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Abstract

�e motion of microorganisms presents interesting and di�cult problems ranging

from mechanisms of propulsion to collective e�ects. Experimentally, some of the

complicating factors, such as death, reproduction, chemotaxis, etc., can be suppressed

through genetic manipulation or environmental control. Nonequilibrium statistical

mechanics has been used to study simple models, however proceeding analytically

is extremely challenging. �us simulations, where one has total control over and

knowledge of the system, are a compelling method for examining models of their

behaviour.

In this work I present simulations of minimal, self-propelled particles, while

ensuring realistic hydrodynamic behaviour using the lattice Boltzmann method

(LBM), a well-studied method for simulating �uid �ows that scales linearly in

computational e�ort with the system volume.�e derivation of the LBM is reviewed,

including the addition of forces in a consistent, accurate manner as well as thermal

�uctuations that satisfy the �uctuation-dissipation theorem. It is extended to include

singular forces via a regularization of the Dirac δ-function.�is is implemented and

extensively tested for agreement with low Reynolds number hydrodynamics.

�e regularized singularities are used to develop an e�cient algorithm for point-

like particles which move under the in�uence of an external force, such as gravity, or

thermal �uctuations of the �uid.�e method is compared to theoretical results and

simulations using a well-studied algorithm that resolves the particle, �nding good

agreement in the dilute limit and signi�cantly reduced computational requirements.

Using the singular forces, we then construct a minimal model for self-propelled

particles, that may also experience forces or undergo random changes of orientation

(modelling the “run-and-tumble” dynamics observed in swimming bacteria such as E.

coli).�e collective behaviour of these model swimmers is studied in three situations:

sedimentation under gravity; in a central, harmonic trap; and in a Poiseuille �ow

between parallel plates.

For sedimentation, the behaviour is not very di�erent from that expected of

non-interacting run-and-tumble particles, except that total collapse to the container

bottomwhen the weight of the particles equals the propelling force is prevented by the

velocity �uctuations caused by the particles’ activity.�e trapped particles, for run-

lengths comparable to the trap size, self-assemble into a pump-like structure, while for

short run-lengths an approximatelyGaussian distribution seenwithout hydrodynamic

interactions, is maintained. In Poiseuille �ows we �nd the particles orient upstream;

forweak �ows this results in a net upstream current. We �nd signi�cant hydrodynamic

e�ects, in the dilute limit, only when there is some mechanism that causes alignment

of the particles.
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Introduction

1
�emotions ofmicroorganisms in a �uid raise interesting physics questions that range

from themechanisms of propulsion to the collective behaviour ofmany such creatures.

As well as microscopic cells, herds of animals [112] and macroscopic tapered rods

(when vibrated between two plates) [77] have all be observed to display emergent,

many-body behaviour. �ere is long standing interest in the physics and biology

communities in the mechanisms by which collective behaviour emerges and its

properties.�ese non-equilibrium systems’ steady states are distinguished from those

thermal systems by their lack of detailed balance—the requirement that transitions

between any two microstates of the system occur with equal probability in either

direction at equilibrium. Equivalently, one cannot write the steady-state probability

density as a Boltzmann distribution pi = exp(−H/kBT)/Z, H being a Hamiltonian

and Z the normalization.

Without this principle the steady states are determined by the dynamics, indeed

some of the models are speci�ed solely in terms of dynamics [115]; hence their

alteration, for instance by adding hydrodynamic interactions (HI),may completely

change the states. However what the e�ect of such a change on a system might be

is in general impossible to compute. Even for those few systems whose steady states

can be calculated analytically, the e�ect of including HI cannot be predicted. Hence

numerical studies such as will be presented in this thesis are necessary.

1.1 Self-propulsion at the µm scale

In his seminal paper, “Life at low Reynolds number” [90], Purcell explains how

di�erent the mechanisms for self propulsion are when inertia is negligible (he

calculates that the coasting distance of a bacterium is less than the diameter of a

hydrogen atom).�e linearity and reversibility of the Stokes equations

−∇ip + η∇2vi + Fi(r⃗) = 0 (1.1)

give rise to his famous “Scallop theorem”, which states that at low Re one cannot cause

a net motion with a reciprocating swimming stroke such as a scallop might display, as

shown in Figure 1.1.�e reason being that the displacement to the le� when closing

the hinge is independent of how fast one does so; hence opening it moves the scallop

back to its initial position.

1



Figure 1.1 �e normal, high Reynolds number scallop swims by opening its shell slowly

and shutting it fast, squirting water out. Purcell’s scallop cannot progress since

the displacements for the two parts of the movement are equal but opposite.

�e variety of non-reciprocating swimming “strokes” used by microorganisms is

bewildering: E. coli (Figure 1.2a) is peritrichously �agellated (the �agella are uniformly

distributed on its surface) but when the �agella rotate clockwise they form a single

helical bundle at the rear of the cell body, unbundling when the direction of rotation

reverses. Organisms such as E. coli, Bacillus subtilis and spermatozoa and described

as “pushers” or extensile swimmers and are characterized by having a positive stresslet

component along their orientation in their multipole expansion, see section 2.3 and

section 4.1.

Chlamydomonas is a genus of bi�agellated, single-celled algae (see Figure 1.2b),

species of which live in globally distributed habitats.�e most commonly studied

species are C. reinhardtii (which lives in soil) and C. nivalis (which lives in snow and

is responsible for “watermelon” snow due to its red colouration) and both swim via a

breast-stroke like motion [53].�ese algae are described as “pullers” or contractile

swimmers, with a negative stresslet component.�e protozoans from theTetrahymena

genus (Figure 1.2c) are completely ciliated and propel themselves by coherently beating

their cilia1. Whether this organism can be usefully described as either extensile or

contractile is unclear.

In addition there are the number of arti�cial lowRe swimmer designs: G.I. Taylor’s

“doughnut” [110]; Purcell’s three-link swimmer [90]; the Naji�-Golestanian three-

sphere swimmer [76], and the push-me-pull-you [6] to mention only the most well-

known. In addition there are Janus particles [46] (colloids treated to have di�erent

surface properties on their two faces) which, when placed in a suitable chemical

environment, create a gradient in some �eld (e.g. temperature, concentration, etc.)

which causes phoretic motion of the particle. As with biological swimmers, there is a

wide range of mechanisms for propulsion.

1Tetrahymena is bizarre organism: it contains two nuclei, one much larger than the other and has a

complex life-cycle in which it alternates between haploid and diploid phases and can exchange genetic

material with another cell, but only if the pair are of the correct “mating types” from seven possibilities

(see http://www.ciliate.org/genetics.shtml). It also uses a slightly di�erent genetic code
from most eukaryotes and is the only known organism to translate all of the 64 possible codons to

amino acids [94].
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(a) Transmission electron micrograph of Escherichia coli O157:H7. Image credit:

Elizabeth Smith/CDC Public Health Image Library image number 9995, http:

// phil. cdc. gov/ (image placed in the public domain).

(b) Scanning electron microscopy image of C. reinhardtii. Image credit:

Elizabeth Smith/Dartmouth Electron Microscope Facility http: // remf.

dartmouth. edu (image placed in the public domain).

(c) Image of Tetrahymena pyriformis from Robinson [94]. Permission to

reproduce granted under Creative Commons Attribution License.

Figure 1.2 Examples of motile microorganisms.
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1.2 Experiments with motile microorganisms

�e motility behaviour of E. coli has been determined in large part by the experiments

of Howard Berg, summarized in Berg [8], and is an important example of the non-

equilibrium dynamics discussed above. Such behaviour is usually described as run-

and-tumble: the particle “runs” in an approximately straight line for an average time of

∼ 1s, with a speed of vs ∼ 20µm/s.�e distribution of run times has been shown to be

exponential (in the absence of chemotaxis) so the probability per unit time of ending a

run α is constant. In between runs, the bacterium “tumbles” or reorients itself almost

at random; it does retain some memory of the previous direction. Some important

consequences of this type of random walk are discussed below in section 1.3.

One particularly striking illustration of the non-equilibrium nature of such

systems was provided by the experiments described by Galajda et al. [31], in which

a chamber is separated into two parts by a wall of “funnels”. �e E. coli bacteria

introduced at equal concentration into both sides of the chamber sort themselves

such that they are almost all on one side, without the help of Maxwell’s demon!�e

required time and space symmetry breaking is discussed by Tailleur and Cates [109].

Many authors have experimentally examined the collectivemovement ofmicrobes,

in a variety of systems. A well-studied system is bioconvection: the dynamics that

result from the interplay of sedimentation and some form of gyrotaxis where the

particles wish to swim upwards; this subject is reviewed by Hill and Pedley [43].

Wu and Libchaber [116] studied a quasi–two-dimensional suspension (volume

fraction ϕ ∼ 0.1) of bacteria, observing mesoscale jets and whorls, reminiscent of

turbulence, that causemotion of tracers particles that are super-di�usive at short times

but reverting to normal di�usive behaviour at long times, albeit with a di�usivity of

order one thousand times greater than Brownian di�usion. Dombrowski et al. [23]

studied concentrated suspensions of bacteria in drops and also saw whorls at scales

intermediate between the sizes of the bacterium and the container. By measuring

correlations of passive tracers Chen et al. [15] saw super-di�usion and 1/
√

ω power

spectrum for the �uid �uctuations. �ese �uctuations were found to depend on

whether the bacteria were a normal, run-and-tumble strain or a tumble-only strain.

�e dynamics of bacteria near walls has also received attention. Frymier et al.

[30] found that E. coli are attracted to surfaces and once there execute spirals in a

clockwise (when viewed from the �uid) direction, the consistent choice of turning

right arising due to the chirality of the bacterium’s �agella. Berke et al. [9] also study

this system, using a non-tumbling strain.�ey develop a simple model to explain the
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build up of particles at the wall, that assumes that hydrodynamic interactions with

the wall keep the bacteria aligned parallel at all times, a limit that they show is valid

at a distance from the wall comparable to the bacterium size.

Hill et al. [42] studied E. coli in shear �ow in amicrochannel, and observed that the

bacteria at the wall move on average upstream. Hill et al. explain this by a “weather

vane” analogy: chiral hydrodynamic interactions between the bacterium and the

surface cause a clockwise torque acting it.�ey then discuss two di�erent regimes of

�ow in which the bacteria has its nose either pointed slightly down into the surface

(shear rate ≲ 10 s−1) or slightly up away from it (shear rate ≳ 10 s−1).�ey claim that

that the low shear rates should result it pointing upstream and to the right, while

the high shear rates should result in the pointing upstream and to the le�; they have

however only seen swimmers oriented to the right at average shear rates up to 600 s−1.

1.3 Modelling “swimmers”

An idealized model of the random walk executed by, e.g. E. coli, has been shown to

give rise to di�usive behaviour [96]; in d dimensions the di�usion constant D is

D =
v2s

dα(1 −Θ)
(1.2)

where Θ quanti�es the correlation between successive swimming directions, we will

however specialize to the case Θ = 0 (i.e. no such correlations). We also de�ne the

average run length l ≡ vs/α. Some of the consequences of this model, mainly relating

to chemotaxis, for non-interacting particles have been explored by Schnitzer [96] and

in the mathematics literature under the name of “velocity-jump processes” [44, 82].

A model that includes noise and interactions (via density dependent vs or α)

between the particles was introduced by Tailleur and Cates [108] and shown in some

circumstances to cause spinodal-like decomposition of a uniform initial density into

self-trapped domains.�is model was extended [109] to include external forcing on

the particles for sedimentation and harmonic traps, against which we will compare

our simulation results in chapters 5 and 6 respectively.

�e phenomenological model of Vicsek et al. [115] in which particles move with

a constant velocity and are aligned towards the local mean orientation displays a

phase transition as the “temperature” (random perturbation added to the local mean

orientation) is increased.�ere is much similarity between this model and the two-

dimensional XY model [14], but the Vicsek model displays ferromagnetic-like, long-

range order at �nite temperatures, which the XY model cannot due to the Mermin-
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Wagner theorem [14, 74]. At root this is becauseMermin-Wagner theorem applies only

to equilibrium systems, while the Vicsek model is inherently non-equilibrium; much

of the literature exploring the consequences of this and related models is reviewed by

Toner et al. [112].

However the Vicsek model says nothing about the causes of local orientation. In

keeping with our focus on bacterial models, we will consider only particles interacting

hydrodynamically through a �uid medium. In order to consider the interactions, one

must �rst postulate a mechanism for propulsion, which as mentioned above, has been

done by a large number of authors [24, 32, 41, 49, 65, 76, 86, 93], most of which we

shall not mention any further.

Several groups of researchers have taken the step of considering pair-wise

interactions between their swimmers. Pooley et al. [86] and Alexander et al. [5]

consider the Naja�-Golestanian three-sphere swimmer [76] and �nd a very rich set

of interactions: attraction or repulsion and rotation that depends on the relative

orientation and swim-stroke phase relationship of the pair. Ishikawa et al. [49] use a

more detailed model with a spheroidal head and a helical �agellum and also �nd a

rich, but di�erent, set of interactions.

Others have chosen to look at the collective dynamics of swimmers. For self-

propelled particles a lattice Boltzmann �uid, Llopis and Pagonabarraga [65] examine

the particle and �uid velocity distributions, �nding signi�cant departures from the

Gaussian distributions one would expect in an equilibrium system, also observing

transient aggregations of the particles. Hernandez-Ortiz et al. [41] use a spectral

numerical simulation method to examine the di�usion of dumbell-shaped swimmers

and passive tracer particles. Ishikawa and Pedley [48] use Stokesian dynamics to

simulate coherent structures in monolayers of spherical swimmers.

Another approach is to construct a continuum model, such as has been done by

Toner and Tu [111] for the Vicsek model. Simha and Ramaswamy [103] show that

nematic ordering, of bothmovers and shakers, is linearly unstable at long wavelengths.

Hatwalne et al. [38] devised amodel for hydrodynamically-interacting, active particles

that may be polar and hence propagate (swimmers, or “movers” in the language of

Hatwalne et al.) or apolar and stationary (“shakers”) and make predictions of the

rheological properties such suspensions. Such models have a strong similarity to

those used in the active gel literature, for example by Liverpool and Marchetti [64]

and Marenduzzo et al. [70].

6



1.4 Simulation of particles in a fluid

To simulate the hydrodynamic interactions between colloidal particles there are

many options. For hard spheres, Stokesian dynamics treats the hydrodynamic

interactions by constructing the far-�eld mobility matrix for all N particles with

a truncated multipole expansion. �is matrix, of dimension proportional to N , is

then inverted, an operation which requires a time ofO(N3). Lubrication interactions

are included in a pairwise additive fashion, taking care to account for the two-body

forces already included in the inverted grand mobility matrix [12]. More recent and

more sophisticated implementations can give better scaling behaviour—O(N logN)—

in some circumstances [102]. In situations with simple boundary conditions it can

give accurate results for many problems but the scaling behaviour reduces its use for

large systems and, as the name suggests, it is valid only in the Stokesian limit of zero

Reynolds number.

Another way to simulate these interaction is by direct numerical simulation (DNS)

methods, where the particles are described by boundary conditions for the (Navier-

)Stokes equations [51]. As such, these methods do not usually include Brownian

e�ects. Closely related are spectral methods, which use the Green’s function of the

Stokes equations in Fourier space to compute the �uid velocity �eld. Hence they

require a di�erent Green’s function for every di�erent boundary condition and are

thereby restricted to relatively simple geometries. (As with all lattice Boltzmann

equation (LBE)-based approaches, the absence of such restrictions is an attractive

feature of our approach.) Mucha et al. [75], by truncating the Fourier expansion,

reduce the scaling of computational expense toO(N logN).�e truncation implicitly

smooths the stokeslets over a �nite volume, similar to the approach we take explicitly

below.�is method is also limited to vanishing Reynolds number and in�nite Péclet

number (i.e. zero di�usivity).

Standard molecular dynamics (MD), where Newton’s equations are numerically

integrated, is of course able to give the correct behaviour.�e relentless increase in

size and performance of supercomputersallows some enormous simulations with

approaching 1012 atoms [52]. However for water, for example, this corresponds to

only a ∼ 3µm cube. Further, “all atom” MD simulations are limited to timesteps

comparable to the inverse bond vibration frequencies ∼ 10−13s seriously limiting the

timescales that can be simulated. Fortunately, the level of detail of molecular dynamics

is unnecessary to merely reproduce hydrodynamic behaviour and the solvent can be

coarse grained. Our chosen way to do this is through the lattice Boltzmann method

7



(LBM) as discussed in detail in chapter 2.

However, other mesoscale methods are also available. Multi-particle collision

dynamics (MPCD), also known as stochastic rotation dynamics (SRD) [33, 69], is

based on particles that stream freely for a time step, before the �uid domain is

decomposed into a regular grid.�e particles within one cell then interact in a multi-

particle collision where their centre of mass velocities are rotated about a randomly

chosen axis.�e coarse grained mass and velocity �elds can be shown to obey the

Navier-Stokes equations. �is method inherently includes Brownian �uctuations.

Dissipative particle dynamics (DPD) [45] is similar.�e division between streaming

and collision operators used in MPCD and LBM remains, however the collision step

is a pairwise interaction between particles within a cut-o� radius that consists of two

parts: a term that damps relative motion of the particles and a term that stochastically

adds relative motion. As for MPCD, the coarse-grained �elds obey the equations of

�uctuating hydrodynamics, however the temperature in DPD depends strongly on

the time step used for integration [71]. A re�nement of DPD, the Lowe-Anderson

thermostat [68], proceeds much as before. However in place of the damping and

�uctuating forces, the relative velocity of the particle pair is replaced, with some

probability, with one drawn from a Maxwell-Boltzmann distribution, in analogy to

the Anderson thermostatting sometimes used in MD.

Of lattice Boltzmann based methods, that developed by Ladd [55, 56] is perhaps

the most popular. It retains inertia for both the �uid and the particles, which are

resolved on a scale of a few to tens of grid points.�e no-slip boundary condition

is enforced by a “bounce-back” rule along the links between grid points in the �uid

and those inside the particle, see chapter 2. �is method, while possibly the most

competitive for resolved particles, is nonetheless computationally expensive. Some

authors have represented particles with a spherical (or otherwise)mesh of points at the

surface [66, 67], or used related representations of spherical and aspherical colloids in

immersed boundary techniques [26, 27, 84, 100, 113].�ese methods however require

the colloids to be resolved on a comparable scale to the method of Ladd [55] and

hence have a similar computational expense.

�e problemmay be simpli�ed by retaining only the lowest order multipole of the

force distribution induced on the particle surface by the no-slip boundary condition,

the stokeslet (see Equation 3.1 and comments there). �is was done theoretically

by Sa�man [95] and also computationally to simulate polymers as a string of point

particles [3, 114]. However Sa�man’s model has no inertia on the �uid scale. By using

lattice Boltzmann we retain this, while neglecting it for the particles themselves and at
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the particle scale.�is is particularly valuable in the context of the bacterial systems

reviewed above, since the �ow can develop features at scales large compared to the

particles, so the Stokes approximation of globally vanishing Reynolds number is not

a priori justi�able.

1.5 Outline of thesis

Chapter 2 will discuss the lattice Boltzmannmethod and outline its derivation.�en
we will discuss how to include singular forces and the tests done for validation.

Chapter 3 sets out the application of our regularized singular forces method to
simulation of dilute collections of particles. We will then compare this to

theoretical predictions and the results of another, well-validated particle

simulation code.

Chapter 4 further motivates and introduces our highly simpli�ed model of a
swimmer, testing its behaviour in some simple situations.

Chapter 5 presents the results of studies of non-neutrally buoyantminimal swimmers
under gravity and compares their behaviour to the predictions of Tailleur and

Cates [109].

Chapter 6 contains our work on collections of swimmers in a harmonic trap. For
certain regions of parameter space, we observe that hydrodynamic interactions

cause a “pump” to self-assemble and discuss the mechanisms of formation.

Chapter 7 is about the behaviour of the swimmers con�ned between two plates, in a
Poiseuille �ow. For run lengths comparable or longer than the plate separation

we �nd an average upstream motion of the particles, even in the absence of

chirality.

Chapter 8: the thesis concludes by summarizing the main results and suggesting
directions for further research.

9
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The lattice Boltzmann method

2
�is chapter will discuss the historical development of the LBM and outline its

derivation from the Boltzmann equation, including forcing terms. �en I will

discuss how to include singular forces and show the results of tests which validate the

approach.

2.1 The LBE from lattice gases

Historically, the LBM developed from lattice gas cellular automata (LGCA), a highly

simpli�ed class ofmolecular dynamicsmodels [28], which restricts particles to a lattice

of points. Each grid point has links to its neighbours along which the particles stream

without interaction during one discrete time step, each link being either occupied or

vacant.�e particles then collide moving to di�erent links at their new site.

Figure 2.1 �e FHP hexagonal lattice from Frisch et al. [28]. Shown is one collision,

where the upper and lower �nal states (right) are chosen between randomly

with equal probability.

�e update rules for the occupation numbers ni(x⃗ , t) (where i indexes the list of

discrete velocities {c⃗i}) can be written as

∆ini = Ci(n⃗) (2.1)

where ∆ini ≡ ni(x⃗ + c⃗i∆t, t + ∆t) − ni(x⃗ , t) represents the free propagation operator

and C(n⃗) the collision operator which obeys conservation of mass and momentum.

At the microscopic level, this model has extremely simple dynamics, yet when coarse

grained it asymptotically goes over to the Navier-Stokes equations. �at this can

11



display the complexities shown by the much more complicated interactions at the

molecular scale of a real �uid is somewhat surprising. As with many other simulation

methods 1 the message of universality [14] from statistical mechanics applies here:

when coarse-grained the detail does not matter. However, determining what is “mere

detail” is not in general straightforward.

Details that domatter are the conservation laws and the symmetry of the lattice

and the collision operator C(n⃗). Clearly the FHP lattice does not microscopically

reproduce the isotropy of the Navier-Stokes equations, having only six-fold rotational

symmetry. However, if the set of lattice vectors satis�es [106]

[∑
i

ciαciβ (ciγciδ − c2s δγδ)] = δαγδβδ (2.2)

then at large scales the average velocity will obey the Navier-Stokes equations.

�ese dynamics are completely local and hence inherently parallelizable, as well

as lacking most of the numerical problems due to the �oating point representation of

numbers on computers. However amongst other problems, LGCA exhibits a large

amount of statistical noise—it being, a�er all, a particle based method—requiring a

compensating large amount of averaging.

