably as Model B shows. 

On the contrary, subsequent strain hardening, after the plastic strains develops a lot at 

constant first yield stress, is not beneficial to improve the collapse strength as Model 

C shows.  
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Figure 4-26: The dimensionless limit moment for different material models with different 

imperfection amplitudes δδδδo/t  ( 10/ =tr ) 
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Also for 10/ =tr , with increasing imperfection amplitudes, the difference of 

pGMNIA MM / between Models A and C increases steadily, especially for models with 

larger imperfection amplitudes. It indicates that the strain hardening in Model C 

began to affect the collapse strength with increasing values of imperfection 

amplitudes.  Due to the high stress concentration at the central cross-section with the 

largest imperfection amplitude, the plastic strain develops quickly after the first yield 

stress is reached. This leads to a considerable plastic strain before the collapse 

moment is reached, so that the strain hardening in Model C affects the collapse 

moment. The peak stress at failure is increased leading to an increase in the collapse 

moment. The larger the imperfection amplitude is, the more significantly the strain 

hardening affects the buckling strength.  

However, the difference of pGMNIA MM /  for Models A and B changes little with 

increasing values of imperfection amplitude. That is because the plastic strain before 

the collapse load is reached is quite large, so that the whole strain hardening stage of 

Model B will be involved and affects the buckling behaviour, leading to the collapse 

moment occurring at a same value of yield stress. So for all imperfection amplitudes, 

the influence of the strain hardening of Model B is significant. 
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Figure 4-27: The dimensionless limit moment for different material models with different 

imperfection amplitudes δδδδo/t  ( 20/ =tr ) 
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For a thinner shell with 20/ =tr (Fig. 4-27), the total plastic strain developed at 

the collapse moment decreases but the value might still be larger than ten times the 

first yield strain, so in Model C, strain hardening may affect the collapse moment 

except for cylinders with small imperfection amplitudes. However, this influence is 

less important than that for 10/ =tr . The critical moment occurs at a lower yield 

stress compared with the shell with 10/ =tr . This leads to the difference of 

pGMNIA MM /  between Models C and A in Fig. 4-27 being smaller than that in Fig. 4-

26. Similar to the shell with 10/ =tr , the value of pGMNIA MM /  for Models B and A 

is close for all imperfection amplitudes. 

In the range 200/50 <≤ tr  (Figs 4-28 and 4-29), the collapse moment for Model 

C is almost the same as that for Model A. With increasing tr / , the plastic zone of the 

cross-section that forms the plas1tic collapse mechanism becomes gradually smaller 

until local elastic-plastic bifurcation buckling occurs. The total plastic strain is 

smaller than ten times the first yield strain for these cylinders. In this situation, the 

strain hardening in Model C has no influence on the yield failure of thick cylinders or 

elastic-plastic bifurcation buckling of comparatively thin cylinders. For Model B, the 

collapse moment is reached during the strain hardening stage, and the influence of 

strain hardening decreases as the cylinder becomes thinner. So the moment ratio 

pGMNIA MM / is closer to the value for Model A as the cylinder becomes thinner. 
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Figure 4-28: The dimensionless limit moment for different material models with different 

imperfection amplitudes δδδδo/t   ( 50/ =tr ) 
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Figure 4-29: The dimensionless limit moment for different material models with different 

imperfection amplitudes δδδδo/t   ( 100/ =tr ) 

For a thinner shell with 200/ =tr  (Fig. 4-30), the zones over which yield must 

spread to form a buckle is quite local and is easily achieved. Elastic-plastic 

bifurcation buckling occurs quickly once the first yield stress is reached. That is why 

the critical bending moments for Models B and A are almost indistinguishable. 

Though plasticity already affects the buckling behaviour and causes an obvious 

reduction in the buckling strength, the influence of strain hardening in Model B is 

negligible. 
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(e) 200/ =tr  

Figure 4-30: The dimensionless limit moment for different material models with different 

imperfection amplitudes δδδδo/t ( 200/ =tr ) 
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(f) 200/ >tr  

Figure 4-31: The dimensionless limit moment for different material models with different 

imperfection amplitudes δδδδo/t   

For cylinders with 200/ >tr  (Fig. 4-31), the failure of the shell is dominated by 

either the elastic-plastic bifurcation buckling or elastic bifurcation buckling. The 

critical bending moments obtained for the three material models are very close. 

Dimensionless critical moment and imperfection amplitude relationship curves for 

different material models can be represented by a single curve for each value of tr / . 

Another form of relationship curves linking the dimensionless 

moment LBAGMNIA MM / and imperfection amplitudes is shown in Fig. 4-32. For 

cylinders in the range 500/200 << tr , strain hardening in Models B and C has a 

negligible effect on the critical bending moment. The critical moment is reached 

soon after first yield. Elastic-plastic bifurcation buckling occurs and the bifurcation 

buckling moment is affected by plasticity. This influence decreases as the cylinder 

becomes thinner. The critical moment is obviously reduced due to the effect of 

plasticity compared with the linear elastic critical moment LBAM , especially for 

cylinders with small imperfection amplitudes. 

For thin cylinders with 500/ >tr , the failure is always controlled by elastic 

bifurcation buckling without the effect of plasticity. The relationship curves in Fig. 
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4-32 with different radius to thickness ratios and material models can be represented 

by a single curve. Precise extraction of the results leads to a classical “imperfection 

sensitivity curve”, as occurred in Fig. 4-7 for Model A. The elastic imperfection 

reduction factor α  is given by Eq. 4.8.   
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Figure 4-32:  Imperfection sensitivity curve for cylinders with different radius to thickness 

ratios and material models 

By comparing the results for the three different material models, it can be 

concluded that for very thin cylinders with 500/ ≥tr , the elastic bifurcation buckling 

occurs and plasticity has no influence on the buckling strength. For thick cylinders 

with failure dominated by the plastic yield or elastic-plastic buckling, plasticity 

affects the buckling strength depending on the specific value of tr / . Strain 

hardening may increase the collapse moment for thick shells depending on how 

strain hardening is defined in stress-strain relationship curves. For cylinders 

with 200/ >tr , the influence of any strain hardening on the collapse load is 

negligible.       
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 4.8 Cylindrical shells under combined axial compression and 

global bending in the elastic-plastic range 

 4.8.1 Buckling of cylindrical shells under combined axial compression and 

global bending  

Axial compression and global bending are two dominant loading conditions in 

practical cylindrical shells. The elastic-plastic imperfection sensitivity of axially 

compressed cylinders with weld depressions was studied by Rotter (1997, 2004, 

2008). The buckling behaviour of medium-length cylindrical shells under pure global 

bending in the elastic-plastic range was studied in previous sections. These studies 

illustrate how the capacity curves of EN 1993-1-6 (2007) for shell buckling can be 

exploited to achieve a full characterisation of the ideal elastic-plastic buckling 

strength of imperfect cylindrical shells with a weld depression. However, it is not 

unusual for a cylindrical structure to be subjected to the combined action of both 

axial compression and global bending. Key examples are the tubular shells used in 

buildings, offshore platforms, pipelines, silos, tanks and other engineering structures. 

This next section presents FEM analysis of buckling behaviour of cylindrical shells 

under combined global bending and axial compression in the elastic-plastic range. 

 4.8.2 Aspects of finite element modeling 

The bifurcation or plastic collapse of shells with radius to thickness ratios in the 

range 500/10 ≤≤ tr were determined with geometric imperfections with amplitudes 

δo / t= 0.01.  The axi-symmetric imperfection adopted was Rotter and Teng's (1989) 

Type A weld depression, assumed to be a single local feature at middle of the 

cylinder, not interacting with other imperfections. The dimensions were all expressed 

in terms of the wall thickness t, and the length to radius ratio was kept at 7/ =rL for 

all reported calculations, which was same as those used for pure global bending 

analysis. The end boundaries were restrained to remain circular.  These boundary 

conditions effectively prevent ovalization of these shells.    

All the calculations reported here used an ideal elastic-plastic stress-strain 

relationship, obeying von Mises criterion, the normal flow rule and the flow theory 
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of plasticity in bifurcation calculations, with MPaE 5100.2 ×= , 3.0=ν and 

MPay 250=σ .  

An axial compressive stress was first applied to a prescribed value 

crkσσ = with 10 ≤≤ k , where σ  is the prescribed axial compressive membrane 

stress and crσ  is the classical critical buckling stress for perfect cylinders under 

uniform axial compression. Then the compressive stress was fixed and a rotation θ   

was imposed at the ends of the shell and progressively incremented.  

 4.8.3 The moment-curvature curves 

For very thick cylinders with 10/ =tr , first yield occurs on the most compressed 

side of the cross-section. After first yield, the deformation of the structure develops 

quickly until the plastic limit load is reached. This represents a state of material 

rupture or unacceptably large plastic deformation, when stability phenomena do not 

intervene. The normalized moment-curvature curves for cylinders with 10/ =tr and 

01.0/0 =tδ  with different values of prescribed axial compressive load are shown in 

Fig. 4-33. As the prescribed axial compressive load increases from a small value 

crσσ 1.0=  to a large value crσσ 8.0= , the plastic limit moment suffers a steady 

reduction. The obvious reason is that the prescribed axial compression load leads to 

an increase in the meridional stress on the compressed side, leading to an earlier 

occurrence of first yield. After the first yield, plastic deformations develop quickly to 

cause the plastic collapse. 

For cylinders with 200/ =tr  under pure global bending (Figs 4-2 and 4-3), the 

moment-curvature curve displays bifurcation buckling with a precipitous post-

buckling fall. For cylinders with the same radius to thickness ratio under combined 

global bending and axial compression, the situation may be different. The normalized 

moment-curvature curves for cylinders with 200/ =tr and 01.0/0 =tδ  with 

different values of prescribed axial compressive stress are shown in Fig. 4-34. The 

curve for pure global bending is also shown in Fig. 4-34 as 0/ =crσσ .  
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Figure 4-33:  Moment-curvature curves for cylinders with different prescribed axial 

compression load ( 10/ =tr , imperfection amplitude 01.0/0 =tδ ) 
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Figure 4-34:  Moment-curvature curves for cylinders with different prescribed axial 

compression load ( 200/ =tr , imperfection amplitude 01.0/0 =tδ ) 
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When the prescribed axial compressive load is comparatively small ( crσσ 1.0=  

or crσσ 4.0= ), the failure mode is still an elastic-plastic bifurcation buckling mode. 

The bifurcation point appears just before the limit moment point is reached and the 

moments at bifurcation and the peak point are quite close. The moment at bifurcation 

should be regarded as the collapse moment. After the peak point, the curve has a 

steep post-buckling fall followed by recovery and a second bifurcation leading to 

progressive falls in strength.  

As the prescribed axial compressive load increases to a larger value as crσσ 6.0=  

and crσσ 8.0=  (Fig. 4-34), snap-through buckling occurs at the limit point, and then 

a bifurcation point appears in the post-buckling path. The collapse of the structure is 

controlled by the snap-through buckling.  

 4.8.4 The nonlinear buckling modes for cylinders with 200/ =tr  

As Fig. 4-34 shows, the moment-curvature curves display different buckling 

behaviour as the prescribed value of axial compressive load changes. When a small 

prescribed axial load crσσ 1.0=  is applied, the corresponding elastic-plastic 

bifurcation buckling mode and post-buckling mode is shown in Fig. 4-35(a) and (b).  

  

(a) Bifurcation buckling mode at bifurcation point (b) Nonlinear post-buckling mode 

  

(c) Axial plastic strain at bifurcation point  (d) Axial plastic strain at post-buckling stage 

  Figure 4-35:  Buckling behaviour for prescribed compressive stress crσσ 1.0=  

( 200/ =tr , 01.0/0 =tδ ) 
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Elastic-plastic bifurcation buckling occurs at the middle of the cylinder due to the 

effects of imperfection and geometric nonlinearity, which is similar to the nonlinear 

buckling mode under pure bending. The buckling stress is dominated by the 

compressive stress of the most compressed fibre caused by the global bending. The 

axial plastic strains at bifurcation point and post-buckling path (Fig. 4-35c and d) 

show that the buckling area is quite local, occupying only a tiny part of the whole 

cross-section. 

    
 (a) Local Snap-through buckling mode  (b) Axial plastic strain at collapse load 

  Figure 4-36:  Local snap-through buckling mode at the ends of the cylinder for prescribed 

compressive load crσσ 8.0=  ( 200/ =tr , 01.0/0 =tδ ) 

The buckling behaviour is different when an axial compressive load crσσ 8.0=  

was prescribed. Firstly, a snap-through buckle occurs near the ends of the cylinder, 

due to the high stress concentration there. The buckling strength is dominated by the 

meridional membrane stress. Then a bifurcation point appears in the post-buckling 

path, leading to a secondary buckling mode, known as “elephant’s foot” buckling for 

thick cylinders (Fig. 4-36). However, this “elephant’s foot” bucking mode, caused by 

the axial compressive stress, is quite local and located at the compressed side of the 

cylinder. The buckling mode is similar to the nonlinear buckling mode for 

comparatively thick cylinders in uniform axial compression. 

 4.8.5 Interaction between axial compression and bending 

Taking the collapse moment from each moment-curvature curve, the axial 

compression and bending interaction curves are shown in Fig. 4-37. For very thick 
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cylinders with radius to thickness ratio in the range 30/ ≤tr , the relationship curves 

are nonlinear, becoming linear when 30/ >tr .  
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Figure 4-37:  Collapse envelopes for cylinders under combined axial compression and global 

bending (imperfection amplitude δδδδo/t = 0.01) 

The interaction curves based on the ultimate capacity criterion can be closely 

approximated by a function of the form  

                           1=
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in which a  is a parameter to evaluate the buckling strength of cylinders under pure 

bending and is the reciprocal of the normalized collapse moment pMM for 

cylinders in pure bending; b  is a parameter to evaluate the buckling strength of 

cylinders under pure axial compression and is the reciprocal of the normalized 

critical axial compressive stress pσσ for cylinders under pure uniform axial 

compression. The values of aand b for cylinders with different radius to thickness 

ratios and 01.0/0 =tδ  can be extracted easily from Fig. 4.37. For cylinders with 

different values of t/0δ , the values of aand b can be extracted from the capacity 

curves for global bending (Figs 4-5 and 4-6) and uniform axial compression (Figs 2-

13 and 2-14). 
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For thick cylinders with 30/ ≤tr , full plastic yield controls the collapse strength. 

The interaction curves for these cylinders are nonlinear in certain ranges. The reason 

is the plastic collapse mechanisms for these cylinders in two single loading 

conditions are quite different. For cylinders in uniform axial compression, the 

collapse occurs once the meridional membrane stress approaches the first yield 

stress. For cylinders in global bending, after the yield stress on the most compressed 

fire is reached, the plastic strain need to develop a lot before the collapse moment is 

reached. When consider the combined loading conditions, the collapse mechanism 

become a little complex. 

In Fig. 4-37, because 01.0/0 =tδ  is a very small imperfection, full plastic 

moment for pure global bending and yield stress for pure axial compression are 

almost achieved at the collapse load. Values of a and b representing the effect of 

imperfection amplitudes are thus very close l. The best fit equations in terms of Eq. 

4.17 are given by: 
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The indices α and β  in Eq. 4.17 are shape parameters for the interaction curves. 

It can be seen when 30/ =tr , the values of α and β  are close to 1, and the 

interaction curve is very close to linear. So for thick cylinders with 30/ >tr , the 

values of α and β  are equal to 1. This is due to the close relationship of the buckling 

behaviour of comparatively thin cylinders under global bending and axial 

compression. For a comparatively thin cylinder under either uniform axial 

compression or global bending, the buckles are both caused by the axial compressive 

stress and the size of the typical buckle regimes is rather small. So a very small zone 
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with axial compressive stress reaching the critical value may be large enough to form 

an axial compressive buckle. The compressive stress within the buckling area for 

global bending is very close to uniform. So global bending actually increases the 

equivalent uniform axial compressive stress within the local buckling area. The 

interaction curves are thus linear. The relationship between parameters α or β  and 

tr /  is shown in Fig. 4-38. 
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Figure 4-38: The relationship between parametersα  or β  and r / t 

The thick cylinders in the range 30/ <tr  with larger imperfection amplitudes are 

not included in this chapter. Because these cylinders are not practical in the design of 

cylindrical shell structures, it is not necessary to study the buckling behaviour of 

these cylinders further. 

Due to the detrimental effect of the imperfection on the buckling strength, for 

cylinders in the range 30/ ≥tr  with imperfection amplitude 01.0/0 >tδ , local snap-

through buckling, elastic-plastic buckling or elastic bifurcation buckling might occur 

at a reduced critical load than the corresponding buckling strength in Fig. 4-37. The 

buckling behaviours under global bending and axial compression should thus have a 

closer relationship. So interaction curves for these cylinders should be linear. The 

values of α and β  are equal to 1.  
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Based on above description, for all cylinders in the range 30/ ≥tr  with different 

imperfection amplitudes, the interaction curves can be replaced by: 

                           1=
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As the cylinder becomes thinner, the critical buckling strength is reached far from 

the full plastic moment (for global bending) or yield stress (for axial compression) 

being reached, and the values of a  and b  thence both increase continuously. The 

relationship of the parameters  a/1  and  b/1  with different radius to thickness ratios 

tr /  is shown in Fig. 4-39. Similar curves for other imperfection amplitudes can be 

obtained easily from the capacity curves Figs 4-5 and 4-6 for global bending and 

Figs 2-13 and 2-14 for uniform axial compression. 
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Figure 4-39: The relationship of the parameters a/1 and b/1 with different radius to thickness 

ratios tr /  

 4.8.6 Conclusions 

The strength of cylindrical shells under combined axial compression and global 

bending in the elastic-plastic range has been studied. The buckling behaviour of 

cylinders with different radius to thickness ratios and prescribed axial compressive 
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loads were explored. Two different buckling modes “snap-through” buckling mode 

or bifurcation buckling mode might occur depending on the specific geometry and 

loading conditions. The axial compression and global bending interaction curves 

were derived and the best fit interaction expression in terms of Eq. 4.17 could fit the 

interaction curves quite well. 

 4.9 Conclusions 

Geometrically and materially nonlinear analyses have been performed on thin 

cylindrical shells of moderate length, under either pure global bending or combined 

axial compression and global bending. The weld depression imperfection was 

adopted to explore the imperfection sensitivity of the buckling strength.  The results 

have been mapped onto the shell buckling capacity curve of EN 1993-1-6 and a full 

characterisation achieved. This not only gave a fuller description of the elastic-plastic 

buckling strength of cylinders in global bending, but also showed how the capacity 

curve of the European shell buckling standard could be exploited to capture very 

complicated phenomena accurately. 
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Chapter 5 Buckling analysis of short cylinders of u niform 

thickness under uniform external pressure  

 5.1 Introduction and literature review 

 5.1.1 Buckling of cylindrical shells under uniform external pressure 

The failure of elastic perfect cylinders under uniform external pressure is caused 

by circumferential buckling. It is a characteristic that cylinders under uniform 

external pressure develop relatively large buckles extending over the whole length of 

the shell (Greiner, 2004). This buckling pattern is quite different from that of 

cylinders under uniform axial compression. The effects of the cylinder length, of the 

restraining conditions at boundaries and of the length of the pressurised zone all have 

great influences on the critical buckling load.  

The buckling behaviour of cylinders under uniform external pressure has been 

well studied by many researchers. In early studies, Southwell (1913), Batdorf (1947) 

and Nash (1954) studied this buckling problem based on an assumed simple one-

term deflection function that satisfies the special boundary conditions. Following 

their works, Ho and Cheng (1963), Sobel (1964), etc. derived more accurate 

solutions by integrating the basic equations directly. Flügge (1973) obtained a 

comprehensive analytical solution for the critical buckling load. However, all the 

results above assumed a pre-buckling membrane stress state given by membrane 

theory. 

In recent decades, solutions of the buckling strength of cylinders under uniform 

external pressure have been improved by many researchers. Yamaki (1984) derived 

both analytical and numerical results based on Flügge equations and Donnell 

equations. He also pointed out the importance of the pre-buckling bending effect for 

extremely short cylinders. Vodenitcharova (1996) presented a theoretical 

investigation based on Flügge’s stability equations and studied the influence of 17 

different homogeneous boundary conditions. More recently, Abdelmoula (2008) 

used an asymptotic method to determine the effects of boundary conditions on the 
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critical load and buckling shapes for cylinders under uniform external pressure with 

very large “Batdorf” length parameters, while quite short cylinders were not 

included. 

In the European Standard for Shells EN 1993-1-6 (2007), the critical 

circumferential buckling stress is obtained by introducing an external buckling factor 

which takes the influence of different boundary conditions into account. For 

medium-length cylinders, the external pressure buckling factors is given by θC  

(Table 5-1), while for short cylinders, it is given by sCθ (Table 5-2). However, the 

restraint of the meridional rotation at boundaries was not considered separately in 

these tables. This is correct for medium-length cylinders because the end rotation 

was proved to have little effect on the buckling strength, while for short cylinders, 

the rotations at the two ends of the shell may interact with each other, which may 

influence the buckle form and buckling strength significantly. In this situation, the 

meridional rotation may affect the form of the buckle greatly. However, the 

expressions in Table 5-2 for short cylinders take no account of meridional rotation at 

boundaries. So it is necessary to consider the effect of meridional rotation on the 

buckling strength of short, especially extremely short cylinders under uniform 

external pressure. 

On the other hand, the classic buckling solution was based on the assumption of a 

pre-buckling membrane stress state, which is generally valid for medium-length and 

long cylinders, but for short cylinders any restraint of the boundaries affects the 

buckling mode and buckling strength greatly, so the influence of pre-buckling 

bending effect should be taken into account. Therefore, during the calculations, to 

derive more accurate solutions, the same boundary conditions should be adopted at 

the pre-buckling stage and buckling mode calculation stage, which corresponds to 

the real boundary conditions of practical structures where the pre-buckling 

membrane stress state is impossible to be achieved during the construction. 

The reason to study the buckling behaviour of short cylinders under uniform 

external pressure is that the elastic buckling strength of these cylinders is usually 

very small and is directly related to the length (Eqs 5.1 and 5.2), which is different 
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from cylinders under uniform axial compression for which the elastic buckling 

strength is usually high and not directly related with the length of the cylinder (Eq. 

1.1). It means the buckling strength of short cylinders under uniform external 

pressure is more sensitive to the boundary conditions. Tanks and silos are usually 

very thin so that plasticity seldom affects the buckling behaviour. Furthermore, in 

practice, the cylinder with quite a short length is not unusual. For some cylindrical 

shells of stepwise variable wall thickness under either uniform external pressure or 

wind loading, buckling occurs only in the upper thin strakes, while the lower thicker 

ones provide considerable restraint against both radial and axial displacements at the 

boundary between two strakes (ECCS EDR5, 2008). So elastic buckling is controlled 

by the buckling strength of the top thinner strakes. The length to radius ratio for the 

top thinner strakes is sometimes quite small. 

In this chapter, the buckling behaviour of cylinders with 250/ =tr  and different 

length to radius ratios under uniform external pressure was first analyzed 

comprehensively. Short, medium-length and long cylinders were all included. Next, 

the effect of meridional end rotations on the buckling strength of short cylinders was 

studied, with the assumption of a membrane pre-buckling stress state. Finally, the 

effect of pre-buckling edge rotations on the buckling strength of short cylinders was 

taken into account. Approximate equations based on the numerical results were 

derived for practical use. 

 5.1.2 Theoretical solutions for cylinders under uniform external pressure  

For short, medium-length and long cylinders, in EN 1993-1-6 (2007) (also in 

Chapter 10, ECCS EDR5, Schmidt and Rotter, 2008), the critical circumferential 

buckling stress depends on different geometries and boundary conditions. 

For medium-long cylinders which are defined by
t

r

C

w
63.120 ≤≤

θ

, the elastic 

critical circumferential stress should be obtained from (EN 1993-1-6, 2007) as: 

                              
r

tC
Ecr ω

σ θ
θ 92.0=                                                                   (5.1) 
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The external pressure buckling factorθC depends on the boundary conditions and 

should be taken from Table 5-1 (EN 1993-1-6, 2007). 

Table 5-1: External pressure buckling factors for medium-length cylinders θC      

(EN 1993-1-6, 2007) 

 Case  Cylinder end 
 Boundary 
condition 

 External pressure 
factors θC  

 end 1  BC 1  1 
 end 2  BC 1 

 1.5 

 end 1  BC 1  2 
 end 2  BC 2 

 1.25 

 end 1  BC 2  3 
 end 2  BC 2 

 1.0 

 end 1  BC 1  4 
 end 2  BC 3 

 0.6 

 end 1  BC 2  5 
 end 2  BC 3 

 0 

 end 1  BC 3  6 
 end 2  BC 3 

 0 

 

Equation 5.1 without θC  arises from classical linear Donnell-type shell buckling 

theory and was first derived by Batdorf (1947) and later independently by Ebner 

(1952). It is derived for medium-length cylinders with simply-supported edges (BC2) 

and loaded by uniform external pressure. The circumferential buckling stress is 

related to the cylinder length directly, which contrasts with the classical buckling 

strength for meridionally compressed cylinders. This difference is caused by the 

different buckling modes in the two loading conditions. The meridional buckle for 

uniform external pressure is long, extending over the whole length of the cylinder, 

while the buckle for uniform axial compression is usually very local along the 

meridian and is far away from the boundaries. 

For short cylinders which are defined by 20/ ≤θω C  , the elastic critical 

circumferential stress should be obtained from (EN 1993-1-6, 2007): 

               
r

tC
E s

cr ω
σ θ

θ 92.0=                                                          (5.2)             
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The external pressure buckling factorsCθ depends on different boundary 

conditions and length parameter ω  and should be taken from Table 5-2 (EN 1993-1-

6, 2007). The expressions of sCθ  shown in Table 5-2 are approximations to 

numerical solutions and were developed by Schmidt and Greiner (1998). The value 

of sCθ  changes with the length parameterω , but θC  for medium-length cylinders is 

constant for a given boundary condition. It indicates that the buckling strength of 

short cylinders is sensitive to boundary conditions when the cylinder becomes 

shorter. 

Table 5-2: External pressure buckling factors for short cylinders sCθ                            

(EN 1993-1-6, 2007) 

 Case  Cylinder end 
 Boundary 
condition 

 External pressure 
factors sCθ  

 end 1  BC 1 
 1 

 end 2  BC 1 
 

32
510

5.1
ωω

θ −+=sC  

 end 1  BC 1 
 2 

 end 2  BC 2 
 

32
48

25.1
ωω

θ −+=sC  

 end 1  BC 2 
 3 

 end 2  BC 2 
 

35.1
3

0.1
ω

θ +=sC  

 end 1  BC 1 
 4 

 end 2  BC 3 
 

32
3.01

6.0
ωω

θ −+=sC  

 

Greiner (2004) gave the expression for short and medium-long cylinders as: 

         ( )( )( )
( )
( ) 


































+
−

+
+

=
22

22
2

2

22222 1121

1
l

l

r
m

rt

rmm

E
cr π

νπ
σ                (5.3) 

Equation 5.3 is obtained based on the simply supported S3 boundaries at both 

ends. For very short cylinders, only the second term of Eq. 5.3 is relevant.  

The critical buckling wave number for medium-long cylinders may be obtained 

by (Greiner, 2004): 
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           ( )4 22 136 υ−=
t

r

l

r
Cm Mcr                                                                       (5.4) 

where MC  represents the effects of boundary conditions and can be found in Greiner 

(2004).  

For quite short cylinders, the circumferential compressive buckling stress 

asymptotically approaches the plate buckling stress of an indefinitely long plate strip 

(see the results below). The equivalent formula for plates is (Schmidt & Greiner, 

1998):  
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where k is the buckling coefficient for the plate: 2=k  when external pressure 

includes the pressure on the end plates, and 4=k  for purely circumferential stress. 

For long cylinders, the elastic critical circumferential stress should be obtained 

according to Eq. 5.6 (EN 1993-1-6, 2007): 

         




















+






=
42

03.2275.0
t

r

w

C

r

t
Ecr

θ
θσ                                                      (5.6) 

For very long cylinders, the circumferential buckling stress asymptotically 

approaches the value for a plane circular ring under a uniform radial load. The 

formula can be expressed as (Timoshenko and Gere, 1961): 
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It should be noted that the above expressions are all based on the assumption that 

the pre-buckling stresses are entirely membrane stresses and the meridional rotations 

at the ends are not considered. For short cylinders, these assumptions may cause 

inaccurate results, as will be seen later. 
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When a short cylinder is subjected to uniform external pressure, the stress 

distribution acting on the element, with consideration of meridional rotations in the 

pre-buckling state, together with the Poisson’s ratio effect, is shown in Fig. 5-1. The 

nonlinear equilibrium equation at the pre-buckling stage is given by (Timoshenko 

and Gere, 1961) 

                     
r

N
pw

r

Et

dx

wd
N

dx

wd
D x

x

ν−=++
22

2

4

4

                                                 (5.8) 
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Figure 5-1: Stress distribution for cylindrical shells under uniform external pressure 

Yamaki (1984) conducted a comprehensive study of this buckling problem and 

derived theoretical solutions based on the condition of either the pre-buckling 

bending effect being neglected or being considered. The effect of different boundary 

conditions was discussed. When considering the effect of pre-buckling bending 

deformations, his results were based on Donnell’s basic equations, and the linear 

equilibrium equation at the pre-buckling state (without hydrostatic pressure) was 

given by 

                                          pw
r

Et

dx

wd
D =+

24

4

                                                      (5.9) 

Then the equations governing the incremental deformation are derived and the 

Galerkin method was used to determine the critical pressure.  

In this chapter, finite element analyses were conducted to explore the effect of 

meridonal rotations and pre-buckling bending deformations on the buckling strength 
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using the finite element software ABAQUS. In ABAQUS, all shell elements use 

bending strain measures that are approximations to those of Koiter-Sanders shell 

theory (Budiansky and Sanders, 1963). The results were compared with Yamaki’s 

results and results in EN 1993-1-6 (2007). It is expected that the external pressure 

buckling factor for short cylinders sCθ  given in EN 1993-1-6 (2007) can be 

improved in a more reasonable way. 

 5.2 Computational model for cylinders under uniform external 

pressure 

 5.2.1 Linear bifurcation buckling analysis (LBA) 

The pre-bucking deformation of cylinders under uniform external pressure is very 

small compared with the geometry of the shell. The influence of geometric 

nonlinearity on the buckling strength is usually negligible. So only the linear 

bifurcation analysis (LBA) is required to derive the buckling strength. LBA 

procedure is an eigenvalue analysis and the buckling load is often obtained by 

solving an eigenvalue problem. More knowledge about eigenvalue problems can be 

found in many finite element books (Zienkiewicz and Taylor, 1971; Bathe, 1976; 

Hughes, 1987). 

The boundary conditions adopted in eigenvalue buckling analysis in ABAQUS 

should be noted. A nonzero prescribed boundary condition in a general analysis step 

preceding the eigenvalue buckling analysis can be used to preload the structure, so 

that the effect of pre-buckling bending deformations due to the edge rotation can be 

involved. Nonzero boundary conditions prescribed in an eigenvalue buckling step 

will contribute to the incremental stress σ∆ and, thus, will contribute to the 

differential initial stress stiffness. Nonzero prescribed boundary conditions will be 

treated as constraints during the eigenvalue extraction. Therefore, unless the 

prescribed boundary conditions are removed for the eigenvalue extraction by 

specifying buckling mode boundary conditions, the mode shapes may be altered by 

these boundary conditions (Hibbitt, 2003).  
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 5.2.2 Different form of boundary conditions 

Table 5-3: Boundary conditions terminology for cylindrical shells 

 EN 
1993-
1-6 

(2007) 

 Yamaki 
(1984) 

 uδ  
 (meridioanl 

displacement) 

 vδ  
 (circumferential 

displacement) 

 wδ  
 (radial 

displacement) 

 δβ  
 (meridional 

rotation) 

 BC1f  S1  r  r  r  f 
 BC1f  S2  r  f  r  f 
 BC2f  S3  f  r  r  f 
 BC2f  S4  f  f  r  f 
 BC1r  C1  r  r  r  r 
 BC1r  C2  r  f  r  r 
 BC2r  C3  f  r  r  r 
 BC2r  C4  f  f  r  r 
 BC3    f  f  f  f 

 

x 

wδ  
δβ  

uδ  

vδ  θ  
r  

 

Figure 5-2: The degree of freedoms at ends of the cylinder 

In EN 1993-1-6 (2007), the boundaries are differentiated in terms of BC1~BC3 

for different restraints (Table 5-3), where f  means free and r means restrained. The 

degrees of freedom at the ends of the cylinder for each defined boundary are shown 

in Table 5-3. Yamaki (1984) used terminology C1~C4 (Clamped) and S1~S4 (simply 

supported) to indicate these boundary conditions.  

However, as stated in EN 1993-1-6 (2007), the circumferential displacement ν is 

very closely linked to the radial displacement w  that is normal to the surface, so 

separate conditions are not identified in EN 1993-1-6 for these two parameters. 

Yamaki’s boundary conditions S2, S4, C2 and C4 are not considered separately in 

this study. Though rotational restrains at shell boundaries may be ignored in 

modelling for the plastic limit state (EN1993-1-6, 2007), it is still interesting to 
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explore the effects of rotational restraints on the elastic buckling strength due to the 

small elastic buckling strength of cylinders under uniform external pressure. 

 5.2.3 Finite element model 

For the numerical analysis in this study, cylinders with radius to thickness 

ratios in the range 1000/250 ≤≤ tr  and different length to radius ratios were 

adopted. The commercial finite element program ABAQUS (Hibbitt et al, 2003) was 

used to calculate the critical buckling loads. Cylinders with 250/ =tr  were chosen 

to explore the effects of meridional rotation and pre-buckling bending deformation 

on the buckling strength. The shell was assumed to be made of an isotropic material 

with Young's modulus MPaE 5100.2 ×=  and Poisson's ratio 3.0=ν . The analyses 

for both o180 half cylinder model and whole shell model were first conducted. The 

results indicated that the o180 half cylinder model could capture the buckling strength 

accurately due to the symmetry of the geometry, integer values of the buckling 

modes and the loading conditions.  

 5.3 Mesh convergence study 

 5.3.1 General  

As discussed above, the end boundary conditions could have a significant effect 

on the buckling strength of cylinders under uniform external pressure. For medium-

length and long cylinders, the buckling strength is dominated by circumferential 

membrane stress without the influence of boundary conditions. With decreasing 

length, the bending stress caused by edge rotations near the boundaries gradually 

rises. For quite short cylinders, the buckling behaviour is similar to a long plate strip. 

In this situation, a very fine mesh, especially near the boundaries, is required to 

obtain the accurate results. From Eq. 5.4, it is obvious that the circumferential 

buckling wave number increases with decreasing length of a cylinder, which also 

indicates that a refined mesh is required to accommodate the small half wave-length 

of the buckle. It should be noted that this equation is only for medium-length 

cylinders and there are no known equations for short cylinders. So with decreasing 

length and increasing critical buckling wave number, the requirement of the mesh to 
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capture the accurate buckling strength is different. Due to the reasons above, it is 

necessary to conduct an initial mesh convergence study for this buckling problem in 

the numerical calculations. 

A good approach for the mesh convergence study is to adopt a mesh which 

provides a close result to that from a further refined mesh. If the critical buckling 

load which is changed by less than 1% as a result of a further refinement of the mesh, 

the chosen mesh can be regarded as an acceptable result (Song, 2002). For the shell 

buckling problem studies, discretization into finite elements is sometimes discussed 

in terms of the number of elements or nodes per half-wavelength of the relevant 

bending or buckling deformations, which is usually adopted for cylinders under axial 

compression. However, for cylinders under axial compression, the end boundary 

conditions are not as important as in the current problem and the half-wave length of 

the local axisymmetrical meridional buckle is not related to the cylinder length (Eq. 

