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XI.- Electromagnetic Phenomena in a Uniform Gravitational Field. 
By D. Meksyn, Ph.D., Mathematical Department, Edinburgh Uni- 
versity. Communicated by Professor E. T. Whittaker, F.R.S. 

(MS. received March 2, 1931. Read May 4, 1931.) 

1. INTRODUCTION AND SUMMARY. 

IN two recent papers Professor E. T. Whittaker* has solved the electro- 
magnetic equations for the case of a uniform gravitational field. The funda- 
mental tensor associated with such a field makes the Riemannian tensor 
vanish, since such a field can be transformed away by a suitable choice of co- 

ordinates. This property enables us to find the electromagnetic field in a 

uniform gravitational field without solving Maxwell's equations, but by a 
mere transformation of co- ordinates. 

As is known from Differential Geometry, one surface is applicable to 
another by bending without stretching, if both have the same Gaussian 
curvature. Analytically this has the following interpretation : let the 
squares of the elements of length for the two surfaces be gN,,,dxgdx and 
g' dx', dx' , then a transformation of co- ordinates can be found 

=f(x) . . . (1) 

which will satisfy the following equation : 

g,, dxv, dx = g'µ dx'µ dx' . (2) 

i.e. if the values of x given by (1) are inserted in the left side of (2) we 
obtain the right side of the same equation. 

The condition that the Riemannian tensors of the two surfaces shall be 
equal is not only necessary, but also sufficient for the existence of such 
transformations. 

Now the Riemannian tensor is equal to zero for Euclidean space, and, 
as we have pointed out, the same tensor also vanishes for a uniform gravi- 
tational field, hence it is possible to deduce a kind of Lorentz's trans- 
formations which connect these two spaces; and, if we have solved an 
electromagnetic problem for Euclidean space, we can obtain a solution 
of a corresponding problem for a uniform gravitational field by a mere 
transformation of co- ordinates. 

We evaluate in the present paper the vector potential and the electro- 
magnetic field of an electron moving freely in a uniform gravitational field. 

* Proc. Roy. Soc., A, 116, p. 720 ; A, 120, p. 1. 
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2 

It appears that an electron radiates energy at the rate of 
3 

e g 
, which is 

Larmor's value. 
It may appear at first that the solution of the electromagnetic equations 

for the uniform gravitational field is of little value since this is not the 
"natural" gravitational field. This is, however, not the case. 'The solution 
of this problem provides us with a good test of the principle of equivalence 
and the idea of curved space. 

The idea of curved space is borne out only for mechanical phenomena 
and for the case of space slightly differing from Euclidean. The question, 
therefore, arises whether this principle is applicable only for the case of 
a "natural" field and for mechanical phenomena, or it is valid for electro- 
magnetic phenomena and for every conceivable gravitational space. 

The space of uniform gravitation, considered as a whole, is anything 
but the "natural space." It is bounded by a plane, say x= -a ; light 
emitted from any point at a finite distance from the boundary will never 
reach the boundary, which is also impenetrable for material bodies. 

The electromagnetic equations can be solved rigorously, and in evaluat- 
ing the radiation we have to carry out an integration with respect to the 
whole space. 

The result of these calculations is Larmor's value for radiation; and, 
what is important, the rate of radiation is expressed, not through the 
acceleration of an electron, but through the metrical properties of space. 

2. THE TRANSFORMATION OF CO- ORDINATES. 

The fundamental form for a uniform gravitational field is 
dx2 

ds2= (1 +2(0x)dt2- 
1 +2wx - 

dye -dz2 

9 =2 
where g is the gravitational acceleration and e=1 is the velocity of light. 

Let us find the transformation of this space into a Euclidean one. 

We have to solve the equation 

(3) 

dx2 
dtc2- 

dye -dz2 

` 

(4) 

. (5) 

(6) 

dx02- dy02- dz02= (1 +2wx)dt' -1 +2wx - 
We assume 

yo=y; zo =9 
and from (4) and (5) we obtain 

dx d(tc- xc) =AI 1 +2wx di 1+2w.x 
d. 

d(to /i +;) =x1[.. +2wx dt+ ,1 +2wxi 
* Proc. Roy. ,Soc., A, 116, p. 722. 
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The condition that the right side of (6) is a total differential gives us 

two equations : 

x[x. 1/1 +2wx] _ -at[ /1 +2wx] 

ôx[ 
J1 

A2wx]_ôt[XJ1 +2wx] 

which are to be satisfied by the same function X. 

We know a priori that these equations have a common solution. 
Without going into further details we give here the required trans- 

formations. They are 

(7) 

/1 + 2wx cosh wt - 
w w 

t 0 

^/1 + 2wx sinh wt 
w 

(8) 

It is easily seen that, if w tends to zero, xo = x and to =t; w is a very 
small quantity, the second and higher powers of which can be neglected, 
and, again, to this order of approximation xo = x and to= t. 

In (8) wt = v is the velocity of the system (xo, to) ; the latter started 
from rest and has been in motion relative to (x, t) during the time t. 

Differentiating (8) we obtain 

cosh cot 
dxo dx + 1 + 2wx sink wt . dt 

1 +2wx 
sinn wt dto- dx+ 1 +2wx cosh wt. dt 

1/1 + 2(ox 

(9) 

By a direct substitution of (9) in (4) we can confirm the validity of the 
transformations 

From (9) we 
(8). 
find: 

axo cosh wt ax o 

ax ^/1 + 2wx at - N/1 + 2wx , sinh co 

. (10) 
ato sinh wt at o 

^/1 + 2,,,x cosh wt 
ax l 1 + 2wx at 

We can solve (8), express x, t as a function of xi), to, and find the 
inverse differential coefficients : 

ax ax 
ax = 1 +2wx cosh Wt at = - /1 +2wx sinh wt 

0 0 

at - sinh cot at cosh od 
axo ./1 + 2wx ato 1/1 + 2wx 
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§ 3. THE ELECTROMAGNETIC FIELD. 

We can now easily find the vector potential and the electromagnetic 
field of an electron moving freely in a uniform gravitational field, and 
observed from a system at rest. 

Let the electrostatic potential and the charge of an electron at rest 
in Euclidean space be 

where 

K° z ° z° 
> 

I ° = 4 ° ( x 
> 4 

(x°,yo 7. o) x, y°, 

pzK4 = - p° 
xa , No . ZO 

Using the transformations for covariant tensors 

Óxa° 
A o Aµ=ax, a 

A- axao axP 
A o 

ax °' 

. (12) 

(13) 

we easily find from (10) and (13) the vector potenial, the stream vector, 

and the electromagnetic field, as measured by an observer at rest, for an 

electron moving freely from rest in a gravitational field. 

They are as follows : 

sinh wt stnh wt (,11 2wx 1 1 
Kt = K4 (xo yo zo) K4°` cosh wt - y, z 

^/1+2wx 1+2x 
// (14) 

4= 4 (1+2wx -, K /1 + 2wx cosh wt . K4° =1/1 + 2wx cosh wt . K° cosh wt - -, y, z) 
w 

and 

sinh wt I1= 
+ 

.I4°; I4= ^/1+2wx. cosh wt.I4° . (15) 
1/1 

The electromagnetic tensor (covariant) is 

X = X° Y = ^/1 + 2wx (Y° cosh wt - y° sink wt) 

Z = ßl1 + 2wx (Z° cosh wt + ß° sinh wt) 

/30 cosh wt + Z° sink wt 
a =ao ß= 1 +2wx 

y- 
y° cosh wt - Y° sinh cut 

^l1 +2wx 

(16) 
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For a contravariant electromagnetic tensor the expressions are as 

follows : 

Y° cosh wt - y° sinh wt 
X=X° Y- 

1/1+2wx 

Z° cosh wt + /.30 sinh wt 
Z= 

^/1+2wx 

a = ao /3 = 1 + 2wx (ß° cosh wt + Z° sinh wt) 

. (17) 

= 1 + 2wx (y° cosh wt - Z° sinh wt) J 

where X °, 
yo, Z° a° ßo ,lo is the electromagnetic tensor in Euclidean 

space. 
For the case of an electron moving freely from rest in a gravita- 

tional field ao = so 0 -yo= 
Of course the expressions (14) and (15) satisfy the equations for the 

vector potential in the General Theory of Relativity (they are given below). 

4. RADIATION. 

In the classical electrodynamics the rate of radiation is given by the 
divergence of Poynting's vector : 

fdiv P, dx dy dz . (18) 

Let us calculate this vector in our case. 
We make use of the mixed tensor E. The equation of motion is 

Eµ, =1tµ (1-9) 

where hM, is the electromagnetic force. In our case h= O. 

Now 
a 1 ago "p 

ax Evi,. 'J - g) - 2 ôxµE 
(20) 

For the equation of energy pt = 4, and as gap is independent at t, the last 

term vanishes; also ^/ -g =1, hence 

aE4 
E4, = 8x = 0 (21) 

the first three terms in (21) represent the divergence of Poynting's vector. 

The tensor Eµ can be evaluated either from 

Ew = - F "FN," + 4gÑ,FapFap 

or by transformation of co- ordinates 

Ev ax 8x E po 
fix axp° " 
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The expressions obtained are 

2 2 2 L 

E41 = - (1 + 2wx) [Y0 + Zo 2ßo + Yo sinh 2wt + (ß0Z0 - 70Y0) cosh Id] 

E42= 1/1 + 2wx[(X0Yo + a°ß0) sinh wt - (70X0 - aoZo) cosh wt] 

E43= 1/1 + 2w.r.[(X0Z0 + aoyo) sinh wt - (a0Y0 - )30X0) cosh cot] 1 

(22) 

In our case ao = ß0 = y0 = 0 and X0, Y0, Z0 are the expressions for the 
electrostatic force of an electron at rest. 

The equation (18) becomes 

f(E41 cos E+ E42 cos rt +E48 cos )c-/S (23) 

The evaluation of this integral (the details are given in the next para- 
graph) leads to the value 

2 e2g2 

3 c3 

for the rate of radiation due to motion of an electron. 

. (24) 

§ 5. EVALUATION OF RADIATION. 

In order to evaluate the integral (23) we have to express the time as a 

function of the space co- ordinates of the field point. 
The electromagnetic field emitted by the electron, which is at the origin 

of co- ordinates, propagates along the null geodesic of the space and reaches 
the field point. 