�e LBM made its �rst appearance in McNamara and Zanetti [73] where the

Boolean occupation number for each velocity c⃗i was replaced by its ensemble average

ni → fi ≡ ⟨ni⟩ (2.3)

and the collision operator altered to re�ect this, giving a Boltzmann equation for the

lattice gas dynamics.�e complicated collision term was later replaced by a simpler

Bhatnagar-Gross-Krook (BGK)model [10, 91], where the distribution function relaxes

towards the local equilibrium distribution f
(0)

i , giving the “standard” LBE:

fi(x⃗ + c⃗i∆t, t + ∆t) − fi(x⃗ , t) = −
∆t

τ
( fi(x⃗ , t) − f

(0)

i (x⃗ , t)). (2.4)

�e density, momentum density and deviatoric momentum �ux tensor can be

1Notably molecular dynamics, but other coarse-grained methods such as multi-particle collision

dynamics, dissipative particle dynamics, cosmological simulation methods, etc. [99].
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calculated from the distributions by

ρ =∑
i

fi (2.5)

ρuα =∑
i

ficiα (2.6)

Sαβ =∑
i

fiQiαβ (2.7)

where

Qiαβ ≡ ciαciβ − c2s δαβ (2.8)

is known as the kinetic projector. It can be shown via a Chapman-Enskog expansion

that these equations will result in the Navier-Stokes equations [16, 29] if the

equilibrium distribution f (0) is appropriately chosen by matching coe�cients of an

expansion in terms of the Mach number Ma. From this procedure one can calculate

the kinematic viscosity:

ν =
τ − ∆t/2

c2s
(2.9)

�is development reduced computational cost and increased �exibility compared

to LGCA methods. However it lacks a rigorous theoretical foundation since its

connection to the Navier-Stokes equations rests on the Chapman-Enskog analysis of

LGCA. It is this requirement of reducing toNavier-Stokes that allows one to determine

the equilibrium distribution f (0) rather than using knowledge of basic kinetic theory.

Further, the origin of half timestep correction to the viscosity is not obvious.

2.2 The LBE from the Boltzmann equation

�e development of the LBE was independent of the continuum Boltzmann equation

(BE) but since it has been shown that an a priori derivation from the BE (more

accurately the BGK equation) is possible [1, 39, 40, 98]. �is derivation also make

clear how extensions beyond a simple �uid can be included; for example, how to

include arbitrary, smooth force distributions, with second-order accuracy. I will

outline this below.

In continuumkinetic theory, the BE describes the evolution of the density function

f (x⃗ , v⃗ , t) in one-particle phase space,

[∂t + v⃗ ⋅ ∇x⃗ + g⃗ ⋅ ∇c⃗] f = Ĉ f , (2.10)
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where g⃗ is the acceleration due to any forces acting on the particles in the volume and Ĉ

is an operator describing the collisions between particles.�e Bhatnagar-Gross-Krook

equation model replaces this complicated, nonlinear, integral term with relaxation on

a characteristic time τ towards the local equilibrium f (0), parametrized by the local

density ρ, velocity u⃗ and temperature T , giving the BGK equation [10, 62]:

[∂t + v⃗ ⋅ ∇x⃗ + g⃗ ⋅ ∇c⃗] f = −
1

τ
( f − f (0)), (2.11)

f (0) = ρ (
m

2πkBT
)
D/2

exp(−
m

2kBT
∣c⃗ − u⃗∣2) . (2.12)

�e hydrodynamic variables at a point are the (microscopic) velocity moments of

the distribution function:

ρ = ∫ f d3 c⃗, (2.13a)

ρuα = ∫ f cα d
3 c⃗, (2.13b)

Sαβ = ∫ f (cαcβ − c2s δαβ)d
3 c⃗; (2.13c)

respectively the density, momentum density and deviatoric stress tensor. Note that

the Navier-Stokes equations need only these moments of the distribution function.

Grad was a proponent of using a reduced velocity space for kinetic theory: he

introduced his “13 moment” system [34], which expands the distribution function in

terms of multivariate Hermite polynomialsHn

i⃗
[35]:

f (x⃗ , c⃗, t) = ω(c⃗)
∞

∑
n=0

1

n!
a
(n)

i⃗
(x⃗ , t)Hn

i⃗
(c⃗) (2.14)

contracting over all n indices (bothH(n) and a(n) are rank-n symmetric tensors, the

subscript i⃗ is an abbreviation for the indices {i1, . . . , in}).�e weight function ω(c⃗)

is given by

ω(c⃗) =
1

(2πθc2s )
D/2
exp(−

c2

2θc2s
) (2.15)

(θ ≡ kBT/mc2s being the dimensionless temperature and cs the speed of sound) and

theH are orthonormal with respect to this, i.e.

∫ ωHm

i⃗
Hn

j⃗
d3 c⃗ = δmnδ i⃗ j⃗, (2.16)
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forming a complete basis for any function ϕ(c⃗) for which the integral ∫ ωϕϕ dc⃗

converges. Noting these properties, it is clear that the moment of a given order

depends only on the Hermite coe�cients of up to that order, therefore truncating

the series will not a�ect these hydrodynamic modes directly (the neglected terms

however do a�ect the dynamics of lower order moments). We denote the Nth order

approximation by f (N):

f (N)(x⃗ , c⃗, t) = ω(c⃗)
N

∑
n=0

1

n!
a
(n)

i⃗
(x⃗ , t)Hn

i⃗
(c⃗). (2.17)

One must have N ≥ 2 to obtain the momentum conservation equation

∂t(ρu⃗) +∇ ⋅ S = 0. (2.18)

�e moment integrals (2.13) may be evaluated using a Gauss-Hermite quadrature

[89]

∫ ω(c⃗)ϕ(c⃗)dc⃗ =∑
i

wiϕ(c⃗i) (2.19)

which, for a quadrature of order N , is exact if ϕ is a polynomial of degree 2N or less.

�e choice of nodes c⃗i and weights wi for the Boltzmann equation is explained by

He and Luo [39] for several important cases. SinceHn f (N)/ω is such a polynomial

if n ≤ N , the Hermite coe�cients and hence the hydrodynamic moments may be

calculated exactly with knowledge of of f at the nodes of the quadrature c⃗i . We de�ne

fi ≡ fi(x⃗ , t) ≡
wi f (x⃗ , c⃗i , t)

ω(c⃗i)
(2.20)

casting the moments integrals (2.13) into a simple form

ρ =∑
i

fi , (2.21a)

ρuα =∑
i

ficiα , (2.21b)

Sαβ =∑
i

fiQiαβ . (2.21c)

We now turn to the equilibrium distribution (2.12). Its Hermite expansion has

terms at all orders so that if we substitute f (0)(c⃗i) into Equation 2.21 the equalities

are merely approximate. To enforce mass and momentum conservation, we truncate

the series at order N (i.e. we project the Maxwellian into the subspace spanned by the
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low-order polynomials). Using scaled variables as in Equation 2.20, the 2nd order

approximation is:

f
(0)

i = ρwi (1 +
ciαuα

c2s
+
Qiαβuαuβ

2c4s
) . (2.22)

We now must consider the external acceleration term from Equation 2.11, g⃗ ⋅ ∇c⃗.

Martys et al. [72] showed how this term can be expressed by an Hermite expansion,

the nth coe�cient of which is ng⃗ ⊗ a(n−1). To the same order as the Maxwellian, we

have

Φi(x⃗ , t) ≡ [g⃗ ⋅ ∇c⃗]i = −ρwi (
gαciα

c2s
+

(uαgβ + gαuβ)Qiαβ

2c4s
) (2.23)

Combining all these results gives the discrete velocity Boltzmann equation

∂t fi + c⃗i ⋅ ∇ fi + [g⃗ ⋅ ∇c⃗ f ]i = −
( fi − f

(0)

i )

τ
. (2.24)

One can promote the single relaxation time operator on the right-hand side of

Equation 2.24 to a multiple relaxation time collision matrix Li j giving

∂t fi + c⃗i ⋅ ∇ fi + [g⃗ ⋅ ∇c⃗ f ]i = −Li j( f j − f 0j ), (2.25)

which is discrete in velocity space but continuous in space and time.

To derive a numerical schemewe �rst rearrange Equation 2.25. De�ning Ri(x⃗ , t) =

−Li j( f j − f
(0)

j ) −Φi(x⃗ , t) gives

∂t fi + c⃗i ⋅ ∇ fi = Ri(x⃗ , t) (2.26)

which is a set of �rst-order hyperbolic equations that can be tackled with the method

of characteristics [118].�e integral over one time step ∆t is

fi(x⃗ + c⃗i∆t) − fi(x⃗ , t) = ∫ ∆t
0

Ri(x⃗ + c⃗is, t + s)ds (2.27)

and can be approximated, accurate to second-order, with the trapezium rule:

fi(x⃗ + c⃗i∆t) − Ri(x⃗ + c⃗i∆t, t + ∆t)
∆t

2

= fi(x⃗ , t) − Ri(x⃗ , t)
∆t

2
+ Ri(x⃗ , t)∆t (2.28)

�is set of implicit equations, when written in this manner, strongly suggests the
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introduction of a new set of auxiliary distributions f̄i [21]

f̄i(x⃗ , t) ≡ fi(x⃗ , t) − Ri(x⃗ , t)
∆t

2
(2.29)

which renders the equations explicit:

f̄i(x⃗ + c⃗i∆t) = f̄i(x⃗ , t) + Ri(x⃗ , t)∆t, (2.30)

�is clearly shows the separation of the collision and propagation steps in the

LBE. First the distributions relax to a post-collision value (indicated by starring t)

f̄i(x⃗ , t
⋆) = f̄i(x⃗ , t) + Ri(x⃗ , t)∆t (2.31)

before propagating along a straight trajectory unchanged

f̄ (x⃗ + c⃗i∆t, t + ∆t) = f̄i(x⃗ , t
⋆). (2.32)

One would wish to avoid calculating the physical distribution functions fi , in

terms of which the collision (Li j( f j − f
(0)

j )) and forcing (Φi , see Equation 2.23) terms

are de�ned. Inverting Equation 2.29 gives

Ri = −(1 +
∆t

2
L)−1i j [L jk( f̄k − f 0k ) +Φ j(x⃗ , t)] . (2.33)

�e hydrodynamic variables can be be computed from the auxiliary distributions

(see below) and hence the entire computation may be performed without the physical

distributions:

f̄ (x⃗ + c⃗i∆t, t + ∆t) = f̄i(x⃗ , t
⋆)−

(1 +
∆t

2
L)−1i j [L jk( f̄k − f 0k ) +Φ j(x⃗ , t)]∆t. (2.34)

For a single relaxation time τ operator where L = 1/τ this takes the form

f̄i(x⃗ + c⃗i∆t, t + ∆t) = f̄i(x⃗ , t) +
∆t

τ + ∆t
2

[−( f̄i − f 0i ) + τΦi(x⃗ , t)] (2.35)

which, if we set the forcing to zero, is closely related to Equation 2.4 and its expression

for the viscosity (2.9) ν =
τ−∆t/2

c2s
.�is complete derivation of the LBE shows the origin

of the “numerical di�usion” in the LBM and makes clear the second order accuracy
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of the method.

For non-diagonal operators, the collision step is best performed in the moment

basis where the collision operator is diagonal. In the following chapters, we will use an

operator that projects out the ghost (or non-hydrodynamic) modes and that relaxes

the shear and bulk modes independently.�is ensures good separation of timescales

between the kinetic and hydrodynamic modes [57].�e mode amplitudes are then

transformed back to the velocity basis for propagation.

�e hydrodynamic variables can be be computed from the physical distributions

by Equation 2.21; combining this with the transformation rule (2.29) and conservation

of mass and momentum we obtain (in the case of equal shear and bulk relaxation

times)

ρ =
n

∑
i=0

f̄i , (2.36a)

ρuα =
n

∑
i=0

f̄iciα + ρFα

∆t

2
, (2.36b)

Sαβ =
n

∑
i=0

f̄iQiαβ +
∆t/2

τ + ∆t/2
(

n

∑
i=0

f̄iQiαβ − ρvαvβ + τ(uαFβ + Fαuβ)) . (2.36c)

�e expression for unequal shear and bulk relaxation times (τs and τb respectively)

is identical for ρ and ρu⃗ but for the stress is given by

Sαβ =
n

∑
i=0

f̄iQiαβ+

∆t/2

τs + ∆t/2
[

n

∑
i=0

f̄iQiαβ − ρvαvβ + τ(uαFβ + Fαuβ)]+

(
∆t/2

τb + ∆t/2
−

∆t/2

τs + ∆t/2
)[

n

∑
i=0

f̄iQiγγ − ρv2 + 2(τb − τs)uγFγ]
δαβ

d
.

(2.37)

�e bulk and shear viscosities may be obtained with a Chapman-Enskog expansion

as set out clearly by Ladd and Verberg [57]:

ηs = ρc2s τs (2.38a)

ηb =
2

3
ρc2s τb . (2.38b)

�e LBM can be extended to incorporate thermal �uctuations. An algorithm due

to Ladd [55] as extended by Adhikari et al. [2] will be used here. For the simulations

in this work, the three dimensional, ��een velocity (D3Q15) velocity set, shown in
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Figure 2.2, will be used, in the implementation described in Appendix A, unless

otherwise noted.

Figure 2.2 �e D3Q15 velocity set is based on a simple cubic mesh of points.�e velocities

are: one zero vector; six with ∣c⃗∣2 ≡ 1 along the unit vectors, and eight with

∣c⃗∣2 = 3 along the [1, 1, 1] type directions.

2.3 Singular forces on discrete grids

Singular distributions of forces arewidely used in theoreticalmodels of �uid immersed

boundaries; for example an interface between gas and liquid phases can be described

as a two-dimensional surface, a polymer as a one-dimensional curve [22] or a moving

particle at distances large compared to its radius as a point [95]. In particular, at low

Reynolds number the velocity �eld around a body can be expressed as a sum of point

forces, point sources and the derivative singularities thereof, known as a multipole

expansion [54, 87, 88].

For example, the �ow caused by a sphere of radius a uniformly translating at

velocity v⃗ is

ui(x⃗) =
1

8πη
Si j(6πηav j) +

1

4π
Di j(−πa3v j) (2.39)

where 1

8πη
Si j is the Green’s function for a stokeslet (point force) and

1

4π
Di j the Green’s

function for a potential dipole (point source-sink pair). For a general body, the

strengths of the multipoles cannot be determined analytically, but there are numerical

methods for evaluating them approximately, reviewed by Kim and Karrila [54].

�e range of applications for lattice Boltzmann hydrodynamics can be enhanced

if such force densities can be incorporated. However, unless the singularity coincides

with a lattice site, any interpolation of a singular distribution onto the lattice of course

implies some smoothing. Importantly there is a numerically optimal way to do this,

which we adopt.
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�e immersed boundary method [85] is a well-established numerical method that

has reconciled Eulerian variables de�ned on a grid (typically the �uid variables) with

Lagrangian variables (such as a surface de�ned by a 2 dimensional mesh of marker

points) which can move through the Eulerian grid.�ese two types of variable are

coupled through the Dirac delta function,

F⃗(r⃗) = ∫ f⃗ (λ)δ(r⃗ − R⃗(λ))dλ (2.40)

where F⃗(r⃗) is the force at a point in space, f⃗ the force on a point on the Lagrangian

manifold at a position R⃗(λ) speci�ed by some parametric coordinate(s) λ. In the

immersed boundary method, this is specialized to a two dimensional surface tracked

with a series of marker points. Here we specialize to a set of zero-dimensional points

which simpli�es to a set of delta functions at these locations: F⃗(r⃗) = ∑a f⃗ (R⃗a)δ(r⃗ −

R⃗a).

In the simulation, the singular forces { f⃗α} at {R⃗α} are replaced by regularized

delta functions that leads to a smooth distribution of forces on the Eulerian grid

(which is trivially related to the g⃗ of section 2.2 above)

F⃗(r⃗) =∑
a

f⃗ (R⃗a)δP(r⃗ − R⃗a), (2.41)

where the three-dimensional regularized function is de�ned analogously to the three-

dimensional Dirac delta function

δP(r⃗) =
1

h3
ϕ (

x

h
)ϕ (

y

h
)ϕ (

z

h
) (2.42)

h being the lattice spacing.

�e regularization ϕ(r) is constructed from the following requirements:

ϕ(r) continuous for all r, (2.43a)

ϕ(r) = 0 for ∣r∣ ≥ 2, (2.43b)

∑
j even

ϕ(r − j) = ∑
j odd

ϕ(r − j) =
1

2
for all r, (2.43c)

∑
j

(r − j)ϕ(r − j) = 0 for all r, (2.43d)

∑
j

(ϕ(r − j))2 = C for all r, (2.43e)
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where C is independent of r. An important feature for computational e�ciency is

that the function have bounded support; this is expressed in condition (2.43b).�e

other conditions are designed to “hide the grid”; (2.43a) avoids jumps in the force

as the Lagrangian coordinate (the location of the particle) crossed Eulerian lattice

cell boundaries. Condition (2.43c) implies ∑ j ϕ(r − j) = 1 for all r as the discrete

analogue of ∫ δ(x − x′)dx = 1 (similarly for (2.43d) and ∫ (x − x′)δ(x − x′)dx = 0).

�e �nal condition, (2.43e), is a weakened version of a condition that we would

like to, but cannot, impose, namely:

∑
j

ϕ(r1 − j)ϕ(r2 − j) = f (r1 − r2) for all r1, r2 (2.44)

where f is some function related to ϕ.�is would imply, as discussed by Peskin [85],

that the results would be truly independent of shi�s of the Lagrangian marker points

with respect to the Eulerian grid. However this cannot be done and the requirement

is relaxed to hold only for r1 = r2.�e Schwartz inequality tells us that

RRRRRRRRRRR

∑
j

ϕ(r1 − j)ϕ(r2 − j)

RRRRRRRRRRR

≤ C for all r1, r2, (2.45)

hence the interaction via the Eulerian grid between two delta functions will be

strongest and grid-independent when they coincide.

With the postulates above, the regularization is uniquely determined to be:

ϕ(r) =

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

3−2∣r∣+
√
1+4∣r∣−4r2

8
∣r∣ ≤ 1,

5−2∣r∣−
√
−7+12∣r∣−4r2

8
1 ≤ ∣r∣ ≤ 2,

0 ∣r∣ ≥ 2.

(2.46)

We note a simpler approximation to ϕ(r) which has been used in earlier work on

the immersed boundary method [85], which is useful for analytical work, is

ϕ̃(r) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1

4
(1 + cos ( πr

2
)) ∣r∣ ≤ 2,

0 ∣r∣ > 2,
(2.47)

whose Fourier transform is given by:

f̃ (k) = sinc4πk +
1

2
sinc (4πk − π) +

1

2
sinc (4πk + π) . (2.48)
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2.4 Validation

To validate themethod, we compare analytical solutions of the singularly forcedNavier-

Stokes equation against our numerical solutions, using lattice units ∆x = ∆t = 1, ρ = 1.

�emost straightforward benchmark is against the initial value problem for the Stokes

limit

∂tv⃗ = −∇p + η∇2v⃗ + F⃗(r⃗) (2.49)

where the nonlinearity has been discarded, incompressibility is assumed, and F⃗(r⃗) =

F⃗0δ(r⃗ − R⃗0). In an in�nite system, the solution is obtained in terms of the unsteady

Oseen tensor describing the di�usion of vorticity [60]. In a system with periodic

boundary conditions, theOseen solutionmust be replaced by the solution ofHasimoto

[37]. In contrast to the Oseen solution, the real-space Hasimoto solution is not

available in a simple closed form but must be evaluated numerically. However, the

solution in Fourier space presents no such di�culty, and is in fact identical in both

cases:

v⃗(k⃗, t) =
1 − e−ηk2 t

ηk2
(1 − k̂k̂) ⋅ F⃗(k⃗) (2.50)

�us, we �nd it most convenient to compare Fourier modes of the velocity from the

numerical solution against the solution above. In particular, this provides a neat way

to evaluate the performance of the method at di�erent length scales. In Figure 2.3 we

compare the numerical data (points) to the theoretical result for a regularized force

monopole using the approximation to the Peskin delta function, Equation 2.48 (solid

line).

�e results show excellent agreement with the theoretical curve for low k modes,

where we expect the momentum to behave hydrodynamically.�e departure from

hydrodynamic behaviour increases progressively with the wavenumber, as expected

fromprevious studies on the hydrodynamic behaviour of the LBE [59]. However, there

is a signi�cant range of length scales over which our model reproduces hydrodynamic

behaviour, which is not less than the scale over which hydrodynamic behaviour is

obtained in the unforced LBE [7].

By combining elementary monopoles, discrete representations of higher multi-

poles can be generated. For example, the discrete Stokes doublet, a dipole of two point

forces, can be constructed out of monopoles of magnitude F and separation a and

is o�en used as a simpli�ed representation of a neutrally buoyant, steadily moving

self-propelled particle [83]. In Figure 2.4a and Figure 2.4b, we compare the velocity

response of such a dipole to theoretical predictions, �nding good agreement away
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Figure 2.3 Reciprocal space comparison of the relaxation of the solenoidal component of

the velocity due to a regularized stokeslet to the analytical result Equation 2.50.

�e simulations were performed on a 643 lattice. Shown are the �rst 8 (red),

the 16th (magenta) and the 31st (blue) Fourier modes of the velocity �eld.�e

solid, black line is the analytical result, which is the same for all wavevectors

in this representation. For complete agreement with this result, all modes

should collapse to this curve.

from the immediate vicinity of the forces. In Figure 2.5, we show a velocity �eld plot

for the antisymmetric force dipole, or rotlet, which may be used as a representation of

an object which rotates due to an external torque.�is requires the use of four, rather

than two, point forces; we arrange these in a swastika-like fashion (whose axes can be

aligned in an arbitrary direction without signi�cantly a�ecting the �ow produced).

�is cancels the stresslet component arising for non-collinear Stokes doublets along

the line joining the two points of application, see Blake and Chwang [11].