2.13). While for short cylinders under uniform external pressure, no equations are 

known to describe the critical buckling wave number and the half-wave length 

around the circumference. So in the present study, a simple dimensionless length 

parameter ra /=ε , which is normalized by the radius of the shell, is adopted to 

describe the mesh size, where a  is the size of one single element. 

 5.3.2 Mesh convergence ( 250/ =tr , BC1r and BC2f boundaries) 

The results for cylinders with 250/ =tr and changing dimensionless length 

parameterω  using different mesh sizes are shown in Figs 5-3 and 5-4, where the 

external pressure buckling factorθC  ( sCθ for short cylinders) represents the ratio of  

the critical buckling pressures and is expressed as DcrcrC ,/ θθθ σσ= . The factors can 

be derived from either Eq. 5.1 or Eq. 5.2. The buckling strength crθσ changes with 

changing pattern of mesh. The reference buckling strength crDθσ  is based on the 

classical linear Donnell-type shell buckling theory and is given by Eq. 5.1 without 

θC . 
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Figure 5-3: Mesh convergence study for cylinders with different length (r / t=250) 

5

5.2

5.4

5.6

5.8

6

6.2

6.4

6.6

6.8

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02

Dimensionless mesh size ε 

C
θ
s=
σ
θ
cr

 / 
σ
θ
cr

,D
on

ne
ll 

ω=1 (L/r=0.063)
EN 1993-1-6 (ω=1)

5.25

 

Figure 5-4: Mesh convergence study for very short cylinders (r / t=250 and 1=ω )  

The results indicate that for medium-length cylinders ( 160=ω ), the buckling 

strength does not depend on the mesh size significantly. The value of the buckling 

strength does not have sharp changes as the mesh size changes. The convergence can 

be achieved with a comparatively coarse mesh. The reason is obvious: the critical 

buckling wave number for these cylinders is small, so the half wavelength of one 

buckle is large so that fewer elements can accommodate the buckle and capture the 

buckling mode accurately. The influence of the boundaries can be represented by a 

constant buckling pressure factor (Table 5-1) for these cylinders. 
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But with decreasing length, due to the increasing effect of the boundaries and an 

increasing buckling wave number around the circumference, the half wavelength of 

one buckle may be quite small, so more elements in one buckle are required to 

capture the accurate buckling mode and buckling strength. The external pressure 

buckling factors convergence to larger values when the cylinder becomes shorter 

( 10=ω  and 1=ω  in Figs 5-3 and 5-4). The value of the buckling factor sCθ depends 

strongly on the length parameter ω  (Table 5-2). 

For a very short cylinder with 1=ω (Fig. 5-4), the results indicate that the element 

size should be refined to a very small value to achieve the convergence. The value 

25.5=sCθ according to EN 1993-1-6 (2007) is slightly larger than the asymptotic 

value. 

If the element size is refined enough, for medium-length cylinders, the external 

pressure buckling factor θC  obtained from numerical results is slightly larger or 

smaller than the value 1.25 defined in Table 5-1 for BC1 and BC2 boundaries 

( 30=ω  and 160=ω ). That is because the number of the buckling waves around the 

circumference has a continuous change with changing length of the shell, so does the 

factor θC . This can be observed in next section (Fig. 5-5).  

For short cylinders, if the element size is infinite small, the external pressure 

buckling factor sCθ  obtained from numerical results would be smaller than the 

results according to the expressions defined in Table 5-2. These equations are 

approximations to numerical solutions developed by Schmidt and Greiner (1998). It 

indicates that the element size for short cylinders does influence the buckling 

strength significantly and should be carefully checked during the finite element 

analysis. 

It is obvious that the required value of ε  to achieve convergence changes with the 

length of the cylinder. It is quite difficult to derive a general rule for the requirement 

of the mesh. The purpose of the above study is to show the importance of the mesh 

convergence study on this shell buckling problem. All the results below are obtained 

based on careful mesh convergence studies. 
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 5.4 Buckling strength of cylinders under uniform external 

pressure with membrane pre-buckling stresses 

Next the linear critical stress for cylinders with different boundary conditions at 

the two ends was calculated. The relationship between the dimensionless critical 

circumferential buckling stress DonnellcrcrC ,/ θθθ σσ=  and the length parameter 

rL /  is shown in Fig. 5-5.  
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Figure 5-5: Critical circumferential buckling stress according to linear buckling theory with 

membrane pre-buckling stresses (r / t=250) 

The results in Fig. 5-5 are based on the classical membrane pre-buckling stress 

field assumption. This assumption is correct for medium-length and long cylinders. 

Because the buckling is caused by the uniform membrane stress which is far form the 

ends for these cylinders, so the stress distribution near the end does not affect the 

buckling behaviour. By contrast, this assumption is incorrect for short cylinders. The 

pre-buckling edge rotations cause non-uniform pre-buckling stress distribution near 

the ends for short cylinders, which affects the buckling behaviour and must be taken 

into account to obtain more accurate solutions. This effect is discussed in Section 

5.6. 
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The buckling behaviours for short, medium-length and long cylinders are 

illustrated comprehensively in Fig. 5-5. The finite element predictions, Eqs 5.5 and 

5.7 for plate buckling and ring buckling respectively, and the expressions of external 

pressure buckling factors in EN 1993-1-6 (2007) are all shown in this figure. The 

buckling behaviour does correspond well to previous descriptions of short, medium-

length and long cylinders under uniform external pressure (Yamaki, 1984; Greiner, 

2004). 

The boundary conditions play a significant role in predicting the buckling strength. 

In Fig. 5-5, for BC1 boundary, the meridional end rotation is restrained, while for 

BC2 boundary, the meridional rotation is free. The result of adopting these 

boundaries corresponds well with the predictions of EN 1993-1-6 (2007). The 

influence of the meridional rotation at boundaries on the buckling strength is 

discussed in next section. 
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Figure 5-6: Critical circumferential buckling stress for short cylinders with membrane pre-

buckling stresses 

If the length of the cylinder is characterised in terms of the dimensionless length 

parameterω , the critical load changes withω  for short cylinders with different radius 

to thickness ratios as shown in Fig. 5-6. By contrast, if the length of the cylinder is 

characterised in terms of dimensionless length parameterΩ , the critical load changes 

with Ω  for medium-length and long cylinders with different radius to thickness 
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ratios as shown in Fig. 5-7. So in the following calculations, only short cylinders 

with 250/ =tr  are needed to obtain general results if these are interpreted using the 

length parameterω . The conclusions obtained are correct for other cylinders with 

different radius to thickness ratios. 
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Figure 5-7: Critical circumferential buckling stress for long cylinders with membrane pre-

buckling stresses  

 5.5 Effect of meridional end rotation δβ  on buckling strength of 

short cylinders with membrane pre-buckling stresses 

In EN 1993-1-6 (2007), the meridional end rotational restraint is not considered 

separately for short cylinders under uniform external pressure. One single expression 

of the external pressure factorsCθ  is given for each pair of boundaries (Table 5-2). 

However, the meridional rotation δβ  does influence the buckling strength of short 

cylinders due to the restraint of boundaries. This influence will be explored next 

based on the boundaries given in Table 5-3. To compare the results with those in EN 

1993-1-6 (2007), the membrane pre-buckling stress state was still assumed.  

The buckling pressure factors sCθ for short cylinders with BC2 and BC2 

boundaries and with a membrane pre-buckling stress state are shown in Fig. 5-8. The 

meridional end rotation was restrained at either one end or both ends of the shell.  
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Figure 5-8: External pressure buckling factors for short cylinders with membrane pre-buckling 

stresses (r / t=250, BC2 and BC2) 

The results indicate that restraint of the meridional end rotation could increase the 

buckling strength considerably for short cylinders, and especially for extremely short 

cylinders. Restraint of one end or both ends could cause different results. The curve 

for BC2f and BC2f boundaries fits well with Greiner’s result (Eq. 5.3) for short and 

medium cylinders. The curve also fits well with the expression for sCθ (Table 5-2) 

for BC2 and BC2 boundaries. This conclusion indicates that the expression in EN 

1993-1-6 (2007) for BC2 and BC2 boundaries was obtained based on the boundaries 

where the meridional end rotation of BC2 was free. The curve asymptotically 

approaches the value of Eq. 5.5 for plate buckling. 

The following expressions for sCθ could be adopted into EN 1993-1-6 to include 

the effect of meridional end rotation for BC2 and BC2 boundaries:   

      BC2f and BC2f:        
35.1

3
0.1

ω
θ +=sC  (EN 1993-1-6, 2007)               (5.10) 

              BC2f and BC2r:        
30.1

4
0.1

ωθ +=sC                                                     (5.11) 

              BC2r and BC2r:         
25.1
5.5

0.1
ω

θ +=sC                                                  (5.12) 
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These equations would enhance the description given in EN 1993-1-6 (2007). 
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Figure 5-9: External pressure buckling factors for short cylinders with membrane pre-buckling 

stresses (r / t=250, BC1 and BC1) 

The buckling pressure factors sCθ for short cylinders with BC1 and BC1 

boundaries and with a membrane pre-buckling stress state are shown in Fig. 5-9. The 

curve for BC1f and BC1f asymptotically approaches the value of Eq. 5.5 for plate 

buckling.  The curve for BC1r and BC1r fits well with the expression for sCθ  (Table 

5-2) for BC1 and BC1 boundaries. This outcome indicates that the expression in EN 

1993-1-6 (2007) for BC1 and BC1 boundaries was obtained by assuming that the 

meridional end rotation in BC1 boundary was restrained and that a membrane pre-

buckling stress state was assumed. 

The following expressions for sCθ could be adopted into EN 1993-1-6 to include 

the effect of meridional end rotation for BC1 and BC1 boundaries:   

       BC1f and BC1f:      
32

6.03
4.1

ωωθ −+=sC                                                      (5.13) 

       BC1f and BC1r:      
32

5.37
4.1

ωωθ −+=sC                                                      (5.14) 
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       BC1r and BC1r:      
32

510
5.1

ωω
θ −+=sC  (EN 1993-1-6, 2007)                (5.15) 

The buckling pressure factors sCθ for short cylinders with BC1 and BC2 

boundaries and with a membrane pre-buckling stress state are shown in Fig. 5-10. 

The curve for BC1f and BC2f asymptotically approaches the value of Eq. 5.5 for 

plate buckling. The curve for BC1r and BC2f (also for BC1f and BC2r) fits the 

expression of sCθ in EN 1993-1-6 (2007) for BC1 and BC2 boundaries.  
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Figure 5-10: External pressure buckling factors for short cylinders with membrane pre-

buckling stresses (r / t=250, BC1 and BC2) 

The following expressions for sCθ could be adopted into EN 1993-1-6 to include 

the effect of meridional end rotation for BC1 and BC2 boundaries:   

        BC1f and BC2f:        
32

5.14
25.1

ωωθ −+=sC                                                  (5.16) 

        BC1r and BC2f:        
32

48
25.1

ωω
θ −+=sC  (EN 1993-1-6, 2007)             (5.17) 

        BC1r and BC2r:         
32

712
25.1

ωωθ −+=sC                                                 (5.18) 
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The buckling pressure factors sCθ for short cylinders with BC1 and BC3 

boundaries and a membrane pre-buckling stress state are shown in Fig. 5-11. The 

curve for BC1r and BC3 fits well with the expression of sCθ in EN 1993-1-6 (2007) 

for BC1 and BC3, and the curve asymptotically approaches the value of Eq. 5.5 for 

plate buckling.  
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Figure 5-11: External pressure buckling factors for short cylinders with membrane pre-

buckling stresses (r / t=250, BC1 and BC3) 

The following expressions for sCθ could be adopted into EN 1993-1-6 to include 

the effect of meridional end rotation for BC1 and BC3 boundaries:   

     BC1f and BC3:        
2
15.0

6.0
ω

θ +=sC                                                            (5.19) 

     BC1r and BC3:        
32
3.01

6.0
ωω

θ −+=sC  (EN 1993-1-6, 2007)                  (5.20) 

Table 5-4 summarizes the approximate expressions for external pressure buckling 

factors for short cylinders with membrane pre-buckling stresses including the 

influence of meridional end rotation. It is clear that that the boundary conditions, for 

which sCθ  fits the current expressions in EN 1993-1-6 (2007), are BC1r and BC1r, 

BC1r and BC2f, BC2f and BC2f, and BC1r and BC3 respectively. It may be 
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concluded that in EN 1993-1-6 (2007), the expressions for the buckling pressure 

factors for short cylinders were obtained based on the assumption that the meridional 

end rotation is restrained for the BC1 boundary and are free for the BC2 boundary. 

Table 5-4: External pressure buckling factors sCθ  for short cylinders                     

(with membrane pre-buckling stress state) 

 Case 
 Boundary condition 

 based on EN 1993-1-6 
(2007) 

 Yamaki’s boundary 
conditions (1984) 

 Fitted expressions of sCθ  

 BC1f and BC1f  S1S1  
32

6.03
4.1

ωωθ −+=sC  

 BC1f and BC1r  S1C1  
32

5.37
4.1

ωωθ −+=sC   1 

 BC1r and BC1r  C1C1 
 

32
510

5.1
ωω

θ −+=sC   

 (EN 1993-1-6, 2007) 

 BC1f and BC2f  S1S3  
32

5.14
25.1

ωωθ −+=sC  

 BC1r and BC2f  C1S3(S1C3) 
 

32
48

25.1
ωω

θ −+=sC  

(EN 1993-1-6, 2007) 
 2 

 BC1r and BC2r  C1C3  
32

712
25.1

ωωθ −+=sC  

 BC2f and BC2f  S3S3 
 

35.1
3

0.1
ω

θ +=sC   

 (EN 1993-1-6, 2007) 

 BC2f and BC2r  S3C3  
30.1

4
0.1

ωθ +=sC  
 3 

 BC2r and BC2r  C3C3  
25.1
5.5

0.1
ω

θ +=sC  

 BC1f and BC3  S1BC3  
2
15.0

6.0
ω

θ +=sC  

 4 

 BC1r and BC3  C1BC3 
 

32
3.01

6.0
ωω

θ −+=sC   

 (EN 1993-1-6, 2007) 
 Note: As described in EN 1993-1-6 (2007), the circumferential displacement ν is 
very closely linked to the displacement w  normal to the surface, so separate 
conditions are not identified for these two parameters. The boundary conditions S2, 
S4, C2, C4 used by Yamaki are not necessarily considered separately. 
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 5.6 Influence of pre-buckling bending deformation (linear elastic 

pre-buckling stress state) 

The above calculations were all derived based on the assumption of a pre-

buckling membrane stress state. The reason for adopting this assumption for most of 

research to date is described in ECCS EDR5 (2008) as follows: 

In the early development of the analysis of the buckling of 
shells, it was difficult to produce algebraic buckling solutions 
for conditions in which the pre-buckling stress state was 
anything other than a uniform membrane stress state (see, for 
example Timoshenko and Gere, 1961; Flügge, 1973). The 
boundary conditions required to achieve purely membrane 
pre-buckling stress state are rather special, and these usually 
involve no restraint at the boundary against displacements 
normal to the shell surface (e.g. radial displacements at the 
end of a cylinder, normal displacements at the end of a cone). 
Such boundary conditions are generally unrealistic, but they 
do produce simple pre-buckling stress states. By contrast, the 
buckling modes generally require radial constraint of the 
displacements at the ends of a buckled zone (otherwise the 
buckling strength is very low), so in the historical 
development of this field, different boundary conditions were 
adopted for the incremental displacements in the bifurcation 
mode from the boundary conditions used in the pre-buckling 
stress analysis. The formulas resulting from this methodology 
are referred to as the “classical” expressions (ECCS EDR5, 
2008).  

The buckling strength of cylinders under uniform external pressure will be 

examined next including the effect of pre-buckling bending deformations arsing from 

a realistic representation of the actual boundary conditions. The aspects of 

computational analysis are the same as previous calculations. But the same boundary 

conditions are adopted in the pre-buckling deformation calculation and the buckling 

mode calculation, in which way the influence of the pre-buckling bending 

deformation is included. 

Yamaki (1984) obtained theoretical solutions based on Donnell basic equations. 

The pre-buckling deformation and incremental buckling mode deformation were 

assumed in different forms. Different boundary conditions S1~S4 and C1~C4 (Table 

5-3) were all considered. Finite element predictions of buckling strength are 
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compared with Yamaki’s results for S1S1 and C1C1 boundary conditions in Fig. 5-

12. When 4>ω , the numerical results are precisely the same as Yamaki’s results. 

But for quite short cylinders with 4≤ω , Yamaki’s predicted analytical results have a 

higher estimate of the critical load, which is probably due to the pre-buckling 

meridional stress caused by the lateral pressure being neglected. When the cylinder 

has S1 or C1 boundaries at both ends, the longitudinal extension is restrained by the 

boundaries, and meridional stress is thus caused and affects the buckling strength.  
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Figure 5-12: External pressure buckling factors for short cylinders with linear elastic pre-

buckling stress state (r / t=250) 

The buckling strength of cylinders with BC2 and BC2 boundaries at the two ends 

and with a linear elastic pre-buckling stress state is shown in Fig. 5-13. Compared 

with the results with assumption of a membrane pre-buckling stress state (Fig. 5-8), 

for quite short cylinders, the curve in Fig. 5-13 for BC2f and BC2f does not fit the 

expression for sCθ  in Table 5-2 for BC2 and BC2 boundaries any more. The 

buckling strength increases considerably when the cylinder becomes shorter due to 

the restraint of the boundaries. The following fitted expressions for sCθ  could be 

adopted into EN 1993-1-6  to include the effect of pre-buckling bending deformation:   

           BC2f and BC2f:       
432

563612
1

ωωωθ +−+=sC                                            (5.21) 
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           BC2f and BC2r:     
432

1387020
1

ωωωθ +−+=sC                                              (5.22) 

           BC2r and BC2r:   
432

38018140
1

ωωωθ +−+=sC                                              (5.23) 
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Figure 5-13: External pressure buckling factors for short cylinders with linear elastic pre-

buckling stress state (r / t=250, BC2 and BC2) 
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Figure 5-14: External pressure buckling factors for short cylinders with linear elastic pre-

buckling stress state (r / t=250, BC1 and BC1) 

The buckling strength of cylinders with BC1 and BC1 boundaries at the two ends 

and with a linear elastic pre-buckling stress state is shown in Fig. 5-14. The 
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following fitted equations for sCθ could be adopted into EN 1993-1-6 to include the 

effect of pre-buckling bending deformation:   

            BC1f and BC1f:      
432

2227
45.1

ωωωθ ++−=sC                                        (5.24) 

            BC1f and BC1r:     
432

83165.1
45.1

ωωωθ +−+=sC                                         (5.25) 

            BC1r and BC1r:      
432

27810017
45.1

ωωωθ +−+=sC                                     (5.26) 
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Figure 5-15: External pressure buckling factors for short cylinders with linear elastic pre-

buckling stress state (r / t=250, BC1 and BC2) 

The buckling strength of cylinders with BC1 and BC2 boundaries at the two ends 

and with a linear elastic pre-buckling stress state is shown in Fig. 5-15. The 

following fitted expressions for sCθ  could be adopted into EN 1993-1-6 to include 

the effect of the pre-buckling bending deformations:   

         BC1f and BC2f:    
432

37124
25.1

ωωωθ +−+=sC                                             (5.27) 

        BC1r and BC2f:      
432

1315413
25.1

ωωωθ +−+=sC                                           (5.28) 
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        BC1r and BC2r:      
432

36215832
25.1

ωωωθ +−+=sC                                         (5.29) 
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Figure 5-16: External pressure buckling factors for short cylinders with linear elastic pre-

buckling stress state (r / t=250, BC1 and BC3) 

The buckling strength of cylinders with BC1 and BC3 boundaries at the two ends 

and with a linear elastic pre-buckling stress state is shown in Fig. 5-16. The 

following fitted expressions for sCθ could be adopted into EN 1993-1-6 to include 

the effect of the pre-buckling bending deformations:   

            BC1f and BC3:         
2

05.0
6.0

ωθ +=sC                                                       (5.30) 

            BC1r and BC3:        
32

3.01
6.0

ωωθ −+=sC                                                 (5.31) 

Table 5-5 summarizes the approximate expressions for the external pressure 

buckling factor sCθ  for short cylinders, including the influence of pre-buckling 

bending deformations.  
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Table 5-5: External pressure buckling factors for short cylinders                           
(linear elastic pre-buckling stress state) 

Case 
Boundary condition 
based on EN 1993-
1-6 (2007) 

Yamaki’s boundary 
conditions 

Fitted expressions of sCθ  

BC1f and BC1f S1S1 432

2227
45.1

ωωωθ ++−=sC  

BC1f and BC1r S1C1 432

83165.1
45.1

ωωωθ +−+=sC  1 

BC1r and BC1r C1C1 
 

432

27810017
45.1

ωωωθ +−+=sC  

BC1f and BC2f S1S3 432

37124
25.1

ωωωθ +−+=sC  

BC1r and BC2f C1S3(S1C3) 432

1315413
25.1

ωωωθ +−+=sC  2 

BC1r and BC2r C1C3 432

36215832
25.1

ωωωθ +−+=sC  

BC2f and BC2f S3S3 432

563612
1

ωωωθ +−+=sC  

BC2f and BC2r S3C3 432

1387020
1

ωωωθ +−+=sC  3 

BC2r and BC2r C3C3 432

38018140
1

ωωωθ +−+=sC  

BC1f and BC3 S1BC3 2

05.0
6.0

ωθ +=sC  
4 

BC1r and BC3 C1BC3 32

3.01
6.0

ωωθ −+=sC  

 

The ratio of the buckling stresses crmcrb θθ σσζ /=  is shown in Fig. 5-17, where 

crbθσ  means the buckling stress based on the linear elastic pre-buckling stress 

assumption and crmθσ means the buckling stress based on the membrane pre-

buckling stress assumption. 
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(d) BC1 and BC3 

Figure 5-17: Comparison of the external pressure buckling factors using membrane and linear 

elastic pre-buckling conditions (r / t=250) 
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A comparison of the buckling stresses using the two different pre-buckling 

boundary conditions is shown in Fig. 5-18. Compared with the results with 

membrane pre-buckling stress condition, for extremely short cylinders with 3<ω , 

pre-buckling bending deformations increase the buckling strength considerably as the 

cylinder becomes shorter, except for the BC1f and BC3 boundary conditions. 

When 53 ≤≤ ω , the value of crbθσ can be either larger or smaller than crmθσ  

depending on the specific boundary conditions. This is caused by the complicated 

influence of pre-buckling stresses on the buckling strength. When 5>ω , the 

maximum relative error of the two buckling stresses is less than 6% for almost all the 

cases, and crbθσ is slightly smaller than the value of crmθσ . The error gradually 

disappears as the length becomes longer. It can be concluded that the results based on 

the membrane pre-buckling stress assumption are accurate for shells with 5>ω . 
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Figure 5-18: Comparison of the buckling strength using different pre-buckling boundary 

conditions (r / t=250) 

 5.7 Conclusions 

The linear elastic bifurcation buckling behaviour of cylindrical shells under 

uniform external pressure was studied. The boundary conditions have an important 
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effect on the buckling strength of short cylinders. The influence of the meridional 

rotation δβ  and the pre-buckling stress state on the buckling strength was explored. 

The meridional rotation δβ  has a significant influence on the buckling strength 

for short cylinders, but this influence is not considered separately in EN 1993-1-6 

(2007). The results indicate that the restraint of meridional end rotation could 

increase the buckling strength of short, especially extremely short cylinders. 

The classical solutions are based on the assumption of a pre-buckling membrane 

stress state which is satisfactory for medium-long and long cylinders but not accurate 

for short cylinders. This assumption requires no restraint at the boundaries against 

displacements normal to the shell surface in the pre-buckling stage, which is not 

practical for short cylinders. The results indicate that pre-buckling bending 

deformations have a significant influence on the buckling strength for very short 

cylinders, while for cylinders with 5>ω , this effect is negligible. 
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Chapter 6 Buckling analysis of cylinders of uniform  thickness 

under wind pressure  

 6.1 Introduction 

Cylindrical shells subjected to non-uniform wind pressure display different 

buckling behaviours compared with cylinders under uniform external pressure. As 

the length parameter changes, quite different and complex buckling behaviours may 

be observed, but the buckling of cylinders under uniform external pressure is always 

caused by circumferential buckling and is affected little by geometry except the very 

short cylinders.  

 In Chapter 12 of the European Recommendations on Shell Buckling, (Greiner, 

Guggenberger, and Schneider, 2008), it states that three different stability failure 

modes for stocky, intermediate aspect ratio and slender cylinders could be observed 

respectively (Fig. 6-1). In stocky cylinders, the radial compression in the stagnation 

zone causes circumferential compressive stresses that result in circumferential 

buckling which is similar to cylinders under uniform external pressure (Fig. 6-1a). 

The axial and shear components can be neglected for these cylinders. In slender 

cylinders, the buckling caused by axial compressive stress may occur on the leeward 

meridian, either in the base area or in the lower half of the shell (Fig. 6-1c). For very 

thin and slender cylinders (Fig. 6-1c), the buckling may occur in upper half the 

cylinder at the windward area, which is caused by axial compressive stress. In 

intermediate aspect ratio cylinders (Fig. 6-1b), the buckling is caused by the 

interaction of circumferential compression and axial compression generated by the 

external pressure in the stagnation zone. The buckling occurs in the windward area 

(near the mid-height) with a significant geometrically nonlinear effect caused by 

circumferential ovalization (Greiner and Derler, 1995).  

However, the equations for buckling given in ECCS EDR5 (2008) are not 

differentiated in terms of the linear elastic buckling mode or nonlinear buckling 

mode as shown in Fig. 6-1. The results of Greiner (1998) and Pircher (2004) showed 

that for intermediate and long cylinders, the linear buckling mode and nonlinear 
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buckling mode are quite different. Therefore the linear buckling behaviour and 

nonlinear buckling behaviour are explored separately in this chapter to obtain a better 

understanding of the buckling behaviour of cylinders under wind pressure. The 

analyses focus on silos and tanks of practical geometry. 

Wind 

 

B 

C 
 

A 

     

(a) Stocky cylinder              (b) Intermediate aspect          (C) slender cylinder 

                                                     ratio cylinder 

Figure 6-1: Buckling modes in cylinders with different aspect ratios under wind pressure      

(after ECCS EDR5, 2008)  

 6.2 Literature review and objective 

Cylinders under uniform external pressure have been well studied by many 

researchers. The failure of elastic perfect cylinders under uniform external pressure is 

caused by circumferential buckling. It is a characteristic that cylinders under uniform 

external pressure form relatively large buckles extending over the whole length of 

the shell (Greiner, 1998). For cylinders under wind pressure, Greiner and Derler 

(1995) investigated the imperfection sensitivity of wind-pressured cylindrical shells 

based on numerical analyses by considering various types of imperfection shapes. 

The results indicate that short shells are most sensitive to pre-buckling deformations 

in the form of the eigenmode and long shells are most sensitive to local 

imperfections in the form of a rectangular or ring shape. Their results also indicate 

that material plasticity has no effect for short and thin cylinders and just has a 

moderate effect for medium thin cylinders.  
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Schneider (2001) presented the results of materially and geometrically nonlinear 

analyses of the pressure-bearing capacity of slender wind-pressured cylindrical shells 

with 15/ >rh . He obtained different buckling modes for slender cylinders under 

wind pressure and explored the effect of ring stiffeners. However, his models are 

restricted to the ranger 350/ <tr  and so are only meant to chimneys.  

Picher (2004) studied the buckling behaviour of a medium-length thin-walled 

cylinder under wind pressure and the influence of a weld-induced axisymmetric 

imperfection on the buckling of a medium-length silo. His results indicate that the 

position of the weld imperfection in the upper half of the shell is most influential and 

this influence is similar to the buckling behaviour in axial compression. However, 

the geometry of his model was restricted to moderate thin and intermediate long 

cylinders.  

Portela and Godoy (2005) studied the buckling of cylindrical steel tanks with 

either a conical roof or a dome roof under wind pressure using a computational 

method. Their results showed the effect of conical roof on the buckling capacity of a 

tank and proved that the bifurcation pressures are similar to the case for a tank under 

uniform pressure around the circumference. 

 Jaca and Godoy (2007) used a lower bound approach to the buckling analysis of 

tanks subjected to wind pressures based on a reduced energy model. The classical 

bifurcation buckling analysis is an upper bound to experimental and nonlinear 

computational results. His results were limited to tanks that are open at the top.  

The researches above usually focused on one specific aspect of this wind buckling 

problem, and the geometries were usually restricted to a certain limited range. There 

is no systematic discussion of how the buckling behaviour changes as the geometry 

of the cylinders changes, of the relationship between the linear buckling behaviour 

and nonlinear buckling behaviour for different geometries. 

Furthermore, the relationship of the buckling strengths of cylinders under uniform 

external pressure and wind pressure is significant. In EN 1993-1-6 (2007), for stocky 

cylinders, the peak of non-uniform pressure distribution is related to a fictitious 
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equivalent uniform pressure which was developed and verified by wind-tunnel tests 

by Resinger and Greiner (1981, 1982) for isolated cylinders of stocky shape. In this 

chapter, the idea of relating the buckling strengths of cylinders under uniform 

external pressure and wind pressure is explored further through numerical analysis. 

Linear bifurcation analysis (termed LBA) and geometrically nonlinear analysis 

(termed GNA) were all performed. The influence of geometric nonlinearity on the 

buckling behaviour was investigated. The cylinders are not restricted to stocky 

cylinders. The influences of material plasticity and imperfections on buckling 

behaviour were also investigated. The aim of this chapter is to present a 

comprehensive understanding of the buckling behaviour of cylinders under wind 

pressure. 

 6.3 Wind pressures on cylindrical shells 

  6.3.1 Brief introduction of related elementary fluid dynamics 

In fluid mechanics, Bernoulli equation is a well-known equation governing fluid 

motion under a fairly stringent set of restrictions. It is expressed as (Munson, et al., 

1998): 

            =++ zVp γρ 2

2
1

 constant along the streamline.                                     (6.1)                 

in which p is the static pressure at any point, V is the fluid speed at that point, ρ  is 

the density of the fluid, γ is the specific weight, z is called elevation head related to 

the potential energy of the particle.  

This equation can be interpreted in terms of work-energy principle. As the fluid 

moves, the work done on a particle by all forces acting on the particle is equal to the 

change of the kinetic energy of the particle (Munson, et al., 1998). The terms zγ  and 

p  in Eq. 6.1 are related with the work done by the weight and pressure forces 

respectively and 2

2

1
Vρ  is related with the kinetic energy of the particle. The 

Bernoulli equation can be associated with stagnation and dynamic pressures. These 

pressures arise from the conversion of kinetic energy in a flowing fluid into a 
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“pressure rise” as the fluid is brought to rest (Munson, et al., 1998). The sum of the 

static pressurep , hydrostatic pressure zγ  and dynamic pressure 2

2
1

Vρ  is termed the 

total pressureTp . 

              ==++ TpzVp γρ 2

2
1

 constant along the streamline.                              (6.2)      

Stagnation point 

V0 

 

Figure 6-2: Stagnation point on a circular body in flowing fluids            

At stagnation point shown in Fig. 6-2, the velocity of the fluid is zero. Therefore 

the stagnation pressure which is the static pressure at the stagnation point equals to 

the total pressure. Apply Bernoulli equation for both the stagnation point and other 

points along the streamline and the elevation effects are neglected, the stagnation 

pressure at stagnation point is expressed as: 

                                                  2

2
1

Vppstagnation ρ+=                                            (6.3)      

in which p and V are static pressure and wind velocity at any other points along the 

streamline. If the static pressure at other points can be neglected and the velocity is 

regarded as constant along the streamline, then 

                                                  2

2
1

Vpstagnation ρ=                                                   (6.4)     

  6.3.2 Wind pressure 

Wind pressure is one of the most common types of pressures for any structure. 

Wind induced pressures are important considerations in design of structures. The 

types of wind pressure have been studied by many researchers and specified in many 
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national standards and codes. A few of them are Davenport (1967, 1972), Cermak 

(1971, 1977), Hunt (1975), Surry (1977), Kareem (1978, 1982, 1984), Reinhold 

(1982), Mehta (1979, 1984), Australian (SAA, 1983), British (BSI, 1972), Canadian 

(NRCC, 1980), US. (ANSI, 1982).  

In this chapter, only the distribution of wind pressure on cylindrical shells will be 

discussed. Wind fluctuates randomly in space and time. When wind encounters a 

structure, these fluctuating phenomena causes wind pressures on structures also 

fluctuating. Fluctuating wind pressures are converted to static pressures for 

simplicity in use in professional practice (Mehta, 1985). Mehta (1985) discussed the 

parameters that are used to determine the wind pressures including the occurrence of 

free-field wind speed and wind-structure interaction effects. The wind velocity and 

velocity pressure are composed of a mean and a fluctuating component which 

depends on many factors such as wind climate, probabilities of occurrence of wind 

speed, height variation of the wind. The mean wind velocity at a height above the 

terrain depends on the terrain roughness and orography and the basic wind velocity 

(EN 1991-1-4, 2005). Wind-structure interaction effects include the influence of 

gustiness in wind, dynamic characteristics of the structure, consideration of shape 

and size of the structures (pressure and drag coefficients), the orientation of the 

structure and the interaction of a structure with adjacent structures.  

Because the wind pressure are affected by many indeterminate factors, 

determination of wind velocity and corresponding wind pressure for specific 

structures is quite complex. Mehta (1985) derived an equation to calculate the wind 

pressure by:                           

                                     GCkVp 2=                                                                        (6.5)                

in which p  is the pressure, V is the free-field wind speed, G is the gust related 

factor, C  is the pressure or drag coefficient, and k is a constant related to the mass 

density of air. Wind velocity V affects the wind pressure significantly. Based on the 

work of Scrutton and Rogers (1971) on cylindrical structures at high Reynolds 

numbers ( 6104.8 × ) and related to the Australian Wind Code AS1170 Pt II, wind 

velocity and wind pressure are given by                          
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                                    23106.0 Zz Vq −×=                                                                   (6.7) 

where zV  is the wind speed at height z , V is the wind speed at gradient heightgz . 

  6.3.3 Wind pressure distribution on cylindrical shells 

Wind pressure on cylindrical shells has also been studied by many researchers and 

specified in many national standards and codes. A few of them are Vickery (1974), 

Davenport (1975), Cook (1980), Farell (1981), Cheung and Melbourne (1983), 

Trahair (1983), Sabransky (1984), Holmes (1985), Engineering Sciences Data Item 

ESDU 80025 (1980), Data Item 81017 (1981), Australian (SAA, 1983), BS EN 

1991-1-4 (2005), EN 1993-4-1 (2007), etc.  

Kareem (1985) introduced several aspects of wind tunnel modelling. Basic 

requirements for simulating natural winds such as Reynolds number, Rossby number, 

mean velocity and turbulence characteristics can be measured based on wind tunnel 

modelling. The local pressure fluctuations in wind tunnel tests are monitored through 

the use of sensitive pressure transducers with high frequency response. Rigid 

“Lucite” models with pressure ports at selected locations are used for such studies 

(Kareem, 1985).  

Kwok (1985) studied specific wind pressure distribution on circular cylindrical 

structures and summarized related research about wind pressures on storage bins, 

silos and tanks. However, most experimental results of many researchers mentioned 

in his paper are not directly relevant to the wind pressure on storage bins, silos and 

tanks. An expression for wind distribution around the circumference of the shell that 

mentioned in Kwok’s paper is proposed by Holmes (1985) based on the data 

obtained from isolated silos.  

Rotter (1985) derived Fourier coefficient for common pressure patterns. In his 

paper, it mentioned two types of wind pressure represented by Rish (1967) and 

Rogers (1971). However, most researches derived the wind pressure distribution by 
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assuming one Reynolds number and did not discuss the effect of different Reynolds 

numbers. Their results are based on the experimental data tested in smooth flow 

conditions and they are of limited use in the design of shells in turbulent shear flow. 

The reason is the inability to achieve high Reynolds number flow comparable to full 

scale supercritical Reynolds number flow conditions (Kwok, 1985). 