The null geodesic for a uniform gravitational field is given in 
Whittaker's paper.* The equations are : 

(1 +2wx)1 cosh (wt +A) 
w - 

(1 + 2wx)1 sin µ sinh (wt + X) 
y+ 

w 

(1 + 2wx)i cosµ sinh (wt+ X) 

w 

(25) 

where a, ,ß, y, X, µ, are arbitrary constants. 
Writing down the condition that the geodesic passes through the 

points x, ÿ, z, and x, y, z, t we obtain the required equation for our 
geodesic 

(1+2c°x)1(1+2w )coshw(t-t)=1+wx+wx+ 2 {(y-ÿ)2+(z--z)2} (26) 

* P1roc. Roy. Soc., A, 120, p. 6. 
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The electron is at the point (0, 0, 0, 0), hence (26) becomes 

(1 +2wx)+ cosh wt = 1 +w 
w 

x+ (y2 +z2) 

The space of gravitation is 

bounded by the plane x= -2 0' 
1 0 x 

We integrate (23) over the space 

bounded by the plane x= -2w and a hemisphere of infinite radius with a 

. (27) 

2w 

centre at the point x= - 21, 0, O. 

In the second integration the last two terms in (23) are of a lower 
order of magnitude than the first one, and in the first integration they do 

not appear at all ; we therefore give here only the transformation of the 
first term. 

We have from (22) and (8) 

- (1 + 2wx)e2(,y2 + z2) sinh 2wt 
E4 

1 

2 f r /1 + 2wx cosh wt - 1 2 +y2 +/2 
3 

lL 1 

(28) 

We transfer the origin of co- ordinates to the point x = - , 0, 0, and 
.L(0 

denote 
1 x'=x-2w 

also 

. (29) 

sinh 2wt= 2 cosh wt sink cot= 2 cosh wt ,/cosh2 wt - 1 . (30) 

We find now from (27), (28), (29), and (30) 

rI 2 2 2 

e2(y2+z2)[2+wx+2(y2+z2)] [2+w;c'+ 2(y2+z")] -2Wx' 

E41- 1 a, 
{[x_-+(y2+z2)12+y2+z2}3 

(31) 

(a) We integrate over half a sphere of radius r-÷co with a centre 
at the point 0'. We transform (31) to spherical co- ordinates : 

x' =r cos O 

y= r sin O cos 43 

z = r sin O sin 

(32) 

the limits of integration are for O from 0 to 2, and for from 0 to 27. 



-/6 - 

78 D. Meksyn, Electromagnetic Phenomena 

Now cos e- _r and dS =r2 sin &IWclO, hence 

1E41 
cos e dS = 

2 2 O 

cos B. r2 sin2 B.[2 + ow cos B+ 2 r2 si -_1 r 1 J _20,rcos0. 9.2 sin OdOc10. 

=- e 

Ill 
r cos O 

2w 
+ J r2 sin2 B] 2+ r2 sin2 B}3 

As r tends to infinity we can omit in the above expression all terms 
of the lower order of magnitude, and obtain after easy simplifications : 

e =2 4=2,r 

fE 41 cos dS= - e2 cos B sin 0dOd ,e33 
4w2r4 I I 4 3 3r2 ( ) 

[sine B + -4 cos B] 
wr 

8=0 0=0 

or this expression is equal to zero for r= co . 

(b) We integrate (23) along the plane x'=. 0 ; for this case cos e= -1, 
cos n= cos = O. Putting in (31) x'= 0 we obtain 

+co 

e2(y2 + z2) [_2 + 2202 
+ z2)1.. 

E41 cos EdS = 
1 w 

2 J 3dxdy . (34) 
)J{[.+(y2+2)] +y2 +z2} 

We transform (34) to polar co- ordinates : 

,y =r COS 0, z =r sin sb. 

1 
The denominator in (34) is equal to -{-2 (y2+z2) , and we obtain 

from (34) 
271- m 

JE4) 

¡ r3drd ó q 2 

cos OS = 25e2wcJ _ . (35) 

In order to express the radiation in the usual units we multiply 

(35) by 
4fr 

and obtain 
2 q2e2 

3 c3 

where c is the velocity of light and g the acceleration of gravity. 

6. THE ELECTROMAGNETIC EQUATIONS. 

We consider briefly the electromagnetic equations in the General 

Theory of Relativity. If K,. I,,, are the vector potential and the stream 
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vector respectively, the equations for Kµ be 

gaßKµ' o= I. - GµKE r (36) 
Kµ,µ =0 

where Gµ is the Riemannian contracted tensor. In our case G6=0. 
The evaluation of (36) is simple; for the case of a uniform gravi- 

tational field it was given in Whittaker's paper.* 
The obtained equations are 

1 a2KI 2w aK4 a2K, 
a2K1 

a2K1 
1 + 2wx ate (1 + 2wx)2 at - 4 w - (1 + 2wx) 

az2 - II 
1 a2K2 aK2 a2K2 a2K2 a2K2 

1 + 2wx ate - 2w (1 + 2wx) 
axe - ay2 -az2 = I2 

1 a2K, aK, a2K, a2K3 a2K3 
(37 ) 

1 + 2wx ate 
2w 

ax (1 + 2wx) ßx2 - -az2 = I, 

1 32K4 aK, a2K, a2K4 a2K4 

1+ 2wx ate 
2w 

of 
(1 + 2wx) - 42 -az2 =14 

Also the equation Kµ,µ = 0 or GAT' Kµ y = 0 becomes 

(1 +2wx)aa1 +2wKi +a2 +aa3 
1 +2wx atK4 =0 (38) 

For an electrostatic field Euclidean space the vector potential and 
stream vector are equal to 

Kµ= (- F, -G, -H, CI)) F= G =H =01 
I1= I2 =I3 =0 I4 =p 

v2K4 = -Po (40) 

hence for an electron moving freely from rest in a gravitational field the 
stream vector is given by (15). 

It can be shown by direct substitution in (37) and (38) that the vector 
potential is given in the present case by (14), where K satisfies (40) and 
the electron is at the origin of co- ordinates. 

and 

(39) 

* Proc. Roy. Soc., A, 116, p. 723. 
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On the Dynamics of an Electron. 
By D. MEKSYN *. 

I. SPACE AND TIME IN PHYSICS. 

§ 1. The General Principle of Relativity and Motion of 
Electrons. 

AN attempt to apply the General Principle of Relativity 
to the motion of Electrons is met at the outset with 

insurmountable difficulties. It appears as if the problem is 
inherently self -contradictory. As a matter of fact, the track 
of an electron in an electromagnetic field is a curvilinear 
one ; on the other hand the space, as follows from the law 
of motion of an electron, is not curved (unless a gravitational 
field exists) ; hence the motion cannot be a free one, as it 
should be according to the General Principle of Relativity. 

It seems that this contradiction is intimately connected 
with the conception of Space and Time in the Principle of 
Relativity. 

§ 2. Space and Time in Geometry and in the Special Theory 
of Relativity. 

Space and Time are considered in the Special Theory 
of Relativity and in Geometry to be a physical Entity 
sui generis, which imposes its metrical laws upon solid bodies 
located in it. So, for instance, we could conceive two spaces 
(and times) which are similar in every respect, except that 
the dimensions of the first are, say, only half of the second 

' Communicated by H. T. Flint, D.Sc. 
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one. If we transfer a solid body from the second space into 
the first one, the latter will cause the body to shrink and 
take only half the size that it had previously. Such a change 
in dimensions of Space can be brought about, according to 
the Special Theory of Relativity, if we set a body in motion. 

Until the appearance of the Principle of Relativity it was 
usually held that space had three dimensions, and its metric 
was given by Laws of Geometry. The Special Principle of 
Relativity has discarded the conception of a three -dimensional 
space and one -dimensional time, but has accepted the idea of 
Geometry that space is a kind of objective physical Entity 
which imposes its metrical laws upon solid bodies ; therefore 
the Theory of Relativity has drawn the conclusion that, 
because it follows from Lorentz's transformations that the 
space dimensions of a fourfold system decrease if the latter 
is set in motion, a solid physical body which belongs to a 
moving system will shrink in its space dimensions. 

§ 3. Geometrical or Rigid Space. 

What, however, is meant by Space in Geometry is as 
follows : -There exist solid physical bodies which possess 
some metrical properties ; they have finite dimensions 
(length, surface, volume) ; they do not change their 
dimensions if transferred from one part of space into 
another. 

Now, it appears that it is possible to account by deduc- 
tion for all metrical properties of solid bodies, if we 
construct an appropriate system of reference, a " space," 
in such a way that all metrical properties of solid bodies 
(length, surface, volume) are properties of the space itself, 
and every element of length is expressed by some definite 
(quadratic) function of three appropriately chosen directions 
in space. 

Hence, rigid bodies do not change their size if transferred 
from one part of Geometrical Space into another, not because 
the latter is homogeneous, but conversely the Geometrical 
Space is homogeneous for bödies which do not change their 
dimensions by such transfer. 

It does, of course, not follow that there is no objective 
space, or that this space has no metrical properties of its 
own. (We do not touch upon this question here; what it is 
necessary to notice is that the Geometrical Space, which 
gives us the metrical properties of solid bodies, is something 
quite different from the objective space (if we admit its 
existence).) 
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§ 4. Four -dimensional or Kinematical Space. 

The idea of Space in Geometry will become clearer if we. 
turn our attention to classical kinematics. It was built up 
upon different lines than Geometry. 

In Geometry, as we have seen, all metrical properties of 
solid bodies are properties of the space itself, 

In classical kinematics, side by side with metrical 
properties of Space, it was necessary to introduce some 
quantities which do not belong to the space (velocity and 
acceleration). The classical kinematics has lacked the unity 
of design which characterized Geometry. 

The achievement of the Special Principle of Relativity 
was to restore this unity. The four -dimensional space is 
constructed in such a way that all kinematical elements of 
motion appear as metrical forms of the space itself ; so 
velocity is the tangent of the angle between time axes, and 
acceleration is the radius of curvature of the four - track.. 

979 

§ 5. Dynamical Space. 

If we turn our attention to the dynamics of the Theory of 
Relativity we notice that here again the above- mentioned 
unity is not maintained; the fundamental quantities of 
dynamics, momentum, and Energy appear not as metrical 
properties of the Space itself, but, so to say, as properties 
brought into the space. 

It is clear, therefore, that the natural generalization of the 
Special Theory of Relativity is to construct a dynamical 
space in which momentum and energy would be properties 
belonging to the Space itself. 

§ 6. Electricity and Gravitation. 