�e ability to include point �uid source/sink terms is useful since it allows full use

of the multipole expansion for representing bodies. Each source term is in principle a

delta function; we therefore use the regularized δ function to interpolate this onto

the grid of points. Most commonly we expect to require the potential dipole (point

source-sink pair), as in Equation 2.39; the response to this is

ui =
1

4π
(−

δi j

r3
+
3rir j

r5
) d j, (2.51)

d⃗ being the dipole strength, i.e. the product of the source/sink magnitude and their
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Figure 2.4 Velocity around a symmetric point-force dipole, normalized by a characteris-

tic speed for that distance from the dipole, vc ≡
Fa
8πηr2

. Figure (a) shows velocity

along lines parallel to the forces, at several values of the separation d. Points

are simulation results, lines theoretical predictions with no free parameters. In

Fig. (b), the upper half shows the simulated velocity �eld.�e lower half shows

isosurfaces of the magnitude of the velocity di�erence between simulation and

theory at values of 25% and 50%.�e colouring depends upon the magnitude

of the di�erence �eld and is shown as a percentage of vc in the colour bar.�e

force dipole is oriented vertically and positioned in the centre of the volume.
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Figure 2.5 Velocity �eld around a regularized rotlet, normalized by vc (see Figure 2.4).

Upper half: simulated velocity �eld. Lower half: isosurfaces of the magnitude

of the velocity di�erence between simulation and theory. Isosurfaces are at

values of 12.5%, 25% and 37.5%.�e colouring depends upon the magnitude

of the di�erence �eld and is shown as a percentage of vc in the colour bar.�e

rotlet is oriented with the forces in a horizontal plane and positioned in the

centre of the volume.

separation. It can be implemented analogously to the force dipole using a pair of source

terms (of opposite sign) separated by a small distance, aligned with the direction of d⃗.

To test this, we set up simulations in a 1283 domain with periodic boundary

conditions. A potential dipole is placed uniformly at random with a random

orientation; the separation of the source and sink is 0.1∆x and the strength of each

is ±0.02∆x3/∆t. We then run the simulation for a time τ = L2/η and compute the

average of the magnitude of the velocity at various distances from the dipole.�is

quantity can be calculated from Equation 2.51 to be

⟨∣u⃗∣⟩(r) =
∣d⃗∣

2r3 ∫
π

0

√
3 cos2 θ + 1dθ ≈

2.422d

r3
(2.52)

and in Figure 2.6a we compare this prediction to simulation results.

�e close agreement between the prediction and simulation at larger distances

(compared to one lattice spacing) shown in Figure 2.6a is unsurprising given the results

seen for the stokeslet, stresslet and rotlet. However the visualization of Figure 2.6b

shows poorer agreement than force multipoles in the immediate vicinity of the dipole,

probably because this simple approach for the point sources lacks the rigorously
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Figure 2.6 Comparisons between the predicted (Equation 2.51) and simulated �ow

around a (regularized) potential dipole.

Figure (a): average (within a spherical shell) speed as a function of distance.

Red points show simulation results, blue line shows the prediction of

Equation 2.52 (not a �t). Quantities are in simulation units (∆x, ∆t, etc.).

Figure (b): velocity �eld around a dipole, normalized by a characteristic

speed vc(r) ≡ d/(4πr3). Upper half: simulated velocity �eld. Lower half:

isosurfaces of the magnitude of the velocity di�erence between simulation

and theory. �e isosurfaces are clipped against a plane through the dipole, to

reveal the structure near it (this was not necessary for the stresslet and rotlet

�gures, due to their simpler structures). Isosurfaces are at values of 25% and

50%.�e colouring depends upon the magnitude of the di�erence �eld and is

shown as a percentage of vc in the colour bar.�e dipole is oriented vertically

and positioned in the centre of the volume.26



analyzed foundation that our forcing method has. We are not particularly concerned

by this, since for our applications we only use the potential dipole during testing (see

subsection 3.2.3).

�e above examples show that the regularized delta function provides a useful way

of incorporating arbitrary distributions of singular forces into the lattice Boltzmann

method, capable of dealing with internal as well as external forcing.
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A stokeslet model for dilute colloids

3
As discussed in section 1.4, there are a wide range of simulation methods for particles

in a �uid, most of which require that the �uid �ows be resolved at the scale of the

particles. When wishing to study dilute systems, this introduces a large computational

overhead1. Even one of the simplest systems one can study, the dynamics of a

dilute, sedimenting suspension, has many unanswered questions and one of the

most promising approaches is large-particle-number simulation.

�e problemmay be simpli�ed by retaining only the lowest order multipole of the

force distribution induced on the particle surface by the no-slip boundary condition,

the stokeslet (see Equation 3.1 and comments below).�is was done theoretically by

Sa�man [95]. However his model has no inertia on the �uid scale. By using lattice

Boltzmann we retain this, while neglecting it for the particles themselves and at the

particle scale.�is principle has also been exploited to simulate polymers as a string

of point particles coupled to an LB �uid [3, 114].

3.1 The stokeslet model

At low Reynolds number, the �ow caused by a sphere of radius a uniformly translating

at velocity v⃗ can be expressed as the sum of a stokeslet and a potential dipole. Putting

the explicit form of these singularities into Equation 2.39 gives

ui(x⃗) = {
3

4
(
a

r
) [δi j +

rir j

r2
] −
1

4
(
a

r
)
3

[−δi j +
3rir j

r2
]} v j. (3.1)

�e terms in the square brackets [. . .] are angle dependent and of order unity.�e

potential dipole (second) term decays as (a/r)3 while the stokeslet (�rst) term decays

as (a/r). Hence in the dilute limit we can neglect the potential dipole term. In

section 3.2 below, this omission will be shown not to signi�cantly a�ect the results, at

least for the test problem studied (sedimentation).

We replace the full no-slip boundary condition on the surfaces, which couples the

particles to the �uid, with a simple friction ansatz [3], simplifying signi�cantly. In the

absence of particle inertia, the external force F⃗s on a particle at R⃗s must be balanced

by the hydrodynamic drag; thus the external forces are communicated to the �uid.

1�e overhead can be reduced in some methods through the use of adaptive meshes or multiscale

methods.
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We have therefore a momentum balance equation for the �uid

ρ(∂tv⃗ + v⃗ ⋅ ∇v⃗) = −∇p + η∇2v⃗ +∑
s

F⃗sδ(r⃗ − R⃗s) (3.2)

where the sum includes contributions from the s = 1 . . .N particles.

In the over-damped limit, accelerations of the particles vanish and the particle

coordinates are updated directly using the �rst Faxén relation [87]

∂tR⃗s = v⃗∞(R⃗s) +
F⃗s

6πηa
, (3.3)

which relates the velocity of the particle ∂tR⃗s to the external force on it. �e

background velocity v⃗∞(R⃗s) is the �uid velocity at the location R⃗s in the absence

of the s-th particle.�e above two equations provide a complete speci�cation of a

model of sedimenting spheres, or indeed any other systemof spheres with forces acting

on them (whether interparticle or external), valid in the dilute limit, for dynamics at

long wavelengths.

�e lattice Boltzmann implementation of this model proceeds by �rst replacing

the Dirac delta function with the regularized delta functions to obtain a force density

at the grid points F⃗(r⃗) = ∑s F⃗sδ
P(r⃗ − R⃗s). We require the background �uid velocity at

the particle location v⃗∞(R⃗s) to complete the method. Since the LBE evolves the total

�uid velocity v⃗(r⃗) due to all particles sampled on the lattice, we have two problems

le� to solve: �rst the �uid velocity must be evaluated at the particle location which

will in general not coincide with a grid point, i.e. interpolation; and second some

subtraction of the e�ect of particle s must be made. (We note that in their related

method, Ahlrichs and Dünweg [3] omit this second step, thus limiting their method

to a single particle hydrodynamic radius, �xed by the interpolation algorithm.)

In the absence of �uid inertia at the particle scale (ensuring Stokes �ow) this can

be accomplished as follows. By de�nition, the �uid velocity at a node v(r⃗) is the sum

of the background velocity at the node v⃗∞(r⃗) and the velocity due to the s-th stokeslet

located at R⃗s,

v⃗(r⃗) = v⃗∞(r⃗) + v⃗s(r⃗, R⃗s). (3.4)

Noting the de�ning equation of the δ-function

f (r⃗) = ∫ f (r⃗′)δ(r⃗ − r⃗′)dr⃗′, (3.5)

we replace the integral and the Dirac δ-function with a sum over grid points and
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Peskin’s regularization of the δ-function

f (r⃗) ≈∑
r⃗′

f (r⃗′)δ(r⃗ − r⃗′) (3.6)

giving an “interpolation” method. We note this is in fact not strictly interpolation

since interpolating some �eld to one of the sample grid points x⃗i does not necessarily

produce the value of the �eld at x⃗i , however for clarity we will refer to it as such below.

Other than that, the method’s most signi�cant drawback is the large support (4 grid

points) for the �rst-order accuracy, but it does particularly well at “hiding the grid”

compared to simpler methods and allows the following analysis, as well as having a

pleasing symmetry.

We now take Equation 3.4, multiply by δP(R⃗s − r⃗) and sum over the lattice points

(in implementation we merely sum over the bounded support of the delta function):

∑
r⃗

δP(R⃗s − r⃗)v⃗(r⃗) =∑
r⃗

δP(R⃗s − r⃗)v⃗∞(r⃗) +∑
r⃗

δP(R⃗s − r⃗)v⃗s(r⃗, R⃗s). (3.7)

�e le� hand side we can compute and the �rst term on the right is, approximately,

the quantity we seek. Turning to the �nal term, the velocity at a lattice point r⃗ due a

regularized stokeslet located at R⃗s is

v⃗s(r⃗, R⃗s) =
1

L3
∑
k⃗≠0

e i k⃗⋅r⃗

ηk2
δP(k⃗; R⃗s)(1 − k̂k̂) ⋅ F⃗s . (3.8)

Interpolating this velocity back to the location of the particle as in the �nal term of

Equation 3.7 gives

∑
r⃗

v⃗s(r⃗, R⃗s)δP(R⃗s − r⃗) = F⃗s ⋅ ∑
r⃗,k⃗≠0

e i k⃗⋅r⃗

ηk2
δP(k⃗; R⃗s)

L3
(1 − k̂k̂)δP(R⃗s − r⃗) (3.9)

and completing the spatial sum, we get the for the interpolated stokeslet velocity

∑
r⃗

v⃗s(r⃗, R⃗s)δP(R⃗s − r⃗) =

⎡
⎢
⎢
⎢
⎢
⎣

∑
k⃗≠0

∣δP(k⃗; R⃗s)∣
2

k2
(1 − k̂k̂)

⎤
⎥
⎥
⎥
⎥
⎦

⋅
F⃗s

η
≡

F⃗s

6πηaL(R⃗s)
. (3.10)

�e tensorial part, when summed over non-zero k⃗ is an isotropic, diagonal matrix

and may therefore be replaced by a single quantity, allowing the �nal de�nition.�e

regularization correction aL depends only on the system size L, the position of the

particle relative to the lattice and on the form of the regularization and interpolation
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kernels; it is independent of viscosity η and of the radius a. We discuss determining

its value below.

Combining Equation 3.7 and Equation 3.10 and approximating the background

�uid velocity at the particle location with the interpolated value, gives

v⃗∞(R⃗s) ≈ v⃗(R⃗s) −
F⃗s

6πηaL(R⃗s)
. (3.11)

Hence the update equation for the stokeslet positions can now be expressed in terms

of the interpolated �uid velocity, without any reference to the background velocity,

˙⃗
Rs = v⃗(R⃗s) −

F⃗s

6πηaL(R⃗s)
+

F⃗s

6πηa
(3.12)

Notice that replacing the background velocity in the Faxén relation with the actual

�uid velocity induces an e�ective back�ow, leading to a renormalized hydrodynamic

radius,
1

aR
=
1

a
−
1

aL
(3.13)

�e numerics thus places a constraint a ≪ aL on the allowed values of the

hydrodynamic radius a. �is numerical constraint encodes the condition that

the grid points must be in the far-�eld of the stokeslet, the limit in which the

background velocity can be obtained from the �uid velocity by subtracting amonopole

contribution. In our simulations, we operate well within this limit.

�is almost completes the description of the lattice Boltzmann implementation

of our stokeslet model of sedimenting particles. �e only free parameter is the

hydrodynamic radius a of the particles, which decides how fast they sediment for a

given force F⃗s. As shown above, the regularization correction aL could be calculated

analytically as a function of system size. We �nd it convenient to �t it using a procedure

described a�er discussing how to addnoise in amanner consistentwith the �uctuation-

dissipation theorem.

To address Brownian motion of our colloids, we need to use the �uctuating

LBE, mentioned in section 2.2, of Adhikari et al. [2] which imparts an appropriate

thermal noise spectrum to the �uid. Because of the renormalization of a, the resulting

di�usivity is generally not correct unless a further noise term is added that is the

counterpart of the aL correction.

To derive this term, consider a spherical sedimenting particle in the Langevin
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picture. We can write

m
¨⃗
R = −6πηa (

˙⃗
R − v⃗∞) + F⃗ + ξ⃗(t) (3.14)

and taking the inertia-less limit gives

˙⃗
R = v⃗∞(R⃗) +

F⃗

6πηa
+ ζ⃗(t). (3.15)

We note that in this picture, noise only comes in through the Gaussian random

variable ζ⃗ and that in particular the �uid velocity v⃗∞ is completely deterministic.

�e update rule for our model particle, de�ned so far by Equation 3.12, is

˙⃗
Rs = v⃗(R⃗s) −

F⃗

6πηaL
+

F⃗

6πηa
(3.16)

which is su�cient for the in�nite Péclet number regime. If one uses �uctuating LB,

then the interpolated velocity v⃗(R⃗) contains a noise component. However, we do not

expect the magnitude of the noise to be appropriate for a particle of the desired radius

a, since the random component of the velocity has no dependence on the radius of

the particle. In fact, the variance of this noise is that expected for a Brownian particle

with the same radius as the regularization correction aL (> a) and we use this fact to

determine its value from a di�usion “experiment” on an unforced particle.

Knowing that the particle will otherwise di�use as one with a much larger radius,

we add a white noise term to the update rule for the model

˙⃗
R = v⃗(R⃗) −

F⃗

6πηaL
+

F⃗

6πηa
+ ζ⃗ ′(t). (3.17)

�e variance of the extra noise is determined, by the requirement of satisfying the

�uctuation-dissipation theorem, to be

⟨ζ ′i(t)ζ ′j(t
′)⟩ =

kT

3πη
(
1

a
−
1

aL
) δi jδ(t − t′). (3.18)

We now return to determining the value of the regularization correction aL. To

do this, we set up a simulation of a single unforced particle in periodic boundary

conditions at �nite temperature and disable the extra noise term ζ ′ discussed above,

giving
˙⃗
R = v⃗(R⃗) (3.19)
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as the equation of motion of the particle.

We let the simulation equilibrate for the characteristic time for momentum to

di�use across the box size, T ∼ L2/η, before recording the displacement as a function

of time.�is is repeated for a number of di�erent starting positions relative to the LB

grid and a plot of ⟨r⃗2⟩ vs. t such as the one shown in Figure 3.1 is used to estimate

the di�usivity. We then use the Stokes-Einstein-Sutherland relation 2 to derive a

radius and use this as the regularization correction.�e data shown in Figure 3.1 and

Figure 3.2 is from the calibration for the comparisons in subsection 3.2.2, using the

same parameters (except the number of particles is one, run time of each simulation

is T and the �uid has thermal noise with kT = 10−3M(∆x/∆t)2, M being the mass

contained by one grid point’s volume3) averaged over 103 simulations.
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Figure 3.1 Plot of mean square displacement for a di�using, unforced particle, averaged

over 103 runs (red). All quantities are in lattice units ∆x and ∆t. �e �t

(blue) is by least squares and gives aL ≈ 2.21.

We then test to ensure that this gives the correct sedimentation behaviour of a

particle, by initializing a simulation with as single sedimenting particle and allowing it

to run for the (estimated) time for a particle to move 2 lattice units (thus experiencing

2Sutherland has not been associated with this relation historically, however I was made aware

during a lecture by Eric Weeks that Sutherland derived the result [107] in the same year as Einstein

[25] (modern English translation in Stachel [104]).

3See Adhikari et al. [2] for a discussion of constraints on the level of the thermal noise.
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any �uctuations as the particle moves over the grid). Figure 3.2 shows the measured

and desired displacement and velocity for the calibration checks for the system above.
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Figure 3.2 Displacement (top) and velocity (bottom) of a sedimenting particle as a

function of time.�e values measured in simulation are shown in red, the

desired values in blue (note that both lines span the whole range of times

shown, but obscure each other).

�e small deviation of the measured velocity from the desired behaviour at short

times is due to the �uid velocity at the particle location not instantly reaching its

steady state velocity since the Reynolds number is not strictly zero. A�er a few Stokes

times the di�erence is no longer apparent and the simulated particle moves with the

input Stokes velocity very accurately.

3.2 Validation of the stokeslet model

�e testing done during the calibration process is encouraging, but not complete

evidence that we have captured the essential physics of dilute colloids at low Re.�is
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section sets out the testing we have done, including single and multiple particle tests

and comparisons to theoretical results of low Reynolds number hydrodynamics and

a resolved-particle lattice-Boltzmann method.

3.2.1 Benchmarks

Our �rst benchmark addresses the dynamics of a single impulsively started particle,

without noise. From unsteady hydrodynamics, we know that the asymptotic decay of

the particle velocity varies as t−d/2 in d dimensions [60]. In Figure 3.3 we display the

decay of the particle velocity, for a single hydrodynamic radius (0.05∆x), but several

values of the �uid viscosity. In all cases, we see the correct asymptotic behaviour, until

the particle begins to interact with its image, due to the periodic boundary conditions.

(�is interpretation is supported by the scaling of the time τ at which the deviations

become signi�cant: we �nd τ ≃ L2

η
as shown in the inset to Figure 3.3.) In other words,

our particle model correctly captures the low and intermediate frequency behaviour

of the particle mobility, but cannot capture the high-frequency behaviour correctly,

since that depends on the way vorticity di�uses in the immediate neighbourhood of

the particle, which is not correctly reproduced in our model.

Our next benchmark involves collective motion of a set of particles, and thus

directly probes the hydrodynamic interaction between particles. In Figure 3.4 the

mean sedimentation velocity of a periodic array of spheres is shown, as a function

of the separation between particles L which ranges from 2 . . . 128∆x. In these

simulations the lattice is of size 643, except for the largest separations (L = 64, 128)

where it is of size 1283; the particle radius a = 0.05∆x. Running these for the expected

time to fall ten lattice units and taking the average velocity for the last half gives

the results in Figure 3.4, which are plotted with the theoretical result of Happel and

Brenner [36]:

v =
vSt

1 + ka/L
, (3.20)

(k = 2.84).�e agreement is excellent until the separation reduces to L = 2∆x.

We also performed a similar test with a vertically separated pair of particles

(a = 0.05∆x) in a system of size 643 with periodic boundary conditions.�e particles

are separated a distance L = 1 . . . 6∆x and the they are allowed to fall approximately

10∆x, their average speed in the last half of this time giving the values plotted in

Figure 3.5 along with the prediction of Happel and Brenner [36], which begins to

di�er signi�cantly when L/a ∼ 40, i.e. L ∼ 2∆x.

�e model is also able faithfully to capture instabilities due to collective hydro-
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Figure 3.3 Response of a single particle to an impulsive force P⃗ in a periodic box. Main

�gure: response shown for a range of viscosities (points) compared to the

theoretical prediction v⃗ = P⃗
12ρ(πνt)3/2 at long times [60].�e inset shows the

e�ect of varying the size of the simulation box. Deviations from the prediction

become signi�cant at approximately 250, 1000 and 4000 timesteps for box

sizes of 32, 64 and 128, respectively.�is is consistent with the expected scaling,

τ ∼ L2/η.
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Figure 3.4 Steady sedimentation velocity of a simple cubic array of spheres, normalized

by the Stokes sedimentation velocity of a single particle, vSt.�e separation,

L, is expressed in terms of the �tted particle radius, a. �e solid line is the

theoretical result v = vSt/(1 + k a
L
), with k = 2.84 [36, 37].
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Figure 3.5 Steady centre-of-mass sedimentation velocity of a vertically separated pair of

particles, normalized by the Stokes sedimentation velocity of a single particle,

vSt. �e separation, L, is expressed in terms of the particle radius, a. �e

solid line is the theoretical result v = vSt(1 +
3a
2L

) [36]. In these simulations,

a = ∆x/20.

dynamic �ow. It was shown in Crowley [19] that an in�nite horizontal layer of

sedimenting spheres displays an instability whereby denser regions experience a

lower per-particle drag and hence fall faster. In Figure 3.6 we show several snapshots

(in a co-moving frame) of the particles from a simulation with periodic boundary

conditions in all directions. We expect this to give similar results to Crowley’s in�nite

case, at least initially and the instability is, at least qualitatively, captured by our model.

For most problems, all Reynolds numbers below some (situation-dependent

but small) value give rise to equivalent behaviour, as discussed in detail in for

example Cates et al. [13]. Following protocols discussed there, we have compared the

normalized velocity �eld u⃗ ≡ v⃗/vSt (with vSt the sedimentation velocity of an isolated

colloid) for a number of simulations of a single sedimenting sphere with periodic

boundary conditions (see Figure 3.7) in order to explore the range of Reynolds number

at which our algorithm gives acceptably accurate results. Our ‘reference’ simulation

has a very small Re = 10−6 such that we can be con�dent it is in the Stokesian limit.

�is is shown in Figure 3.7a. Figure 3.7b and Figure 3.7c show the normalized velocity

di�erence �elds between the reference case and simulations with Re = 10−4 and

Re = 10−2, respectively. In the simulation with Re = 10−4, the magnitude of the

di�erence in scaled velocities ∆u⃗ = (v⃗ − v⃗ref)/vSt is everywhere less than 2 × 10−5,
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(a) t = 0tSt

(b) t = 1650tSt

(c) t = 3300tSt

Figure 3.6 Crowley instability of a 2-dimensional, (with a 1% horizontal, sinusoidal

perturbation) lattice of sedimenting particles with periodic boundary

conditions in all directions. Images are generated in the co-moving frame

and particle size has been exaggerated for illustrative purposes. (�e Stokes

time tSt ≡ a/vSt is the time it take the particle to move its own radius.)
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(a) (b) (c)

Figure 3.7 Contour plots of (a) the normalized velocity �eld u⃗ for a reference simulation

at very low Re = 10−6; and velocity di�erence �elds for (b) Re = 10−4 and (c)

10−2.�ese are for a point-like colloid sedimenting in a 323 box with periodic

boundary conditions. Reference case: contour interval 0.02vSt. Re = 10
−4

case: contour interval 5 × 10−6. Re = 10−2 case: contour interval 5 × 10−3.

a negligibly small error. In the simulation with Re = 10−2, we �nd ∣∆u⃗∣ ≤ 0.01

throughout the bulk of the domain; only in the immediate vicinity of the particle does

it become larger.�is suggests that this Reynolds number is su�ciently low to give

‘realistic’, although not ‘fully realistic’, behaviour as de�ned in Cates et al. [13]. Since

reaching very low Re requires paying a larger cost in computational time, and there

are other sources of percent-level error in the code, Re = 10−2 is probably a reasonable

compromise between accuracy and run-time, for studies in the low Reynolds number

limit.