  In EN 1991-1-4 (2005), the external pressure coefficients around circumference 

is derived based on the Reynolds number and the end-effect factor. The Reynolds 

number is related with kinematic velocity and geometry of the structure and is 

defined as: 

                                                       
( )

ν
e

e

zVb
R

⋅=                                                     (6.8) 

where b is diameter, ν is kinematic viscosity of the air ( sm /1015 26−⋅=ν ) and ( )ezV  

is peak wind velocity.  

The laminar flow and turbulent flow are defined according to the Reynolds 

number. The famous Moody chart (Moody, 1944) clearly shows the laminar, 

transition, and turbulent flow regimes as Reynolds number increases. Due to the 

influence of neighboring structures, the wind velocity can be quite different. The 

pressure patterns are determined according to what specific Reynolds number is 

obtained in specific conditions.  

A wind tunnel studied by Macdonald in the late 1980s provided the extensive 

wind data that Rotter (2001b) used to devise a much better pattern of wind pressures 

for the silo, which depends on the aspects ratio of the silo and is adopted in EN 1993-

4-1 Annex C. For an isolated closed roof structure, the circumferential variation of 

the pressure distribution (positive inward) is given by (Fig. 6-3): 

( ) ( ){ } ( ) ( ){ } ( )
( ){ } ( ) ( ){ } ( )θθ

θθ
4cos/05.014.03cos/05.036.0

2cos/20.004.1cos/04.028.0/16.054.0

HdHd

HdHdHdC

cc

cccP

−−−+
−++++−=

  (6.9) 
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Where cd  is the diameter of the cylinder and H  is the overall height of the complete 

structure (The cylinders studied here have no support). For silos with cdH /  less than 

0.50, the value for 50.0/ =cdH  should be adopted.  

 

Figure 6-3: Wind pressure variation around half circumference in an isolated silo                     

(EN 1993-4-1, 2007) 

This is the only expression considering the effect of the aspect ratios of the silo 

and will be adopted throughout this chapter.  For one of a group of closely spaced 

similar structures, the wind pressure distribution based on relatively little data 

(Vickery and Ansourian, 1974) can be approximated by: 

( ) ( ) ( ) ( )
)10cos(07.0)8cos(09.0

)6cos(13.04cos13.03cos05.02cos27.0cos6.020.0

θθ
θθθθθ

+−
+−−++=PC

     (6.10) 

Some different types of wind distribution around the circumference of the 

cylinders are shown in Fig. 6-4. In this Figure, Holmes’s curve was based on the data 

obtained from isolated silos with height to diameter ratio in the range 0.2/5.0 ≤≤ dh . 

Rish’s curve assumed an internal suction of 0.607 times the stagnation pressure. 

Roger’s curve was derived based on a high Reynold number ( 6104.8 × ) and was 

related to Australian Wind Pressure Code, AS1170 Pt II. The conditions he used, 

such as the geometry of the model or whether it is for an isolated cylinder or one of 

the group cylinders, are unknown. The curve for EN 1991-1-4 (2005) was derived 

based on the calculated Reynolds number and the rules in the code. The model was 

based on an isolated cylinder with 500/ =tr  and 3/ =rL  . The value of the 

fundamental basic wind velocity at Edinburgh is found from NA to BS EN 1991-1-4 

(2005).  
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Figure 6-4: Different types of wind distribution around the circumference of cylindrical shells 

The curves in Fig. 6-4 for EN 1993-4-1 (2007) are derived using Eq. 6.9 based on 

an isolated cylinder with 500/ =tr  and 3/ =rL . It can be seen the wind distribution 

in the stagnation zone for all curves are close. But the distributions outside the 

stagnation zone are quite different, especially near the maximum pressure point. The 

reason may be the pressure at leeward side is more prone to be affected by the factors 

such as test methods, test models, the types of wind pressure, etc. This difference 

shows the difficulty to have a general standard for the wind pressure distribution.  

 It is noted that the maximum stagnation pressure coefficient at the centre of the 

windward area did not reach 1.0 in Holmes’s test results, which is due to the special 

velocity profile of the wind tunnel (Resinger and Greiner, 1982). Greiner (1998) 

stated that due to friction effects of ground surface, the pressure coefficient reaches 

not more than 0.80 in practical cases. This has to be considered in comparing the 

buckling test data, but not for the design of tanks, where the maximum stagnation 

pressure coefficient 1.0 is adopted. For one of a group of cylinders, the rule in the 

code can be adopted to calculate the peak wind velocity and the Reynolds numbers to 

derive corresponding wind distribution.  

The wind distribution coefficients around the circumference of a cylindrical shell 

with 500/ =tr  and different rL / according to EN 1993-4-1 (2007) are shown in Fig. 

6-5. It is obvious that the wind distribution varies a lot as the aspect ratio changes, 
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especially for short cylinders, slight changes in the length to radius ratio may change 

the type of wind distribution noticeably. However, for intermediate long and slender 

cylinders, the wind distribution changes slightly with the increase of length.  
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Figure 6-5: Wind distribution coefficient around the circumference for cylindrical shells with 

different L / r according to EN 1993-4-1 (2007) 

Comparing all the types of wind distribution, it may conclude that most results of 

previous researches are derived from experimental data tested in smooth flow 

conditions with low Reynolds numbers. Their models are usually stocky cylinders 

with low height to radius ratios. There are limitations in general applications. The 

rule in EN 1991-1-4 (2005) provides a more reasonable method to derive wind 

distribution around the circumference of cylinders by considering many factors, but 

it is quite complex and difficult to adopt in practical application. The wind 

distribution equation adopted in EN 1993-4-1(2007) based on the extensive 

experimental data that not only considers the influence of geometrical model but also 

is easy to apply generally, and so it is adopted throughout this chapter to study the 

buckling behaviour of cylinders under wind pressure. 

 6.3.4 Membrane stresses for cylinders under wind pressure  

The membrane stresses for circular cylinders under wind pressure are shown in 

Fig. 6-6. For cylinders with different aspect ratios, the dominant membrane stress 
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that controls buckling may be quite different depending on the specific buckling 

mode. For stocky cylinders, several long vertical buckles are formed at the stagnation 

zone (Fig. 6-1a), which is similar to the buckling mode for cylinders under uniform 

external pressure. The dominant buckling stress is circumferential membrane stress. 

For intermediate long cylinders, buckling may occur in either the upper half of the 

windward meridian or the leeward zone (Fig. 6-1b). The buckling is caused by the 

combination of circumferential membrane stress and meridional membrane stress. 

For slender cylinders, different buckling modes may occur as shown in Fig. 6-1c. 

These buckling modes are mainly caused by meridional membrane stress.  

However, Fig. 6-1 does not describe in detail which buckling mode corresponds to 

which specific condition, especially for intermediate aspect ratio and slender 

cylinders. Furthermore, whether the buckling modes are linear buckling mode or 

nonlinear buckling mode are also not clear. These questions are discussed next. 
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Figure 6-6: Structure model, membrane stress and displacement  

 6.4 Linear elastic bifurcation analysis (LBA) 

  6.4.1 Review of linear bifurcation buckling analysis        

Linear bifurcation analysis (LBA) is a small displacement stability analysis that 

assumes a perfect geometry, linear elastic material behaviour and no change in 

geometry (small displacement theory) before the infinitesimal displacements of the 

secondary path. It is based on the stresses derived from a linear elastic analysis (LA). 

This procedure is an eigenvalue analysis and the buckling pressure is obtained by 

solving an eigenvalue problem. In general the result from LBA cannot be justified 

 u 

v 
  w 
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for practical structures because shell structures are quite sensitive to geometric 

nonlinearity and geometric imperfections while linear bifurcation analysis (LBA) 

ignores these effects (Rotter, 2002). However, LBA analysis determines the elastic 

critical buckling resistancecrR , which is a very important reference pressure for all 

analyses, since the pressure is not only important in determining the capacity curves 

of the Eurocode (EN 1993-1-6, 2007), it always gives a good first estimate of the 

elastic buckling strength, and this pressure is unique, always calculable when 

compressive stresses occur in the structure, and can usually be represented by a 

relatively simple equation following a parametric numerical study (Rotter, 2002).  

  6.4.2 Computational aspects of finite element analysis 

Linear bifurcation analysis (LBA) for cylinders under wind pressure was 

performed using the finite element program ABAQUS (Hibbit et al, 2002). The 

analyses focused on silos and tanks of practical geometry. Tanks lie in the range 

4/1.0 << rL  and 2000/500 << tr . Silos are generally in the range 8/5.0 << rL  

and 1000/200 << tr . Some models with geometries slightly outside the above 

ranges are also included. The shell was made of an isotropic material with Young's 

modulus MPaE 5100.2 ×=  and Poisson’s ratio 3.0=ν . When material plasticity was 

included, an ideal elastic-plastic model with yield stress MPay 250=σ  was adopted. 

At the top of the shell, a ring stiffener with enough stiffness was adopted to keep the 

top circular. At the bottom of the shell, all the displacements were restricted, the 

meridional rotation was free, and the other rotations were restricted. The distribution 

of the wind pressure around the circumference was adopted according to Fig. 6-3 

(EN 1993-4-1, 2007). An isolated cylinder was considered, so the circumferential 

variation of the pressure distribution is determined according to Eq. 6.9. The wind 

pressure does not vary up the height of the shell.  

  6.4.3 Linear bifurcation analysis for cylinders with 200/ =tr   

The linear buckling behaviour of cylinders with 200/ =tr  in the range 

8/5.0 ≤≤ rL  was analysed.  
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 6.4.3.1 Linear critical buckling modes  

The linear buckling modes for cylinders under wind pressure with different length 

to radius ratios are shown in Fig. 6-7. When the length parameter rL /  is small, as 

shown in Fig. 6-7(a), (b), (c) for 5.0/ =rL , 1/ =rL  and 4/ =rL  respectively, the 

linear buckling modes are similar to cylinders under uniform external pressure. The 

buckles form in the windward zone extending over the whole length of the shell and 

the governing stress component is circumferential compression in the stagnation 

zone. This buckling mode is here called Mode A as shown in Fig. 6-8a. The number 

of the critical buckling waves around the circumference is larger for shorter 

cylinders. When rL /  changes from 5.0/ =rL (Fig. 6-7a) to 4/ =rL  (Fig. 6-7c), the 

critical circumferential buckling wave number decreases and the half wavelength 

around the circumference extends further. 

When rL /  increases to a larger value, 6/ =rL  for example, the buckling mode 

becomes a new pattern of mode caused by the combination of circumferential 

compressive stress and meridional membrane stress. Several fold-like buckles are 

formed around the circumference, and a main long buckle forms at the windward 

meridian extending over almost the whole length of the shell. The main buckle is 

quite similar to the buckle for cylinders under uniform external pressure. However, 

unlike short cylinders that have several circumferential compressive buckles formed 

around the circumference, for intermediate aspect ratio cylinders, several fold-like 

buckles are formed following the main buckle and gradually eclipse toward the 

bottom of the cylinder until the buckles disappear. This buckling mode is here called 

Mode B as shown in Fig. 6-8(b). Examples of this buckling mode are shown in Fig. 

6-7(d) and (e) for 6/ =rL  and 7/ =rL .  

With increasing rL / , the shear buckling mode with comparatively large buckles 

up the meridian (Mode B) changes to a more local shear buckling mode here termed 

Mode C (Fig. 6-8b). The buckling mode for 8/ =rL  (Fig. 6-7f) shows this buckling 

mode. Several small fold-like buckles form at the bottom of the leeward zone 

extending over a limited area of the shell. The buckles are arranged neither 

horizontally nor vertically, and primarily occur under shear membrane stress near the 

base.  



 

 152 

    
 (a)  5.0/ =rL  (Mode A) 

    
 (b) 1/ =rL  (Mode A) 

    
 (c) 4/ =rL  (Mode A) 

      
 (d) 6/ =rL  (Mode B)  (e) 7/ =rL  (Mode B)  (f) 8/ =rL  (Mode C) 

Figure 6-7: Linear critical buckling modes for cylinders under wind pressure ( 200/ =tr ) 

The three different linear critical buckling modes Mode A, Mode B and Mode C 

discussed above are shown in Fig. 6-8. Cylinders with Mode A are here categorized 

as stocky cylinders and cylinders with Modes B and C are here categorized as 

intermediate aspect ratio cylinders. 

The ranges of rL / , in which each of the corresponding linear critical buckling 

modes in Fig. 6-8 occur, are shown in Table 6-1. The category is determined 

according to the pattern of the linear buckling mode which is caused by the 

corresponding pre-buckling membrane stress induced in the cylinder. But it should 

be noted that the boundaries between different buckling modes are difficult to be 
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determined accurately, because the transition of the buckling mode from one pattern 

to another is difficult to identify clearly. More accurate categories may be defined 

using geometric nonlinear analysis (GNA). 

A 

 

B 

 

C 

 
Wind 

  

                (a) Stocky cylinder                 (b) Intermediate aspect ratio cylinder 

Figure 6-8: Linear buckling modes for cylinders with different aspect ratios under wind 

pressure 

Table 6-1: Linear buckling modes for cylinders with different length to radius ratios 
( 200/ =tr ) 

 200/ =tr   6/5.0 <≤ rL   5.7/6 <≤ rL   ?/5.7 <≤ rL  
 Buckling modes  Mode A  Mode B  Mode C 

  

 6.4.3.2 Membrane stress distribution derived from LA analysis 

To investigate the membrane stress distribution in the cylinder under wind 

loading, linear analysis termed LA was performed. The linear critical pressure 

derived from linear bifurcation analysis (LBA) was applied as the reference pressure 

on each shell. The meridional membrane stress distribution up the windward 

generator, the meridional membrane stress distribution around the circumference at 

the bottom edge and the circumferential membrane stress distribution up the 

windward generator are shown in Figs 6-9 to 6-11, respectively. The axial coordinate 

is normalized by the height of the cylinder ashx / . The vertical coordinate is denoted 

asx , and withx  equal to zero at the bottom of the shell. The meridional membrane 

stress and circumferential membrane stress are indicated as mx,σ  and m,θσ  
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respectively. A positive value of the stress resultant is tensile while a negative value 

means a compressive membrane stress resultant. 
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Figure 6-9: Meridional membrane stress distribution up the windward generator 

When the cylinder is short, 1/ =rL  in Fig. 6-9, the meridional membrane stress 

distribution up the windward generator is similar to a propped cantilever beam in the 

longitudinal direction. At the top of the cylinder, the value of the meridional 

membrane stress is very small because the top edge is axially free. The high tensile 

membrane stress near the bottom is caused due to the restraint of the boundary at the 

base. The high value of tensile membrane stress may cause local yield when 

plasticity influences the failure of the structure or may lead to failure of the base 

holding down detail.  

Also for 1/ =rL , the maximum meridional compressive membrane stress at the 

bottom edge occurs at an angle of eighty degrees or so to the windward generator 

(Fig. 6-10). This stress does not cause buckling due to the restraint of boundaries. By 

contrast, circumferential compressive membrane stress is large up the windward 

generator (Fig. 6-11). The circumferential buckling resistance is small for cylinders 

under external pressure. As a result, circumferential compressive buckling is caused 

by m,θσ . It can also be noted that tensile membrane stress could be large near the 

sides of the shell (Fig. 6-11). The cylinder behaves in the way as the cylinder under 
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uniform external pressure. The linear buckling mode for 1/ =rL  is shown in Fig. 6-

7(b). 
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Figure 6-10: Meridional membrane stress distribution around the circumference of bottom edge 
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Figure 6-11: Circumferential membrane stress distribution up the windward generator 

With an increase of rL /  ( 3/ =rL , 4), which also leads to slight changes in the 

pressure pattern, the maximum tensile meridional membrane stress occurs at the 

bottom of windward generator. However, the meridional compressive membrane 

stress increases noticeably in the upper part of the cylinder and the maximum value 
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occurs at 62.0/ =hx  (Fig. 6-9). The meridional membrane stress around the 

circumference at the bottom has a similar distribution as for 1/ =rL , but the 

maximum value induced in the shell increases. The increased compressive stress still 

does not cause buckling, due to the restraint of boundaries. By contrast, the 

maximum circumferential compressive membrane stress up the windward generator 

decreases considerably (Fig. 6-11), but it is still the dominant stress to control the 

buckling due to the small circumferential compressive resistance. 

With a further increase of rL / , such as 8/ =rL , under the corresponding linear 

critical pressure, the magnitudes of the maximum meridional tensile membrane stress 

at the bottom of the windward generator and the maximum meridional compressive 

membrane stress in the upper half of the windward generator increase quickly (Fig. 

6-9). The maximum meridional compressive membrane stress around the 

circumference at the bottom edge also increases steadily with an increase of rL /  

(Fig. 6-10). By contrast, the maximum circumferential compressive membrane stress 

on the windward meridian decreases quickly with an increase of rL / (Fig. 6-11).  

For cylinders of moderate aspect ratio, buckling is caused by the interaction of 

meridional compressive membrane stress and circumferential compressive 

membrane stress, and a mixed buckling mode with several fold-like buckles occurs. 

The cylinder with 7/ =rL  (Fig. 6-7e) shows this buckling mode. 

When the cylinder is long enough ( 8/ =rL ), high meridional compressive 

membrane stress and the shear membrane stress at the bottom edge at the side affect 

the buckling behaviour significantly, causing a more local shear buckling mode in 

that area. The buckles are formed at around eighty degrees or so to the windward 

generator, corresponding to the position of the maximum meridional compressive 

membrane stress around the bottom edge. 

The radial displacement up the windward generator for cylinders with different 

values of rL / under the linear critical buckling pressure is shown in Fig. 6-12. The 

inward radial displacement is defined as a positive value. 
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Figure 6-12: Radial displacement up the windward generator under the linear critical buckling 

pressure 

When 1/ =rL , the maximum radial displacement is small. The stress induced in 

the shell can be derived accurately based on the undeformed shape of the cylinder. 

For longer cylinders, the pattern of radial displacement up the windward generator 

does not follow a linear pattern any more, neither does the stress distribution. In this 

situation, the solution should be obtained based on the full shell theory. However, 

almost the same results can be obtained by using the semi-membrane theory (Greiner, 

1983), and in many cases even the membrane theory alone gives sufficient accuracy.  

The maximum radial displacement occurs at around 62.0/ =hx for comparatively 

long cylinders with 3/ ≥rL , which is the position where the maximum meridional 

compressive membrane stress on the windward generator occurs for these cylinders. 

So the cross-section at this position may have a considerable ovalization which 

reduces the axial buckling resistance greatly. In this situation, geometric nonlinearity 

may influence both the buckling mode and buckling strength significantly, as can be 

seen later. 

The top edge of the cylinder has a small radial displacement. That is because the 

ring stiffener at the top of the cylinder cannot restrain the radial displacement 

completely under the asymmetric wind pressure even though the stiffness of the ring 
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is already very large, but the results are acceptable according to the rule in ECCS 

EDR5 (2008) which requires the bending stiffness of the ring stiffener be large 

enough to limit the ovalization of the ring stiffened cross-sections under the wind 

action to 2% (Schneider et al., 2002). The minimum requirement of the bending 

stiffness of the ring stiffener is another complex problem which is discussed in 

Chapter 8. 

From the linear membrane stress analysis described above, it may be concluded 

that for stocky cylinders, the circumferential buckling mode is caused by 

circumferential compressive membrane stresses. The pre-buckling deformation is 

small. For intermediate aspect ratio cylinders, the pattern of the membrane stress 

distribution changes a lot as the length changes. The meridional compressive stress 

either in the stagnation area or at the sides increases significantly and may influence 

the buckling behaviour greatly. The linear buckling mode is either shear buckling 

with a main long buckle on the windward meridian or local shear buckling with local 

small fold-like buckles at the bottom of the side meridian. More accurate predictions 

of the buckling mode and buckling strength should be obtained by geometrically 

nonlinear analysis with consideration of the noticeable influence of pre-buckling 

deformations. 

 6.4.3.3 Relationship of the linear critical buckling pressures for cylinders 

under wind pressure and uniform external pressure 

The linear critical buckling pressures for cylinders under both uniform external 

pressure and wind pressure were calculated. The relationship between the 

dimensionless buckling pressure ratio DcrLBAcr qq ,, /  for each load case and the length 

to radius ratio rL /  is shown in Fig. 6-13, where LBAcrq ,  is the linear critical buckling 

pressure for cylinders under either wind loading or uniform external pressure derived 

from ABAQUS. For cylinders under asymmetric wind pressure, the value of LBAcrq ,  

is given as the critical maximum stagnation pressure. The reference critical buckling 

pressure Dcrq ,  is the value for uniform external pressure using the classical linear 

Donnell-type shell buckling theory applied to a medium-length cylinder with simply-

supported edges and is defined as: 
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Figure 6-13: Linear critical buckling pressures for cylinders under wind pressure and uniform 

external pressure ( 200/ =tr ) 

For cylinders under uniform external pressure, the buckling curve has several 

cusps, which corresponds to progressive changes of the buckling wave number 

around the circumference as shown in Fig. 6-13. 

For cylinders under wind pressure, in the range 6/5.0 ≤≤ rL , the dimensionless 

pressure ratio DcrLBAcr qq ,, /  increases continuously as rL /  increases. In this range, 

the linear buckling mode is a circumferential compressive buckling mode, which is 

similar to cylinders under uniform external pressure. If the cylinder is short enough, 

the half wavelength of one buckle is short enough, and then the pressure amplitude is 

almost uniform within one single buckle. In this situation, the linear critical 

maximum stagnation pressure is only a little larger than the corresponding critical 

value for uniform external pressure. 

When 6/ >rL , the value of DcrLBAcr qq ,, /  for wind loading decreases with 

increasing values of rL / . This is due to the change of the linear buckling mode. The 

buckling mode for these cylinders changes to shear buckling caused by a complex 

pre-buckling membrane stress state. 
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It is natural to try to relate the linear buckling pressures of cylinders under the two 

loading conditions (Resinger and Greiner, 1981, 1982; EN 1993-1-6, 2007; ECCS 

EDR5, 2008). The relationship between the dimensionless buckling pressure ratio 

LBAuLBAw qq ,, /  and the length to radius ratio rL /  is shown in Fig. 6-14, where LBAwq ,  

is the linear critical maximum stagnation pressure for cylinders under wind pressure, 

which is derived from the finite element predictions. The linear critical pressure for 

cylinders under uniform external pressure LBAuq ,  can be derived from either finite 

element predictions or the equations given in EN1993-1-6 (2007).   

The value of LBAuLBAw qq ,, /  is always larger than 1, so the wind pressure at 

buckling is always greater than the uniform buckling pressure. When the shell is 

short, the ratio is close to 1. That is because, for extremely short cylinders, a large 

number of circumferential waves are formed within the stagnation zone, and the 

response at the leading generator of the windward zone is similar to that for uniform 

external pressure. The half wavelength of the buckle around the front of the 

windward generator is quite short so that the pressure within this buckle zone is close 

to uniform. The calculated critical buckling pressures under the two different loading 

conditions are thus close.  
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Figure 6-14: Relationship between the linear critical pressure ratio LBAuLBAw qq ,, /  and the 

length parameter rL /  ( 200/ =tr ) 
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However, if the shell is longer, the critical circumferential buckling wave number 

around the circumference decreases with increasing value of rL / , and the half 

wavelength of one buckle around the circumference becomes longer. The magnitude 

of the stagnation pressure within the buckle around the front of the windward 

generator cannot be regarded as uniform. The critical maximum stagnation pressure 

is then larger than the corresponding value for uniform external pressure to provide 

an “equivalent uniform pressure” to cause buckling within the stagnation zone. The 

idea of relating the peak of non-uniform pressure distribution in the stagnation zone 

to a fictitious equivalent uniform pressure was introduced by Resinger and Greiner 

(1981, 1982) for isolated stocky cylinders (Fig. 6-15). In ECCS EDR5 (2008), the 

shell buckling design for stocky cylinders under wind loading is based on the 

following rules: 

Cylindrical shells with radially fixed boundaries at both 
ends are here treated using the buckling stress design 
procedure of EN 1993-1-6 for circumferential (hoop) 
compression if the following condition is met: 
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in which θC  is a factor that accounts for the boundary 

conditions . 
The non-uniform distribution of pressure wq  resulting 

from external wind loading on cylinders may, for the 
purposes of shell buckling design, be substituted by an 
equivalent uniform external pressure: 

                            max,wweq qkq =                       

where max,wq is the maximum stagnation pressure and wk  

is a reduction factor: 

                        









+=

t

rC
kw ω

θ1.0146.0  

with the value of wk not outside the range 165.0 ≤≤ wk , 

and with θC  taken from Table 10.3 in Chapter 10 in ECCS 

EDR5 (2008) according to the boundary conditions. 
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Figure 6-15: Wind pressure distribution for an isolated cylinder and equivalent uniform 

external pressure (figure taken from Chapter 12 of ECCS EDR5, 2008) 

If the number of the waves in the stagnation zone is small, the adjacent suction 

zone has a stabilizing effect (Greiner, 1998). So for stocky cylinders, with an 

increase of the length, the non-uniform wind pressure distribution leads to a 

continuous increase of LBAuLBAw qq ,, /  as long as the linear buckling modes are similar 

to those for uniform external pressure. The maximum value of LBAuLBAw qq ,, /  is 1.70 

at 5.5/ =rL . The curve has several waves, which are caused by the progressive 

changes of the buckling wave number under uniform external pressure with changing 

rL / .  

After the maximum point in Fig. 6-14, the value of LBAuLBAw qq ,, /  decreases 

steadily with further increase of rL / . That is because, for longer cylinders, the 

buckling strength is no longer dominated by circumferential compressive membrane 

stress alone, but the interaction of axial membrane stress and circumferential 

membrane stress. The linear critical buckling mode for these cylinders under wind 

loading is no longer similar to that for uniform external pressure, but a more complex 

buckling behaviour caused by a complex pre-buckling membrane stress state. The 

boundary between Mode A and Mode B is here defined at 6/ =rL , because the 

maximum value of linear critical pressure LBAwq ,  is reached at 6/ =rL  (Fig. 6-13). 
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  6.4.4 Linear bifurcation analysis for cylinders with 500/ =tr   

The linear buckling behaviour of cylinders with 500/ =tr  in the range 

12/5.0 ≤≤ rL  was analysed next.  

  6.4.4.1 Linear critical buckling modes 

The linear buckling modes for cylinders with different length to radius ratios 

under wind pressure are shown in Fig. 6-16. The linear buckling modes are the 

circumferential compressive buckling mode in the range 8/0 ≤< rL , corresponding 

to Mode A in Fig. 6-8(a). The circumferential buckling is caused by circumferential 

compressive membrane stress with a negligible influence of the meridional 

membrane stress. 

  
      

 (a) 2/ =rL   
 (Mode A) 

 (b) 8/ =rL   
 (Mode A) 

 (c) 9/ =rL   
 (Mode B) 

 (d) 10/ =rL   
 (Mode C) 

Figure 6-16: Linear critical buckling modes for cylinders under wind pressure ( 500/ =tr ) 

When 9/ =rL , some fold-like buckles are formed following the main buckle and 

the linear buckling mode changes to the global shear buckling mode (Mode B in Fig. 

6-8b). When 10/ =rL , the linear buckling mode changes to the local shear buckling 

mode (Mode C in Fig. 6-8b). The transition between these linear buckling modes is 

similar to that for 200/ =tr . 

 6.4.4.2 Relationship of the linear critical pressure for cylinders under wind 

pressure and under uniform external pressure 

The relationship between the dimensionless buckling pressure ratio DcrLBAcr qq ,, /  

and the length parameter rL /  is shown in Fig. 6-17. By comparing the results for 
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cylinders with 500/ =tr  and 200/ =tr , it may be concluded that for cylinders with 

different radius to thickness ratios under uniform external pressure, the 

dimensionless pressure ratio DcrLBAcr qq ,, /  changes similarly as the length changes. 

The cusps correspond to the progressive changes of the buckling wave number 

around the circumference.  
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Figure 6-17: Linear critical buckling pressure for cylinders under wind pressure and uniform 

external pressure ( 500/ =tr ) 

The dimensionless pressure ratio DcrLBAcr qq ,, /  increases steadily with increasing 

rL /  in the range 9/5.0 ≤≤ rL , and the maximum value is reached at 9/ =rL , 

which is different from the value for 200/ =tr . This pattern of the linear buckling 

modes changes at different values of rL /  depending on the radius to thickness ratio. 

When 9/ >rL , the value of DcrLBAcr qq ,, /  decreases with increasing value of rL / , 

which is due to the change of linear buckling modes as noted before. 

The relationship between the dimensionless buckling pressure ratio LBAuLBAw qq ,, /  

and the length parameter rL /  for cylinders with 500/ =tr  is shown in Fig. 6-18. 

The curve has a similar characteristic as for 200/ =tr . The buckling pressure ratio 

LBAuLBAw qq ,, /  increases steadily as rL /  increases and the maximum value 1.72 is 

reached at 5.8/ =rL , which is close to the maximum value 1.70 for 200/ =tr .  

After the maximum point, the buckling pressure ratio LBAuLBAw qq ,, /  decreases with a 
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further increase of rL / . The boundary between Mode A and Mode B is defined here 

as 9/ =rL  because the linear critical pressure reaches the maximum value at 

9/ =rL  in Fig. 6-17. 
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Figure 6-18: Relationship between the linear critical pressure ratio LBAuLBAw qq ,, /  and the 

length parameter rL /  ( 500/ =tr ) 

 6.4.5 Linear buckling strength for thin cylinders with different geometries 

under wind pressure and uniform external pressure 

Similar curves as Figs 6-14 and 6-18 for cylinders with different radius to 

thickness ratios can be obtained. The curves can be brought together by using the 

length parameterΩ  which was shown in Chapter 3 to be the relevant dimensionless 

length parameter for medium-length and long cylinders under global bending. The 

relationship between the linear elastic critical pressure ratio LBAuLBAw qq ,, /  and the 

length parameter Ω  is shown in Fig. 6-19 for four values of the radius to thickness 

ratio. 

For cylinders with 200/ =tr , the value of LBAuLBAw qq ,, /  is very slightly smaller 

than the corresponding value of the other thinner cylinders for the same value of Ω . 

This small discrepancy may be caused by many factors, such as the wind distribution 

around the circumference, the pre-buckling stress distribution and the effect of the 

boundary conditions. However, this discrepancy disappears when the shell becomes 



 

 166 

thinner. The geometry of practical tanks and silos is usually very thin and the radius 

to thickness ratio often lies in the range 2000/500 ≤≤ tr .  For thin cylinders within 

this range or other much thinner cylinders, the curves can all be represented 

accurately by the curve for 500/ =tr .   
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Figure 6-19: Relationship between the linear elastic critical pressure ratio LBAuLBAw qq ,, / and 

the length parameter Ω  

An approximate expression can be found to represent the curves in Fig. 6-19 for 

short thin cylinders. The power function Eq. 6.12 was chosen here to fit the 

numerical results and the least squares best-fitting procedure was conducted to 

determine the parameters a  and b .  

                                            b
LBAuLBAw aqq Ω=,,                                                 (6.12) 

As a result, Eq. 6.13 accurately represents these buckling curves for short thin 

cylinders. This equation is shown as the dashed line in Fig. 6-19. It fits the accurate 

numerical predictions very well and provides a lower bound to the numerical results 

for cylinders with 500/ ≥tr .  

                                            13.0
,, 90.1 Ω=LBAuLBAw qq                                          (6.13) 

By using Eq. 6.13 and the general buckling resistance equations for short 

cylinders under uniform external pressure given in EN 1993-1-6 (2007), the linear 
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critical buckling pressure for cylinders under wind loading can be predicted directly. 

For thin cylinders with 500/ ≥tr , the predicted results might be slightly conservative 

for some cylinders, because the fitted equation is a lower bound result without 

considering the progressive changes in the circumferential buckling wave number. 

For cylinders with 500/ <tr , the calculated results using the fitted equation might 

overestimate the result slightly as shown in Fig. 6-19. 

In using Eq. 6.13, the length parameter Ω  should be limited to the range in which 

cylinders have similar linear buckling modes under wind pressure and uniform 

external pressure. By observing the curves in Fig. 6-19, it is seen that the range 

4.00 ≤Ω<  is an appropriate range for 6.13. As a result, the linear buckling 

pressures of short cylinders under wind pressure and uniform external pressure can 

be related by a simple equation with a clear application condition. 

The upper limit of 4.0=Ω  corresponds to different values of the length to radius 

ratio for different r / t as shown in Fig. 6-20. 
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Figure 6-20: The upper limit of L / r for different r / t to apply Eq. 6.13  
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 6.5 Geometrically nonlinear analysis for cylinders under wind 

loading  

   6.5.1 Overview of geometrically nonlinear buckling analysis (GNA) for 

cylinders under wind loading 

A shell may be subjected to either bifurcation buckling or snap-through buckling. 

The methodology of the LBA procedure covers only bifurcation buckling (ECCS 

EDR5, 2008). When large deformation occur before the linear elastic critical load is 

reached or where snap-through buckling may occur, the pre-buckling deformation 

and stresses may play an important role in affecting the buckling behaviour. The 

final critical load might be much smaller than the value derived from LBA. Due to 

the effects of geometric nonlinearity, the nonlinear buckling mode may be quite 

different from the linear buckling mode, depending on the specific geometry. In this 

situation, geometrically nonlinear analysis should be adopted to obtain accurate 

buckling strength predictions.  

For cylinders under uniform external pressure, the geometrically nonlinear load-

displacement relationship curve in the pre-buckling stage is close to linear, and the 

pre-buckling deformations are quite small and have little influence on the post-

buckling behaviour, which leads to very similar critical buckling pressure predictions 

for both LBA and GNA. 

However, the situation for cylinders in wind loading might be quite different. For 

stocky cylinders, the buckling behaviour is similar to cylinders under uniform 

external pressure, the critical pressures derived from LBA and GNA are thus close. 

But for intermediate aspect ratio cylinders, pre-buckling geometric nonlinearity 

influences the buckling behaviour significantly. The critical buckling pressures and 

buckling modes derived from LBA and GNA may be quite different depending on 

the specific geometry. This discrepancy is mainly caused by the significant influence 

of meridional compressive stress as the shell becomes longer, so it is helpful to use 

the buckling resistance for pure uniform axial compression as a reference value. The 

“classical elastic buckling strength” for a perfect thin-walled cylinder under pure 

axial compression is given by  
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r

t
Ecl 605.0=σ                                                                     (6.14) 

The ovalization of the cross-section leads to an increase in the local radius of 

curvature of the shell structure, so to calculate the reference value of the buckling 

resistance in axial compression after ovalization, the radius r in Eq. 6-14 should be 

replaced by the local increased radius, which causes an obvious reduction to the 

buckling resistance. Assuming 0rw << , the local radius up the windward meridian 

can be obtained approximately according to the following equation (Karamanos, 

2002): 

                                     
2

01
10 2

ϕ
ρ

∆
−++≅ ww

wr                                                                      (6.15) 

in which 0r  is the original radius, 0w  is the radial displacement at the centre of 

stagnation zone indicating as 0=ϕ , 1w  is the radial displacement at position with an 

increased angle ϕ∆ . 

Due to the complexity of the nonlinear buckling behaviour for cylinders under 

wind loading, the following discussions focus on geometrically nonlinear finite 

element analysis. The same geometries, boundary conditions and loading conditions 

as for LBA were used. The aim is to give a comprehensive understanding of the 

nonlinear buckling characteristics of cylinders with different geometric parameters 

under wind loading. 

  6.5.2 Geometrically nonlinear analysis for cylinders with 200/ =tr  

The nonlinear buckling behaviour of cylinders with 200/ =tr  in the range 

8/5.0 ≤≤ rL  was analysed next.  

The load-radial displacement curves are shown in Fig. 6-21. The radial 

displacement means the maximum radial displacement up the windward generator. 