Before proceeding further we must bear in mind the 
divergence between an Electromagnetic field and a field 
of Gravitation. An isolated mass -point possesses a field of 
Gravitation, and it is usually held that an isolated charged 
mass -point has also an Electromagnetic field. We think, 
however, that the latter appears only if there are at least 
two electrons at a finite distance. 

Hence, in the corresponding fundamental form this must 
be brought out by appearance of cross -terms of different 
spaces rather than by a change in the fundamental form of 
every space separately. 

3S2 
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II. TEE FUNDAMENTAL FORM OF DYNAMICAL SPACE. 

§ 7. Lagrange's Equations in the Special Theory of Relativity. 
The idea of a dynamical space is not a new one. Such 

space is used in Lagrange's equations. Lagrange's space, 
however, is built up in conformity with the old kinematics, 
i. e. in it the time coordinate is separated from Space. This 
ought to be modified in such a way that time shall appear 
symmetrically with Space ; this is necessary to bring it into 
agreement with the Special Theory of Relativity. 

Lagrange's equations are : 

d aT aT ¡ 
dta k- axk =Qk (1) 

In the classical Mechanics T is the kinetic Energy; but in 
the Theory of Relativity T is the so- called kinetic Potential, 
a quantity which has neither a dynamical nor a metrical 
meaning. 

The first step to be made is to bring Lagrange's equations 
in the Special Theory of Relativity into such a form that it 
shall contain only metrical quantities. 

For one material point this is easily done. If the funda- 
mental form is 

ds2= dt2- dx2- dye -dz2, . . . . (2) 

where t is chosen in light seconds. Lagrange's equations 
become in a variational form 

SJrl(nids- +- VdT) =0, (3) 
0 

where V is the potential Energy. The Geometrical inter- 
pretation of (3) is that the four -track is a geodesic line on 
some surface V =0. If V disappears the track is a geodesic 
line of a free space. 

In the case of several material points we consider the 
fundamental form 

k =n 
ds2= X nik(dtk2 -dx7,2- dyke- dzk2), . . . (4) 

k =1 

which has 4n dimensions. It is easily seen that Lagrange's 
equations become 

8 (ds + . /c 
k 
VdT) _0; 

N 
. . . (5) 7 r; 

J 4nn 
k 



Dynamics of an Electron. 981 

as a matter of fact, from (5) we obtain 

d (dxk 1 aV 
Mk dT \ ds ) + 

1/,ank axk 
k 

. . (6) 

There are in all 4n-1 independent equations and only 3n 
given space projections of force, so that we are left with 
n -1 time projections which we can dispose. 

We define them from the following n-1 equations : 

dtk2 -d xk2- dyk2 -dzk2= dt12- dx12- dy12 -dz12 ;. (7) 

they are evidently equivalent to 

Xk dxk+ Yk dyk+Zk dzk -Tk dtk =0, . (7 a) 

where Xi Yk Zk Tk are the projections of the force. 
From (7) the denominator in (6) becomes 

ds= 
a-n 

m¿. (dtk2-clxk2-dyk2-dtik2), 
t=1 

or inserting (ds) in (6) we obtain 

d dxk aV mk 
dT (Vdtk2- dxk2 -c4,k2 -dzk2) +axk 0' 

which is the law of motion. 
The expression IZmk in (6) appears to be rather disap- 

pointing, as it has had hitherto no dynamical meaning ; 

it need not, however, trouble us, because it will later 
disappear in the rigorous laws of motion. 

What we have to notice is, that for several material 
points the law of motion is a geodesic line of a 4n dimen- 
sional space. 

§ 8. The Electromagnetic Field and the Form of Space. 

We turn our attention to the case of an Electromagnetic 
Force. Lagrange's equations for an electron are 

dt aik (T -3/1) a k 
(T -M) =0, . (8) 

where T is the kinetic Energy, 

113 = e1(ß -ul F -v1 G -w1 H), (9) 

-sb is the scalar, F, G, H the vector potential of Force, 
el the charge, and u1 v1 w1 the velocity of the electron. 
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To find now the fundamental form of space, we must bear 
in mind two points: 

(1) In (8) the kinetic and potential Energies appear 
perfectly symmetrically. 

(2) Lagrange's expression (1) for the equations of 
Motion becomes a geodesic if T is a quadratic 
function of æk. 

Hence our task will be achieved if we transform (9) into 
a quadratic expression. 

Suppose that the external field is produced by one moving 
electron whose coordinates, charge, and velocity are 

x2 y2 22 t2, e2, 

Then (9) becomes 

where 

212, 172, u2 

el M= - (1-ulu2-v122-W1w2), r (10) 

r =1/ (x1 -x2)2+ (yi- y2)2 +(zl -z2)2. 

This expression for M suggests at once the expression for 
the fundamental form of space in this case. It is 

ds2 = m(dx42 - dx12 - dx22 - dx32) 

+ e r 2 (dx4 dx8-dxl dx5-dx2 dx5-dx3 dx,) 

7 

+ M (dx82 - dx52 - dx62 -d 272) (11) 

In the general case where the external force is produced 
by n -1 electrons, i. e. in the case of the n electron problem, 
if we denote the mass, charge, and coordinates of the kth 
electron respectively by 

mk, ek, xk +1 xki-2 xk +3 xk +4, . . . (12) 

we obtain the following expression for the fundamental 
form 

ds2= gµvdxµdxv 
.. 

_.. 

k-+n 

= 4 mk(dx2k+4-dx2k+ 
k=1 

k, l-n 
+ L Okl(dxk}4 diel+4 

k,1-1 

-.dx2k+2-dx21,,+3) 

-d'xk+1 dxlp1 dxk+2 d:x1i.2 -dxk+3 d x1-1-3), (13) 
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where 

k_,7' t.,l and kl= ek el - 
rkl 

2 rkt=v (xkl-7-x1+1)2+(xk+2-'L'1í.2)2+(xic-3-xt-I-3)2 
or 

ek el 
ybkl= 2 

c rkl 

if c is the velocity of light. 
The Equation of Motion will be 

8 Ps= 0, (15) 
or a geodesic line in 4n dimensional space, which we proceed 
to discuss. 

III. THE TWO- ELECTRON PROBLEM. 

§ 9. The Form of Space. 
We consider the problem of 2 electrons. The fundamental 

form for this particular case is 
ds2= m(dx42- d.212- dx22 -dx32) 

eE (dx4 dxs -dx1 dx5 -.dx2 dx6 -dx3 dx7) 

+M(da82- dx52- dx62-- dx72).. (16) 
A glance at this expression shows us that it satisfies the 

physical conditions of an electromagnetic Field. The eight - 
dimensional space is split up into two four -dimensional 
spaces which are Euclidean, but taken as a whole this space 
is not Euclidean because of the cross terms. Hence an 
electron will not move in a straight line. 

:§ 10. The Fundamental Tensor. 
The discriminant g is equal to 

911 915 

g22 926 

935 g37 

944 948 

951 g55 

962 g66 

973 977 

9= 

984 988 

and is split up into four separate determinants. 

. (17) 
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Or 

g= ( 911955- g11 2)( 92296ti- g262)(933977 g372)(9149'88- 9482), (18) 

and the contravariant tensor r is equal to 

11 955 55 gll 
!r gii 955 -g15ÿ ..., g - gng58 -g152' 

15 -915 48= -g48 
g 

giig55 -9152 " 9 
944988 -g48L) 

in our particular case 

911=y22 =933 - - 944 = - 1177 

N5=966=977= -9s8- - Mf 
eE 

915-g26=g37=-948° -, 
where 

m, e, xi x2 x3 x4i and M, E, x5 x6 x7 x3 

relate respectively to the Electron and Proton. 

. (20) 

§ 11. The Equation of Motion is, as we have seen, a 
geodesic line of this space, or 

d2,v val dxµ dxy 
ds2 + {,u 

1 ds ds - 0. . (21) 

In the general case of an eight- dimensional space, there 
are 288 three -index symbols, but in our case the number 
reduces to 136, and, if g does not depend upon time, to 102. 

The only symbols which do not vanish are 

foot, ce } = gaa, Bgaa'' 
J xa 

{al, a} = 2 qaa' Bgaá 
1 x 
a9µµ 

a} - -29aa 29 xa va%a' 

agáá 
{P44 = 2.9 - ' 

where (á -a) =4. 

(hut {xa', a}=0), 
(22) 
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There are in all 8 equations ; the first four give us the 
motion of the electron ; the last four, of the proton. 

If we write out the equations (21) and insert the values of 
the 3 -index terms, we obtain the following expressions :- 

- 
Uxl 

V5)v2+g111 a3 V5- 

x41 V8V4+g15 \ 
B56v2vs+g161 $6V1- 

V7) V 
axl 7 3 

ag37v11V 
a 25 

3J 7 

kv4)v, 
+9,16(?gl v1+ 

V2 V2+ a3 V3+ ,45V41v1 

+911 ?55j5 t V+ V+ Vv 7x8 = f 

ds24+g44(a9l 
V3-a4V5)jr19,44(agx2 

V8_ag4 
NT 

/ -á7) 5s +944 V8 V 
xVl) V 4 g4 

as 5 

a 

48 q48 

t g 

('aZs 

v4- 

.+. 948 ( 8V + 

.+. 9,44 ag84 
V5 + 

CaxS 

axss V2) +948(v,-,6q" V,-..31.6.-9'v8 V3) V7 

ag48v2+ag48v +ag48V ) V 
a2 ax3 3 4 4 

4V6+g74V7+ag84Vg)vg = 0. 
VV UU 

(23) 

§ 12. The equations (23) could be brought in a form which 
will at once show their relation to the usual equations of 
Motion of an electron. 

Let F, G, H, -95 be the vector potential ; then the 
electromagnetic force is 

aH aG I 

=aJ-ay..., 

aF a 
X 

=_-- 
at -- 2 .. 

(24) 
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From the values of 912, gee, we see that (except for a 
constant factor) 

g15V5 = -QFp, 

g51V1 =--EF;., 

926V6 = - eGp, 937V7 = -eHp, 

g48V7 = +egop, 

962V2 =-EGe) y73V3 =-EHe, - 

9s 4V4 = +Eq5e, 

. (25) 

where the subscripts p and e denote that it is the vector - 
potential due to the proton (and, hence, a3ting on the 

'dléctron) and the electron respectively. 
We also denote the velocity. of the electron and proton : 

Vl V2 V3 V4 = Ve, V5 V6 V7 V8 = V3,.. . (26) 

make use of (24) and (25), the equations (23) If we 
become 

/ 
ct'ás 11= 'le [XpV4 + Yp`/2 -N//pV3] 

II rXeV8+YeV6-NeV7J 

-fill, a5 17.5 q7 v, Vs) V5 

V11- agiS T2 + a g15 (zg'5 ail òz2 
Y aa33 

d2x4 = 44. 