3.2.2 Comparison to a fully resolved LB algorithm

As a �nal benchmark, we have compared the behaviour of our sedimenting particle

model with a fully resolved colloid simulation code using the algorithm of Nguyen

and Ladd [80]4. (For full implementation details see Stratford et al. [105].) At dilute

concentrations, the paths of the particles are almost indistinguishable between the

two simulations when plotted graphically. �is is shown in Figure 3.8 for volume

fraction ϕ = 3.0 × 10−3; note that the largest di�erences occur when the density of

particles is large locally, when the implicit assumption of our model that the particles

are always at separations large compared to their radius is no longer valid. We cannot

expect both simulations to give the same trajectories for long times, since the small

4�anks to Kevin Stratford for performing the resolved particle simulations
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Figure 3.8 Both visualizations show the particles at their position in the point-particle

simulation a�er 10 Stokes times. Le�: lines show the trajectories from the

starting con�guration. Right: lines show the di�erence between fully-resolved

and point like algorithm. Parameters for the two systems are shown in

Table 3.1. See also movie 1.

Parameter Fully resolved Point particle

Lattice size L 96 9

Particle radius a 1.25 0.117

Viscosity η 1

6

1

6

Density ρ 1.0 1.0

Reynolds number Re 0.01 0.01

Stokes time tSt 937 8

Number of particles 321 321

Volume fraction ϕ 3.0 × 10−3 3.0 × 10−3

Table 3.1 Parameters for simulations used to compare fully-resolved and point-like

algorithms; see text, Figure 3.8 and Figure 3.9.

di�erences between algorithms will cause exponential separation of trajectories owing

to the positive Lyapunov exponent of the system. However, from a plot of the mean

di�erence in position between the two simulations against time, we can see excellent

agreement for several Stokes times, and until at least ten Stokes times for su�ciently

dilute systems (Figure 3.9 and movie 1).

3.2.3 Potential dipoles

As shown in Equation 3.1, the �ow around a moving sphere contains stokeslet and

potential dipole components. Since the potential dipole decays faster as a function

of distance (∼ (r/a)−3) than the stokeslet (∼ (r/a)−1), we did not expect it to have

signi�cant e�ects on the hydrodynamic interactions between dilute particle. However,

since we cannot a priori rule out it having an in�uence on the many body behaviour,

41



0.001

0.01

0.1

1

10

0.1 1 10 100

⟨∣
∆
r⃗∣
⟩/
a
”

t/tSt

0.01

0.1

1

0.1 1 10 100

⟨∣
∆
v⃗
∣⟩
/v
S
t

t/tSt

ϕ = 3 × 10−2

ϕ = 3 × 10−3

ϕ = 3 × 10−4

Figure 3.9 Top �gure: mean absolute di�erence in position between fully-resolved and

point-like sedimenting particles. Bottom �gure: mean absolute di�erence in

velocity between the two simulations. Parameters for the two systems are

shown in Table 3.1.
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Figure 3.10 Comparison of simulated particle trajectories with and without the potential

dipole term. Time is measured in Stokes times and distance in particle

radii. Pluses show the root mean square di�erence, boxes the mean absolute

di�erence and triangles the maximum di�erence.

we compare the results of our algorithm with and without the dipole term.

�e potential dipole was implemented as described in chapter 2 using a pair of

regularized source terms of opposite sign, separated by the nominal particle radius.

We performed two relatively large (6 × 104 particle) simulations, identical except

that one had the potential dipole term and the other did not. We then compared

particle positions as a function of time, using the root-mean-square, mean absolute

and maximum di�erences between the simulations; results are shown in Figure 3.10.

�e average di�erence between the particle positions in the two simulations is only

0.1% of the typical distance moved by the particles, an order of magnitude smaller

than the di�erence between our method and the resolved particle method. Since

we are in any case neglecting near �eld interactions between the particles, the same

argument as in subsection 3.2.2 applies: there is little point in seeking to be ‘fully

realistic’; better to be realistic enough and e�cient, by the same standards as discussed

in subsection 3.2.2.
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3.3 Discussion

�is chapter has set out the model for simulating point-like particles and shown that

it agrees well in the dilute limit with various analytic results and with a well-tested

resolved particle algorithm where analytic results are not available. We also have

shown the approximate limits of themethod: in Figure 3.4 the observed sedimentation

velocity of the lattice of particles shows deviation from the theoretical result with a

separation of 2 lattice units; the same is seen in Figure 3.5. Considering the support of

the regularization has a radius of ∼ two lattice units and �gures 2.4, 2.5 and 2.6 show

deviations from the multipoles at around this range, this is quite consistent.

Due to its careful construction, the regularized δ-function signi�cantly reduces

velocity �uctuations as the particle moves with respect to the computational grid.

In fact the trajectories for our point-like particles are much smoother than the fully

resolved case.�e latter’s discretization of the spherical shape �uctuates as the particle

move across the lattice [105].

Other approaches can also reduce such errors, e.g. immersed-boundary–lattice-

Bolzmann methods (IB-LBMs) [26, 27, 84, 100, 113], LBM for immiscible liquids [47]

or �nite-di�erence methods coupled to Stokes equation solutions near the particle

[117]. (Although we hasten to acknowledge that reducing such errors is unlikely to

have been the main motivation for these approaches, merely one bene�t.) �ese

methods can also deal with aspherical and/or deformable colloidal particles. However

they all involve resolving the particle boundaries and thus require particle radii at

least as big as in Ladd’s algorithm: for a given number and concentration of particles,

they should therefore require comparable computational e�ort (which is dominated

in practise by the LBE sector for the bulk �uid).

In contrast, with our point-particle algorithm, as shown in Table 3.1, similar

particle numbers and volume fractions can be simulated with an LB lattice that is

smaller in linear dimension by a factor λ ≈ 10 to those of Ladd’s algorithm. (�is is the

ratio of the particle radii in the two simulations.)�e computational time to update

the particle positions is essentially negligible, so that the CPU time needed to perform

one LB time step is decreased by a factor of λ3; moreover the Stokes time, tSt =
ρa2

ηRe
,

scales as λ2.�e latter sets the time basic time scale for evolution of sedimentation

trajectories, so that for this problem we expect, and indeed observe, a speed-up of

O(λ5) ≈ 105 for equivalent systems.

�e LBM is relatively straightforward to parallelize, requiring communication of

only the populations which cross boundaries to the adjacent computational domains,
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along with particle data structures. Hence one can run extremely large problems by

simply adding more processors to a parallel computer. However unless the simulation

can be run for a large number of Stokes times, the problem may remain unsolved.

Dividing a �xed domain across a larger number of processors of the same speed (as is

the current trend) will of course reduce the time spent on the useful computation but

will much increase the overhead of communication and will hence have diminishing

return—there is, a�er all, no know algorithm for domain decomposition along the

time axis.

�us the ability to reduce the Stokes time by a factor ∼ 102 in particular makes

our method extremely extremely attractive for problems with long timescales and

large particle numbers. One such problem is sedimentation of dilute spheres: even

the largest resolved-particle LB simulations [81] currently have di�culty accurately

determining the long-wavelength particle structure factor.�is is a quantity of great

theoretical interest [92] and determines the ultimate character of the sedimentation

dynamics which depends on how particles become correlated over length scales large

compared to their mean separation. Another obvious problem that could be tackled

is the simulation of dilute polymer solutions. By adding a potential between our

point particles, such as FENE for bonded monomers and truncated Lennard-Jones

for unbonded monomers, we would have a coarse-grained model of a polymer, which

would include hydrodynamic interaction and thermal e�ects. However in this thesis

we do not proceed in these directions, choosing instead to extend this method to

self-propelled particles.
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A minimal model for self-propelled particles

4
As discussed in the introduction, self-propelling microorganisms use a large variety

of detailed mechanisms for motility, as do arti�cial models for low Re swimmers.

We choose to take a di�erent tack, choosing a minimal model for the particles. For

neutrally buoyant particles with no external force acting, there is no net force exerted

on the �uid when the swimmer moves with a steady velocity, hence the multipole

expansion of its e�ect on the �uid has no stokeslet term. �e next term, the force

dipole, is in general non-zero. It is also the slowest decaying of the remaining terms

and we take this to be the dominant term following, for example, Hatwalne et al.

[38], Hernandez-Ortiz et al. [41], Pedley and Kessler [83].

One group has recently argued [5, 86] that swimmers (in which term we include

the stroke) that are symmetric under combined time-reversal and parity (r⃗ → −r⃗)

transformations cannot have a dipolar component in the average velocity �eld around

them. However we are unaware of any organism that is su�ciently symmetric to meet

these requirements and any experimental implementation of a microswimmer is also

likely to be insu�ciently symmetric. Hence we expect that any real swimmer would

exhibit a dipolar �ow �eld, at least at distances much larger than its size.

4.1 Regularized stresslet model for swimmers

We demonstrated in section 2.4 that we can regularize a stresslet onto the lattice

Boltzmann grid in a manner that reproduces the expected �ow patterns at distances

r > ∆x (the lattice spacing). We could therefore use this to represent a neutrally

buoyant, unforced self-propelled particle. In order to consistently include the e�ect

of forces (such as gravity or another potential, whether inter-particle or external), we

adopt a “body” and “thruster” model, as shown in Figure 4.1.

�e body of the swimmer is modelled identically to the point-like colloids of

chapter 3, with the addition of a propelling force of constant magnitude P oriented

along the swimmer’s alignment vector n̂. �is model therefore includes arbitrary

forces acting on the particles, for instance gravity, another external force (such as a

trap) or inter-particle forces. As before we are assuming our particles are inertialess,

hence the drag force from the �uid must balance the total force on the particle:

D⃗ = Pn̂ + F⃗ (4.1)
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−Pn̂

−D⃗

(b)

Figure 4.1 “Cartoons” of two types of swimmer. �e particle’s radius is a and the

separation between the centre of the body and the propulsive centre is l , which

is assumed to lie along the orientation vector n̂. We de�ne the propulsive

centre as the time-averaged hydrodynamic centre of the moving parts of the

swimmer, such as its �agella: in the model, the �agella’s only in�uence is

to exert a point force at this location on the �uid. �e magnitude of the

propulsive force is P. �e open headed arrows indicate forces on the particle:

an external force F⃗ext; the propelling force Pn̂, and the hydrodynamic drag D⃗.

�e �lled arrows are forces on the �uid.�e �rst swimmer (a) is a “pusher”

and a model for microorganisms such as E. coli or for spermatozoa. �e

second swimmer (b) is a “puller” and model for, e.g., C. nivalis, a bi�agellated

algae.
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and by Newton’s third law, the body therefore exerts an equal but opposite force −D⃗

on the �uid which we apply at the particle’s body’s position.�e swimmer’s position

is updated identically to the inactive particles without noise, i.e. Equation 3.12.

�e thruster we model simply as another point force −Pn̂ acting at a point along

a line from the swimmer’s body location along its orientation vector at a distance

speci�ed as l . When l < 0 the force acts behind the body and we have an extensile

swimmer (Figure 4.1a), when l > 0 the force acts in front of the body and it is a

contractile swimmer (Figure 4.1b). In the absence of non-propulsive forces, the force

exerted by the body on the �uid is equal in magnitude and opposite in direction to

the propulsive force; we therefore have a regularized stresslet.

What remains unspeci�ed is an algorithm for integrating the orientation forwards

in time. To do this, we interpolate the �uid velocity to the head and thruster

coordinates; the rotational part of the velocity di�erence is used to rotate the particle:

dn̂i

dt
=
1

l
[v⃗(R⃗i) − v⃗(R⃗i − l n̂)] . (4.2)

We integrate this over one timestep with the Euler method.

We do not consider the case of Brownian swimmers in this work; ensuring the

correct rotational behaviour is reproduced is non-trivial in general. However we do

consider swimmers with run-and-tumble behaviour. When the rate of tumbling α is

small enough that the probability of a tumble occurring during a timestep is≪ 1 (i.e.

α ≪ ∆t−1), we randomly replace the normal advective rotation with randomization

of orientation with probability α∆t. �e new, random unit vector is chosen by

constructing a vector n⃗ from three Gaussian deviates (which has a spherically

symmetric, Gaussian distribution) and normalizing n⃗ to have unit magnitude as

required.

4.2 Wall interaction rules

Because of the ubiquity of surfaces in many biological systems, it would be very

desirable to understand their role in the dynamics of swimmers. Unfortunately, there

is very little known about the changes in swimming behaviour of microorganisms

when they encounter a wall and a great deal of it may be species dependent. In keeping

with the minimalism of our model we wish to use the simplest rules for their wall

interactions.�e relatively large support of the regularized delta function (two lattice

sites in all directions) also gives problems both in the regularization of the forces and

in the interpolation of the �uid velocity to the particle location. We have implemented
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two di�erent rules for wall interaction.

4.2.1 Rule A

�is rule is designed for simplicity of implementation as well as speed. It deals with

the large support of the regularized delta function by not letting the particle get close

enough to the wall for its support to reach the “halo” nodes of the LB grid (the halo

nodes are an extra layer of grid points surrounding the active part which simplify

implementation of boundary conditions; see section A.1). We refer to this plane

as the virtual wall. When integrating the swimmer location forwards in time we

calculate the new position and before replacing the previous, check if the swimmer

has reached the virtual wall. If so we back-track to the start of the timestep, calculate

the fraction of a time step to reach the virtual wall and move that far.�en the particle

undergoes a forced tumble, into the half-sphere away from the wall, and continues

for the remainder of the time step.

4.2.2 Rule B

�is rule introduces a short-ranged, repulsive force that repels the swimmers from

the wall as they approach it. We use a truncated Lennard-Jones potenital:

U(z) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

4є (( σ
z
)
12
− ( σ

z
)
6
) + є z < 21/6σ

0 z ≥ 21/6σ
(4.3)

We require that the lengthscale for the potential σ be the distance a particle can swim

in a few timesteps; we choose ten.�e depth of the potential and hence the strength of

the force is chosen so that a particle swimming normal to the wall reaches mechanical

equilibrium this distance from the wall.

We take a more sophisticated approach to the support problem here, allowing the

swimmer to get arbitrarily close to the wall. Any portion of the regularized singular

forces that lies outside the �uid is simply ignored. While this is not rigorously accurate,

the response of the �uid to the singular forces is only accurate at distances greater

than a few lattice units, hence the �ow when forces are this close to a wall are suspect

anyway. Similarly, during the interpolation stage, the wall velocity is used in place of

the missing velocities.
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4.3 Hydrodynamically non-interacting swimmers

To act as a control for the e�ect of hydrodynamics, we have a further simpli�cation

in which the particles do not interact via the LB �uid. In this situation, the stage of

applying the force due to the particle to the �uid is omitted. In the case of a quiescent

�uid, the interpolation method can be overridden to return zero velocity. For the case

of a static but non-uniform �uid velocity �eld, the lattice Boltzmann updates can be

omitted and we simply interpolate from the initial velocity �eld. Otherwise, e.g. for

oscillatory shear �ow, the full LB updates and interpolation must be retained.

4.4 Testing

4.4.1 Propulsion speed

As a �rst test, we wish to check the swimming speed. We used a relatively small

simulation domain (203 lattice points) and 100 non-tumbling, unforced swimmers

of hydrodynamic radius a = 10−3 (we use a particularly small radius to ensure that

the particles interact very weakly with each other for a given swimming speed vs)

located and oriented at random. We then allow them to propagate for ten times the

box length, recording the state of the swimmers at intervals of ∆t/vs. We observe

that the average speed very closely matches that expected, di�ering by of order one

part in 107. Repeating these simulations with a much larger particle size a = 0.1 gave

⟨∣v⃗∣⟩ = (1.000 ± 0.004)vs (where vs is the desired swim speed).

4.4.2 Orientation

To test the behaviour of the orientation part of the code, a single, unpropelled

particle was placed in the centre of a cubic simulation box with side L = 10∆x

and sinusoidally sheared boundaries at the top and bottom. We tracked θ, the angle

between the orientation vector and the z-axis (i.e. the direction normal to the sheared

boundaries).�e period of the oscillation was chosen to be several times greater than

the momentum di�usion time for the box τ ∼ L2/ν, and the velocity amplitude was

chosen to give a displacement (for a point on the wall) amplitude comparable to L. In

Figure 4.2 the measured angle compares very favourably to the prediction that the

particle’s orientation vector should always point at the same point on the wall.
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Figure 4.2 Angle between orientation vector of a non-swimming particle in an oscillatory

shear �ow and the direction normal to the moving walls, as a function of

time.�e time is shown in simulations units ∆t.

4.4.3 Tumbling

For run-and-tumble particles, at times long compared to the mean time between

tumbles, we expect to see di�usive behaviour with a constant given by Equation 1.2,

D =
v2s
dα
.

In this test we are looking for this and the cross over from ballistic motion. We use

low concentrations of particles (100 swimmers of radius a = 0.05 in a both 323 and

643 lattices) to keep interactions unimportant. �e system has periodic boundary

conditions, but we also track the “unwrapped” particle coordinates; these are used in

the analysis here.

In Figure 4.3 we shown the mean-squared displacement of the swimmers as a

function of time, for the two di�erent concentrations, alongwith the predicted ballistic

and di�usive lines. �e recorded data agrees very closely with each other and the

predictions in the relevant regime.
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Figure 4.3 Mean squared displacement of a collection of 100 run-and-tumble swimmers

for two domain sizes. Time is in units of α−1, length the mean run-length ℓ.

�e lines, which are not �ts, show the short-time, ballistic behaviour r = vs t

(magenta) and the long-time, di�usive behaviour ⟨r2⟩ = 6Dt (blue). �e

crossover near t = 1/α is clearly visible.

4.4.4 Discussion

�e excellent agreement between our simulation and the required behaviour, in these

simple situations, suggests that we are indeed capturing the essential physics of self-

propelled, possibly tumbling particles. We do not repeat the tests for external forces

performed in section 3.2 since the methods are identical in that limit. What is missing

is an examination of the interactions between the swimmers, which we turn to now.

4.5 Interactions

�e interactions between swimmers are extremely complex: not only do the

disturbances due to one advect another but rotate it also. �e exact form of the

rotation is sensitive to the “stroke” of the swimmer, see for example Alexander et al.

[4], Pooley et al. [86]. We take a di�erent track, more in keeping with our minimal

model, and examine the behaviour of a large collection of swimmers.

If one considers non-tumbling particles and neglects Brownian di�usion, they

will move along paths that bend due to hydrodynamic interactions with the other

particles. Assuming that the bending can be represented as a persistence length Λ,
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then the di�usion constant in this limit is

D1 = 1/3Λvs (4.4)

Intuitively, one would expect it to be a function of the particle volume fraction

ϕ. In fact, Λ/a should be a purely geometrical quantity depending solely on ϕ, since,

in Stokes �ow, the velocity �eld is linear in the force distribution on the �uid: if the

forces are doubled, so are all the swimming velocities. Hence the actual paths taken

are unaltered and we can postulate

Λ = ag(ϕ) (4.5)

Some knowledge of the functional form of g(ϕ), in the limit of vanishing

concentration, would provide a useful test for theoretical predictions. (Of course

g(ϕ)may be di�erent for di�erent swimming “strokes”; we shall put those variations

aside and consider only one here.)

To extract a value of Λ from a simulation, one can use the decay of the orientation

autocorrelation function

Cii(t) = ⟨n̂i(t
′ + t) ⋅ n̂i(t

′)⟩ (4.6)

with n̂i being the orientation of the ith particle. Extracting a decay time τ will give

Λ(ϕ) throughmultiplying by the swim speed vs. In Figure 4.4 we show this correlation

function for a set of simulations, identical except for varying numbers of swimmers.

�e �uid domain is a cube of side L = 32∆x, viscosity ν = 1/6; the particles have radius

a = 0.05∆x, speed vs = 0.0032∆x/∆t and number that varies from two to sixteen

thousand.

�e correlation functions in Figure 4.4 can be �t with an exponential e−t/τ using

standard non-linear least-squares techniques (we use the Levenberg2Marquardt

algorithm [89] as implemented by Gnuplot).�e resulting values of Λ = vsτ are

shown in Figure 4.5. It is clear that for this model of swimmers the hydrodynamic

interactions, in an isotropic phase are extremely weak.

�e mean free path µ for ballistic hard spheres, in the dilute and bulk limit, is [101]

µ =
1

3

√
π

2
aϕ−1. (4.7)

(�is is the relevant length if one assumes that the near-�eld hydrodynamic
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Figure 4.5 Hydrodynamic persistence length Λ (as estimated from the decay of the

autocorrelation functions shown in Figure 4.4) as a function of ϕ.
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interactions when particles are near contact cause large, random changes in direction,

as we argue below.) Evaluating this for the volume fractions used above gives

Λ/a ∼ 200 . . . 2000, four orders of magnitude shorter than we observe. �is can

be understood as an artifact of the model by considering the contributions to the

hydrodynamic rotational di�usion coe�cient, de�ned by

⟨∆θ2⟩ = DRτ (4.8)

where τ is the time between interaction events and ∆θ the change in angle that results,

as follows.

We note that the �uid velocity far from a stresslet is approximately

u ∼ vs (a/r)
2

(4.9)

and that the rotation rate of a swimmer in this �ow �eld is given by

ω = ∇nu⊥ ≈ ∇× u⃗ ∼
u

r
=
vs

r
(
a

r
)
2

. (4.10)

Considering only the far-�eld interactions, the typical separation is the interparticle

separation R, the typical duration is R/vs and the events happen constantly so τ ∼ R/vs

and ∆θ = ωτ ∼ ( a
R
)
2
hence

DFFR ∼
vs

R
(
a

R
)
4

. (4.11)

We now consider the near-�eld interactions for two di�erent models: a more realistic

model and the model set out here.

