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CHAPTER I 

THE THEORY OF SPINORS AND THE REPRESENTATION OF ROTATION GROUPS 

In this and the next chapter preliminary mathematical con- 

siderations are made. The main purpose of this is to develop 

theories and list results for subsequent reference so that no 

attempt is made to give an exhaustive treatment of the topics 

involved. In particular, results are given quite often without 

proof and certain subtleties are passed over without comment. 

4 1. Spinors in [31 

The notation NI [4] ,... meaning 3, 4, .... dimensional 

Euclidean space will be used. 

The following is the fundamental theorem in Cartan's Theory 

of Spinors *: - 

All finite transformations of coordinates which leave in- 

variant the fundamental quadratic form of [n] can be represented 

as the product of not more than n reflections in hyperplanes 

with non -null normals. 

The discussion here is based on such reflections, defined 

in CnI as follows. 

The hyperplane of unit normal á a,,,) is the 

subspace of [n1 whose vectors x F CXi ,cl - c,) satisfy 

w ,x = O The operation of reflection in this hyperplane 

is defined as follows: 

* See Refs. 1 and 3. 
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7C. -- ac w-e. N + x ) . a _ o x _ x) =1Q. 

On solving: - á, (,á , x ) (1.1) 

This transformation leaves scalar products invariant. Specializa- 

tion to [31 will now be made and a like development of spinors in 
[4 taken up in 4- . 

With the vector x Cxt ,c, x =. x, z ) , associate a 

matrix ( by the equation 

where 

X x = ' 2 _ x 

_L p \ 
2 = (',) J 3 

- C o-I 

are a set of Pauli matrices which have the commutation rules 

- T = 4 6L,ß t,K 

or î, 2i + T ZL = 25- 
°.1 

Inversion of (1.2) gives 

and hence 

(1.2) 

= t ""reca.-. Cx ) (1.3) z 

The hyperplane referred to above is now a real plane in 
unit normal a 

Let A = , `é 

then At -A A = I i - _ - I 

C31 and has 

(1.4) 

The transformation x --3 arc describing reflection in this plane 

can now be written in matrix form: 
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X- A (AX 4- NA) 

Fe, X - 

Define a column spinor as a 2 component entity (written as a 

(1.5) 

column matrix) which, under reflection in the plane of unit normal 

a , transforms according to: 

= A-2 
(1.6) 

with X. unspecified. 

Since the unit normal to a plane is specified only up to a 

factor 1=1, the sign of A is likewise indefinite. In particular 

the identity transformation will be ± 1. 

so that o, _ f 1, - i are all possible. Only real K is to be 

discussed here. 

Suppose = 04- A 

under reflection in 'the plane A' then 

transforms according to 
11 

since "fix A* 11 = - 

Thus the spinors '3 , 1. are spinors of different type, a 

difference which will be seen to be detectable only in reflections 

and not in rotations. 

If -4, = - Al and 11 t A 4 , then and 2 are 

what are normally referred to as spinors of the first and second 

kinds. 

For spinors with real - , these are all the possibilities. 

¿4( (1.3) 

- A 1-1 
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The equation (1.6), written for a row spinor, appears as 

_ kIA 

where the tilde sign denotes the transposed matrix. A different 

symbol is not employed for the row spinor corresponding to a given 

column spinor. 

A row spinor 'ñ is said to be a spinor of the same type as 

the column spinor j , defined by (1.6) if 

X -4 = 4-( x (1.8) 

defines its reflection in plane A. The row spinors 4 and L î 
are of the same type as column spinors of the first and second 

kind. 

Inversion in the origin is equivalent to the product of three 

reflections, one in each of the coordinate planes, performed in 

cyclic order. Under this 

7 
1 .. = L L 

(1.9) 

To describe the properties of spinors under rotations, it is 

noted that a rotation of angle 9 about a certain axis is equivalent 

to the product of two reflections in planes which contain this axis 

and whose normals make an angle --9 with each other. 

Hence under rotation of amount 9 about an axis -e , 

= AT 

where A - ( -A,)(-A 1) - /A2A, 

(1.10) 
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A, and Al_ being matrices corresponding to planes, of normals 

fit, such that L _ i®, which contain 

Similarly 

vi 
- ̀  = A ,L A t vi = `i 

so that, as stated, the difference in type of , v is not 

observed under rotation. 

For a rotation of angle 6) about the z -axis, take 

c, = Lc )o) 

(stt..% , Co e/ , o) 

so that A - _ (2sßi- 2cos )z 
CvS f c i S.v.. 

e/t 
( o -e(?L%L ) 

-c23®j 
I f -e is defined by 

` 2 -c; /y = -+ i . -E , L3y,.,i+ -.._ 
1. . 

then, using lr3 =) , (1.11) can be written 

nZ = `L; ® (1.12) 

For rotations of angle F.) about the x or y axis, the correspond- 

ing /.1 's are: 
< < ,1 

A = e®-f % G L 
I 

slw ß = 1L 

c ly 
A co s ® -4- L 1. 2 S w e (1.13) 

A common method of describing a general rotation in (3j is in 

terms of the Eulerian angles it , ( , 6 A general rotation 

can be expressed in terms of elementary rotations as follows: 
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1) rotation of amount ó about the z -axis, then 

2) rotation of amount (3 about the y -axis and 

3) rotation of amount 01 about the z -axis. 

In each case, the axis referred 

of reference. Therefore, using 

to is the one in the original frame 

(1.12) and (1.13), a general 
( ) rotation with Eulerian angles ( , fi' (er , has /` given by: 

A n.z Cd) AI, 0) Az C`a-) 

é í Co[+r) tic (oL-x) 
,,. , 

_ Cas 2 st., 2ß 
_ i (oC-ó) -J-(t-4-r) 

ß _ 51.-,- Y 2 cos i 1 (1.14) 

For this, it can be seen that, under any rotation in L3 J' , the 

spinors and 'V( transform according to: 

-4 z 

where 

-4 

G 

SV+ 

is unitary and unimodular, i.e. 

sç.t _ ; 

Det 

(1.15) 

A table* can now be drawn up of the tensorial quantities that 

may be formed from spinors i and 1 of the first and second 

types. 

From Ref. 2 Appendix. 
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Scalars: 

is 

i/ 
-1/( 

11/ 1") 
v1 ' Zz1 

Pseudo-scalars: ' i l'1' ^`'z v) 1' ci. i 

Vectors: 4 ,-- 
/ L1? 1 -i' l:, T. / r,- ,." 

Pseudo-vectors: z C ( T i) 9 ` L 

Verification that If 'I is a scalar and that 

1 

1.16) 

a 

vector will afford a sufficient check on the results quoted. 

Under rotatation : L g 5 
_ L and 

under reflection Cli -a ^il*Afi)&-A1) = 
1' which is 

as required. 

Under rotation: 

combination of 

under reflection: 

- / 

, and 

C,4 

which is a linear 

A, ) 
Lt 1' 4 ) 

which is what (1.1) requires of a vector under reflection. 

Section O. concludes with a discussion of infinitesimal 

transformations. 

If wi , wz , cJ; are quantities whose powers of degree > 

are to be neglected, then by (1.12), (1.13), rotations about the 

x, y, z axes, through angles W, wp , respectively, have 

"314 ) 
IL z - cw /1- 
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!M - 

í, (-4'34_ O 
A 

Z - - 4 

Under a general infinitesimal 'spinor' transformation: 

A ,C A y /Ì z 

ie _ -E- ¿ ('.Z)L 
where ? ,T3 )%i¿'- )1/2-`3 ) are the 

generators of the infinitesimal spinor transformations about the 

x, y, z They have the commutation rules: 

L c , ! ) - o 1 K 

where i, j, k is any cyclic permutation of (1, 2, 3) . 

The infinitesimal coordinate transformations corresponding to 

(1.17) are sought. They are given by X X with 

X = (AA AZ )x (nxn A Z)-1 

i.e. X = ) X (1 - ,,, ,. } 

and x --p z Trace (X (C-) 

(1.18) 

xt 

Let x denote the column matrix C mss) then (1.18) can be 

explicitly calculated to give 

where J 

7C 

= cJ -3 

0 o 0 00J L o-é d\ / c O O . [.1 ; o O J` ( po -i, 4- coz 3 ` Oií o -c O a O a O 

(1.19) 



The d j - ( c = 1, 2, 3) defined by (1.19) are the generators of 

infinitesimal rotations about the 3 coordinate axes in 113j and 

have these commutation rules: 

where i, j, k is a cyclic permutation of (1, 2, 3). 

2. Spinor Calculus in [3] 

This section aims to relate the work of 1 to the spinor 

calculus of Van der Waerden3.1 

Let 7i1 , 4_ the components of the spinor L discussed in § 1 

now be considered to be the covariant components of a vector in 

a two dimensional space. 

Using a metric tensor, 
3 

Ma 
= 

o 
o) , one defines the contra- 

variant components <L by: 

'7 i 

L. 

.a 
= 

Z 
L1 

(2.1) 

Inversion of (2.1) : 
9 17,.._ i requires that the 

metric tensor in covariant form be cr = 
/ F 

Since ' transforms like L zz 7z. -,4 under rotations (and 

only rotations are considered in this section) then 

L 
(2.2) 

The symbol i-i means transforms like and the statement reads in 

columns: 1 7 and Ç ;« have like transformations as do a and 

See Refs. 4, 6. 
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. It is customary to use the notation: 

A 
and 2- 

.1i transforms in the space complex conjugate to that in which 

13 transforms. 

In analogy to tensor calculus methods, spinors of higher rank 

are defined as transforming like products of first rank spinors. 

For example, the case of second rank spinors, where there are 

many possibilities: 

1 

1-23. 
= - z1 

2L 
= 

= Z 22 

n 

7 Ix 
= - = = . , 

= z 
21 

II 

t 
, 

21V1 
.... ( 

(2.r3) 
= 

- .. 

Each column defines a different second rank spinor; formed from 

two ordinary first rank spinors and given in covariant, mixed and 

contravariant forms in the first few columns; then second rank 

spinors formed from one ordinary and one complex conjugated first 

rank spinor and then two complex conjugated first rank spinors. 

The latter three sets are given in covariant form only, other forms 

following by use of (2.2). 

The scalar of (1.6), written in the form 

- vi a sa 
can be looked on as the general vector of the 2 dimensional 

vector space 1 1 are the components, the base vectors). 



General rotations in [31 are herein mapped by 
T. - _ x a 

The base vectors of this space thus transform contragradiently 

to the components 72:x and, of course, cogrediently to the quan- 

tities i The distinction between components and base vectors 

is rather artificial: having been made, however, it will be 

adhered to. 

In like manner, the scalar , . `, ' defines a 4 

dimensional vector, the direct product space of two of the above 

2 dimensional ones. The components ,. transform like the 

products of two sets 7 A , i a of first rank spinor components 

and the base vectors contragradiently to them, i.e. like products 

of two sets of base vectors P 

In the above, the summation convention, over values 1, 2 of 

spinor indices, has, of course, been employed. It is necessary to 

remark, however, that if summation over a pair of spinor indices 

is to be implied, these indices must both have some number of dots 

(0 or 1) and one must be upper (contravariant), the other lower 

(covariant) . Hence 3 t , 4' was not put in an 

abbreviated form . Summation convention is reserved 

for contexts wherein the above conditions are present. 

3. Representation of the Group of Rotations in [33. 

The generators of infinitesimal rotations in [33 are the 

hermi ti an operators T¿ which obey: 

,?j3 = 3K 
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where i, j, k is a cyclic permutation of (1, 2, 3) . The quantity 

L 
= , L Y 

z 
+ . 3 commutes with each ZLI and hence representa- 

L 

tions of the operators .3- can be constructed with d and Z 

say, diagonal. 

A basis for these representations is provided by the simultaneous 

eigenvectors of ó and z , where J , vti are defined 

by 
.zr 

z. l ) ,,, _ 
cj -4-`) l ) ì 

sZI 13 > 
In a given representation ) is fixed, its range of possible 

values being O Y , 1 , 

(3.1) 

Each j -value characterizes a different representation 1 (j) of 

operators ¿ hence the group C 

For a given , , the carrier space i(3) of the representation 

Di j) is of dimensions 0.4 and has a basis of CL) 4 i) 

base vectors 
= I) 

where P-4 takes on the values r-, -) + 1 ) J - 1 , 1 

The space '(j) is of course non -Euclidean. 

In the representations 171 j) , neither 1,c, , J nor the 

linear combinations = J T 
are diagonal. The effect of on on the basis of 17-()) is 
given by 

veM_l = 44ij+ vv.. 

3"_ (-){.)C,--) 
(3.2) 
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Consider the general vector 

J_ 

- 2 c 
v. V .M (3.3) 

of t()) , the carrier space of TV One may take the view 

that the vectors of `EÇjj are invariant and that rotations in (3i 
merely induce a change of basis: 

) 

> c WS. 

Let , = ß v,4 describe a general change of basis due to a 

general rotation in [33 and in particular consider 

lZ _ + 

an infinitesimal rotation about the z -axis. 

Then V - 

5 c rg V ovt 

cw. C1- L.0( J`-z )(I + c L ) vvi 

e,,..L ( 1- t o( S -E (. oL rn )voi 

w1 C v,i 

"." 
J c 

rel 
_ ,,.,1 C 

. J c = vtiler, 

. --X 

-2. 
e VK - ,nn, 

Similarly . 

, in column matrix form 

as JZ is hermitian. 

Cr.+1 -} ' N_,,.}( ) -k.1.Ar ) vvt 

_ e + = LN 6+ +t) sC -4( 

and also J t 
C - - 

1 
{ ̂ ~) ) ï -. 4.07)c 

Hence the c ,,,! transform cogrediently to the vr! and the 

transform contragrediently to the v . 

Y: 
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It is desired to construct a set of quantities, which under 

4 and explicitly have the transformations given by (3.1) 

and (3.2) . A set of quantities which transform like the f ,,, of 

are realised by 
` 

, +t } components, suitably normalized, 

of a symmetrical contravariant spinor of rank 

Itl - 1 2Z 2. 

`{-.)! 

If is the first rank spinor studied in 1 and , 
c 

} 

are its contravariant components, the simplest possible ,t" is the 

b . - fold product of ( 
i 

) k z) with itself. Hence one has the 

usual realization of the v, 

k-) 
J[(3+w)! (3.3) 

Using (2.2) readily yields alternative realizations. Realizations 

of quantities whose transformations under a+ , are those of 

the c follow from the fact that , transforms cogrediently 

to v and are as follows: 

e 

C 

(11-.><),' 

146 / .}w 
L{L 

(--') ri. C``, )-` 
To get others, one employs (2.2). 

If , t 

of the vectors of 

constructed: 

(3.4) 

are two distinct realizations of the components 

y) , then the following invariant can be 

(3.5) 
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For j integral there is the well known result: 

where \ ¡M 

C-4 \( )w` (3.6) 

are the spherical harmonics of degree 5 (integral) . 

In agreement with (3.2), these have normalization according to the 

convention of Condon and Shortley. 

Present interest lies in the 1lß) of low 
) 
-value. 

(.,o) : this is the scalar of identity representation. 

I) 
Viz) 

: this is the 2 component spinor representation. '1s 
r` 

is the vector space introduced in 

., 
>!t H L 

a. e ! 44 1 L ; C 

One can build )(L) _ 1-4` 

(3.7) 

using (3.5); this is 

proportional to one of the scalars constructed in (1.16). 

(Reference to the spinor . 
without suffix or superfix is to its 

covariant components). 

Ì7 Aÿ : this is the vector representation. It defines a vector 

whose components are c t , co , c -t in (0) and whose Cartesian 

components are 

V 4-4 

or t 4. 

<-- or Vt 

or VI i-) 

( t , 

i 

l 

( i 
Y11 t 

t - - .i, i C4 

L 
(' 't - ît 

VJ 

vo 

; o 

). 

4'4 

Z---) 

L-! 

One can find easily: 

4- i" ` C4 .i G..%)'` ) 

Yio v-t -' (i-t 

; 
v_ t 

;jf.i - . ) 

v-t 3 i 

( 

(3.8) 
(,-L1J ( 
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C or L:i -7 7 iÿ Jy, 1 

]* 4- I(-111 { c_ N_.T 04LOr 
C 4- v 

-4( -K 
or e1 E- `! c H t 0 / C- '- 

i.e. icy 1 - ' 5 1 4 t . c c H "53 

(3.9) 

+y' 

c E-, j1 + c. 31_1 / 
On solving the last line of (3.9) for $ , 

c e 
1 

h H 
\11. 

( c -- ) c1 

'5ï 4.4 c o 

Now, using the third line of (3.9) , it follows that 
5, N 41 ti j c i (-i --IL * > L-4 - V467-1.1 

one gets 

(3.10) 

(3.11) 

Thus the Cartesian components of a vector 3-÷ have been 

constructed, which agrees with the fact that (1.16) calls it a 

pseudovector, since reflections are not being considered here. 
Finally, the c ,. of `NI) will be related to the components 

of the symmetrical spinor c according to 

1 

o 
c_ , C 12 C 2 1 

1 1 i i The invariant c. ` c. - - 1. ( - e c ! 4 c c - c, t ) 
/'~ i 
d.,- Yo . ,, . 

c - . . 
) 

in agreement with (3.5). 
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Spinors in [41. 

With the vector x Cx1 ,'cam,X ,x4) associate a matrix 

defined by (4.1) 

where I- _ ( ó r ; =o Z3 
G ) 

_ ¡ 
1 

o -cI\ ; 4 l= p 

These are a set of Dirac matrices which have the commutation rules: 

4 l y IT/` 2 /,,,.. 

l- _ (' i I' T o 
Define also , z 3 C 0? rsantí -commutes 

with all the l . 

Inversion of (4.1) gives 'c r - r- ...c. ' c C Ç ) 
/6^ - 4 

and hence L , 

1/' 
_ XN 4 ( j( 

(4.2) 

Consider the hyperplane whose unit normal is {7 01.0.,l, fia b4) and let 

then tt 
¡K Í3 ` = I , d-d-- 13 = + t. (4.3) 

The transformation corresponding to reflection in 

this hyperplane can now be written in matrix notation: 

X - 4 X = x -- `ß ( 3 x 4 MS) 

(4.4) 

A column spinor I is now a 4 component entity (written 

as a column matrix) which, under reflection 'in the hyperplane 13 

transforms according to 

-- = (4.5) 
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where oL = I, ; j, are all possible, discussion being confined 

to real d . 

If /°'1 
2 r,. e, 

(4.6) 

then ' - aC 

Thus, since Cy. anti -commutes with all 1 and hence ñ 

Also v,( -4( -u 

Now ri-K = r1 

so that - = T'L t if 
is such that 13 4( = C -1 ; G 

and hence C Zi,. 44 _y d t C. 71- 

r 

(for '' real) 

(4.7) 

(4.8) 

From (4.5). (4.6), (4.8) one concludes that C 7- is a spinor of 

the same type as whereas Fs- 4.. and 1v C = ! r; are 

spinors of opposite type. For real 04. these are all the possi- 
bilities. 

The row spinor equation corresponding to (4.5) is 

. Z. _ ,C1ß (4.9) 

and a row spinor is said to be of same type as the column 

spinor defined in (4.5) if - = 

This definition is for real oC . 

(4.10) 

It is easily verified that the row spinors and 3-C, are 

of the same type as the column spinor of (4.5) 

To describe rotations in [4) , it is noted that a rotation 
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of angle C7.7 about a given 2 dimensional plane is equivalent to 

successive reflections in two hyperplanes which contain this 
plane and whose normals are at an angle t6) . For real oL 

X 3 -K .z 
and (4.11) 

where 14 z are the first and second hyperplanes 'reflected in'. 
For a rotation about the (1, 4) plane, i.e. in the (2.3) plane 

take r 1; = [-; rjlw '9-/í 4 t z 

This gives A _ ß 1 

Similarly labelling the \ by the plane in which it causes a 

rotation one has 

A 3l Cu S 
s'L 

--é' S^; r S wriL 

+ r rL s...,2 

and for each c. = 1, 2, 3 ; A ,4 ouS ®/ + 

Since Ìt Ì L`' - p 

(4.12) 

(4.12) 

l 
0 

and ^i _ p' - , etc. 

it is evident that the description of rotations in by 4 

component spinors is reducible. To exhibit this reduction ex- 

plicitly, the six elementary rotations of (4.12) must be replaced 

by six others - 6 being required since rotations in L41 depend on 

6 independent parameters. 

Follow a rotation of amount 4 in the (I, 4) plane by one 

of amount ' in the (2, 3) plane. This then has a total /A 

given by ..A 23 et) /1 14 VI) 

c.s i (04401_ o s,w L(04-4A C5 

U (et CeL f) I ß sift ' 
1 

® -41/4 
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Hence a suitable choice of elementary rotations is given by 

í Z s.w tE' O 
A Q) ) = , 

° G I and n = o kt. 7 5.. -i j 

From the work of 1, the A for a general rotation in X41 is 

where 5 and d% are unitary, unimodular and completely inde- 

pendent. 

Writing 3- = ( _ ) where 4, refer to the first 

pair and last pair of components of a spinor . respectively; 

one describes a general rotation in [4J by 

5 C (4.13) 

The transformations of .4 are governed by the 3 parameters 

of 5 and span a { 3i sub -space of [.41 ; those of 1_ are 

governed by the 3- parameters of t , which vary independently of 

those of s , and span a (3 y sub -space of 14J which is orthogonal 

to the other sub -space. 

Thus the resolution of V 4 1 into the direct product of two 

L3 sub- spaces (under rotations) has been performed explicitly. 

Next consideration is of tensorial quantities built from 

spinors in [4' . If 7, is a column spinor and 11 a row spinor of 

the same type, then it is easy to verify that 

C", h 4' 
, . ° . s 

:. 
5 

,-`' - Í' , r- 3 

... î S 

are respectively scalar, 4- vector, anti- symmetric second -rank 

(4.14) 
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tensor (or 6- vector), pseudovector and pseudoscalar. Whenvt , 

differ in type tji is pseudoscalar, h í- i scalar, etc. 

Interest here lies in 4 and 6 vectors. 

If 4 , f are 2 component spinors which transform, like + 

\ 
(I) _ , 54/ 

and a , 'V 2 component spinors with a matrix 1 like , then 

I J, and / = u) are spinors of the same type. Then 

one has these 4- vectors: 

J r ` _ ( c IA - (, 1 ) 4 4' ,A - L v T ) 

LLL(,L't 4 ¿V'L2L r) LN - v't 7 / r' (4.15) 

l' c rz l i c i ( Z L ( 1 u - / 42 { -Lt L 4 k 4( 

and also, of course -W C.ß,,,, r , / etc. 

Each 4 vector listed in (4.15) is really the sum of 2 inde- 

pendent 4 vectors, since the choice If= L f) ; 
_ (. ) leads 

to a vector whose rotations span the whole of the space )..4.1 . 

Hence, leaving out a common factor from all components if 

necessary, one has these 4- vectors: 

*`t u , 1 -4 L`.) 

-4i4 cp ) 

and similarly from the 3 other lines of (4.15) 

The 6- vector 

. 

(4.16) 

c, 
1t 

(, Cr Ì17 - l'y ï ,, )1 has components 

¡ â D 
- 2-1-1 L p 2i etc. 

o 
o 

)3 
<< etc. 
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Taking 11 = Q o and 

2.3 - 1-14_ _ - L c[ t 

leads to 

(4.17) 

so that e ¢ is evidently an anti symmetri c self dual 

tensor as defined by Î such that: 

It is a simple matter to construct others. 

To conclude 4, infinitesimal transformations are studied. 

If w13.,..._ "') . are quantities whose powers of degree >i 

are to be neglected, then by (4.12) rotations in the (2,3)..., 

(1,4) planes of amounts ww , w,4 have 

w.L3 2, ° Ì ..e.: o. A i; 2 0 T. / 

%`'L4 = 4 L W, y, 
1 

-TA) 

The general infinitesimal spinor transformation is: 

? a Z3 - - /A (4 - f- 

LI 
{, C1 1 ` o . 