The imposed pressure is normalized by the linear critical maximum stagnation 

pressure LBAwq ,  which was derived from linear bifurcation analysis (LBA). 
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Figure 6-21: Relationship between the dimensionless pressure ratio and the maximum radial 

displacement up the windward meridian ( 200/ =tr ) 

For stocky cylinders with 3/ ≤rL , snap-through buckling occurs and an 

instability point appears just after the limit load has been reached. The instability 

point is defined by the point where the maximum load is reached or the appearance 

of a negative eigenvalue in the load-displacement path. The pre-buckling 

deformation is small before the limit load is reached. The nonlinear critical pressure 

is close to the linear elastic critical pressure for stocky cylinders, which corresponds 

to the conclusion that geometric nonlinearity has little effect on the buckling strength 

of cylindrical shells under uniform external pressure. In the first stages of 

deformation, the shell can bear large pressures with little inward radial deformation 

and the load-displacement relationship is close to linear. Then the inward radial 

deformation decreases and outward radial displacement increases gradually until the 

limit point is reached. At the limit point, the membrane tangent stiffness is reduced to 

zero. After the limit point, the outward radial displacement increases with decreasing 

load.  

The nonlinear buckling modes for cylinders with 1/ =rL and 3/ =rL  are shown 

in Fig. 6-22(a) and (b). The buckling mode is the circumferential compressive 

buckling mode, which is similar to cylinders under uniform external pressure. 
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 (a) 1/ =rL  
 (Mode A) 

 (b) 3/ =rL  
(Mode A) 

 (At the first instability 
point, Mode B) 

 ( At bifurcation 
point, Mode C) 

     (c) 5.3/ =rL  

        
 ( At the first instability 

point, Mode B) 
 (At bifurcation 
point, Mode C) 

 (e) 6/ =rL  
 (Mode C) 

 (f) 8/ =rL  
 (Mode C) 

 (d) 4/ =rL      

Figure 6-22: Nonlinear buckling modes for cylinders under wind pressure ( 200/ =tr ) 

For intermediate aspect ratio cylinders ( 5.3/ ≥rL  in Fig. 6-21), the load-

displacement curves are different from short cylinders and the curves display 

different buckling characteristics depending on the specific value of rL / . 

When 5.3/ =rL  and 4/ =rL , in the first stages of deformation, the shell can bear 

large loads with comparatively small inward radial deformation until a first critical 

stability point occurs indicating the occurrence of snap-through buckling. The pre-

buckling deformation is naturally larger than for stocky cylinders. The relationship of 

load and radial displacement is close to linear, becoming nonlinear when it 

approaches the snap-through buckling point. This buckling is an axial long 

wavelength buckling mode and occurs in a large zone around the upper part of the 

windward meridian caused by the interaction of axial compression and 

circumferential compression.  

After the snap-through buckling point, the load decreases quickly but with 

accelerated inward radial deformation until a second bifurcation point appears 

leading to a more aggressive fall in strength. This triggers local bifurcation buckling 

into a short wavelength pattern with a maximum inward displacement at 
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about 62.0/ =hx .The location of the buckling area with maximum inward 

displacement corresponds to the position of the maximum meridional compressive 

membrane stress in the upper part of the cylinder as shown the curves for 

intermediate aspect ratio and long cylinders in Fig. 6-9. This local bifurcation 

buckling is caused mainly by the large meridional compressive membrane stress in 

the upper part of the windward meridian.  

When 5.3/ =rL and 4/ =rL , the relationship of the load and radial displacement 

is close to linear at the beginning but becomes nonlinear when the curve approaches 

the snap-through buckling point. Geometric nonlinearity in the pre-buckling stage 

affects the buckling strength. The buckling pressure ratio LBAwGNAw qq ,, /  equals 0.89 

and 0.81 respectively, where GNAwq ,  is the nonlinear critical buckling pressure. After 

the snap-through buckling, the radial displacement increases quickly accompanied by 

ovalization of the cross-section. The local increased radius ρ  due to ovalization 

reduces the buckling resistance to axial compressive stress. Furthermore, the axial 

compressive membrane stress in the upper part of the cylinder induced by wind 

pressure increases quickly with increasing values of rL / (Fig. 6-9). As a result, local 

meridional compressive buckling is triggered at a reduced load in the upper half of 

the shell. 

The first figure of Fig. 6-22(c) shows the snap-through buckling mode 

for 5.3/ =rL  at the first instability point, and the second figure shows the buckling 

mode at the subsequent bifurcation point when bifurcation buckling occurs. The 

nonlinear buckling mode for 4/ =rL (Fig. 6-22d) shows a similar buckling 

behaviour as for 5.3/ =rL . For these cylinders, the buckling strength is controlled 

by snap-through buckling. 

For larger values of rL / , pre-buckling ovalization of the cross-section plays a 

more important role in affecting the buckling behaviour. By observing the load-

displacement curves for cylinders in the range 8/5 ≤≤ rL  (Fig. 6-21), it is known 

that in the pre-buckling stage, the load-displacement curves become more nonlinear 

for these cylinders. The shell may have a large inward radial deformation even under 

low pressure. In this situation, the ovalization of the cross-section is more significant. 
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The local radius of curvature due to ovalization of the cross-section becomes larger, 

leading to a more noticeable reduction to the buckling resistance under axial 

compression.  

Furthermore, the meridional compressive membrane stress in the upper part of the 

cylinder induced by wind pressure increases continuously with increasing values of 

rL /  (Fig. 6-9). So for longer cylinders, after the snap-through buckling point, local 

axial compressive buckling is triggered more quickly due to the large axial 

compressive membrane stress and reduced axial compressive resistance in the upper 

part of the cylinder. 

If the cylinder is long enough, snap-through buckling is superseded by bifurcation 

buckling. The local axial compressive buckling mode caused by the axial 

compressive membrane stress occurs in the upper part of cylinder first. Cylinders 

with 6/ =rL and 8/ =rL  display this nonlinear buckling mode, as shown in Fig. 22 

(e) and (f). For these cylinders, buckling occurs quite locally with considerable 

inward radial displacement. The small meridional buckles with a short wavelength 

pattern are difficult to detect clearly. For cylinders where bifurcation buckling was 

first detected, the buckling strength is controlled by bifurcation buckling. 

B 

C 

A 

 Wind 

 

  (a) Stocky cylinder        (b) Intermediate aspect ratio cylinder    (c) Slender cylinder 

Figure 6-23: Nonlinear buckling modes for cylinders with different aspect ratios under wind 

pressure 
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The three different nonlinear critical buckling modes termed here Mode A, Mode 

B and Mode C, corresponding to the circumferential compressive buckling mode, 

snap-through buckling mode and local bifurcation buckling mode respectively, are 

shown in Fig. 6-23. The categorisation here is based on the different nonlinear 

critical buckling modes. The cylinders with Mode A are categorized as stocky 

cylinders. The cylinders with buckling strength controlled by the snap-through 

buckling mode pattern Mode B are categorized as intermediate long cylinders. The 

cylinders with buckling strength controlled by the bifurcation buckling mode pattern 

Mode C are categorized as slender cylinders. 

   6.5.3 Geometrically nonlinear analysis for cylinders with 500/ =tr  

The nonlinear buckling behaviour of cylinders with 500/ =tr  in the range 

12/5.0 ≤≤ rL  was analysed next. The pressure-deflection curves between the 

dimensionless buckling pressure ratio and the radial displacement are shown in Fig. 

6-24. The radial displacement is the maximum radial displacement up the windward 

meridian.  
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Figure 6-24: Relationship between the dimensionless pressure ratio and the maximum radial 

displacement up the windward meridian ( 500/ =tr ) 
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The curves in Fig. 6-24 show a similar buckling behaviour to that for 200/ =tr . 

For short cylinders, circumferential compressive buckling is caused by 

circumferential compressive membrane stress. For intermediate long cylinders, snap-

through buckling occurs, followed by a bifurcation buckling due to the effect of pre-

buckling ovalization of the cross-section. With increasing values of rL / , bifurcation 

buckling occurs earlier after the snap-through buckling until the snap-through 

buckling is surpassed finally. Either snap-through buckling or bifurcation buckling 

may dominate the buckling behaviour, depending on the specific geometry of the 

shell. 

The nonlinear buckling modes for cylinders with different length to radius ratios 

are shown in Fig. 6-25. The buckling modes are similar to the buckling modes of 

stocky, intermediate long cylinders for 200/ =tr . 

  

      
 ( At the first instability 

point, Mode B) 
 ( At the bifurcation 

point, Mode C) 
 (a) 1/ =rL  
 (Mode A) 

 (b) 5/ =rL  
(Mode A) 

 (c) 5.6/ =rL  

Figure 6-25: Nonlinear buckling modes for cylinders under wind pressure ( 500/ =tr ) 

The length boundary between stocky and intermediate aspect ratio cylinders are 

defined at the point where the buckling mode starts to change from Mode A to Mode 

B. It also means that geometric nonlinearity starts to affect the buckling behaviour 

significantly. When 200/ =tr , it is 3/ =rL . When 500/ =tr , it is 6/ =rL . The 

boundaries for other thinner cylinders with 500/ >tr  can also be determined 

accordingly. The boundary between stocky and intermediate aspect ratio cylinders 

for cylinder with different geometric parameters is shown in Fig. 6-26. It is clear that 
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geometric nonlinearity starts to affect the buckling behavior ar a larger value of 

rL / in thinner cylinders. 
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Figure 6-26: Boundary between stocky and intermediate aspect ratio cylinders for cylinders 

with different geometries determined from GNA 

 6.5.4 Comparison of the results from LBA and GNA for cylinders under 

uniform external pressure and wind pressure 

 6.5.4.1 Comparison of the linear and nonlinear critical buckling pressures for 

cylinders under wind loading 

The effect of geometrically nonlinearity is best seen by examining the ratio of the 

GNA buckling pressure GNAwq ,  to the LBA buckling pressure LBAwq , . The 

relationship between the dimensionless buckling pressure ratio LBAwGNAw qq ,, /  and the 

dimensionless length parameter Ω  for cylinders with different radius to thickness 

ratios is shown in Fig. 6-27.  

For short cylinders, the values of LBAwGNAw qq ,, /  are close to 1, indicating that 

geometric nonlinearity has a negligible effect on the buckling strength. Buckling is 

caused mainly by circumferential compressive membrane stress. The pre-buckling 

deformation is usually very small before circumferential compressive buckling 
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occurs (Figs 6-21 and 6-24) and the load-displacement relationship is close to linear 

at pre-buckling stage, so pre-buckling deformations have little influence on the 

buckling strength. 
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Figure 6-27: Relationship between the dimensionless critical buckling pressure 

LBAwGNAw qq ,, / and dimensionless length parameter Ω  

For intermediate aspect ratio cylinders, pre-buckling deformations have a 

detrimental effect on the buckling strength, causing a reduction to the critical 

buckling pressure. It is observed that geometric nonlinearity affects the buckling 

strength from 21.0=Ω  for cylinders with 200/ =tr . For thinner cylinders 

with 500/ =tr , it affects from a larger value 27.0=Ω . However, for thinner 

cylinders with 500/ >tr , it affects from only a slightly larger value of Ω  than 

for 500/ =tr . The value 27.0=Ω  can therefore be chosen conservatively as the 

boundary between stocky and intermediate aspect ratio cylinders for thin cylinders 

with 500/ ≥tr . Once the buckling behaviour is influenced by geometric nonlinearity, 

the buckling pressure ratio LBAwGNAw qq ,, /  decreases greatly with a small increase in 

Ω .  

Greater reductions in the buckling strength are caused by geometric nonlinearity 

as the cylinder becomes longer. The nonlinear load-displacement curves in Figs 6-21 

and 6-24 describe this nonlinear buckling behaviour as the length changes. 
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However, when the length parameter Ω  increases to a certain value, as shown in 

Fig. 6-27 in the range 45.0>Ω , the pressure ratio LBAwGNAw qq ,, /  decreases only 

slightly with a further increase of Ω . The constant value of 0.55 can be chosen as a 

conservative estimate of LBAwGNAw qq ,, /  for thin cylinders in this range. 

Based on above descriptions, for cylindrical shells under wind loading, the 

nonlinear buckling behaviour can be divided into three stages. First, when 

27.00 ≤Ω< , cylindrical shells are categorized as stocky cylinders, the values of 

LBAwGNAw qq ,, /  are close to 1. A small reduction in the buckling strength might be 

caused by the slight influence of pre-buckling geometric nonlinearity but this effect 

is negligible. It should be noted that for thick cylinders with 500/ <tr  in the range 

27.020.0 ≤Ω< , adoption of linear elastic buckling pressure may overestimate the 

buckling strength for some shells (Fig. 6-27). Thin shells with 500/ ≥tr  are more 

practical in the design of thin silos and tanks, so 27.00 ≤Ω< is a proper definition 

of stocky cylinders for a wide range of thin cylindrical shells. 

Shells in the range 45.027.0 ≤Ω<  are categorized as intermediate aspect ratio 

cylinders. The relationship between the buckling pressure ratio LBAwGNAw qq ,, / and the 

length parameter Ω  can be represented by an approximate equation as: 

                              
95.343.5

54.0
/

14.0,, −Ω
=LBAwGNAw qq                                          (6.16) 

Equation 6.16 is shown as the dashed line in Fig. 6-27. It fits the numerical results 

for cylinders with 500/ =tr  in the range 45.027.0 ≤Ω<  quite well. For thin 

cylinders with 500/ >tr , it may underestimate the nonlinear buckling strength 

slightly. That is because the influence of geometric nonlinearity on the buckling 

strength depends slightly on the length parameterΩ .  

For cylinders in the range 45.0≥Ω , the values of buckling pressure ratio 

LBAwGNAw qq ,, / can be defined as a constant value 0.55, which is a conservative 

approximation for thin cylinders with 500/ ≥tr . Even for cylinders with 500/ <tr , 

the value 55.0/ ,, =LBAwGNAw qq  is close to the accurate numerical predictions. 
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However, more calculations are needed to explore the nonlinear buckling behaviour 

of slender cylinders further. 

 6.5.4.2 Comparison of the nonlinear buckling pressures for cylinders under 

uniform external pressure and wind loading 

The nonlinear buckling pressures for cylinders with different aspect ratios under 

wind pressure and uniform external pressure can be related through the 

dimensionless length parameter Ω  (Fig. 6-28). As geometric nonlinearity has a 

negligible influence on the buckling strength of cylinders under uniform external 

pressure, the value of GNAuq ,  is very close to the value LBAuq , , so GNAuq , can be 

obtained through the well known buckling equations for uniform external pressure. 
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Figure 6-28: Relationship between the buckling pressure ratio GNAuGNAw qq ,, / and the 

dimensionless length parameter Ω  

The dashed line of the best fit Eq. 6.13 for stocky cylinders is shown in Fig. 6-28. 

It indicates that Eq. 6.13 also describes the relationship between the nonlinear 

buckling pressure ratio GNAuGNAw qq ,, / and the length parameter Ω  quite well for short 
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cylinders with 500/ ≥tr in the range 27.00 ≤Ω< , which is different from the 

condition 4.00 ≤Ω<  determined from LBA. 

For cylinders in the range 45.027.0 ≤Ω< , the GNA relationship curves in Fig. 

6-28 seem difficult to describe. However, it is noted that Eq. 6.13 is accurate to 

describe the relationship between LBAuLBAw qq ,, /  and Ω , and the reduction in the 

buckling strength under wind loading due to geometric nonlinearity is described well 

by Eq. 6.16. So the buckling pressure ratio GNAuGNAw qq ,, /  can be calculated directly in 

terms of the product of Eqs 6.13 and 6.16 as 

            GNAuGNAw qq ,, /  = )90.1( 13.0Ω • )
95.343.5

54.0
(

14.0 −Ω
                                      (6.17) 

The dashed line of the best fit equations for intermediate aspect ratio cylinders in 

Fig. 6-28 indicates that Eq. 6.17 gives an accurate prediction of LBAuLBAw qq ,, /  for 

cylinders with 500/ =tr  in the range 45.027.0 ≤Ω< . In this way, cylinders in the 

range 45.00 ≤Ω< , which covers most practical silos and tanks, the nonlinear 

buckling strength for cylinders under wind pressure GNAwq ,  is related to the critical 

value for uniform external pressure GNAuq ,  by the length parameter Ω  in a simple 

way.  

For cylinders in the range 45.0>Ω , the relationship curves of GNAuGNAw qq ,, /  and 

Ω  is more complex to describe due to the progressive changes in both the linear 

buckling mode and the nonlinear buckling mode with changing length under wind 

pressure. The nonlinear buckling pressure GNAwq , can be related to GNAuq , referring to 

the curves in Fig. 6-28. However, the length to radius ratios for these cylinders are 

very large and not practical for the design of silos and tanks, and thus outside the 

scope of this chapter. 

The relationship between the buckling pressure ratio GNAuGNAw qq ,, /  and the length 

parameter Ω  is summarized in Table 6-2. It shows that the idea of relating the 

buckling strength under wind loading to the buckling strength under uniform external 

pressure is a very useful and simple way to describe the complex buckling behaviour 
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of cylinders for a wide range of shells under wind loading. The cylinders are 

categorized as stocky, intermediate aspect ratio and slender cylinders according to 

the length parameterΩ . 

Table 6-2: Relationship between the buckling pressure ratio GNAuGNAw qq ,, / and the 

length parameter Ω  for cylinders in different aspect ratios 

Category ( )( ) 21// rtrL=Ω  GNAuGNAw qq ,, /  

Stocky cylinders 27.00 ≤Ω<  13.090.1 Ω  

Intermediate 

aspect ratio cylinders 

45.027.0 ≤Ω<  
)90.1( 13.0Ω • )

95.343.5

54.0
(

14.0 −Ω
 

Slender cylinders 45.0>Ω  Figure 6-28 

 

 6.6 Mesh Convergence study 

The results above are based on careful mesh division after a mesh convergence 

study. In this section, the significant effect of the finite element mesh on the buckling 

strength evaluation is explored through linear bifurcation analysis (LBA). The aim is 

to show the importance of mesh division in the finite element analysis of cylinders 

under asymmetric wind pressure. Different mesh divisions are required to obtain 

accurate buckling predictions depending on the specific geometric parameters of the 

shell. 

Cylinders under wind pressure may display different buckling behaviours as 

described above. The linear critical buckling modes for stocky, intermediate aspect 

ratio and slender cylinders are quite different. Whether a particular mesh can capture 

an accurate result is usually determined by the number of the elements in one half-

wavelength of the relevant bending or buckling deformations. The buckling modes 

for cylinders with different geometries may be quite different, which makes the mesh 

requirement different. 
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 By observing the buckling modes shown in Fig. 6-7, it is noted that for short 

cylinders, only one buckle forms in the meridional direction extending over the 

whole length of the cylinder, and several buckles are formed around the 

circumference, so fewer elements down the meridian could accommodate the single 

buckle and capture accurate results. The element size down the meridian could thus 

be large. The requirement of the mesh around the circumference can be determined 

by considering the number of circumferential buckling waves around the 

circumference of cylinders with same geometries under uniform external pressure.  

For intermediate aspect ratio and slender cylinders, the buckling mode is 

indeterminate. The buckles are formed toward the bottom of the cylinder as the 

length of the shell increases, local buckling may occur in a small zone near the 

bottom boundary and the half-wavelength of one buckle is quite small.  To have 

enough elements to accommodate the local buckle, the element size should be small 

enough near the buckling zone. Considering that buckling occurs locally near the 

bottom boundary, the mesh is only required to be refined enough in the zone near the 

bottom, and the other parts of the shell can have a comparatively coarse mesh since 

only the pre-buckling stresses near the buckling zone need to be accurate. 

The meshes are described in terms of the number of nodes in one linear elastic 

bending half-wavelength bλ  in both meridional and circumferential directions, bλ , 

as given by (Rotter and Teng, 1989): 

                                              rtb 444.2≈λ                                                         (6.18) 

Cylinders with radius to thickness ratio 200/ =tr  and length to radius ratio 

6/ =rL  and 8/ =rL  are studied next. The results are summarised in Table 6-3.   

The number of elements in one half-wavelength in both the circumferential and 

meridional directions is represented as m  and n  respectively. The mesh is uniform 

around the circumference, so m  is constant around the circumference. The mesh up 

the meridian is determined with consideration of the linear buckling mode. The mesh 

near the bottom is refined more than in the upper part of the cylinder. The value of n  
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in Table 6-3 represents the largest number of elements in one half-wavelength near 

the bottom of the cylinder. 

Table 6-3: Results of mesh convergence study 

 rL /  
 Number of nodes in 
one half wavelength 

 Linear critical buckling 
pressure  

 Linear critical 
buckling modes 

 m  11 

 n  6 
 0.11804  A 

 m  11 
 6 

 n  12 
 0.11802  A 

 m  11 
 n  2 

 0.08406  B 

 m  11 
 n  4 

 0.08215  C 

 m  11 

 n  8 
 0.08095  C 

 m  16 

 8 

 n  20 
 0.08041  C 

 

When 6/ =rL , the linear buckling mode is circumferential compressive buckling 

mode as shown in Fig. 6-7(d). So a relatively coarse mesh can capture accurate 

buckling modes and buckling pressures. The buckling behaviour is affected little by 

changing the size of the mesh. In Table 6-3, it can be seen that even if the number of 

elements near the bottom boundary is doubled, the buckling mode and buckling 

strength are almost identical. So for stocky cylinders, the buckling strength is not 

sensitive to the mesh. 

For longer cylinders with 8/ =rL , the linear buckling behaviour is sensitive to the 

mesh. When 11=m  and 2=n , the linear buckling mode is a shear buckling mode 

with comparatively long buckles up the meridian as shown in Fig. 6-29 (a). If the 

mesh near the bottom is refined to 11=m  and 8=n , the shear buckling mode with 

quite local buckles near the bottom occurs as shown in Fig. 6-29 (c). The buckling 

mode has an obvious change as the mesh becomes finer.  
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  (a) m=11, n=2                                                    (b) m=11,n=4  (c) m=11,n=8 

       Figure 6-29:  Linear critical buckling modes for cylinders with 200/ =tr and 

8/ =rL with different meshes 

The reason for the above phenomenon is the influence of the membrane stress 

distribution in these cylinders under wind pressure. As discussed before, the 

meridional compressive membrane stress near the bottom of the side meridian 

increases greatly with an increasing value of rL / (Fig. 6-10). For moderately long 

cylinders, the meridional membrane stress, together with the circumferential 

compressive stress, causes local shear buckling near the bottom of the cylinder. If the 

cylinder is slender enough, local meridional compressive buckling may be caused by 

meridional compressive stress alone, which is not discussed further in this chapter. 

The above description indicates the importance of the meridional membrane stress 

in affecting the buckling behaviour as the shell becomes longer. It is known that 

under axial compressive buckling, the buckle is in a short wavelength pattern and is 

quite local and small, so only with a quite good mesh near the bottom is this local 

axial compressive buckling captured. By contrast, if the mesh is not refined enough, 

the real local buckling mode may be lost due to the incapability of the elements in 

one half-wavelength to accommodate the buckle. Other incorrect buckling modes 

may be captured instead of the real buckling mode.  

For a further refined mesh with 16=m  and 20=n , the buckling mode and 

buckling pressure have no obvious changes compared with the mesh with 11=m  

and 8=n  . A good mesh that was finally adopted in this study was the one which 

provides almost identical results to those from a further refined mesh. The buckling 
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pressure is changed by less than 1% as a result of halving the mesh size (Song, 

2004).  So the mesh with 11=m  and 8=n  is accurate enough for the model with 

200/ =tr and 8/ =rL .  

However, it should be mentioned that the aim of the above mesh convergence 

study is just to show the importance of the mesh on the buckling behaviour 

predictions for cylinders under wind loading. All the results were based on linear 

bifurcation analysis. When geometric nonlinearity is involved, the nonlinear buckling 

mode is different from the linear buckling mode, depending on the specific 

geometry. For example, for an intermediate long cylinder, the nonlinear buckling 

mode is the local axial compressive buckling mode in the upper part of the cylinder. 

The mesh near the buckling zone should be refined enough to obtain an accurate 

result and the mesh near the bottom is thus not important. So there is no general rule 

for the mesh that should be used for a specific model and different meshes may be 

required as the geometry of the shell changes. 

It may be concluded that the requirement of the mesh is different depending on 

the specific buckling behaviour of the cylinder. Sometimes the linear or nonlinear 

buckling mode cannot be anticipated in advance due to the complex mechanical 

behaviour of shells under asymmetrical loading conditions. In this situation, a fairly 

refined mesh for the whole model should be used to predict the buckling mode. Then 

more sophisticated meshes may be used based on the first prediction of the buckling 

mode until accurate and reliable results are derived. 

 6.7 Geometrically and materially nonlinear analysis (GMNA) 

In some situations, yielding of the material plays an important role in affecting the 

buckling behaviour. For some structures, large-scale plasticity of the material occurs, 

and the material undergoes strains well into the plastic range. There may also be 

large overall changes in geometry during the process of the deformation. Some shell 

structures are subjected to loading which they resist by combinations of bending and 

stretching action over relatively small areas of the shell. In these cases the material 

can be strained locally well into the plastic range even though the overall distortion 

of the structure is relatively small. For some shell structures, the buckling behaviour 
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can change drastically as soon as a relatively small region begins to enter the plastic 

range (Calladine, 1983). 

For cylinders under wind pressure, plasticity only affects the buckling strength of 

comparatively thick cylinders. The relationship between the buckling pressure ratio 

LBAwGNAw qq ,, / or LBAwGMNAw qq ,, /  and the dimensionless length parameter Ω  is shown 

in Fig. 6-30. An ideal elastic-plastic material with yield stress MPay 250=σ  was 

adopted. 

For thin cylinders with 500/ =tr  under wind loading, the buckling strength 

predictions from GMNA and GNA analyses are identical for all values of Ω  (Fig. 6-

30), indicating that plasticity has no effect on the buckling behaviour. The buckling 

behaviour is the same as the elastic buckling behaviour. That is because the elastic 

buckling strength is small for these thin cylinders so that the yield stress is not 

reached before elastic buckling occurs. For thinner cylinders, the elastic buckling 

strength becomes smaller, and elastic buckling occurs earlier. So plasticity has no 

influence on the buckling behaviour for all thin cylinders with 500/ ≥tr . 
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Figure 6-30: Relationship between the dimensionless buckling pressure ratio 
LBAwGNAw qq ,, /  or 

LBAwGMNAw qq ,, / and the dimensionless length parameter Ω  
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For comparatively thick cylinders with 200/ =tr , plasticity influences the 

buckling behaviour and causes a reduction in the buckling strength (Fig. 6-30). Yield 

occurs in different patterns depending on the specific value of rL / . For a stocky 

cylinder with 5.0/ =rL , yield occurs in the zone near the bottom edge at some angel 

from windward generator as shown in Fig. 6-31(a). It is caused by the high 

meridional membrane stress and circumferential membrane stress in that area. Before 

global circumferential compressive buckling occurs, the large bending and stretching 

stresses induced by the restraint of the boundary may cause local yield of the shell 

wall. However, these stress components are concentrated near the bottom boundary 

and decrease quickly up the meridian, so the bending and stretching action is resisted 

over a relatively small area near the bottom edge leading to the local yield. 

  
      

  
 (a) 5.0/ =rL   (b) 1/ =rL   (c) 3/ =rL  

      
 (d) 5/ =rL   (e) 7/ =rL   (f) 8/ =rL  

Figure 6-31: Equivalent plastic strain under critical buckling pressure for cylinders with 

different rL / under wind pressure ( 200/ =tr ) 

With increasing values of rL / , the plastic zone at the critical buckling pressure 

moves gradually toward the bottom edge of the windward generator. That is because 

for longer cylinders, high tensile membrane stress near the bottom edge of the 

windward area induced by the wind pressure increases quickly with an increase of 

rL / , which can be seen in Figs 6-9 and 6-10. The high local bending and stretching 

stresses in this area cause this local yield.  
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 6.8 Geometrically nonlinear imperfection sensitivity analysis  

  6.8.1 Literature review 

The buckling behaviour of imperfect cylinders is one of the most important 

aspects of the buckling behaviour of thin shells. An imperfection is one of the most 

important causes of the big discrepancy between experimental and simple theoretical 

strengths. This phenomenon was first investigated by Koiter (1945) in his PhD thesis, 

followed by Donnell and Wan (1950), Hutchinson (1965), Yamaki (1984) and many 

others. The key problem for the design process is to identify and characterise 

appropriate practically relevant geometric imperfections, including both their form 

and amplitude (Rotter, 1985; Teng, 2004).  

The imperfection sensitivity of cylinders under axial compression and uniform 

external pressure has been widely studied by many researchers, which has been 

described in previous chapters. But for cylinders under wind loading, there are few 

related papers discussing the buckling behaviour of imperfect cylinders. This section 

focuses on the imperfection sensitivity of cylinders under wind loading. For 

cylindrical shells with different geometries and different nonlinear buckling modes, 

the appropriate form and amplitude of imperfection are adopted. 

 Greiner and Derler (1995) studied the effect of imperfections in cylinders with  

500/ =tr  under wind loading based on six types of pattern: 3 local shapes including 

a square one, a rectangular one and a ring shaped axisymmetric one; 1 global shape 

with an ovalization of 0.5% of the shell diameter; 1 combined shape by adding the 

local rectangular shape to the global ovalization; 1 structure-dependent shape with 

buckling mode either at the bifurcation point or at the post-buckling minimum. Their 

results indicated that long shells respond most sensitively to local pre-buckling 

patterns of rectangular shape or ring shape and the worst case is produced by adding 

a further global ovalization to the local shape. Long shells are not at all sensitive to 

eigenmode like imperfection shapes because the nonlinear buckling mode is quite 

different from the linear buckling mode. On the contrary, short cylinders are most 

sensitive to eigenmode imperfections.  
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Pircher (2004) investigated the influence of a weld-induced axisymmetric 

imperfection on the buckling of a medium-length silo. His results indicated that the 

weld imperfection in the upper half of the shell is quite influential on the buckling 

strength of medium long cylinders and this influence is similar to the buckling 

behaviour under axial compression. He also compared the influences of several types 

of imperfection including the global eigenmode imperfection, a small dent on the 

windward meridian and a small axisymmetric weld imperfection in the upper half of 

the cylinder. He concluded that the weld imperfection is the most detrimental 

imperfection among the imperfection shapes studied.  

Schneider (2005) studied the imperfection sensitivity of very slender thicker 

cylinders under wind loading. There are two failure modes for his model. Relative 

stocky shells display leeward buckling in the base area and very slender shells 

display leeward local buckling in the lower half of the leeward meridian. He 

concluded that imperfections in the form of these two collapse modes for the perfect 

shells are in general more detrimental imperfections than idealised buckling mode 

forms.  

The previous results indicate that the imperfection might be quite influential on 

the buckling strength of cylinders under wind pressure. Furthermore, stocky, 

intermediate long and slender cylinders may respond most sensitively to different 

types of imperfection. However, the ECCS EDR5 (2008) Chapter 12 “Cylindrical 

shells under wind loading” (Greiner, Guggenberger and Schneider, 2008) says 

nothing about the imperfection sensitivity of cylinders under wind loading, so it is 

necessary to explore the buckling behaviour of imperfect cylinders under wind 

loading to provide more knowledge for this problem.   

 6.8.2 Imperfection forms  

Koiter (1945) first identified that the buckling strength of an axially compressed 

cylindrical shell is extremely sensitive to initial geometric imperfections and the 

imperfections in the form of perfect shell buckling eigenmode would be very 

deleterious. For stocky cylinders under wind loading, the nonlinear buckling mode is 

quite similar to the linear buckling mode. So an imperfection in the form of the 
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eigenmode can be quite detrimental to the buckling strength, which was verified by 

Greiner and Derler (1995). However, when the nonlinear buckling mode is different 

from the linear buckling mode, this conclusion is not always correct. The worst and 

practically relevant imperfections should be determined according to a systematic 

study considering the specific geometric parameters, loading condition, etc.  

Following Koiter’s research, because of the huge range of potential imperfection 

shapes (Yamaki, 1984), and the poor relationship of simple forms to measured 

imperfections (Ding et al, 1996; Teng et al., 2005), there has long been a debate 

concerning the “worst” form of imperfection and the “practically relevant” form 

(Rotter, 2004). One of the simplest solutions to this controversy is adoption of a 

circumferential weld depression imperfection (Rotter and Teng, 1989), which is seen 

in practical civil engineering constructions and which is often either the worst or 

close to the worst (Song et al., 2004) when measured using accepted stick 

measurements (EN 1993-1-6, 2007). This axisymmetric imperfection in a circular 

cylindrical shell structure is formed during construction when rolled steel plates are 

formed in a series of individual strakes and joined together by circumferential welds 

(Rotter and Teng, 1989).  

Picher (2004) verified the noticeable reduction in the buckling strength due to a 

weld-induced axisymmetric imperfection in the upper half of the cylinder for 

cylinders under wind loading. However, the buckling strength of intermediate and 

slender cylinders is quite sensitive to the position of the weld depression. The weld-

depression imperfection may have no effect on the buckling strength when the 

imperfection is far away from the buckling area. So it cannot simply be said that the 

weld-induced axisymmetric imperfection is the most detrimental imperfection for 

cylinders under wind loading.  

An imperfection in the form of the nonlinear buckling mode can cause a 

significant reduction in the buckling strength (Song, 2004, Schneider, 2005). This 

type of the imperfection is always dependent on the real nonlinear buckling mode of 

the perfect cylinder and should be always detrimental. This imperfection will be used 

in this study for intermediate long cylinders. But this pattern of imperfection is not 

definitely the most practically relevant one. 
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As to the amplitude of the imperfection, the rules in ECCS EDR5 (2008) about 

dimple tolerances based on gauge measurements are adopted. The gauge has been 

devised with a length related to the size of buckles that are expected to form under 

specific load cases. When circumferential compressive stresses or shear stresses 

occur, measurements of the depth θ0w∆  should be made in circumferential direction 

using the gauge of length θgl  given by: 

                         ( ) ( ) rrtrg
41213.2 ll =θ  , but   rg ≤θl                                      (6.19) 

in which l  is the meridional length of the shell segment (ECCS EDR5, 2008).  

For a stocky cylinder under wind loading, buckling is caused by circumferential 

stress with several buckle waves around circumference extending over the whole 

length. It is appropriate to adopt Eq. 6.19. For an intermediate aspect ratio cylinder, 

the buckling mode is either the snap-through buckling mode followed by a 

bifurcation buckling mode or just the bifurcation buckling mode. In the first situation, 

a large buckle forms down the windward meridian before snap-through buckling 

occurs, adoption of θgl  is reasonable. In the second situation, though the bifurcation 

buckling mode is an axial compressive short wavelength pattern, it is accompanied 

by significant ovalization of the cross-section. The pre-buckling deformation around 

circumference is large before bifurcation buckling occurs, so it is reasonable to adopt 

θgl  rather than gxl , since the latter is defined according to the meridional 

compressive stress. 

Table 6-4: Recommended values for dimple tolerance parameter max,0U                  

(EN 1993-1-6, 2007) 

 Fabrication tolerance 
quality class 

 Description  Value of max,0U  

 Class A  Excellent   0.006 
 Class B  High  0.01 
 Class C  Normal  0.016 

The equivalent amplitude of the dimple θ0w∆  can be assessed in terms of the 

dimple parameter θ0U  given by: 
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                                           θθθ gwU l/00 ∆=                                                         (6.20) 

The value of θ0U  should satisfy max,00 UU ≤θ , where max,0U  is the dimple tolerance 

parameter for the relevant fabrication tolerance quality class and is given in Table 6-

4. In this study, the dimple tolerance parameter 01.0max,00 == UU θ  corresponding to 

fabrication tolerance quality class “High” has been adopted. 