CLS2 
g e [ XpV1+YpV2+ZpV3] 

+948E [AeV5 +YeV6 + ZeV7] 

C 
llea 

V5 + ags4 
a axV6 + a9s4 -6,,v884 

a 
gs4 

8 ) Ve Vs 
x5 

fi48 (axï Vi+ 
áx36 

V2+ 
ag36 

V3+ ag4 4) V4 

(27) 

1. Let us .consider the case of a steady electromagnetic 
field: Or we assume that M - aó and the velocity of the 
proton is 

V5, Vs, V7 -÷ O. 

Then 
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and (27) becomes : 

mdds21 
=e [XpV4 +YPV2NPV3], 

M 
d?S44 

=e [XPVI +YPV2+ZpV3],. 

Now the four -velocity can be transformed as follows :- 
ds2 = m(dx42- dx12- dx22 -dx32) +M(dx32- dx52- dx32 -dx7)2 

eE + r (dx4dx8- dx1dx5- dx2dxs- dx3dx7) ; 

(28) 

to the first order of approximation the last term may be 

omitted because 
eL (or -8E, if c is the velocity of light) 

is small in comparison with the mass of an electron ; also, 
the force acting on the electron satisfies to the first approxi- 
mation the equation (7 a) ; hence we have 

dx42 - dx12 - dx22 - dx32 = dx32-dx52-dxe2-dx72, (29) 

as this does not impose new conditions on the variables. 
Whence 

ds2 = (m-. M)(dx42- dx12- dx22 -dx32) 

= (m +M)(dx82 -dx52- dx52- dx72). 

The factor VM + in appears twice in the denominator of 
the left and the right side of (28) (in the electric force 
through the vector potential, and in the velocity) ; hence it 
drops out from the equation of Motion, and they become, if 
we divide both sides by 174, 

mdx4 drl -e[xp+(YPV-ßpw)]' 

mdx4 
dz4 

e = [Xpu+ Ypv + Zpw], 

where u, y, w is the three- velocity, and 

dT2 = dx42 -dx12- dx22 -dx32. 
These are the usual equations of motion for the electron. 
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2. In the general case, as is seen from (27), the force 
consists of four parts. Two of them are due to the direct 

Jaction of the proton, and the other two forces to the reaction 
on the proton, due to the electromagnetic force of the 
electron. 

The first one is the usual Lorentz's force, the second one 
some new force ; it is equal to 

-911(gr.adgi5. Vp)V5- g15(gradgi Ve)V1. 
5 -8 1 -4 

-- 

\ J 

3. From the equations of motion (21) a remarkable conse- 
quence follows concerning the number of degrees of freedom 
of an electron. 

As is known, 
dx d2a mµ dxV 

ds { ds + {µva 
d} 

ds ds } = 0' . . (31) 

or there are only 4n-1 independent equations for n elec- 
trons. If we assume that the proton has three degrees of 
freedom, then we are left with 4n -4 equations for n -1 
electrons; or an electron has four degrees of freedom. 

The fourth degree of freedom is in the direction of time, 
or, better, it is the kinetic energy, which is not equal to 

nz -dt as the Special Theory of Relativity gives, but has 

to be found from the equations of Motion. 
Our assumption (29) about the connexion between different 

times is only an approximate one. We must choose one time 
(of the proton) as an independent variable, and find all others 
from the equations of motion. 

4. The so- called vector potential of Electrodynamics is 
the covariant velocity in the dynamical space. 

For instance, 
dx5 cl 

5 -1n d2 
ds ds 915 ds ' 

which, for the particular case where the proton is at rest, is 

proportional to the vector potential of the electron 

5 = EFe. 
/ 

§ 13. The Wave 

9µV 0uv = 9µV aa axV + {µv, a }á -) _ O . (32) 
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is rather complicated. We consider here the simple instance, 
when gis = g26 = 937 = 0, or of a purely electric field. For 

this case 4; = a2 
, except for the expression áxru 

48 = a24 1 1 1i 948 a 22ag48 a0 33.6948 BO 
ax4ax8 2 

g axl áQ;1 
{ g 

ax2 a.22 
+g 

aQ%3 ax3 

.+.g56ag48 aY' gga,yi8 a 77ag48 á91 
33 

axe áxó 9' ax6 ax6 g ax7 ax7J ' 
( ) 

We neglect, however, the cross terms in (33), because 
from the expression of 4), which we shall take, the second 
term for the Hydrogen Atom is only - . -10 -1° of the first 
one. 

the wave becomes 

22, 
gll á a+ ... +g44 +95aáá 4 ... a 

+284 á á 
á 
- 0. (34) 

Inserting in (34) the values of the tensor gµß', we obtain 
after easy transformations 

1a2 aa ? 
+ 

2 
+ a a 

2 a i02 l max12 + x22 ax32 M + ax6+ a 

1620 1 a20 2V a24 
- inax42- Max82 +Mm ax4axs - ° 

where V= - F2P- is the electrostatic potential. 

This can be brought (under special assumptions) to 
Schrödinger's wave equations. Let us take for 4) the 
expression 

(35) 

2 I h i(m +E1)x. +(M +E2)xs }a: 

or we assume in conformity with de Broglie's ideas that not 

only Energy due to motion of an electron passes a frequency 
E 

, but also Energy due to the rest -mass has a frequency. 

For the Hydrogen Atom 
ml 

= V2 -10 -5 ; hence E12, Eta 

could be .neglected in comparison with mE1i ME2, and El, 



-34- 

990 Mr. D. Meksyn on the 

E2 in comparison with m and M. Under such approxi- 
mation we easily obtain from (35) (36) the equation for * : 
1(a2 a2* a2 `j 1 (alt a2f a2J1 

992 a.2.12 + ax22 aß%33 + 112 ßxó2 + a X62 ax7 

87r2 ¡'M 2 m 
+ ( F, + EZ) - V] = 0 (37) 

We can_ now transform (37) as follows : -Let us change 
the variables : 

x = X1-`r5 (m +M)e = nzxi +Mxó,l 

Y = x2 -xg (9n+M)77 = mx2 +Mx6J . . (38) 

x3- xy (9n + M)" = mx3 + .1 I xz. 

Using (38), we obtain from (37) : 

1 a2± j2 aj211 1 
j2n(ax2 + ay2 + òz2/ +)n±M(yip, ae2 + 7%2 +a 2) 

+ 82 M+n + E+E V1 - 0 
l6, 2 ( 1 2) - J - o, 

9nM 
(39) 
( ) 

Let us assume.for 

4P=,Î(x, ; 

hence 

19 72f+ 1 72, 873. 
2 

µ zyz M+nz lì 

. (40) 

[1\1124"n +E2) -V J g =O. . (41) 

2 Let +MV2g 
h2 g. 

From (41) imd (42) we obtain 
z 

-V2f+ h' [(E1 +E2)- 7]f =0, . . (43) 

which is Schrödinger's equation. 
The radiation function is 

(42) 

2h 
(M+na+El+EZ)it (44) 
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because to the first order of approximation 

x =xs =t, 
the rest time. 

991 

§ 14. The Metric of Space. 

The bearing of the fundamental Form of Space to 
Einstein's gravitational tensor G, and G is as follows :- 

To the first order of approximation (or neglecting the 
squares of gay and gam' in comparison with gaa) we obtain 

1 a QP g a29µv a2gµ aaga 
( 1/ 45 ) 2 g 

oP 

(axµax a ZPaxQ axpaxv axµaxQ/ ' 

G 
µv 

We have to take for our approximation only o--p; hence 

1 QQ a2gµv a29uQ algva Gµ= 2g ( axP2 - axvaxQ axµax Q '' 
and we obtain 

G11= -95 5 á a 5, 

- ä25 2g66,aG12=95x äx5 ß lb, 

(46) 

(47) 

G15 =2 911? 5 922 a 22 + ... +891 r 
ll U 

-N2 

9 

up Xi x5 

From (47) it is easily seen that Gµ =0 only if GG= const., 
or if there is no electromagnetic connexion between the 
electrons. 

The gravitational invariant G is equal to 

G= g"'Gµv 

'291x 

1955 á 
1V5 + Ux áx9 + Uxs7x7 VxÒ 8 ' 

Hence Y =0 for our fundamental Form. 
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On the Electromagnetic Field of an Electron.-The he Electron 
as a Gravitational Phenomenon. By D. MVLEKSYN *. 

1. The Properties of an Electron and the Special Theory of 
Relativity. 

ACCORDING to the present Electrodynamics, an 
Electron is an atom of charge in its own Electro- 

magnetic Field ; the latter could be represented as a system 
of stresses self - balanced in the whole field and resolved into 
a force acting on the Electron itself. 

We make au attempt to discard this picture of an Electron, 
and we assume that an Electron represents the same entity as 
a neutral mass, with the only difference that, whereas matter, 
or energy, is located in a particle in a very small region, in an 
Electron it is spread all over the space according to the law 
A 

or, what turns out to be the same, that an Electron is 'g f 

a Field of Gravitation whose potential is not ±, but -z ; r r 

there are no stresses in the Field of an Electron t. 
It is true that it is now accepted in some quarters that 

the stresses have no physical reality, and are only convenient 
mathematical conceptions. It makes, however, no difference 

Communicated by H. T. Flint, D.Sc. 
t The Electron is assumed to have a special localization about it 

point from which r is measured, and the law of extension applies 
outside this central localization. 
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whether we consider them to be real or not, if only we 
accept the consequences which follow from this conception, 
as, for instance, the existence of an Electromagnetic Force, 
the connexion between the mass and Energy etc. 

The " abolition " of stresses clears up from the outset some 
of the difficulties connected with the theory of Electrons. 

1. If there are no stresses (or the stresses are mathe- 
matically equal to zero), an Electron does not possess an 
Electric Field, and hence it is unnecessary to "explain" 
the existence of an Electron. An Electron is a substance 
which is in equilibrium just as a mass particle. 

2. From the dynamics of the Theory of Relativity it 
follows that mass and Energy are connected by 

W° 
rn . 