(4.18) 

where ( .4 + , and qi _ ., -- Wi(4. and cyclically. 

In terms of the parameters Et: 
, ¿ the resolution of M into 

'13.( sub -spaces, each with parameters variable independently of 

those of the other, is readily understood. 

¡ -) 
Under (4.18) X -* X = n2S.... A144 

-' 
) X(/It3- Ai- 

and )c..- c, _ 4 T,rau. Ca( t ,...) (4,19) 

where i1 s in terms of was are to be used. If x denotes the 

/ 
column matrix ( Xi ) , the content of (4.19) can be explicitly 

)Ly 
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written thus: 

,c 

where 313 

and 

The 

Oo oe 
0 0- o - o oo 
C O o 0 

Ut90-c 0 o o o00 0 
L. 0 0 p 

defined in 

X + 

-- 3l 

r ,.4 

(4.20) 

c: 

- 

= 

are 

Cw y 52_ 3 

v0 c O 
o 000 -caoo / Ttz' 
0 0 v o 

[ooc,al 
o a U- ; = 
0 000 
o c O O 

the generators 

w r 
4-L 00 
C D a 0 
o G 0 0 
O U GU 

OU o0 
a o o 0 
0 00. 
h o 40 

of infinitesimal 

- ) 

(4.20) 

rotations about the (r.,v) planes in i,41 . They obey the commuta- 

tion relations 

LT J = . v 
- i,. t r 

Tv4C - 6 JK Ja 
Once again the resolution of into into 2 L 3i sub -spaces can be 

achieved: introduce 

then 

tt+j - 
!! 

l 77,; + , itt-) 

34(7' _ C.7 - Too 

L J'l+) T(+) = c. 
TK 

L ¿ , }, 

etc. 

etc. 

for t j), K. a cyclic permutation of (1, 2, 3), and for all 
L 
T 

t-t; _ t- 
3 

o 

(4,21) 

(4.22) 

(4.23) 

The sets .1%., , T , are the generators of infinitesimal 
rotations about the coordinate axes in the 1.3) subspace of the 

parameters respectively. In fact, using /6 in terms of 

in (4.19) would have led to the matrices defined by (4.12). 
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(4.22) . The fact that I L (*) and T commute indicates 
once again the orthogonality of the two sub -spaces. 

5. Representations of the Group of Rotations in L41 

The generators of infinitesimal rotations in `4.1 are the 

hermitean operators .-/,. whose commutation rules are given by 

(4.21). For the purpose of discussing representations of the 

group of rotations in [,4J it will be more convenient to deal 

with the generators S 41) (-) in the {31 G and tit sub -spaces, 
whose commutation rules are (4.23). Hence in each of these spaces 

one can use the results and methods of 

One builds representations of the group of' rotations in { 4 j 

with , 7 °"Z , 3`' L , z simultaneously diagonal. 

Hence a basis for the representation of the operator -3-1""L; i s 

given by the vectors j, 31 444 z,) 

defined by 

3 t"..) _ 
1 

with t ) ' 

4 ) ,, ) . """ z 

.,t i m H". 1> 

.,... , t 
(5.1) 

_v 
and similarly t Z define I and 1 

In a given representation both , )1 are fixed, but vary 

independently throughout their ranges: 

each pair characterizing different representations 

1, (- j, ¡ . This ' (j is) t ) has carrier space -Z (j, j,. ) 

of dimensions t) c) 

I it ) 

, with basis: 

> 
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where All takes on the values -)0- )1+%). - -I and x 

independently takes on the values -)t -) 4- l . 

As before, neither the sets 5-74.9 , 1 nor the set 0!2= - T 
V I (TO) 

are diagonal and their effect on the base vectors is given by 

3+) t v 
-i W, 

z 4(),--4,)6( , +' ) l 
1 

T v cN+ e+tiL 
a ( ji -Wt1)()% -v"(411 ¡ V 

and similar equations for ) 4. in terms of ),_0-41. 

(5.2) 

and ) << +) play the same part in the [ 3 j ( - sub -space 

of C4 , and similarly u and 'ice-) in the 4 - sub -space, as did 

and J ¿ in the t3J discussed in 1 - 3. In building the 

(.. ,;z) , this fact will be used extensively. 

One needs first extend the Van der Waerden spinor notation 

to spinors in L4) 

The spinor (spinor c , without any suffix or superfix 

refers to its covariant components, as did a bare L in j 3) 

defines a vector space of 2 dimensions. The components of the 

general vector in this transform like (V and the base vectors 

contragrediently to them, i.e. like Q? The notation and 

results of 2 carry through for c" spinors in L43 . The same 

could have been said for u spinors, only some indication of their 

independence of the t spinors is needed. This will be given by 

writing any 1- space spinor index with a bar: 

a X 
IA = LA. i 

Dotting thus retains its usual significance for both 4 and (A. 

spinors. The number of second rank spinors possible is extended 

from 4 At. i .1 , , . 1 
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to 16 as each index can now have a bar. T ; indicates a second 

rank spinor formed from one 43, and one u. first rank spinor. 

(2.2) still gives the raising or lowering of indices. For a pair 

of spinor indices to be surüinable over, a new restriction enters: 

each one must have some number (0 or 1) of bars. If the general 

vector v of i2 O j,) is given by 

v = 
,44 . ` ",,"2. X041 il^2 (5 

one wants quantities, which explicitly transform, under rotations 

in [4J as do the components C rA0%,L , and base vectors V M,r,,,z 

d 
+> operates on the first suffix of both components and base 

vectors so that this thus refers to the space and ci6 minors. 

Easily, it can be written: 

J ) 

(>,+-,)'- C,--1) its { ( 5. 

and (2.2) gives the alternative realizations. Also, one has 

(4'1)314%4"(f 
' _.. , t / 

} u ) INïJ 
(-4 

fvHl)! (.wl Ji(.3f 

the other realizations following from (2.2) . 

lkii))0 has this invariant: 

-1-01 1 
VA w.1 -- w --N. 

N roi 

where e and c- are distinct realizations. 

5.5) 

(5.6) 

Finally, one turns to (j, , j,) with low (,s j,) values 

V(0,0) is the scalar or identity representation. o) and 

) are two component spinor representations. Both Z (1L ,C) 

and R.0 
¡ ;) are vector spaces of structure identical to the 
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vector space of 12. 

For v t-+ $I 
° 

Cip H .St)t Lp 4> 

and similarly for 3,(0,..0 with u.'s . 

DC,,,ÿ) is the 4-component vector representation. 

defines a vector with components 

with Cartesian components 

(5.4) 

and 

and ( 5.5) now give: 

e V. I t 1 

ti L t 
or 

z+- 

C . 
or Cif 

11 

etc. 

4,t u_ 

z NI .1 

C t 

wt L I{ - L 1. 

1 )th 

C and 

2 t ( H , V1 L 
C----a (/' tt _ _ !_ 

't L 

it Vk_k H j t -,c ( 5.7)i - 

C__ ihr-4 1? L. N C-( 
L 
H 

C_t 

, z 
-1* 

H4e--) 
ÿ 1 s i ¡) ut L 

and 
--S - t i 

1 H ;+- 54 

L C' t 
H ' 

ç I f `t 
t Ji. iL J. , 

(5.8) 

rl.t-'SL 

i 

If one solves (5.8) last line for 5/... in terms of c 04,04, and uses 

the second line of (5.8) one gets one of the L -- vectors of (4.16): 
t -t q11 e 3 z C c_. -t - C e) - 

1 

l e Lt. 
I V2. 

/ 

L. 1 1 3 fi 1 

2- .Í-z 

`ç4 = 51: 
(- ci-i-:. 

-- c -l1) - C- L T *K/ 

1)0,0) and T (O.i) are three component representations which each 

define an antisymrnetric self -dual tensor. ' (i o) has 

%/lo 
cro .ri ( t) 

and C10 H ;!ï(t) L 

1 oo ca 
4- 

't v-l0 (--> s«1~ 

I 

Coo 4'1 . C.-1 a N z 

(5.10) 
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Taking Tt = YL; _ - ;L = 711. _ -Tat , and T1, T3 similarly 
to define the components of a self dual skew tensor, then 

T, - ft (c...10 -c t a ) - i. (t 4 `, 4 

( lo + cio) - 1'0 

Î; = c oe L 

where the c'c used arise from (5.10) in usual manner, using (2.2). 

The tensor reached is the one built in (4.17). 

Instead of proceeding directly to (5.4), (5.5), one can begin 

with the result that the v,11,, of 17(.3,i,) are realized by the 

.1.-)71-0(t),4-1) components of a spinor, symmetric in its 

V00 unbarred indices and also in its (Z), -t) barred indices. 

The c,._, are then realized by the covariant components of 

such a symmetric contravariant spinor: 

S/}wl, )1-t`^1 t.tw, (y-s 
H tit - I 27- - Z ïT f 1T 

CWlitAt 
Ji 1314'"" )1 ()1- wI/Y 4.-w,)t 

(5.12) 

(5.4) and (5.5) use appropriate products of first rank spinors to 

give a ñ of the required symmetry. 

The point to be made here is that the components orb Lk, and NV') 

end 1)(o0) all are realized by suitable second -rank spinors. 

t0ti0 employs a 4 and a u spinor and has no symmetry 

A h H c k t (-i . C----5( -1- C -5 0 

A 1t` c_{ i z (3 -"T"-) 

(( 

(5.13) 
1- c t_t f-L ` 3% 

2 ( 1 1 ( - - - ) c I H JL 0 1 + i 
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,kt 
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srinors and symmetry reduces the number 

C--0 C a G 

c-10 

-1; cÌt) 

-4 î, T,_ 9 

c,, 1) goes similarly with ínIT ñÌZ 
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CHAPTER II 

FURTHER MATHEMATICAL WORK 

Momenta. 

Then two systems each of which -possesses an angular momentum 

vector operator are said to be kinematically separate, then the 

two angular momentum operators commute. 

I J() lv 
¿ 

= x ,z, 

In this case it follows that the operator S = 3 " + is it- 

self an angular momentum operator, namely that of the system as a 

whole. 

There are two distinct ways of labelling the states of the 

whole system 

a) The Uncouiled or Direct Product Representation. Therein 

states are labelled by the eigenvalues , ), , rAl , v t of the 

complete set , j °-) , "5-"-L , (Z of commuting operators, 

the Z -axis bein.,_:; in a direction preferentially chosen, according 

_, S to some criterion. Wl% , uni are such that . - <r )t ; 

wI , ) so that for ,fit and given, there are 

O- )14() ('t +-i) possible states of the whole system. 

b) The Coupled Representation. The states are labelled by 

the eigenvalues ji I L v , of the complete set Tcs) 
, I k° 

L 
7, sZ 

of commuting operators. Possible ) values for ,)t given 

lie in the range h -h I ) +), 

so that the total number of possible states of the whole system is given 
3t4-j 

by 
° 

; (t), --1) (t).ß+1) 
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Since 0 is not diagonal in a), the two labellings of the 

states of the whole system are not identical. 'he two sets of 

states are related by unitary transformation: 

61)1- ) v"- / z hi h 1 'Ak' I 

Vv1 
`^A. - ( ), 6"1 -M ".> (6.1) 

there, since is diagonal in a) as well as in b) wit t . _ vvA 

is true and r ' may thus be replaced by v & -wt on the right 

side of (6.1) and (Al only is summed over. The amplitudes 

),.4) are Clebsch Gordan coefficients in one of their 

several notations. Tabulation of these, as far as present purposes 

require, is in Condon and Shortley (Ref. 7) . 

In later work, systems of several particles are considered. 

For each particle, a certain vector operator, the isobaric spin 

operator, formally eeuivalent to an angular momentum operator, is 

defined. In all cases the total isobaric spin operator is of great 

importance so the relation of the direct product to the coupled 

representation of the states of the whole system has to be studied. 

For three particles, the isobaric spins of two are first 

coupled, using (6.1) and the states so obtained coupled using 

(6.1) again with the states of the third particle. Denote by 

,vx the coupled states of the whole system obtained 

using the states of the two particle coupled system with _;14 as 

eigenvalue of r ̀ iT The (1ji tij0.)L +r) (113 +t j possible 

states of the whole system are accounted for, for ) ), )j given 

by using all values in the range -)1. I ` )11_ )) t) 2 , all 

values in the range i)S 
}Jiz 

¡ 
) 

`) +, and v' values in 

the range aarroe4i4 The sets of states J z ) ).43 
) r ) 

or 
I )( 

)1 ) ) L ) -A) in obvious notation are distinct from each 
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other and from the set ) I 

)t.. Sit- 
) and constitute equally 

admissible choices of complete sets of orthogonal eigenstates of 

total isobaric spin of the whole system and its z- component. 

For four particles, one may construct, with evident notation: 

e.g. h )1t i1 ) 12.3 )t4 ) 

t )t )1i > )t )u r^'% 

each set yielding a complete set of orthogonal eigenstates of total 

isobaric spin and its z- component. And so on. 

In connection with later work on systems of identical particles, 

it will be desirable to know what symmetry properties such sets of 

eigenstates possess. Sets corresponding to different coupling orders 

may even be linearly combined to yield a set of ei;enstates of total 

isobaric spin and its 2- component of definite symmetries. The 

next section is thus devoted to study of the symmetric group. 

This section concludes with a list of results, concerning the 

coupling of angular momentum of low values, to which reference can 

be made in subsequent sections. 

Denote by the eigenstates of `` L J s eigenstates , T corres- 

ponding to 
)c 

_ and iz = 10- i respectively. 

Denote by .L,vi the eigenstates of 1 (`) 
L 

, TZ corres- 

ponding to )i,=I and li.L = 1, 0, -1 respectively. 

In the coupling of vt systems t = 1 , S M rah or u, v J 

products of degree n will occur and each label -c will appear 

once. If the convention is adhered to, that the i -th label, whether 

it be with an a or or u v 

place, then it can be suppressed. 

e.g. for 0-1 4t0.1 
a 4 as ti6 write 

or 0 , shall occupy the i -th 
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'articles couple to form states of total 

or (, namely: O°> - IT , b 

l 

11 

1) = 

1O7 _ ("b 

a. 

The solution of (6.2) is: 

, _ 

/lï 

1 1) 

oc> 

l I 
00 7 + 

h I--1> 

II. Two = particles couple to form states of total 

namely: > = J" w - + 

1 1 l' = J 
r 
y. .-" 

f a > a- _ ,J= - wc 1...4 
l 

I -- I} 

`u> L. L., 

Er') = ) 

I 2.0 > _ ¿ ( w o -4-1v 4 
121y : r I L w.f- i) 

-L> = w w 

of ( 6.4) is: 
Izt > 

v - C ( ) + 
'L')/ 

L 

LA = 11 dOy -4- 11o> J 4 IZOy 

ILI)) 
2. 

The solution 

L. w 

%/u 

vV 
,,., v . - 

- J S 
100>+ J'3 ) z.. 

L \ 
IT; o o J Z ) 1 O> -'1- ( Z- O 

((! 1 

1I-1> -t IL--1>) 

Ii- L> 

) 

C 

(6.Li) 

1 

( 6.5) 
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In I, II the first and second particles need not be identical. 

III. A _ 1L and a particle couple to form states of total 

The solution of (6.6) is: 

ì - 
l i i./ 

- g ç t R - 3 ¿ 

p.../ - 
'" 

1 z - Z) 

= d _ ( 

3 1 1 L) 

- ,/ 71 ( 1 -'L > 

1j ; - i %L - 1 
IV. The couplin" of paz°titles. 

) 

+,; liz/ 

(6.6) 

1 

l 

(6.7) 

The 2- particle subsystem has )1i values 0, 1 possible, so 

that possible j values are %(twice) and Z , giving 

states, as recuired. Instead of j ? L !L) 
nA j write 

The states are 

r 11- 
3 (1 ) ? - c....0.4.. 

L. L 

1 t t 1() )_il; f a.u.b 4- wti -4- bc..c..) 

C 

t 
.1_1,,(0.1_1,,(0> ) e f t 

i -L > > _ bbh 

abh 4 ...b + ())) ) 

S I ) 
' L v' 4 (LC4.44 6 0,4 4-1)a,L) 

-t ,, - df / ç..hh 4 6,..6 -21,a) LL 
(A 

i ...1. y .. !` (CA-47 A - b a.w. ) 

( ( ....ii. ._ \ri ( a. 1,1) - b 4.y) 

) (.)1L)> 

1 

1 

(6.8) 
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particles. 

The two particle subsystem has 'r _ C., , i , Z as possible value 

and hence possible values are 0, 1 (thrice), 2 (twice), 3, giving 

states, as required. Instead of )11.1 ) ,' write b,.- (4, 
There are 6 states with 1A -1 which by use of (6.1) twice can 

be expressed in terms of six products of 3 c,..' ç v rS or w' r . The 

solution of these for the latter products is of use in Section (18). 

These products are linear combinations of the ¡ ) 

coefficients to be given in order: 

IL=)J, 00 > ei)) r(2-») )i' ')> 
Thus: 

I f - I - ` ` , 1 V., e - ill S- I :r I L iT ' L, j 

Ç ¡ _ ( I r ,, 

I . w - 
L. t> 

, i s ' 1 1 L l; 1 '{ / J J 

'-'1" 

= i. j ís' i ° 1 ; i o 1 

o i 

4 ' I ! ° 1 tdvv [ r LT r¿ I t. j- L 

,,,,v J l Lf I- ' Z -L ' ß 3 

VIA - 1 v '4-j 
I 

1 J /Fs- I 
C) 

1 
} 

¿)t1)> with 

There are 7 ',,.A=C)' states, from which one obtains: 

,L / ,_ Lr,OLoI y-, o,-f,, ° I 
¡- , c (r ( 

L I- U Al . ;i. z 
rG i't L f' L 1 L l 

ti! yA - ¡ r U r ) r -r,' r V j r" b 
] tv..) 

¡ 
\ , -, 

LT 
r 

1 
t V 

_ 

"N 
- 
- 

I Q 

i L r , I 

¡. 
J 

i r 1 ri _ t ./A .. l v lo t î. t 

IT A,J - C ,' io , , J 3 , -r , 

0 , J3 I -,1 E 1 

C ' ` ` 

i 

)= -` 

-f 
) v.l lJ I Z f ; 

z Y i / i 

where the coefficients of 

i 

(6.9) 

f 

J 

( 6.10) 

) (2.oC'-) >1 (2o(r0 IL tot z)>dtoo)) 
, 
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I o 
Cc0, 

, p0(1 are given in that order. 

VI. The coupling particles. 

J2 = O are possible; , L; = Z (twice), Z ; and 

hence , C) (twice), 1 (thrice), 2 are all possible. This yields 

2 + X3 + = Í 
possible states as required. 

Alternatively )0. = 0,1 and )34 = 0,1 lead to 

(twice), 1 (thrice) and 2. 

The two schemes lead to distinct sets of states. The 2 

states differ only however by a phase, in each case, in the 

two schemes. An adequate notation for these states is respectively 

) )«)¡ 
) L) ; cdi 

The Syninzetr Group 

This section describes a method of examining the symmetry 

properties of certain homogeneous functions of degree 1 of rn 

variables, such as the eigenstates in some coupling scheme of the 

total isobaric spin and its Z -component of a system of Yt identical 

particles. 
bkr 

Purely algebraic results are often stated witll proof. , details 

of which may in general be sought in the book by Rutherford (Ref. 8) . 

The group of rearrangements or permutations of ' symbols is 

called the permutation or symmetric group of degree Yt , denoted by 

Let tot be the permutation which replaces the symbol 

1 by ,?(1 , 2 by 042 . n by ,( , then a possible notation for 

04. 

is: 

_ (014:40(2.-.1- 7r 
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The main feature of this notation is that the change from old to new 

ordering is achieved by replacing each element of the first row by 

the element in the second row and same column: any reordering of 

the columns thus gives an equally good description of 

The totality of distinct operations 
rNz 

constitutes the 

group S of degree A and order ,r . For the product 
( 

1 

(i.e. i6 performed first, then performed on the ordering 

of symbols left after 
l ß 

is performed) is given by 

1)( 

-I 

and 

(%). 
( ¡ Z .. 

1 0á y 

°In 

ri `J! 

(2- - 

C / d r 
Ì ll., 

on recording the columns of 1i 

, v. 1 
051bl . lfn/ _ .17'1( 

a¡ai dh 
( á, . , rt ¡ J d 

since this gives t4 ti 
= t (the identity). 

Associativity also is readily verified so that the r! elements 

form a group. 

By confining attention to those which do not alter any 

particular one of the y symbols, one restricts to the non invariant 

sub -group of Like wise the passage thence to - 

is achieved. Any can be resolved into a product of 

operations each of which merely interchanges a pair of symbols of 

adjacent designation ( , +i ) . According to whether the number 

of these present in the resolution of .jJ is even or odd, t is 

said to be even or odd. Thg, sign,is denoted by , the signa- 
l. 

ture of .l ; d , for 
tez. 

even odd. The elements 
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pa of Sn fall into two categories, those of signature +1, those 

of signature -1, there being 2(n;) of each. Those of the former 

category form an invariant sub group of Sn. 

The set of n: elements 
a pa 

constitute a group (denoted 

by Z n) of order. n; simply isomorphic to Sn. Sn and 

will be referred to as the positive and negative symmetric 

groups of degree n. 

The cycle notation for a permutation pa is also useful. 

It may be illustrated by the example: 

Pa, 

2 3 4 5 6 7 8 9 

3 6 2 7 5 1 4 9 8 
(7.1) 

Therein 1 replaces 6; 6 replaces 2; 2 replaces 3; 3 replaces 1. 

These four symbols are said to form a cycle (1623). Also (47) and 

(89) form cycles. Write also the invariant symbol 5 as a unary 

pa = (1623)(47)(5)(89). 

The cycle structure of permutations pßpap -1 where 

covers all elements of Sn and pa is fixed, is the same as that 

of The The set of elements pßpapo 
-1 

are said to form a conjugate 

class or a class of Sn . The order of any class of Sn is a sub - 

multiple of n; . Conversely the elements of any class of Sn have 

the same cycle structure. 

The sum of the orders of (i.e. the number of symbols in) the 

cycles of any permutation must be n, so that the structure of any 

class of Sn is specified by a partition of n. The number of distinct 

classes of Sn equals the number of distinct partitions of n. 
pa 

of 

(7.1) corresponds to the partition (4 + 2 + 2 + 1) of 9 denoted by 

4221 The usual notation for a partition of n is 
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2) 

where /X 
¿ occurs , c times; , i1. L *1 ; and ' N- = n. 

=i 

The number of elements of a class, defined by partition FA) is 
given by 

T1. 

=1 

(7.3) 

The number of ineauivalent irreducible representations of S 

equals the number of its distinct classes so that the former too 

may be labelled by L 1 I 

The useful concepts of Young shapes and standard Young 

Tableaux will now be introduced. One Young share is related to 

each L> of r1 and hence to each irreducible representation 

of The number of standard Young tableaux belonging to each 

shape yields the dimensionability of the representationotS ,,,, with 

which that shape is associated. 

The Young shape corresponding to a [ AI of rt consists 

of- _ /AA rows of equal square boxes, such that the first (extreme 

left) box of each row lies in a column, and such that the first ,t 

rows have 'AI boxes, the next have At and so on. 

The t4 of (7.1) belong to the class of S defined by 

Lx) = L which has Young shape: 

The standard Young tableaux corresponding to a Young shape and a 

certain [,l-J are obtained by rutting into its boxes the integer 1 



to YI in such a way that they view in lexical order down the 

columns and along the rows from left to right. The number of 
El 

ways Hof doing this provides the dimensionality of the 

irreducible representation of related to . The result 

s ) = n 1 

ALA) (7.h _) 

may be noted. 

If one deletes from any standard tableau the box containing the 

integer n , a standard tableau of 0-0 -i) boxes is left. If Yn 

is a certain standard tableau corresponding to a given [ Aj of 11 , 

let \/i be the standard tableaux of to.-1) , (v. -i) 

boxes obtained by successively deleting the boxes 

containing the integers Ni ,A-() - - L . 