 6.8.3 Imperfection sensitivity for cylinders with different length to radius 

ratios under wind loading ( )500/ =tr  

The eigenmode imperfection and nonlinear buckling mode imperfection were 

considered for stocky and intermediate long cylinders respectively. The relationship 

between the dimensionless buckling pressure and the radial displacement for stocky 

cylinders with 500/ =tr  under wind pressure with eigenmode imperfection is 

shown in Fig. 6-32. The pressure is normalized by the linear critical buckling 

pressure LBAwq ,  for perfect cylinders. The radial displacement is the maximum radial 

displacement up the windward meridian. The equivalent amplitude of the 

imperfection is derived from Eqs 6.19 and 6.20, depending on the specific geometric 

parameters. 
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Figure 6-32: Relationship between the dimensionless pressure ratio and the radial displacement 

for stocky cylinders with eigenmode imperfection under wind loading (r / t=500) 
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For an imperfect cylinder with 6/ =rL , the nonlinear critical load GNIAwq ,  is 0.655 

times the linear critical pressureLBAwq , . The nonlinear critical pressure GNAwq ,  for a 

perfect cylinder with 6/ =rL  is 1.02 times the linear critical pressure LBAwq , (Fig. 6-

27). It is clear that an eigenmode imperfection caused a considerable reduction to the 

buckling strength. Bifurcation buckling occurs at the limit load point with a steep 

post-buckling fall in strength and is then followed by a recovery with increased 

strength and radial deformation.  

For a stocky cylinder with 5/ =rL , Figure 6-32 shows that snap-through buckling 

occurs first at an instability point. The nonlinear critical pressure GNIAwq ,  is 0.599 

times the linear critical pressureLBAwq , . This snap-through buckling has a softening 

post-buckling response leading to a small fall in strength but is quickly followed by a 

recovery with increased strength and radial deformation. The strength exceeds the 

first limit load and increases continuously with considerably large radial 

deformations. The pressure at the first snap-through buckling point could be regarded 

as the critical buckling pressure.  

For more stocky cylinders with 5/ <rL , no distinct maximum point like snap-

through buckling point or bifurcation buckling point could be detected in the load-

displacement curves, which means that no distinct point indicating loss of stability 

could be observed during the deformation. The transition from the pre-buckling stage 

of the load-displacement curve into the post-buckling stage was gentle. The “post-

buckling” load-deflection path merges with the “pre-buckling” load-deflection path. 

In this situation, according to ECCS EDR5 (2008), the largest tolerable deformation 

on the loading path before reaching a bifurcation load or a limit load can be regarded 

as a criterion to define the critical load. But how much tolerable deformation is 

permitted has no clear definition. Alternatively, the critical load can be determined 

by the change of slope of the load deflection curve rather than any fall in load carried. 

But this might make a safe but a very uneconomical estimate of the failure load 

(Doerich, 2007). In this study, the nonlinear critical buckling pressures for imperfect 

cylinders are defined according to the second rule (the infection point in the load-

displacement curve). 
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The relationship between the dimensionless buckling pressure ratio and the radial 

displacement for stocky and intermediate long cylinders with 500/ =tr  under wind 

pressure with imperfections in the form of the nonlinear buckling mode is shown in 

Fig. 6-33. The equivalent amplitudes of the imperfection are determined according to 

Eqs 6.19 and 6.20 for each value of rL / . 
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Figure 6-33: Relationship between the dimensionless pressure and the radial displacement for 

cylinders under wind loading with nonlinear buckling mode imperfection (r / t=500) 

For an imperfect cylinder with 5.6/ =rL , snap-through buckling occurs first at a 

limit instability point. The nonlinear critical buckling pressure GNIAwq ,  is 0.58 times 

the linear critical buckling pressure LBAwq , . Compared with the nonlinear critical 

buckling pressure GNAwq ,  for perfect cylinders which is 0.897 times the linear critical 

buckling pressure LBAwq , , it can be seen the imperfection causes an obvious reduction 

in the buckling strength. Then this snap-through buckling has a softening post-

buckling response with accelerated inward radial displacement. This initial instability 

then triggers bifurcation buckling at a level of 0.567 times the linear critical buckling 

pressure LBAwq , , leading to a progressive loss in strength.  

For more slender cylinders with 7/ ≥rL , snap-through buckling occurs just 

before the bifurcation point, and the two types of buckling modes, snap-through 
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buckling and bifurcation buckling, are almost identical. The load-displacement 

curves are different from the corresponding curves for perfect cylinders in Fig. 6-24. 

The load-displacement curves for 7/ =rL  and 8/ =rL  in Fig. 6-24 show two 

obvious different instability points indicating the occurrence of the snap-through 

buckling and local meridional bifurcation buckling respectively. So it can be 

concluded that the imperfection in the form of the nonlinear buckling mode could 

accelerate the occurrence of bifurcation buckling for longer cylinders. The 

imperfection causes a larger pre-buckling deformation and leads to more ovalization 

of the cross-section, causing more reduction to the meridional buckling resistance. 

Meridional bifurcation buckling is dominated by the meridional membrane stress, so 

the imperfection leads to an earlier occurrence of meridional bifurcation buckling. 

    
 (a) 5/ =rL (Eigenmode imperfection)  (b) 6/ =rL  (Eigenmode imperfection) 

        
 at snap-through 
buckling point 

 at bifurcation point  at bifurcation point  post-buckling mode 

 (c) 5.6/ =rL  
 (Nonlinear buckling mode imperfection) 

 (d) 8/ =rL  
 (Nonlinear buckling mode imperfection) 

Figure 6-34: Nonlinear buckling modes for imperfect cylinders with different types of 

imperfection under wind loading ( 500/ =tr ) 

The nonlinear buckling modes for imperfect cylinders with different rL /  are 

shown in Fig. 6-34. For cylinders with 5/ =rL and 6/ =rL , an imperfection in the 

form of the eigenmode was adopted. The nonlinear buckling modes are 
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circumferential buckling modes which are the same as for perfect cylinders. For 

cylinders with 5.6/ =rL  and 8/ =rL , imperfections in the form of the nonlinear 

buckling mode were adopted. The dominant buckling mode is either snap-through 

buckling or bifurcation buckling. The characteristic of each of these buckling modes 

was described in previous sections. 

The relationship between the critical buckling pressure ratio LBAwGNIAw qq ,, /  and 

rL /  with two different types of imperfection is shown in Fig. 6-35. 
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Figure 6-35: Critical buckling pressure ratio LBAwGNIAw qq ,, /  for cylinders under wind loading              

( 500/ =tr ) 

For stocky cylinders with 6/ ≤rL , both eigenmode imperfections and nonlinear 

buckling mode imperfections cause a considerable reduction in the buckling strength. 

The influence of the imperfection is more significant for shorter cylinders. Because 

the nonlinear buckling mode imperfection is closer to the real failure mode than the 

eigenmode imperfection, it causes a more serious reduction in the buckling strength. 

However, this difference is small. 

For intermediate aspect ratio cylinders with 6/ >rL , the imperfection in the form 

of the nonlinear buckling mode has a more detrimental effect on the buckling 

strength than the eigenmode imperfection. The value of the buckling pressure ratio 
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LBAwGNIAw qq ,, /  with the nonlinear buckling mode imperfection decreases quickly with 

increasing values of rL /  after the maximum point at 6/ =rL .  

When 6/ >rL , the linear critical buckling mode and the nonlinear critical 

buckling mode are totally different as described earlier. An imperfection in the form 

of the nonlinear buckling mode is always similar to the failure mode and thus always 

has a detrimental effect on the buckling strength. By contrast, the buckling pressure 

ratio LBAwGNIAw qq ,, /  with an eigenmode imperfection has a steady increase as rL /  

increases due to the inconsistency between the failure mode and the imperfection 

mode.  

For cylinders with nonlinear buckling mode imperfections in the range 7/ >rL , 

the buckling pressure ratio LBAwGNIAw qq ,, /  decreases slightly with an increase of rL /  

(Fig. 6-35) until a minimum value is reached at 10/ =rL . The value of LBAwGNIAw qq ,, /  

then increases slightly with further increase in rL / .  
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Figure 6-36: Critical buckling pressure ratio GNAwGNIAw qq ,, /  for cylinders under wind loading 

( 500/ =tr ) 

The relationship between the buckling pressure ratio GNAwGNIAw qq ,, /  and rL /  is 

shown in Fig. 6-36. For cylinders with a nonlinear buckling mode imperfection, after 
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the minimum point at 7/ =rL , GNAwGNIAw qq ,, /  increases continuously as rL /  

increases. The cause is the dual influence of imperfection amplitude and pre-

buckling deformation for these cylinders. 

For cylinders in the range 7/6 ≤< rL , snap-through buckling with a long buckle 

down the windward meridian dominates the buckling behaviour. The load-

displacement curve in the pre-buckling stage is close to linear, and the nonlinear pre-

buckling deformation in these cylinders is comparatively small (Fig. 6-24), so the 

buckling strength of these shells may respond sensitively to a change in the 

imperfection amplitude. Larger imperfection amplitudes correspond to larger values 

of rL / . So with an increase in rL / , more reductions in the buckling strength are 

caused by larger imperfection amplitudes.  

For cylinders in the range 8/ >rL , as Fig. 6-24 shows, the load-displacement 

curve along the pre-buckling path is quite nonlinear. The pre-buckling deformation 

could be large and increases with increasing values of rL / . The cylinders that have 

large pre-buckling deformations may display less imperfection sensitivity. Large pre-

buckling deformations may alleviate the effect of imperfections to some extent. So 

for these cylinders, though the calculated imperfection amplitude according to Eqs 

6.19 and 6.20 increases asrL /  increases, the imperfection caused a smaller 

reduction to the buckling strength. That is why the value of GNAwGNIAw qq ,, /  increases 

as rL /  increases (Fig. 6-36).   

To study the imperfection sensitivity of the buckling strength to the nonlinear 

buckling mode imperfection, first, geometric nonlinear analysis (GNA) should be 

performed. The incremental mode at the first instability point from GNA provides an 

initial imperfection form. The maximum radial displacement maxw , which is the 

maximum radial displacement around the circumference at the first instability point, 

could be extracted from the results of the GNA analysis. Geometric nonlinear 

imperfect analysis (GNIA) is then performed. The maximum amplitude of the 

imperfection used for GNIA is set at the deformation of the initial nonlinear buckling 

mode multiplied by a “Scaling factor”. This scaling factor should be determined in 

the “imperfection” command in ABAQUS. The objective here is to study the effect 
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of an imperfection of amplitude θ0w∆ , which is the equivalent amplitude of the 

imperfection obtained by circumferential gauge measurement, on the buckling 

strength. So to achieve this objective, the value of max0 / ww θ∆ should be adopted as 

the scaling factor in the “imperfection” command.  

The values of scaling factor for cylinders with different rL /  is shown in Table 6-

5. It can be seen that the scaling factor shows up the relationship between the 

equivalent amplitude of imperfection θ0w∆ and the maximum radial displacement 

maxw . The maximum radial displacementmaxw for 5/ =rL  and 6/ =rL  is large 

because the nonlinear critical buckling pressures for the two models are close to 

linear buckling pressures. The maximum inward radial deformation occurs under a 

large value of critical buckling pressure.  

When 5.6/ =rL , snap-through buckling occurs and the critical buckling load is 

lower than the linear buckling pressure. The maximum inward deformation occurs up 

the windward generator at a smaller load leading to a smaller value of maxw  than 

shorter cylinders. Because the nonlinear buckling pressure GNAwq ,  for perfect 

cylinders with 5.6/ =rL  has a clear reduction compared with the linear buckling 

pressure LBAwq ,  ( 3.0=Ω  in Fig. 6-27), the value of GNAwGNIAw qq ,, / at 5.6/ =rL  (Fig. 

6-36) is still larger for shorter cylinders. 

Table 6-5: The load scale factor for nonlinear buckling mode imperfection  

 rL /
 

 Equivalent amplitude of the 
imperfection θ0w∆  (mm) 

 The maximum radial 
displacement maxw  (mm)  

 Scaling  factor 

max0 / ww θ∆  

 5  5.44  9.787  0.556 

 6  5.96  12.97  0.459 

 6.5  6.20  5.281  1.296 

 7  6.43  8.52  0.755 

 8  6.88  12.04  0.571 

 9  7.30  16.21  0.45 

 10  7.69  22.63  0.34 
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However, when 7/ =rL , due to the more significant influence of imperfections 

on the buckling strength, the nonlinear buckling pressure GNIAwq ,  has a considerable 

reduction from the value for perfect cylindersGNAwq , , leading to a smaller value of 

GNAwGNIAw qq ,, / than for 5.6/ =rL  (Fig. 6-36).  

But with a continuous increase of rL / ( 7/ >rL ), pre-buckling ovalization of the 

cross-section becomes more and more important and large pre-buckling deformations 

occur before buckling occurs, though the value of the buckling pressure becomes 

smaller. The scaling factor becomes smaller and the influence of imperfections 

decreases.  

  6.8.4 The effect of imperfection amplitude on the buckling strength 

The above discussion of the imperfection sensitivity of cylinders under wind 

loading is based on the equivalent imperfection amplitude obtained from Eqs 6.19 

and 6.20. It explores the imperfection sensitivity of cylinders with different length to 

radius ratios. Next, the imperfection sensitivity of a cylinder with fixed rL / and 

different imperfection amplitudes was investigated. From previous conclusions, it is 

known that stocky cylinders respond most sensitively to eigenmode imperfections, 

and intermediate long cylinders respond most sensitively to imperfections in the form 

of the nonlinear buckling mode (not the eigenmode imperfection), so a typical stocky 

cylinder with 3/ =rL  and a typical intermediate long cylinder with 7/ =rL  are 

studied here. The radius to thickness ratio 500/ =tr  is adopted throughout the 

analyses. 

The relationship between the buckling pressure ratio and the radial displacement 

for cylinders with 3/ =rL  and an eigenmode imperfection is shown in Fig. 6-37, 

where θ0w∆  is the equivalent imperfection amplitude changing from θ01.0 w∆  to 

θ00.1 w∆ . It shows that small imperfection amplitudes lead to a reduction in the 

buckling strength and a snap-through buckling point was recorded in the load-

displacement curve. The critical load could be well defined at the limit point. But 

when the imperfection amplitude is large, no distinct limit point can be detected. In 
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this situation, the critical buckling pressure may be chosen as the point of infection in 

the load-displacement curve (Yamaki, 1984). 
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Figure 6-37: Relationship between the pressure ratio and the radial displacement for cylinders 

with eigenmode imperfection under wind pressure ( 500/ =tr , 3/ =rL ) 
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Figure 6-38: Relationship between the pressure ratio and the radial displacement for cylinders 

with nonlinear buckling mode imperfection under wind pressure ( 500/ =tr , 7/ =rL ) 
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The relationship between the buckling pressure ratio and the radial displacement 

for cylinders with 7/ =rL  and a nonlinear buckling mode imperfection is shown in 

Fig. 6-38. The imperfection amplitude is varied over the range 

θθ 00 0.11.0 www ∆≤∆≤∆ .When the imperfection amplitudes is small ( θ05.0 ww ∆<∆ ), 

snap-through buckling occurs first, then the buckle develops and bifurcation buckling 

is triggered. There is a clear distinction between snap-through buckling and 

bifurcation buckling. After the imperfection amplitude exceeds θ08.0 ww ∆=∆ , snap-

through buckling is superseded by bifurcation buckling, and the two types of 

buckling mode are undistinguishable. The instability point can always be recorded 

for any value of the imperfection amplitude. Larger imperfection amplitudes cause 

more reduction in the buckling strength leading to an earlier occurrence of 

bifurcation buckling. 

The imperfection sensitivity curves for stocky cylinders with eigenmode 

imperfections and intermediate long cylinders with nonlinear buckling mode 

imperfections are shown in Fig. 6-39. The imperfection causes a continuous 

reduction in the buckling strength with increasing values of imperfection amplitude. 
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Figure 6-39: Imperfection sensitivity curves for cylinders with different types of imperfection 

and imperfection amplitude ( 500/ =tr ) 
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 6.9 Conclusions  

The buckling behaviour of cylinders under wind pressure was studied in this 

chapter. The analyses focused on silos and tanks of practical geometry. The linear 

buckling behaviour and the nonlinear buckling behaviour were both explored.  

Cylinders may display different buckling behaviours depending on their geometry. 

For stocky cylinders, the linear buckling mode and the nonlinear buckling mode are 

both the circumferential compressive buckling mode, which is caused by the 

circumferential compressive membrane stress. For intermediate aspect ratio cylinders, 

the linear buckling mode and the nonlinear buckling mode are often quite different. 

The idea of relating the peak of the non-uniform pressure distribution in the 

stagnation zone to a fictitious equivalent uniform pressure introduced by Resinger 

and Greiner (1981, 1982) for isolated stocky cylinders is quite useful. The linear 

critical pressure and the nonlinear critical pressure under wind loading can both be 

related to the critical pressure for uniform external pressure using empirical 

equations with good precision. 

Finite element mesh division may affect the accuracy of the results greatly, 

depending on the specific geometry of the model, especially when local buckling 

modes occur. Sometimes a bad mesh may produce a totally incorrect buckling mode 

and buckling strength. So mesh convergence studies should be performed very 

carefully for any studied model to derive the correct buckling mode and buckling 

strength. 

Imperfection sensitivity is a complex problem for cylinders under wind loading, 

because the nonlinear buckling mode is indefinite for cylinders with different aspect 

ratios. The failure modes may change greatly with a change in the geometric 

parameters. The imperfection sensitivity depends on the failure mode. For stocky 

cylinders, the nonlinear buckling mode is the circumferential compressive buckling 

mode, which is similar to the linear buckling mode, so the shell responds most 

sensitively to both the eigenmode imperfection and the nonlinear buckling mode 

imperfection. For intermediate aspect ratio cylinders, the nonlinear buckling mode is 

different from the linear buckling mode, so these cylinders respond most sensitively 
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to an imperfection in the form of the nonlinear buckling mode. But it should be noted 

that the nonlinear buckling mode imperfection is not definitely the most practical 

form. To find a most practical and detrimental imperfection form is a difficult 

problem. This chapter just gives an initial investigation of the imperfection 

sensitivity of cylinders under wind loading. More sophisticated work is required to 

explore this very complicated problem further in future research. 
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Chapter 7 A study of cylindrical shells with stepwi se varying 

wall thickness under external pressure  

 7.1 Cylindrical shells of stepwise varying wall thickness 

Cylindrical shells of stepwise variable wall thickness are widely used for 

cylindrical containment structures of moderate length, such as vertical-axis tanks and 

silos. The thickness changes because the stress resultants are much larger at lower 

levels. The increase of internal pressure and axial compression in the shell is 

addressed by increasing the wall thickness (API 650, 2007). Each shell is built up 

from a number of individual strakes of constant thickness. The thickness of the wall 

increases progressively from top to bottom. Figure 7-1 shows a typical example of 

tank structure taken from ECCS EDR5 (2008).  

 

Figure 7-1: Typical example of tank structure (taken from ECCS EDR5, 2008) 

The thickness of the wall of these cylindrical vessels is generally very thin and the 

strength is often controlled by elastic buckling failure. The buckling behaviour of a 

cylindrical shell with uniform wall thickness under uniform external pressure has 

been extensively studied by many researchers (e.g. Batdorf, 1947; Ebner, 1952; 

Flügge, 1973; Yamaki, 1984; Greiner, 2004). However, the buckling behaviour of 

cylinders of stepwise variable wall thickness has not been understood completely and 

has drawn little attention to date. This may be partly because the formulation of rules 

for any pattern of thicknesses is difficult. 



 

206 

In the European Standard for Shells EN 1993-1-6 (2007) and the European 

Recommendations on Shell Buckling ECCS EDR5 (2008), stepped wall cylinders 

under circumferential compression are transformed, first into a three-stage cylinder 

and thence into an equivalent uniform thickness cylinder, based on the research of 

Resinger & Greiner (1974), (1976) and Greiner (1981).  This two-stage process leads 

to a complicated calculation that requires a chart that is tricky to use, and where the 

mechanics is somewhat hidden. The process is rather awkward for the practical 

design of silos and tanks.  

This chapter introduces a new “weighted smeared wall method”, which is 

proposed as a much simpler method to deal with stepped-wall cylinders with any 

thickness variation. The method is based on an idea proposed by Trahair et al. (1983) 

for stepped wall cylinders under external pressure.  Buckling predictions are made 

for a wide range of geometries using the new hand calculation method and compared 

with both accurate predictions from finite element calculations using ABAQUS and 

those of the current Eurocode rules. The comparison shows that the weighted 

smeared wall method is a very effective, accurate and informative method of 

capturing the buckling behaviour of stepped wall cylinders for a wide range of shells.  

It is much easier to use than the current method of DIN 18800 (1990), EN 1993-1-6 

(2007) or ECCS EDR5 (2008). 

 7.2 Buckling behaviour of cylinders under external pressure 

 7.2.1 Buckling behavior of cylinder under uniform external pressure 

The buckling strength of a cylinder of uniform thickness under uniform external 

pressure or wind loading was studied in previous chapters. The buckling mode for a 

moderately long cylinder of uniform thickness under wind loading is shows in Fig. 7-

2. The buckling phenomena for practical cylindrical shells of stepwise variable wall 

thickness under external pressure are shown in Fig. 7-3.  
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Figure 7-2: Buckling mode in a moderately long cylinder of uniform thickness under wind 

loading (ECCS EDR5, 2008) 

            

    

    

Figure 7-3: Buckling phenomenon of thin cylinders under external pressure (photographs 

courtesy by Prof. J.M. Rotter) 
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The buckling strength of a cylinder under uniform external pressure is governed 

by the geometry of the cylinder. It drops rapidly as the buckle becomes longer, so 

longer cylinders have a lower critical buckling pressure. The buckling strength is also 

affected by the thickness of the cylinder: thinner cylinders have lower critical 

buckling pressures. 

The theoretical radial buckling pressure of a constant thickness cylinder can be 

obtained by minimising (Batdorf, 1947; Brush and Almroth, 1975; Trahair et al, 

1983): 
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where 
t

r

mω
πα = , r  is the radius of the shell, t  is the thickness of the shell wall, 

E  is Young's modulus, ν  is Poisson’s ratio, m  is the number of complete buckles 

around the circumference and ω  is the dimensionless length parameter which is 

defined as: 

                                                   
rt

l=ω                                                               (7.2)   

in which l  is the half wave-height of the buckle, which is equal to the whole height 

of a cylinder of uniform thickness.                                                            

For medium length cylinders, which are defined in EN 1993-1-6 (2007) by: 

                                     20 1.63
r

C tθ

ω< <                                                               (7.3) 

For medium length cylinders, the critical buckling wave number is given by 

(Greiner, 2004): 

                                      ( )4 22 136 ν
ω
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r
mcr                                                         (7.4) 
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The circumferential buckling pressure for medium length cylinders is defined by 

classical equation as (EN 1993-1-6, 2007): 

ω/)/(92.0 2
, rtEp Donnellcr =                                                  (7.5) 

which is based on classical linear Donnell-type shell buckling theory . 

Using the boundary condition terminology of Singer and Yamaki (1984), Eqs 

7.1~7.5 all use classical simply-supported boundaries S3 at both ends. The main 

useful boundary conditions are defined in Table 7-1, wherer means restrained 

and f means free. The effect of different boundary conditions may be taken into 

account by modifying the buckling external pressure by the factors θC  (EN 1993-1-

6, 2007), as indicated in Table 7-2 for medium-length cylinders.  

Table 7-1: Boundary condition terminology for cylindrical shells (Yamaki, 1984) 

 Boundary 
condition 

 uδ  
 (meridioanl 
displacement) 

 vδ   
 (circumferentia
l displacement) 

 wδ  
 (radial 

displacement) 

 δβ  
 ( meridional 

rotation) 
 S1  r  r  r  f 
 S3  f  r  r  f 
 C1  r  r  r  r 
 C3  f  r  r  r 

 

Table 7-2: External pressure buckling factors for medium-length cylinders θC   

(Original in EN 1993-1-6, 2007)) 

 Case  Boundary conditions  
 External pressure 

factors θC  

 1  S1 and S1  1.5 
 2  S1 and S3  1.25 
 3  S3 and S3  1.0 
 4  S1 and F (Free end)  0.6 

 

Restraint of meridional rotation has no effect on the buckling strength of medium-

length cylinders, so S1 and C1, S3 and C3 are not differentiated in Table 7-2. For 

quite short cylinders, the factor is not constant but depends on the dimensionless 

length parameterω , which can be found in EN 1993-1-6 (2007). 
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 7.2.2 Buckling of cylinders of stepwise variable wall thickness under 

uniform external pressure 

For cylinders of stepwise variable wall thickness, the top thinnest parts are always 

involved in the buckling mode. The buckling strength may reduce when the lower 

thicker strakes are also involved because the increasing length can reduce the 

strength of the potential buckle, but at the same time the increased thickness of the 

lower strakes may increase the potential buckling pressure. The simultaneous change 

of length and thickness leads to two opposite trends, so it is not easy to determine 

how large the weakest buckle should be in a stepwise varying thickness wall 

cylinder. A change in the wall thickness distribution can easily result in a different 

critical buckling mode. This is the reason why the current codified method (EN 

1993-1-6, 2007) is rather complicated. 

In the experimental study of Fakhim et al. (2009), buckling modes with buckles 

extending over the whole height of the shell were observed in shorter shells, while in 

longer shells, buckling modes with buckle waves only in the top parts were observed. 

An important characteristic of this buckling mode is that the bottom of a buckle 

will always be at a change of plate thickness because the buckling pressure falls as 

the length increases. This statement is only strictly valid if the base of the buckle is 

deemed to be pinned, which is of course untrue. But the approximation is relatively 

good because the real buckle is slightly longer, taking in part of the restraining 

underlying course and longer buckles have lower strengths, but the restraint of the 

underlying course increases the buckling pressure again, so these two effects 

partially counteract each other. The later part of this chapter provides an effective 

and accurate correction to account for the restraining effects of the underlying course 

beneath the buckle. 

The illustrative example in Chapter 11 of ECCS EDR5 (2008) (Greiner and 

Rotter, 2008), shown in Fig. 7-4, is quite helpful in giving an initial understanding of 

the buckling behaviour of step-wise variable wall thickness cylinders under external 

pressure. It shows the buckling modes for three cylindrical tanks with identical upper 

strakes, but with different total heights under uniform external pressure. The modes 
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indicate that the variation of the wall thickness results in buckles developing only in 

the same group of upper strakes, while the lower ones provide considerable restraint 

against both radial and axial displacements at the boundary between two strakes 

(ECCS EDR5, 2008). The height of the buckle does not depend on the thicknesses 

used throughout the whole wall if the buckling mode in the top parts is already 

critical.  
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Figure 7-4: Buckling modes of cylindrical tanks of 40m diameter and different wall heights 

under uniform external pressure (Original in Greiner and Rotter, 2008) 

But for a specific structure being designed, it is not impossible to identify in 

advance which parts of the wall will participate in the critical buckle, due to the dual 

effects of length and thickness described above.  

So for a given cylinder composed of several parts with strakes of stepwise varying 

thickness, determination of the critical buckle height is an initial step in studying the 

buckling behaviour. It should be noted that the top uniform thinnest parts will always 

be involved in the possible buckling modes (Fig. 7-4). The critical buckling mode 

may extend over one or more strakes below the thinnest one or may extend over the 

whole wall. This corresponds physically to the fact that the thinner upper parts are 

restrained by the thicker lower parts. The design method in EN 1993-1-6 (2007), in 
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ECCS EDR5 (2008), in Trahair’s method and the weighted smeared wall method 

derived in this chapter all rely on this concept. 

 7.3 Current design method of EN 1993-1-6 (2007) and ECCS 

EDR5 (2008) due to Greiner (1981) 

In DIN 18800 (1990), EN 1993-1-6 (2007) and ECCS EDR5 (2008), for stepped 

wall cylinders under circumferential compression, the cylinder is transformed into an 

equivalent cylinder of uniform thickness based on the research of Resinger & 

Greiner (1974) and (1976) and Greiner (1981). Greiner’s method (1981) for stepped 

wall cylinders under uniform circumferential compression was developed based on 

linear bifurcation analyses of cylinders under uniform external pressure. 
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 (a) Cylinder of stepwise 
variable wall thickness 

 (b)  Equivalent cylinder 
comprising three 

sections 

 (c)  Equivalent single 
cylinder with uniform wall 

thickness 

Figure 7-5: Transformation of stepped cylinder to equivalent cylinder (Greiner and Rotter, 

2008) 

For cylinders consisting of more than three sections with different wall thickness 

(Fig. 7-5a), the design method first replaces the multiple sections by an equivalent 

three-section-cylinder (Fig. 7-5b). The fictitious equivalent lengthsal , bl , cl  and 

equivalent thicknessesat , bt , ct are determined by categorization rules: 

The length of its upper section,al , should extend to the 

upper edge of the first section that has a wall thickness 
greater than 1,5 times the smallest wall thickness 1t , but 
should not comprise more than half the total length L of the 
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cylinder. The length of the two other sections bl and 

cl should be obtained as follows: 

ab ll =  and ac L ll 2−=       if 3/La ≤l       

( )acb L lll −== 5.0           if 2/3/ LL a ≤≤ l       

The fictitious wall thicknessesat , bt  and ct  of the three 

sections should be determined as the weighted average of the 
wall thickness over each of the three fictitious sections: 

j
a

j
a

a tl
l

t ∑= 1
,        j

b
j

b
b tl

l
t ∑= 1

,         j
c

j
c

c tl
l

t ∑= 1
 

The commentary on this procedure in Chapter 11, ECCS EDR5 (2008), written by 

Greiner and Rotter (2008), gives the following explanations: 

It is important to note that the meridional dimension of the 
buckling mode often extends only over one or more of the 
upper (thinner) courses instead of the whole cylinder. This 
corresponds physically to the thinner upper courses being 
restrained by the thicker lower courses. Thus, often the 
lowest courses may not take part in the critical buckling 
mode at all. 

The thickness ratio of 1.5 turned out to be an approximate 
criterion to describe this restraining effect, so that 

5.1/ 1 ≤tt j could be used to roughly define the portion of the 

cylinder length comprising the buckling mode. Averaging of 
the wall thickness with respect to the buckling behaviour is, 
therefore, restricted to the corresponding lengthal . However, 

the averaging in the areas of bl and cl is mainly used for 

estimating the stiffness of these parts with respect to their 
restraining effects on the upper part. 

Then the three-section-cylinder is replaced by an equivalent single cylinder of 

effective length effl  and of uniform wall thickness att =  (Fig. 7-5c) using a 

complicated set of charts (Fig. 7-6). The effective length of the cylinder effl  is 

determined by: 

                                             κ/aeff ll =                                                                 (7.6) 
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in which κ  is a dimensionless factor indicating the effect of the stiffness of the lower 

parts of the cylinder and can be extracted from Fig. 7-6.  However, the curves in Fig. 

7-6 are not well defined. No equations are known that describe these curves.  If the 

geometry of the tank or silo being designed lies in the zone between one curve and 

another, it is quite difficult to capture an accurate value of the parameterκ . So it is 

clear that this method in EN 1993-1-6 (2007) is quite complex in practical use for the 

design of stepped wall cylinders, and only with difficulty can accurate estimates be 

obtained for the buckling pressure of a stepped-wall cylinder. 
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Figure 7-6: Factor κ  for the determination of effl (Greiner and Rotter, 2008) 

After transformation, the general buckling formula Eq. 7.7 (Greiner and Rotter, 

2008) for cylinders of uniform thickness under uniform external pressure is then used 

to calculate the buckling pressure for the equivalent cylinder: 

                                  
5.2

92.0 






=
r

tr
ECq a

eff
Rcr

l
θ                                                     (7.7) 

in which θC  is the external pressure buckling factor which is derived from the 

boundary conditions at ends of the buckle. When the cylinder has uniform thickness, 

the factor θC  is given in Table 7-2. By contrast, in cylinders with stepwise varying 

thickness, the possible axial restraint of lower boundary may not have a significant 

effect on a cylinder with varying thickness strakes (Greiner and Rotter, 2008) which 

is significantly restrained by the thicker lower courses. In the following calculations, 

S3 boundaries at both ends of the buckle are assumed when using Greiner’s method. 
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 7.4 The weighted smeared wall method for non-uniform walls  

For a shell wall with both circumferentially and axially varying stiffness, Trahair 

et al. (1983) adopted a buckling mode with sinusoidal deformation in both directions 

and evaluated the corresponding “effective thickness” of the components within the 

buckle. This evaluation of an equivalent thickness corresponding to the buckling 

mode is termed here the “weighted smeared thickness” and is approximated by 

“smearing out” the thickness changes by replacing them with an equivalent thickness 

in the buckling mode. Then the potential buckling modes can be checked using the 

corresponding effective thickness to find the critical buckling mode with lowest 

buckling strength. The weighted smeared wall method derived in this chapter is 

based on this concept. 

It should be noted that the original idea of Trahair et al. (1983) was only published 

in a small sub-section of a design guide on silos in Australia with no derivation given. 

It has not been widely used to date. It was written specifically for corrugated silo 

walls with vertical stiffeners. It has never been verified either by classical equations 

or finite element studies. It assumes a half sine wave for the buckle shape in the 

vertical direction, but this is not precise (Fig. 7-4). 

The equivalent thickness is derived as an appropriate weighted value based on 

energy principles (Brush and Almroth, 1975). The weighted smeared thickness is 

found by considering the contribution of each part of the wall to the energy involved 

in the buckling mode, and this can then be equated to the energy of the destabilising 

pressures. This is equivalent to a single term Galerkin procedure or a first estimate of 

Rayleigh-Ritz evaluation. 

For cylinders with stepwise variable thickness under uniform external pressure, 

the buckling behaviour may be accurately approximated by assuming a buckling 

mode shape that is close to the critical form as: 

                         ( )θπ
m

z
Aw sinsin 







=
l

                                                                    (7.8) 
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where A is the amplitude, zand θ  are meridional and circumferential coordinates. It 

is assumed that the meridional and circumferential deformations are negligible 

compared with the radial displacement so that the buckling displacement and 

curvature are only related with radial deformation. 

In silos and tanks formed from rolled plates, the thickness of the cylinder is 

constant around the circumference. Owing to the symmetry of the assumed 

deformation at the buckled area, the twist of the shell surface maybe neglected, and 

the strain energy due to bending is expressed as: 

                       ( ) θκνκκκ θθ dzdzD
r

U xxb )2(
2

22 ++∫∫=                                             (7.9) 

where ( ) ( )2

3

112 ν−
= zEt

zD  is the flexural stiffness of the cylinder. 

The strain energy due to stretching of the middle surface is expressed as: 

                         ( ) θενεεε θθ dzdzC
r

U xxm )2(
2

22 ++∫∫=                                          (7.10) 

where ( )
21 ν−

= zEt
zC  is the membrane stiffness of the cylinder. 

It should be noted that the thickness zt  varies up the meridian, so the integral with 

respect to z  must be performed. 

The total strain energy of a deformed shell equals to the sum of bending energy 

and stretching energy as: 

                                                  mb UUU +=                                                         (7.11) 

The changes of the curvature in the axial and circumferential plane are expressed 

as: 
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The increment bending energy during buckling is derived by substituting Eqs 7.12 

and 7.13 into Eq. 7.9: 
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The circumferential strain before buckling 0ε is given by: 

                                                 
z

cr

Et

rp=0ε                                                                (7.15) 

The circumferential force intensity may also be obtained by: 

                                          )(
1 2 z

z
crcr

Et
rpN νεε

ν θ +
−

==                                       (7.16) 

where the strainszε  and θε  are meridional strain and circumferential strain after 

buckling, respectively. 