This is, however, not borne out by the Electron Theory, 
because, according to the latter, the momentum of an 
Electron is equal* to 

4W°u 
G 

hence the mass is equal to 
4W° 

ni = 
3c2 

(2) 

(3) 

1f, however, we discard the stresses, the momentum will be 

and the amass 

G- uW° 
C ti/C¿-u2 

W° 
9YL = 

2 
, 

C 

(4) 

(5) 

or in complete agreement with dynamics. 

3. The Law of Energy for an Electron is not satisfied for 
an accelerated Motion. 

If we assume that the mass of an Electron is wholly 
electromagnetic, its momentum will be 

Gx 
4W °u 

3c2, / / 2 
v 1 - e2 

* ryi, v. Laue, ` Die Relativitätétheorie,' 1921, p. 134. 
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c2 + u2 w - wo. 
u2 

c2 1-z 
c 

The Equation of Energy is 

u2 

dGZ dW d N/1- 12 

u 
dt - dt = dt 3 we' 

(7) 

(8) 

or in order to preserve the Law of Energy, it is necessary to 
admit the existence of some additional mechanical Energy 
of value *: 

1- 
2 

3 
w° (9) 

In our case this difficulty also disappears because the 
Momentum and Energy are equal to 

G= uwo w - wo 
(10) 

u2 uz 

ON 1- 
c2 

1- z 

and hence the Law of Energy is satisfied. 

§ 2. The Gravitational Field of an Electron. 

1. Classical Theory.- According to the classical theory, 
the Gravitational Potential of continuous matter is given by 

V24)= (11) 

where p is the density of matter and k the constant of 
Gravitation. 

In our case 

hence 

and 

e2 

P 8orc2r4i 

020 - - ke2 

2c-r4 

ICP2 

(1) _ 

(12) 

(13) 

M. v. Laue, ibid. p. 226. 
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2. The Theory of Re(at2rïttaa'l"he Gravitational potential 
could he directly obtained from Einstein's solution for 
Gravitational waves*, 

We give here a aor»ewhat difi'rrr?n ï. solution for a particular 
caso in which 

rls2=-(1+2E2)(rLrz+et? e7_') + (1-252) dt2, (14) 
where S2 does not depend upon firm,. 

The Equations of Gravitation are 

where T,,,, is the Energy tor eirr:d. 

T=- Tx 

. (1 ) 

. (16) 

Now, neglecting the terms of the order LT, we have 

1 G - iIMar aiYg p,7 . 

which for our ease become t 
2 

µ = B.rBz 
and the Law of Gravitation is 

in our case all 'T'µa, =O1 except 

and 

T,,=,'a-a 

(17) 

=v2n, . (18) 

T = T'o'°'=_ tt 
. 

Now the right side of (119) is eqnall for grc=ir-]!, 2, 3 

,,t,-- + c2' 
pa) 

and for 1.1.=3,=4 

(19) 

. (21) 

-87n1-( 
rrw 

I te' , ü ItrIe7 _- 2 rr°'«'' 

or the .sann as (22). 

* A. E4aitk`7VEa, taw Gaaarùir.ationus=Tlllem.," 
1918, p. 154. 

lr A. S. Edd'ina,tom, ")ia 11stlAnealliircrll 
p. 102. 

rll--an. Siilrrnnmvi>hrrrria^latir, 

- ReAai,ivñtiT.' 1924, 
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Our assumption as to the value of T,a is consistent with 

Einstein's Law of Gravitation. 
The Equation of Gravitation becomes 

02n 
and 

ke2 
(24) 4r2c2' 

or the same as in the classical theory. 
If we compare this solution with Nordström's and 

Jeffery's *, we notice an important discrepancy : our solu- 
tion is only half of Jeffery's, which is equal to 

e2 =-2 
(if allowance is made for the factor 41 in the expression of 
the Electromagnetic Energy). 

This is due to the value of the Energy Tensor Tµ , which 
was taken by Jeffery under the assumption of existence of 
stresses. We neglect here the ordinary gravitational con- 

tribution to r : 
m 

which arises from the central localization. r 

§ 3. Relative and Invariant Mass. 
If we accept Maxwell's stresses, a well -known difficulty 

arises in the explanation of the mass of an Electron t. 
We have to discriminate between the relative mass T44 

and the invariant mass g,A T . 
Now it appears that the latter, for Maxwell's stresses, is 

equal to zero, and hence some additional assumption becomes 
necessary in order to explain the equality of relative and 
invariant mass for an Electron at rest. 

If we discard the stresses, the invariant mass gµ Tµ 
becomes equal for an Electron at rest to its relative mass. 

§ 4. Two Electrons in Space and the Electromagnetic Force. 

We have seen that an Electron does not possess an electro- 
magnetic field ; the latter appears only if we have two or 
more electrons in space, and is wholly due to the increase 
(or decrease) of energy of space above (or below) the sum of 
energies of the two Electrons. 

* A. S. Eddington, ibid. p. 185. 
t Id. ibid. p. 183. 
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To define the laws of the electromagnetic force we must 
find the energy of two Electrons. 

It is clear that, as both energies are spread over the space, 
some interaction may arise between them. 

We know that the gravitational field of two material points 
and its energy are found (to the first approximation) by 
superposition of the two fields and their energies. Hence, 
if we translate the energy of an Electron as an equivalent 
energy of a gravitational field of matter, we can make some 
inferences about the laws of an electromagnetic field by 
applying the same superposition. 

This interpretation can be carried out as follows :- 
The energy density of an Electron is equal to 

where 

ez 1 rr¡aV 2 aVll2 
(aV1l211 E-$2rr4=87rL`ax) +(ay! +\az)J' 

(25) 
e V= 

By Green's transformation we have 

$J$vv2vddydz+JJf\ax/2+\ayy+(az! 
} 

xdxdydz -} `(V- VdS =O. (26) 

The last term vanishes at the boundary, and as V= e, the 
first term is equal to 

j'JjVV2VdxdYdz=_47rjJjVPdxdYdz=_47reV, (27) 

whence E- 2eV. (28) 

Hence we come to the conclusion that the energy of an 
Electron is equal to the energy of a mass e in a gravitational 
field V, or, from (25), the energy at every point of the field 
is proportional to the square of its equivalent gravitational 
Force. 

The latter is what we usually call the Electrostatic force 
of an Electron. 

Now, if we have two Electrons to which we ascribe electric 
forces 

XI, YU Z1, N2, Y2, Z2, 

the resultant force will be, according to the theory of 
gravitation, 

xl +Y2i Yl +Y2, Zl +Z2, 
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and their common energy 

8771f 
[(Xl +X2)2 +(Y1 +Y2)2+ (Z1 +Z2)2) dxdydz 

fff(X12 
+ Y12 + Z12) dx dy dz 

+ 
47r f fÇ(X1X2 +Y1Y2 +Z1Z2) dx dg dz 

+ 
(57rfJS(X22 + Y22 + Z22) dx dy dz. (29) 

In (29) the first and the last term represent the energies 
of the two Electrons, and the middle term the energy of 
their interaction. 

Of this energy 

= JjJxix2 +Y1Y2 +Z1Z2) dx 4 dz . (30) 

is due the so- called ponderomotive force of the field. If 
W=0, there is no mechanical action between two such 
Electrons. 

The derivation of (29) cannot be considered as rigorous. 
We take the expression of W as one which has to be 
confirmed a posteriori rather than found by deduction. 

For the general case of two electromagnetic fields we 
assume that the extra energy is, as in the case of two electro- 
static fields, equal to the scalar product of the six vectors of 
force, i. e. 

jjj[(X1X2 W = +YlY 2+Z1Z2)-(ala2+R1N2+7172)1 
x dy dx dz . . . (31) 

where XYZ, aß7 are the electric and magnetic forces. 

§ 5. An Electron in an Electrostatic Field. 

The extra energy is 

T= 1 (((aV1aV2+av1áV2+avlaV2ldxdydz, 47ríJJ \ ax ax a'y a:/ bz az / 
or integrating by parts and omitting the surface integral, 

W _ - jjjvmV2vidxddzeiYs. 
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§ 6. An Electron in a Magnetic Field. 
The extra energy W (31) vanishes identically (because 

every term is equal to 0) ; hence there is no mechanical 
interaction between an electrostatic and magnetostatic field. 

§ 7. An Electron in Motion in an Electromagnetic Field 
(two Electromagnetic Fields) . 

The energy integral is equal to 

W 4 -JJJ [(X1X2 
+Y1Y2+Z1Z2)- (x142 +$132 +yiys)] 

x dx dy dz. 

We express the Electromagnetie force by means of a 
vector and scalar potential, and obtain : 

W 4 
(115 A1 òF1 a *2 aF2 
JJJ L\ 

òáx át )- áx át I 
a 1 òG1 ò'k2 aG2 (- By - Wit) 

C- 
By 

- òt) 
a i aH1 a yr2 a2 

[aHlG a1)aH - aG2 ay az ay 2 ) az 

+ (aF1- ag1) 
(aF2 - aH2 a ) bz; ax a- ax 

G1 aF ) (.6 G2 aF2 
+ x - ây )] dx dy dz. . (32) 

We integrate (32) by parts, and obtain a volume integral : 

giffreZ+'Z:+2';+74-M+L,F1] 
F1 

J 
Wl- 

x 

2 

[a21 a2F1 a2F1 a2H1 2G1 a2 F1 
J axat + at2 - az2 j + jxa - ay2 

a21 
ò2G1 a2H1 

a2G1 a2G1 a2F1J 
+ G2 + atl - 2 - ax2 + ayax 

a21 
a2x1 

a2H1 a2G1 a2F1 a2E1]1 
+ g2 [azat + Bt, ay1 + azay + azax 

_ 
a2 

x dxdydz. 
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Making use of the equation : 

aF, +aG1 +Hi a 1 
o ax ay á at 

we obtain 

_ - 
1_ 

l 
Wl 

f5ffr(v2i_ + Fg (l -02F 
/ 4r at2 

2 

+ G2( at21- V2G1) +H2(2Hi -v 2H1)}dxdydz. 

From the electron theory we have 

Q2y'1 -a 
2 

221- 
ate - - 4arp1, 

u V4F1- at21 =- 47rp1C 

hence 

W1-JJ'i P1(4r2- 
uF2 vG2 wH21 

dx dq dz 
c e e 

ei y' (A= 2- 
uF2 vG2 wH2 ) 

433 

(33) 

This is the expression used for the potential energy in 
Lagrange's equations, and is obtained from Lorentz's 
electromagnetic force. 