If now it is said that a function of IA variables belon rs to 

certain shape this means that it transforms according to the irre- 

ducible representation of X41 related to that shape. A stronger 

result can be stated: if the function is said to belong to a 

certain tableau 'ri of the shape concerned, this means that, 

for ( = n a1. -`, - I the function transforms according to the 

irreducible representation of related to the shape of \'¿ 

under those transformations which affect only the variables 1),_ 

ct ÿß.e present aim may be stated: to find a means of finding to 

which standard Young tab1eaux of -a boxes, certain functions of 

n variables belong. 

Some of the ideas of substitution analysis (Rutherford) are 

reciuired. Let r -z ,zí Z n) or more briefly F12.., n denote 

a homogeneous function of degree 1 of n variables. 



Then toe.. z F.L oL - , - 
F 

is a convenient notation 

for the effect of taL on the variables of 

r and 
r p 

considered as elements of Sy, a curait only one law 

of combination: multiplication in the sense K(170 _ t r as above 

and one has 0L, 
i)(s r) 2 

_ ri t - , n r 
A meaning may be given to 12,4, + h4 ) , by means of the 

definition 

k 1 L ' Y! ( 2. _ . , + F 
2. 1-1 

= 
P 

-t- Flo , 
js 

_ 
a+ Ps 

and generalized so that, 

X >>,t ' Ay! 

where the are integral, is given a meaning by 

Fx 

The totality of expressions ?( , substitutional expressions, defines 

an algebra of ordHr n , whose basal elements are those of the group 

identity) 

.t. 
À ' 

G r" (7.5) 

This algebra is the Frobenius algebra of So . It is an 

algebra, since in particular, the sum and product of substitutional 

expressions are both substitutional expressions. The latter 

property depends on the fact that the basal elements of the algebra 

form a group. 

Certain substitutional expressions may be given a special 

notation: the suits of the elements of Ç, and i on r7 symbols 

a(; o(i. 04-n will be denoted by 7dld,,- o(n and &, a s . a? 
respectively. The latter differs from the former in the signs of 

'odd' elements only. 



For a standard Young tableaux , derived from the shape of 

a partition [1 of vi , two substitutional expressions are to 

be defined. Firstly, P is the product of the sums of the elements 

of the positive symmetric groups on the rows of y Secondly N 

is the product of the sums of the elements of the negative 

symmetric groups on the columns of \ . It will be convenient 

to denote by a , the expression c" .17-N (7.6) 

Using the sequence of standard tableaux \1011kí_( \it of 

boxes mentioned above, it will be possible now 

to give a procedure for the successive writing down of the semi- 

normal units e , e,,i r - e belonging to these tableaux. The 

aim of 7 can then be achieved: for the semi normal unit of a 

tableau of .n boxes can be used as a projection operator for 

projecting out of a given homogeneous function of degree I of 11 

variables, the Bart which belongs to that tableau. 

If F is the expression defined as in (7.6) for the tableau 

ÿ ( I, Yt ) the defining sequence of equations is: 

-et -=-1 ( thee identity) 

.e) = e , e 1 -el ` F 

.el -.--. e te-et 
e A = -e" -I n N - t 

The ideas of 7 will be substantiated in 8, the F> being the 3 

and 4 particle eigenstates of 6. (Results IV, V, VI.) 

(7.7) 
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Explicit Results for 07, and SI., . 

There is no need to discuss the s midetry properties of homo- 

c:eneous function of degree 1 in 2 variables. 

To study similar functions of 3 and 4 variables it is necessary 

1) to find all the standard Young Tableaux of 3 and Li boxes 

and2) to construct their semiformal units according to the rules 
given in §8. 

First, consider SS. There are three partitions of 3: 

L t j , ?) with 1 i, I standard tableaux respectively: 

[13 

l p 1a Ts t ZJ3 1 

One finds semi- normal units for these to be: 

1231 j _e t 
1 3 if 5,, 2} 

Cl2` 
0 

L12510 ti/ (IZ9 ( ; ; 

i.e. - IZ3 & [ S-113 13 tl -41.32 2;I { ("312 j 

- QC3llt5 L411_3fi2(113 iZl - 1-02 - L31 3liJ 

¿ 
(l 

L3 ) `ií3 LZfLì -2Lti + X521 + 1i2 
Z ;1 ilL 

-e 111) 'rz; L (-2_0 + (-4t1 etil F131 

One can now examine the states of (6.8), (6.9), (6.10). One 

finds 
!; L. 

11%1 )/ " i '- 

i l i ... ) / L 1 1 

( L 
W` tJ, / I li 

(8.2) 

1 

with all other operations with the units of ( 8.1), (8.2) giving O. 

One concludes that, for all vv l, the states 
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belongs to 

belongs to 

belongs to 

This knowledge will be useful in the second part of 17. In 

like manner one passes on to states of (6.9) , (6.10) . The results 

of the investigation may be quoted for use in 18 and are inde- 

pendent of v4 value: 

belongs to 

belongs to 

belongs to 

belongs to 

belongs to 

For I 1+w (0,and I I 0. CO) one finds 

-e (i 2 3) 0 r1 (o)) _ 
1 

1 w. Co) > t - I tV^ L)% 

i,zS),Ih )>_ ̀,N,`°,, -- 1Cy)i 
The linear combination 

L. y ) > - 3 
, Lc,>> 3 1 I > 

belongs to I i;Î 

One finds also that the orthogonal linear combination 

belongs to 

,..,., C.o)> l t 
% 

(8.4) 

(8.5) 

(8.6) 

Corresponding results for s)4 will not be made use of in the 
v 

present work. For the states referred to in VI of Vt one can 



verify that 

and 

iz v...(1)(9> 

\ t wN (S-`) (9) belongs to 
I ° (.1 )) belongs to 

o v 

(o) ilbelongs to 

belongs to 

belongs to 
belongs to 

belongs to 

belongs to 

belongs to 

belongs to 

13 

i . ) 0 »-1- i 1 f r- <<) 09 to 

I 1 w` c`)o)) 3 -(')t°Ì%to 

(8,7) 

(8.8) 
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CHAPTER III 

THE GELL -MANN NISHIJIMA SCHEME 

9. Introduction 

The interactions of the currently known elementary particles 

admit a separation into three well- defined categories. The 

criterion on which this is based, is the order of magnitude of 

a certain parameter, the coupling constant of the interaction, 

which affords a dimensionless measure of the strength of the 

interaction. 

These categories are: 

A The strong interactions, as typified by the virtual 

Yukawa process: N -' N (1) 

forces. The characteristic magnitude of coupling; constant here 

is of the order of unity. 

B The electromagnetic interaction, which involves 

either real or virtual emission or absorption of a photon. The 

relevant parameter of strength is the 'fine structure constant' 

C The weak interactions, e.g. the p -decay of the neutron 

r --> + ̀  - (2) Here, the Fermi constant provides a 

, responsible for nuclear 

-1/.;. dimensionless measure of the coupling strength of about 10 . 

That a measure very near to this estimate holds for all known 

weak interactions, expresses the law of 'Universality of Strength' 

of weak interactions. 

(1) iJ refers to nucleon, either proton (p) or neutron (n) and gc 

refers to any of the three charge states of the pion. 

(2) *. refers to the electron, a to the anti neutrino in the 
sense of Ref. 10. 
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Subject to the separation of interactions into categories, the 

elementary particles themselves may be given the following broad 

classification: 

A The Photon. The photon is a boson of rest mass zero, 

coupled to all charged particles by the electromagnetic inter- 

action. The principle of 'minimal electromagnetic interaction' 

expresses that this is the only interaction possessed by the 

photon. 

B Mesons. This name will here be used for the bosons 

which possess strong couplings. In the class 'mesons' are the 

pions and K- mesons which are mesons of mass intermediate between 

that of the pion and that of the nucleon. 

C Baryons. This class consists of the fermions which 

possess strong couplings. The class includes nucleons and anti - 

nucleons, hyperons and antihyperons. The terns hyperon is used 

for baryons of mass greater than the nucleon mass. Antinucleons 

have been observed, antihyperons have not, though their existence 

is required if elementary particles are to be described by a field 

theory which exhibits 'invariance under the transformation CPT'.(1) 

As is implied, the separation of baryons into particles and anti- 

particles is well defined: a quantum number, B, can be introduced. 

It has value ( +1) for nucleons and hyperons, ( -1) for antinucleons 

and antihyperons, and is zero for all other particles. The 

algebraic sums of the baryon numbers of the particles of a system 

is rigorously conserved in all physical processes. 

D Leptons. The members of this class are fermions which 

possess no strong coupling. The distinction between particle and 

antiparticle is not well defined. It is however possible to 

(1) See Ref. 10. 
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introduce a certain éivantum number, the lepton number, L, in such a 

way that all available information on physical processes agrees 

with the conservation of its algebraic sum for the particles of a 

system. Starting from the observation that the electron and 

positron are particle and antiparticle with L = +1, -1, the com- 

pletion of the assi6nïnent is unique: the neutrino and the muon of 

negative charge are leptons with L = +1, while their antiparticles, 

the antineutrino and the muon of positive charge have T = -1. All 

other particles have L = O. It is to be noted that in the present 

classification the muons are leptons and not mesons. 

The work of this thesis is concerned chiefly with the strong 

interactions and the particles which possess them, namely, the 

mesons and baryons conveniently referred to as the strongly inter- 

acting particles or even the 

A civalitative account of the behaviour of the SIP' s is 

provided by the Gell -Iann Nishijima scheine. This account is dis- 

cussed in the present chapter (Chapter III) which concludes with 

a summary of the postulates of the scheme. Certain aspects and 

consequences of the scheme are treated further in Chapter IV, while 

Chapter V seeks to base its postulates on physical laws, and to 

express its content (as far as this concerns the strong interactions) 

in mathematical form. Chapter VI deals with developments of the 

ideas of Chapteis III and V, which involve, in particular the annex- 

ing of additional postulates to those of the Gell -Tann Nishijima 

scheme. 
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10 . The E arlv Situation. 

In 1935, Yukawa first proposed the 'meson theory' of nuclear 

forces, which traced the origin of the nuclear forces between two 

nucleons to the virtual exchange between them of quanta of a 

certain 'mesonic' field. Not until 1947 however was discovery 

made of the pions, which are now considered to be the quanta of 

such a mesonic field. The pions are a set of three spin -zero 

bosons with rest mass around 270 electron masses and with chare 

1, 0, -1 respectively, usin;- the magnitude of the electronic 

charge as unit. Since 19 47, extensive research has been per- 

formed on phenomena involving pions and nucleons. This research 

has established that the nion- nucleon interaction is strong, and 

that it leads to some explanation of many features of nuclear 

forces and of other properties of nucleons. 

In recent years, many unstable particles, the new particles' 

i.e. K- mesons and hyperons, have been identified by their (several) 

decay modes in research on cosmic radiation. The advent of high 

energy accelerating machines has brought about the production and 

study of these new particles. This is a field of research which 

is currently very active. 

In the accompanying table, some information about the new 

particles and their decay modes is given. The various K -meson 

decay modes have been given a name for easy future reference; 

in the literature, there is no uniformity of the names applied 

to these decays, however. 

At first, it appears that there are only three K- mesons all 

of comparable mass, but observation of the fact that, for the 

neutral K- meson, there exist two different well defined lifetimes 
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would suggest that there are in reality two distinct neutral 

K- mesons. 

A further observation is that the new particles have very long 

lifetimes in comparison with typical nuclear lifetimes. Also, in 

comparison with nuclear cross -sections, they have very large pro- 

duction cross- section. The latter observation indicates that the 

interactions responsible for the production of new particles are 

strong. That this is not compatible with the former can be seen 

readily in the following special case. Suppose, one sought to 

t account for At -production and decay, according to :r ---4 A 

by using a single CA,j71 ) interaction. To obtain a decay life- 

time of the correct order of magnitude, using the standard method 

of Fermi(1) for the case of a two -body decay, one requires a 

coupling constant which leads to the prediction of a production 

cross- section too small by a factor 1012. The conclusion to be 

drawn is that the interaction responsible for the decay is of 

different nature from that responsible for the production, in 

particular that it is weak. Further, the L A °VZ') interaction 

would predict, production of ,1.° unaccompanied by any other 

new particle, in contradiction with the fact that the single 

production of any new particle from nuclear matter and pions 

has never been observed. 

The following are typical reactions which lead to the pro- 

duction of new particles from nuclear matter and pions 

1X -3 

-a 5, ° 4 W- +t' 
A + V. + --ft 

n -4 n 4 Ih° + I, 

m" 2 

( 1) See Ref. 15. 

A 4 ti/_ + ,n 
co ` 

# N% 

l 
( 10.1) 
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which -- From (1) ._11 of , ich involve o new particles. 1 +rom this evidence, Psis 

postulated the law of 'Associated Production', which implies that 

new particles are produced from nuclear matter and pions in pairs 

only. Its full implication is expressed by saying that the strong 

interactions are operative only if an even number of new particles 

is involved; or conversely that any interaction involving an odd 

number of new particles is weak. 

However, although no case of single production is known, these 

observations may be made 

1) ir n 

is known, and involves three new particles 

2) The weak s decays involve two new particles 

(10.2) 

3) The following reactions: 

N t 4- A 

or 4i. + .` 
(10.3) 

or ."2. 

involve two new particles and are of low threshold, yet they appear 

to be rigorously absent. 

4) No case of K production from nuclear matter and pions has 

been observed unless accompanied by a K' or K.t 

1) and. 2) contradict the law, whereas 3), 4) are left unexplained 

by it. 

The Law of Associated Production is clearly inadequate to 

( 1 flee Ref. 18. 
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give an even qualitative account of the available data on new 

particle production. 3efore a more powerful theory, capable of 

giving such an account, can be described, discussion of the con- 

cept of isobaric spin is necessary. 

11. The Concept of Isobaric Crin. 

The concept of isobaric spin will be introduced first for 

nucleons, then for rions and finally for the new particles. 

The neutron and proton are sufficiently close in mass to be 

looked on approximately as different charge states of the same 

particle, for which the name nucleon was coined. In absence of 

electromagnetic effects, which are the agency that gives rise 

to the neutron proton mass difference, the neutron and proton 

are indistinguishable and in particular this means that the 

forces between any two nucleons are independent of the charge 

state of either. The switching on of the electromagnetic inter- 

action removes the degeneracy of neutron and proton in the same 

way as the switching on of a magnetic field removes the degener- 

acy between the real spin states of a nucleon. This affords 

some explanation as to why, when a new variable is introduced to 

describe the nucleon as a particle with two (charge) states, this 

variable is called 'isobaric crin'. 

Introduction of the isobaric spin variable for the nucleon 

may now be given, at the level of single particle quantum mechanics. 

Let Co) and 1 
or more shortly and r.. denote the 

charge wave functions for the proton and neutron. Define an isobaric 



spin vector operator by 

2 == 
- 1. 

= 1 (II -)Z3 
From the commutation relations of the set c: , î, i , is of 
Pauli matrices 

Li Tz etc. 

follows, so that isobaric spin operator of the nucleon does in 

fact possess commutation relations appropriate to an angular 

momentum. The states described by 
i' 

, 'n constitute a complete 

set of states which diagonalize the commuting operators: 

T `- ` L,+ T an s d = j ti 
The ei _ envalue T of Z _ = T l I + ) i s ï = J so that 
the magnitude of total isobaric spin or the isobaric spin Quantum 

number of the nucleon is 1 _ The 1.1-+-1 = 1 states of the 

nucleon are now distinguished by their !z eigenvalue 

for t , respectively. 

The operator: Q = IZ 4 (11.1) 

serves as a charge operator for the nucleon having eigenvalues +1 

and 0 for , -n respectively. For convenience here and else- 

where the magnitude of the electron charge, e , is used as the 

unit of charge. 

From the formal identity of the isobaric spin operator with 

an angular momentum operator, the isobaric spin operator of a 

system of nucleons may be described using the method of vector 

addition of angular momenta as presented in 6. 

Equations (6.2) and (6.3) for the case ; b n 

= 1, 2) relate the states involving two nucleons to the states 
( 
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t 
! ! Z> where I and t1 are the eigenvalues of the 

operators IL and 17. with Z -+ I tL) The set of L. 

states I L. constitute the complete set of states which 

diagonalize r~ and t Z 

The equation (6.8) for q LE 1z , hi sioz 2-13 ) 

apply to the case of a system of three nucleons. Here T- _ (,E(`' 4- I-°l) + ; 

For systems of 1, 2 and 3 nucleons, it can be seen from (6.2), 

(6.8) that 

C.N2 - 4-, TS (11.2) 

is a suitable definition of the charge operator C of a system. 

B, of course, has the meaning given to it in) 9. 

If now one constructs a two nucleon interaction, which: 

1) commutes with Q jz +-I and hence conserves charge, 

2) implies that the forces between two nucleons are in 

absence of electromagnetic effects, independent of the charge 

states of the two nucleons, one is led to an interaction which 

is, formally, a scalar in isobaric spin space, i.e. the vector 

space defined by isobaric spin vectors (see §.19). This means that 

the total isobaric spin number Z of a two nucleon system is con- 

served, i.e. it is a good quantum number,and that the interaction 

is independent of the I. value for the system. In this case, 

then, the following general remark, that 

1) the charge independence of f òrces, 

2) the invariance of an interaction under rotation in 

isobaric spin space, 

3) the conservation of the isobaric spin number of a systemAgm 

use three aspects of one fundamental notion, can now be understood. 
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The 'charge independence' of the forces between two nucleons is 

fully confirmed by some of the results of nuclear physics. This 

confirmation comes, in particular, from the study of nuclei of 

cuite low mass number where Coulomb effects do not completely 

destroy it (see f 1Li.) . , 

The pions exist as a set of three particles, very close in 

mass, with charges 1, 0, -1 . Arguing as for the case of the 

nucleon, one may introduce an isobaric spin variable to describe 

them as three states of a single particle. Assignment of iso- 

baric spin quantum number r l to the pion as this allows it to 

exist in 1.L +1 = states. 

Let i', 1i °, ìï- ° , l ó ) 
C denote the charge wave 

function of the three pions. Define as isobaric spin vector oper- 

ator 

IaQ® oo' 
where S = (;0 -1 and C (21 , &2- 3 _ 1J etc. The states 

described by P ¡i ,fit- form a complete set of states which 

diagonalize the con:;uting operators 171 and Ç = - . The 

eigenvalue i of L =1- I (L}') is i 77,1 which is the re- 
- 

ouired value for the isobaric spin quantum number of the pion. 

The states , «' ,Yi are distinguishable by the eigen- 

values 1, 0, -1 of T2 

for the pion is: 

If one writes 

A suitable definition of charge operator 

r 

; 1` } , ' 1% for ,1> ) r, 

(n. 

in 

equations (6.6) and (6.7), relationship is established between the 

states which are merely the direct product of a nucleon state and 
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a pion state and the states lT T-7._> which diagonalize the 

operators ` , Z. where T is the vector sum of the isobaric 

spin operators for a nucleon and a pion. The states z> so 

constructed have I Z + ! (11.4) 

as definition of charge operator. 

It is customary to describe pion nuclear phenomena by the 

interaction Hamiltonian of so called symmetrical meson theory. 

This interaction conserves charge and as will be shown in Chapter 

V is an isobaric spin space scalar, so that the isobaric spin quan- 

tum number of a system of pions and nucleons is good. Further it 

leads to forces that are, to all orders in perturbation theory, 

independent of charge (this is shown to first order in Ref. 13 

and can be extended to all orders). 

From (11.1), (11.3), (11.4) it may be concluded that the 

charge operator of any system of pions and nucleons, can be 

defined by (11.2), since the pion has 13 _ J . Since C and ̀ 3 

are rigorously conserved in all physical processes, it follows 

that the quantum number 17z of a system of pions and nucleons 

is conserved in all processes involving only pions and nucleons. 

Thus in pion- nucleon reactions both I and T Z are conserved. 

Then a discussion of pion- nucleon scattering is made on the basis 

of T.-- conservation, (see§- 15) an experimental confirmation of 

its predictions, subject to minor corrections due to Coulomb 

interaction, will provide assurance of the validity of assumption 

of charge independence in the pion- nucleon interaction and of the 

value of the concept of isobaric spin. 

Finally, it is observed that the concept of isobaric spin, 

introduced in the description of systems of pions and nucleons, 
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is apparently defined only in the 'absence of electromagnetic 

interaction.' Its value therefore depends on the fact that the 

pion -nucleon interaction is strong, and electromagnetic effects 

provide only a very _dinor perturbation to its consequences. 

12. Isobaric Spin and tranp'eness. 

Pions and nucleons exist in multiplets (sets of conmarable 

mass) with quantum number I defined in such a way that the iso- 

baric spin variable describes the (`Lt fl) members of the multi- 

plet. In each multiplet, charge varies linearly with Ti In 

the strong interactions of pions and nucleons, I and rz. are 

conserved. 

The new particles all exist in mass multiplets: 

1) , \ with charge 0 

2) L+ , 'L , . with charges 1, 0, -1 

3) with charges 0, -1 ( has only recently been 

detected, although the original Gell -Mann Nishijima scheme postulated 

its existence). 

4) 
V(+ 

Por , \ , 'L 

, 2 neutral K- mesons and K with charges 1, 0, 0, -1. 

, i the assignments I = 0, 1, IT are required by 

the (1_14-1 ) values of these multiplets. 

Since two neutral K- mesons exist, the linear relation of 

charge and ri that they belong to distinct multiplets. 

It will be assumed that 44, form an Z = % doublet and 

that K- 7° are their antiparticles, to which 1%1 must also 

be assigned. 

If the introduction of the isobaric spin variable of the new 
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particles is to be of use, the conservation of I , and IZ, is 
recuired in the strong interactions of the IF' s. 'ith this in 
mind, certain production reactions can be successively examined. 

1) Ir +r -4 A #(X 

A , with ' _ , can only have IZ = e so that Z z conservation 

requires ° to have - -î I44 mast then be the I _ z member 

of the K -doublet. 

2) Tt- Kt - is to have L _ -I so that'-, '1.+ will have Tz=O and 

! _ ( respectively. 

3) t 
From this, the value T. z - follows for This observation 

led to the postulation of the existence of = as the C =t- 

member of a doublet, for a singlet - necessarily would have 

! T z o , which would destroy ?- Z conservation. The subse- 

quent detection of then, may be cited as evidence in favour 

of the introduction of the concept, isobaric spin into the des - 

cription of the new particles. 
From the simultaneous creation of 144' and its antiparticle 

V from nuclear matter, the value I - 
7- -1j follows for K . K° 

is then the member of the l = V -doublet. wand K° have 

different ,' values (- and ` ) and hence are distinct, as was 

pointed out before, from the existence of two distinct lifetimes 
for neutral K- rnesons. 

T and rz conservation and the quoted assignments of these 

quantum numbers are consistent with all the known new particle 

production reactions. (11.2) however can not then be used as a 
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definition of the charge operator of the new particles. Instead 

a relation of the form 

î (12.1) 

may be adopted. In order that this introduction of a new quantum 

number for the SIP' s should agree with (11.2) for pions and 

nucleons, they must have the value zero for their S- quantum 

number. The new particles will not have = From the known 

, , values of the new particles it follows all the 

members of 

1) the doublet have _ - 1. 

2) the 1 1K and A multirlets have 

3) the K doublet have i ( 

Since the quantum number :a was originally introduced in an ad 

hoc manner with a view to achieving a consistent theory of the 

new particles, it was then named the strangeness quantum number. 

The i -value of a system is to be found additively from the 

S -values of its constituent particles, since the , , and 

Y. values are. Further since the strong; interactions of the 

SIP's conserve -ai , -EL and t , they must then because of 

(12.1) necessarily conserve strangeness, or else the present 

arguments are of no value. 

The following features are all to be noted, then: 

1) Reactions (10.1) conserve S so that theyequiveaaent 

of strangeness conservation agrees with the successful predictions 

of 'associated productions. 

2) The impossibility of the production of a new particle, 

singly, from nuclear matter and pions is manifest. 
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3) (10.2) is allowed by strangeness conservation. 