From Eqs 7.15 and 7.16, the pre-buckling strain and the strains after buckling in 

meridional and circumferential directions are related by: 

                                           ( ) zνεεεν θ +=− 0
21                                                     (7.17) 

Observing that: 

                                            
r

w+= 0εεθ                                                                 (7.18) 

The meridional strain zε is found as:  

                                           
r

w
z ν

νεε −−= 0                                                              (7.19) 
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The strain energy due to stretching of the middle surface is then obtained by 

substituting Eqs 7.18 and 7.19 into Eq. 7.10 as: 
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The first term in Eq. 7.20 which involves only the pre-buckling strain 0ε  is the 

pre-buckling stretching energy. So the increment energy due to stretching of the 

middle surface during buckling is: 
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The total increment of the strain energy during buckling is then obtained by: 
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The work done by the circumferential forces during buckling is: 
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Equating expressions 7.22 and 7.23, the expression of the critical buckling 

pressure in terms of the integration of the thickness zt  is obtained: 
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During buckling, the total strain energy is dominated by bending energy and 

stretching energy is small compared with the bending energy, so the calculation is 

simplified by considering only the first term in Eq. 7.24 to find an equivalent 

thickness. The effectiveness of this simplification is verified later. The equivalent 

uniform thickness eqt then replaces the awkward integration in terms of the variable 

thicknesszt , and is found as a weighted average value of the thickness of each strake:  
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The form of Eq. 7.25 differs from Trahair’s equation (1983) for the equivalent 

thickness which was expressed as: 
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The buckling pressure predictions using Eq. 7.25 were verified in this study to be 

closer to the accurate finite element predictions than Eq. 7.26, so Eq. 7.25 is adopted 

throughout the following calculations.  

As the thickness of the cylinder is constant around the circumference, the 

equivalent thickness needs no integration in the circumferential direction and Eq. 

7.25 reduces to: 
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For a buckling mode that extends over n strakes of constant thickness, Eq. 7.27 

reduces to the sum of the integrals for each the individual strakes and can be 

expressed as a simple summation: 
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The distance from the top of the cylinder to the bottom of the thi strake is defined 

as ih , which is indicated in Fig. 7-7 (for 1=i , 00 =h  and 00 =Η ). It should be 

recognized that l  is the height of the potential buckle being considered, which 

corresponds to an integer number of strakes. 

h1 
h2 

hi 

i th strake 

 

Figure 7-7: The definition of parameter ih  

As noted above, the chief difficulty in determining the buckling strength of a 

stepped wall cylinder is to find the critical buckling mode: that with the lowest 

buckling pressure. In EN 1993-1-6 (2007), by transforming stepped cylinders into an 

equivalent cylinder of uniform thickness, the critical buckling mode and buckling 

strength can be obtained by analysing the uniform equivalent cylinder. But this 

method is very complex to use. By using the weighted smeared wall method, this 

problem can be solved in a different and much easier way.  

First, different buckle heights for possible buckling modes must be examined. The 

half wavelength l  can extend over just the top thinnest strakes only, or a longer part 

of the wall ending at a change of thickness, or over the whole height of the cylinder. 

For each potential buckling height, there are many different possible modes in the 
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circumferential direction, so the minimum pressure amongst these modes must be 

found for this potential buckling height.   

The equivalent thickness eqt  for each potential buckling mode is found using Eq. 

7-28. If the equivalent cylinder is of medium length (Eq. 7.3), Eq. 7.5 may be used 

directly to assess the buckling pressure. The critical buckling wave number crm may 

be found using Eq. 7.4. If instead the potential buckling mode corresponds to a short 

cylinder (Eq. 7.3), Eq. 7.1 must be minimised with respect to m to find the buckling 

pressure and mode.  However, this situation seems to be rare in typical designs.  The 

above calculations are easily set out in a spreadsheet. The buckling mode with the 

lowest buckling pressure is then found as the final critical buckling mode for this 

pattern of wall thicknesses.  

This method assumes a half sine wave in the vertical direction for the buckle 

shape, but this is not realistic (Fig. 7-4). The validity of this simple treatment is 

verified here by studying several different patterns of wall thickness variation, 

covering the full range of potential modes. 

 7.5 Weighted smeared wall method applied to a varied wall 

thickness distribution  

A verification of the weighted smeared wall method was undertaken using four 

models, which lead to a total of 1756 separate tank designs.  The verification begins 

with Model 1, which has reference geometry of a defined set of wall thicknesses 

taken from Annex A of the API standard 650 (2007).  Different distributions of wall 

thickness (here termed “designs”) were devised by scaling the ratios of the thickness 

changes from one strake to another in the reference geometry.  It may first be noted 

that the top strakes have a high radius to thickness ratio, which can be retained 

throughout all the modified designs derived for Model 1. 
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Figure 7-8: Wall thickness distribution of Model 1 defined according to Annex A of the API 

standard 650 (2007) 

The large set of designs devised in this way can produce the full range of buckling 

modes from buckling over the full height to buckling only in the top strakes, simply 

by changing the ratio of the plate thicknesses at each step. The thickness of the 

thinnest strakes 1bt  is used as the reference thickness. The thickness of the next 

strake is taken as the thickness of the thinnest strake plus k times the difference 

between its reference value and that of the thinnest strake so that 1=k corresponds to 

the API 650  reference design, 0=k corresponds to a uniform wall and large k  gives 

large lower strake thicknesses causing the buckles to be only in the thinnest strake. 

The adjusted thickness of the thi strake in any given adjusted design is determined as: 

                                      ( )11 bbibi ttktt −+=                                                      (7.29) 

This device systematically transforms a reference design from API650 (2007) into 

a large range of designs, all of which have quite different buckling modes. The 

different designs depend only on the value of k, so this parameter should be noted for 

the discussion which follows. 
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Different patterns of wall thickness distribution can be realized by adjusting the 

values of the factor k in Eq. 7.29, which can be changed from a small value 0.1 to a 

very large value 10 or more (Fig. 7-8). 

The relative thicknesses of the strakes in three example designs are shown in Fig. 

7-8. The thickness of each strake has been made dimensionless relative to the 

thinnest top strakes. The relative thickness of the reference design is indicated as bit , 

where i  is the number of the strake. 

 7.6 Buckling predictions using the weighted smeared wall 

method 

For Model 1 with varying patterns of wall thickness distribution under uniform 

external pressure, the weighted smeared wall method described above was used to 

determine the buckling behavior. For a given pattern of wall thickness distribution (k 

may take any value), the buckling mode may take any form because the critical 

buckling mode for this thickness distribution is not known in advance. The buckle 

can extend only over the top uniform thinnest strakes, or over several upper strakes 

of mixed thickness, or over all strakes. In principle, all different potential buckling 

heights should be checked.    

The equivalent thickness for each potential buckling mode is found using Eq. 7-28 

(Fig. 7-9). For all patterns of wall thickness, the equivalent thickness always 

increases as the assumed buckle height rises because the lower strakes are always 

thicker than those above. A low value of k  can be seen to give only small changes in 

the equivalent thickness, but high values produce large changes.    

The critical circumferential buckling mode crm  for a set of assumed buckling 

modes is shown in Fig. 7-10. Using Eq. 7.4 and minimizing Eq. 7.1 produces the 

same results ( 1.0=k in Fig. 7-10). For all patterns of wall thickness, the critical 

circumferential buckling wave number crm  decreases as the buckling height rises. 

This is natural because the complete buckling mode tends to be approximately square, 
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so taller buckles also have longer circumferential wavelengths (low modes). The 

wave number crm  is always lowest for a full height buckle.   
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Figure 7-9: Equivalent thickness teq against the potential buckling height with different wall 

thickness distributions  
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Figure 7-10: Critical circumferential buckling wave number m against the potential buckling 

height with different wall thickness distributions       
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A larger value of k corresponds to a more pronounced change in the wall 

thickness at each step, and corresponds to a larger value of equivalent thickness for a 

given buckle height, leading to a smaller wave number. 

The equivalent thickness increases with the potential buckle becomes longer. 

Thicker cylinders have a higher potential buckling pressure. But long length 

decreases the buckling resistance meantime. So the two factors must be considered at 

the same time to determine the lowest buckling pressure.   
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Figure 7-11: Evaluated dimensionless critical buckling pressure against the potential buckling 

height with different wall thickness distributions  

The buckling pressures ,cr Sp  for all potential buckling modes are evaluated using 

Eq. 7-5 (Fig. 7-11). The relationship between the evaluated dimensionless critical 

buckling pressure ratio 0,, / ScrScr pp and the potential assumed buckling height is 

shown in Fig. 7-11, with different values of k to give different wall thickness 

distributions. The buckling pressures were all made dimensionless by using a 

reference value , 0cr Sp  which is the buckling pressure when the buckling occurs only 

in the top thinnest strakes. It is invariant for all patterns of wall thickness distribution. 

The final critical buckling mode for a given pattern of wall thickness distribution is 

the one with the lowest buckling pressure for all possible heights and all possible 

circumferential modes (the minimum of each curve). 
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When k=0.1, the step changes in wall thickness are slight, after checking the 

buckling pressure for all possible buckling heights, the critical buckling mode with 

lowest buckling pressure is found to occur when the buckle extends over the whole 

height of the cylinder. When k=10, the step changes in wall thickness are large, the 

critical buckling mode is found to occur when the buckle extends over just the top 

two thinnest strakes. When the value of k is moderate, the critical buckling mode 

may occur in any strakes of mixed thickness. The results indicate that the critical 

buckling mode and buckling strength for a stepped wall cylinder is influenced a lot 

by the patterns of wall thickness distribution.  

It may be noted that not all possible buckle heights need to be investigated. For a 

given wall thickness distribution, the shortest buckle gives a buckling pressure. In 

general, the buckling pressure falls as the buckle height increases, but as soon as an 

increase in buckling pressure with increased height is formed, the critical mode has 

been passed. This may be automatically stated by saying that the curves in Fig. 7-11 

each have a single valued minimum. 
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Figure 7-12: Critical circumferential buckling wave number m against the critical buckling 

height with different wall thickness distributions  

The critical circumferential buckling wave number crm corresponding to the 

critical buckling mode (with lowest buckling pressure) can take any value between 6 
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and 14 in this example depending on the specific pattern of wall thickness 

distribution as shown in Fig. 7-12.  

 7.7 Comparison of the weighted smeared wall method, 

Greiner’s method in EN 1993-1-6 (2007) and finite element 

predictions 

 7.7.1 Comparison of the buckling modes using the weighted smeared wall 

method and finite element predictions 

To establish the validity of the weighted smeared wall method, accurate 

predictions of the buckling behaviour of stepped wall cylinders were performed 

using the finite element software ABAQUS. The wall thickness patterns shown in 

Fig. 7-8 were adopted for computational simulation. Exploiting the symmetry of the 

buckling modes, a o180 half cylinder model was used to obtain accurate results. At 

the base, all translations were restrained but the meridional rotation was free, 

corresponding to a practical boundary condition defined as S1 in Table 7-1 (Yamaki, 

1984). A ring stiffener with enough flexural stiffness was used at the top to maintain 

circularity. The restraint provided by the ring stiffener is close to an S3 boundary. 

The shell was made of isotropic material with Young's modulus E=2.0×105MPa and 

Poisson’s ratio 3.0=ν .  

The finite element predictions of critical buckling mode for Model 1 with 

different patterns of wall thickness distribution are shown in Fig. 7-13. The number 

of strakes in each buckle is indicated as n . The critical buckling modes in the finite 

element predictions (Fig. 7-13) are very similar to those of the weighted smeared 

wall method (Fig. 7-12), but some differences are also clear. Based on the 

assumption of S3 boundaries at both ends, the weighted smeared wall method gives 

the shape of the buckle as a half sine vertical wave. By contrast, the finite element 

predicted shape includes the restraining effect of the strakes below the buckle. This 

difference will later be seen to cause a small discrepancy in the buckling strength 

predictions depending on the specific wall thickness distribution. 
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 (a)  2,10 == nk   (b) 3,5 == nk    (c)  4,2 == nk   (d)  5,1 == nk  

        
 (e) 6,8.0 == nk   (f) 8,5.0 == nk   (g) 9,1.0 == nk   (h) 9,0 == nk  

Figure 7-13: Finite element predictions of critical buckling mode for stepped wall cylinders with 

different patterns of wall thickness distribution under uniform external pressure  

 7.7.2 Comparison of the buckling pressure predictions using the three 

different methods 

The buckling pressurescrp  derived from the three methods were next compared: 

the weighted smeared wall method, Greiner’s method and finite element predictions. 

The buckling pressures were all made dimensionless using Eq. 7.5 with an adopted 

thickness of the thinnest strakes but the length equals to the critical buckle height for 

each case. The relationship between the buckling pressure ratio φ (Eq. 7.30) and the 

wall thickness distribution factor k is shown in Figs 7-14 and 15. 

                                                   ,/cr cr Dp pφ =                                                   (7.30) 

The buckling pressure ratio φ is always larger than 1.0 because the reference 

pressure ,cr Dp  has been calculated using the thinnest strakes thickness 1t .  
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Figure 7-14: Relationship between the buckling pressure ratio φφφφ and the wall thickness 

distribution factor  k 
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Figure 7-15: Detail of Fig. 7-14 for small values of factor  k  

The buckling behaviour can be divided into three categories, according to the 

patterns of the vertical buckling mode with changing values of k. Small values of k  

correspond to the whole wall buckling mode. The buckling pressure ratio φ  increases 

steadily with an increase of k due to the increasing thicknesses of lower strakes. Then 

the buckling mode changes to local buckling modes with the buckle in strakes of 
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mixed thicknesses. The values of φ  fluctuate with increasing values of k, which is 

due to the changing number of strakes in the buckle and changing critical 

circumferential buckling wave number. 

When k is large ( 5≥k ), the local buckling mode in the top thinnest strakes 

occurs. The buckling pressure from the weighted smeared wall method is then 

constant as k increases, because the flexural restraint of the strake below the thinnest 

one is ignored. However, the real critical pressure is slightly increased by the 

restraint provided by the thicker strake below the buckle so that an increase in k 

causes a steady slight increase in the critical pressure. 

When the whole wall buckling mode occurs ( 3.0≤k ), Greiner’s method and the 

weighted smeared wall method give very similar predictions, but they are smaller 

than those from finite element analysis. That is because both Greiner’s method and 

the weighted smeared wall method arise from assumption of a classical S3 base 

boundary, which ignores the axial restraint at the base of the shell. By contrast, the 

finite element predictions have used a practical S1 base boundary that includes the 

axial restraint there. If S3 base boundary was adopted at in the finite element model, 

the buckling pressure predictions from the three methods in this range have verified 

to be all close.  

When the shell is uniform ( 0=k ), the bottom strake is involved in the buckling 

mode to the maximum extent and the buckling pressure is significantly affected by 

the boundary condition at the base. Both the weighted smeared wall and Greiner’s 

methods produce their greatest underestimates. But as k increases, the bottom strake 

becomes thicker and it restrains the buckling mode. The base boundary then has less 

effect on the buckling pressure, and the predictions from the three methods are then 

all close.  

When local buckling occurs in strakes of mixed thicknesses ( 53.0 << k ), all three 

methods give very close results in the range 5.13.0 ≤< k .  The accuracy of Greiner’s 

method depends strongly on the calculation of the effective length of the transformed 

equivalent uniform thickness cylinder. The effective length is determined by the 

factorκ  which is quite difficult to extract accurately from Fig. 7-6. For 5.1>k , the 
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wall thicknesses are outside the scope of Greiner’s method. The weighted smeared 

method can then be used for a wider range of wall thicknesses and its predictions are 

close to accurate numerical values.  

 7.7.3 The influence of the boundary condition at bottom of the shell 

The above finite element predictions are based on the practical S1 and S3 

boundaries at both ends, where the axial displacement at the bottom of the shell was 

restrained, but in weighted smeared wall method and Greiner’s method, classical S3 

boundary conditions at both ends were assumed. The different boundary condition at 

the base causes a discrepancy of the buckling strength using the three different 

methods when the whole wall buckling mode occurs. It is clear that the whole wall 

buckling mode is restrained greatly by the base boundary and a change in the base 

boundary may affect the buckling strength significantly.  

For shells of uniform thicknesses, the meridional displacement at the bottom of 

the shell has a strong influence on the buckling strength under uniform external 

pressure. The buckling strength for classic S3 boundaries can be simply multiplied 

by an external buckling factor (Table 7-2) to involve the influence of meridional 

restraint at boundaries on the buckling strength. If S1 and S3 boundaries at two ends 

are adopted, the external pressure factor is 1.25. 

In the following analysis, the influence of axial displacement restraint at the base 

of the shell on the buckling strength of stepped wall cylinders under uniform external 

pressure is explored. Yamaki’s S3 boundary was adopted at the bottom of the shell in 

the finite element analysis, which is same as the boundary adopted in the weighted 

smeared wall method and Greiner’s method.  

When whole wall buckling mode occurs, corresponding to a small value of k , the 

finite element prediction of the buckling strength agrees well with those from the 

weighted smeared wall method and Greiner’s method (Fig. 7-16). It may concludes 

that the weighted smeared wall method is effective in capturing the buckling strength 

accurately for all thickness distributions if a classic S3 boundary was adopted at the 

base of the cylinder. 
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Figure 7-16: Relationship between the buckling pressure ratio φ  and the wall thickness 

distribution factor  k with S3 boundary at the bottom    
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Figure 7-17: Whole wall buckling: discrepancy between FE and smeared wall buckling 

pressures for all models 

The relationship between the critical buckling pressure ratio , ,/cr FE cr Sp pψ =  

and the plate thickness ratio beq tt /   when whole wall buckling mode occurs is shown 

in Fig. 7-17. The S1 or S3 boundary was adopted at the bottom separately while the 

S3 boundary at the top is unchanged. The buckling pressure derived from ABAQUS 
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is indicated as FEcrp ,  while the corresponding value obtained from the weighted 

smeared wall method is indicated asScrp , . The value of Scrp ,  is invariant without 

consideration of the changing bottom boundary. The thickness ratio beq tt / measures 

the weight of the equivalent thickness teq compared with the thickness of the thickest 

bottom strake bt . 

When S3 boundary was adopted at the base, the buckling pressure ratio ψ  is close 

to 1 for all patterns of wall thickness distribution, corresponding to the results in Fig. 

7-16.   

When S1 boundary was adopted at the base, for uniform thickness cylinder, 

corresponding to 0=k and 1/ =beq tt , the buckling pressure ratio ψ  equals to 1.25 

which is the constant external buckling factor defined in Table 7-2. With an increase 

of k , according to previous descriptions, the buckling pressure prediction from the 

weighted smeared wall method is closer to the accurate finite element prediction as 

the bottom strake become thicker, and thus the value of ψ  decreases with decreasing 

value of beq tt / . 

When local buckling in strakes of mixed thickness occurs, the buckling mode is 

restrained directly by the strake below the buckle and the boundary at the base of the 

shell has little effect on the buckling behavior. The buckling pressures using the two 

different bottom boundaries have no difference in the range 9.0/ 1 <+nn tt  as shown in 

Fig. 7-18, where tn is the thickness of the nth strake at the bottom of the buckle and 

tn+1 is that of the strake below it. The difference of the buckling pressure in the range 

9.0/ 1 >+nn tt  is caused by the discrepancy of the buckling modes derived from the 

weighted smeared wall method and finite element predictions when buckling mode 

changes from the whole wall buckling mode to the local buckling mode. However, 

the errors using either S1 or S3 boundary at the base are small. 

It concludes from the above results that the base boundary only influences the 

buckling behaviour significantly when whole wall buckling occurs. This influence is 

disappeared with the bottom strake becomes thicker. Considering S1 boundary at the 
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base is a more practical boundary in the design of silos and tanks, the later finite 

element predictions for other models all adopt S1 boundary at the base.  
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Figure 7-18: Mixed thickness buckling: discrepancy between FE and smeared wall buckling 

pressures for all models 

 7.8. The buckling pressure predictions for different models using 

the weighted smeared wall method  

The above results were all for Model 1 (Fig. 7-8) defined according to the Annex 

A of the API standard 650 (2007). To obtain a more comprehensive check of the 

weighted smeared method, three more models with different geometries were 

explored further. The key geometric parameters for each model are shown in Table 

7-3 and 4: the relative thicknessbit , the largest radius to thickness ratio, the reference 

height of each strake, the total number of strakes, the number of the top stakes of 

uniform thickness and the adjusted thickness of each strake. All three models were 

modified using the factor k in the same way to produce a range of designs. 
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Table 7-3: The relative thickness of the basic case for different geometric models  

 Basic 
case  

 tb1  tb2  tb3  tb4  tb5  tb6  tb7  tb8  tb9  tb10  tb11  tb12  tb13 

 Model 
1 

 1  1  1.125  1.25  1.55  1.875  2.2  2.525  2.85  -  -  -  - 

 Model 
2  1  1  1  1  1.125  1.25  1.5  2  2.5  3  3.5  4  5 

 Model 
3 

 1  1  1.125  1.25  1.55  1.875  2.2  2.525  2.85  -  -  -  - 

 Model 
4 

 1  1.063  1.125  1.25  1.55  1.875  2.2  2.525  2.85  -  -  -  - 

 

Table 7-4: The geometric parameters of different models based on the basic case 

 Model 
name 

 Reference 
largest radius 
to thickness 

ratio r/t1 

 Reference 
height of 

each strake 

 Total 
number 

of strakes 

 The number of  
the top strakes 

of uniform 
thickness  

 The adjusted 
thickness of each 

stakes (ti) 

 Model 
1 

 2000  1800  9  2  )( 11 bbibi ttktt −+=
 

 Model 
2  2000  1500  13  4  

)( 11 bbibi ttktt −+=
 Model 

3 
 1000  1000  9  2  

)( 11 bbibi ttktt −+=
 Model 

4 
 500  300  9  1  

)( 11 bbibi ttktt −+=

 

The relationship between the buckling pressure ratio φ  and the wall thickness 

distribution factor k for Model 2 is shown in Fig. 7-19 and has the same 

characteristics as Figs 7-14 and 15 for Model 1. The buckling behaviours can be 

divided into the same three categories according to the patterns of the buckling 

mode. The key difference is that, for Model 2, the buckling mode changes to the 

local buckling mode in strakes of mixed thicknesses at a smaller value 13.0=k , and 

to the local buckling mode only in the top thinnest strakes at the larger value 8=k . 

This difference is caused by many factors, including the plate thickness ratio beq tt /   

which is a critical factor to determine whether the whole wall buckling mode occurs 

or not, and the geometric parameter of the top uniform thinnest strakes which 

determines the requirement of the flexural restraint provided by the next strake below 

the top thinnest ones to restrain the buckling mode in just the top uniform thinnest 

strakes. 
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Figure 7-19: Relationship between the buckling pressure ratio φφφφ  and the wall thickness 

distribution factor  k (Model 2) 

The values of k, in determining the boundary between the whole wall buckling 

mode and the local buckling mode in strakes of mixed wall thickness, and the 

boundary between the local buckling mode in strakes of mixed wall thickness and the 

local buckling mode in the top uniform thinnest strakes for Model 3 (Fig. 7-20), are 

close to the corresponding values for Model 1 due to the similar the wall thickness 

distributions up the height (Table 7-3) though the geometric parameters of the two 

models in Table 7-4 are different. 

The maximum value of the buckling pressure ratio φ  for Model 4 is obvious 

larger than other models when local buckling in strakes of mixed thicknesses occurs 

(Fig. 7-21). It can be noted that there is only a single thinnest strake for Model 4, and 

the ratio of the length of the top thinnest strakes to the whole length of the shell is 

smallest. The contribution of the thinnest part to the energy involved in the buckling 

mode is smallest. But the relative thickness 1t of the top thinnest strake is always 

adopted to calculate the reference buckling pressure Dcrp , , so the value of Dcrp ,  may 

underestimate the buckling pressure most significantly. 
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Figure 7-20: Relationship between the buckling pressure ratio φφφφ  and the wall thickness 

distribution factor  k (Model 3) 
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Figure 7-21: Relationship between the buckling pressure ratio φφφφ and the wall thickness 

distribution factor  k (Model 4) 
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 7.9 Exploitation and enhancement of the weighted smeared wall 

method based on accurate finite element predictions  

The analyses described above used three different methods to predict the buckling 

pressures of stepped wall cylinders under uniform external pressure. The weighted 

smeared wall method sometimes slightly underestimates or overestimates the 

buckling pressure. The neglect of the flexural restraint of the strake below the buckle 

may have different influences on the buckling predictions according to the specific 

buckling mode as described above. A remedy for this phenomenon is described here. 

The S1 boundary at the base of the shell was adopted in the finite element predictions.  

1

1.05

1.1

1.15

1.2

1.25

1.3

1.35

1.4

1.45

1.5

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
Plate thickness ratio (t eq / tb)

B
uc

kl
in

g 
pr

es
su

re
 r

at
io

 
ψ

=p
cr

,F
E
 / 

p
cr

,S

Model 1: r/t1=2000, L/r=8.1
Model 2: r/t1=2000, L/r=9.75
Model 3: r/t1=1000, L/r=9
Model 4: r/t1=500, L/r=5.4
Fit equation in terms of teq / tb

Whole wall buckling mode
Local wall buckling mode

 

Figure 7-22: Whole wall buckling: discrepancy between FE and smeared wall buckling 

pressures for all models 

Similar as Fig. 7-17 for Model 1, the relationship between the buckling pressure 

ratio ψ  and the plate thickness ratio beq tt /  for different models defined in Tables 7-

3 and 7-4 when whole wall buckling mode occurs is shown in Fig. 7-22. 

For different models with different geometries, the values of ψ  have similar 

changes with beq tt / . When / 1eq bt t = , corresponding to a uniform thickness 

cylinder, the ratio ψ  is close to the constant external buckling factor Cθ=1.25 (Table 
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7-2) for all models which shows that this effect is entirely due to axial restraint at the 

base.  

The weighted smeared wall method may present a lower prediction for Model 2 

than other models. Model 2 is composed of more strakes up the height and has a 

more distinctive change of the wall thickness distribution up the height, and it has 

four uniform thinnest strakes at top, which is different from other three models. The 

equivalent thickness in weighted smeared wall method is calculated based on the 

weighted value of the wall thickness of each strake up the height. So the total number 

of the strakes of the cylinder and the number of uniform thinnest strakes at top might 

influence the accuracy of the results. How much is this effect is an interesting 

question to explore in the future. However, it can be noted that whatever the specific 

pattern of the wall thickness distribution is, when 1/ =beq tt , the value of ψ  should be 

close to the factor 1.25, and it is true for other geometries that are not included here. 

In another aspect, the pressure parameterψ  changes similarly as the thickness 

parameter beq tt /  changes for all models. It concludes that the relationship curves of 

ψ  and beq tt / should have small discrepancy for all models. 

An improved modified value for the buckling pressure ,cr Mp  can then be obtained 

as: 

                 
2

, ,/ 1.08 4.4 2.07
eq eq

cr M cr S
b b

t t
p p

t t

   
= − + −   

   
                                  (7.31) 

By using Eq. 7.31 which is shown as the dot line in Fig. 7-22, more accurate 

evaluation of the buckling pressure based on the weighted smeared wall method for 

stepped wall cylinders under uniform external pressure can be obtained when whole 

buckling mode occurs. It leads to a conservative close estimate of the buckling 

strength with error less than 1% for most results, except a few for Model 2. 

For local buckling modes involving strakes of mixed thickness, the weighted 

smeared wall method slightly underestimates the buckling pressure in most cases as 

shown in Fig. 7-23, where tn is the thickness of the nth strake at the bottom of the 
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buckle and tn+1 is that of the strake below it. When the buckling mode involves one 

more strake below the top zone in Models 2 and 4, a slightly larger error occurs, but 

it is less than 7% for most results. For Model 1, based on the practical design of API 

650, the largest error is around 3 percent. Thus for practical designs, the weighted 

smeared wall method gives directly good estimates of the buckling pressure.   
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Figure 7-23: Mixed thickness buckling: discrepancy between FE and smeared wall buckling 

pressures for all models 

When the wall thickness distribution factor k is large enough, the third buckling 

mode termed local buckling mode in the top thinnest strakes occurs. The buckling 

pressure Scrp ,  predicted from the weighted smeared wall method is invariant with 

changing plate thickness ratio 21 / tt , where 1t  is the top strake thickness and t2 the 

thickness of the next strake below it. By contrast, the accurate finite element 

prediction FEcrp ,  increases continuously as 2t  becomes larger, which leads to the 

buckling pressure ratio , ,/cr FE cr Sp pψ =  steadily rises as the thickness t2 of the 

strake below it increases (Fig. 7-24). The reference thickness of the top section 

(thinnest and uniform thickness) 1t can be any value, and here 11 =t .  
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Figure 7-24: Top zone buckling: discrepancy between FE and smeared wall buckling pressures 

for all models    

A modified buckling pressure ,cr Mp  can be obtained using the thickness ratio 

1 2/t t  as: 

                                , , 1 2/ 1.4 0.7( / )cr M cr Sp p t t= −                                            (7.32) 

Adoption of Eq. 7.32 which is shown as the dot line in Fig. 7-24 gives a slightly 

conservative buckling pressure for all models with a maximum error around 5% for 

Model 4. 

From above analyses, it can be seen that the weighted smeared wall method 

provides a much easier way than the method in EN1993-1-6(2007) to evaluate the 

buckling pressure of cylinders of stepwise variable wall thicknesses under uniform 

external pressure. It estimates the critical buckling mode and buckling pressure that 

are close to FE predictions. The whole wall buckling mode, local buckling only in 

the top thinnest strakes and local buckling in strakes of mixed thickness may all 

occur depending on the specific wall thickness distribution. This study has produced 

a new design method that can give accurate results for a wide range of shell walls 

and is much easier to use than that in EN 1993-1-6 or ECCS EDR5.  
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 7.7 Cylinders of stepwise wall thickness under wind loading 

Thin-walled tanks and silos are in danger of buckling under wind loading when 

they are empty or only partially filled. The phenomena of this buckling behaviour 

can be found for cylindrical shells with any geometry. An example of the buckling 

phenomena for cylindrical shells under wind loading in practical shell structures is 

shown in Fig. 7-3. For stocky cylinders, the buckling is like cylinders under uniform 

external pressure. For intermediate and slender cylinders, the buckling behaviour is 

affected by geometric nonlinearity, which was discussed in detail in Chapter 6. 

 7.7.1 Existing provisions in EN 1993-1-6 (2007) and ECCS EDR5 (2008) 

For stocky cylinders of stepwise variable wall thickness under wind loading, the 

following rules are set out in ECCS EDR5 (2008) as the buckling stress design 

procedure: 

The buckling check for cylinders with stepwise variable 
wall thickness under wind pressure should be carried out by 
using the procedure given in EN 1993-1-6 (2007) and 
Chapter 11, ECCS EDR5  (2008) for cylinders of stepwise 
wall thickness under uniform external pressure and by 
replacing the wind pressure with an equivalent uniform 
external pressure according to the following equation: 

                      max,wweq qkq =  

Where max,wq is the maximum stagnation pressure and wk  

is a reduction factor. 

The following condition of the cylindrical shells with 
radially fixed boundaries at both ends should be met: 

                                  10≥crm  

 with crm being the critical buckling wave-number in 

circumferential direction of the stepped cylinder under 
uniform external pressure.   

The equivalent uniform external pressure should be 
determined using the following reduction factorwk :         
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                      ( ) 1037.0146.0 ≤+= crw mk   

The critical buckling wave number crm  depends on the 

ratio of equivalent plate thickness ac tt / which controls the 

meridional height of the buckle. The expression of crm can be 

found in EN 1993-1-6 (2007). 

Further commentary on this procedure in ECCS EDR5 (2008) Chapter 12 

(Greiner, Guggenberger and Schneider, 2008), gives the following explanations: 

The design procedure for buckling of cylinders with 
stepwise varying wall thickness under wind pressure 
(Greiner, 1981) was developed in close relationship to the 
development of procedures for cylinders with stepped wall 
thicknesses under uniform external pressure. 

The procedure for non-uniform pressure was to replace 
the wind pressure by an equivalent uniform pressure. Since 
the determination of the equivalent uniform pressure depends 
on the number of buckling waves in the zone of 
circumferential compression, the main challenge of the 
investigation was to identify the buckling wave number for a 
given pattern of wall thicknesses in the stepped-wall cylinder. 
In this sense the approach is a plausible extension of the 
method derived for a cylinder with constant wall thickness. 

One thing about the definition of stocky cylinders in EN 1993-1-6 (2007) should 

be mentioned. It is not easy to use because it requires the buckling mode to be 

predicted before it can be determined whether the cylinder is stocky or not, and the 

buckling mode probably should depend on whether the cylinder is stocky or not.  So 

it would be better to search for a geometric criterion that depends on the length, 

radius and thickness to decide when it should be stocky. 

The rule for stepped wall cylinders under wind loading in EN1993-1-6(2007) is 

related closely to the rule for stepped wall cylinders under uniform external pressure. 

The factor κ  is also unavoidably adopted from Fig. 7-6. So the same complexity and 

difficulties exist for the practical use of this method for wind loaded cylinders as for 

cylinders in uniform external pressure. 
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 7.7.2 The effect of geometric nonlinearity 

As described in previous sections, for cylinders of stepwise wall thickness under 

uniform external pressure, the buckle may extend over several upper strakes of the 

cylinder. The lower parts may not be involved in the buckling mode and just provide 

some restraint against buckling in the upper part. For a stepped wall cylinder under 

wind pressure, the whole geometry may correspond to an intermediate or slender 

cylinder according to the definition for cylinders of uniform thickness, but the 

buckling behaviour may correspond to that of a stocky cylinder because local 

buckling occurs only in several upper strakes.  

For cylinders under symmetric uniform external pressure, geometric nonlinearity 

rarely affects the buckling behaviour. But for cylinders under unsymmetrical wind 

loading, geometric nonlinearity may have a significant effect on intermediate and 

slender cylinders (Chapter 6). Geometrically nonlinear analysis is sometimes 

necessary to see whether geometric nonlinearity affects the buckling strength.  

Model 1 was next used to study the buckling behaviour of stepped wall cylinders 

under wind loading. The linear critical buckling modes for Model 1 with different 

wall thickness distributions under wind loading are shown in Fig. 7-25. When k is 

large enough, local buckling occurs only in the top two strakes. When k is zero 

(uniform thickness of the shell) or is small enough, the buckle extends over the 

whole height of the cylinder. When k lies between these two extremes, the linear 

critical buckling mode may occur in any strakes with mixed thickness. The buckling 

modes are all circumferential buckling modes. Under wind loading, a large buckle 

forms in the windward area, extending over the height of the strakes in the buckle. 

The buckling pressure is here related to the stagnation pressure.  

The buckling behaviour of stepped wall cylinders under wind loading was found 

to be quite similar to that of cylinders under uniform external pressure. Even the 

change of the buckling mode (the number of the strakes in buckling) with the change 

of k agrees well for the two loading conditions, as can be seen by comparing Figs 7-

13 and 7-25. 
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 (a)  2,10 == nk   (b) 3,5 == nk    (c)  4,2 == nk   (d)  5,1 == nk  

        
 (e) 6,8.0 == nk   (f) 8,5.0 == nk   (g) 9,1.0 == nk   (h) 9,0 == nk  

Figure 7-25: Linear critical buckling modes for stepped wall cylinders with different patterns of 

wall thickness distribution under wind pressure (Model 1) 

               

Figure 7-26: Nonlinear buckling mode for Model 1 with uniform thickness (k=0) 

The buckling modes in Fig. 7-25 show the linear critical buckling modes. To 

study the effect of geometric nonlinearity, the cylinder with k=0 corresponding to a 

uniform thickness cylinder was investigated, because cylinders with longer buckles 

(Fig. 7-25h) are more easily affected by geometric nonlinearity. The nonlinear 

critical buckling mode for Model 1 with k=0 under wind pressure is shown in Fig. 7-
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26. The nonlinear critical buckling mode is the same as the linear critical buckling 

mode in Fig.7-25(h). The critical nonlinear buckling pressure is 0.991 times the 

linear critical buckling pressure. So when k=0, the linear and nonlinear buckling 

pressure are almost identical.  

It may be concluded that the nonlinear buckling behaviour for all cases, with any 

value of k, is very similar to the linear buckling behaviour for Model 1. Geometric 

nonlinearity has little effect on the buckling behaviour. Since Model 1 is the most 

general geometry in a practical stepped wall cylindrical structure, it may be 

concluded that geometric nonlinearity plays a comparatively small role in the 

buckling behaviour for a wide range of practical cylindrical shell structures of 

stepwise variable thickness. For a given model, the case with k=0, corresponding to a 

uniform thickness cylinder with the reference thickness of the top thinnest strake, can 

be examined to check if geometric nonlinearity has a significant effect. If not, it can 

safely stated that geometric nonlinearity can be ignored for this model with any 

changing pattern of wall thickness distribution which may be assessed using the 

method proposed in this thesis. 