The remaining parts of W are 

w2. 4, T[ 
V2 `Y'2x1+G271-H2ß2) 

+ j ( 7' zYl - F271 + H2a1) 

+ áz ( *2Z1 + F2ß1- G2a1)1 dx dy dz) 

- 4ar f i (F2xi + G2Y1 +H2Z1) dx dy dz. 

The first integral is a surface one, and vanishes if the 

expressions in brackets are of the order of ra 

The last integral is a volume one, and it represents some 
additional energy not accounted for by Lorentz's Force. 
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Hamilton's Principle and the Field Equations of Radiation. 
By D. MEKSYN. 

§ 1. Summary. 

THE problem of finding from Hamilton's Principle the 
most general field laws for an antisymmetric tensor 

of the second rank in five dimensions is solved. 
The tensor has 10 (6 +4) components four of which are 

complex, and two scalar functions are introduced as a result 
of the variational problem ; in all there are sixteen functions. 
The sixteen equations obtained are those of radiation. 

For the case of free motion and, to the first approximation, 
for an external electromagnetic field these sixteen equations 
can be combined into eight (C. G. Darwin's equations) t. For 
the case of an electromagnetic field these equations are 
presented in a general tensor form, and the well -known 
operators 

i ár +e Pi= 27r" 
A1... 

appear quite naturally as terms in contravariant differen- 
tiation. 

It appears that the five- dimensional continuum represents 
a natural system of reference for radiation phenomena. 

§ 2. The Method of Solution. 

We have to solve the problem of finding the most general 
field equations for a particular tensor in space, which follow 
from Hamilton's Principle. 

The method of solution is purely formal, and is equally 
well applied to 3, 4, and 5 dimensions. 

We describe the field in all cases by an antisymmetric 
tensor of the second rank. For 3, 4, and 5 dimensions we 
obtain the electrostatic, electromagnetic, and the radiation 
field equations. 

We solve the problem for an antisymmetric tensor of the 
second rank, because we know that for 3 and 4 dimensions 
this tensor represents some existing physical state, and, 
hence, it is natural to inquire whether this is also the case 
for 5 dimensions. The equations obtained represent a formal 
generalization of Maxwell's ones. 

t Proc. Roy. Soc. A, exviii.p. 654. 
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In so far as the solution of the least action problem is 
concerned, we have to bear in mind the following i if the 
quantities in the Hamiltonian are differentials, the variational 
problem can be solved directly (as in dynamics), otherwise 
these quantities ought to be represented by means of 
differential coefficients of some other quantities, because 
without such representation the variational method cannot 
be applied. 

Of course the equations obtained depend, to some extent, 
upon the form of this representation. We try therefore 
to find the most general form of representation of an anti - 
symmetric tensor of the second rank, with the only limitations 
that these expressions must not conflict with the law of 
transformation of the particular space. 

§ 3. Application to Three Dimensions. 

In order to make these considerations clear we give here 
the solution of this problem for the case of three dimensions. 

The field is described by a three -vector E(Ex, E, E,). 
The Hamiltonian is 

W = ¡SE2 dal dydz (1) 

Now Stokes has proved * ant a three- vector can be 
represented by means of scalar and vector potentials 0, 
V(V,,, V,,, V.z) as follows :- 

E =grad 0 + rot V, (2) 

under the condition that 
div V = 0. (3) 

As a matter of fact cß and V are found from 

V20 =divE; V2V= - rot E. 

The field equations are obtained from SW =O, using (2) 
and (3). 

We have 
fE2 

(S +i divV)da;dyclz =O. . . . (4) 

Using (2), and integrating by parts, we easily find that (4) 
is equivalent to 

-J {divE . 80+ ([grad p -rot E] 8V) }d. dydz =0, 

* A. E. B. Love, c A Treatise on the Mathematical Theory of 
Elasticity,' p. 47 (1920). 
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and the field equations are 

divE =0, 
rot E = gradµ. 

It can be shown that all four quantities E and p, satisfy 
Laplace's equation. 

In (5) there appear, except for the electrostatic vector E, 
also a new quantity ,u. It will be shown in a separate paper 
that this quantity represents the potential of a hydrostatic 
pressure, which is necessary for stability of an electron. 

(5) 

§ 4. Some Metrical Properties of Five- dimensional Space. 

We give here for convenience' sake a few is ell -known 
laws of the five -dimensional space *. 

The transformations for the space -time coordinates do not 
depend upon the fifth dimension, and are the same as in 
the Theory of Relativity. The transformation of the fifth 
dimension is merely 

x5r =cr,5 (6) 

if we apply these rules to an antisymmetric tensor of the 
second rank 

axlax T/µy la v Taß 

axe ax/3 

we find that the six space -time components are transformed 
as an antisymmetric tensor of the second rank in the Theory 
of Relativity, and the four components associated with the 
fifth dimension 

(7) 

a.xN, 
.551 

'Cµ' rTaS 

axa axß axa 

are transformed as a four -vector. 
The fundamental tensor is 

(8) 

ik _ gik 
i 

ryik=gik+¡3200lc, 

re= - lJ I i 
e 

ryi5-N(Pi) 

7"=1-+$2.9601,k, 

ry55 =l (i, k= 1, 2, 3, 4), 

(9) 

where gik is the gravitational tensor and O; is the vector - 
potential of an external electromagnetic field. 

* O. Klein, Zeìts. f. Phys. xlvi. p. 189 (1928). 
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For $ we take the value 

ß= e 2 m . . . . . (10) 

For this value of $ the track of an electron becomes, 
as Fock * and Fisher have shown, a null geodesic, and 
Schri5dinger's wave equation appears to be the usual wave 
equation in this space. 

§ 5. Representation of an Antisymmetric Tensor of the 
Second Rank by means of Two Vectors. 

The method of derivation of the field equations in the 
else of five dimensions is similar to the classical one, and is 
based upon representation of an antisymmetric tensor of the 
second rank by means of differential coefficients of two five - 
vectors. As we have pointed out, such representation is 
necessary in order to solve the variational problem. 

Let us find out under what conditions this is possible. 
Let Fug be an antisymmetric tensor, k1...k5 and lí...15 two 

five -vectors. Fß,ß can be expressed as follows 

bleu aka als al 
F ) aß = +any -,. ( it 

a$y =(1, 2, 3, 4). cjr 

The signs in the six equations (il) correspond to an odd 
number of permutations in the series a,hlry8. Also 

aka ak 5 cab - - s - al 
jal5 (11 a) 
a , 

a= (1, 2, 3, 4). 

It appears that, except for Faß, new quantities G15...G95 
have to be introduced ; we can thus consider the fifth 
dimensional components of Fßß as complex. 

The origin of these quantities is as follows : -In order to 
justify our form of representation of the tensor Faß by 
means of two vectors k and 1, we have to prove that from 
a given tensor Faß we can always discover the vectors k, l 

(see equations (12)). 
In the case of 3 and 4 dimensions k and l satisfy the 

usual wave equation, and we may expect that this will hold 
good for the present case. 

* Zets. f. Puys. xxxix. p. 22 (1920) ; J. K. Fisher, Proc. Roy. Soc 
A, cxxiii. p. 489 (1929). 
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From the simple algebra of evaluating the equations (1.2) 
it follows that, unless we make use of additional quantities 
Gis..., we are unable to obtain the required equations for 
le and 1. 

We have now to prove that if Faß and Glb... are given, the 
two vectors lc and l can be found. 

The following expressions are easily obtained :- 
aFas + .6 aFsv + aFrá + aGs5 - /.21s_ aL 
axY axa a.Lß ä äxa' 

bG, _n2l .6 TA u 5+ 
axa a x6 

478. (1, 2, 3, 4). 

(12) 

The law of composition of the four equations which follow 
from the first expression in (12) is simple ; the values a, ß, y 
are any three from 1, 2, 3, 4 taken in order; the sign in (12) 
corresponding to an even number of permutations in the 
series 478. Also 

aFaß = N2 Ck J a- á j 
a,ß=1,2,3,4,5. 

. . (12 a) 

In all the equations the expression must be summed with 
respect to those indices which occur twice. 

In the equations (12) and (12 a) 

K =divk, 
L = div 1, 

/\,2 _ a2 + a2 + a2 62 + 62 u- 212 ax22 ax32 a 242 a 2 

We assume 

(13) 

K =O, L =O, . . . (14) 

and the two vectors k5...k5, li...l; can be evaluated from 
(12) and (12a). 

It is clear that not all components of the tensors F and G 
are independent; the two antisymmetric tensors have fourteen 
components, whereas we have only eight independent quantities 
to express them. Hence the components of the anti - 
symmetric tensor must satisfy six additional conditions. 
They are easily found, and are given later (equations (19)). 
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§ 6. The Variational Problem and the Field Equations. 
The Hamiltonian has in this case the following expression:- 

w - 41F142 + F242 + F342 'i- F232+ Fß12 + F122 + F152 + F232+ F352 

+ F452 + G152+ G252+ G352 + (3.452) dx1 dx2 dc5dx4Clx5. (15) 
The field equations are obtained from the condition 

8W=0. (16) 

In the evaluation of (16) we have to make use of the 
equations (11), (11 a), and (14) after the latter have been 
multiplied by indeterminate factors and X respectively ; 

the Hamiltonian becomes 

f(F12 +.. GIGI) +X3L)Clx1...dx5 =0 (16 a) 

Integrating by parts (16 a) we easily find the required 
equations. They are as follows :- 

áFß +áca =0' (17) 
a,ß= 1,2,3,4,5; 

also 

al,aß aFß aFya aG'5 á. _ 
áxv axa axß axo axs 

aßy3 = (1, 2, 3, 4), 

áGSt +agi =o i= 1,2,3,4,5. 
ax5 

The first expression in (18) comprises four equations ; 

the signs correspond to an even number of permutations in 
the series aßy3. 

As we have pointed out, there are six additional conditions 
to be imposed upon the components of the antisymmetric 
tensor. It is easily verified from (11) and (11a) that these 
conditions are 

Fa;, a Fß5 +a 45y5_a17,0 =0 
a:tß axa axy azc5 

a,ß,7,8= (1,2,3,4). 
These are six equations, and the signs in (19) correspond to 
an odd number of permutations in the series aß78. 