4) = -decays are weak and hence need not cons3ersi% 5. 
5) The reactions (10.3) do not conserve S and hence are 

forbidden. 

6) conservation requires production of an S _ I particle 

along with a It and the only such are K° and Kt 
-conservation clearly gives an adequate account of the 

data on new particle production; it includes the successes of 

the law of associated production and avoids its shortcomin ;s. 

The electromagnetic effect is the a_ency which produces the 

deviations of the masses of a mass multiplet from a corrEnon value. 

The largest such deviation is < j This, however, destroys 

the meaning of the concept of isobaric spin. I is not a good 
r wm6.r 

quantumin the presence of electromagnetic effects, though these 

are not large enough to cause an appreciable perturbation of the 

charge independence of the forces between SIP' s . IL and are 

however good quantum numbers even in the presence of electro- 

magnetic effects. The weak interactions violate and 

conservation; for the leptons the concepts of isobaric spin and 

strangeness do not even exist. 

It may be remarked that the new particles are stable with 

respect to strong interactions alone; that electromagnetic 

effects induce the decay of '2.e only, according to: 

IL ° -4 + (12.2\ 

and that the weak interactions operate the decay of all the other 

new particles. (12.2) and ÎÏ' if conserve' 1z. and S , but 

not in agreemwnt with what has been said. 
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The content of the Gell -Mann Nishijima scheme has now, in the 

main, been expounded; new postulates have been introduced as the 

need arose. It is desirable to collect the constituent assumptions 

of the scheme into a summary. 

13. The Gell-Mann Nishijimi Scheme. 

The basic assumptions are: 

1) The interactions of the elementary particles can be 

classified as in § 9. 

2) All interactions conserve electric charge Q and baryon 

number g 

3) The strong interactions conserve I and rZ and hence 

strangeness by virtue of its definition (12.1). 

4) The electromagnetic interactions conserve I Z , and hence 

but not I . 

5) The weak interactions conserve neither L nor 'T Z , and 

hence not S 

The assignment of quantum numbers, on which the Gell -Mann 

Nishijima scheme is based, is given on the accompanying table. 

A sixth statement is included in many presentations of the 

scheme. Weak decays of SIP's belong to one of two types: 

1) the decay products are SIP's only, 

2) the decay products are lepton - anti- lepton pairs(1) with 

or without SIP' s. 

In decays of type 1) T , r and 5 , though not conserved, are 

Ql) The term 'anti-lepton', avoided in i 9, means a lepton with 

a-I . Lepton - anti- lepton pairs are required to agree with 

L,. -conservation. 
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THE QUANTUM NUMBERS OF THE S IP t s . 

Particle B Q 

P 

n 

iz 

+ 
gC 

o 

n 

+1 

+1 

-1 

-1 

0 

0 

0 

+1 

0 

-1 

0 

+1 

0 

-1 

A +1 0 

17.4 +1 +1 

'' +1 0 

`}.- - +1 -1 

_ +1 0 

_ +1 -1 

K 
+ 

0 +1 

Ii° 0 0 

K 0 -1 

+2 

+1 -77 

+2 

+2 -2 

+1 0 

+2 +2 

+2 -2 

+2 -2 

U 

0 1 

0 1 

0 -1 

0 -1 

0 0 

0 0 

0 0 

-1 0 

-1 0 

-1 0 

-1 0 

-2 -1 

-2 -1 

+1 +1 

+1 +1 

-1 -1 

-i -1 

In 2O it proves convenient to introduce a notation for 

so that 

iCI + = U , 

+K 
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at least defined in both initial and final state. For such decays, 

a sixth statement may be annexed to the scheme: 

6) Weak decays of type 1) are subject to the rule 3 .SS ( , 

or to the equivalent rule ( LET z (_ 

All energy- etically .possible decays of baryons and K- mesons 

that respect ._,, B conservation, satisfy the rule, except decays 

of type _ N + r , which are unobserved anyway and the 

decay (12.2), which is electromagnetic. 

The assumptions 3) to 5) imply that all reactions, which 

conserve I , ! andSproceed via the strong interactions. In 

addition to 

1) nucleon- nucleon scatterin,- reactions 

2) pion production reactions, 

3) pion nucleon scattering reactions 

4) new ;article production reactions 

already stated to proceed via strong interactions, there are also 

5) new particle absorption reactions 

6) new particles scattering reactions. 

In Chapters V and VI, Lagrangians, which in principle provide 

possible description, of these processes, are treated. However, 

discussion of certain important questions, which have arisen in 

connection with the development of the present chapter, has been 

omitted so that its trend should not be disturbed. These questions 

are attended to in Chapter IV. In §g, the subject of 14, 15 

apse. Next, consideration is needed of whether I- conservation or 

'charge independence' is valid. when the new particles are involved. 

§16 cites some simple was of obtainin- information experimentally 

on this important question. p17 discusses the question of K 
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absorption in nuclear emulsions on the basis of the charge inde- 

pendence of strong interactions. Finally, in 18, the possibility 

is considered that assumption 6) of the Gell -Mann T'Tishijima scheme 

be extended to provide a selection rule on L , for the weak 

decays of SIP's into SIP's. 
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CHAPTER IV 

REMARKS SUPPLEMENTARY TO CHAPTER III 

14. The Charge Independence of Nuclear Forces. 

In this section, evidence supporting the hypothesis that 

the specifically nuclear force between two nucleons is inde- 

pendent of their charge states, will be collected. Information 

from three main fields of study is discussed. 

1) Direct evidence on the equality of neutron proton and 

proton proton forces in the same states of relative motion is 

derived from a study of n -p and p -p scattering. 

2) Evidence of the existence of well -defined isobaric and 

multiplets will imply that isobaric spin is a good quantum number 

and that it may be used in the classification of nuclear states. 

The available evidence can thus be used to give an indication of 

the validity of the charge independence hypothesis or at least, 

the validity of the weaker charge symmetry hypothesis (i.e. 

equality of neutron neutron and proton proton forces). 

3) Evidence, derived from the fact that isobaric spin 

selection rules operate in the (O -decay of nuclear excited states, 

will imply that isobaric spin is a good quantum number. 

1) Low energy p -p scattering takes place in the IS state of 

relative motion and can be described conveniently in terms of 

two parameters, scattering length and effective range, related 

respectively to the strength and range of proton -proton interaction. 

Within the range of the specifically nuclear interaction, the 

Coulomb force can be treated as a small perturbation. One may 
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subtract off, then, from the 1,4 %S scattering length the con- 

tribution arising from this perturbation and compare the value 

thus obtained with the scattering length for n -p scattering in 

the 'S state of relative motion. The compared values agree to 

within a limit, which, subject to the assumption that the ranges 

of neutron -proton and proton -proton nuclear forces do not differ 

appreciably, implies that the neutron -proton and proton -proton 

forces do not differ by more than 2 or 3 %. The effective ranges 

for n -p and p -p scattering are subject to great experimental 

uncertainty, but they certainly indicate that this proviso is 

not unreasonable. 

It might be expected that further information from high 

energy scattering will give more definite results, but this hope 

is not answered. 

The following relation, due to Jacobsohn(1) 

JC6'np(®) ` -I V L»t, 0J `P,(&)J (14.1) 

has been tested at 91---C,(2_ . Results, quoted in Burcham(2), are 

in agreement with (14.1) in the range 100 -300 MeV of nucleon 

energies in the laboratory system, despite the wide difference 

in form of the cross -sections themselves. 

2) Total angular momentum ') and parity are constants of the 

motion in any nucleus and may be used in the classification of 

nuclear states. Isobaric spin, too, will be very nearly a con- 

stant of the motion and hence useful in classification of states 

(1) See Ref. 23. 

(2) See Ref. 22. 
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if these assumptions are valid: 

1) the specifically nuclear nucleon -nucleon forces are 

charge independent; 

2) the 'charge effect' (which includes the Coulomb re- 

pulsion of protons and the neutron -proton mass difference) is 

of minor importance. The consequences of these assumptions will 

be examined. Consider a nucleus x with Z protons and tJ 

neutrons. Its mass number is A _ hl +Z . Define 1-7._ 

which may also be written Z. T-7_ 4. i A so that (11.2) 

indicates that 2. is the isobaric spin z -component. Let 

where V. is positive and integral or half integral. 

Assumption 1) alone implies that the wave function which des- 

cribes the normal state of X also describes possible states 

of the isobars of Y with 17_ values -1G +1 -k +t, _ _ K 

Since for X , ' is positive, ( has more neutrons than protons, 

so that the successive changes of a neutron into a proton, necess- 

ary to get to the stated isobars, cannot bring about a violation 

of Pauli's principle. Since changing a proton of X into a 

neutron may do so, let it here be further assumed that the 

here under consideration has the (algebraically) least 3:2, value 

consistent with its A- value and Pauli's principle. This does 

not deprive the argument of its generality. k now gives the 

isobaric spin quantum number ï of X and the (L'I *t) nuclear 

states form an isobaric multiplet. Now, if the nuclear 

Hamiltonian is strictly charge independent, then T is a good 

quantum number and all these states, in addition to having the 

same angular momentum and parity, have the same energy. This 

situation is however perturbed by the charge effect and as the 
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proton excess increases from -I to r , the negative 
contributions from proton proton repulsion to the energies of 

nuclear states decrease. In a given isobaric multiplet only one 

of the members is stable against (e< -capture and - - decay, 

and this is normally the one with "I _ --T : since I Z < -? 
is impossible, and > -1 implies the existence of a member of 

the isobaric multiplet to which the nucleus could decay by K - 
capture or 5 +- decay. It is a fact that the isobaric spin of 

the normal state of a nucleus is (in agreement with its definition 
for X' ) the smallest it can be: 1 . It follows that 
the nuclear states of the multiplet other than Vi and the I t 

member are not the ground states of the nuclei involved. 

It remains to discuss to what extent isobaric multiplets are 

observed experimentally and to what extent their properties are as 

predicted. 
Mirror nuclei are isobaric doublets for which one has = '{ 

and N= 'l and the other has Z= , N áï` These 

nuclei are then the . _ Vii, -' - components or an ` = ` 
doublet. If one knows that there are states of certain energy, 

spin and parity for the = -- i nucleus, then, by the above 

remarks, one knows that, corresponding to each of the states, 

there exists a state of the ± = 
i nucleus with the same spin 

and parity and not very far shifted in energy. 'Corresponding 

states' are corresponding with regard to order of occurrence on 

an energy level diagram. The energy shifts are due to the charge 

effect. For mirror nuclei, the assumption of charge symmetry is 

sufficient to give these predictions. Experimental evidence 
15 

obtained, for example from pairs like B S , C and C ` , N 
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and from others of low mass number, support the quoted predictions 

i.e. energy shifts are in the correct direction and of reasonable 

magnitude in the light of assumption 2). Support, then, for the 

equality of the neutron -neutron and proton -proton forces is 

obtained here. 

The full charge independence hypothesis is required to give 

similar predictions for the nuclei of an isobaric triplet. Know- 

ledge of the energies, spins and parities of the states of the 

I nucleus implies a knowledge of the existence of 

'corresponding states' with the same spins and parities and 

slightly shifted energies in the 1--z.= ' nucleus and with further 

shifted energies in the L- I nucleus. There are however in the 

spectrum of the Tz_,-.2 nucleus isobaric singlet states and the 

11 z -, ground state is one such. Evidence from experiment is 

now not so plentiful. The Be I°, C ground states together 

with a certain excited state of B 
1S 

are the It _ - I ) I , mem- 

bers of an T 1 triplet. Since the Be ground state , - 

decays to the V1,5; excited state, it can be deduced that they 

have the same spin and parity. The C': ground state has the 

same spin and parity and is lower in energy than its isobaric 

partners, though higher than the Big'? ground state. Its long 

lifetime then supports the view that B 3 _ ground state is 

of different structure from the 11A C " ground state. From this 

case and also from the case 

C i'(ground), N T (excited), 0 (ground) 

and from others of low mass number, some evidence is obtained 

that is nearly a good quantum number; evidence is thus in 

favour of the hypothesis of charge independence of nuclear forces, 

but not unequivocally so. 
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3) In the Zi -decay of nuclei from excited states, isobaric spin 

need not be conserved. But, since it is defined for both the 

initial and the final states of a decaying nucleus, it may be 

hoped that there are isobaric spin selection rules, which operate 

in addition to and independently of the selection rules which 

relate changes of angular momentum and parity to the multipolar - 

ity of the emitted radiation. These latter rules determine energy 

life -time relations for the radiation. The operation of iso- 

baric spin selection rules may be sought in the appearance of 

certain gross deviations from expectation in the lifetimes of 

certain transitions. Some transitions may even be suppressed, 

if I is indeed a good quantum number, but usually only a lower- 

ing of transition probability will occur, since the charge effect 

causes a mixing of states of different ? . Experimental details 

regarding the present topics are discussed by Burcham(1) and 

Wilkinson(2). The general conclusion is that more support of the 

charge independence hypothesis is found, though the quantitative 

agreement is incomplete and subject to uncertainty for a number 

of reasons. 

None of the above considerations has given a definite answer 

to the question of the validity of the charge independence hypo- 

thesis. All are in favour of its validity to a greater or lesser 

extent: there is further evidence also from certain minor fields 

of study. Confidence in the essential truth of the hypothesis 

appear to derive from the impressive amount of collate44evidence 

supporting it, and from the fact that no discovery of anything 

that contradicts it has yet been made. 

(1) See Ref. 22. 

(2) See Ref. 24. 
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ils. Pion Nucleon Scattering. 

In this discussion of pion nucleon scattering, the effect of 

the Coulomb interaction will be considered to be negligible. 

The assumption of charge independence or of conservation 

of isobaric spin in the pion -nucleon interaction finds its ex- 

pression in the statement that the interaction is scalar in iso- 

baric spin space, and is, in particular independent of the Iz - 
value of the pion -nucleon system. Accordingly, two amplitudes 

may be defined, one to describe the scattering of pions by 

nucleons in each of the two possible channels of total isobaric 

spin, respectively characterized by t - 
T = ai 

. These 

amplitudes are independent of the = z -value of the pion- nucleon 

system and may be introduced, according to: 

1 s ONi -) 
I 
i- , i2.) 1. 1 1 

r = ÿ 'I Z ` s LN-A) 

i s 

where SCN'h is the scattering matrix for pion nucleon scattering. 

Using (6.7), with a,h _ tc.,-n and a,v,P.. c IIT, IT°,jf- 

elements 

< pz+ I 
sLon)t +y = Xz 

N;r)1 h,,°> = 0..zz ia1) 
fTr. Is(I")tt"n`> z ` (aT +1-A0 

` + s(vT0 Ivan +\ = 
3 lX, 

Tr 
o c OVA")) n TV> 2J> +XO 

s(N,`)11n-. - 

<pAr IsfNnl)(rt.;;> 03-as) 
-.? .i ̀ t } n ÌLt - 1 ( Ai'v 

, the matrix 

(15.2) 

1 
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are found for the possible physical scattering processes. Of 

these, only the 1st, 3rd, 7th are useful experimentally. The 3rd 

and 7th describe the elastic and 'charge exchange' scattering of 

h- on protons. 

Following Fermi(1) , it will be assumed that only the -t= 

and -t_t components of the incident pion plane wave are effective 

in the scattering processes. With this assumption, then, the 

significant states of the pion nucleon system are, in the notation 

of spectroscopy, the St I, , 
tßí states, which arise from 

the combination of the -1, =0,i pion waves with the nucleon spin. 

An amplitude for the scattered wave in each of these states 

may be defined for each of the two channels of isobaric spin. For 

the ass state denote these by tx For the 
- 

state de- 

note these by 04,.Z ti . Corresponding to each of the a 

phase shift is defined by 

4. 
. 

(15.3) 

the phase shifts being given the suffices of the correspond- 

ing :A. . The expression of Xi and in terms of the sets ^ i , 

r ^ 
It 

, 
w and J ; p ;t , is respectively will constitute 

a phase shift analysis of the pion nucleon scattering processes. 

There is a further complication: the spin of the target 

nucleon may either be parallel ('up') or anti -parallel ('down') 

to the direction of the incident pion wave. The scattering pro- 

cesses may either leave the nucleon spin direction unaltered or else 

may reverse it. The former type of scattering is said to be direct, 

the latter type 'spin -flip'. The spin up and spin down states 

(1) See Ref. 13, P63. 
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will be distinguished by (+ ) and ( - ) respectively. 

It is convenient to define: 

T ."."1 (*) (SCNT)t? 

` - L ' ( 4 ) 1 S LAM)? _ i -') - Ai 

for the T =1. channel, with like definitions for the 

(15.4) 

channel, The 'states' (L ?" L (1)> derive their meaning from 

their relationship to the (f) states of the pion -nucleon system: 

for "-R.* scattering on protons 

` a + 14) (Iwo') t h Tr 4- ' * 

's 
'w +) I ¿NV) It' if (, -I _ X 

(15(5) 
- 

To obtain the differential cross -section for the scattering of 

ì+ on f , it is necessary to take the sum over final spin states 

of the modulus squared of the matrix elements and then the average 

of this sum over initial spin states. Since, in all cases, the 

assumption of either spin up or spin down initially leads to the 

same result summed over final states, this average need not be 

taken, and the assumption of spin up initially may always be made 

in this section. The differential cross- sections for the 1st, 3rd, 

7th processes of (15.2) are given by: 

Iiá ( pi+ -41S1-(4-) = 
\-A84-1"-- ; 0,-1. 

441 

d6' ¡bc(- FR-) _ lta1+ +a1)1 î`za.' +.\')j L 

tt. l L(15.6) , 
"- ñ' .-a 1.10 _ -% 

1 

( l j - ,+- ) -X11)1 

It now remains to relate \ t+ , N tv 3 + 3 U to the 

mo.'s of (15.3). 

The 7.1.=.21 channel is tackled first since it is easier to 

present the analysis for the case of a physical process: 7Cf 
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scattering on protons. 

The k.-1,0 pion wave gives rise to a pure > '_ state of the 

tit -p system. In this state there is direct scattering only with 

amplitude A-3 . 

The pion wave gives rise to a state that is a mixture 

of the C''. and 1%, states. This initial state has 

, proton spin , = i and }N1 = î (spin up), the M's being 

components in the direction of incidence of the pion -wave. Denote 

such a state by the function +.Lint , O+ 5) , i.e. * c -t %) . This 

may he related to states 0 ".,i> with -i , 1= 31 and 

,., = ax 4- _ '- ; using (6.7) : 

} 

1 (. t 
Hence the t=1 pion wave leads to a scattered state with angular 

wave function,(`) 

31 Ií - IT xt}i 

= 3 
. 

f-, as; (jk (.041-4; 40.-13)' : A;r,0464,1- till-co,tql (15.7) 

L Z x 
/5 4- 

; ) ) 
L 3 

á ;1 ) T ( t - y) 

where (6.6) has been used in the second line. The first term of 

(15.7) contains the direct scattering, the second with .awn 

the spin flip scattering. 

Explicit expressions for the angular wave functions are 

1,10.M1111.111 

. ol 

:;ut & -0 f ¡ 
(15.8) 

(1) The factor 3 arises from t * l - S associated with the t _ 
t com- 

ponent in the expansion of the incident pion wave. 
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are spin up and spin down proton functions. 

pion wave gives rise, then, to a direct scatter- 

L 35 
f 

) 
i.oc 

channel, and a spin flip scattering amplitude 

s )>,..k9 . 

A3+ _ .3 4 `1.-- k [+lj 1 La i3 

A 3 ° = Caz - "-st ) , 

with exactly similar expressions for AC+ and a44' From 

(15.6) and (15.9) the differential cross -sections may be computed 

in terms of the phase shifts. All three are of the form 

" 

of phase shifts, see (1). 

; for the various /k, h 's in terms 

The representation of each experimental curve in the form 

: k + d » - . *_ % t will provide nine data in all. The 

possibility of satisfying the extra conditions would appear to 

constitute a very direct test of the original assumption of 

charge independence in the pion- nucleon interaction. Existing 

experimental results are not quite accurate enough to vindicate 

fully the assumption, but they are certainly compatible with it. 

Charge Independence and the New Particles. 

One of the postulates of the Gell -Mann Nishijima scheme is 

that isobaric spin is a good quantum number in the strong inter- 

actions, i.e. they are charge independent. Some of the consequences 

(1) See Ref. 13, P67. 
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of the hypothesis have been developed for pions and nucleons in 

k14, 15 to a stage at which they may be subjected to experi- 

mental test. Feldman(1) has given an exhaustive discussion of 

the equalities and inequalities that result from the assumption 

of isobaric spin conservation in elementary processes. In general, 

the existence of many isobaric spin channels makes his results 

too complicated for use experimentally. According to Lee(2), 

certain processes, which occur in the absorption of negative 

K- mésons by deuterons or helium nuclei, provide consequences of 

charge independence, that, in principle ought to be readily 

verifiable. Simple results are obtained since both H2 and He q 

have zero isobaric spin (see 14) so that the initial state in 

each case is a pure 7 -' state. The following reactions all 

proceed via this "r channel of isobaric spin: 

14 4- A. 1- - 
_ 

+p 
2 4- n 

+ cl -- ï -+- A- 410 

-4 4- ir + 

K- ii-114.w --) 's1 i'- H1 

-L Ida. 3 

K - -144 A + l-t s 4 if W 

+144.3 .} it- 

K-4 H C4 --4 '1.° + Re' 4-7r- 

-4- 1-44» r Ï FL 

Denote by P64).- etc. the branching ratio of the proce sse9(16.1) , 

,AI to A,. -.. . Denote by `a(A) . etc. the S- matrix for the 

(1) See Ref. 27. 

(2) See Ref. 28. 
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strong interactions involved in processes Al ,Al ; etc 

A) The initial state has r = - ? = Since both and 

TZ are conserved, the only non -zero matrix element is 

(s =2 
and final states must have - z ..Using (6.7) for t,.,, - -. 

and ''z-4- , S-° , 1. - - u, Vv one obtains 

(A'I h1 - `T "1.(4A) (i 
tc- A t ` _ Íái I 

v t > _ (' = iISO) I_ ` 

Hence both of the processes (16.1) AI and A, have non-zero 

matrix elements and their branching ratio is given by 

(A) 

I`K-a(sW1 

I s. 0) 
I 

v+,-°>i 
,. 

(16.2) 

B) Here again `r = i I s COI T = > is the only non -zero 

matrix element. Using the results 

IT 
taI'i JAI 't`1) >J (2`Lto 4:1i t`20 +fiI 1 ï `) 

,F3 -i 0> +V b +I 1V. VIC7 t 1 i (1)/ 

where the notation of § 
6 for states ( I T- (? )> is used 

and ?' refers to the C«` -) subsystem, one obtains 

< I 
s(ß, ITc °.ï -Pi 

The branching ratio of K1 to BL is, now 

.- ( s(g)Iz- 

) =1 (16.3) 

Since H and He 3 are the -L2 = - =z , 'i members of 

an í doublet, i.e. are mirror nuclei as in 
ß 
14, the results 
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strong interactions involved in processes Al ,111 ; etc 

A) The initial state has r - ? _ Since both I and 
Tz are conserved, the only non -zero matrix element is 

and final states must have '- z = 2 
and `1-4. , l._ - 

S. u,v, v.i one obtains 
..Using (6.7) for t,4 = h 

c A(s 00' i' - `l -' N) (i ' i % 

` IC I '10-6 > - J j <1: =-11% (A) I î) 
Hence both of the processes (16.1) Al and A have non -zero 
matrix elements and their branching ratio is given by 

1`K'a(s14)1 1/11-^>(; 

I rCd`sA9 I 
(16.2) 

B) Here again - i I COI T = i is the only non -zero 

matrix element. Using the results 

t o 1,) z ;11 L 'L CI )/ -V b (s -1 (c)> 1 1 -11,(2.)> 1 ji ( i- 1 `z)> 

where the notation of 6 for states ( Z T-, CL, , )> is used 

and L ' refers to the (,Ti:-.2-) subsystem, one obtains 
A.t VS) I z L 3 t> l -7-_ iI(ß ---- ;> 

- (14"ot1 s(1) ITc °1'(,) 
The branching ratio of Ki to B: is, now 

( = f (16.3) 

Since H and He 3 are the L. = - i - members of 

an t -_ î doublet, i.e. are mirror nuclei as in 14, the results 



-79- 

; ',v-2) f 
(16.4) 

follow in like manner. 