 7.7.3 The relationship of the nonlinear buckling strength under wind 

pressure and uniform external pressure 

The relationship between the buckling pressure ratio Dcrcr pp ,/=φ  and the case 

factor k for cylinders under either uniform external pressure or wind loading is 

shown in Fig. 7-27. The critical buckling pressures crp  are evaluated using 

ABAQUS. The boundary case factors k  at which the buckle height changes can be 

determined according to the smeared wall method presented earlier in this chapter. 

It can be seen that the dimensionless buckling pressure ratios φ  for wind loading 

and for uniform external pressure have similar changes with changing wall thickness 

distributions. When whole buckling occurs, the dimensionless buckling pressure ratio 

has a steady increase with the increase of k due to the increasing restraint of the 

lower strakes (Fig. 7-28).  
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Figure 7-27: Linear critical buckling pressure for cylinders under uniform external pressure 

and wind loading with changing case factor k (Model 1) 
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Figure 7-28: Detail of Fig. 7-27 for small values of k 

When a local buckling mode with the buckle in strakes of mixed thickness occurs, 

the curves both have several waves as the value of k increases. These are caused by 

the steady change of the strake number involved in the buckle. When k is large 

enough, local buckling in the top thinnest strakes occurs, and the dimensionless 

buckling pressure shows a steadily slight change with increasing k due to the 
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increasing flexural stiffness of the strake below the buckle. The two load cases have 

closely matched changes throughout the full range of wall thickness distributions. 

The relationship between the wind buckling pressure ratio ucrwcr qq ,, /  and the 

length parameter Ω  for cylinders of both uniform thickness and stepwise wall 

thickness is shown in Fig. 7-29. The critical buckling pressure for cylinders under 

wind loading is indicated as wcrq , , which is the critical stagnation pressure. The 

critical buckling pressure for cylinders under uniform external pressure is indicated 

as ucrq , .  
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Figure 7-29: Relationship between the buckling pressure ratio ucrwcr qq ,, / and the length 

parameter Ω  for cylinders of either uniform thickness or stepwise wall thickness 

For stepped wall cylinders under wind loading, with changing values of k, 

different patterns of wall thickness distribution may produce the same buckle height. 

The value of Ω  is affected by both the buckle height and the equivalent thickness, so 

Fig. 7-29 includes both effects with a single curve. Several close values of Ω  may be 

caused at the same buckle height, as can be seen in Fig. 7-29 when Ω  is close to 

0.04, 0.06 or 0.18.  
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The value of ucrwcr qq ,, /  for stepped wall cylinders could be either slightly larger 

or slightly smaller than the corresponding value for uniform thickness cylinders, 

depending on the specific values of k andΩ . Equation 7.33 (also used in Chapter 6), 

which shows the relationship between the linear elastic buckling pressure ratio 

ucrwcr qq ,, /  and the length parameter Ω  for stocky cylinders of uniform thickness, is 

indicated as the dashed line in Fig. 7-29. It can be seen this equation can also be used 

to represent the curves for stepped wall cylinders with good precision.  

                                            13.0
,, 90.1 Ω=ucrwcr qq                                                (7.33) 

It should be noted that Eq. 7.33 is only for stocky cylinders with the 

circumferential buckling mode. The slenderness limits for a stocky cylinder of 

uniform thickness under wind loading are (Chapter 6):   

                                                      27.00 ≤Ω<                                                   (7.34) 

For Model 1, Eq. 7-33 can be used safely for all patterns of wall thickness 

distribution. For a given cylinder with a different wall thickness distribution under 

wind loading, the influence of geometric nonlinearity should be checked first. The 

critical buckling pressure can be obtained using the following steps: 

The critical buckling pressure in uniform external pressure is calculated first using 

the weighted smeared wall method. If the equivalent cylinder is stocky according to 

the definition of Eq. 7-34, then Eq. 7.33 can be used directly to calculate the critical 

buckling pressure for a cylinder of stepped wall thickness under wind loading. If the 

equivalent cylinder is of intermediate aspect ratio, the relationship between the 

nonlinear buckling pressures for the two loading conditions (Chapter 6) should be 

considered. However, this situation seems to be rather rare in typical designs of 

stepped wall cylinders. It should be noted that this two step process is also used in 

EN 1993-1-6(2007) and ECCS EDR5 (2008), and that the recommendations in these 

documents are also based on linear bifurcation analyses. 
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 7.8 Conclusion 

The buckling behaviour of cylinders of stepwise variable wall thickness under 

uniform external pressure and under wind loading has been studied in this chapter. 

The buckling pressure assessment in DIN 18800 (1990) and EN 1993-1-6 (2007) is 

rather awkward for the practical design of silos and tanks. This chapter has proposed 

a new weighted smeared wall method which is based on an idea proposed by Trahair 

et al. (1983) for non-uniform shells. It has produced a new design method that can 

give accurate results for a wide range of shell structures and is much easier to use 

than that in DIN 18800 (1990), EN 1993-1-6 (2007) or ECCS EDR5 (2008). The 

main conclusions are: 

1. The weighted smeared wall method can accurately determine both the 

critical buckling mode and the buckling pressure.  

2. Three categories of buckling mode have been identified: whole wall 

buckling, mixed thickness buckling, and top thinnest zone buckling.  Which 

one is critical depends on the specific wall thickness distribution.  

3. A new design method has been presented and verified over a huge number 

of designs.  It gives accurate results for a very wide range of shell walls and 

is much easier to use than that of Greiner (1981).  The direct predictions can 

be enhanced by minor modifications that account for adjacent restraint 

effects.  

4. For stepped wall cylinders under wind loading with the circumferential 

buckling mode, the relationship of the critical buckling pressure ratio for 

stocky cylinders of uniform thickness under uniform external pressure and 

wind loading is still applicable. The weighted smeared wall method can be 

used to evaluate the critical buckling pressure. 
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Chapter 8 Minimum bending stiffness of the ring sti ffener at 

the top edge of the cylinder under wind loading 

 8.1 Overview 

Thin-walled tanks and silos are in danger of buckling under wind loading when 

they are empty or only partially filled. Chapters 6 analyzed the buckling behaviour of 

thin cylinders under wind loading. Chapter 7 analyzed the buckling behaviour of 

cylinders of stepwise wall thickness under uniform external pressure. Cylinders of 

either uniform thickness or stepped variable thickness were all discussed. At the top 

edge of the shell, a ring stiffener with enough bending stiffness was adopted to keep 

the circularity of the top edge, so that the ring was not involved in the buckling 

modes in either linear bifurcation analysis or geometrically nonlinear analysis. 

However, if the ring stiffener is not stiff enough, the ring may be involved in the 

buckling mode, and the buckling mode of the shell wall may also change as the 

bending stiffness of the ring stiffener changes.  

In practical design, ring stiffeners should be designed against local buckling in the 

ring stiffener, and the ring stiffener should also restrain the top of the cylinder to be 

circular when shell wall buckling occurs. Furthermore, the buckling mode and 

buckling strength of the cylinder should have no significant change with a further 

increase in the bending stiffness of the ring stiffener. This chapter presents a study 

that explores the minimum bending stiffness of the ring stiffener required to achieve 

the above objectives. This is an important aspect of design of ring stiffeners.  

Theoretical analysis of the buckling of ring stiffened cylinders under asymmetric 

wind loading is quite complex and difficult. For cylindrical shells with simple 

supports under a local path load similar to wind loading, Ansourian (2004) derived 

theoretical results by applying Flügge’s equations (1973) in coupled form and using 

Galerkin’s method. A membrane pre-buckling state was assumed in his solution. If 

the pre-buckling bending effect is considered (LA analysis), the problem becomes 

more complex. However, due to the asymmetry of the wind loading, pre-buckling 
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bending effects are usually large and the effect of the true pre-buckling stress 

distribution should thus be considered.  

For stiffened cylindrical shells, Singer (2004) described the “smeared-stiffener 

theory” for the buckling analysis of stiffened shells. It is a satisfying method for 

closely stiffened shells that fail by general instability. The effect of a ring stiffener 

can be considered by an increase of the effective cross-sectional area of the shell. 

The equations for the forces and moments, considering the effect of the ring stiffener, 

can be found in Singer’s paper (2004). For a shell with wider stiffener spacing, only 

part of the shell can be “smeared” due to the stiffener. This method mostly employs 

“classical” linear theory, which assumes a membrane pre-buckling condition. The 

linear smeared-stiffener concept was developed at Technion (Burns, 1966) and 

employs the linear Donnell stability equations (Donnell, 1933). However, when local 

buckling occurs, it is outside the scope of this smeared-stiffener theory. 

This chapter considers cylindrical shells with a single ring stiffener at the top edge 

of the shell, which corresponds to practical tanks and silos under wind loading. 

Considering the complexity and difficulty of theoretical analysis in practical use, this 

chapter uses only numerical investigations to explore the effect of the ring stiffener 

on the buckling behaviour of cylindrical shells under wind loading. An appropriate 

empirical design rule is recommended for practical application. 

 8.2 Rules in publications and standards 

In current publications and standards, the rules of the minimum stiffness 

requirement of the top ring on a cylinder have mostly been derived from linear 

buckling theory for cylinders under uniform external pressure. The limiting 

dimensionless stiffness ∗Rγ , derived by Resinger and Greiner (1982), Greiner (1987) 

may be usefully used to characterise the limiting value of the second moment of area 

min,rI of the ring stiffener: 

                                        
( )
3

2
min, 112

t

I r
R

l

ν
γ

−
=∗                                                       (8.1) 
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where l  is length of the cylindrical shell involved in the critical buckling mode, t is 

the thickness of the shell wall, and ν  is Poisson’s ratio. An analogous investigation 

was performed by Blackler (1986), resulting in a formula for the limiting value 

∗
min,rI :                                   

                                              45.03
min, 077.0 rr ntI l=∗                                                 (8.2) 

where rn  is the number of the equidistant rings. This equation results in a slightly 

different limiting value of ring stiffness ∗ min,rI  from Eq. 8.1. 

Design rules for the stability of ring-stiffened cylinders are given in ECCS 

Recommendation No. 56 (1988) and in the German Recommendations DASt-

Richtlinie 017 (1992), where the effect of imperfections is accounted for by a 

second-order analysis of the pre-deformed ring stiffener (Greiner, 2004). 

Blackler (1986) obtained another formula (Eq. 8.3) for the minimum stiffness 

requirement for a cylinder of constant thickness under uniform external pressure, 

based on classical eigenvalue analysis. He also recommended this formula for 

cylinders under wind loading.  

                                             3
min, 048.0 tI r l=∗                                                         (8.3) 

For cylinders under wind loading, the API 650 (2007) Standard provides a design 

formula to specify the required section modulus of the ring for in-plane bending as: 

                                         LDZ 26
min 10058.0 ×=                                                  (8.4) 

Greiner (2004) referenced Blackler’s (1986) equation, but proposed to increase 

the practical minimum ring stiffness for cylinders under wind loading to a value of 

about 5-10 times Blackler’s proposal (Eq. 8.3) as 

                                            3
min, 48.0 tI r l=∗                                                            (8.5) 
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Schmidt (1998) proposed that the top stiffener for cylinders under wind loading, 

for a classical buckling design according to his strategy, should have a second 

moment of area of at least: 

                                           3
min, 5.0 tI r l=∗                                                               (8.6) 

In ECCS EDR5 (2008), the following rules are adopted: 

   The flexural rigidity zEI  of a ring at the top edge of the 
cylinder about its vertical axis (circumferential bending) 
should exceed the larger of: 

                                         3
1min, tEkEI z l=                      (8.7)                                          

and 

                                    trErtCEI wz
3

min, 08.0=            (8.8)                                         

Where 1.01 =k is recommended, wC is the wind pressure 

distribution coefficient given in Chapter 5.3.2.5.  

The bending stiffness of the ring stiffeners should be 
sufficiently large to limit the ovalisation of the ring stiffened 
cross-sections under the wind action to 2%. 

To achieve the required bending stiffness, the minimum 
second moment of area of the cross section of the ring 
stiffener iI min,  should be calculated as: 

                              
E

qr
I ist

i 18.0
2cos,inf,

3

min,
θl

=                          (8.9)                                   

in which                θθ η cos2cos qq =  

                              pf qcq
πθ
2

cos =  

                              516.0
5.12

00.1 ≤++=
r

l

l
η  

in which L and r are expressed in meters, ist,inf,l  is the 

influence length of the ring, which is adopted according to 
the following equation in EN 1993-1-6(2007). 

                           Ltrrist 375.049.0,inf, ≤=l  
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The above recommendations present a wind range of values for the minimum ring 

size. The API 650 (2007) rule relates to bending strength rather than stiffness, so 

does not strictly address the buckling condition. The very wide range of values 

obtained from Blackler (1986), Schmidt (1998), Greiner (1987, 2004) and ECCS 

EDR5 (2008) indicates that a thorough study of the required minimum stiffness to 

restrain the buckling of the shell is urgently needed. 

 8.3 Method and objective in this Chapter 

The above equations (Eqs 8.3 to 8.8) directly relate the minimum bending 

stiffness of the ring stiffener to the radius, length and thickness of the cylindrical 

shell walls. They are quite convenient to use in practical design. However, they are 

obtained based on the principle that the ring stiffener should be stiff enough to 

prevent a local ring buckling mode or an overall buckling mode including the ring. 

These rules are intended to guarantee that the ring is not involved in the buckling, but 

they do not discuss the permitted deformation of the ring stiffener under the buckling 

pressure. Under the buckling pressure, the ring may have a significant radial 

displacement even if it is not involved in the buckling mode. For the most part, these 

rules are based on classical buckling eigenvalue analyses and their derivation did not 

consider the effect of geometric nonlinearity, which is known to have a significant 

effect on the buckling behaviour of intermediate aspect ratio cylinders under wind 

loading (Chapter 6). 

The rule for high aspect ratio cylinder (chimneys) in ECCS EDR5 (2008) is based 

on the research of Schneider et al. (2002). It gives a requirement for the minimum 

bending stiffness of the ring to limit the ovalisation of the ring stiffened cross-

section. But it is complex to use and some parameters are difficult to determine. 

  In this chapter, the minimum bending stiffness of the ring was related to the 

length and thickness of the cylindrical shell. The bending stiffness of the ring was 

required to satisfy the following two requirements: First, it should prevent the local 

ring buckling mode (Ansourian, 1992; Schmidt et al., 1998). In another aspect, the 

stiffness should be so high that the ring does not take part in the global shell wall 

buckling mode. However, it is found that there is no limiting stiffness at which the 
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ring does not take part in the buckling at all under wind loading. As a result, very 

stiff rings lead to buckling pressures that asymptotically approach the value for an 

ideally rigid ring. To find a practically useful stiffness for this ring, it is therefore 

best to accept a defined shortfall from the buckling pressure associated with a rigid 

ring. This strategy is adopted in this study.  

The initial numerical results show that when the bending stiffness of the ring 

stiffener is large, the critical buckling pressure of the shell can still be considerably 

increased with a further increase of the ring stiffness. An increase in the size of the 

ring raises an economic problem, but it can increase the buckling resistance of the 

shell greatly. It may be easier and more economical to increase the buckling 

resistance of the shell by changing the size of the ring than by changing the thickness 

of the shell. 

This chapter focuses on the study of an appropriate ring stiffener size. It is 

expected to provide a more economical and reasonable rule for the design of ring 

stiffeners. 

 8.4 Minimum bending stiffness coefficient mink  for a ring stiffener 

under wind loading 

The minimum bending stiffness coefficient mink  is expressed here as: 

                                                
3

min,
min t

I
k r

l
=                                                            (8.10) 

in which min,rI  is the minimum second moment of area of the cross-section of the 

ring stiffener. In Blackler’s (1986) analysis, Eq. 8.3 gives 048.0min =k . In Greiner’s 

(2004) proposal, Eq. 8.5 gives 48.0min =k . In Schmidt’s recommendation, Eq. 8.6 

gives 5.0min =k . In EN 1993-4-1(2007), Eq. 8.7 gives 1.0min =k .  

According to the two proposed requirements, the required values of mink that the 

ring stiffener is required to achieve are explored next. Both linear bifurcation 

analysis and geometrically nonlinear analysis were conducted using finite element 
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software ABAQUS. The shell was made of an elastic isotropic material with Young's 

modulus MPaE 5100.2 ×=  and Poisson’s ratio 3.0=ν . 

 8.4.1 Linear bifurcation analysis (LBA) 

 8.4.1.1 Linear bifurcation analysis for cylinders with 500/ =tr : introduction 

Linear bifurcation analysis for cylinders with 500/ =tr  under wind loading using 

different sizes of top ring stiffness was performed next.  

The relationship between the linear critical stagnation buckling pressure and the 

bending stiffness coefficient k of the ring stiffener for cylinder with 5.0/ =rL  is 

shown in Fig. 8-1. From Fig. 8-1, it may be observed that when k  is small, a small 

increase of k  can increase the critical pressure greatly. That is because in this stage, 

the buckling mode can be effectively restrained by increasing the stiffness 

coefficientk . Larger values of k  can reduce the deformation of the ring stiffener 

considerably. However, when k  is large, the critical load increases only slightly with 

a further increase of k . That is natural because at this stage, larger values of k  do 

not cause much change to the buckling mode or the deformation of the ring stiffener 

and thus have only a slight beneficial effect on the buckling strength. 

It can be seen from Fig. 8-1 that the buckling pressure increases steadily with 

continuous increase of k  even at very large values of k , so only a very stiff ring 

may bring the pressure to within 10% of the asymptotic value and it may not be 

economic to try to achieve pressure too close to the rigid stiffener value. 

Based on the numerical results from ABAQUS (Fig. 8-1), a function in terms of 

Eq. 8.11 can be found to fit the numerical results very precisely: 

                                              






 += nk

a
qq 1/0                                                      (8.11) 

where 0q  is the asymptotic critical buckling pressure when k  is infinitely large, q  is 

the critical pressure corresponding to a defined value of k , and a  is a constant to be 

found. An excellent fit for 500/ =tr  and 5.0/ =rL  is: 
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Figure 8-1: Linear critical pressure with changing bending stiffness of the ring stiffener 

( 5.0/,500/ == rLtr ) 

The dotted line in Fig. 8-1 shows that Eq. 8.12 fits the numerical results very 

precisely. The asymptotic value of the critical pressure may be deduced as 

2
0 /107.0 mmNq =  and is taken as the reference value in choosing a value for mink . 

If the ring stiffener is required to provide enough stiffness to achieve a critical 

buckling pressure q  that is only 2% below the asymptotic value 0q , then the 

minimum value of k  is 2.18min =k . If the requirement is related to 5%, 

then 31.1min =k . If it is further related to 10%, then 16.0min =k . In this way, mink  may 

be determined according to the critical buckling pressure that is required to be 

achieved relative to the asymptotic pressure 0q .  

The above description gives an insight into a possible method of obtaining a 

minimum stiffness requirement that has a more rigorous basis than previous attempt 

to address this problem. 
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 8.4.1.2 Linear bifurcation analysis for cylinders with 500/ =tr : changing 

aspect ratios 

For cylinders with different values of rL / , the values of mink  can be determined 

based on the same method.  

0.025

0.026

0.027

0.028

0.029

0.030

0 5 10 15 20 25 30 35 40 45 50
Dimensionless stiffness k=I ring  / (Lt 3)

Li
ne

ar
 c

rit
ic

al
 p

re
ss

ur
e

LBA under wind loading

LBA Fitted function 

 

Figure 8-2: Linear critical pressure with changing bending stiffness of the ring stiffener 

( 2/,500/ == rLtr ) 
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Figure 8-3: Linear critical pressure with changing bending stiffness of the ring stiffener 

( 3/,500/ == rLtr ) 
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The relationship between the linear critical buckling pressure and the bending 

stiffness coefficient of the ring stiffener for cylinders with 2/ =rL  and 3/ =rL  are 

shown in Figs 8-2 and 8-3. Based on the numerical results, equations in the form of 

Eq. 8.11 can be fitted to represent the results accurately. The required values of mink  

may then be determined according to the fitted equations and the corresponding 

asymptotic pressure. 

The linear buckling modes of cylinders with 5.0/ =rL  with different sizes of top 

ring stiffener are shown in Fig. 8-4(a). When 1.0=k , the ring stiffener is partly 

involved in the overall global circumferential buckling mode and the stiffened cross-

section has a noticeable deformation in the stagnation zone. The top cross-section 

cannot be kept circular because the bending stiffness of the ring stiffener is too low. 

With increasing values of k , the pattern of the buckling mode is unchanged, but the 

ring stiffener provides more bending stiffness to restrain the deformation of the shell. 

The stiffened boundary provides more restraint to prevent buckling and thus 

increases the buckling strength. 

If the critical buckling pressure is required to be within 5% of the asymptotic 

value, the minimum ring bending stiffness coefficient for cylinders with different 

values of rL /  is shown in Fig. 8-5. The corresponding values, if the requirements 

are related to 2% and 10% respectively, are also shown in Fig. 8-5. 

When 5.0/ =rL , which corresponds to a stocky cylinder (defined in Chapter 6), 

as Fig. 8-4(a) shows, the buckling mode is the circumferential buckling mode with 

changing values of k . The buckle extends over the whole length of the shell. The 

boundary conditions affect both the buckling mode and the buckling pressure a lot 

for short cylinders under uniform external pressure. So the critical buckling pressure 

is affected strongly by any change in k  and approaches its asymptotic value at a 

larger value of k . The minimum ring stiffness coefficient, determined as a 

percentage reduction below the asymptotic pressure, is thus larger. 
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 1.0=k   1=k   5=k  

 (a)  5.0/ =rL  

      
 1.0=k   1=k   5=k  

 (b)  1/ =rL  

      
 1.0=k   5.0=k   5=k  

 (c)  2/ =rL  

        
 1.0=k   5.0=k   5=k   50=k  

 (d)  3/ =rL  

        
 10=k   20=k   50=k   100=k  

 (e)  5/ =rL  

Figure 8-4: Linear buckling modes for stocky cylinders under wind loading with different ring 

stiffener ( 500/ =tr ) 
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Figure 8-5: Minimum bending stiffness coefficient for cylinders with different rL /  if the 

buckling pressure within 5% of the asymptotic value ( 500/ =tr ) 

When 1/ =rL , which corresponds to a medium-length cylinder, as Fig. 8-4(b) 

shows, the circumferential buckling mode is the dominant mode for any value of k . 

When k  is small ( 1.0=k ), the ring stiffener is significant involved in the global 

buckling mode and has an obvious deformation. Then with increases in the value of 

k , the deformation of the ring stiffener is effectively prevented and the buckling 

strength rises. As described in Chapter 5 for cylinders under uniform external 

pressure, the effect of the boundary conditions on the buckling behaviour of 

intermediate aspect ratio cylinders is less significant than for stocky cylinders. So a 

smaller value of mink  or 1/ =rL  than for 5.0/ =rL can achieve the required 

buckling pressure relative to the asymptotic pressure. 

When 2/ =rL  and 3/ =rL , as Fig. 8-4(c) and (d) shows, when k  is small 

( 1.0=k ), local buckling of the ring stiffener occurs. When 5.0=k , although local 

buckling of the ring stiffener is prevented, the buckling mode is not the 

circumferential buckling mode, but the shear wall buckling mode with some fold-like 

buckles up the windward meridian as described in Chapter 6. With a further increase 

of k , the buckling mode changes to the global circumferential buckling mode. The 

ring stiffener with a larger bending stiffness changes the membrane stress 
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distribution and thus the buckling mode. This change is more complex than those for 

shorter cylinders with 5.1/ ≤rL . That is why in Fig. 8-5, the value of mink  rises as 

rL / increases in the range 5.1/ >rL . 

When 5/ =rL , the situation becomes more complex. The linear buckling modes 

with changing k  are shown in Fig. 8-4(e). It can be seen that even when the value of 

k  is quite large ( 10=k ), the linear buckling mode is a local meridional buckling 

mode at the bottom of the cylinder caused by the large meridional membrane stress 

at that area. The meridional membrane stress distribution around the circumference 

at the bottom edge was discussed in Chapter 6. When a really big ring is used 

( 20=k ), the buckling mode changes to the mode which is close to circumferential 

buckling mode, but with some small fold-like buckles following the main buckle on 

the windward generator. When 20≥k , the buckling mode becomes closer to the 

circumferential buckling mode and the buckling pressure has no obvious change.  
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Figure 8-6: Linear critical buckling pressure with changing stiffness of the ring stiffener 

( 5/,500/ == rLtr ) 

The relationship between the linear bifurcation critical stagnation pressure and the 

stiffness coefficient k  of the ring stiffener for 5/ =rL  is shown in Fig. 8-6.  For 

these cylinders, once k  is large enough and circumferential global buckling occurs 

(the second picture of Fig. 8-4e), the buckling pressure has no significant change 
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with further increase of k  and larger values of k  have little beneficial effect on the 

buckling strength. That is because longer cylinders are less influenced by the top 

boundary than shorter cylinders, but the required value of mink  to form the 

circumferential global buckling mode is much larger than for shorter cylinders. 

When 5/ ≥rL , the relationship between the linear bifurcation critical stagnation 

pressure and the stiffness coefficient k  of the ring stiffener for 6/ =rL  and 7/ =rL  

are shown in Figs 8-7 and 8-8. If the ring stiffener is stiff enough, the buckling 

strength is unaffected by a further increase in k . The formulation in terms of Eq. 8-

11 is no longer suitable to fit the numerical results for these cylinders. The minimum 

values of k  using the buckling pressure criterion are not explored further here, 

because the effect of geometric nonlinearity should be considered for these cylinders. 

From Figs 8-6 to 8-8, it was found that 15min =k  is a suitable value to adopt for 

cylinders with 7/5 ≤≤ rL for all three possible buckling pressure criteria (2%, 5% 

and 10%). 
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Figure 8-7: Linear critical pressure with changing bending stiffness of the ring stiffener 

( 6/,500/ == rLtr ) 

For more slender cylinders, a local linear bifurcation buckling mode may occur at 

the bottom at the side even if the ring stiffener is rigid. The changes in the linear 
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buckling mode are more complex. However, for these cylinders, intermediate ring 

stiffeners are usually adopted in practice, which is outside the scope of this chapter. 
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Figure 8-8: Linear critical pressure with changing bending stiffness of the ring stiffener 

( 7/,500/ == rLtr ) 

 8.4.1.3 Minimum bending stiffness coefficients for thin cylinders with different 

aspect ratios 

Summarizing the results for cylinders with different values of tr /  and rL / , and 

using different buckling pressure evaluation criteria, the minimum bending stiffness 

coefficients of the ring stiffener can now be determined. 

If buckling pressure is required to be only within 10% of the asymptotic value 0q , 

the minimum bending stiffness coefficient for the ring stiffener for different values 

of tr /  and rL /  are shown in Fig. 8-9. The value of 048.0min =k  derived by 

Blackler (1986) can be used safely for short thin cylinders with 1000/ ≥tr  in the 

range 3/5.0 <≤ rL  . If 2000/ =tr , a larger range of rL /  can be covered by this 

value of mink . But if the cylinder is quite short ( 5.0/ <rL ) or the cylinder is thicker 

( 500/ ≤tr ), a larger value of mink  is needed.  

By contrast, 48.0min =k  derived by Schmidt (1998) and Greiner (2004) is suitable 

for a wider range of cylinders. However, it still underestimates the required stiffness 
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of the ring stiffener for comparatively thick and long cylinders, as Fig. 8-9 shows. 

Here the 10% criterion is adopted to evaluate the required buckling pressure. The 

buckling strength can be increased significantly by using stiffer rings. 
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Figure 8-9: Minimum bending stiffness coefficient if the buckling pressure is within 10% of the 

asymptotic value 0q  

For quite short cylinders, the required minimum bending stiffness coefficient mink  

can be quite large (Fig. 8-9). As explained before, the buckling mode and buckling 

pressure are influenced more significantly by boundary conditions for shorter 

cylinders. The ring is more easily deformed under the larger critical buckling 

pressure for short cylinder. The value of the buckling pressure rises rapidly in shorter 

cylinders. The relationship between the dimensionless asymptotic pressure refasy pp /  

and the length to radius ratio is shown in Fig. 8-10. The reference pressurerefp  is 

expressed as: 

                                         ( )( ) 56.2rtLrEpref =                                                 (8.13) 

A steady increase in the bending stiffness of the ring stiffener may significantly 

increase the buckling pressure for short cylinders, and the asymptotic pressure is thus 

reached at a higher value of k . 
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Figure 8-10: The asymptotic pressure with changing length to radius ratio L / r 

When rL / lies in the intermediate range, the required value of mink is 

comparatively stable (Fig. 8-9). The stable range is larger for thinner shells. In this 

range, the buckling mode is the global circumferential buckling mode. The buckling 

mode and buckling pressure are both influenced less by changes in rL / . 

However, for longer cylinders, the linear buckling mode is affected a lot by the 

top boundary condition. If the ring is not stiff enough, the buckling mode is the shear 

buckling mode with several fold-like buckles around the circumference (Fig. 8-4d). 

Then as the bending stiffness of the ring stiffener is increased, the buckling mode and 

buckling pressure both change. The above phenomena lead to the asymptotic 

pressure being reached at a finite but large value of k , so the value of mink that is 

needed to achieve the required buckling pressure is large.  

If the required buckling pressure is required to be within 5% of the asymptotic 

value 0q , the minimum bending stiffness coefficient for the ring stiffener mink for 

different values of  tr /  and rL /  are shown in Fig. 8-11. The detail of Fig. 8-11 in 

the range 1min ≤k  is shown in Fig. 8-12. It can be seen that 048.0min =k  from 

Blackler’s (1986) equation is now not sufficient to satisfy the stiffness requirement 

for any geometry. The value 48.0=k  from Schmidt (1998) and Greiner’s (2004) 
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proposal is still adequate for some thin shells in a limited range, but for shorter or 

longer shells, it is not adequate to satisfy the 5% stiffness criterion.  
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Figure 8-11: Minimum bending stiffness coefficient if the buckling pressure is within 5% of the 

asymptotic value 0q  
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Figure 8-12: Minimum bending stiffness coefficient if the buckling pressure is within 5% of the 

asymptotic value 0q  
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The minimum bending stiffness coefficients according to Eqs 8.7 and 8.8 in the 

European standard on silos EN 1993-4-1 (2007) are also shown in Fig. 8-11. For 

short cylinders, they satisfy the stiffness requirement of the ring stiffener. However, 

the values of mink  in EN 1993-4-1 (2007) decrease steadily with increasing rL / , 

which does not meet the needs of longer cylinders. So for long cylinders, the rule in 

EN 1993-4-1 (2007) is unsafe. Furthermore, the required value of mink  for thicker 

cylinders in EN 1993-4-1 (2007) is smaller than that for thinner cylinders, which is 

also not consistent with these numerical investigations. 
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Figure 8-13: Minimum stiffness coefficient if the error of the buckling pressure is within 2% of 

the asymptotic value 

If the required buckling pressure is required to be within 2% of the asymptotic 

value 0q , the minimum bending stiffness coefficients of the ring stiffener mink for 

different values of tr / and rL / rise further and are shown in Fig. 8-13. It can be seen 

that 48.0min =k  from Schmidt and Greiner’s proposal satisfies the stiffness 

requirement only for very thin cylinders with 2000/ =tr  over a limited range of 

rL / . The rules in EN 1993-4-1 (2007) are suitable only for some thin short 

cylinders. 
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 8.4.1.4 Conclusion 

Linear bifurcation analysis was conducted on cylinders with different values of 

tr /  and rL /  under wind pressure. The effect of the bending stiffness of the ring 

stiffener on the buckling pressure was explored. The minimum bending stiffness 

coefficient of the ring stiffener mink  was determined, depending on how close the 

critical buckling pressure is required to be to the asymptotic pressure 0q . The results 

indicate that it is difficult to give a single general rule for all cylinders with different 

geometries.   

Based on Figs 8-11 to 8-13, it is recommended that the chosen value of mink  

should lead to buckling pressures that lie within 2% to 5% of the asymptotic 

pressure. The value of mink is controlled by different geometric parameters of the 

shell. For cylinders with 1000/ >tr  in the range 2/5.0 ≤≤ rL , 48.0min =k  maybe 

recommended. For cylinders with 1000/500 ≤≤ tr  in the range 2/5.0 <≤ rL , 

1min =k  is recommended. For all cylinders with 5.0/ <rL , Eqs 8.7 and 8.8 in EN 

1993-4-1 (2007) could be adopted. For longer cylinders outside above range, the 

significant influence of geometric nonlinearity on the buckling strength should be 

considered. The effect of geometric nonlinearity is discussed next. 

 8.4.2 Geometrically nonlinear analysis (GNA) 

As described in Chapter 6, unlike cylinders under uniform external pressure, 

geometric nonlinearity plays an important role in affecting the buckling behaviour of 

cylinders under wind pressure. If effective boundary conditions are adopted, 

geometric nonlinearity only influences the buckling behaviour of intermediate aspect 

ratios cylinders as discussed in Chapter 6. However, if the bending stiffness of the 

ring stiffener is not enough, this influence becomes more complex. How geometric 

nonlinearity affects the nonlinear buckling behaviour of cylinders under wind 

pressure as the bending stiffness of the ring stiffener changes is discussed next. 

The relationship between the linear and nonlinear critical buckling pressures and 

the bending stiffness coefficient of the ring stiffener for cylinders with 3/ =rL  is 
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shown in Fig. 8-14. The nonlinear buckling modes with changing ring stiffness 

coefficient k  are shown in Fig. 8-15.  
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Figure 8-14: Linear and nonlinear critical buckling pressures with changing ring stiffener 

bending stiffness ( 3/,500/ == rLtr ) 

                   
 (a) 1.0=k   (b) 5=k   (c) 20≥k  

Figure 8-15: Nonlinear buckling modes with changing stiffness coefficient of the ring stiffener 

( 3/,500/ == rLtr ) 

It was found that when k  is small ( 1.0=k ), both the linear buckling mode (Fig. 

8-4d) and the nonlinear buckling mode (Fig. 8-15a) are local ring buckling modes. 

The nonlinear critical pressure is 30% smaller than the linear critical pressure. This 

effect is caused by the pre-buckling ovalization of the ring stiffened cross-section. 

This situation should be avoided when designing cylindrical shell structures. 

With increasing values of k , the linear buckling mode changes to the global 

buckling mode of the shell wall and the linear critical pressure increases smoothly 
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and continuously. However, when geometric nonlinearity is included, the buckling 

behaviour is more complex. The nonlinear buckling mode first changes to a local 

buckling mode with a long meridional buckle in the upper half of the shell when k  

has a fairly large value (Fig. 8-15b when 5=k ), while the corresponding linear 

buckling mode is the circumferential global buckling mode (Fig. 8-4d). In this 

situation, geometric nonlinearity has a significant influence, causing a considerable 

reduction in the buckling pressure (Fig. 8-14). 

When 20≥k , the nonlinear buckling mode becomes the circumferential buckling 

mode of the cylindrical wall, which is similar to the linear buckling mode. The 

nonlinear critical pressure reaches a stable value and has no significant change with 

further increase of k . In this range, the ring stiffener can provide an effective 

restraint to limit the pre-buckling deformations, and the value of the nonlinear critical 

pressure is close to the linear critical pressure. This is because the linear and 

nonlinear buckling modes are then similar. Geometric nonlinearity causes a small 

reduction in the asymptotic buckling pressure, as shown in Fig. 8-14. 

The results indicate that the nonlinear buckling behaviour of cylinders under wind 

pressure is more complex than the linear buckling behaviour when the stiffness of the 

ring stiffener changes. Different nonlinear buckling modes may occur as the bending 

stiffness of the ring stiffener is changed. The GNA curve in Fig. 8-14 thus displays a 

more complicated form as k changes. It is difficult to find a single asymptotic 

function that can be fitted to the entire curve. However, it was found that 

when 20≥k , a larger value of k  has little beneficial effect to improve the buckling 

pressure, so 20=k  might be chosen as the minimum stiffness coefficient that 

satisfies the required buckling pressure criterion for all three values of the proximity 

(2%, 5% and 10%). 