In order to eliminate imaginary quantities from the 
equations (17 -19), and bring them into the same form as 

(18) 
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Maxwell's equations, we have merely to bear in mind that 
the following quantities are purely imaginary :- 

rv4, F53, F251 1135, G43, F12, F31, F23, ,u,. (90) 
The equations obtained (17 -19) can be easily brought into 

J. M. Whittaker's equations *; his six -vector and two four - 
vectors correspond to our antisymmetric tensor with fourteen 
components. Whittaker's way of deriving these equations 
is different from ours. He assumes eight equations, as given, 
and derives the other eight ones from Hamilton's principle. 

§ 7. We show now that the system of sixteen equations 
(17 -19) can be easily brought into C. G. Darwin's form of 
Dirac's equations. 

We consider the case when there is no electromagnetic 
or gravitational field. For that case we need not distinguish 
between covariant and contravariant tensors. 

We combine the first three equations of (17) with (19) 
(for F34, F24, F34) multiplied by i= N/ -1 respectively, and 
combine the fourth with the fifth equations (17) multiplied 
also by i; the same procedure we adopt with respect to 
equations (18) and (19) (for F23, F13, F12). The result is 

(Vx4 +i 
áx5) (F14- iF15)+ á (F12 -iG35) 

- áx3 (F31 -iG25) + V 1 (p.+íF45) =0, 

(Vx4 +25) 
(F24- 

2F25) xl (F12- ?.G35) 
V 

+ 
73 

(F23 -iG15) + jx2 (. +2F45) -= 0, 

(.16 +2 ) (F34-2F35)+ (F31 -iG25) 
x4 Ox5 xl 

----( F23- íG15)+ 
aX2 

(/r +íF45) =0, 

á 45) (P. iF45) (F14 iF15) 

%2 

(F24- íF25)- Bx3 (F34 -íF36) =0. 
J 

. . (21) 

These are exactly Dirac's equations in Darwin's form. 

* Proc. Roy. Soc. A, cxxi. p. 543. 
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To obtain the terms me we-have merely to suppose that 
the fifth coordinate enters in the functions in the following 
dependence:- 

27ri 
9]LC2, 

e (22) 

§ S. The Field. Equations for an External Electromagnetic 
Field. 

To determine the field equations for the case of an external 
electromagnetic field we have to represent our equations in 
general tensor form *. 

The equations (17) are easily written out in a tensor 
form. They are 

where µa represents 
respect to xa, or 

Pop + µa = 0, 

u, 0=(1-5), 
a contravariant differentiation 

µa = rarµ, 

(23) 

with 

(24) 

We transform in (23) the terms F0.55. We have, for 
instance, 

F15= 71"ry5s aß= 
5,111,52F12 +r11r53F13 +7/111,54F14 +711755F15 

+ 1,15715F51+ 7157521,52 +715753F53 +715754F54. (25) 

If we insert in (25) the values (9) of the fundamental 
tensor for the case when there is no gravitation, we easily 
find 

F15 = F15 + 752F12 + 753F13 + r54F14, 

and hence the first equation (23) takes the form 

F122 +7521,125 + F133 +1,53F135 F144 ..F r54F145 + F13, 5 + /-51 O, 

. . (26) 

or finally the first set of equations (23) becomes 

F12,2 + F13, 3 +F14, 4 + F15, 
5 
+u1=O, 

F41'1+r42'2+F43'3+F45,5+µ4=O 

F511+F522+F533+F544+/15=O. 

} 

* II. T. Flint, Proc. Roy. Soc. A, cxxiv. p. 143. 

. (27) 
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LXXVTII. Wave Equations of an Electron in a real form. 
By D. MEKSYN, Ph.D., Matheinatical Department, Edin- 
burgh University *. 

§ 1. Introduction and Summary. 
AS it is, known the wave equations of an electron are 

imaginary expressions ; so are their solutions. It 
seems as if imaginary quantities are inherent in the wave 
mechanics. 

In the present paper an attempt is made to present the 
wave equations and their solutions in a real form. 

In a recent publication t I have derived Dirac's equations 
in a five -dimensional invariant form, and these equations, 
slightly modified for the case of an external electromagnetic 
field, may be presented in a real five -dimensional form. 

It is proved that in the case when Dirac's equations have 
2Rä wt imaginary periodic solutions of the form e t our 

equations have a solution of the form 

X, cos 2 (mcx5 - Wt) +µsin h (mcx5 -Wt), . (1) 

where X and µ are real functions. 
Evaluating the energy tensor we obtain the characteristic 

difference of energies at transitions -namely, we get the 
following expression : 

A cos 
cif (W1- W2)t +B sin (W1 -W2)t, . (2) 

* Communicated by the Author. 
Phil. Mag. [7] ix. p. 568 (1930). 
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where A and B. are functions of the space variables; the 
five -dimensional term nica5 drops out from the energy 
tensor. 

The real equations solve the difficulty mentioned by 
Dirac *, namely, that the same relativity wave equations 
are valid for particles of opposite charges ; this is due to 
the imaginary terms in these equations. 

As our equations are real, this difficulty does not arise 
in our case ; the equations and their solutions are different 
for positive and negative particles. 

It seems that the five -dimensional space represents a 
natural system of reference for the wave equations. 

§2. Equations for Free Motion. 
The equations are derived from the Hamiltonian Principle 

(Phil. Mag. ibid.). The field is described by an anti - 
symmetric tensor of the second rank in five dimensions. 
The tensor has ten components, four of which are complex, 
and two scalar functions are introduced as a result of the 
variational problem, in all sixteen equations. 

The equations, thus obtained, are analogous to Maxwell's, 
the latter being merely a four -dimensional projection of the 
former. They are 

and 

a F 
"ß + Bp, 

0 , 

BF, 

a, =1, 2, 3, 4, ß 

aG35 ax 

5 

0, 

(3 

(4). 

a e ß a2a 

aFaß aFßY 
Ba:, aga Bteg dO' 

G5i ? 
a2¡ +a28= 

a,ß, y, 5 =1 -4, i =1 -5. 
The expressions (3) and (4) comprise ten equations, and 

the six remaining are 

aFaß aFa5 aFA5 aG65 aGy5 (5) 

ax5 = a2ß ax aXy a28 ' 

a, ß, y,8 =1 -4. 
In order to make these equations real we assume that the 

following components are purely imaginary :- 
F15, F51, F12, /6, F15, F251 F55, G45, 24 =Ect. 

Proc. Roy. Soc. A, cxvii. p. 610 (1928). 
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If we substitute iF1,,,... in (3), (4); (5) instead of F12... 
we obtain sixteen real equations. They can, however, be 
combined into eight real equations. It appears that for 
our purpose eight functions suffice. 

We denote 

Fps + F15=01, F24 + F25 = 42, 
F34 + F85= 03, > + G45 = - 04, 

F23- G15 =45, F31 -G25 =4)6, 
,/, F12- G35 =y'4, /- +F45 =08, 

and combining in two's the equations (3), (4), and 
we easily obtain 

( )l+ aos ao8 - + - o, Cat 
ax5a22aaxl 

a a ao7 + ao5 08=0 
( -Cat aX52 axl a X3 X2 , 

(6) 

{-at+ax5)3+ s a°5 a xl-a;P2 +ax3 -°' 
a a5 

á95x: - =+aa 

x5)°4 axl 

(a 
a 4 +)+ a°3 

ax2-aax3 +2 axl-o, 

:,v5) s- 7:1 + a("1 
+aa(bx4 2 

O 
, 

a a 
7 

a2 
:x13 

=o 
( at + ax5 + áxl aa3 ' 

(5) 

(7) 

(a a 1 aOla42 a03= 
0 cat + ax5, T axl ' axa a x3 

These equations can be reduced to Darwin's *. 

§3. Equations for the Case of an External 
Electromagnetic Field. 

We now consider the case of an external electromagnetic 
field. For a free electron the equation of momenta is 

E2 
2 p2. 1722- y32 =m2c2. (8) 

We assume that me =p5 is the momentum associated with 
the fifth dimension. 

* Proc. Roy. Soc. A, cxviii. p. 658. 
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The wave function becomes accordingly 
27rí 

e k i-f-P2x21-Pa;+P5x5 -Et) (9). 

where E is positive. 
Suppose now that we have an external electromagnetic 

field. In that case we know that instead of 
cat 

and 
a r we 

have to substitute in our equations the expressions 

a 27ri eV and a ' . 2iri e'Ar. 
cat - ' a.,r.+ t 

We substitute, however, instead of a and a the 
cat áxr 

, 

following forms (for the case of an electron) : 

eV a 
cat nice aw5 ' axr + mc2 ax5 ' 

eAr r-1, 2, 3. .(10) 

The equations (7) remain real ; the wave functions enter 
all terms through their, differential coefficients of the first 
order. We can combine the eight equations (7) into 
Dirac's four equations. We `shall have then to solve them 
by imaginary quantities.;' 

§4. The Law of 

Multiplying (7) by 01, 02.. 
equations we easily find 

1 cf)12 +022+... 
P CL 

-Conservation. 

. and combining the eight 

where 

Cß42 +052 +...J 0821 
2 

j 1= [r,y¡',108 - 
,0{207 

+ 0/38 - 45] 5 

.%2 = LY'107 - Y'305 + Y'2(ß8 -,(¡ß,4`6] , 

,3 = [0205 -416¡+ ß308 ` Y'407] 7 

.75 = e ̀  P + e 2 [A-dl + A2,%2 + A3] + H, 
mc mc 3. 

H- jL 
[012 +. lß52 -. _082j. 

The law of " conservation ",becomes 

áJ1 ajz ?Ja . :bp a,75 -0 
axe +áx2 ax3rát 

. (12) 

. (13) 
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In order that conservation shall take place it is necessary 
that the last term in (13) shall vanish, or 

or, what comes to the same thing, that the current densities 
P , jt, j2, ja shall be independent of zr5. 

The fifth component in (11) is rather complicated. For 
the, case of a free electron, if p is equal to the energy E, 
the current is equal to PI, a, p3 and :75.1.ne, where pl ... are 
the momenta of a moving electron, and 7/2, is the invariant 
mass ; thus in this case the fifth component has a simple 
physical interpretation. 

5. Comparison with Dirac's Equations. 

We find now the connexion between the functions g5 and 
Dirac's 

Dirac's equations are 

(Po + mc)Iki + (Pt - P2) 4»4 + 7)3-4r3 = O, 

(p0-1-mc)*2 (P1 iP2)4r3 -p44 0, 
. (14) 

(Po- nie)*3+ (m-ip2)*2+ 0, 

(po- me)*.i+ 0,2 + TO* -P31k2 07 

where 

h e h B e 
Po= - 7-9 + - I (15) 

71 CO t 01:VI 

Multiplying the first equation (7) by i, and subtracting 
from the second, we find that the obtained expression is 
equivalent to the second equation in (14) (in our expressions 

appears instead of Inc). Performing similar trans- 

formations with the remaining equations (7), and comparing 
the obtained results with (14), we arrive at the following 
connexion between the functions sIS and Ir 

i953 = 412 

= 167 -43a *4= ̂ Os- 
§6. Solution of the Equations. 