The main experimental difficulties in the use of these results 

arise from the fact that neutral particles are involved and are 

difficult to detect. 

No clear cut evidence, for or against the assumption of charge 

independence in the strong interactions involving new particles 

has been found to date. As in w 14, 15, what one finds is a 

great deal of evidence compatible with it and tending to confirm 

it; and none that suggests that it is false. Further, if the 

hypothesis does have a range of accurate validity, there is no 

information about the extent of this range. Nevertheless, the 

truth of the assumption is assumed throughout the present work, 

though the real situation regarding it is never lost sight of. 

317. K--Absorption in Nuclear Emulsions 

This section contains the first part of a study of the 

absorption of negative K- mesons by the complex nuclei in nuclear 

emulsions. Reaction rates for the various processes involved are 

obtained on the basis of the charge independence of the strong 

interactions. The second part of the study ( §28) will deal with 

the calculation of the same rates on the basis of the global 

symmetry model of the strong interactions. 

The processes involved are of two main types: 

1) pionic captives 

2) non- pionic captives. 

In the former type, the absorption of the K- is by a single 
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nucleon, in the latter, the K is captured by a pair of nucleons. 

Pionic captures dominate the absorption of negative K- mesons in 

flight, but non -pionic captures appear to account for about 

of the absorptions of the K at rest. Detailed discussion of the 

problem is given in a series of papers by Eisenberg and his 

collaborators. 

The pionic- capture reactions are: 

«e 

-+.ir+ 

~ 

+Z 

while the non pi oni c captures consist of 

4-4- Le -4 

La +p 

+ vti-rs `1.* +x 
1 

+ 
-es 

y(' in ---) 

it -4 

- 1/' -a 

c,, 

-x 
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In discussion of the reaction rates for these processes, the 

effect of the Coulomb interaction will be taken to be negligible. 

The assumption of the charge independence of the strong 

interactions involved, in particular, in processes (17.1) and 

(17.2) means that, for each of the four sets A--0 D of re- 

actions, one defines a single amplitude for each channel of 

total isobaric spin. These amplitudes are of course, then inde- 

pendent of ' r z value'. 

Denote by S(A) etc. the S- matrix for the strong inter- 

actions involved in the processes N¿ etc. For the pro- 

cesses of (17.1), the following are the non -zero matrix elements 

ISO) i ,_ -_,-> = a3 

LT = I 1S(A) T. =I> = 11 

O-LO IT -I) 
(17.3) 

j 
The state K- mesons plus nucleon are related to the state 

of the KN system by (6.3) with ..tb s k.°)-K- (1); 

b1 _ tom, H . Similarly the states plus pion are related 

to the II i L states of the 1., <i system by (6.5) with u, v , 

4- i` and s vt, <ui = î " , . Using (17.3) , (6 .$) , 

(6.5) then, it is easy to find the matrix elements of the processes 
(17.1): N' 

ZSC.10.1 S +Tv) _- ïa, +``GX10 - 

- r 5CA) i t tt + _ 

K¡4-,nI 50) l 1- °i -> 

W t J 5 ) - 

A,. 

- a, ',) 
--11A1 414 

di z A; 
r- 

i, 

lß) I .k Ti ..` 

(1) This is customary (see, e.g. Ref. 12) and in agreement with 2. 
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Branching ratios for the various absorptions on protons, or on 

neutrons follow easily; relations amongst the reaction rates 

are however sought. It is convenient to introduce certain real 

parameters: 
1ß 

o A-Z 

( /`". f - w (17.5) 

If and only if the K absorption takes place in an s -state of 

the K N system do these numbers , , oC and (' have 

any relation to the parameters of a phase shift analysis. The 

results derived, however, do not depend on the existence of such 

an interpretation. In terms of these parameters, the processes 

(17.1) have the following reaction rates (proportional to cross - 

sections): 

e(A1) 3/2 j sí -{..Q. - AO. cot (,d -(3) 

6 (A0 v Sts~ 4 .l o~ fC. Á k a c c s j?) 

c kA.s7 ,-- 3411- 

6`(A5- ) 3.Ci` 

r- MO , 3"'It` 

(K}) 6 .4. (- 

From (17.6), certain obvious relations can be seen 

6.0k,) - r OA :) L- r ls,) = T-(bL) 

ir ,A1) -+r r (Ai) - 0- Í&w) + Z 6*- (AO 

and the inequality m%(A1) + r (A ;) T-0,) 

There are however stronger inequalities 
z 

(17.7) 

c (A.,) 6 '40 4* r tai) -SA). [ r(A.) - ¡`(A; 3` 
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which may also be put in so- called triangular form(1) 

is(AI) - 6'(As) I 
(2 474-6 V iW,) 

(17.7a) 
etA,) - ;) i 6=T4 .) ) t d (A; J 

In the case of non -pi oni c captßxre s , the situation is much more 

complicated. From the states of K meson plus two nucleons, one 

must form states with definite values of total isobaric spin and 

its Z -component. The results (6.8) may be used with the two 

nucleon system being the preferentially treated sub -system. 

ie j vG = b )»(. = 1, a3 ,b3 F. K -K 

Then in the same notation as in (6.8) the bracketed number is the 

total isobaric spin T of the two nucleon sub -system embedded 

in the state concerned. The desired solutions of K plus 2 

nucleons states in terms of (t IL (V)7 states are then 

founci to cue: 

` = 'v 3 I 1.k co) -J; it 01) 

r;.. 1 _ t 6 
i} c)}-I î-L t b 1! 

- - 1 _ _ " ( _ 
( ) ¡' 

_ 

(, > Y1 j L C L L L ' L L i "' 

`3/ 3 - 
L 

the nucleon suffices being implied as in 6 by ordering. There 

are involved in (17.8) two independent orthogonal Y ='í states 

for each Tz value, distinguished either by i : _ or 1 or 

else by their anti -symmetry or symmetry with respect to inter- 

change of nucleon suffices 1 and 2. The states of 'L plus 

nucleon are related to the $ C ? O states of the (LIV) system by 

means of (6.7). 

(1) See Ref. 27. 
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The amplitudes for the isobaric spin channels by which the 

processes (17.2) proceed, are given by 

CT : (1')1 S y> = a 

{T"í (T')jSt!- )jz'i) Ai %-r 

L 

Two amplitudes are needed for the I= channels because of 

their double entry. 
I T *IL 1r`)) states of different L ( do not 

interfere. 

Using (17.9), (17.8) and (6.7), the matrix elements of the 

processes (17.2) are found to be 

(K-141 tom)! 
ï+ ..} _ - 

" 131 apt 

-14, is Cc) 11° a) S Aix 

(147"i' 11 Ç .) 
(s' ) ,rs - 

3' 

OCYtt I) I ail + a« .} gaga 

Ut-na' ( StC ) (T" vs> _ ' 1%1 

s(D) 
t 

LD) lAy, = 
.- 

- j `-`1L 

i o 

(17.10) 

In the calculation of reaction rates and branching ratios for the 

processes involving K absorption on one proton and one neutron, 

it will be necessary to take the average of the squared modulus 

of matrix elements over the initial states K np and K pn. These 

were artificially distinguished here in order that a sufficient 

set of states be furnished for describing the isobaric spin 

properties of the initial states. 

Introduce now real parameters: 

,n. _ 11« (ll°1 
(17.11) 

a,t = it "t 
,r 

ril ivy ) l /",,, w,,o 1 
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In terms of these parameters, the reaction rates (proportional 

to cross- sections) for the processes of (17.2) are given by: 

.. . 
4 

+ 
R 

^' tiAsi 
N t " ti3s{ L 

+ ÿ .1)s 411 Col (r- dJ 

-; 11.1 L,. ea( Cr- S.i 

co 3 tY - j1o`' 

' (ö- j (CO 
ti 4SI ti /`O 

C 

ti ti 

t s 
$41 K 

v. 
3 tz 

(17.12) 

J 

Amongst the existing relationships of these P. , the following 

is of note 

2 slc:) + c[c3) ] _ rk.,, (,c4,) + cr (c,) (17.13) 

since the left -hand side refers to charged X -particle reactions, 

the right -hand side to neutral 1 -reactions. The following 

inequality also will be noted 

c (CI) o- (c z1 L t.- t ) -'(C) 1 L 

(17.14) 

The use of the nuclear emulsion to study absorptions allows 

a greater scope than the liquid hydrogen bubble chamber can offer, 

the former allowing all the processes (17.1), (17.2), whilst only 

the processes A. , , Al , T, occur in the latter, which 

means that many of the useful equalities and inequalities are in 

that case inaccessible to test. The problem of identification of 

events in the emulsion is however difficult. Further the absorption 

by nucleons of complex nuclei as in an emulsion leads to problems 

when one attempts to check the theoretical results (17.6), (17.7), 

(17.13): for example, the energy in the centre of mass system of 
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an event is not accurately known because of the Fermi motion of 

absorbing nucleons. For a discussion of the experimental results, 

how they were obtained and used, reference must be made to the 

papers by Eisenberg and collaborators(1), It will be remarked 

that existing experimental knowledge at the time of their paper 

of April 1959 appeared to be consistent with the above discussed 

consequences of charge independence for the strong interactions. 

18. The ILYrtr-A Rule. 

That postulate of the Gell -Mann Nishijima scheme which states 

that the weak decays of SIP's to SIP's are governed by a selection 

rule: 

I Dï7.1 
L 

(18.1) 

has been noted and is in agreement with the so far observed decays. 

The possibility has been suggested that there is in fact in 

operation a stronger set of selection rules: 

Ia: (18.2) 

On the basis of (18.2), a good account is obtained of some of the 

features of SIP - SIP decays. The present section discusses this 

account, and includes for the case of neutral K -meson a digression 

on the particles K 
o 

and K2. . 

No remarks about a physical basis for the rule (18.2), or 

even about arguments which indicate its plausibility, can be given: 

it receives attention because it gives successful predictions, 

which lead one to hope that it does have an at- present unknown 

1-See Ref. 29. 
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theoretical foundation. For discussion of theories which in- 

corporate the rule (18.2) or simulate its successful predictions 

one may consult (1). 

A convenient manner of examining the consequences of (18.2) 

is that of Wentzel (2) : an SIP, after absorbing a spurion, which 

is a particle with 

1) r 

2) 7L ±s 

and 3) no mass, charge, energy or spin, 

then decays in such a way that the 1 , 1-2_ of the initial 

spurion plus decaying SIP system are conserved in the decay. Of 

course, the iz value of the spurion must be chosen so as to 

ensure this. The isobaric spins of the SIP and the spurion are 

combined in the usual vectorial manner. 

In discussion of the various situations wherein the 14171,-- ti 

rule gives useful predictions, the names used in Table I of 

10 for the different decay modes will be employed. 

1) The branching ratio for D .L to D; 

The A , spurion system has T _ -i Z = 
'i i.e. i t is a 

pure state. Then according to the Wentzel view, one need 

only a single amplitude to describe both decay modes. Denote by 

the amplitude for the ::1-1 channel of -1 decay. Using 

relations like (6.7) for the 

matrix elements - d ; uA 
, 

í K . 

states, 

for and 

one gets the 

` , so that 

(1) See Ref. 33. 

(2) See Ref. 34. 
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the branching ratio is 2. This agrees well with its experimental 

value. 

2 The -decays 
, D 

i 

The + , spurion and the i., spurion systems are respect- 

ively of the type ' xu r 
, as in (6.7) in their relation to 

it ZZ> states. (6.7) also gives the relationship of the states 

to [R- , AA* , - to IT 12., states. In the Wentzel picture 

two amplitudes are sufficient to describe all three of the decays 

D D.71, D i.e. k zi are defined for the t 
channels of 1 -decay. Easily one gets the matrix elements 

t;ßít +11 Li) , x1.3 

for the decays D , D 
z 

, D The consequences of the 

l Ttzli rule for these decays can now be summarized by the 

relationship 

4 f`7 = ri i 

e; 

(18.3) 

amongst these three matrix elements. 

Pursuing further details as in P453 of ( I ), one is lead to the 

vague conclusion ( 
i 

) that experimental results about -decays 

are not inconsistent with (18.2). 

3) The = -decays D' , D 

The ratio of the rates of these decays is found, on the basis 

of (18.2), to be z- . However this cannot be compared with an 

experimental value since so few r decays have been observed. 

l . S'Q e XeF 10 

.. See , ¢.l. 'Rat IC. 
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4) The branching ratio for the and r / deca s of K. 

For the e , ?' decays of K +, Aspurion system has E 
= z 1 

i.e. it is a pure state. As in 
3 
6, V, the three pion 

system admits three independent E _ L, - 1 states, so that, 

even in the light of (18.2), three distinct amplitudes will be 

needed to describe the decays "c and Z' . In order to give an 

adequate isobaric description of the final states, the states 

' ñ t i + ti Ft* , fT t } of - and the states it + ti ' Tí ° 

Ti ' it + ì , Ron' of must be distinguished, although, in 

finally writing down the T,C' decay rates, one must take the 

sum over these respective sets of final states of the squared 

modulus of the corresponding matrix elements. One may specify 

the distinct : TL =1 states of the 3 pion system by use of 

a further label I' same as does in 

g 6, V. Then the states n* [l } , etc. are related as in 

(6.9) to the states ¡I , 7:1 (î') ,>. It is equally valid and 

more convenient to use the slightly different method, which re- 

places j ' 0)) , t ti ) ¡ by their linear combinations 

lit t 't ) as defined in (8.5), (8.6). In this 

case, then, case, then each of the states Z-)) used are 

related to only one irreducible representation of 
s 

This is 

explained in 157, 8. 

The three amplitudes relevant to the present situation are: 

f, 
i I E, Cx» = c 

where _l c J if or Í 

Thus using (6.9), (8.9), (8.10), one obtains: 



-90- 

) P I 
A -li+lï+ = ,f ;, t iD -+,t,t 

1Tr{ii- 
t 
r> _ w j t ii h s S 

11-(+11f it-) = Vy -- f ri 9 t. S -- 

00Fitów% _ - js + v12P ï 
IÌ art+ r A\ 

= - j i -4 i V, ÿVi 

iTï 'll° Tt) _ 'fkys - ,ri _>,o 

and then the branching ratio for the , 

given by 

8 
i. 
z + ( v` + , y) 

%7s` 4- (:y -i- v1 L/ 

decays of K t is 

l 

(18.4) 

J 

(18.5) 

where the reality of the P's, as suggested by Dalitz(1), is 

assumed. When only V> I 0, i.e. when only states which belong 

to i :i are operative, R= 4. When ' = 0, i.e. when only 

states belonging to E43 are operative, R - 1. In 

general, (18.2) requires that 1.; R 4. Even when one multiplies 

R by a factor ) 1 to correct for the fact that the phase space 

volumes available to the 1r ,Y' decays are different, on account 

of the 4' ìcf mass difference, the upper limit of the R range 

is just below the experimental measure of the branching ratio. 

Suppose then that one argues that (18.2) is only true to a 

good approximation and that small admixtures of = 

are allowed. In this 

t Ph+)'p 

i(+ s,' t 

case, the three amplitudes: 

=3 'L -1 1T`)> - AL 

are now all non -zero, though, of course, real and much smaller than 

the 's. Hence, using (6.9), (8.5), (8.6), one obtains: 

(1) See Ref. 35. 
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441.,50 n ` n+W4> _ f at - j-' -'- M, , -' 
fti 

Is S , f;v 
Ì f R' ÎC+I = ,/'; 4 J ;t `s r ; ,/ -!iv, , 4 JY y) 

7 
j 

'- /7s' J 

f2 

' fYt 1`t ` -'i ̀ i V S 1 { 3 -'" r 
` 

2 

(++ = J, r°) ; A it^Lìr `si ti f,-to 
A. *.(,'-& 1 '; f ss ` y! 1 ¡e 

t Z ' t' C4 = ji;-4;11, - I -1 -;;- Js - ,o 

Now, following Dalitz introduce the parameters 

x 'es taL) i' "} (a 1`',1 í 10 - f (i" `21) 

= Í , -ta=) i le f- Ls,1) +y`) ; 0,0 _ Cpz+IA-) 

(18.6) 

These pairs are related respectively to pairs of orthogonal states, 

which belong to the tableaux 11i 3 l 
; 

since the pairs }, ÿ , It ; J0 and do. 

Introducing these parameters into (18.6), it is found that 

the first three matrix elements depend only on (sts , and 

, while the last three depend only on it , , 2 

Also one gets 
v 

1 .10 
O L L 

if + to 

One of the simplest ways of introducing the Li corrections 

to (18.2) required it give R equal to its experimental value is 

the following. The experimental value is just beyond the range 

of R values allowed by (18.2) and corrected in the noted manner. 

Now at the nearest point of this R range, the only contributions 

to the decay rates are those from states of r_ + i 3 I. symmetry. 

It is reasonable therefore to attempt to obtain the necessary 

correction to the predictions of (18.2) in terms of the other 

amplitude At related to states of ri i =f s i symmetry. This 

is equivalent to a ) I = . correction to the I = rule. 
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, one gets from (18.6): 

(1 y t 11,3 ti 

-La, { v; 1-{- (18.7) 

The required correction in R is now obtained with a very small 

value for the ratio 
%` 

The present cases thus lead one to believe that (18.2) is 

approximately true, though the suggested correction to it used 

here is merely one of several possible ones. 

A digression on the K , K particles is now to be in- 

serted. Following the discovery that the weak interactions violated 

invariance under the parity operation P, and under charge con - 

jugation C, it was suggested that the laws of physics are invariant 

under the product operation CP - a suggestion whose consequences 

have not been contradicted in any of several experimental situations. 

CP invariance may be considered as implying the existence of a 

conserved quantum number 'CP'. Its utility is however limited 

by the fact that a system of particles cannot be an eigenstate of 

CP, unless it has zero charge and baryon number. The situations 

of this type, of interest here, all involve the decay of neutral 

K- mesons into two or three pions. 

The systems Ti ++ T ̀ ) 2 r ° in their centre of mass frames 

are each eigenstates of CP with4-1 eigenvalue. A system of three 

pions of total charge zero and total angular momentum zero will 

involve only s -wave pions and will have P---- -1. For i " , 

C = + 1 so that CP = -1. For :J0-41-ti 4-1A-) , C =-¡- 1 if and 

only if the configuration is symmetric in 1i4 and It . In the 

decays of Kt to three pions decay rates 
could be accounted for 

in terms of contributions from states 
of 1 (I 3- (s j symmetry, so 
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that to attempt the same here seems not unreasonable. Thus a 

spin zero neutral K -meson decays to three s -wave pions in states 

which are OP= -1 eigenstates of CP. 

Now the existence of the conserved quantum number CP leads 

one to expect that there exist two neutral K- mesons, K° and K° 

which are eigenstates of CP with CP 1, -1 respectively. From 

Table 1 of 10, it is noticed that there are amongst neutral 

K-meson decays only two distinct lifetimes, one for the 211 decays - 

that of K7 , one for 31i decays - that of K i , the latter longer by 

a factor 104. Prom their lifetimes, it is apparent that the 

leptonic decay modes belong to K. 

But K° , KZ are not the neutral K- mesons dealt with in 

previous sections. The latter particles K °, K° have definite 

T , , values and interchange under CP. Adjustment of 

phases gives .-vit(' =IK °7 and cviad) =etc °, so that 4, el, 

the important particles in production and strong interactions are 

not identical with K° , K° , the important particles in decay 

processes. ilvidently 

(,C° + K°) K' " 0-* ) 
: 

(18.7) 

gives the relation of K:°, Kief to K °, K° for . r I K ' > _ 
l 

and _ LA ' > _ Vi:> . Also K° production, for example, cari 

be looked on as K , K production with equal probability. 

The V-r z,Î selection rule would not be contradicted 

if both Ko and Ko could decay in all of the modes indicated in 

Table 1 of 510 so that the fact that K , K ÿ are the decaying 

entities will not contradict it either. in the study of the 

1AI j _ 
i 

rule as applied to K 
i 

, Ku , it is not convenient 

to use the 1:entzel picture. 
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5) The branching rate of S' to °. 

By the WO= i rule, only the i = ,1 states of the two 

pion system contribute to decay rates. On the other hand, a spin 
zero K -meson will lead to two s -wave pions and hence, the pion 
being a boson, the isobaric spin states of the two pion systems 
must be symmetric in the two pions, i.e. t t only are 
allowed. Hence the only non -zero amplitude is ` K t ° I ' _ ?' z =c >. 

Using (6.5) , the required branching ratio i s found to be 2. Its 
experimental value is uncertain so that no comparison can be made 

here of theory and observation. 

6) The Y+ decay mode. 

The I0' i °'-, rule here allows only . =I states of the two 

pion system to contribute to decay rates, =0 being incom- 

patible with Z = +1 However spin considerations allow only 

L. states to contribute. Since the &+ mode of K t decay is 
observed, though it is much slower than the two pion Kt decays, 

it must proceed via the r = L states . The 3 = amplitude: 

required, then, to give the experimental 9+ decay rate, is very 

much smaller than the amplitude `KI' I ? = r z = _) The obser- 

vation of the decay corresponds to the extent that the lt'1= i rule 

is violated. 

7) The three pion decays of K 

The i f.1'1 rule allows only the T a. states of the three 

pion system to contribute to decay rates, so that, by this token, 

four amplitudes are involved. However the present view of K}° as 

an eigenstate of CP with eigenvalue -1 allows only the amplitudes 

related to states of i it Lis-1 symmetry in the three pions to 



-95- 

contribute. The conclusion then is that the only non -zero 

amplitude is 041.° 
t 
i --71 ; y -"`5)) and hence using (6.10) , (8.5) , 

(8.6) the branching ratio of the neutral to the charged three 

pion mode is ií . Its experimental value is not known, since 

the 3 R mode is difficult to study. However^ a correction to the 

above prediction is required a contribution from the other state 

of !LI:11,1 symmetry, i.e. a á:.i= 
sZ contribution, is not 

ruled out by the view that K° is an eigenstate of CP with eigen- 

value -1. 

The data obtained from hyperon and K -meson decays appear to 

some extent to afford evidence for a Ib t rule. The latter, 

however, suggest that this does not accurately govern the weak 

SIP to SIP decays, but merely dominates the AI _ i . 

' j contribu- 

tions. In general, the whole situation awaits improved experi- 

mental knowledge. 
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CHAPTER V 

MA`1 IEMATIC jL FORMULATION OF THE GELLMANN NISHIJIMA SCHEME. 

019. Introduction. 

The Tell -Mann Nishijima scheme introduces the new variable iso- 

baric spin and new conservation laws. These new laws are not allied 

to any invariance principle. Zell- established conservation laws - 

of energy, momentum, both linear and angular - are related to invariance 

with respect to the operations of the inhomogeneous Lorentz group. 

Charge and baryon number conservation are related to gauge invariance. 

The aims of a mathematical formulation of the scheme must thus be, 

firstly, to introduce isobaric spin in a consistent manner and, secondly, 

to relate the new laws to invariance principles. 

Since it is impossible within the framework of space -time to intro- 

duce the new degrees of freedom necessary to describe isobaric spin, 
1 

this framework must be extended. The original hypothesis of Pais l' 

in this direction states that the element of space -time is not a point 

but a manifold (isobaric spin space) which is carried into itself under 

all transformations of a certain group G. The extended framework is 

thus the direct product of space time and an (as yet fully unspecified) 

isobaric spin space. It is to be hoped that the new conservation laws 

can be viewed consistently as manifestations of invariance under the 

operations of G in isobaric spin. 

It has been established(2) that isobaric spin space must have 

a Euclidean metric and the following possibilities have been discussed: 

(1) :ee Ref. 36. 