For the case of realistic swimmers, the separation is a and collision will have a

duration of ∼ a/vs. Again the rotation rate will be approximately the curl of the �uid

velocity which near to a swimmer will be ∼ vs/a.�is gives ∆θ = ωτ ∼ 1. To calculate

the rate of collisions, we use an ideal gas approximation; thus Equation 4.7 applies

and, up to factors of π etc., gives

τ = µ/vs ∼
a

vs
ϕ−1 ∼

R3

vsa2
. (4.12)

Hence:

DNFR ∼
vsa2

R3
. (4.13)

For our model swimmers, the regularized delta function spreads the e�ect of each

particle out over several lattice sites, so the rotation rate of one swimmer close to
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another is reduced to that as if it were at least a lattice unit ∆x away. We use this

assumption with Equation 4.10 and note that τ is the same as for the realistic model,

Equation 4.12.�erefore the near-�eld contribution to rotational di�usion is

DNFMR ∼
vsa2

R3
(
a

∆x
)
6

. (4.14)

With typical simulation values of a = 0.1, R = ∆x = 1, the realistic near �eld

contribution to rotation di�usion is two orders of magnitude bigger than the far

�eld contribution and so should dominate.�e model however neglects this term,

replacing it with one O ((a/∆x)6) times smaller. We convert the rotational di�usion

constants to a persistence length Λ = vsτ ∼ vs/D and summarize the results in Table 4.1,

noting that ϕ ∼ (a/R)3.

Type DR Λ/a

Far-�eld ∼ vs/R(a/R)4 ∼ ϕ−5/3

Near-�eld ∼ vsa2/R3 ∼ ϕ−1

Model near-�eld ∼ vsa2/R3(a/∆x)6 ∼ (∆x/a)6ϕ−1

Table 4.1 Contributions to the rotational di�usion constants DR and persistence lengths

Λ of far- and near-�eld e�ects.

�is suggests that, for su�ciently dilute (depending on the magnitudes of the

coe�cients which we are assuming are O(1)) systems the e�ect which dominates

such hydrodynamic di�usion is that of the rare (near) collisions which cause large

angle changes. Of course, this neglects any other cause of rotation; either intrinsic

tumbling or rotational Brownian motion can be dominant.

For example for E. coli, thermal �uctuations cause a change in orientation of π/2

about a random axis in approximately 10 s and the mean time between tumbles

is about 1 s [8]; assuming a volume fraction for E. coli motility experiments of

ϕ = 10−3 and typical values for the swimming speed and size, Equation 4.13 gives

DNFR = 0.01 s−1. �us this causes a negligible change in angle in the time between

tumbles or before brownian rotation randomizes the direction. Additional sources of

noise, such as variable cell shape, motor activity, �agella number and length, etc., not

considered in this work could also cause signi�cant e�ects that may dominate over

the hydrodynamic interactions.

In the simulations we shall discuss in the following chapters, we include tumbling

at rates that dominate not only the model but also the actual rotational di�usion.

�erefore the above problem is irrelevant in the forthcoming.
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Further, the above analysis only applies for isotropic cases; any orientational

ordering could signi�cantly alter the behaviour. In the following three chapters we

will investigate the properties of collections of swimmers in several di�erent situations:

sedimentation under gravity; in a central, harmonic trap; and in a Poiseuille �ow

between parallel plates.
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Sedimentation

5
Here, we turn to a situation in which the self-propelled particles are enclosed between

hard walls at the base and ceiling with an external, constant force—gravity—acting

upon them. We choose to use periodic boundary conditions horizontally. In Tailleur

and Cates [109] sedimentation without hydrodynamic interactions and boundaries is

studied. For the ratio of weightW to propulsive force P, w ≡W/P < 1 they �nd an

exponential decay of the density, much the same as for thermal Brownian particles:

ρ(z) ∼ e−z/λ (5.1)

with a decay length of λ. However the dependence of λ on w is completely di�erent

for w È 1. Instead of obeying λ = D/vSt (where D is the di�usion constant) as a

system exhibiting thermal Brownian motion would, λ falls strictly to zero at w = 1, as

can be seen from their equation (11):

ln(
ℓ/λ(w + 1) + 1

ℓ/λ(w − 1) + 1
) = 2

ℓ

λ
. (5.2)

When the denominator of the logarithm is zero, the le�-hand side diverges and

intersects the linear right-hand side just below this singularity. As w → 1 the

divergence becomes sharper and the root of Equation 5.2 becomes closer to the

singularity of the le�-hand side; hence the root is λ/ℓ ∼ 1 −w for w ∼ 1.�us λ → 0

implying that the distibution of particles collapses to the bottom of any container.

�is can be understood since there is a strict maximum speed at which the particles

swim, so when the sedimentation speed of the particles is greater than or equal to

this, they cannot move upwards at all and inevitably move downwards. In the case

w ≪ 1, Equation 5.2 does recover a Brownian-like result with λ = D/vSt.

5.1 Simulation description

Initially, we sought to validate the model for sedimenting, swimming particles and

to examine the predicted singularity at w = 1. �e Reynolds number was �xed at

Re ∼ 10−2, a value that is “low enough” (see subsection 3.2.1) and an upper limit on

system size, set by the requirement of a managable simulation duration, was chosen as

322 × 64 (in lattice units).�e viscosity we choose as large as possible to decrease the

timescale for di�usion of momentum, viz. η = 1/6. Bearing in mind the need to keep
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the run length smaller than the simulation domain, the swimming speed vs ≪ ∆x/∆t

and the particle radius a ∼ 0.1, we are relatively constrained in the parameters.�e

particle number was chosen to give a low volume fraction ϕ ∼ 10−4.

A�er some encouraging preliminary tests in smaller simulation domains with

w ≪ 1, that appeared to show an exponential height distribution with a decay length

λ ∝ w−1, and considering the need to check for resolution independence with a more

�nely resolved lattice, we chose the parameters shown in Table 5.1. We then varied

the gravitational force (keeping w < 1) and also performed the simulations with and

without hydrodynamics. For these �rst simulations we use the simple wall interaction

rule where the particles tumble when their support reaches the wall grid points (rule

A). A�er initializing the particles at random with positions uniform throughout the

box and orientations selected uniformly from the unit sphere, we recorded a complete

set of particle data (position, orientation and velocity) at intervals of 20tSt (tSt ≡ a/vSt

is the Stokes time—that required for a particle to sediment its own radius) and ran

the simulation for a time 20h/vSt, i.e. the time a dead particle would take to fall 20

box-heights.

Parameter Standard resolution Double resolution

Box size L2 × h 162 × 32 322 × 64

Fluid density ρ 1 1

Viscosity η 1/6 1/6

Hydrodynamic radius a 0.05 0.1

Swim speed vs 0.032 0.016

Propulsive force P 0.005 0.005

Tumble rate α 0.01 0.0025

Run length ℓ 3.2 6.4

Table 5.1 Parameters used in simulations of sedimenting swimmers.�e sedimentation

force W is determined by W = wP.

In Figure 5.1 and movie 2 we show the evolution of an example system from

its uniform initial condition towards the steady state. We expect the time to reach

this state to be ∼ h/vSt, however, instead of simply guessing a suitable multiple, we

calculate the mean swimmer height as a function of time ⟨z(t)⟩ = ∑i zi(t)/N . A

short section from the end is assumed to be in the steady state and its mean computed;

we then search for the earliest time T such that ⟨z(T)⟩ ≤ ⟨z(t ∼∞)⟩ and use 2T as

the beginning of the steady state.
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Figure 5.1 Evolution of sedimenting swimmers (w = 0.2) fromauniform initial condition.

Swimmers are shown as arrows indicating their orientation and coloured on

the local number density (see the key on the right, in units of the average

density). On the le� hand side the histogram shows the density as a function

of height. Frames are separated by 1500tSt ≈ 2.5h/vSt. See also movie 2.

5.2 Density profiles

Using the steady state data, we computed density histograms using uniformly sized

bins, with the number of bins chosen with the heuristic Nbins =
√
N . Some results are

shown in Figure 5.2. Near the boundary there is an enhancement of the density in a

region of height ∼ ℓ for small w. For larger w the boundary layer contains nearly all

the particles and its height is reduced because the upwards-swimming run-length is

signi�cantly decreased by the retarding e�ect of gravity. Away from thewall-perturbed

region, we do �nd a density distribution that can be �tted by an exponential decay.

�e �tting process is complicated by the presence of the basal perturbation. A

näıve maximum likelihood method, simply taking the mean height, does work for a

distribution that is solely an exponential.�e method of Clauset et al. [17], combines

maximum likelihood, the Kolmogorov-Smirnov (KS) test statistic and a bootstrap

method to estimate parameters, including error estimates and p-values, for power-

law distributions. �e method is appealing, since one of the problems it solves is

locating the value above with the distribution obeys a power-law, zmin. We adapted

this method to �t an exponential for z > zmin (see Appendix B), which worked well

when the enhancement of density at the wall was not too large. However for large

enhancements (i.e. large w) it failed; instead of �tting the tail, it chose zmin such

that a part of the basal layer that was approximately exponential in distribution was

�tted well, neglecting the signi�cance of the points in the tail. Since the exponential

distribution has a much less “heavy tail” than a power-law it goes some way to explain

the failure and suggests that it might work for exponential distributions with a density

reduction at the lowest z.
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Figure 5.2 Example pro�les of the swimmer density with the �tted exponential

distributions plotted as dashed lines. Note that the height of the simulation

box is approximately 10ℓ.

Instead we fell back to the less rigorous method of selecting the value of zmin by

eye from a log-linear plot of the density histogram and using a maximum likelihood

estimator with all the points above that for λ. As in Appendix B this is found by

solving Equation B.4 iteratively:

λ̂ =
N

∑
i=1

zi

N
− (

ae−a/λ̂ − be−b/λ̂

e−a/λ̂ − e−b/λ̂
) .

�e procedure was repeated three times for each data set (with the pro�les in a random

order each time) to estimate errors. Results are shown in Figure 5.3.

�e results for the simulations without hydrodynamic interactions closely match

the predictions of [109] as expected. However with the interactions, λ deviates from

the prediction above w ∼ 0.9 (below 1 − w ∼ 0.1 in Figure 5.3), in all cases the

gravitational decay length being larger than the case without the interactions.

For better statistics, we repeated the runs forw = 0.95, 0.975, 0.9875 in a 1282×32

system with 65536 swimmers, presumably thus increasing the number of swimmers

in the tail region by the same factor.�ese simulations were at the same resolution as

the 162 × 32 runs (and also with the same system height); we found extremely similar

λ values, as summarized in Table 5.2.
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Figure 5.3 Sedimentation decay length λ/ℓ versus 1−w from �ts to the distal part of ρ(z)

in a system of 1024 particles. Solid line: the the prediction of Tailleur and

Cates [109] (note this does not include the e�ects of walls); circles: simulations

with hydrodynamic interactions and walls; squares: the same with the LB

grid re�ned by a factor of two; triangles: simulations without hydrodynamic

interactions but with walls. Estimated errors are approximately the size of

the points.

w λ/ℓ for 162 × 32 systems λ/ℓ for 1282 × 32 systems

0.95 0.082 0.085

0.975 0.063 0.061

0.9875 0.052 0.053

Table 5.2 Estimated sedimentation decay lengths λ for two di�erent size systems, our

standard size 162 × 32 and the larger size 1282 × 32, with the sizes given in

LB units.
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Since the density of particles near the wall is high, it is not clear that the resolution

of simulations is su�cient for reasonably accurate inter-particle interactions. Hence

we repeated the runs with a re�ned lattice Boltzmann grid. In the 322 × 64 case, there

are 1024 lattice points on the bottom layer (compared to 256 in the less resolved case)

giving an average number density of one particle per site, which is just within the

limits of our con�dence in the point-force method, see section 4.4.�e di�erence in

the estimated values of λ between the runs at the two resolutions becomes apparent

for w ∼ 0.95. �e limiting values as w → 1 of λ, estimated from Figure 5.3 have

approximately the same value in lattice units, ∼ 0.1∆x.

We also used these larger simulations to more closely examine the e�ects of

the boundary. Since the model swimmers are so idealized and the behaviour of

microorganisms such as E. coli at solid boundaries is not well understood we have a

great deal of freedom in choosing the wall collision rule (see also section 4.2). In the

simulations above, we simply randomize the orientation of a swimmer such that it

no longer swims into the wall at the perpendicular distance from the wall at which

the support of the regularization of the delta function would reach the �rst non-�uid

LB node (rule A). We repeated the larger runs with a rule where the particles do not

tumble on collision with a wall, but are prevented from touching it by a short-ranged,

repulsive force (rule B); this rule also allows the particle to approach the wall more

closely. Pro�les for both cases are shown in Figure 5.4. Di�erences in behaviour

between the two rules becomes apparent at w ≳ 0.95. Below this point, the e�ect

is only to alter the the shape and magnitude of the “pile-up” at the wall. With the

repelling wall rule, the estimated values for λ, given in Table 5.3, can only be trusted

for the w = 0.95 case; for larger values, e�ectively all the particles are again in the

basal layer. However for w = 0.95, λ/ℓ ≈ 1 −w, which is very near the prediction of

Equation 5.2 for non-interacting particles.

w λ/ℓ, rule A λ/ℓ, rule B

0.95 0.085 0.035

0.975 0.061 0.017

0.9875 0.053 0.008

Table 5.3 Values of λ for the two wall-interaction rules.

5.3 Fluid velocity flucuations

�e apparent so�ening of the zero in λ(w) cannot be explained as arising from the

back�ow due to the sedimenting particles: while a particle that is falling downwards
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Figure 5.4 Pro�les of the swimmer density with the �tted exponential distributions

plotted as dashed lines for large (1282 × 32) runs and two wall interaction

rules. Rule A: tumble on collision with virtual wall; rule B: short-ranged force

keeps particle from touching wall. Note that the zero on the z-axis is at the

virtual wall for rule A and the actual wall for rule B.
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will cause a back�ow, the very small number of particles away from the basal layer

suggests this would not be signi�cant. However the bulk of the particles, at the

container bottom, are active and create a �uctuating stresslet and stokeslet �eld. A

�uctuating velocity �eld in the bulk will naturally arise from these forces. We have

measured the velocity variance as a function of height from the container bottom,

shown in Figure 5.5.
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Figure 5.5 Root-mean-square �uid velocity �uctuations plotted against height in the

1282 × 32 systems. Solid lines are for rule A (particles tumble when support

reaches solid nodes), dashed lines are for rule B (particles are repelled from

the wall by a short-ranged force).�e colours indicate the value of w: black

w = 0.95; red w = 0.975; blue w = 0.9875.

For simulations with a given wall rule, the pro�les are extremely similar, but there

are signi�cant di�erences between the two rules studied.�e increase in �uctuations

in the rule A case at around z = 0.7ℓ is likely due to the particles being unable to move

lower than z ∼ 0.5 and one would expect the �uctuations to be largest at the location

of the particles. One would also expect the velocities to be lower for rule B, since the

particles are closer to the wall which acts as a sink for momentum, thus dampening

the �uctuations.�e interpolation of the �uid velocity to the particle location is also

a�ected by the presence of the wall within its support: in this case we use the wall

velocity (zero here) for the missing �uid node values.

�e di�erence in the form of the decay is likely due to the di�erent ways in
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which the boundary rules act. For rule A, when the particle tumbles on reaching the

virtual boundary, the particle is always exerting a stokeslet (its weight, vertically

downwards) and a stresslet (its propulsion, oriented along its axis) on the �uid.

For rule B, when a force keeps it away from the wall, the stokeslet is reduced in

magnitude.�emethod of images [11] can be used to account for the walls and give the

approximate far-�eld response of the �uid, however it is not yet clear how the details

of the wall interactions cause such di�erent �uctuations in the bulk. However the

larger magnitude �uctuations in the rule A case (at least in the region which contains

appreciable numbers of particles) does qualitatively explain the larger sedimentation

decay length seen compared to the rule B case.

5.4 At and beyond the singularity

To examine the zero in λ(w) at w = 1, we performed further runs with w = 1.0, 1.05,

again at the larger system size in order to have a reasonable number of particles out of

the boundary layer. In the absence of interactions between the particles, they should

collapse to a layer at the very bottom of the container. However, we do not observe

this when using rule A; as shown in Figure 5.6 there appears to be an exponential

decay in the density. Switching o� the hydrodynamic interactions does indeed cause

complete collapse to the bottom of the box.

For rule B the particles also do not collapse completely to the wall, again collapsing

when we switch o� the hydrodynamic interactions.�e pro�les however di�er from

the rule A case, being much more compacted and appearing not to be exponential in

form (see cyan and magenta lines in Figure 5.6). We believe this di�erence is due to

the wall dampening the �uid �uctuations; they are around one order of magnitude

less on Figure 5.5 at the location of the swimmers.

5.5 Remarks

We have found that the steady states predicted in Tailleur and Cates [109] are shown

by this minimal model for swimmers and that the total collapse predicted as w → 1 is

avoided. However the detailed form of the altered states depends on the detail of the

particles’ interaction with the wall and the distance from it. We suspect but have not

shown that if we gathered enough particle position data (either with a much larger

system or by running for a much longer time period), the pro�les far from the base

would revert to an exponential decay with the constant given by Equation 5.2, since

the velocity �uctuations are much lower.
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Figure 5.6 Vertical pro�les of the swimmer density with gravitational forces greater than

or equal to the propulsive for large (1282 ×32 ) runs and two wall interaction

rules. Fitted exponential distributions are plotted as dashed lines. Rule A:

tumble on collision with virtual wall; rule B: short-ranged force keeps particle

from touching wall. Note that the zero on the z-axis is at the virtual wall for

rule A and the actual wall for rule B.

68



�is null result however could not have been predicted from the non-interacting

model: without detailed balance the system’s steady states, as well as the dynamics,

can be totally changed by hydrodynamics.
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Swimmers in harmonic traps

6
In this chapter we will consider the self-propelled particles when subject to an external,

central force. Specializing to a harmonic potential, the external force acting on a

single particle is

F⃗ext = −k (r⃗ − r⃗0) (6.1)

where r⃗0 is the centre of the trap and k the “spring constant”. For a particle with

a constant propulsive force P, this de�nes a trap radius RT beyond which, without

hydrodynamic interactions, it cannot swim:

RT ≡
P

k
. (6.2)

We further de�ne:

ζ ≡
ℓ

RT

, (6.3)

the ratio of run length to trap radius.

A potential such as the above can be considered a model of optical tweezing of

bacteria, however in the experimental case the radius of typical traps is of order the

bacterium size. In our simulations we will concentrate on traps of order ∼ 100 radii.

While such traps are possible to achieve experimentally (for example using dynamic

holographic tweezers [20] or dual-beam laser traps [63]), they are of theoretical

interest in of themselves. �e lack of experiments probing the behaviour of e.g.

bacteria in a such a trap could be viewed as a criticism of simulating such an idealized

system. However the problem of particles in a harmonic trap was important in the

development of classical and quantum mechanics as well as equilibrium statistical

mechanics. Here we apply this approach to a fundamentally non-equilibrium system,

where the e�ects of hydrodynamic interactions can change or destroy the steady states

seen in their absence.

In the absence of hydrodynamic interactions between particles, the steady state

distribution for a one-dimensional trap has been computed by Tailleur and Cates

[109] to be

P(z) = P(0) [1 − (
z

RT

)
2

]

R/2ℓ−1

. (6.4)

In the case of the mean run length being much less than the trap radius (ζ ≪ 1),

this is well approximated by a Gaussian with a width
√
RTℓ: P(z) ∼ exp(−z2/(2RTℓ)).
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However when the run length is much larger than the trap size (ζ ≫ 1), the particles

have enough time to cross the trap without tumbling.�ey are then held stationary at

the edge of the trap until the next time they tumble. Hence the distribution is strongly

peaked at the edge of the trap; it is “density inverted” compared to the distribution of

thermal Brownian particles in a similar trap.

In three dimensions, one would expect a similar result, con�rmed numerically

below, with (for ζ ≫ 1) particlesmoving to a position in the trapwhere their propelling

force is balanced by the trap force (i.e. the edge of a sphere of radius RT), until their

next tumble.

6.1 Simulation description

�e rationale for many of the parameter choices made here is the same as for the

simulations of sedimenting swimmers, set out in section 5.1. We again used a high

viscosity η = 1/6 and a particle hydrodynamic radius a = 0.05; this time the “low

enough” Reynolds number was set to Re = 5 × 10−3. We �xed the ratio of trap

radius RT to simulation domain size at a quarter, balancing the e�ect of the periodic

images with a desire to reduce the lattice size to avoid unnecessary computation (see

subsubsection 6.2.5). Keeping the trap radius RT constant we vary α such that ζ ranges

from 1/8 . . . 8 as well as the case α = 0 (i.e. ζ = ∞). �e size of the lattice was set at

203 a�er preliminary simulations at 403 gave results indistinguishable from 203 (see

subsubsection 6.2.5). Wishing to reduce the correlation between successive samples,

we record the complete particle state every α−1 (except for the non-tumbling case

where we use the sample interval of the longest �nite run-length system) and set the

total simulation time to 100 sample intervals. Full parameters are shown in Table 6.1.

Parameter Standard resolution Double resolution

Box size L 20 40

Fluid density ρ 1 1

Viscosity η 1/6 1/6

Trap radius RT 5 10

Hydrodynamic radius a 0.05 0.1

Body length l 0.05 0.1

Swim speed vs 0.017 0.0083

Propulsive force P 0.0026 0.0026

Tumble rate α 0.00042→ 0.026 0.0001→ 0.0068

Table 6.1 Parameters used in simulations of trapped swimmers.
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6.2 Results

6.2.1 Results for swimmers without hydrodynamic interactions

As well as simulations with the �uid-mediated interactions, we performed simulations

without hydrodynamic interactions (see section 4.3) to validate the model dynamics

of the swimmers and check this prediction. We placed 103 particles of the same

run-length ℓ = 1/8 . . . 8RT uniformly within the trap radius, oriented at random. For

other parameters, see Table 6.1.�e system is run until the particles have had time to

cross the trap twice, approaching a steady state we assume, then the positions and

orientations of particles are recorded every α−1.

Radial density pro�les are compared to the continuous time algorithm of Tailleur

andCates [109] at various values of ζ in Figure 6.11.�e results agree closely, with none

of the particles reaching beyond the trap radius. (We do not expect any numerical

e�ect to move them beyond this point unless vs∆t/RT > 1 in simulation units, a limit

we must avoid in any case.) We also recorded positions and orientations from these

simulations in order to initialize the swimmers directly into the steady state, thus

avoiding long start-up times. Repeating these hydrodynamically non-interacting runs

with an initial state made of random samples from this recorded data gave apparently

identical results.