We shall now prove that in all eases,, when Dirac's 
equations have imaginary periodic solutions, the real 
equations have real periodic solutions. 

. (141) 
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We consider the general case of an external electro- 
magnetic field, and assume that the periodic solutions depend 
upon time in the following way 

sin a 
cosa' 

= 211- 
(mex5 -Wt). . (17) 

A glance at the equations (7) and (10) shows that in the 
general case they cannot be satisfied by a simple sine or 
:cosine solution, but must be a combination of both. 

We assume accordingly for the 'rt.'s the following 
expressions :- 

0i = -X2 sin a -µ2 cos a, 05= - X4 cos a -f-µ4 0.11a, 

02= À3 cos a- ft2 sin a, . sb, =- T,4Sina cos a, 

03 = -X1 Sin a -µi cos a, 07= -X3cos a+ß,3 sin a, 
04= X1 cos a - Sin a, 08- -X3 sin a -/i3 COS a, 

. . . (18) 

Inserting these values of cfi in (7), and equating to zero 
separately the cofactors of sin a and cos a, we obtain 
sixteen equations for the eight functions X and p, ; there are, 
however, only eight different equations, and they can be 
combined into four, which are found to be Dirac's equations. 

Thus we obtain the following connexion between Dirac's 
functions 1ft and the X and µ : 

lick =T, -f iµk, k =1 -4, . . . . (19) 

or the X's and µ's are the real and imaginary parts of 
the ,fn's. 

§7. The Energy Tensor. 

We evaluate now the energy tensor, and show that we 
obtain the characteristic difference of energies at transitions. 
This is reached in wave mechanics by making use of 
imaginary quantities. 

Let us consider only two terms in the expression p in (11), 
as the other terms give similar results. 

For the case of transitions the terms 4'12 +022 in p 
become 

010 
ti + 02021, (20) 

where 4) and cßt belong to different states. 
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Inserting in (20) the values of the cg's from (18) we easily 
obtain 

04114"0421=(X2X21 / +//2/-21)cos (a ctl) 

\ + X2/1,21-p2X21) sin (a -ai) 
27r 

( 
, 
t) a 

, 

h 
772C.a'S- , 

and hence 

a-21= 211r(wl-W)t 

. (21) 

(22) 

This is the correct expression for the energies of 
transitions. As we see, the five -dimensional term me.vs drops 
out from the energy tensor. 

It can be easily shown that our energy tensor is identical 
with Dirac's. 

§8. The Hydrogen Atom. 

We consider now the case of the hydrogen atom, in order 
to give an instance of a certain peculiarity inherent in these 
equations. 

It is known that a law of conservation can be derived from 
the imaginary wave equations, and every solution of these 
equations satisfies the law of conservation. 

Now the position appears to he somewhat different in the 
case of the real equations. A law of conservation follows 
also.from these equations; it is, however, expressed in a five - 
dimensional form, which represents a conservation in the 
usual sense only if the fifth term vanishes. 

We have therefore to discard all solutions which do not 
satisfy the condition 

j =0. . . ... (23) 

Let us now show the bearing of these considerations upon 
the solution of the problem of the hydrogen atom. 

In that case A1= A2 =A3 =0, and a glance at the equations 
(7) shows that they can be satisfied by assuming 

O1, 02, (1)3, 414 sin- vnc.'5-Wt), 

Y'ú, 06, `/'ï, Os COS '7r Wt). 
(24) 
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Now, evaluating the energy tensor for this solution we 
obtain that 

j5 - sin (mcx5 -Wit) cosh (nzcx5 -W2t). . (25) 

Thus the fifth dimension does not drop out ; we do not 
obtain the difference of energies at transitions. 

As in this case, however, 1500 we have to conclude that 
x5 

the solution (24) does not represent a possible physical state. 
Let us now give briefly the correct solution for this case. 

Dirac's equations have been rigorously solved for the 
hydrogen atoni by Prof. Darwin". We make use of 
Darwin's results. 

The functions 1k's have the following expressions 
(Darwin's equations 7.4) :- 

Y i= -iFkRk +i[cos u4ß +i sin u4ß], 

*2= - iFkRk +1[COS (u +1)0 +i sin (u+1)(ß], 
(26) 

'3= (k +u+1)GkRk [cosu4) +i sin uni], 

1ír4= (- k +u)GkR4 +'[cos (u+1)4) +isin(u +1)4)], 
where Fk and Gk are certain functions of r, and 

n (cos2B -11k Rk= (k -zc) ! sin2fû (d cos B) 

+. 

2k. k 1 

From (26) and (19) we obtain the values of X and ,a, and 
inserting the obtained expressions of X and th in (18) we get 
the required solutions of our equations. 

So, for instance, 

a t = F,R +1 sin uq5, 

hence 
/41=FkRk+h COS UCI) ; 

4)3= l kRh+1 cps [u45 + h (mca5 -Wt)] 

4= FkRh +1 sin [u4ß+ 
2; 

(mcx5 -Wt) J. 

§9. The Wave Equations for Positive Particles. 

Two difficulties, as Dirac t has pointed out, are inherent 
in the relativity wave equations. 

Proc. Roy. Soc. A, cxviii. p. 058. 
t Proc. Roy. Soc. A, cxvii. p. (i10. 

Phil. Maq. S. 7. Vol. 13. No. 86. April 1932. 3 I 
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(a) They have twice as many solutions as appear to be 
necessary. The solutions can be schematically repre- 
sented as 

21ri WI 
27ri wt 

(1) Ire h ieh , . . (27) 

,,I,, 
27riwt 27riwt 

(2) 7' e h *e h 

where 1fr stands for all four functions and * is the con- 
jugate of Afr. 

The second set of solutions is associated with negative 
kinetic energy. 

The appearance of negative energy is inherent in any 
relativity theory. It appears also in the classical theory, 
but there the kinetic energy changes continuously, and, 
as it is initially positive, it cannot become negative. 

In the quantum theory discontinuous transitions are 
possible, and it is therefore not easy to separate these two 
sets of solutions. 

Schrödinger *, however, nas recently suggested how to 
separate the positive and negative solutions. 

(b) The relativity imaginary equations have another 
difficulty ; they are valid both for electrons and protons. 
It can be shown that the conjugates of (14) are equivalent 
to the same equations where e is changed into -e. 

Let us elucidate this point by considering the conjugate 
of the fourth equation (14). It is equal to 

h e h a e 

2ricat-cV-1 mc>4+ LC2rix cAl 
-iCh a _e l ( h a e 

2riay cA2)1Y1-127riz cA3)2-0. (28) 

We now consider the first equation for a positive particle ; 

we have to change e into -e, and we obtain 

( .T7rticat - c 
V-{-nzc)*1++ 

LC21riax cA1) 

- (Ii a 
e cA )J + (2727-i 

h a e ) 
y 

s * + 4 az -cA3 

Comparing (29) with (28) we find 
fit "hat 

y1 +, Y'2 +, Y'3 +) 
"y'4+ 

are equivalent to 

* Berliner Berichte, p. 03 (1931). 

=0. (29) 



-83- 

Wave .Equations of an Electron. 843 

or the equations for the proton are equivalent to the con- 
jugate equations for an electron. 

(c) Let us now consider the case of the real equations. 
Instead of Dirac's four complex functions we have eight 
real ones, with the corresponding positive and negative 
solutions :- 

s w- (mcx;-Wt),] " co[2 
(30) 

sin 

Y7- cos w + 
27r 

(2ncx5 + W t),1 
J` 

and 

sin 27r 

[ 
(31) 

99"-cos [w - 7r (nez,+Wt),] 

where (30) relates to an electron and (31) to a proton ; 

w is a function of the space variables. We see that not 
only ,the equations but also the solutions are different for 
electrons and protons. 

Dirac * leas suggested that the negative solutions of an 
electron could be associated with a proton. 

As we see from (30) and (31) this interpretation of 
negative solutions cannot be justified in our case because 
the negative solutions of (30) have a different form 
from (31). 

To pass from (30) to (31) we have to change the sign 
not of W, but of na ; this, however, is equivalent in our 
equations to changing the sign of e. 

§10. On the Meaning of the Fifth Dimension. 

It is known that the idea of the fifth dimension was 
advanced by Kaluza in order to bring about the welding 
of gravitation and the electromagnetic field ; but this 
conception appears to be very useful in wave- mechanics ; 

the latter gives us a definite interpretation of the fifth 
coordinate. 

An easy way of introducing the fifth dimension is to 
follow the same procedure as in the case of four dimensions. 

As it is known the four -dimensional principle of relativity 
is based upon the law of constancy of velocity of light 

* Proc. Roy. Soc. A, cxxvi. p. 360 (1930). 
3 I 2 
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propagation. I c is the velocity of light, the transformation 
of coordinates has to leave invariant the expression 

ds 
dt -c' 

or 

(32) 

dt.2 ±dye +dx2- c2dt2 =tO ; . . (33) 

this leads. to Lorentz's transformations. 
In the case of five dimensions we start from the 

fundamental equation of time quantum theory, 

by -E. (34) 

As de Broglie has pointed out, the transformation of this 
equation for moving systems .does not conform with the 
usual principle of relativity; ,this led him to the wave 
conception of an electron, 

Let us give a metrical representation of the equation (34). 
We have 

hi - - 9noC2 9npc2dt (35) - 
, 

c 

Let 
moc2 1 1 

h =vo =T , v= 1, r (36) 
0 

we find from (35) 

c2dt2- dx2- dy2 -dz2 -áæ52T 0, (37) 

where 

dß5 = - dt, . . (38) 
0 

or Planck's frequency condition, applied to an electron in 
four dimensions, can be considered as a "wave" in a five - 
dimensional space. From (38) we see that the fifth 
coordinate describes the periodic phenomenon associated 
with energy. From (37) we obtain the law 'of trans- 
formation for the fifth coordinate ; it is invariant with 
respect to Lorentz's transformations. 

I wish to express my thanks to Prof. Darwin for 
invaluable criticism of this paper and for ma'n j* Useful 
suggestions. 
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