(2) See Ref. 3 7. 
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1) That G is the real orthogonal group in [33 . The 

operations of G are then rotations and reflexions in L33 

2) That G is the group of rotations in 

The former case has been discussed by D'Espagnat and Prentki. 

The latter has been discussed by Pais and by Salam and Polkinghorne. 

Of these the original theory was due to Pais, but it proved to be 

a failure. 

For each of the theories, a Lagrangian can be written for all 

the strong interactions as a sum of free field Lagrangians and of 

the possible interactions or couplings of these fields consistent 

with the demands of the Gell -Mann Nishi jima scheme. It is necessary 

to have some criterion for limiting the possible types of couplings 

and current views on field theory do supply such a criterion. 

A certain distinction between bosons and fermions is to be 

observed; the former can be absorbed or emitted singly, whereas 

the latter can only be absorbed or emitted in particle -antiparticle 

pairs (or else if a single fermion is absorbed, another is emitted 

to take its place). This situation is merely the requirement of 

conservation of baryon number. The distinction is observed in 

field theory and discussion of fermions must simultaneously 

involve treatment of antifermions. For boson particle and anti- 

particle are normally introduced separately. 

Let be a field- operator representing a boson absorption 

or emission. Let be a field operator for a fermion field: it 

describes fermion absorption or antifermion emission, i.e. it 

reduces baryon number by 1. Then is is the field operator 

which increases baryon number by 1. ¡I, conserves baryon 

number and .cepresents fermion -antifermion absorption or emission 

or a fermion exchange process. The most general interaction term 
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that conserves baryon number is: 

X 
Ls-fi)/ (19.1) 

where k , 

y 
are the number of boson and fermion fields res- 

pectively. The notation is symbolic not distinguishing between 

different boson or different fermion fields. It is desired to 

discuss the dimensions of 
1 

for various values of 'i ,1 . 

In natural units(1), L, length, is the only free dimension. 

Mass and energy are of dimension L`t and a Lagrangian has L ] -4 

For a free boson and fermion field, the Lagrangians respectively 

involve terms 

where 01 are the bare masses associated with these fields. 

Hence 4.' has 
-1 

and " `1 From (19.1), the 

dimensi ons of 
j 

are: 

1.3 3 . - 44 x 4- 31 
(19.2) 

The only interactions which have dimensionless coupling constants 

are 

According to Schwinger(2), it is undesirable for coupling constants 

to involve a unit of length, since field theory contains no intrin- 

sic standard of length. This will be adopted as the criterion for 

limiting the types of coupling: indeed attention is confined to 

the Yukawa type of coupling: j 4 4 

Thë theory of D'Espagnat and Prentki is given first in 20. 

Using a 13J space as isobaric spin space and considering re- 

flections as well as rotations therein, it achieves a description 

of the strong interactions, which makes it an adequate theory, 

(1) c 1 . (2) See Ref. 41. 
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according to the criteria of this section. One then looks on 

the strong interaction Lagrangian of the theory, which is a linear 

combination of all possible coupling terms 

1) consistent with the demands of the Gell -Mann 

Nishi jima Scheme, and 

2) of Yukawa type, 

as affording the most general possible description of the strong 

interactions. The coefficients of the linear combination are the 

dimensionless coupling constants of the various possible inter- 

actions and are unrelated and indeterminate. By exgnding the 

group theoretic ideas of t20, and in particular using a [4 space, 

one hopes to achieve adequate theories with less arbitrariness, 

i.e. fewer distinct coupling constants. Attempts in this direction 

are given in 21, 22 and their shortcomings are also listed. Much 

of their interest, however, stems from their further development 

in chapter VI and the content of 
§ 

23 is essential to bring out 

the full significance of the theory of § 22. 

Notation 

Lagrangians will be written in terms of destruction field 

operators. Thus the nucleon field operator is an 8- component spinor: 

N C) `rt c ) 

which reduces baryon number by 1. The anti nucleon field is 

V = N+ r4 

ó,, , Y: are Lorentz space Dirac matrices and have 8 rows and 

columns. Chapter 1 deals with spinors , { 
# 

- the components of 

the latter arising from those of the former by complex conjugation. 

But when these components are not merely numbers 
but field operators, 

the spinor ÿt is now to be used in place of i 
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320. The D'Espagnat Prentki Theory in 13J 

This theory employs Q] as isobaric spin space, the operations 

of the group ,--C on this space, being rotations and reflexione. 

To each multiplet of strongly ihteracting particles was 

assigned an isobaric spin vector ( 11, 12), whose components 

, 
i1 

, i have commutation relations appropriate to the 

generators of infinitesimal rotations about the coordinate axes 

in a t.3 This is, of course, isobaric spin space and one 

assumes that the components of the vector I generate infinitesi- 

mal rotations herein, exactly as those of an angular momentum 

operator J do in real 3J space (.g 1). It will be possible to 

classify, the multiplets of SIP's by means of the representations 

cQ) ( 3) of the group of rotations in 13 j , -i being the magni- 

tude of the isobaric spin vector or isobaric spin quantum number 

as given by 

If N is the destruction (field) operator of the particle A and 

defines the vacuum, then 
iA T i 'i 

is a state with one of 

particle A . The one particle states of the SIP's are eigenstates 

of V- and and hence are to be associated with the base vectors 
ONO 

of the 1/4) appropriate to the ! -value of the multiplet to which 

the particle belongs. Under rotation in isobaric spin space, the 

field operators 4 will transform contragradiently to the Act (o 

and hence the field operators are to be associated with the com- 

ponents of the general vector of the appropriate P(?) . 

Since N' L Ñ J i ' - ) _ Kv 
) 

all 

have i , with the -Si =, component written above the 

-c --t , all three fields are to be associated with the spinor 
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C1.110 defined by 7(;) in (3.7). The scalar \ belongs to 
w 

DO and ) and a _ 
k) belong to the set L 

) 

of components of i)Q9 in (3.9) . As yet, the baryons 

both belong to ßtí) . This degeneracy will however not remain, 

when the reflexion operations of `T are used. 

The introduction of isobaric spin has been achieved. Its 

conservation is to be related to invariance under rotations in 

isobaric spin space of the strong interaction Lagrangian, i.e. 

all possible interaction terms are to be true scalars in isobaric 

spin space. 

In order that Z also be conserved - and representations 

Us) have been used wherein it is defined for each particle - it 

is necessary that the Lagrangian be invariant under rotations 

about the z -axis in isobaric spin space, i.e. the Lagrangian 

finally adopted must contain only terms which are invariant under 

the transformation: 

.1 ,. .' 
N 

1. 1 sx Y - it 
-t. 

14 A 

t 7zß_ l T _ óá ` 
(20.1) 

t ` a o -1 
t Tzd 

T.( -4 4. 1 

since Z Z 

applied simultaneously to all fields. In the various cases one 

obtains by expansion of the exponential as a power series: 

E ` = tos di -t- ( ; 5t i j l tV,_ , ( ) 

41, = l -' 12 C c Sd -i) 4 t. Sw4 t t 11 
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From (1.11) , the first operation is seen to be that which operates 

the rotation of a spinor i £ L through t about the z -axis. 

It is not hard to show that the second operation describes the 

rotation transformation of the set 1 under rotation through 

about the z- axis. 

Conservation of charge is also required by the theory. This 

is insured by requirement that all terms of the Lagrangian be in- 

variant under the following gauge transformation, applied simul- 

taneously to all fields: 

-0 
x d 

41../ 

c 
_e 

a 1 

11 4 -Q. 
t1 

t 4 

Then expansion of the 

. 
i. 

(J v 
6 

V 

o c 
Q -l,rI 
A T ,/ 

exponents al s gives: 

( -e ( c o 3 -,t l) <- c Q 

( -- oS -1 ) a- t 

1 . ¡ü 

s . aC 

5;-"-4 

(20.2) 

(20.3) 
to. 4.4 

i¡ L e o S et - 1 y Ci ) 

It is at this stage that D' . spagnat and rrentki introduce reflexi one 

into their description of the SIP's. For the choice . _ , (20.3) 

gives 

~ 
tiCQ N ti 

1- (id 
= 

1.1 

t .2 a 
- 

I - - 1.-4.1" 
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If one defines i _ a (4:51 -- c 

t.) 
° = i; and similarly 

for T , then the last line of (20.4) indicates that: 

tf 7¡, - 
It -a - ; Tz -3 - 

(2 0.5 ) 

Now, the gauge transformation for the choice may be inter- 

preted as a geometrical transformation in isobaric spin space. 

This transformation can be seen to be a reflexion in the xj plane 

in isobaric spin space when one views N and as spinors of the 

first kind (i 1), = as a spinor of the second kind, , ñ as 

pseudovectors with Cartesian components it 2t and 

-1 , 
It 

and . 
/1 as a scalar in isobaric spin space. 

So far, it has been required that the terms of the strong 

interaction Lagrangian be invariant under rotations in isobaric 

spin space and under this particular reflexion: reflexion in the 

)j plane of isobaric spin space. By the Cartan Theorem of 1, 

this is equivalent to requiring the invariance to hold under all 

reflexions in isobaric spin space. It may also be observed that 

once all the operations of the group CT i n isobaric spin space 

are employed degeneracy of the multiplets of SIP's is not present. 

The discussion of 019 indicates that only couplings of the 

Yukawa type are being considered as possible terms for the strong 

interaction Lagrangian. These terms then are certainly baryon 

number conserving. This can be imposed separately by requiring 

possible terms to be invariant under the following gauge trans- 

formation, applied simultaneously to all fields: 

(baryons) 

(mesons) 

(anti- baryons) 

(20.6) 

J 
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If a Lagrangian be constructed which conserves tz , and 1 , 

then it will also conserve S , by virtue of its definition (12.1) : 

ut zi 
4 CIS 4-S) 

!Z LU 
(20.7) 

The quantum number U (hypercharge) is defined for all multiplets 
of Slip's. 

(V, t( have to f ; A , have all u - o ; has (A _ --( 

as on the table belonging to f13. Antiparticles have U values 
obtained by changing the sign of the particle 4 -value. (20.7), 
of course, implies Lt conservation of the strong interaction 
Lagrangian. This may be otherwise expressed by its invariance 

under a transformation simultaneously operated on all fields by 

the appropriate -e The special case d----"7/- corresponds 

to: 
lV -a N , . -i 

-4 < 

: -0 , n a t -1 ) (20.8) 

I 

This exactly describes the behaviour under inversion in the origin 

of isobaric spin space of spinors of the first kind ( N , K ) of 

the second kind C- j and of pseudovectors T 
) and scalar 

The dependence of the conservations, CZ , IL and (,4 is made 

man; fest by the relation of the geometrical transformations in 

isobaric spin space to which they correspond. Reflexion in the 

plane followed by rotation of amount It about the z -axis is 

equivalent -to inversion in the origin. From its relation to 

inversion in the origin, lA has been called the isoparity. 

All transformations thus agree with the assignments: 
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Nt4 spinor of first kind H (L) 
spinor of second kind , (1z:1144) 

gT pseudovectors 
/l scalar 

1 

belong to 1)( 

s 

belong to "NO 

belong to v,(?) 

(20.9) 

1 

The strong interaction Lagrangian can now be written down in 

its more general form consistent with the Gell- ivIann Ni shi jima 

scheme. Restriction to Yukawa type of coupling ensures baryon 

number conservation. Then the stipulation that the Lagrangian 

is a true scalar in isobaric spin space, which ensures t , 

and ì conservation and hence or U conservation, is met 

with by noticing (20.9), so that use of (1.16) and the work of 

3 readily gives the required Lagrangian. Even though attention 

is strongly focussed on its isobaric spin space structure, some 

remarks on the Lorentz space structure are needed. Lorentz in- 

variance of the theory is, of course, required and will be met 

with without further discussion. To each spinor field if t a 

Lorentz space ÓK. is attached and % is written. Further, for 

the sake of definiteness some space parity assumptions are made, 

though, of course, different ones only would mean a different 

distribution of factors (Os) . 

Let N_ have the same parity; let k, L have the same 

parity and let the 04,A -1 relative parity be the same as the 

intrinsic V parity. Or more simply, let all fermion fields 

describe (,i +) particles and let the K -field be (04-) . The 

possibility of there being 2 - fields of odd relative parity 

will be discussed. 

For the present case, the Lagrangian is: 
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= on N C`artJ T ni ,^ + _ ` TS) ̀  _ !i 
9 A ( i )..71- 4. 74.c +1, s 1 . TI 

-t j N K A +L. c E 
ß K -+ .C.. c 

1 

(20.10) 

+,57 _ ¿ 1-2. V A 4.,t... +9$ ? ¿ i Ilt_ . 4- ,1.. .c. 

where 1% = (`ri 011.,11; ) ; 1. _ C, , i.z, , as in (20.5) , and h. c. 
means the hermitian conjugate of the previous term. This last 
remark relates to the requirement that strong be hermitian; 
further certain -t , s are present in anticipation of the fact 
that all 

4 
s are real. Hermitianness alone needs cj i , li and j 

real and the reality of the other j 's follows by requiring that 

strong be invariant under charge conjugation, as can be verified 
separately for each term. It will 

/ 
be sufficient as illustration 

of method of proof to show that aC strong being hermitian requires 

j real and that then the 
y1 

term is invariant under charge con- 

jugation. 

1) (Z51.: t Y o Y S /.11 r v A N+ yrr jY . _ 
. -a N 

as ó: , Ú4 are respectively hermitian matrices and fields. 
This then equals S * w t r .: r ?1 !v when one uses a 

representation of the Dirac matrices with Y - YY Yrt - 

and the fact = - Hence one has it 

implying reality of 43, 

2) To exhibit the invariance of this term of strong under 

charge conjugation, it is convenient to use a IMIajorana representa- 

tion of the Dirac matrices, i.e. Yt , óz 
, t symmetric, X* and 

hence ßß'p anti symmetric. Then, for all particle fields )' _ X t 

(Actually = , x(1 ; but (3 =0 will do) . 

c- numbers are left unaltered by charge conjugation of the theory. 
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N/c, _ ;11 [%fYgcY,_ pt'' -^+ir^TEG r at óLLYr,.i[+ + rntYttf51,Id 
c 

Now 

t r 4 4 . Yi t c -- .. ó0'c n t iC° -f 2 t ó, E Yr rt{ T - - n Yw t ïi +-] 

--v 
1 _91 t C YyáY iT- n(áí nÌl° ; nt érr lu -.i'1 !iá î 3 ti ÏT+J 

L.c.rr) é- Zi _ r r 8`,.F - Yy á(s 

so that rf _.13- ,v )L Yy ?.lt a 

It may be remarked that: 

( 1 1 ) t ) = (t Tr - ant) 

has been used in the above. 

A Lagrangian (20.10) consisting of a linear combination of 

eight terms has been reached. There are 8 unrelated constants 

j 
r 

. If one envisages the possibility of two V fields of 

opposite parity, 4 more terms, of the form of the )g terms, 

must be added to (20.10). Further a term: 

h+ i K 4 .ï 
(20.11) 

where V , K 1 are fields differing only in parity (i.e. K , Y ' 

relative parity is odd) is allowed by I , ïz , , 3 and 

hence S or U conservation. Being of the type A , it would 

have a coupling constant of dimensions 0. 1 in natural units. 

The possible existence of two K -meson fields of odd 

relative parity has been developed by Lee and Yang into the 

'Parity Doublet Theory'(1). According to this theory, particles of 

odd strangeness (e% , 
A 

, 
Z 

) exist in parity doublets. Allow- 

ing then for (A , / ' ) , ( , ) fields differing only in parity, 

then causes the number of possible terms of 
4 strong (and 

hence 

(1) See Ref. 43. 
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the number of 
6 

' s) to increase from 13 to 2ú. 

This concludes the discussion of the D'Es-pagnat, Prentki [3J 

formulation of the Gell-Mann Nishijima scheme. The content of the 

formalism is summarized by the field assignment (20.9) and the 

Lagrangian (20.10) . 

21. The Salam PolkinMh.orne Theory in 1 
The theory of the present section is based on analogous 

group theoretic ideas in a C 43 internal space as was the theory 

of j20in i.3J, 
It rests on the fact that the group tR4 of rotations in L41 

can be viewed as the direct product of two `A rotation groups, 

operating on the 133 subspace TA, of [4] and the factor [31- sub- 

space 14 which is orthogonal to it. The representations of 

were discussed in 5. They are denoted by 10000 where )1 

refers to rotations in .ice ; to rotations in Ç As in j20, 

the particle fields are to be related to the components of the 

of low j,)11 values. Only tensorial representations, namely those 

which have (j, 4 J0 integral and are sin le valued, are to be used. 

The associations of field to N'jL) fully describe the transfor- 

mation properties of the fields in the internal space. 

The space La, will turn out to be exactly the isobaric spin 

space of the last section. Only rotations in it are considered, 

the additional operations now bein_. instead of reflection in 

rotations in the space T 
One may start by assigning IV , a jointly to the vector 

representation , which requires that IV , have the 



saine space -time structure: 

-109- 

have the same mass, which is very poor arproxi ma- 

Lion equal spins and even relative parity. 

Label the particles by their )11_, .1z eigenvalues. Thus in the 

notation of * 5: 

1` t 
o 

N ) Ci a 
L L 

Thus for CA 
, at least 

t-> 

9 
i' L 

(21.1) 

and iil=éc 
Remaining assignments will be made in agreement with this and 

!a,...11) will be referred to respectively as isobaric spin and hyper- 

charge space. is not related to any particle ouantum number. 
.:7-- 

Evidently ` , l i will belong to D(1)(9 the anti- 

symmetric self dual second rank tensor representation in ï a and 

will belong to p Co, c) the scalar representation. It is 

less trivial to relate the Y- mesons to a tensorial representation 

which gives i , yz the desired meanings. Attempt an assignment 

which relates the components of K. and 'Z1 t to those of bt`, . ;1 

14. E-) i 
t 

, t E a-;, 

` 
-i (21.2) 

This differs from the original paper in the sign of , the 
L 

minus being introduced to give eventual agreement with (20.10) . 

The field i Li;.,) assignments of the present theory do in 

fact agree with the viewing of T as isobaric spin space and 

with the viewing of A as the quantum number associated with 

notations about the z -axis in T) . The latter operation plays the 

same part as the operation of inversion in the origin did in 20: 
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it relates LI -conservation to an invariance law. Formally, 

invariance with respect to rotations about the z -axis in i 

expressed by invariance of the strong. interactions Lagrangian, 

under the transformation 

applied simultaneously to all fields. ?cor x 

! é LA 

, this gives 

is 

identically (20.3), which describes the properties of the fields 

in 20 under inversion in the origin of L3; isobaric s -pin space. 

One now seeks, using the noted assignments of field to Xj ,$).. ) 

the strong interaction Lagrangian as a sum of Yukawa type terms, 

scalar in the C41 internal space. This means then that the 

Lagrangian conserves 'r_= (because terms are Yukawa type) and 

z , ;1. , _A , these being the eigenvalues of the commuting 

operators which define the D (,'jam) . 3ecause of (20.7) 

u 

charge conservation is obtained as a consequence of the original 

requirement. It may be remarked that c1 conservation is related 

to the operation of rotations in 12 plane of , whose 

relation to the axes of , !ti is made clear in ,4. 

In dealing with tensorial representations, it might be exrected 

that it would be convenient to use the Cartesian components of these 

representations to form scalars. Using (5.9) for N 

L XI = k-K^ -44....) 

+ 

l ` I1` -, `-K^+ i<49 F....1-.. 

4 

A f f- i l i 
n f 61 

a) 

4 - i¿ ,....k° + oc') 

and K , 

(21.3) 



For Tr use (5.11) to give: 

Ti i : = IS lip, 

i,yt " C24 

1T 
IY. 

- 7ï14 

with like results for L . 

-ii +) 

Jr. I: 
`7L + Ìt+) 

The terms of (20.10) are easily formed: 

- ,1"; e 

?- 

.« 

i 

i 
4(ì . 

a (21.5) f 

: v K b+ t î L z,, )0A 

- iJ C + i - t ì 
so that the strong interaction Lagrangian of the present formalism 

is thus (20.10) with the restrictions: 

(21.6) 

In spinorial notation, use (5.13) for 14 , L and ï < eL fit" 

X 
t ` 

r. If+ KIT ' .C+ 

0 A L N Ktï * K1` 

x11 
a 

- 17" (21.7) 

s..;. 41 -K 

or 
, n _1 ̀._xti '_ 2L 

(2.3) now gives (d +li ï - X N 

Using (5.14) for 6 , one has I+ _ IIu , t ̀ Iiu -um It ,, a 

where the suffices are spinorial as opposed to the tensorial suffices 

in (21.4). The nature of any suffix will always be made clear by the 

context wherein it is used. Here use will be made of the components: 
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-'ri 
t 

s - Tu =- 1i{- ri - c%1 

Tt -rL1 - - R' - -t'li ^cg2 

-a 4 - ï'( ,. ~ - V - as 

Similarly for Z . Now using ( 21.6) to ( 21.8) one forms the 

scalars: 

s 
Al = - N_,N 4. ":3 `= ) , n 

J 

I x /" Z . `n A y - -2 
04. 

a 
A Ti 

A 
" X 
K 1 K _ r ti . n -+- , C < <,. ) 1.41 

a. 
A y/"` a Si" { - ? c zt Kt) 

(21.9) 

J 

agreeing with the above remarks. 

Two points concerning the présent formulation of the Gell -Mann 

Nishijima may be made: 

l) The neglect of the if , mass difference. 

2) The fact that the postulated mathematical invariance, 

full 141 invariance, is stronger than the physics needs to account 

for conservation of all the quantum numbers of the Gell -,Tann Nishijima 

scheme: conservation is the only physical conservation related 

to . . 

A final remark, concerning the now abandoned association of 

O LJ i) with a i -meson multiplet. The appearance in the original 

paper of such a multiplet - heavy mesons distinct, in particular, 

in intrinsic parity - from the K- mesons - was needed to give agree- 

ment between the then accepted belief in parity conservation in all 

interactions, and the existence of decay states of heavy mesons of 

parity of either sign. Discovery that weak decays need not respect 
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parity conservation now allows qualitative understanding of all 

K -meson decays as arising from the K- mesons considered here. 

22. The D'Eepagnat- Prentki -Salam Theory in 4 . 

Another theory which also uses a 14) internal space and 

considers rotations therein and which yields a strong interaction 

Lagrangian differing only from (20.10) in certain relations of 

the 's was proposed by D'Espagnat- Prentki and Salam(1), from a 
0 

formal viewpoint. 

Like the theory of 21 it uses the factorization of r4J into 

two orthogonal L3 J subspaces IT,. and 1 . To describe rotations 

one may use the 2- component spinors , .4 which transforms under 

rotations in . and iy respectively according to 

-4 t a T v. 4 a `sw 

where , are unitary, unimodular and dependent on independent 

sets of parameters. Construction of tensorial quantities in ,.4.1 

from 
if 

, A type spinors was discussed in 
S 

4 , and related 

to the components of t ; j, , jL) in 5. 

The present theory aims to assign fields to 0 i j1 jL) in 

order to obtain the terms of (20.10) as scalars in the [4] inter- 

nal space and in so doing does not relate )i,, to quantum 

numbers. One starts with 

1) iJ , = are spi "n'*s in T , i.e. belong to 7C1. -1 

2) OL is a spinor in r 
4 i.e. belongs to >`ì ) 

or 14 f (9 T 
i 

= , - , A. Since the reflection 

operations in the internal space are not considered, r,.41- is 

simply another spinor in !q . 