6.2.2 Results for swimmers with hydrodynamic interactions

In this section we set forth the results of simulations identical to the ones above,

with the important exception that the �uid is simulated as well, thus coupling the

particles to each other. We used two di�erent initialization proceedures: �rst as above

(i.e. a uniform distribution within the trap radius RT); and second using a random

sample from the non-interacting steady state.�e �nal states reached by these systems

appears to be independent of the initial conditions (see below).

�e results of the simulations with hydrodynamics are shown in Figure 6.2, again

compared to the case without hydrodynamic interactions. At small ζ the pro�les are

very similar while at long run lengths the pro�le is completely di�erent, lacking the

“density inverted” pro�le and also having a small number of particles outside the trap

radius, which is not possible without the interactions.

�e form of the long run-length density pro�les, lacking any any peak near the

edge of the traps, can be understood by visualizing the particles as a function of time.

1�anks to Julien Tailleur for providing the continuous-time data.
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Figure 6.1 Radial density pro�les for swimmers in a harmonic trap without

hydrodynamic interactions. Upper �gure shows results from the model

discussed here, lower �gure results from Tailleur and Cates [109].�e value

of ζ is shown in the key, top right.
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Figure 6.2 Radial density pro�les for swimmers in a harmonic trap with hydrodynamic

interactions. Upper �gure shows results from the model discussed here, lower

�gure results from Tailleur and Cates [109].�e value of ζ is shown in the

key, top right.
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A series of three-dimensional renderings are shown in Figure 6.3 and an animation is

available in movie 3. Rather than reach a steady state as the non–hydrodynamically-

interacting system does, rotational symmetry is broken and a single swarm of outward

swimming particles forms at a radius rs < RT where the propulsive force is balanced by

the drag and trapping force; the trapping force is passed onto the �uid, as explained in

Figure 6.4.�is force produces a �uid �ow opposite to the swarm’s orientation, which

slowly rotates in an apparently chaotic fashion. We have, in e�ect, a self-assembled

pump.

Figure 6.3 Time series of snapshots from a simulation of 103 swimmers in a harmonic

trap.�e trap radius is indicated by the circle; ζ = 8. Swimmers are marked

with cones and shaded by local density in units of the mean (key: upper colour

bar). For the �nal image, randomly selected particles’ trajectories over the

preceding time interval ∆t = 0.5α−1 are shown. Arrows depict �uid velocity

coloured by magnitude in units of the swim speed vs (key: lower colour bar).

For an animation please see movie 3.
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Figure 6.4 Forces on a swimmer as function of radius.�e upper, open-headed arrows

show the forces on the swimmer’s body and the lower, �lled arrows show the

forces on the �uid. P⃗ is the propulsive force, D⃗ the drag and F⃗ext the external,

trapping force.�e very bottom arrows decompose the swimmer’s e�ect on

the �uid into stokeslet and stresslet components, illustrating that the external,

trapping force is e�ectively passed onto the �uid.

6.2.3 Flow

For the low ζ simulations, we observe only small �ows; the forces applied by the

swimmers on the �uid are uncorrelated with each other. For ζ > 1, the rotational

symmetry of the system is broken and we have described the swarm of swimmers as

a pump. To examine the �ow �eld in more detail, we look at simulations with ζ →∞

since in these the swarm does not change signi�cantly in orientation once established,

simplifying the analysis considerably.

We �rst compute ⃗̃u(k⃗, t), the (discrete) Fourier transform of the �ow at a given

time and take the modulus of this. We do this for a number of time steps (ten)

and then average these over a spherical shell in k-space; the results are shown in

Figure 6.5. If the �ow is of stokeslet form, then from Equation 2.50 we expect the

velocity coe�cients to decay as k−2. Instead of simply estimating a stokeslet strength

from the results, we use the particle positions and our argument that the swimmers

e�ectively pass the trapping force onto the �uid to calculate the net force acting on

the �uid.�is is combined with the Hasimoto result (see Equation 2.50 and [37]) to

give ⃗̃uHasi(k⃗) and we repeat the averaging proceedure to give a comparison curve as

shown in the �gure.

We observe good agreement for long wavelength modes but shorter wavelengths

progressively depart from theHasimoto result. As with Figure 2.3 in validation section
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Figure 6.5 Decay of simulated �uid speed in Fourier space, averaged over a shell in

k-space (points), compared to the same quantity computed for Hasimoto

result (see Equation 2.50; line). �e coe�cient of the stokeslet is estimated

from the recorded particle positions and orientations. Quantities are in lattice

units (∆x, ∆t, etc.)
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this is expected behaviour of the LBE; in this case the departure becomes signi�cant

at smaller k (larger wavelength), presumably since the swarm structure has a larger

size that a single, regularized stokeslet.

6.2.4 Mechanisms for development of the pump

�e development of the pump begins with locally high density clumps, initially near

the surface of the trap, attracting further particles and at the same time “falling”

towards the centre of the trap.�ese small swarms coalesce, in all cases examined, to

form one large swarm which moves inwards until the propulsive force is balanced by

the drag and trapping force.

As mentioned above, in the infrequent tumbling limit ζ ≫ 1 and without

hydrodynamics, the steady state is a uniform layer of outward pointing swimmers at

RT with their propulsive forces balanced by the trapping force.�e propulsive and

trap forces on a particle at the trap radius are initially in balance, hence the swimmer is

stationary and the trapping force is passed onto the �uid (i.e. the stresslet component

of the swimmer’s surface force distribution is zero and the stokeslet component is

equal to the trapping force).�e subsequent dynamics can be qualitatively understood

in terms of two e�ects, due to the other particles and their inward-pointing stokeslets;

we de�ne the geometry and symbols used in Figure 6.6.

O

N

A
r⃗

x⃗

θ

ϕ

n̂

x

y

z

Figure 6.6 Geometry for analysis of a spherical shell of outward swimming particles. n̂

is the unit normal at a point A, x⃗ is the displacement from A to the sample

point N.

First, we consider an inward-pointing stokeslet of magnitude P at A.�e �uid
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velocity at a displacement x⃗ from A is

u⃗ =
1

8πη∣x∣
(F⃗ +

x⃗(x⃗ ⋅ F⃗)

∣x∣2
) = −

P

8πη∣x∣
(n̂ +

x⃗(x⃗ ⋅ n̂)

∣x∣2
) . (6.5)

Computing ω⃗, the vorticity of the stokeslet velocity �eld at N ,

ω⃗ =
P sin θ

8
√
2πR2Tη(1 − cos θ)3/2

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− sinϕ

cosϕ

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(6.6)

we see it causes any swimmer there to rotate towards the stokeslet at A. Hence

the swimmer will move to a new point on the surface of the trap, such that its

propulsive force is again balanced by the trapping force, closer to A.�e expression

in Equation 6.6 diverges as the two points approach each other; this singularity is cut

o� in the simulations by the regularization of the delta function and in non-point-like

models by near-�eld hydrodynamic e�ects.

Second, we note an analogy to the Crowley instability [19] of a horizontal sheet

of particles sedimenting under gravity, whereby denser regions have a lower drag

per particle and hence fall faster. In the context of the traps, the layer of swimmers

is locally quasi–two-dimensional and �uctuations that locally increases the density

move towards the trap centre. To pursue this, we expanded the inward pointing force

density σ on the surface of the trap in spherical harmonics Ym
l
(θ , ϕ) and computed

the resultant �uid velocity on the sphere due to this at a �xed point N by integrating

over the sphere (geometry as shown in Figure 6.6), giving:

u⃗m
l = ∫∫ 3

16
√
2πηRT

√
1 − cos θ

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

sin θ cosϕ

sin θ sinϕ

cos θ − 1/3

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

σm
l Y

m
l (θ , ϕ)dθ dϕ. (6.7)

We then maximized u⃗m
l
/σm

l
the response per unit force over m and direction for a

large range of l with Mathematica; results are plotted in Figure 6.7.

�e constant term (not shown in �gure) gives zero velocity everywhere as required

by incompressibility and symmetry, but the �rst harmonic causes the largest �ow,

in further analogy to [19] where the most unstable perturbation is of wavelength

equal to the system size.�is possibly explains why we have only seen the formation

of exactly one pump. While this is not a formal linear stability analysis (not done

because of the complications of dealing with a non-spherical force distribution and
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Figure 6.7 Maximum �ow velocity due to perturbations of a spherical swimmer density

at values of spherical harmonic order l (triangles). �e line is a guide for the

eye at ∼ l−
1/2.

the stresslet terms that appear), the positive value of the velocity response (i.e., in the

same direction as the force at that point) show that this is indeed an instability.

�e combination of the two e�ects causes regions of high density to attract other

swimmers (and thus each other) and for these regions to be advected towards the

trap centre, as observed in our simulations.

�e structure that emerges contains regions of high density (as shown by the pink

areas in Figure 6.3), the details of which will depend on the near-�eld form of the

hydrodynamic interactions between particles that we deliberately neglect. However

the instability that leads to a single pump’s formation does not depend on these details.

Further it is possible that the choice of initial condition or the periodic boundary

conditions may signi�cantly a�ect the results.�e following section examines these

possibilities.

6.2.5 Initialization, periodic self-interaction and resolution e�ects

Initialization e�ects

We performed simulations with the swimmers initialized both located and oriented

uniformly at random within the trapping radius and with positions and orientations
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sampled from the steady states seen without HI. As seen in Figure 6.8 there is no

signi�cant di�erences between two cases.
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Figure 6.8 We show here the radial density pro�les for trapped swimmers with the two

di�erent initial conditions described in the text. Solid lines: uniform position

and orientation. Dashed lines: samples from the no hydrodynamically

interacting steady state. Key: ζ.

Periodic self-interactions

Since the trap size is relatively large compared to the size of the periodic simulation box,

we examine the e�ect of doubling the size of the box and hence L/RT . In Figure 6.9

we compare the radial density pro�les for these (L = 40∆x) simulations to those

above (L = 20∆x) and the root-mean-square di�erence in particle positions (in units

of the trap radius). Figure 6.9a shows that the pro�les are only slightly a�ected by

the change and we display this di�erence quantitatively in Figure 6.9b. Even for the

longest run-length systems, when we observe the largest �ow, which might be a�ected

by the periodic images of the swimmers, the RMS di�erence in particle coordinates

between the simulations is small, viz. ∼ 0.01RT .

We note that then length of the shortest simulation is of order the momentum

di�usion time τ ∼ L2/η for the L = 40∆x system, that of the longest being 250τ; hence

the periodic images have certainly had su�cient time to interact with each other.
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(a) Radial density pro�les with solid lines being the L = 40∆x results and dashed lines

the L = 20∆x results.
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(b) RMS di�erence in the particle positions between the two simulations, in units of the

RT .

Figure 6.9 E�ects of doubling simulation box size, keeping all other parameters identical.

�e keys (right) indicates the value of ζ.
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Given the similarity of the trajectories of the swimmers when the simulation

domain is increased in size, we can be con�dent the observed dynamics is not an

artifact of the periodic boundary conditions.

Resolution e�ects

Due to the high density of particles in the pumping state, we are not correctly resolving

their interactions here. To assess the importance of this, we performed a series of

enhanced resolution simulations; see Table 6.1 for parameters.�e results of the same

comparison as above are shown in Figure 6.10. At large and small run lengths, the

pro�les (6.10a) are very similar and the RMS di�erence in positions (6.10b) being of

order 1% of the trap radius con�rms this more quantitatively. However when ℓ ∼ RT

the mean di�erence is larger.�is may be because the particles are at a larger radius

from the trap centre and hence any small di�erence in angle will result in a larger

di�erence in position.

6.2.6 Contractile vs. extensile swimmers

One aspect included in the model is whether the particles are extensile or contractile

swimmers (as discussed in section 1.1 and section 4.1). Taking a particle’s swimming

direction as the z-axis, for an extensile swimmer the �ow is outwards in a cone along

the z-axis and inwards in equatorial directions.�e nodal cone is at an angle from

the z-axis cos θ = 1/
√
3 as can be see from the velocity response to a stresslet:

ui =
1

8πη
(−

riδ jk

r3
+
3rir jrk

r5
)D jk . (6.8)

For a contractile swimmer, the �ow is reversed with outward �ow in equatorial

directions and inward �ow along the axis. At the edge of the trap, since the particles

are not moving relative to the �uid, the stresslet component is absent. However as they

fall towards the centre, the stresslet strength increases. For the extensile (contractile)

case the �ow is such that particles separated tangentially to the trap sphere attract

(repel) and particles separated radially repel (attract).

We repeated the simulations with identical initial conditions and parameters,

except the sign of the stresslet term, achieved by setting l = −2a rather than l = +2a

as used heretofore. No di�erences are observed for ζ < 1 (as expected since the role

of hydrodynamic interactions is not signi�cant here) however for longer run lengths

there are slight di�erences; see movie 4 and the snapshots shown in Figure 6.11.�e
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(a) Radial density pro�les with solid lines being the higher-resolution results and dashed

lines the lower-resolution results.
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(b) RMS di�erence in the particle positions between the two simulations, in units of the

RT .

Figure 6.10 E�ects of doubling �uid resolution, scaling all other parameters to keep the

system the same.�e keys (right) indicates the value of ζ.
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shape of the pump is now oblate rather than prolate and the pump’s rotation is nearly

halted.

Figure 6.11 Simulation of 103 swimmers in a harmonic trap.�e trap radius is indicated

by the circle; ζ = 8. Swimmers are marked with cones and shaded by local

density in units of the mean (key: upper colour bar). Randomly selected

particles’ trajectories over the preceding time interval ∆t = 0.5α−1 are shown.

Arrows depict �uid velocity coloured by magnitude in units of the swim speed

vs (key: lower colour bar). For an animation please see movie 4. �e le�-

hand column shows extensile swimmers, the right contractile.�e top row

shows the con�guration during pump formation (t = 0.25α−1) and the

bottom once the pump is well-developed (t = 2.5α−1).

�e shape change is straight-forwardly explained by the stresslet �ow mentioned

above, but the cause of the enhanced stability is unclear. However the relatively small

di�erences and the same initial dynamics strongly suggest that the mechanism by

which the pump forms is not a�ected by whether the the swimmers are extensile or

contractile.

86



Poiseuille flow

7
In this chapter we will examine the behaviour of swimmers con�ned between parallel

plates with periodic boundaries in the plane in an imposed Poiseuille �ow, as shown

schematically in Figure 7.1.�e �ow pro�le is parabolic and given, in the absence of

swimmers, by

ux(z) = u0 [1 − (
2z

h
)
2

] (7.1)

where u0 is the peak �ow speed and h is the channel height.

x

z
y

h u0

ux(z)

Figure 7.1 Geometry and coordinate system used for Poiseuille �ow between parallel

plates.�e separation of the plates is h and the peak �ow speed is u0.

For the model swimmers, the advective rotation rate ω⃗ depends on z and the

orientation (θ and ϕ de�ned as the usual polar and azimuthal angles), viz.

ω⃗ =
8u0z

h2

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

− cos2 θ

cos θ sin θ sinϕ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (7.2)

�is rate is greatest near the walls since the shear rate is highest there, and rotates

a particle pointing into the wall such that it aligns upstream (i.e. in the negative

x-direction) and a particle pointing towards the centre of the channel such that it

aligns downstream (positive x-direction).

7.1 Creating a Poiseuille flow

A Poiseuille �ow is achieved by applying a uniform force to the �uid domain and

having no slip boundaries at the top and bottom of the container (periodic in the x-

and y-directions).�e relationship between this force and the resulting �ow pro�le
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can be easily derived from the steady-state Stokes equation η∇2u⃗ −∇p + F⃗ = 0 using

the parabolic �ow pro�le of Equation 7.1 as an ansatz for the velocity �eld and arguing

that the pressure must be the same everywhere due to the translational symmetry of

the system, giving

u0 =
h2

8η
F . (7.3)

We initialize the �uid velocity already in the appropriate parabolic pro�le to minimize

initialization times. Testing (without swimmers) showed that a parabolic pro�le �tted

the instantaneous �ow extremely well, with the estimated value of u0 di�ering from

the prediction by less that 0.1% across four decades of forcing.

7.2 Simulation description

Parameter Value

Box size L2 × h 102 × 30

Fluid density ρ 1

Viscosity η 1/6

Hydrodynamic radius a 0.04

Body length l 0.08

Swim speed vs 0.025

Propulsive force P 0.0031

Tumble rate α 6 × 10−6 → 0.0017

Peak �ow u0 0.0002→ 0.05

Table 7.1 Parameters used in simulations of swimmers in Poiseuille �ow.

Weperformed simulations of 103 swimmerswith the parameters shown inTable 7.1.

We chose to use a tall and thin box to decrease computational requirements; in some

preliminary simulations in wider domains we did not see signi�cant perturbations to

the Poiseuille �ow by the particles.�is was con�rmed by �nding small departures

from the initial �ow pro�le, the root-mean-square deviation at the end of the

simulations being less than 0.02vs in all cases.�e control parameters varied here are

u0/vs, the peak �ow speed over the swimming speed, and ℓ/h, the run-length over

the box height. We include also the cases u0 = 0 and ℓ =∞.

7.3 Confinement

In order to understand the role of the con�nement, we �rst examine the results of

the case without �ow for a range of ℓ. �e density and orientation pro�les across
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the channel are shown in Figure 7.2a. We use rule B (see subsection 4.2.2) for the

wall interactions of the swimmers, whereby any particle reaching the wall has the

perpendicular component of its velocity opposed by a short-ranged repulsion, but

it remains free to move parallel to the wall as well as to rotate. We did not study the

case with rule A (see subsection 4.2.1), where the swimmer tumbles before it reaches

the wall, in any detail since preliminary simulations showed this this extra tumbling

was the dominant behaviour at longer run lengths.

�e density pro�le shows a large build up at the walls, since, for the relatively long

run-lengths used here, a swimmer at the wall will remain there until its next tumble.

�e magnitude of the pile-up increases as the run length increases, in close analogy

to the “density inverted” pro�les seen in the traps of chapter 6. Again, this behaviour

is the opposite of that of thermal Brownian particles, which are less likely to be in

regions where their potential energy is high.�e orientation shows no preference for

the positive or negative x-directions (or indeed any direction parallel to the walls). In

the case of the non-tumbling (ℓ =∞) swimmers, the orientation pro�le is purely an

consequence of the initial conditions: those few particles that remain in the channel

for a signi�cant time are inevitably aligned nearly parallel to the walls and hence give

a large contribution to the orientation there.

In Figure 7.2b we have plotted the density in the immediate vicinity of the wall.�e

similarity to the density inverted state seen in the traps is quite clear, the maximum

in density being in a region of high potential. In the ℓ =∞ case the maximum occurs

a little further from the closest possible approach; this can be easily understood by

noting that the particles are rotated by hydrodynamic interactions to be parallel to

the wall and hence they reach force balance further from the wall. �e tumbling

particles show a maximum at the closest distance since they must have swum to the

wall recently and therefore will be closer to perpendicular as the wall e�ect has had

less time to act. We further examine the validity of our model in this region below in

section 7.5.

7.4 Results

In the absence of tumbling and hydrodynamic interactions, Equation 7.2 implies

that for any �nite �ow, all the particles will eventually not only be at the wall, but

also pointing directly upstream. Since the particles are a small but �nite distance δz

from the wall, their advective, downstream velocity will increase as the velocity there

increases. �is velocity is proportional to the peak �ow speed, ux(h/2 − δz) = βu0
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(a) Transverse pro�les across the channel of density (le�) and average x-orientation

(right) for swimmers between parallel plates without �ow. We show only half of each

plot, since they are symmetric about the channel mid-plane.
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(b) Close-up of the density pro�le, with the x-axis logarithmic in ∆z ≡ z − zmin, zmin

being the closest a particle can get to the wall given the propulsive force.�e dashed

line shows the repulsive, Lennard-Jones force which keeps the particles from crossing

the wall.

Figure 7.2 �e density is the estimated single particle probability density and the x-

orientation is the average in that height bin.�e bins are selected such that

the number of particles in each is approximately constant. Colours indicate

the ratio of run-length to channel height, see key at top.
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where β ≪ 1. Hence the average velocity of the swimmers will be

⟨vx⟩ ≈ ux (
h

2
− δz) + vs⟨nx⟩ = βu0 − vs = (β

u0

vs
− 1) vs . (7.4)

For strictly zero �ow, there will be no average swimmer motion.

Additionally, the �ow-induced rotation rate is proportional to u0; hence for the

slowest Poiseuille �ows, other causes of rotation (hydrodynamic interactions with

the walls or other particles, or the Brownian rotation omitted in these simulations,

for example) may prevent total upstream alignment.�e slow rotation rates will also

increase the time required to reach alignment. We plot the average x-velocity against

time in Figure 7.3a for non-tumbling swimmers. In it, one can see that the simulations

with the slowest �ows have not reached a steady state even at the end of the runs

(which take approximately one day of computer time on a single node of the ECDF1).

When the tumble rate is non-zero, the process with the greatest rate will dominate

the orientational dynamics and hence set the timescale for reaching a steady state;

shown in Figure 7.3b are the velocity-time pro�les for a moderate �ow speed and a

range of run-lengths. Also shown are vertical lines marking the mean time between

tumbles. �e particles appear to reach a steady state at a time comparable to this.

Hence, in our simulations the particles with a long run-length and a low �ow speed

(i.e. low rates of orientation change by tumbling and advective rotation) have not

reached steady state.

We now present the results of simulations with the Poiseuille �ow, in Figure 7.4,

movie 5, Figure 7.5 and Figure 7.6. Figure 7.4 and movie 5 visualize the behaviour

of the swimmers. Figure 7.5 shows density, orientation and �ux pro�les across the

channel. �e density pro�les at a given value of ℓ/h are extremely similar to each

other; the �ow not signi�cantly altering the spatial distribution of the particles.

�e orientation pro�le (middle of Figure 7.5), however, does depend strongly on

the strength of the �ow and the run-length. It is generally positive (i.e. particles point

in the direction of �ow) in the centre of the channel and negative (counter to the

�ow) at the edges.�is can be understood as follows: the swimmers at the wall are

rotated by the �ow to point upstream (Equation 7.2). When such a particle tumbles,

half the time the swimmer will point towards the other wall and thus move towards

the centre; en route to the mid-plane, the �ow rotates it to point upstream. A�er

crossing the mid-plane, the rotation of the swimmer reverses and it begins to point

downstream. In the case of very large �ow speeds, it may be that the swimmers are

1Edinburgh Compute & Data Facility, a cluster with 1456 high performance (3GHz) cores.
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(a) Non-tumbling swimmers (ℓ =∞) with various �ow speeds.
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(b) Swimmers with various run lengths in �ow with u0/vs = 1/8. �e dashed vertical

lines mark the mean time between tumbles.