The relationship between the linear and the nonlinear critical buckling pressures 

and the bending stiffness coefficient of the ring stiffener for cylinders with 

500/ =tr  and 5/ =rL  is shown in Fig. 8-16, which shows a similar characteristic 

to that for 3/ =rL . When 5=k , the local buckling mode in the upper half of the 

shell occurs, and the buckling pressure has a rapid increase with a small increase in 
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k . When k  is large enough, the circumferential buckling mode occurs and the 

buckling pressure reaches a plateau and has no significant change with further 

increase of k . The value 28=k  might be chosen as the minimum stiffness 

coefficient that satisfies all three possible buckling pressure criteria (2%, 5% and 

10%). 
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Figure 8-16: Linear and nonlinear critical buckling pressures with changing bending stiffness of 

the ring stiffener ( 5/,500/ == rLtr ) 

For cylinders with 500/ =tr  and 7/ =rL , the situation is different again. The 

relationship between both the linear and the nonlinear critical buckling pressures and 

the bending stiffness coefficient k  is shown in Fig. 8-17. As the GNA results in 

Chapter 6 showed, for medium-length cylinders, the nonlinear buckling mode is the 

local buckling mode in the upper half of the shell even if the ring stiffener is quite 

stiff. Due to this nonlinear buckling characteristic, the GNA curve in Fig. 8-17 

increases smoothly with an increasing value of k . An equation in the form of Eq. 

8.11 can again be found to fit the numerical results and the previous buckling 

pressure criterion can be applied to find minimum stiffness coefficient. However, the 

resulting value of mink may be very large (>20), which is not practical. 
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Figure 8-17: Linear and nonlinear critical buckling pressures with changing bending stiffness of 

the ring stiffener ( 7/,500/ == rLtr ) 
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Figure 8-18: The relationship between the dimensionless critical load LBAcrGNAcr qq ,, /  and rL /  

using different ring stiffener ( )500/ =rL  

The relationship between the dimensionless critical load LBAcrGNAcr qq ,, /  and rL /  

for different values of the stiffness coefficient k  is shown in Fig. 8-18. Table 8-1 

shows the linear and nonlinear buckling modes for cylinders under wind loading with 

different stiffness coefficient k . It can be seen that for cylinders with different values 

of rL /  andk , the relationship between the linear and the nonlinear buckling 
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behaviour is different, which arises from the complex buckling behaviour of 

cylinders under asymmetric wind pressure.  

Table 8-1: Linear and nonlinear buckling modes for cylinders under wind pressure 
with different ring stiffness coefficient k ( 500/ =tr ) 

 rL /   Stiffness coefficient k  
 Linear buckling 

modes 
 Nonlinear 

Buckling modes 
 5  CBM  CBM 
 20  CBM  CBM 
 50  CBM  CBM 

 2 

 100  CBM  CBM 
 5  SBM  LBMU 
 20  CBM  CBM 
 50  CBM  CBM 

 3 

 100  CBM  CBM 
 5  LBMB  LBMU 
 20  SBM  LBMU 
 50  CBM  CBM 

 5 

 100  CBM  CBM 
 5  LBMB  LBMU 
 20  SBM  LBMU 
 50  CBM  LBMU 

 6 

 100  CBM  CBM 
 1  LBMB  LBMU 
 5  LBMB  LBMU 
 20  SBM  LBMU 
 50  CBM  LBMU 

 7 

 100  CBM  LBMU 
 CBM-Circumferential buckling mode; 
 SBM-Shear buckling mode; 
 LBMB-Local buckling mode at the bottom of leeward meridian; 
 LBMU-Local buckling mode at the upper half of the shell. 

For cylinders in the range 2/ >rL , geometric nonlinearity clearly influences the 

buckling behaviour significantly, depending on the bending stiffness of the ring 

stiffener. To reduce the effect of geometric nonlinearity on the buckling strength, a 

very large ring bending stiffness is required, but it is not practical to adopt ring 

stiffeners with disproportionate geometries. So a balance is needed between the 

geometry of the ring stiffener and the buckling pressure to be achieved with this ring 

stiffener. Examining the results of Figs 8-14 to 8-18, a balanced recommendation 

might be that 20min =k  as a single approximate value for these geometries.  
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 8.5 Conclusion 

Most shell buckling strength predictions and design rules assume single boundary 

conditions. The boundary condition at the top of a cylindrical silo or tank can only be 

kept circular by using a stiff ring. The minimum stiffness of the ring to achieve the 

assumed boundary condition has been studied.  

Due to the complexity of the buckling behaviour, it is not easy to give a simple 

conclusion for this problem. LBA and GNA analyses were conducted separately. A 

new criterion was proposed to produce rings that allow the buckling pressure to 

approach the ideal value. The following rules were proposed on the basis of the 

results: 

For cylinders with 1000/ >tr  and 2/5.0 ≤≤ rL , 48.0min =k is recommended. 

For cylinders with 1000/500 ≤≤ tr  and 2/5.0 ≤≤ rL , 1min =k  is recommended. For 

all cylinders with 5.0/ <rL , Eqs 8.7 and 8.8 in EN 1993-4-1 (2007) could be 

adopted. For cylinders with 500/ ≥tr  and 2/ >rL , a large value 20min =k  is 

recommended due to the significant influence of geometric nonlinearity. 
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Chapter 9 Summary and Conclusions 

 9.1 Summary 

Cylindrical shell structures are widely used in many fields. The strength of a shell 

structure is often controlled by buckling failure. The loading conditions for these 

shells are quite varied depending on the function of the shell. This thesis presented 

the buckling analysis of cylindrical shell structures under several different loading 

conditions.  

Different shell buckling problems were investigated to give a comprehensive 

understanding of the shell buckling phenomenon. The historical and current 

developments for shell buckling research were generalized. The imperfection-

sensitivity study of thin cylindrical shells, the elastic-plastic behaviour of thicker 

shells and the contents of shell buckling in EN 1993-1-6 (2007) were all reviewed.  

Though the buckling of cylinders under axial compression is one of the most 

popular topics in shell buckling analysis, it is not the main theme in this thesis. For 

the axial compression buckling problem, current research and developments were 

discussed and outlined briefly. The buckling analyses of an imperfect elastic 

cylindrical shell with an imperfection in terms of either the perfect shell buckling 

eigenmode or a weld Type A depression were conducted using the finite element 

software ABAQUS. The results show the high sensitivity of the elastic buckling 

strength of a thin-walled cylindrical shell to initial imperfections, which corresponds 

to the well known conclusions in many publications and books. The results also 

indicate the effectiveness and accuracy of ABAQUS in performing nonlinear shell 

buckling analysis.  

Due to the complexity and expense of the detailed careful experiments needed in 

this filed and the complexity of the theoretical algebraic analysis, most results in this 

thesis are based on numerical results derived from the powerful nonlinear finite 

element software ABAQUS. However, both engineers and researchers should 

understand the mechanical behaviour of the structure well for every buckling 
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problem, so the important aspects of the finite element analysis, such as the mesh, the 

elements, the boundary conditions and the analysis method are well understood and 

correctly applied to obtain accurate and reliable results for engineering design.  

This thesis presented a series of related studies, including cylindrical shells under 

global bending, uniform external pressure and wind loading. These dealt with topics 

which overlap but which are commonly seen as distinct.  

The final target was the behaviour of stepped-wall cylinders under wind loading, 

but this complex problem involves many separate aspects, each of which is worthy of 

a careful separate study. 

Unsymmetrical loads lead to global bending, so a major study of elastic imperfect 

elastic-plastic cylinders with a wide range of thicknesses was thoroughly explored. 

Wind pressure produces external pressure conditions, so an extended study of 

externally pressurised cylinders of different lengths and thicknesses with different 

boundary conditions was undertaken. The effect of stepped walls on the buckling 

behaviour of cylinders under uniform external pressure was then extensively 

explored. Finally, both uniform and stepped wall cylinders under wind loading were 

related to the other studies. To complete the group, the requirements for an eaves 

ring stiffener under wind loading were extensively investigated. 

All of these studies considered linear and nonlinear behaviour and imperfection 

sensitivity where appropriate. All these investigations involved comprehensive 

parametric studies that explore the full complexity of the behaviour and all led to 

new design recommendations suitable for inclusion in the European Standard EN 

1993-1-6 (2007) on shell structures and in the European Recommendations of the 

ECCS.  
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 9.2 Conclusions  

 9.2.1 Cylindrical shells under global bending 

  9.2.1.1 Buckling behavior of elastic cylindrical shells  

Global bending is one of the common loading conditions in structural 

applications, such as chimneys, wind generation towers, tubular piles and tall silos. 

The nonlinear stability analysis of cylindrical shells under global bending with 

different aspect ratios was performed in Chapter 3. The buckling behaviour has the 

following characteristics: 

• For short cylinders (except extremely short cylinders), local bifurcation 

buckling at the middle most compressed side of the shell occurs. There is 

little ovalization and the critical bending moment from GNA is close to the 

elastic critical reference momentcrM . For extremely short cylinders, local 

snap-through buckling near the boundaries occurs due to the restraint of the 

boundary conditions, the critical bending moment may be several times 

larger than the elastic critical momentcrM . 

• For medium-length cylinders, a combination of ovalization instability and 

bifurcation instability occurs. The influence of ovalization of the cross-

section should be emphasized because it may lead to a considerable 

reduction to the elastic critical moment. Longer cylinders display more 

obvious ovalization in the pre-buckling stage, leading to more significant 

reductions in the critical moment. 

• For long cylinders, bifurcation buckling appears just before the snap-

through buckling point and the two points are almost indistinguishable. The 

critical bending moment is approximately equal to the Brazier moment, 

when full ovalization of the cross-section develops.  

• Geometric imperfections cause a considerable strength reduction for long 

elastic cylinders under global bending. Bifurcation buckling occurs at a 

reduced critical moment, leading to an alleviation of the ovalization of the 
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cross-section. The imperfection sensitivity study for medium-length 

cylinders with no obvious ovalization of the cross-section was investigated 

in Chapter 4. 

It should be noted that for thick and short cylinders, plasticity might be involved 

in the buckling behaviour due to the high local bending stress concentration, which 

was discussed in Chapter 4. 

  9.2.1.2 Buckling behavior of medium-length cylindrical shells in the elastic-

plastic range 

For medium-length cylinders under global bending, plasticity may influence the 

failure behaviour. Either elastic-plastic buckling or yield failure may occur, 

depending on the specific geometry. Geometrically and materially nonlinear analyses 

were performed on thin cylindrical shells of moderate length under either pure global 

bending or combined axial compression and global bending in Chapter 4. Rotter and 

Teng's (1989) axi-symmetric Type A weld imperfection was adopted throughout this 

study. The following conclusions were obtained: 

• The results of an imperfection-sensitivity study of cylindrical shells of 

moderate length under global bending in the elastic-plastic range indicate 

that elastic bifurcation buckling occurs in thin cylinders and plastic yield 

occurs in thick cylinders. For cylinders of moderate radius to thickness ratio, 

elastic-plastic bifurcation buckling occurs. The generalised capacity curves 

of EN 1993-1-6 (2007) were exploited to describe these different buckling 

behaviours. The capacity curves describe the relationship between the 

buckling strength and the relative slenderness. The buckling parameters: 

such as the elastic imperfection sensitivity factor α , plastic range factor 

β   and interaction exponentη ,  were extracted with precision and are able 

to describe the capacity curves accurately. 

• Two different material hardening models were studied to investigate the 

influence of material hardening on the buckling behaviour. By comparing 

the results for the three different material models, it can be concluded that 
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for very thin cylinders with 500/ ≥tr , elastic bifurcation buckling occurs 

and plasticity has no influence on the buckling strength. For thicker 

cylinders with failure dominated by the plastic yield or elastic-plastic 

buckling, plasticity affects the buckling strength depending on the specific 

value of tr / . Strain hardening may increase the collapse moment for thick 

shells depending on how the strain hardening material behaviour is defined 

in the stress-strain curve. For cylinders with 200/ >tr , the influence of any 

strain hardening on the collapse load is very small, irrespective of the 

hardening model.       

• For cylindrical shells under combined global bending and axial compression 

in the elastic-plastic range, two different buckling modes may occur: “snap-

through” or bifurcation buckling. Which one occurs depends on the specific 

geometry and loading condition. Interaction curves for axial compression 

and global bending were derived. The best fit interaction expressions 

derived from this study can be used to describe the interaction curves with 

much accuracy. 

 9.2.2 Cylindrical shells under uniform external pressure 

Uniform cylindrical shells under uniform external pressure have been well studied 

by many researchers. The critical buckling stresses for short, medium-length and 

long cylinders are well defined in EN 1993-1-6 (2007). However, the external 

pressure buckling factor sCθ  for short cylinders takes no account of the meridional 

rotational restraint at boundaries. The results of Chapter 5 indicate that restraint of 

meridional end rotation increases the buckling strength, so new expressions of sCθ  

that consider the meridional end rotation with the assumption of membrane pre-

buckling stress were obtained for different boundary conditions. 

In another aspect, the classical solutions are based on the assumption of a 

membrane pre-buckling stress state which is satisfactory for medium-long and long 

cylinders but not accurate for short cylinders. This assumption requires no restraint at 

the boundaries against displacements normal to the shell surface in the pre-buckling 
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stage, which is not practical for short cylinders. The results indicate that pre-buckling 

bending deformations have a significant influence on the buckling strength for very 

short cylinders, while for cylinders with 5>ω , this effect is negligible. 

 9.2.3 Cylindrical shells of uniform thickness under wind pressure 

The buckling behaviour of cylindrical shells under asymmetric wind pressure is 

quite complex. Cylinders with different aspect ratios may display totally different 

buckling behaviours. For cylinders under uniform external pressure, geometric 

nonlinearity has little effect on the buckling behaviour due to the small pre-buckling 

deformation, while the pre-buckling deformations may be large for cylinders under 

wind pressure and thence influence the buckling behaviour significantly. The linear 

buckling mode and the nonlinear buckling mode may be quite different. Linear 

bifurcation analysis (LBA) and geometrically nonlinear analysis (GNA) were 

performed in Chapter 6 to investigate the buckling behaviour of shells with different 

geometries comprehensively. The influence of material nonlinearity and imperfection 

sensitivity was also explored. The analyses focused on practical geometries used for 

silos and tanks. The results are summarized as follows: 

• The results of LBA indicated that for stocky cylinders, the linear buckling 

modes are the circumferential buckling mode which is similar to cylinders 

under uniform external pressure. For intermediate long cylinders, it changes 

to a global buckling mode with a main buckle on the windward meridian 

caused by the combination of circumferential compressive stress and axial 

compressive stress, and then this global shear buckling mode changes to a 

local buckling mode at the bottom of the shell as the shell becomes more 

slender. 

• For short cylinders with 4.0)/)(/( 2/1 ≤=Ω rtrL , the linear bifurcation 

critical buckling pressures of cylinders under uniform external pressure and 

wind pressure can be expressed in terms of the dimensionless length 

parameter Ω  as 13.0
,, 90.1 Ω=LBAuLBAw qq . By using this equation and the 

general buckling resistance equations for cylinders under uniform external 
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pressure in EN 1993-1-6 (2007), the critical buckling pressure for cylinders 

under wind loading can be calculated accurately and directly. 

• For short cylinders, geometric nonlinearity has little effect on the buckling 

mode and buckling strength. However, for intermediate long cylinders, 

geometric nonlinearity may play a significant role in affecting the buckling 

behaviour. Ovalization of the cross-section leads to a reduction in the 

buckling resistance under axial compressive stresses causing either snap-

through buckling or local meridional short wavelength bifurcation buckles. 

The nonlinear critical buckling pressure can also be related to the general 

buckling resistance equations for cylinders under uniform external pressure 

in EN 1993-1-6 (2007). 

• Material plasticity only affects the buckling behaviour of thick cylinders. 

For thin cylinders with 500/ ≥tr , it has no effect on the buckling mode and 

buckling strength at all.  

• Imperfection sensitivity is a complex problem for cylinders under wind 

loading, because the nonlinear buckling mode is very variable for cylinders 

of different aspect ratios. The failure mode may change greatly with a 

change in the geometric parameters. The imperfection sensitivity depends 

on the failure mode. For stocky cylinders, the nonlinear buckling mode is 

the circumferential compressive buckling mode, which is similar to the 

linear buckling mode, so the shell responds most sensitively to both the 

eigenmode imperfection and the nonlinear buckling mode imperfection. For 

intermediate aspect ratio cylinders, the nonlinear buckling mode is different 

from the linear buckling mode, so these cylinders respond most sensitively 

to the imperfections in the form of the nonlinear buckling mode. However, 

it is difficult to find an imperfection form that is both practical and 

detrimental. 
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 9.2.4 Cylindrical shells of stepwise varying thickness under external 

pressure 

For cylindrical shells of stepwise varying thickness under either uniform external 

pressure or asymptotic pressure, the method in DIN 18800 (1990) and EN 1993-1-6 

(2007) is rather awkward for the practical design of silos and tanks. In Chapter 7, a 

new “weighted smeared wall method”, which is based on an idea proposed by 

Trahair et al. (1983) for stepped wall cylinders under external pressure, was 

introduced. It has produced a new design method that can give accurate results for a 

wide range of shell structures and is much easier to use than that in DIN 18800 

(1990), EN 1993-1-6 (2007) or ECCS EDR5 (2008). The following conclusions were 

obtained: 

• The weighted smeared wall method can accurately determine both the 

critical buckling mode and the buckling pressure.  

• Three categories of buckling mode have been identified: whole wall 

buckling, mixed thickness buckling, and top thinnest zone buckling.  Which 

one is critical depends on the specific wall thickness distribution.  

• A new design method has been presented and verified over a huge number 

of designs.  It gives accurate results for a very wide range of shell walls and 

is much easier to use than that of Greiner (1981). The direct predictions can 

be enhanced by minor modifications that account for adjacent restraint 

effects.  

• For stepped wall cylinders under wind loading leading to the circumferential 

buckling mode, the relationship of the critical buckling pressure for stocky 

cylinders of uniform thickness under uniform external pressure and wind 

loading is still applicable. The weighted smeared wall method can be used 

to evaluate the critical buckling pressure. 
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 9.2.5 Requirement of the minimum bending stiffness of the ring stiffener 

for cylindrical shells under wind pressure  

A ring stiffener is usually used at the tope edge eaves junction of tanks and silos 

to provide the top boundary. In practical design, the stiffness of this ring stiffener 

should be designed against local buckling in the ring stiffener, and the ring stiffener 

also needs to keep the circularity of the top edge when global shell wall buckling 

occurs. The requirement of the minimum bending stiffness of the ring stiffener for 

cylindrical shells under wind pressure was investigated in Chapter 8. Cylindrical 

shells with different aspect ratios were studied. The influence of the bending stiffness 

of the ring stiffener on the buckling behaviour of each cylinder was investigated. 

Both linear bifurcation analysis (LBA) and geometrically nonlinear analysis (GNA) 

were performed and presented separately. A new criterion is recommended to 

determine the minimum stiffness that should be used in design as follows: 

• For cylinders with 1000/ >tr  and 2/5.0 ≤≤ rL , 3
min, 48.0 tI r l=∗ is 

recommended. For cylinders with 1000/500 ≤≤ tr  and 2/5.0 ≤≤ rL , 

3
min, tI r l=∗  is recommended. For all cylinders with 5.0/ <rL , the rule in 

EN 1993-4-1 (2007) could be adopted.  

• For cylinders with 500/ ≥tr  and 2/ >rL , a large value 3
min, 20 tI r l=∗  is 

recommended due to the significant influence of geometric nonlinearity. 

 9.3 Future research 

This thesis has presented a comprehensive study of the buckling behaviour of 

cylindrical shells under different loading conditions. Many practical problems were 

explored. Different buckling behaviours were investigated. Due to the complex 

mechanical behaviour of shell structures, many shell buckling problems are usually 

difficult to understand completely, and some questions need to be answered apart 

from those discussed in this thesis. 

For cylindrical shells under global bending, the full plastic moment defined 

according to small displacement theory was adopted as the plastic reference 
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resistance throughout the study. However, due to the complex bending and stretching 

behaviour of the shell in bending, this definition seems to cause some unexpected 

problems which are represented in the capacity curves as described in Chapter 4. So 

a better definition of the plastic reference resistance should be found to improve the 

capacity curves. 

Buckling analysis for cylindrical shells under wind pressure is a complex 

problem. Many aspects of the buckling behaviour are still not understood completely 

yet. For cylinders under symmetric loading conditions, such as uniform axial 

compression and uniform external pressure, EN 1993-1-6 (2007) has clear definitions 

of the buckling stress as well as the buckling parameters. These definitions are based 

on extensive researches and well understood. By contrast, for cylindrical shells under 

wind loading, the information in EN 1993-1-6 (2007) is inadequate. There are many 

aspects that are not even mentioned in either EN 1993-1-6 (2007) or ECCS EDR5 

(2008). Based on the study in Chapter 6, the following aspects need to be explored or 

improved in future research: 

• For high aspect ratio cylinders where the geometric parameters are beyond 

the range of Chapter 6, the linear buckling behaviour and the nonlinear 

buckling behaviour need to be studied. The buckling behaviour of slender 

cylinders has been shown to be different from stocky and intermediate 

aspect ratio cylinders (Schneider, 2001).  

• Imperfection sensitivity plays an important role in shell buckling analysis. 

However, due to the complexity of the buckling behaviour of cylinders 

under wind pressure, it is difficult to find an appropriate imperfection form 

for common use. Cylinders with different geometries may display different 

buckling behaviour and thus respond most sensitively to different 

imperfection forms. So it is not simple to define a practical and worst 

imperfection form for a cylinder under wind loading. 

• To study the imperfection-sensitivity of cylindrical shells under dynamic 

loads such as periodic load or earthquake loads in the elastic-plastic range.   
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As to the cylindrical shells of stepwise varying wall thickness under either 

uniform external pressure or wind loading, the weighted smeared wall method was 

introduced to predict the buckling mode and the buckling strength. However, there 

are also some problems in this method. The weighted smeared wall method is based 

on the assumption that the boundaries of the buckle are simply-supported, the shape 

of the buckle is in the form of a half sine wave vertically, and the restraining effect of 

the strakes below the buckle is neglected. This assumption results in the calculated 

results that always have slight difference from the accurate results. Though accurate 

prediction has been achieved by empirical equations, a good approach considering 

the influence of the restraint below the buckle may be found to improve the weighted 

smeared wall method. 
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Appendix - ABAQUS Input Program for cylindrical she lls of 

stepped wall cylinders under uniform external press ure 

The following input programme shows an example of LBA analysis for Model 1 

(as can be seen in Chapter 7) under uniform external pressure with case factor k=1. 

For cylinders under global bending and wind pressure, the input files are generated 

by ABAQUS CAE and are so large that are impossible to be shown here, but the 

author is happy to communicate with anyone who is interested in them. 

************************ 

*HEADING 

Elastic stepped wall thickness cylinders under uniform external pressure 

(L / r=8.1, r / t(min)=2000, case factor k=1)  

********  

*NODE,SYSTEM=C 

 1,2001.425,0,0 

 401,2001.425,180,0 

4011,2001.425,0,1800 

4411,2001.425,180,1800 

 

4412,2001.2625,0,1800 

4812,2001.2625,180,1800 

8422,2001.2625,0,3600 

8822,2001.2625,180,3600 

 

8823,2001.1,0,3600 

9223,2001.1,180,3600 

12833,2001.1,0,5400 

13233,2001.1,180,5400 

 

13234,2000.9375,0,5400 
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13634,2000.9375,180,5400 

21254,2000.9375,0,7200 

21654,2000.9375,180,7200 

 

21655,2000.775,0,7200 

22055,2000.775,180,7200 

29675,2000.775,0,9000 

30075,2000.775,180,9000 

 

30076,2000.625,0,9000 

30476,2000.625,180,9000 

38096,2000.625,0,10800 

38496,2000.625,180,10800 

 

38497,2000.5625,0,10800 

38897,2000.5625,180,10800 

42507,2000.5625,0,12600 

42907,2000.5625,180,12600 

 

42908,2000.5,0,12600 

43308,2000.5,180,12600 

46918,2000.5,0,14400 

47318,2000.5,180,14400 

 

47319,2000.5,0,14400 

47719,2000.5,180,14400 

51329,2000.5,0,16187.19566 

51729,2000.5,180,16187.19566 

 

51730,2000.5,0,16200 

52130,2000.5,180,16200 
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100001,2001,0,16187.19566 

100401,2001,180,16187.19566 

100402,2064.52172,0,16187.19566 

100802,2064.52172,180,16187.19566 

100803,2001,0,16200 

101203,2001,180,16200 

101204,2064.52172,0,16200 

101604,2064.52172,180,16200 

*** 

** GENERATE  POINTS WHERE THE PLATE THICKNESS CHANGES 

*NGEN,LINE=C,NSET=BOTTOM,SYSTEM=C 

 1,401,1, ,0.,0.,0.,0,0,1.0 

*NGEN,LINE=C,NSET=top,SYSTEM=C 

 51730,52130,1, ,0.,0.,16200.,0,0,1.0 

*NGEN,LINE=C,NSET=MID1,SYSTEM=C 

 4011,4411,1, ,0.,0.,1800.,0,0,1.0 

*NGEN,LINE=C,NSET=MID2,SYSTEM=C 

 4412,4812,1, ,0.,0.,1800.,0,0,1.0 

*NGEN,LINE=C,NSET=MID3,SYSTEM=C 

 8422,8822,1, ,0.,0.,3600.,0,0,1.0 

*NGEN,LINE=C,NSET=MID4,SYSTEM=C 

 8823,9223,1, ,0.,0.,3600.,0,0,1.0 

*NGEN,LINE=C,NSET=MID5,SYSTEM=C 

 12833,13233,1, ,0.,0.,5400.,0,0,1.0 

*NGEN,LINE=C,NSET=MID6,SYSTEM=C 

 13234,13634,1, ,0.,0.,5400.,0,0,1.0 

*NGEN,LINE=C,NSET=MID7,SYSTEM=C 

 21254,21654,1, ,0.,0.,7200.,0,0,1.0 

*NGEN,LINE=C,NSET=MID8,SYSTEM=C 

 21655,22055,1, ,0.,0.,7200.,0,0,1.0 

*NGEN,LINE=C,NSET=MID9,SYSTEM=C 

 29675,30075,1, ,0.,0.,9000.,0,0,1.0 
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*NGEN,LINE=C,NSET=MID10,SYSTEM=C 

 30076,30476,1, ,0.,0.,9000.,0,0,1.0 

*NGEN,LINE=C,NSET=MID11,SYSTEM=C 

 38096,38496,1, ,0.,0.,10800.,0,0,1.0 

*NGEN,LINE=C,NSET=MID12,SYSTEM=C 

 38497,38897,1, ,0.,0.,10800.,0,0,1.0 

*NGEN,LINE=C,NSET=MID13,SYSTEM=C 

 42507,42907,1, ,0.,0.,12600.,0,0,1.0 

*NGEN,LINE=C,NSET=MID14,SYSTEM=C 

 42908,43308,1, ,0.,0.,12600.,0,0,1.0 

*NGEN,LINE=C,NSET=MID15,SYSTEM=C 

 46918,47318,1, ,0.,0.,14400.,0,0,1.0 

*NGEN,LINE=C,NSET=MID16,SYSTEM=C 

 47319,47719,1, ,0.,0.,14400.,0,0,1.0 

*NGEN,LINE=C,NSET=MID17,SYSTEM=C 

 51329,51729,1, ,0.,0.,16187.19566,0,0,1.0 

***************************************** 

** GENERATE  POINTS WHERE THE PLATE THICKNESS CHANGES 

*NGEN,NSET=r1,SYSTEM=C 

 1,4011,401 

*NGEN,NSET=r2,SYSTEM=C 

 4412,8422,401 

*NGEN,NSET=r3,SYSTEM=C 

 8823,12833,401 

*NGEN,NSET=r4,SYSTEM=C 

 13234,21254,401 

*NGEN,NSET=r5,SYSTEM=C 

 21655,29675,401 

*NGEN,NSET=r6,SYSTEM=C 

 30076,38096,401 

*NGEN,NSET=r7,SYSTEM=C 

 38497,42507,401 



 

308 

*NGEN,NSET=r8,SYSTEM=C 

 42908,46918,401 

*NGEN,NSET=r9,SYSTEM=C 

 47319,51329,401 

*NGEN,LINE=C,NSET=ring1,SYSTEM=C 

100001,100401,1, ,0.,0,16187.19566,0.,0,1.0 

*NGEN,LINE=C,NSET=ring2,SYSTEM=C 

100402,100802,1, ,0.,0,16187.19566,0.,0,1.0 

*NGEN,LINE=C,NSET=ring3,SYSTEM=C 

100803,101203,1, ,0.,0,16200,0.,0,1.0 

*NGEN,LINE=C,NSET=ring4,SYSTEM=C 

101204,101604,1, ,0.,0,16200,0.,0,1.0 

*nset,nset=bnd1,GENERATE 

1,51730,401 

*NGEN,NSET=L1,SYSTEM=C 

 401,4411,401 

*NGEN,NSET=L2,SYSTEM=C 

 4812,8822,401 

*NGEN,NSET=L3,SYSTEM=C 

 9223,13233,401 

*NGEN,NSET=L4,SYSTEM=C 

 13634,21654,401 

*NGEN,NSET=L5,SYSTEM=C 

 22055,30075,401 

*NGEN,NSET=L6,SYSTEM=C 

 30476,38496,401 

*NGEN,NSET=L7,SYSTEM=C 

 38897,42907,401 

*NGEN,NSET=L8,SYSTEM=C 

 43308,47318,401 

*NGEN,NSET=L9,SYSTEM=C 

 47719,51729,401 
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*nset,nset=bnd2,GENERATE 

401,52130,401 

*NSET,NSET=BRING1,GENERATE 

100001,101204,401 

*NSET,NSET=BRING2,GENERATE 

100401,101604,401 

****** 

*Nfill,NSET=REST1 

bottom,MID1,10,401 

*Nfill,NSET=REST2 

MID2,MID3,10,401 

*Nfill,NSET=REST3 

MID4,MID5,10,401 

*Nfill,NSET=REST4 

MID6,MID7,20,401 

*Nfill,NSET=REST5 

MID8,MID9,20,401 

*Nfill,NSET=REST6 

MID10,MID11,20,401 

*Nfill,NSET=REST7 

MID12,MID13,10,401 

*Nfill,NSET=REST8 

MID14,MID15,10,401 

*Nfill,NSET=REST9 

MID16,MID17,10,401 

*NSET,NSET=ALL 

BND1,BND2,BOTTOM,TOP,REST1,REST2,REST3,REST4,REST5,REST6,REST

7,REST8,REST9 

****** 

*ELEMENT,TYPE=S4 

 1, 1,402,403,2 

*ELGEN,ELSET=EBOTTOM 
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 1, 400,1,1, 10,401,400 

*ELEMENT,TYPE=S4 

4001, 4412,4813,4814,4413 

*ELGEN,ELSET=Et1 

4001, 400,1,1, 10,401,400 

*ELEMENT,TYPE=S4 

8001, 8823,9224,9225,8824 

*ELGEN,ELSET=Et2 

 8001, 400,1,1, 10,401,400 

*ELEMENT,TYPE=S4 

12001, 13234,13635,13636,13235 

*ELGEN,ELSET=Et3 

 12001, 400,1,1, 20,401,400 

*ELEMENT,TYPE=S4 

20001, 21655,22056,22057,21656 

*ELGEN,ELSET=Et4 

 20001, 400,1,1, 20,401,400 

*ELEMENT,TYPE=S4 

28001, 30076,30477,30478,30077 

*ELGEN,ELSET=Et5 

 28001, 400,1,1, 20,401,400 

*ELEMENT,TYPE=S4 

36001, 38497,38898,38899,38498 

*ELGEN,ELSET=Et6 

36001, 400,1,1, 10,401,400 

*ELEMENT,TYPE=S4 

40001, 42908,43309,43310,42909 

*ELGEN,ELSET=Et7 

 40001, 400,1,1, 10,401,400 

*ELEMENT,TYPE=S4 

44001, 47319,47720,47721,47320 

*ELGEN,ELSET=Et8 
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 44001, 400,1,1, 10,401,400 

*ELEMENT,TYPE=S4 

48001, 51329,51730,51731,51330 

*ELGEN,ELSET=Etop 

 48001, 400,1,1, 1,401,400 

*ELEMENT,TYPE=C3D8 

 300000, 100001,100402,100403,100002,100803,101204,101205,100804 

*ELGEN,ELSET=Ering 

 300000, 400,1,1,  

** 

*SHELL SECTION,ELSET=Ebottom,MATERIAL=MAT 

 2.85,13 

*SHELL SECTION,ELSET=Et1,MATERIAL=MAT 

 2.525,13  

*SHELL SECTION,ELSET=Et2,MATERIAL=MAT 

 2.2,13  

*SHELL SECTION,ELSET=Et3,MATERIAL=MAT 

 1.875,13  

*SHELL SECTION,ELSET=Et4,MATERIAL=MAT 

1.55,13  

*SHELL SECTION,ELSET=Et5,MATERIAL=MAT 

 1.25,13  

*SHELL SECTION,ELSET=Et6,MATERIAL=MAT 

 1.125,13  

*SHELL SECTION,ELSET=Et7,MATERIAL=MAT 

 1.0,13  

*SHELL SECTION,ELSET=Et8,MATERIAL=MAT 

 1.0,13  

*SHELL SECTION,ELSET=EtOP,MATERIAL=MAT 

 1.0,13  

*SOLID SECTION,MATERIAL=MATRING,ELSET=RING 

*MATERIAL,NAME=MAT 
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*ELASTIC 

 2.0E5,0.3 

*MATERIAL,NAME=MATring 

*ELASTIC 

 2.0E5,0.3 

*DENSITY 

   7.85e-006 

*ElSET, elset=EALL1, generate 

1,48000, 1 

*Surface, type=ELEMENT, name=EALLS 

EALL1, SNEG 

*ElSET, elset=TOPSUR1, generate 

48001,48400,1 

*ElSET, elset=ring, generate 

300000,300399, 1 

*Surface, type=ELEMENT, name=RINGSUR 

RING, S6 

*Surface, type=ELEMENT, name=LRING 

RING, S4 

*Surface, type=ELEMENT, name=TOPOUT 

TOPSUR1, SNEG 

*TIE,NAME=TIE1 

RINGSUR,TOPOUT 

** 

*MPC 

beam,mid2,mid1 

beam,mid4,mid3 

beam,mid6,mid5 

beam,mid8,mid7 

beam,mid10,mid9 

beam,mid12,mid11 

beam,mid14,mid13 
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beam,mid16,mid15 

** 

** 

*BOUNDARY 

BND1,2 

BND1,4 

BND1,6 

BND2,2 

BND2,4 

BND2,6 

BRING1,2 

BRING1,4 

BRING1,6 

BRING2,2 

BRING2,4 

BRING2,6 

*Transform,nset=bottom,type=c 

0,0,0,0,0,1 

*BOUNDARY 

bottom,1,3 

bottom,4 

bottom,6 

*RESTART,WRITE 

*** 

*STEP 

*Buckle 

4,,12,2000 

*DSLOAD 

EALLS,P,1 

LRING,P,1 

*RESTART,WRITE 

*OUTPUT,FIELD,FREQUENCY=1 
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*ELEMENT OUTPUT 

S,E,PE,PEEQ,PEMAG 

*NODE OUTPUT 

U,RF 

*OUTPUT,HISTORY,FREQUENCY=1 

*EL FILE, FREQUENCY=1 

S,E,  

*NODE PRINT,MODE=1,LAST MODE=6 

U, 

*NODE FILE,MODE=1,LAST MODE=6 

U 

*MODAL FILE 

*END STEP 
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