(1) See Refs. 2 and 44. 
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Since C "T A ) -C f' ,') is a 4- vector, (4.16), one deduces 

and 

k »r -twK ) 

`f t (i`i_t/; - L<7L.+)] 

are 4- vectors in the L4) internal space of this theory. Each of 

these is a set of 4 Cartesian components of a 00, c ) related 

as in (5.9) to the spherical components L.. etc. 
1.1 

By inspection of (20.10), it can be seen that the 

terms of (20.10) can be obtained if 

1) 

and 2)s_ 
This is because one has these scalar products of 4- vectors 

,C N) are the Cartesian components of a 4 vector in t 41 

and 

N i r< . 
J r rCC+ ti 

.4 1-;,1 

Thus one assigns the multiplets 

1 

(22.2) =tk 
to the Cartesian com- 

ponents of a T, ( =L,.' . In order that two multiplets of strongly 

interacting particles appear in the same irreducible P(.;,3", , it 

is necessary that these have the same space -time structure. In 

addition to the assumption of equal spins and even relative 

parity of to ' , this requires neglect of the 

mass difference. This, however, is the smallest mass difference 

of any pair of SIP multiplets; in fact 

- 1 - ao^,, 

(22.3) 

is only about twice the size of 
t 

.J . The neglect of 

is, like the NI, E degeneracy on basic feature of the 

present formalism. 

One must now attend to the formation of the pion interaction 
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terms of (20.10) . Since V(174 is an anti symrnetri c self dual 

second rank tensor, (4.17) , one has here ris r tJ = =- as such 

tensors in r,. . Hence the and 
)44- 

terms of (20.10) can now 

be formed by the association of the pion fields to the components 

of \j `) , the antisymmetric self dual tensor representation 
in 1,1/4 . if r , , t are two such -tensors 

i.e. f - rl,4 
, 

, i , _ 
14 ' 1 

then the scalar 'T4 T ' -4 r . ' where r f i, t ) etc. 
Here, then the 

31 
and j terns of (20.10) are given by the 

scalars 

J 
ovt .4. E.- _ If 

(22.4) 

The fi eldl 0101.) -1) relationship are now all all made so that the 

terms of (20.10) must be formable from them in order 

that the theory be 'closed'. Prom two four vectors .1,A. , b , an 

anti symme tri c self dual tensor T , may be built; 

with suffices defined 'modulo 4' if one takes ( t -11') and 

t) and r' such that t i ti 

in fact build a scalar s 

- Z. li g +l . If - 

, then one can 

which yields the jr terms of (20.10), provided that, 
(22.5) 

(22.6) 

All the terms of (20.10) have thus been obtained as Yukawa type 

scalars in the L.4.f interval space. However, this criterion which 

was sufficient in 03 20, 21 for building possible terms of the strong 
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interaction Lagrangian consistently with the Gell -Mann Nishijima 

scheme, is no longer sufficient. Because of the NI, _ and t degeneracy, the terms 

e.g. sr , f t Ít 11 

Ñ r .t + il t rs ßt1 
are scalar in the internal space but still violate conservation 

of -4, . Hence in the present theory, charge conservation is 

ensured for the theory, by imposing invariance of the strong inter- 

action Lagrangian under the gauge transformation (20.2) as an 

additional requirement. 

Summarizing, then, one has 01 internal space with the noted 

field- b 
( 

jl lj,,) assignments. One builds the strong interaction 

Lagrangian of the theory from Yukawa type terms, which are 

1) scalars in the internal space, 

2) charge conserving, 

and obtains a result differing only from (20.10) in the re- 

strictions 

(22.7) 

In this sense, then, the theory is a 'formulation' of the Gell -Mann 

Nishijima scheme. 

Three points about the theory may be noticed: 

1) Charge conservation needs to be imposed in addition to the 

usual criterion for building terms of strong interaction Lagrangian, 

as a result of degeneracy in the field í) 
lf, 

;,,) assignment. 

2) Neglect of 

3) The fact that the 1i, values of the PG, j.,) used in the 

theory do not appear to be related in obvious manner to the corres- 

ponding particle quantum numbers. This situation is cleared up in 

23. 
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As in .t 21, the construction of the terms of the Lagrangian 

will be given in spinorial notation. 

Let N t.4 IT e.4 
f a 

K. - A , zI c. 

in notation of 3 5. Ñ 43 :.4 4 ' a follow. The 

spinorial components of the i\ -field are as given in 21. 

are the Cartesian components of a ) ,L,1 I) and are related as 

in (5.8) to the spherical components, 

- d °c c L L - fi t_ t 
1 

_ ; +. itA) = 2 -1 

. 1 I etc; 

so that one may use the mixed (in sense of / 5) spinor 

t 

i ß', 4A' t 0. 

*? L - 

Also 
tiT 

= _ } etc. It may be remarked that the spherical com- 

ponents of the L , \ 14 
, 

1,/ 
are not related to physical par- 

ticles. In order that these have any meaning, the assumption of 

equal spins and even relative parity for , \ and the neglect 

of are essential. 

One may now form the scalars: 

.J 

(22.8) 

i,tN,_ç a_.c 4 11a 

a 
v i 

- 
1t _ . 1 + M - (22.9) 

i ra 
~u_ --flr - l : . t ,. 

which is in agreement with what has been done above. 
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23. Pais' Quantum Numbers. 

If, as in , 22, one assumes that the. t , 1 spins are equal, 

the x , relative parity is even and that y (22.3) is 

negligible, then it is to some extent meaningful to speak of the 

particle mixtures: 

z - 1 ) ¿ ( +A) (23.1) 

If also one retains the restrictions (22.7) on the 
.1 

's of (20.10) 

and writes 

SL s 1ÿ - j:a j-T 
(23.2) 

then one may introduce an alternative set of isobaric spin quantum 

numbers to the Gell -Mann Nishijima scheme. To do so, one denotes 

' ? 1 (41- 
sic, co J,° N1 ,V4 

_ ,fis /A/ 4 (23.3) 

and formally rewrites (20.10) with (23.2) as follows: 

strong 
Lri 1 + `¡.0 I where 

+ 14 Par V.{ z Si ,. 3 It 

1_ Kit 
Nj < +1 -F {,..c.- 

+ , f 1 7(4- + F/4 tJ e .1 
4 , . `fir 

strong 
as given by (23.4) can easily be seen (. 1) to be a 

scalar in the L31 isobaric spin space related to the alternative 

(Pais) set of isobaric spin quantum numbers, which are as follows: 

1) The baryons are a set of 4 doublets with -C- i 1)j in each 

doublet %1 the upper component in (23.3) is the i-ci member. 

2) The pions are an t =I triplet as before 

3) The K- mesons are all T = C singlets. 

(23.4) 

(1) Pais' isobaric spin quantum number will be denoted by T , with : as Z.- component. 
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Or else one may say each belongs to 3) lt) , the pions to 

1;t1) , the K- mesons all to 1) . Use of t , FL in addition 

to 6, t does not thus give a non degenerate description of 

the SIP's; further quantum numbers are necessary. 

Both till and ,V0 of (23.4) are invariant under these two 

independent gauge transformations: 

- L 

1) Nit 

'\1 

and 

-4 

cc -4 it 

lV 

tV1 

IL 
4'L 

6,/1, 

ld, 
lV -i ,¿ IN/V 

_ K 
K ` -> ec i( X + -) 4- 

C p K _,. Z-4 Z-4 N L 

-L 
2 ) - (4Jt 4 {.. ` t'/ ^f; ,` A 

-. 
` r./1. r./1. -a Ac 

s; 
P41,. P41,. Nim ` P44 

t/. + --a ' c ì t 
Au a 

rC ' :57-t .-4 { b( { 

(23.5) 

J 
ì 

(23.6) 

It thus follows that there exist a further pair of conserved 

quantum numbers, namely t.1, 

(23.5), (23.6) respectively: 

c A, 4 

g' 
4 

41. 

defined by the transformations 

(23.5) 

(23.6) 

applied in each case simultaneously to all fields. To exhibit the 

symmetry of the description of SIP's by the sets Tz, 

these are given in the following tables: 

t ` t 



1) Baryons 

2) Mesons 

,r 
t 
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Tz 

1 

1 2 

1 2 

1 

uL 

2 

1 

o 

1 

1 

o 

o 

1 

1 

o 

o 

1 

1 

(23.7) 

It is for the sake of the above manifested symmetry that the quantum 

numbers here introduced are Al -i 4t) 

. 

rather than the , L introduced by Pais(1). 

The quantum numbers 171, ¡At are related to the quantum 

numbers .; and Lk of the Gell- Mann Nishijima scheme by 

(23.8) 

The Pais quantum numbers l ,Ì- , ,A1 and Liz have been 

introduced on the basis of certain assumptions indicating the 

(1) See Ref. 45. 
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relationship of the present section to the previous one. In fact, 
it will now be indicated that the theory of §22 provides a mathe- 
matical formulation, in the sense of 19, of the SIP scheme of the 
Pais quantum numbers. 

The field - (5, 
L ) assignments of 22 are all in agree- 

ment with 
) J 3)1-z TZ (23.9) 

ç 
L ) 42. z - j - i 1) i and 

not being related in any way to provide quantum numbers. Thus 

the I G. space of 
$ 

22 is the isobaric spin space of the Pais 
isobaric spin assignments and 01, -4J is related to rotations 
about the z -axis in °I , there being yas in 321 no other 
physically significant operation therein. 

If, using the field - I)ij,Ijt) assignments of 
5 

22, one attempts 
the construction of the strong interaction Lagrangian as a sum of 

Yukawa type scalar terms in the 01 -internal space, then one has 

done sufficient only to ensure the conservation of T , , )s 
and LA -ßt1 in addition to 15 . -x and (A conservation do not 

now fallow automatically, but conservation of both will follow 

requiring the use of only those 14J Yukawa -type scalars which are 

invariant under (20.2) , i.e. o.* , T z , conservations imply 4. 

conservation and al. , (alt- LA,) conservations then imply that of 

LII and A. in each case (23.8) being used. One thus obtains, 

of course, (20.10) subject to (22.7), a Lagrangian whose equivalence 

to (23.4) is rendered obvious especially in spinorial notation. 

The :;; , 
\)14. 

terms are in each case the same. Next consider 

the 
ji- 

, terms. Using the notation of 
3 

22 and denoting 

4aß , 4a.ÿ by (Y,,)a , 043)a in agreement with (22.8), (23.1) 

one has 



N ++ 

Also for the l terms: 

A 
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L ñ a¡ 
1 
L ; ` 

j 
T 1 L ¢% 

a : 

? tv,,),, + lïv3 ) L Ns) v 1 

ç N, 4- I; N;. ÌT 

_ - it'Jl t./1.)1 [ - N)yt) 1{ . 
- Ñ N%. dt .1- Kit tv rC. 

and the 5.1., terms: 

+. v,. - 1,41,4 tv , + - w Ns ° 

It has been established then that the theory of 5 22 plays 

a similar role for the Pais quantum number scheme of the SIP's, 

as does the theory of 21 for the Gell -Mann Nishijima scheme. 

Here, as was noted there, the mathematical invariance of the 

strong interaction is stronger than the physics requires: 
)L 

conservation is unrelated to the conservation of any of the par- 

ticle quantum numbers. 
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CHAPTER VI 

FURTHER DEVELOPMENT OF STRONG INTERACTION THEORY 

24. Introduction. 

This chapter is devoted to the discussion of the progress that 

may be made in the description of the strong interactions. 

It is customary to regard the Lagrangian (20.10) as des- 

cribing the strong interactions in the most general possible manner 

consistent with the statement of the Gell -Mann Nishijima scheme. It 

arises from a theory which uses a 13f isobaric spin or internal 

space and contains eight undetermined and unrelated coupling con- 

stants. To discuss such a complex non -linear system as such a 

Lagrangian describes is well beyond the currently known methods 

of field theory; indeed these methods are not even capable of 

exactly treating pion -nucleon physics with a single constant t. 

It is hoped, then, that although (20.10) is the most general 

possible Lagrangian, a more specific one would adequately des- 

cribe the strong interactions consistently with the Gell -Mann 

Nishijima scheme, i.e. that certain relations of the 
j 

of 

(20.10) exist, which the methods of 20 were not powerful 

enough to exhibit. The attempts to go beyond the theory of5 20 

have adopted three methods of procedure; 

1) The Lagrangian (20.10) is invariant with respect to 

certain formal substitutions, given, (24.1) and (24.3) , without 

any relation to any geometrical operation in isobaric spin space, 

provided that certain relations exist amongst the j 
's. Thus, a 

criterion for suggesting a reasonable reduction of number of 

distinct 's in (20.10) is provided, namely, that the 3 
relations 
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required by any such invariance are in fact, true. 

2) One may attempt to use an internal space which is of 

greater number of degrees of freedom than the L ] isobaric spin 

space of 2O, and which includes a subspace, identical to, or 

equivalent to, in some approximation, this L3, space. One then 

extends the group theoretic ideas of /20 and obtains, as a scalar 

in the new internal space, a strong interaction Lagrangian which 

differs from (20.10) only in the relationship of certain of its 

eight 
A 

's. 

3) One may also obtain a more rigid theory of the strong 

interactions by adding to the postulates of the Gell -Mann Nishijima 

scheme certain new physical ideas. 

In this section it will be shown the first approach - the 

earliest one - is very limited and certainly has nothing to add 

to what was accomplished by the second method in Chapter V. 

Schwinger(l)pointed out that the strong interaction Lagrangian 

(20.10) was left unaltered by the interchanges: 

K (24.1) 

provided, also, that the interchanges 
31 

j4 

J4, 
4-4 are made. If one then assumes that t i , = have equal 

spins and even relative parity and neglects the Ni, = mass 

difference, then one is led to propose that 

3% jti ) 1- 1 j y ? 

Now this restricts (20.10) in exactly the same way as does the 

(24.2) 

Salam -Polkinghorne theory of 21. Indeed the assumptions needed 

here are just these required to justify the field - f, ,A assign- 

ments of the theory. Also (24.1) merely means the invariance of 

(1) See Ref. 41. 
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(20.10) under interchange of the U _ +l fields. Naturally, then 

this imposes the same restrictions on (20.10) as the conservation 

of j` in 3'21 requires: for this conservation implies the equi- 

valence of the 31.7.. i fields, i.e. the A = *I fields. 

It may be remarked again that this equivalence is not required by 

the physics of the Gell -Mann Nishijima scheme, but like (24.1) 

appears in the formalism via the mathematics alone. 

The other suggested set of substitutions(1) 

-- , 

gives invariance of (20.10) provided c -4 
1 , ``.4 1s 

J5 =-) . In the approximation that the ( i , -1 ) mass 

difference can be neglected and with the assumptions that the Y_ , i 

spins are equal and that the , relative parity is even, one 

is led to believe that: 

(24.3) 

j z .ts . s 
The set (24.4) has however been shown by Salam(2) to be untenable 

in the light of available experimental data. 

One concludes that the only significant advance on (20.10) 

achieved by approach 1) is also obtained and in more satisfactory 

manner by the Salam- Polkinghorne theory (approach 2). To proceed 

further than has been achieved already by approach 2) in Chapter V 

one evidently requires the introduction of new physical ideas. 

Some such suggestions, as yet not confronted by experiment, have 

been made and, in connection with these, discussion is given in 

this chapter of the Doublet Theory of Pais(3) and of tiae Global 

(24.4) 

(1) See Ref. 2. 

(2) See Ref. 47. 
(3) See Ref. 45. 
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Symmetry Theory of Gell -Mann and Schwinger(1). Doublet theory, 

discussed in 25 is based on the fact, noted in the last para- 

graph of '23, that ,L- conservation, in the sense of 
5 
23 can be 

broken without violating the conservation of any physical quantum 

number. A similar remark holds for the ÿt of Salam -Polkinghorne 

theory, which is rediscussed briefly in 5 26 on the basis of a 

principle 'half way' towards global symmetry theory. The full 

global symmetry theory is discussed in f27 and then in i 28,-- 

absorption is discussed in terms of it. Finally in 5 29, a review 

is given of the invariance properties of the elementary particle 

interactions as described by the various theories and a considera- 

tion is made of the question of the mass spectrum, in particular 

of the baryons. 

25. Pais' Doublet Theory. 

In y23, a theory of the strong interactions was developed on 

the basis of certain noted assumptions: 

1) that (23.2) is accurately true as a restriction on (20.10) 

2) that i , N have equal spins and even relative parity 

and the dynamical approximation that , asdefined in (22.3) , 

can be neglected in the dynamics of the strongly interacting 

particles. 

Then the Pais scheme of quantum numbers for SIP's existed as 

an alternative to that of Gell -Mann and Ni shi jima. When the strong 

interaction Lagrangian for the Pais scheme was constructed as a 

scalar in a suitable internal space conservation of i , Tz , jt 

and iz _ i 0,4t-u,) followed automatically and i conservation must 

be separately imposed to ensure that A2, , and Lt are also 

(1) See Ref. 48. 
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conserved. In fact, it was shown that the mathematical theory of 

22, whose Lagrangian could be written in the form (23.4) con- 

stitutes a 'formulation' of the Pais scheme and that the suitable 

internal space is L4, , being equivalent to the direct product 

of the 2 L3J subspaces T, é f -space, and t which defines 

,uyz . It is to be noted that j is not related to any 

quantum number of phenomenological physical significance. 

Having noted that the above assumptions are those required 

to transform the Gell -Mann Nishijima scheme into equivalence 

with Pais' scheme, the physical predictions that follow the latter 

may now be discussed. It will be convenient to refer to the con- 

servation of Ji% and of At as a and to the invariance of the 

Lagrangian (23.4) with respect to the set of substitutions: 

as b. 

1V t -- lo/t f®(L -> l 4-i ïo1 - tVy, 

IN -a IX 

) K° k-; 0Z-+ 

First consider charge exchange scattering of K+ on neutrons 

(25.2) 

Although experimentally an observed process, a predicts that it 

is forbidden. 

Next, consider the processes 

-t 0 " 

. z t c 

a implies that Ìff ' " ,<- ZvV° 1 

Tr - -4T 

-° ir + p irt 
(25.3)A 

(25.3)B 

(25.3)c 

b implies that L-vo- tt;-r,? = 01°K1 
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'25.4) 

(25.5) 

(25.6) 

is forbidden. 

Now, of the noted results, only (25.4) agrees with experimental 

findings. The other three predictions are unacceptable by an amount 

for more than mere neglect of 5 could ever justify. 

In his main paper on the topic, Pais set out from the assumptions 

noted above and the approximation of neglect of , proving their 

consequences false. Then, in a subsequent analysis, he obtained 

a similar conclusion when (23.2) was replaced by any other set of 

conditions differing only from (23.2) in relative signs of j and 

, g )- and it, , ..i and 
.J,* 

Now it is not unwelcome to find that the Pais theory, whose 

mathematical invariance properties are stricter than the physics 

requires, leads to false conclusions. The next step is to modify 

the theory in such a way that the original assumptions, but not 

their false consequences, can be retained. It may be hoped that 

the breaking of the 'superfluous' invariance - that which defines 

yA 
- is the means of removing the latter. 

In order to break 32..- conservation, Pais introduced the 

assumption that the parity, ro) of 44 relative to VC ` is odd 

i.e. = -1 (25.7) 

It is to Fe remarked that this is not ruled out by current experi- 

mental knowledge. On adopting (25.7), (23.4) is replaced by 
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= L, 
ji 

.9 t, L t t , ( J, li/; K t 1 -4A a c . 

-}- Jï r, L 1074 Nu k--+ + ly/N. c,ás- fiÍ3 '.' 
(25.8) 

where Litt is as in (23.4) and the parity of K+ relative to the 

NIA system is taken to be even. Also, in stating the assumptions 

on which the theory is based, 1) may be restated: 

1) that (23.2) is accurately true as a restriction on (25.8); 

2) and neglect of in the dynamics is retained and (25.7) is 

added. 

With even ?Li() , Pais' T- values and the Gell -Mann Ni shi jima 

i -values are equally acceptable. When e 04) - -1 is considered, 

the latter are ruled out, since it is incorrect to associate 

particle fields with components of a single irreducible representa- 

tion of a rotation group, if these fields are of different space 

time structure. Since all K- mesons are T- singlets, (25.7) is not 

immediately ruled out as impossible. But, for the quoted reason, 

it is not possible to use the L41 internal space, as in 23, 

since one relates 0, IC to the components of a ,L,,),!.,) therein. 

The j 'spin -up' component is now of different space time 

structure from the spin down component. 
J1- 

is hence not defined 

and the internal space of Pais' theory with A4) _ - I is merely 

i3 J T- space, although (25.5) 66i11 allows , UL conservation. 

Thus rule a still obtains and rule b does not. This serves 

only to invalidate one, namely (25.5), of the false predictions of 

the theory. To remove the others, one must find some way of 

breaking a. A tenaative manner of achieving this has been suggested 

by Pais. 

When 0,0 -I , the following interaction is parity con- 

serving: 
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1~n = -i+v. n + 2- 14+ R-1 (25.9) 

where the factor has been introduced in order that the 

coupling constant .- be dimensionless in natural units. 

conserves , A but not Al or 41 . It is, however, not an 

isobaric spin (T -) space scalar. 

Still, if one considers the strong interaction dynamics to 

be governed by 

i-J LA.)/ IT) (25.10) 

one discovers: 

1) that the unwanted results, namely the forbiddenness of 

(25.2) and (25.6) have been removed from the theory by the break- 

ing of á. 

2) that a Lit 1 mass split is now possible. The electro- 

magnetic interactions are invariant with respect to rotations 

about the z -axis of ! or Çy . Hence they conserve lr and )i 

By the fourth postulate of the Gell -rann í1i shi jima scheme ( 

they conserve ,A 
. Now the conservation) of both Al and z 

imply thate of ,,11 and of 4. separately. The . , Z ^ states 

are thus not even mixed by the electromagnetic interactions and 

(25.11) 

is not allowed. With (25.10) including L c rt j however, the separate 

conservations of 'At and At. are not present, the NV, and 7, 

states are mixed (25.11) is allowed and a mechanism for splitting 

the 1L , r masses is now available. However, the present 

theory hardly explains the fact that experimentally what one sees 

is undoubtedly a L -triplet and a 1 -singlet, rather than 2 
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doublets (VI. and Í`J3 

Fem+a study of K -nucleon scattering, Pais suggests that 

3.. (25.12) 

may not be too far from a reasonable estimate. Further he was led 

to hope that the L'4 J interaction would lead to violations of the 

charge independence of the system no stronger than those 

caused by electromagnetism, at least at not too high energies. 

Also on the basis of (25.10) he found that a rough account of 

current knowledge of It-iA associated production could be given. 

These findings, of course, are very tentative, since the methods 

used to study the strong interaction dynamics are very crude and 

uncertain. 

Before one can decide whether it is of any value or not to con- 

sider the possibility (25.7), as has been done here, more experimental 

information will be needed. Evidently (25.7) itself must be pro- 

nounced correct. Also it would be of value to know the full extent 

of the validity of charge indepencicnc , in particular in 7f-nucleon 

phenomena. Further the rough account referred to of a -nucleon 

associated production requires that aft have even parity relative to 

the N1 k system, as was assumed in the writing down of (25.10). 

Finally the VO +- Kb mass difference needs looking into. It is not 

well known, at present, but if mass degeneracy exists it appears 

as an incidental feature of a theory, which contains the assumption 

that r0 - -1 
There is, of course, no compelling reason for one to use the 

L4 ;11 interaction (25.9) as the agency which avoids the erroneous 

predictions that the theory, described by (25.8), allows. It is 
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not an isobaric scalar nor does it have a dimensionless coupling 

constant. If one used a quadrilinear interaction, the former 

feature need not be present, nor need the hope that the inter- 

action, introduced in ad hoc manner in the theory, led to no 

worse violations of charge independence than electromagnetism. 

§2 Salam Polkinghorne Theory (Continued). 

In the previous section, one of the two theories which employ 

a 07 internal space was rediscussed. The essential feature of 

this theory was that, as a consequence of the fact that its 

assumptions were equivalent to the postulate that all strong inter- 

actions were invariant under general rotations in 0J , it was so 

rigid that it led to false predictions. However, the theory also 

defined for each SIP a conserved quantum number for which the 

physics had no need. Breaking of the conservation of this quantum 

number followed the introduction of a new physical postulate and a 

new, perhaps useful, theory was set up. The breaking of the use- 

less quantum number reduces the useful internal space from L4J to 

a 13] subspace, though up to stage (25.10) the pion interactions 

are still invariant under general rotations in 141 

Now, the other theory, that of 21, which uses a 1.43 in a 

different way is also physically unsatisfactory in that it neglects 

the ('a/ ,S mass difference. Since it, too defines a superfluous 

conserved quantum number, it may be expected that the violation 

of the conservation of the latter may lead to an improved theory. 