Figure 7.3 Plots of mean swimmer velocity in the x-direction against time.�e time is

scaled by the inverse Poiseuille-�ow-induced rotation rate at the wall ωmax.

�e time is also shi�ed by the time for a swimmer to cross the container h/vs.

�e simulations were in all cases run for the same number of time steps.
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Figure 7.4 Series of visualizations of 40 randomly chosen swimmers (of 1000 simulated)

in a Poiseuille �ow between plates. Swimmers are marked with cones and

shaded by relative local density (key: upper color bar). Trajectories over the

preceding time interval ∆t = 0.5α−1 are shown, colored by magnitude of lab-

frame speed in units of vs (key: lower color bar).�e �ow pro�le is shown on

the le� (same key). Separation between frames is 0.25α−1. See also movie 5.

93



0

4

8

12

16

-0.5 0 0.5

P
(
z)

-1

-0.5

0

0.5

1

-0.5 0 0.5

⟨n
x
⟩

-15

-12

-9

-6

-3

0

3

-0.5 0 0.5

P
(
z)

⟨v
x
/v

s⟩

z/h

ℓ/h, u0/vs
1/2, 2
1/2, 1/8

1/2, 1/128

8, 2
8, 1/8
8, 1/128

128, 2
128, 1/8
128, 1/128

Figure 7.5 Transverse pro�les across the channel of, from top to bottom, density, average

x-orientation and �ux in the x-direction.�e density is the estimated single

particle probability density, the x-orientation is the average in that height bin

and the �ux is the product of the average swimmer velocity in the x-direction

and the probability density. Colours indicate the ratio of run-length to channel

height and symbols the ratio of peak Poiseuille �ow speed to swim speed, see

key. Error estimates for the the orientation pro�les were calculated but not

shown for clarity: at the channel edge they are approximately the size of the

points; in the channel centre much larger, typically ∼ ±0.3.
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rotated parallel to the �ow before moving a signi�cant distance across the channel;

however the swimming of the particles would then likely be negligible compared to

the advection by the Poiseuille �ow so we do not study this limit.

At larger run lengths (magenta), when the largest fraction of particles are at the

walls, the calculated orientation pro�les contain a great deal of noise. At shorter run

lengths (green), the more frequent tumbles reduce the observed alignment.

�e �ux pro�les (bottom of Figure 7.5) are constructed from the average swimmer

velocities within one bin, weighted by the probability density.�e combination of

�ow and self-propulsion gives ⟨vx⟩ ≈ ux(z) + vs⟨nx⟩. �e enhanced density at the

walls combines with the swimmers’ orientation upstream to produce a large negative

�ux there. In the centre of the channel, particles do move down stream but the low

particle density reduces the e�ect of the �ow.

Integrating the �ux across the channel gives the average swimmer velocity, which

is shown in two ways in Figure 7.6. For clarity, we note here that the upstream velocity

is the velocity in the direction against the �ow, i.e. an increase of the upstream velocity

is a decrease of the velocity in the coordinate system introduced at the start of this

chapter in Figure 7.1. Figure 7.6a shows contours of the average velocity and that a

signi�cant region of parameter space displays upstream movement of the swimmers.

As the run length increases we observe that the mean upstream velocity increases.

We further note that for long run lengths, decreasing the �ow speed apparently

decreases the upstream velocity, see the bottom right of Figure 7.6a. However this

region corresponds to particles with a long run-length and a low �ow speed, so these

have not reached a steady state, as discussed above.

Figure 7.6b shows the mean swimmer velocity plotted against the �ow speed. For

the non-tumbling case, this shows the behaviour predicted by Equation 7.4 for larger

�ow rates (linear increase) but the discontinuity at u0 = 0 is not seen, because the

system has not reached a steady state for the lowest �ow speeds and the (weak) particle-

particle and particle-wall interactions cause some rotation. When tumbling occurs (i.e.

ℓ/h decreases), the discontinuity is further smoothed out and the gradient increases.

�e increase is due to the particles being further from the walls and therefore advected

more strongly by the �ow; as a comparison we note that for particles with ℓ ≪ h,

so they are uniformly distributed across the channel, the mean velocity is 2/3u0.�e

location of the maximum upstream velocity moves to larger u0 as the run-length

decreases because the �ow-induced rotation rate needs to be large compared to the

tumble rate in order for there to be signi�cant alignment upstream.

While the average departure from a parabolic �ow pro�le is small, in the layer of
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Figure 7.6 Average (across the whole channel) swimmer speed in a Poiseuille �ow.
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�uid nearest the wall the �uctuations caused by the swimmers can be much larger.

For larger �ow velocities (u0/vs ≳ 1/4) the �ow at the wall is e�ectively uniform, but

for smaller velocities it develops whorls and can locally move counter to the Poiseuille

�ow, as shown in Figure 7.7.�is partially disrupts the alignment of the swimmers an

reduces the mean upstream velocity of the low–�ow-rate systems seen in Figure 7.6.
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-0.5 0 0.5

y
/L

x/L

�ow

0.15vs

Figure 7.7 Fluid velocity �eld and swimmer orientations in a single lattice unit slice next

to the wall. �e in-plane component of the �uid velocity is shown with the

red arrows (scale bar on the right) and the swimmer orientation by the cyan

arrows.

7.5 Wall effects

�e behaviour at the boundary is important here, since we �nd that the majority

of particles are at the walls; hence we performed some validation simulations with

the LB grid enhanced by a factor of four. If we were to simply repeat the runs with

rescaled parameters, the computer time would increase by a factor of at least 44 = 256.

We therefore take a more subtle approach, recording the orientation of swimmers in

the “standard” simulation when they cross a plane near but not at the wall; we set this

distance to be h/8.

�e enhanced resolution simulations take place in a shear �ow (created bymoving

the top boundary, the bottom remaining stationary) with a strain rate equal to the

maximum of the parabolic Poiseuille �ow pro�le. �e simulation domain is one
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quarter of the height and half the length in the x- and y-directions in physical units.

In simulation units, the box size is 202 × 30. We leave the particle number the same,

thus increasing the density of the particles, however due to the weak interactions we

do not expect this to change the behaviour signi�cantly. All other variables are scaled

appropriately to maintain the same Reynolds number.

Swimmers are introduced at the mid-plane of the simulation box (i.e. the same

height, in scaled units, above the non-moving wall as the samples were taken).�e

position is distributed uniformly at random over the x-y plane and orientations

are drawn from the distribution estimated from the samples collected in the earlier

simulation. Any particle leaving the lower half of the box is reintroduced by the same

method.

We recorded the swimmers’ positions, orientations and velocities at intervals of

the average time for a swimmer to move from the introduction plane to the wall,

a�er an equilibration time equal to the mean time for a particle to move to the

boundary and back to the mid-plane. We show in Figure 7.8 the scaled density and

orientation pro�les for these validation simulations compared to the whole-channel,

lower resolution simulations presented above.

While the agreement is not perfect, the two simulations show qualitatively the

same behaviour.�e density histograms well reproduce the pile-up at the wall and

the orientation pro�les show strong, upstream alignment at the wall and follow the

same trends in the channel.�e full-channel simulations, as shown in for example

in Figure 7.2a, have a great deal of uncertainty in the orientation in the bulk due to

the extremely low particle density, so a detailed comparison does not carry much

signi�cance. However these checks do give a greater measure of con�dence to our

earlier results, given that the swimmer does not alter its behaviour when it approaches

a boundary.

7.6 Discussion

When the run-length of the swimmers is comparable to or larger the the domain

height ℓ ≳ h any swimmer in the bulk of the channel moves to the wall layer and

stays there for a time before tumbling (Figure 7.5, top). Whatever its initial state,

on approach to the wall such a swimmer is rotated by the velocity gradient so as

to align its swimming direction upstream (Figure 7.5, middle).�is e�ect is strong

whenever the product of the wall shear rate and the transit time across the gap is large;

this equates to u0 ≳ vs. �is condition ensures that for an approximately uniform
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Figure 7.8 Comparison of density (top) and orientation(bottom) pro�les near the walls

between di�erent resolution simulations. �e low-resolution, full-channel

simulations (a = 0.04∆x) are shown with dashed lines; the high-resolution,

edge-only simulations (a = 0.16∆x) with solids lines.
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density2 , the upstream wall �ux is outweighed by a downstream �ux near the cell

center. However for ℓ ≳ h, the majority of particles are at the wall and a net upstream

�ux results (Figure 7.5, bottom and Figure 7.6).

In chapter 1 we mentioned the paper by Hill et al. [42] which reports experiments

observing upstream swimming in E. coli in channels from 50–450 µmdeep. A detailed

mechanism was elucidated involving the chirality of trajectories resulting from chiral,

near-�eld hydrodynamic interactions with the wall. Without questioning this result

for the regimes addressed in the article, our results here show that a much simpler

mechanism is also at work. Typical runlengths, for tumbling strains such as used

in [42], are 20 µm so we would only expect the simple e�ect discussed above to be

dominant in channels of approximately this size. We note that for example the typical

size of a human capilliary is 5–10 µm [18] and that for typical soils the pores below

30 µm in size are water �lled [58]—this regime is not purely arti�cal.

For non-tumblingmutants such as HCB-437, the time scale for rotational di�usion

is claimed to be τR ∼ 100 s [9], implying that ℓ ∼ 103 µm. For these strains or other

species with comparable run lengths, the range of sizes in which this mechanism will

operate is much extended.

2When ℓ ≪ h the density will be uniform except for a peak at the wall that decays about one

run-length into the bulk.
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Conclusions

8
We have motivated, explained and extensively tested a highly simpli�ed model for

dilute colloidal particles that move under the in�uence of external or self-propelling

forces (or both).�e hydrodynamic interactions are mediated by a lattice Boltzmann

�uid. We then explore the behaviour of these colloidal swimmers in three idealized

systems.

Chapter 5 examines non-neutrally buoyant swimmers under varying gravity, such

asmight be achieved experimentally with a centrifuge. We �nd that in the case of weak

gravitational force (compared to the propulsive force), the steady states of Tailleur and

Cates [109] are reproduced closely (away from a layer perturbed by the lower wall).

Even in the case of strong gravity, the hydrodynamic interactions between particles

only weakly perturb the exponentially decaying density pro�les.

�e perturbations appear to arise from velocity �uctuations caused by the dense

layer of particles at the container bottom and hence at su�ciently large heights

we would expect an exponential decay in density, with the decay length given by

Equation 5.2. Actually con�rming this by simulation would require some combination

of a larger (in x- and y-directions) simulation box and a larger number of timesteps

in order to observe enough swimmers at a height necessarily much larger than the

sedimentation length.

In chapter 6 we place the self-propelled particles in a harmonic trap. When

the run-length of the particles is comparable to the trap diameter, we see striking

dynamics: the density-inverted (compared to the distribution of Brownian particles)

steady states are destroyed by the interactions and the particles form a single swarm,

irrespective of whether they are extensile or contractile.�e pump-like swarm creates

a �ow on a much larger scale than the particles themselves.

�at this simple geometry results in large �ows and breaking of the rotational

symmetry of the system strongly contrasts with the case of sedimentation.

Chapter 7 contains our simulations of the �nal system: particles in a Poiseuille

�ow between parallel plates. Our model displays upstream swimming through a

much simpler mechanism than the complex, chiral one expounded by Hill et al.

[42]. We �nd our simple mechanism operates when ℓ ≳ h which is not immediately

applicable to geometries such used by Hill et al.. However, as discussed in chapter 7,

surfaces separated by distance of order the run-length of bacteria are quite common.
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Additionally E. coli are known to remain near some surfaces as they swim [30], even

a�er tumbling. �is would extend the range of channel widths h over which our

mechanism would result in upstream swimming.

We argue that simple cases such as examined here demand to be understood

before one can claim to explain more complex and biologically relevant ones. We

�nd that in each of these simple systems, our model swimmers display very di�erent

behaviour. We suggest that the presence of local orientational ordering in the absence

of HI is a useful guideline for when hydrodynamic interactions will have a large e�ect.

8.1 Suggestions for future work

While this work has provided some insights into the e�ects of HI on the non-

equilibrium steady-states of swimming particles, there are certainly many more

questions.�e ones appear to us most immediately interesting follow.

Brownian rotation While our lattice Boltzmann �uid can incorporate thermal
�uctuations, we have not examined the consequences of this for our model

swimmers and how it might alter their behaviour.

Gyrotaxis �e tendency of some microorganisms (such as bottom-heavy algae) to
orient themselves vertically is well known and some of the consequences have

been explored by the bioconvection community, as reviewed by Hill and Pedley

[43]. Our method is certainly applicable to this problem and its discrete particle

nature may o�er advantages in some circumstances.

Non-harmonic traps We believe that the clumping instability of swimmers in a
harmonic trap would be robust to changes in the pro�le of the con�ning

potential, since initially it only requires there to be a radius from the trap

centre at which the propulsive force is balanced by the con�ning force. A

potential that rises steeply at some radius might be used to model a water-in-oil

emulsion; the motion of microorganisms in such an emulsion is of obvious

interest to the food science community.

Non-spherical traps Currently achievable large optical traps, such as developed by
Lincoln et al. [63] are prolate and this may alter the behaviour of the particles. It

wouldmake a useful complement to any future experiments withmany particles

to perform equivalent simulations.
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Sedimentation of non-swimming particles �ere are still many unanswered ques-
tions regarding the dynamics of a dilute, sedimenting suspension [57].�e long-

ranged, many-body hydrodynamic interactions lead to chaotic motion of the

particles [50] and the �ow can develop features at scales large compared to the

inter-particle separation [97]. Hence inertia may not be negligible throughout

the �uid, as it is at the single particle scale, so the Stokes approximation of

globally vanishing Reynolds number is not a priori justi�able, thus lattice

Boltzmann is a particularly suitable method. �e e�ciency of our method

should allow scaling to very large systems and hence allow us to accurately

determine the long-wavelength particle structure factor, which is a quantity of

great theoretical interest [92].
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Implementation of the lattice Boltzmann method

A
We chose to implement the method described in chapter 2 as a C library.�is choice

of architecture allows a great deal of �exibility in the control of a running simulation.

One can either write a C program that coordinates initialization, calling the library

functions, writing output to disk, etc., or make the library functions available to a

high-level (also known as a scripting) language, in which one can perform all these

tasks.

Since one uses the compiled C code for the computationally expensive parts of

the simulation, the trade scripting languages make of execution speed for ease and

expressiveness of coding does not signi�cantly increase the overall run-time. �e

bene�t of more expressive coding, an interactive interpreter, as well as access to all

the libraries of the wrapping language, is discussed in detail in Langtangen [61]. We

chose this approach, using Python as the scripting language, since the regularized

multipoles we are using interact with the �uid only through the force �eld. We can

therefore enjoy the bene�ts that Python brings to development with only a modest

performance penalty, since the “heavy li�ing” is in the �uid simulation.

A.1 C library

�e primary data structure for the library is the Lattice, which contains data such as

its size, pointers to arrays of the distribution functions (the f̄i of section 2.2, but we

will henceforth omit the overbars) the hydrodynamic variables and the force, and

pointers to functions which update the boundary conditions and the forcing.

�ere are functions to create and destroy Lattice’s, perform the propagation and

collision steps, update the hydrodynamic variables from the fi ’s (and calculate the

equilibrium distribution from the density and velocity), and families of functions for

forcing, boundary conditions and initialization. We attach a listing with commentary

of the collision function in subsection A.3.1 at the end of this appendix.

Lines 1–28 declare the variables and precompute some quantities, before we loop

over every site in the Lattice (note that indexing runs from 1 to nx inclusive, where nx is

the number of grid points along the x-axis and similarly for the y- and z-directions). In

lines 35–41, we project into the moment basis, using a matrix automatically generated

at compile time.

�e density mode is not a�ected by the collision and the momentum modes are
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only a�ected by the forcing (line 56; also note that we store ρ and u⃗ in their respective

�elds).�e stress modes (lines 65–119) are more complex, but follow relatively easily

from Equation 2.34 when working in the moment basis.

�e non-hydrodynamic or ghost modes are projected out at each time step (lines

121–126), before noise is optionally added and we project back into the velocity basis

on lines 133–138.

To ease the implementation of the boundary conditions (whether periodic or

some sort of solid wall) we surround the �uid domain with a “halo” of boundary

nodes.�e boundary update function can then calculate the appropriate values for

the populations with velocity such that they will propagate into the bulk at the next

time step.�ese values are then read by the propagation function and moved in the

active part of the lattice.

A.2 Python interface

Python the language had a number of implementations, however by far the most

common is written in C (CPython) and has a well-developed API for adding

functionality with modules coded in C. However handling the conversions of data

types between Python and C, as well as error conditions is laborious and error-

prone. Fortunately, there are many tools for automating this process, two of which

we have used.�e primary tool used is SWIG (Simpli�ed Wrapper and Interface

Generator), which is not tied to any particular target scripting language, and we

have also used Cython which can only produce code for use with CPython, but

is more “pythonic”, the language being similar to Python plus C type annotations.

�is allows code to be prototyped in pure Python, pro�led and the bottlenecks very

straight-forwardly replaced by fast, compiled code.

Our C library we wrapped with SWIG.�e struct Lattice is mapped to a python

class of the same name and the functions of the library mapped to methods of the

class. �e arrays holding the distribution functions, hydrodynamic variables and

force are accessed as numpy1. We wrote a special, C-level forcing function that uses

the CPython API to call a Python-level function with the translated struct Lattice

as its argument.�is is shown below in subsection A.3.3.

�e resulting library is rather straight forward to use, below in subsection A.3.4

1NUMerical PYthon, a common Python extension that provide multidimensional arrays of

numerical data types, performing mathematical, linear algebra, fast Fourier transform and other

operations on them with compiled C code, which is thus fast. It leverages standard, highly optimized

libraries such as BLAS (Basic Linear Algebra Subprograms) to achieve this.
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are a pair of scripts that generates data to measure the speed of sound in the LB �uid

and then measure the same.

A.3 Code listings

A.3.1 Collision function

�e collision function is reproduced here. With the addition of the noise calculation in

subsection A.3.2 this is the core of a complete implementation of the LBM. Not shown

are the relatively straight forward propagation and boundary condition functions and

the initialization functions.

1 void collide (Lattice *lat) {

2 /* loop over cells */

3 int i,j,k;

4 /* loop indices for dimension */

5 int a,b;

6 /* loop indices for velocities and modes */

7 int p,m;

8

9 double mode[DQ_q];

10 Site site;

11 /* convenience vars */

12 double S[DQ_d][DQ_d];

13

14 double usq , TrS , uDOTf;

15

16 double tau_s = lat ->tau_s;

17 double tau_b = lat ->tau_b;

18 double omega_s = 1.0 / (tau_s + 0.5);

19 double omega_b = 1.0 / (tau_b + 0.5);

20

21 /* identity matrix */

22 double delta[DQ_d][DQ_d];

23 for (a=0; a<DQ_d; a++) {

24 for (b=0; b<DQ_d; b++) {

25 delta[a][b] = 0.;

26 }

27 delta[a][a] = 1./ DQ_d;

28 }

We declare the variables and precompute some quantities, before we loop over every

site in the Lattice (note that indexing runs from 1 to nx inclusive, where nx is the number

of grid points along the x-axis and similarly for the y- and z-directions).

29 for (i=1; i<=lat ->nx; i++) {

30 for (j=1; j<=lat ->ny; j++) {

31 for (k=1; k<=lat ->nz; k++) {

32 set_site(lat , site , i,j,k);
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Weproject into themoment basis, using lat->mm, amatrix whose values are set on object

creation by code automatically generated at compile time.�is automatic generation,

combined with the use of macros for the indices of the modes and dimensions reduces

the chances of coding errors.

33 for (m=0; m<DQ_q; m++) {

34 /* compute the modes */

35 mode[m] = 0.;

36 for (p=0; p<DQ_q; p++) {

37 mode[m] += site.f[p] * lat ->mm[m][p];

38 }

39 }

�e density mode is not a�ected by the collision and the momentum modes are only

a�ected by the forcing (also note that we store ρ and u⃗ in their respective �elds).

40 site.rho[0] = mode[DQ_rho ];

41

42 /* Work out the site fluid velocity

43 * rho*u= (rho*u’) + F*\ Delta t /2

44 * and the coefficient for the momentum modes.

45 * = (rho*u’) * F* \Delta t

46 * (and u squared)

47 */

48 usq = 0.;

49 uDOTf = 0.;

50 for (a=0; a<DQ_d; a++) {

51 site.u[a] = (mode[DQ_mom(a)] + 0.5* site.force[a])

52 / site.rho [0];

53 mode[DQ_mom(a)] += site.force[a];

54 usq += site.u[a]*site.u[a];

55 uDOTf += site.u[a]*site.force[a];

56 }

�e stress modes are more complex, but follow relatively easily from Equation 2.34

when working in the moment basis.

57 /* Relax trace and traceless part at different rates.

58 * Equilibrium trace = rho*usq */

59

60 /* First copy the stress to a convenience var */

61 S[DQ_X][DQ_X] = mode[DQ_SXX ];

62 S[DQ_X][DQ_Y] = mode[DQ_SXY ];

63 S[DQ_X][DQ_Z] = mode[DQ_SXZ ];

64

65 S[DQ_Y][DQ_X] = mode[DQ_SXY ];

66 S[DQ_Y][DQ_Y] = mode[DQ_SYY ];

67 S[DQ_Y][DQ_Z] = mode[DQ_SYZ ];

68

69 S[DQ_Z][DQ_X] = mode[DQ_SXZ ];

70 S[DQ_Z][DQ_Y] = mode[DQ_SYZ ];

71 S[DQ_Z][DQ_Z] = mode[DQ_SZZ ];

72
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73 /* Form the trace part */

74 TrS = 0.;

75 for (a=0; a<DQ_d; a++) {

76 TrS += S[a][a];

77 }

78 /* And the traceless part */

79 for (a=0; a<DQ_d; a++) {

80 S[a][a] -= TrS/DQ_d;

81 }

82

83 /* relax the trace */

84 TrS -= omega_b *(TrS - site.rho [0]* usq);

85 /* Add forcing part to trace */

86 TrS += 2.* omega_b*tau_b * uDOTf;

87

88 /* and the traceless part */

89 for (a=0; a<DQ_d; a++) {

90 for (b=0; b<DQ_d; b++) {

91 S[a][b] -= omega_s *(

92 S[a][b] - site.rho [0]*(

93 site.u[a]*site.u[b] - usq*delta[a][b]

94 )

95 );

96

97 /* including traceless force */

98 S[a][b] += 2.* omega_s*tau_s *(

99 site.u[a]*site.force[b] + site.force[a]*site.u[b] -

100 2. *uDOTf * delta[a][b]

101 );

102 }

103 /* add the trace back on */

104 S[a][a] += TrS / DQ_d;

105 }

106

107 /* copy S back into modes[] */

108 mode[DQ_SXX] = S[DQ_X][DQ_X];

109 mode[DQ_SXY] = S[DQ_X][DQ_Y];

110 mode[DQ_SXZ] = S[DQ_X][DQ_Z];

111

112 mode[DQ_SYY] = S[DQ_Y][DQ_Y];

113 mode[DQ_SYZ] = S[DQ_Y][DQ_Z];

114

115 mode[DQ_SZZ] = S[DQ_Z][DQ_Z];

�e non-hydrodynamic or ghost modes are projected out at each time step, before

noise is optionally added.

116 /* Ghosts are relaxed to zero immediately */

117 mode[DQ_chi1] = 0.;

118 mode[DQ_jchi1X] = 0.;

119 mode[DQ_jchi1Y] = 0.;

120 mode[DQ_jchi1Z] = 0.;

121 mode[DQ_chi2] = 0.;

122

123 #ifdef DQ_NOISE
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124 noise_add_to_modes(lat ->noise , mode);

125 #endif

Now project back into the velocity basis, using the inverse transformation matrix,

also set on instantiation by automatically generated code.

127 /* project back to the velocity basis */

128 for (p=0; p<DQ_q; p++) {

129 site.f[p] = 0.;

130 for (m=0; m<DQ_q; m++) {

131 site.f[p] += mode[m] * lat ->mmi[p][m];

132 }

133 }

134 } /* k */

135 } /* j */

136 } /* i */

137

138 }

A.3.2 Noise calculation function

�is function adds gaussian white noise of the appropriate variance to each of the

modes for a single site.�e function double gasdev(int *seed) computes a pseudorandom

gaussian deviate with unit variance, based on the same-named function in Press et al.

[89].�e NoiseConfig *n is a per-Lattice structure that holds the standard deviations of

each mode, appropriately scaled for the temperature and relaxation times used.

1 void noise_add_to_modes(NoiseConfig *n, double mode []) {

2 int a;

3 double Shat[DQ_d][DQ_d];

4 double TrS;

5 double chi1hat;

6 double jchi1hat[DQ_d];

7 double chi2hat;

In Adhikari et al. [2] the use of a “hat” denotes the noise component added to a mode,

e.g. the stress component Sαβ has a noise Ŝαβ.�e ghost modes for the D3Q15 velocity

set are χ1, the current associated with χ1, and the second ghost mode χ2.

8 /* density & momentum modes unchanged */

9

10 /* stress mode */

11 Shat[DQ_X][DQ_X] = gasdev (&n->seed);

12 Shat[DQ_X][DQ_Y] = gasdev (&n->seed);

13 Shat[DQ_X][DQ_Z] = gasdev (&n->seed);

14

15 Shat[DQ_Y][DQ_X] = Shat[DQ_X][DQ_Y];

16 Shat[DQ_Y][DQ_Y] = gasdev (&n->seed);

17 Shat[DQ_Y][DQ_Z] = gasdev (&n->seed);

18

19 Shat[DQ_Z][DQ_X] = Shat[DQ_X][DQ_Z];
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20 Shat[DQ_Z][DQ_Y] = Shat[DQ_Y][DQ_Z];

21 Shat[DQ_Z][DQ_Z] = gasdev (&n->seed);

Mass and momentum conservation prohibit �uctuation in those modes, but not the

six stress modes. We create gaussian deviates with unit variance for the stress tensor

before calculating the trace and traceless parts of this tensor.

22 /* compute trace & traceless */

23 TrS = 0.;

24 for (a=0; a<DQ_d; a++)

25 TrS += Shat[a][a];

26 TrS /= 3.;

27

28 for (a=0; a<DQ_d; a++)

29 Shat[a][a] -= TrS;

�e variances are in general di�erent for the trace and traceless tensor since they may

have di�erent relaxation times. Note the factor of
√
2 on the diagonal elements.

30 /* set variances */

31 Shat[DQ_X][DQ_X] *= sqrt (2.) * n->var [1];

32 Shat[DQ_X][DQ_Y] *= n->var [1];

33 Shat[DQ_X][DQ_Z] *= n->var [1];

34

35 Shat[DQ_Y][DQ_X] *= n->var [1];

36 Shat[DQ_Y][DQ_Y] *= sqrt (2.) * n->var [1];

37 Shat[DQ_Y][DQ_Z] *= n->var [1];

38

39 Shat[DQ_Z][DQ_X] *= n->var [1];

40 Shat[DQ_Z][DQ_Y] *= n->var [1];

41 Shat[DQ_Z][DQ_Z] *= sqrt (2.) * n->var [1];

42

43 TrS *= n->var [0];

44

45 /* add trace back on */

46 for (a=0; a<DQ_d; a++)

47 Shat[a][a] += TrS;

�e �uctuations are scaled by the variances and the trace added back to the traceless

stress tensor, before we perform a similar but simpler operation for the ghost modes.

48 chi1hat = n->var[2] * gasdev (&n->seed);

49

50 jchi1hat [0] = n->var [3] * gasdev (&n->seed);

51 jchi1hat [1] = n->var [3] * gasdev (&n->seed);

52 jchi1hat [2] = n->var [3] * gasdev (&n->seed);

53

54 chi2hat = n->var[4] * gasdev (&n->seed);

�e scaled �uctuations are then added to the mode array given as an argument to the

function.

55 mode[DQ_SXX] += Shat[DQ_X][DQ_X];

56 mode[DQ_SXY] += Shat[DQ_X][DQ_Y];
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57 mode[DQ_SXZ] += Shat[DQ_X][DQ_Z];

58 mode[DQ_SYY] += Shat[DQ_Y][DQ_Y];

59 mode[DQ_SYZ] += Shat[DQ_Y][DQ_Z];

60 mode[DQ_SZZ] += Shat[DQ_Z][DQ_Z];

61

62 mode[DQ_chi1] += chi1hat;

63 mode[DQ_jchi1X] += jchi1hat[DQ_X];

64 mode[DQ_jchi1Y] += jchi1hat[DQ_Y];

65 mode[DQ_jchi1Z] += jchi1hat[DQ_Z];

66

67 mode[DQ_chi2] += chi2hat;

68 }

A.3.3 Forcing function for Python

We include here the function that is called by the C-level library to calculate the force

�eld of the LB grid.�e functions of the CPython API all begin “Py’.’

1 void force_Py_calc(Lattice *lat) {

2 /* The prototype of this function is fixed by the C library */

3

4 PyObject *PyLat , *force_func_obj , *arglist;

5

6 /* retrieve the PyObject of our Lattice */

7 PyLat = (PyObject *)lat ->config;

Before hand, the lat->config attribute is set to point to the Python data structure that

wraps this instance. From this we retrieve the attribute __force_func_obj__, which should

contain the function to use and check that it can in fact be called.

8 /* from that , get the force_func_obj

9 * note we have a new ref to it! */

10 force_func_obj = PyObject_GetAttrString(PyLat , "__force_func_obj__");

11

12 if (force_func_obj == NULL) {

13 PyErr_SetString(PyExc_AttributeError ,

14 "Cannot retrieve Python function to calculate the force");

15 return;

16 }

17

18 /* create the argument list , noting that we

19 * have a new ref to the tuple */

20 arglist = Py_BuildValue("(O)", PyLat);

We then execute the Python level code and tidy up2.

22 /* call the function */

23 PyEval_CallObject(force_func_obj , arglist );

2CPython manages its memory through reference counting, which works on a simple principle:

every object contains a counter, which is incremented when a reference to the object is stored

somewhere, and which is decremented when a reference to it is deleted. When the counter reaches

zero, the last reference to the object has been deleted and the object’s memory can be reclaimed.
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24

25 /* release our references */

26 Py_DECREF(force_func_obj );

27 Py_DECREF(arglist );

28 }

A.3.4 Measuring the speed of sound

We choose to measure the speed of sound using a long (periodic) box, initialized with

a density enhancement along a plane perpendicular to the long (x) axis. We output

the density �eld at each time step.

1 #!/bin/env python

2 import os.path

3 import d3q15

4 import cPickle

5 import numpy as N

6

7 nx = 101; ny = 10; nz = 1

8 tau = 0.5

9

10 lat = d3q15.Lattice(nx ,ny,nz, tau ,tau)

11 lat.rho [:] = 1.

12 lat.u[:] = 0.

13

14 # expected speed of sound

15 c_s = 1./N.sqrt (3.)

16 # expected time for sound to pass once along the box

17 crossTime = nx / c_s

18

19 # create a line of enhanced density

20 cx = (nx+1)/2

21 lat.rho[cx ,:,:] = 1.1

22

23 lat.initForceC(’none’)

24 lat.initBoundaryC(’periodic ’)

25 lat.initFromHydroVars ()

26

27 # create a directory to hold output

28 base = ’line_%d’ % nx

29 os.mkdir(base)

30

31 def write_rho(lat):

32 """ Output the non -halo part of the density field.

33 Uses a module (cPickle) that compactly stores the object given

34 to be later restored with cPickle.load."""

35 filename = os.path.join(base , ’rho .%.9d’ % lat.time_step)

36 cPickle.dump(lat.rho[lat.active], file(filename , ’w’), protocol =2)

37

38 # run until the sound wave (should) have gone round the box 10 times

39 while lat.time_step < 10.1* crossTime:

40 write_rho(lat)

41 lat.step (1)
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We can now analyse the saved data. We choose to examine the power spectrum in

space and time, picking the maximum in the frequency for each wavevector and using

these data points as a dispersion relation. We then perform a linear, least-squares �t

to the low frequency part to estimate the sound speed.

1 import os.path

2 import cPickle

3 import numpy as N

4 import glob

5 import scipy

6

7 nx = 101

8 base = ’line_%d’ % nx

9

10 times = N.array(sorted(int(os.path.splitext(fn )[1][1:])

11 for fn in glob.iglob(os.path.join(base , ’rho.*’))))

12

13 def get_rho(t):

14 return cPickle.load(file(os.path.join(base , ’rho .%.9d’ % t)))

To create the two-dimensional (time and x-coordinate) array of densities we use a

“list comprehension” which expresses simple loops in a compact syntax, as below. We

then convert it to a NumPy array.

15 rho = [get_rho(t)[:,0,0] for t in times]

16 rho = N.array(rho)

17

18 ft = N.fft.fft2(rho)

19 ft[0,0] = 0.

20

21 omega = N.fft.fftfreq(len(times ))

22 k = N.fft.fftfreq(nx)

23 power = N.abs(ft)**2

24

25 omax = omega[power.argmax(axis =0)]

NumPy also allows complex indexing operations on arrays to be performed very

easily and quite e�ciently using the where function.

26 kmax = 0.04

27 which = N.where(N.abs(k)<kmax)

28

29 x = N.abs(k[which])

30 y = N.abs(omax[which ])

We can now perform a least-squares �t using the companion library to NumPy, SciPy3.

31 c = scipy.polyfit(x,y ,1)[0]

32

33 print c

3Short for Scienti�c Python. It has a large range of numerical routines and is intended by its

development community to be an alternative to MATLAB, etc., see http://www.scipy.org/.
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34 print c / (1./N.sqrt (3.))

35

36 import Gnuplot

37 g = Gnuplot.Gnuplot ()

38 g.plot(Gnuplot.Data(x,y), ’x/sqrt (3)’, ’%f*x’%c)

�e computed sound speed c compares very favourably to the expected value of 1/
√
3,

their ratio being 0.999. We show in Figure A.1 the resulting plot.
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Figure A.1 Computed dispersion relation (red points), �t (blue) and prediction (green).

All quanties are in lattice units.

We feel the brevity of these listing for this (admittedly simple) example demon-

strates the advantage of our “bilingual” implementation.
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Parameter estimation method for modified exponen-

tial distributions

B
We wish to estimate the decay length for the sedimenting, self-propelled particles

of chapter 5. We expect this to be an exponential decay far from the bottom of the

container; the behaviour near this boundary is unknown although we expect it to

result in an enhanced density compared to an extrapolation of the exponential from

the bulk. As the e�ect of gravity increases, we expect this limitation to become more

severe as a larger fraction of the particles collapse into the boundary layer.

�is appendix sets out our modi�ed version of the methods outlined by Clauset

et al. [17], adapted for exponential distributions rather than power laws. Note that

we use a “hat” to indicate our estimate of a parameter rather than the unknown true

value, for example λ̂ is the estimator of the gravitational decay length λ.

B.1 Maximum likelihood for a limited exponential

If we have a limited range (the choice of the lower and upper bounds, a and b

respectively, is discussed below) of the z coordinates of the particles, the simple

result for an unbounded exponential, λ̂ = ∑ zi/n, is not valid.

�e probability distribution in this case is

P(z∣λ, a, b) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1

Z(λ,a,b)
e−z/λ a < z < b

0 otherwise
(B.1)

where

Z(λ, a, b) = λ(e−a/λ − e−b/λ) (B.2)

We now compute the log-likelihood of a set of N data values given the parameters

and model

L = lnP({zi}∣λ) = −N lnZ(λ) −
∑

N
i=1 zi

λ
(B.3)

Maximizing this with respect to the decay length λ gives an equation for themaximum

likelihood estimator (MLE)

λ̂ =
N

∑
i=1

zi

N
− (

ae−a/λ̂ − be−b/λ̂

e−a/λ̂ − e−b/λ̂
) (B.4)
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which can be easily solved by iteration, using the mean of the zi as a starting value

for λ̂. �e standard error on λ̂ could be derived from the width of the likelihood

maximum. If we knew the values of a and b a priori, we would be done. In the case at

discussed in chapter 5, the upper limit is the height of the simulation domain, but the

lower is unknown; estimating it from the data is discussed in the remainder of this

appendix.

B.2 The Clauset method

�e method in Clauset et al. [17] proceeds to estimate the exponent α and lower

bound zmin for a continuous power-law distribution

p(z) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Cz−α z ≥ zmin

f (z) z < zmin,
(B.5)

the piecewise nature being necessary to avoid the divergence of the power law as

z → 0. �eir method can be described by the following procedure, given a set of

values zi :

Estimators Calculate zmin as the data value that minimizes the KS statistic D of a KS
test comparing all zi ≥ zmin to a distribution with its parameters estimated by

maximum likelihood from the data zi ≥ zmin1.

Uncertainty Estimates of the uncertainties of the parameters are calculated through
bootstraping.

Goodness-of-�t A p-value is is approximated as the fraction of synthetic datasets

which give a larger KS statistic when the estimation process above is applied to

them.

B.3 Clauset for exponentials

Our adaptation of the method is as follows, given a set of N values zi (sorted for

convenience) and an upper limit zmax.

1. Calculate λ̂ and ẑmin:

(a) For each i and using the values with z ≥ zi :

1�e p-value that can be calculated from D and the number of points by standard methods is only

valid if the parameters of predicted distribution are not derived from the data in the test
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i. solve equation (B.4) by iteration, setting zmin = zi , to give a decay

length λ̂i ;

ii. calculate Di , the KS test statistic between the data and an exponential

distribution with parameter λ̂i ;

(b) �nd the index j that minimizes D,

(c) �e estimators are then λ̂ j and z j.

2. Bootstrap the uncertainty:

(a) perform the following a large number of times (we used 104):

i. sample with replacement N times from the zi ;

ii. calculate and store the result of estimating the parameters λ̂ and ẑmin

of this sample with the proceedure in 1.

(b) the standard deviation of the estimators is the uncertainty of λ̂ and ẑmin

3. Test the goodness-of-�t by calculating a p-value:

(a) perform the following a large number of times (we used 103):

i. generate a synthetic dataset of size N from the �tted distribution,

given that there are Ntail points in the exponential region of the �t:

A. with probability Ntail/N generate a random number from the

exponential distribution,

B. with probability 1 − Ntail/N select one element at random (with

replacement) from the observed data that have z < ẑmin;

ii. use the procedure in 1. on this generated data and record the value of

D

(b) the p-value is the fraction of synthetic datasets which had a larger KS

statistic than than calculated in 1.
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Index of movies

C
�e enclosed CD-ROM (back pages) contains some animations produced from the

simulations described in this thesis. It also contains a PDF copy of this thesis with

hyperlinked cross-references between sections, etc..

Movie 1 (deltaR.mpeg)
Both visualizations show the particles at their position in the point-particle simulation

a�er ten Stokes times. Le�: lines show the trajectories from the starting con�guration.

Right: lines show the di�erence between fully resolved and pointlike algorithms.

Parameters for the two systems are shown in Table 3.1. See also Figure 3.9.

Movie 2 (sinking-uniform-ss.avi)
Evolution of sedimenting swimmers (w = 0.2) from a uniform initial condition.

Swimmers are shown as arrows indicating their orientation and coloured on the local

number density (see the key on the right, in units of the average density). On the le�

hand side the histogram shows the density as a function of height. See also movie 5.1.

Movie 3 (traps-3d1.avi)
Simulation of 103 swimmers in a harmonic trap.�e trap radius is indicated by the

circle; ζ = 8. Swimmers are marked with cones and shaded by local density in units

of the mean (key: upper color bar). For the �nal image, randomly selected particles’

trajectories over the preceding time interval ∆t = 0.5α−1 are shown. Arrows depict

�uid velocity colored by magnitude in units of the swim speed (key: lower color bar).

See also Figure 6.3.

Movie 4 (traps-ex-con.avi)
�e le�-hand side shows 103 extensile swimmers, the right 103 contractile swimmers,

in identical harmonic traps.�e trap radius is indicated by the circle; ζ = 8. Swimmers

are marked with cones and shaded by local density in units of the mean (key: upper

colour bar). Randomly selected particles’ trajectories over the preceding time interval

∆t = 0.5α−1 are shown. Arrows depict �uid velocity coloured by magnitude in units

of the swim speed vs (key: lower colour bar). For an animation please see movie 4..

�e top row shows the con�guration during pump formation (t = 0.25α−1) and the

bottom once the pump is well-developed (t = 2.5α−1).
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Movie 5 (pois-trails.avi)
Visualization of 40 randomly chosen swimmers (of 1000 simulated) in a Poiseuille

�ow between plates. Swimmers are marked with cones and shaded by relative local

density (key: upper color bar). Trajectories over the preceding time interval ∆t =

0.5α−1 are shown, colored by magnitude of lab-frame speed in units of the swimming

speed vs (key: lower color bar).�e �ow pro�le is shown on the le� (same key).�e

movie runs for a total time 6α−1. See also Figure 7.4.
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[115] T. Vicsek, A. Czirók, E. Ben-Jacob, and I. Cohen. Novel type of phase

transition in a system of self-driven particles. Phys. Rev. Lett., 75(6):1226–1229,

1995. DOI: 10.1103/PhysRevLett.75.1226.

[116] X.-L. Wu and A. Libchaber. Particle di�usion in a quasi-two-dimensional

bacterial bath. Phys. Rev. Lett., 84(13):3017–3020, 2000.

DOI: 10.1103/PhysRevLett.84.3017.

[117] Z. Zhang and A. Prosperetti. A second-order method for three-dimensional

particle simulation. J. Comp. Phys., 210(1):292–324, 2005.

DOI: 10.1016/j.jcp.2005.04.009.

[118] D. Zwillinger. Handbook of Di�erential Equations. Academic Press, London,

third edition, 1998.

133

http://dx.doi.org/10.1103/PhysRevLett.100.218103
http://dx.doi.org/10.1209/0295-5075/86/60002
http://dx.doi.org/10.1098/rspa.1952.0035
http://dx.doi.org/10.1103/PhysRevE.58.4828
http://dx.doi.org/10.1016/j.aop.2005.04.011
http://dx.doi.org/10.1016/j.jcp.2005.03.017
http://dx.doi.org/10.1063/1.1854151
http://dx.doi.org/10.1103/PhysRevLett.75.1226
http://dx.doi.org/10.1103/PhysRevLett.84.3017
http://dx.doi.org/10.1016/j.jcp.2005.04.009

	Abstract
	Declaration
	Acknowledgements
	Contents
	List of Figures
	Introduction
	Self-propulsion at the m scale
	Experiments with motile microorganisms
	Modelling ``swimmers''
	Simulation of particles in a fluid
	Outline of thesis

	The lattice Boltzmann method
	The LBE from lattice gases
	The LBE from the Boltzmann equation
	Singular forces on discrete grids
	Validation

	A stokeslet model for dilute colloids
	The stokeslet model
	Validation of the stokeslet model
	Benchmarks
	Comparison to a fully resolved LB algorithm
	Potential dipoles

	Discussion

	A minimal model for self-propelled particles
	Regularized stresslet model for swimmers
	Wall interaction rules
	Rule A
	Rule B

	Hydrodynamically non-interacting swimmers
	Testing
	Propulsion speed
	Orientation
	Tumbling
	Discussion

	Interactions

	Sedimentation
	Simulation description
	Density profiles
	Fluid velocity flucuations
	At and beyond the singularity
	Remarks

	Swimmers in harmonic traps
	Simulation description
	Results
	Results for swimmers without hydrodynamic interactions
	Results for swimmers with hydrodynamic interactions
	Flow
	Mechanisms for development of the pump
	Initialization, periodic self-interaction and resolution effects
	Contractile vs. extensile swimmers


	Poiseuille flow
	Creating a Poiseuille flow
	Simulation description
	Confinement
	Results
	Wall effects
	Discussion

	Conclusions
	Suggestions for future work

	Implementation of the lattice Boltzmann method
	C library
	Python interface
	Code listings
	Collision function
	Noise calculation function
	Forcing function for Python
	Measuring the speed of sound


	Parameter estimation method for modified exponential distributions 
	Maximum likelihood for a limited exponential
	The Clauset method
	Clauset for exponentials

	Index of movies
	Bibliography