This violation is not here to be achieved as the direct result of 

a new postulate, but will be built into the theory in a rather 
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artificial manner which follows a new, deeper view of the strong 

interactions. The approach here could have been applied to some 

extent to the previous section. 

One of the two essential and in fact distinct ingredients 

of the global symmetry theory of the strong interactions (see 

next sectionì is that class A of all interactions in the language 

of 
3 

9, can be subdivided into two distinguishable classes: 

1) The very strong (VS) interactions, which are those of 

the baryons with pions. 

2) The medium strong (MS) interactions, which are those of 

the baryons with K- mesons. 

As is implied, the distinguishing feature is the relative strengths 

or the relative magnitudes of coupling constants. One uses this 

idea in conjunction with a view expressed originally by Pais, that 

the greater the magnitude of the coupling constant typical of a 

class of interactions, the more extensive the invariance properties 

of this class will be. Hence, it is suggested that the pion inter- 

actions be invariant under all rotations in the L41 internal 

space of 5' 21, whereas the K- interactions are invariant only with 

respect to rotations in a 13 , sub -space of .4 j , this sub -space 

being the 1.31 space 7! which is merely isobaric spin space of 

Gell -Mann Nishijima I- values. Of course, U conservation related 

to rotations about the z -axis of the factor space ? ̀ of ! in 141 

must also be retained, but as noted a 3) view of this conserva- 

tion in is also possible. In other words, the VS interactions 

conserve i , j, and Ill -la , whereas 
it 

is not con- 

served by the MS interactions. The equivalence of the 9zz spin up 

and spin down components of 0/11:); K;) and the j ?(, c. rocil D - 

present in 21, and in the former case present in absence of 
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K- interactions is now destroyed by the K- interactions which afford,$ 

a mechanism of producing an (V , r mass difference. 

To complete the discussion, it is necessary to find a suitable 

Lagrangian for the theory. The method to be adopted is more 

artificial than that of 25, for here the meaning of has not 

been destroyed and one may use the field- assignments of 

21, though not in such a way as to imply conservation. It 

will be seen that it is adequate to build the K- interactions as 

an arbitrary linear combination of parts which conserve 3, and 

which have a selection rule (=aj,( :=1 respectively. 

The pion interactions are as in 21: 

)2,1q L j 1 (.N ` iv = ) + 1 l L . T! a. ,1.. t ) 

+ jj ï , it J (26.1) 

The -conserving part of the K- interaction is 

114 L ' s IIVK + _ tZtiK+),1 4 N.. K+ _T zLK f (26.2) 

The construction of the part of K- interaction which accurately 

implies 

- 
is achieved by a 'spurion method' . One requires the field for a 

spurion which is defined by the set of quantum numbers 

1 =t _ z 

This field is to be associated with the component of 

p Lu<<) , the other components being identically zero. In 

spinorial notation this association defines a spinor > with 

components 

so that 

`. 

1 

(26.3) 
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Nov a K-interaction which has a INI4=1 selection rule and 

respects the other conservations - namely T , IL w and 

a - is given as follows 

(26.4) 
ccotti A -1- i-c, C--1151. i.t 4,:":ri 17: 4+) .1 --______/ 

In general, one would expect the K-interaction Lagrangian of 

modified Salam Polkinghorne theory to be an arbitrary linear 

combination tiCt of 

tAlland 

One thus simply returns to the -0.0 terms of (20.10), though 

now, cf course one has a narrower limit on the size of these four 

l'o. 

The final Lagrangian t 6i 4- strong 

of the theory has 7 unrelated j 's so that the improvement of 

the theory does not do anything to ease the uncertainties of using 

field theory methods in problema involving UP's. A theoretical 

advance beyond ç20 has been made however without the introduction 

of any undesirable features. 

27. 11212ál_ammetry. 

Global symmetry is a name coined by Gell-iLann for the theory 

of Ge11-44ann and Schwinger 
(1) 

p which is based on the following 

postulates: 

1). That the strong interactions may be subdivided into 

two distinct categories - VS or pion interactions with baryons and 

MS or K-meson interactions with baryons. 

(1) See Ref. 48. 
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2). That, in absence of K -meson interactions, the 8 baryons 

are degenerate in mass and that their fields have the same space - 

time structure. 

A rough argument concerning the plausibility of the first 

postulate was given by Gell -Mann in the original presentation of 

the theory(1). This was concerned with a comparison of the 

processes: 

-4 i4.* /k 

fi + -+ TO- 4 n 

and a discussion of possible mechanisms for \ -nucleon binding. 

In analogy with the situation that the strong interactions 

of the SIP's define amongst them isobaric multiplets, whose members 

have fields of the same space -time structure and are degenerate in 

mass until one considers the splitting produced by the next 'lower' 

class of interactions, the electromagnetic interactions, one may 

think of the baryons as a supermultiplet degenerate in presence of 

VS interactions and split by the MS interactions into the observed 

isobaric multiplets. And assumption 2) is essential in order that 

this view may be adopted. 

If one proceeds to discuss the pion interactions only, it 

follows from assumption 2), that it is equally admissible to adopt 

the Pais ( T- ) isobaric spin values, definite in particular for 

the particles Yo and ZD , or the Gell -Mann Nishijima (I-) iso- 

baric spin quantum numbers. Hence, when one views the 8 baryons 

as four doublets, namely the NI , V41 , hri 0\14 defined by 

(23.3) , assumption 2) indi cates that these must be identically 

coupled to the pion -field, i.e. the pion interaction Lagrangian of 

(1) In first named source 48. 
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global symmetry theory is obtained from L,1 j of (23.4) by setting 

I 
` 

. 1 4 - 3 L - 1 

(27.1) 

and can be written : ,1LJ - 2 (J are, i (27.2) 
i=1 

In Pais' four doublet picture, the 8 baryons, now all degenerate 

in mass and equivalent in space time structure, may be distinguished 

by their set of values of the quantum numbers (TIL , x,11 , l,(i) , as 

given by (23.7). Inspection of (23.7) suggests that the internal 

space appropriate to LTrj of (27.2) may be a space which can be 

resolved into three mutually orthogonal L3J subspaces, I !, 

and being invariant under the operations of that group 

LT , which is the (triple) direct product of the rotation groups 

in the three L3] spaces ! _ , Ty and IL, . One may refer to 

representations 

P Cii ) )L Ii) 

of the group :T , and (23.7) in particular requires that the baryon 

field be associated with the 0 l A ! , ` representation, since 

the set of quantum numbers (Tz , 4 , tÂ .) , which distinguishes the 

eight baryon states, is merely the set of numbers LJ I , 147_ )s ) 

that distinguishes the eight components of the representation. Thus 

for the baryon field, one defines a spinor: 

1 with a, 1,4 

indicating that the baryon field has two component spinor properties 

in each of the spaces 1A_ , 1:1p , ! L , suffices referring to these 

spaces being distinguished by no, one and two bars. Trivially one 

associates the pion field with the representation (, ,, 
I 

and 

define$ an 1-space spinor a N as in (21.8) . One now constructs 

the pion interaction Lagrangian as a scalar under the operations 
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4 
- N C IV i . I 

c = - (27.3) 

The completion of global symmetry theory involves the intro- 

duction of the K-interactions, which because of the relative 

strengths will be expected to possess less extensive invariance 

properties than the pion interactions. One looks to the K- 

interactions: 

1) to split the baryon masses so that the theory predicts 

the baryon multiplets to be as seen in the physical world. In 

other words, the K- interactions decide that the physical world 

prefers the Gell -lann Nishi jim.a I- values to the Pais .Q- values. 

2) to break the conservation of quantum numbers defined by 

the pion interactions for pions and baryons, but not wanted by 

the physics of the strongly interacting particles. One need hardly 

state this as the breaking of t ,r4 destroys the picture 

completely which leads to the definition of Jz , 
13 

, , and -L . 

If one uses the L3 jinternal space of 320 for the K- 

interactions, and takes the ÿ -) j, telms of (20.10) as the 

K- interaction Lagrangian of global symmetry theory, these aims are 

indeed accomplished. But, a more interesting question is whether 

they can be accomplished without leaving as many as 5 distinct 

's in the final strong interaction Lagrangian of the theory. A 

definite answer cannot be given but these remarks can be made, 

1) By comparison with 23, since one now has (27.1), then 

a fortiori iv :36 , and 
r 

- cannot both hold. 

2) By comparison with (21.6) , then a fortiori 1- 

and = cannot both hold, for the theory (21.6) described 

left the fields degenerate. 
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In fact, the present theory says no more about 

than the fact that they are all much smaller than 
3 

. 

It will be desirable to try to study the relative predictions 

of the theory of this section and the basic strong interaction 

theory of 2O. It is to be hoped then that assumption 1) can to 

some extent justify a perturbative approach to the problems of 

strong interaction dynamics, wherein K -meson processes are des- 

cribed by taking account of MS interactions only in the lowest 

order, which gives a non trivial result. In the next section, 

the problem of K--absorption in nuclear matter is studied by this 

means, having already been studied in 
$ 
17 on the basis of the 

basic strong interaction theory. 

28. K Absorption (Continued). 

Reaction rates for the processes (17.1) and (17.2) are again 

to be derived, this time on the basis of the global symmetry theory 

of the strong interactions. 

In order to attend to the pionic K--captures, a preliminary 

discussion of pion hyperon scattering is necessary. This is given 

as if only a globally symmetric pion- baryon interaction were 

operative, any effect of the medium strong K- interactions being 

neglected. It will be equally admissible to use either the Gell- 

Mann Nishijima or the Pais isobaric spin quantum numbers: the 

interaction here considered implies conservation of both. Using 

the four doublet description of the baryons appropriate to the 

Pais T- values, one may introduce the same two amplitudes, corres- 

ponding to the T= it 

, channels of isobaric spin, to describe 
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j't- scattering for each t -value: 

( i T z ) i 
y 

T z- ' /;i 

\3 T' .i .`+J, SL 1 x - x)3 

where -' Oh) is the scattering matrix for the very strong pion 

baryon interactions. Here interest lies in the 11- IV,,, and IT -- 

scattering processes. The matrix elements for the physical 
scattering processes, in the view that y, , 2Z® are physical 

particles, are related to Jit and J.71 in manner derived. in 5 15 , 

(15.2). 
Next, the scattering of pions on ï. { , L ' , 2 , \ must 

be discussed using the Gell- i,Tann isobaric spin values. There are 

three channels of isobaric spin values E = 0, 1, 2 for 

scattering and one defines amplitudes ill , , for these 

channels. The amplitude 's refers to the i =( channel of 

- 0 scattering. It would be incorrect to assume that the 

very strong interactions do not connect the two 1 =:I channels 

so that a fifth amplitude 

is required. The matrix elements for the physical scattering pro- 

cesses, in the view that h' , \ are physical particles, must be 

related to Ill, , f1 ,. , hy, and , . To achieve this, one 

uses for the rt - I. states, (6.5) with i)v`,w _ 4. pit - 
and Al. , í1 wt L { F 

, the TVA states being already 

of the type ("IL Iz} . If one now uses /c, _ 
C2.6'9 in these 

matrix elements, the desired results are obtained, namely, 



I 
t10 

4-40 
hs + 

-1i litt, 

° h 041 t) + i 
t 

Ko + E. 'L 4 ) b 4 

r4 Ch1 }%iF) + L 
1L 

L _ I 9 + i 1 t .Í- A a.) 

_ .1 (1'shci- L. + 121 

1 

(28.2) 

l 

with similar results for Za using Z + 

Since the two descriptions of the 11- îJL scattering are equi- 
valent in the approximation used here, the set I,. , , 44. 

and must be related to j and ,; . One may solve 

for them in terms of -' , 'j and obtain, in consistent manner, 

successively: 

1+{ - '11/ °1L _ 3 

)."1) 
- 3 , 

That is, one may write: 

<1= I i 2.- 5 LV S) 

t T 
= ' (vs) 

- 
I T = t t 

ra 

11; -x'1/ 

- 1 
yt+y3 ) 

, (vs) T 
.= 

` ,> z j `y+L;Ì 

1- =1 i i ( : lv,) 
C 
ì -1 

3 
s-s ) 

i 

(28.4) 

If one replaces the states I =11 1 > by suitable linear 
combinations, ? = I 

I 
A> 

A% Z=t r, where: 

ff. I I (28.5) 
1 

_ 
1 

- ( ,1 J 
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then the set of states . x.) $ Ì 1 = 1 , N3. > 

diagonalizes the 2. , -1 part of the matrix . V)J : 

_ 
) d 0ß)t ` 

,A : - 1 (l > r x91 

=1,1s ,(y))I (28.6) 

This set of states is very convenient for the description of 

picnic K -capture processes. The processes (17.1) then, which 

have T- 0, 1 possible entrance channels, are dependent on the 

matrix elements: 

N. -1 

`? = 1 L . 
1 

r )A%' 

ot r> 

(28.7) 

For the initial states one uses (6.3) and for the final (6.5) and 

the solution of (28.5) . Then one has easi ly: 

<' l't ' I-t % - J'Gl- go "A +J-2. 

1 V' 11 
r 

.1, $ 1.- t 1 (28.8) 

J 

To proceed further, it is necessary to introduce the assumption 

that the relative strength of MS and VS interactions is such that 

neglect may be made of processes that involve MS interactions at 

a higher order than the first. In this case, then, one may use the 

consequences of the unitarity and invariance under time reversal 

of the S- matrix in a manner(1), analogous to that employed in the 

(1) See Ref. 52. 
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in the description of photopion production processes: 

t. +i>J 

Le phases for the matrix elements in terms of which these pro- 

cesses are described - the final states having definite energy, 

angular momentum, parity and isobaric spin - are, to the first 

order in the fine structure constant, equal to the phase shifts 

for pion hyperon scattering in states identical to these final 

ones. Similarly in the present case one has, to the first order 

in MS coupling constants, using (28.7), (28.6): 

La Las (28.9) (, p t ; h 
- 

where NI , ,.; are the phase shifts for the i 'A , í channels 

of pion hyperon scattering in states of given ' and J ' (i 15) . 

(28.9) , thus depends on the truth of the assumption that the K^l 

interaction takes place in a state of definite ' ti and ,7 1. And 

one does not know whether it does or not. From (28.8) and (28.9) 

one obtains the reaction rates for the processes of (17.1): 

r 03 i A) 4 t L r (A) K COS `.l " t) 
- 1) K, 

tì- 

(-00 (Ka Kpf` + <ßt - (.1<g, -t<A)46 J -x) 

(r( 4) 1.1 Cp`' + IC z e/i 1, Ka , 3 -.tt) 

etA,) ~ L 413 + zz di ~g i.., `41-d) 

(T- P) v (; 4- L ( ' 1Ii ' A Kt; !,) 

0- 00 + tot,s` - (A1(i; [r1 Lail 

All relationships which followed (17.6) also follow (28.10). How- 

ever, there are now different inequalities: e.g. 

1k. s r tr q 

C + ("Lh.$) 64. L) 't1-61,1% Islq%) _ 4.% (Ai.) tj (28.11) 
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Not surprisingly, the 1 process 5' is herein coupled to the / - 

processes. However existing experimental data does not appear to 

support (28.11). Of course, in view of some of the assumptions 

made, this can hardly be used as a basis for criticizing global 

symmetry theory. 

In >17, the assumption that the CO/ interaction took place 

in a state of definite . ,c.) was not essential, but led to an 

interpretation of the parameters used in the final expressions 

(17.6). Here, however, the results (28.10) can be true only if 

this assumption is not false. One may further remark that even 

though global symmetry theory is accurately valid, the relative 

strengths of the MS, VS interactions might still not be such as 

would justify the perturbative approach used to obtain (28.9). 

In any case, the present situation, like others met with in 

previous sections, awaits further experimental data. 

Now, the non pionic K captures may be treated in an analogous 

manner. A preliminary discussion of nucleon hyperon scattering is 

required with neglect of MS interactions. Using the Pais T- values, 

Ill, -tJ, scattering depends on two amplitudes corresponding to the 

-r= 0, 1 channels of isobaric spin. 

1 LIt )1'> z 

t I --,-1,7:z1 01) S) 7 _ 1, 

Resolutions like (6.5) now yield: 

L ) = 
)7 

+ Lvs) +14 
_ i 0 4 , ) 

` Y - L") 

04'1, I 
, L*140 1y'r> 

k '4/) 1y a 1 
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Using the Gell -Mann Ni shi Jima I -values, loll -z , ,1 scattering 
depends on four amplitudes; 11% and 91) for the Y = i , i channels 

of the former, 'St for the S = 1/4 channel of the latter and 41 

connecting the two r---k channels. Iliatrix elements for physical 
scattering processes, in the view that , N are the physical 

particles, must be related to 1ioi'l g and Li To achieve 

this, one uses resolutions like (6.7) for MO- states, (V1 , .1 

states already being ¿ r I z) states. If one now uses 'f " _ i (t0-:&) 

in the matrix elements so obtained, the desired results are 

obtained, namely: 

t L°I ") I )`113 
1.4-n 

I 
, (-JS) I 1-4 ,,, _ 

, v$) iv _ 3 + 
ç 1r r + Yr (28 14) 

tti-Jï >lvs) rY`'ri +y; -FL ,- l 
`14,, I >cv>) jy-t>) _ 

'svb -i-41 
£, 

(28.13), (28.4), give consistently: 

1 3=L i `i = 4i ; jr = 4vu + 4 YL í r - c-r y+- (28.15) 

i.e 
` , >of') ' r r Z , > - , l 

'tvy)) 

r = ; , Lv5) ( T = i . t ` '_ o 4 3 .,,. ) r =i "zt ' Lv =i, - lY'wi,..) 
4- 

Introducing, then, I I '- L, A = it T:=1, - i ? _ , > ) 

(28.16) 
- 
f - 

on.1 obtains a set of states = t , A , ( r. -i , Y>> , Z 

which diagonalizes the - ,A part of v') , i.e. 
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<_s -%` í"S) i i,-T 't1''111- , A> 

= ï ( 4V 

A 0/') r (g> = 1J, 
(28.17) 

The set of states ?' = i , A i , Crt = > , i i = i 1 r) are convenient 

for the discussion of the non- pionic K -captures. The initial states 
of the K and 2 nucleons have been discussed, (17.8). The reaction 
rates for the processes of (17.2) may now be expressed in terms of 

these five amplitudes: 

1 T1t 
V t 

T- 
12)- 5 

Z;, 
' T( - ` 

;,A> ° ` ' -`''t (28.18) 

I=') T.= 1 S s ì Li t/ l 
One now has, using the same type of argument as one did to obtain 

(28.9), from (28.18) and (28.17): 
X31 _ 

V ;1 
cd,. 
ßd1 cots 

cot 
,,C x a = Kß ' 

4_ 

(28.19) 

1 

where '4 Z is the hyperon nucleon scattering phase shift in the 

isobaric spin channel with isobaric spin I . The reaction rates 
for to UL processes are now easily obtained in terms of the 

parameters of (28.19). The results will not be quoted; they are 

given in different notation in the paper by Eisenberg and Koch(1). 

The equality (17.13) still obtains and there is new inequality: 

LL L`3) -1-« o) - rl ) r~ 2 6L(0 cPt-.) -st1) )J (28.20) 

which, like (28.11) couples a \ reaction rate to the -rates. 
The results for the non -pionic captures of K- have been based 

on the same method, with similar assumptions, as those for the 

pionic captures, and are subject, therefore, to the same theoretical 
uncertainties. 
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29. Concluding Remarks. 

I Invariance properties. 

A general principle, originally due to Pais and referred to 

in previous sections is as follows: the interactions of elementary 

particles fall into classes, distinguished by their internal 

invariance properties and the larger the coupling constants typical 

of any class, the more extensive its invariance properties. It will 

be interesting to collect information regarding this at the various 

levels of the theory of elementary particles discussed here. 

In the original Gell -Dann Nishijima scheme, there were three 

classes of interaction, as explained in 9. A mathematical formula- 

tion of the content of the scheme was possible wherein 

1) the strong interactions exhibited invariance under all rota - 

tions in the L3 isobaric spin or internal (.117- exists 

for each space -time point. Thus one has two 'good' quantum numbers 

I and I Z , the latter related to rotations about a preferential 

axis in I- space, preferential because, 

2) the electromagnetic interactions exhibit invariance under 

rotations about the z -axis of I-space so that IL is good. 

3) the weak interactions, for which I -space is not defined. 

Since all interactions conserve A and since ,12 = zi + î U , the 

strong and electromagnetic interactions conserve to . 

The next level of the theory uses a 2) internal space. One 

must consider Salam -Polkinghorne theory as in 26 and the final form 

of Doublet Theory as governed by Lagrangian (25.10). In each case, 

the strong interactions are split into two classes: 

1) a the very strong pion interactions, which are invariant under 

all rotations in the L4 internal spaces appropriate to the two 
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theories. In the case of SP theory this space is the direct product 

of the oi I-space just referred to and a 3J space which relates 

the quantum number to its z-axis, i.e. (1) 

and )1_4. 1 - are good quantum numbers. In the case of Doublet 

Theory, it is the direct product of 4.,3J T-space and a L3 space 

which relates L AL- .:,41) to its z-axis, i.e. ), and 

I- At-Ai) are good quantum numbers. 

1)b the medium strong K-,meson interactions, which for oach of 

the two theories, are invariant under rotations in the first 

mentioned 01 subspace and under rotations about the z-axis of the 

second. 

i.e. j, and are destroyed, in the respective theories, 

by the MS interactions. 

2) the invariance properties possessed by the electromagnetic 

interactions in a theory, which starts with a L4) internal space can 

be listed. 

In SP theory the electromagnetic interaction is invariant under 

rotations about the z-axis of each (31 subspace of L4)L Hence r ant:. 

are conserved, conservation hence follows directly and can 

also be viewed as following from invariance of the electromagnetic 

interaction under rotations in the 12 plane of L )4.) or about the 34 

plane of L4j. The relation of these planes to the 2-axes of the 

L3J suhspaces is made clear by the work of 4. 

In Doublet theory, the same formal invariance property is 

present so that T and j are conserved. This gives -A- - -4 

conservation since I- - 17-z. 

Then oZ conservation ensures A conservation. J and )1- L conservation 
011011.1104 4.111.111001101111101411100110 

( 1) The . j of Doublet Theory will be distinguished now by a 

prime and the j; of Global Symmetry theory by two primes. 
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then imply Ilk , Lti. conservation. 

3) In the case of Doublet Theory, the L") interaction of 
(25.9) constitutes a class of interactions by itself. '''riti ng, 

from (25.9) 

where K 

fi CVz] _ L,(4 

K') is written as a formal notation, one sees that 

LARJ is invariant under rotations in the 12 plane of L4) . Hence 

) is still a good auantum number, though evidently l z 
and are not separately good. Since the invariance properties 

.1 L. 

of LocT} are closely related to those of the electromagnetic 

interactions, it may be that (25.12) is not merely incidentally true. 

¿,-) The weak interactions destroy the meaning of an internal 

space. 

Finally, the globally symmetry level is considered. There are 

the VS, MS electromagnetic and weak interaction stages. The VS pion 

interactions are invariant under the transformations of the group , 

which is the direct product of 3 L31 rotation groups. They conserve 

=i 
iI' iJIL ; ltz = u) )1 i I h 

The Dion interaction Lagrangian which formally expresses this can be 

rewritten so as to exhibit t ,1:2, conservation as well as ;t and 

tit . The MS interactions leave . ,I72. and 'd conservation. 

The fact that these conservations are not related simply to the most 

profound view of the pion interactions is perhaps one unfortunate 

feature of global synLnetry theory. 

II. Mass Spectrum 

Always in the discussion of any theory of the strongly inter- 

acting particles the auestion of the spectrum of masses of the baryons 

and to a lesser extent the mesons is an acute one. In any theory of 
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value the strong interactions must at least separate correctly the 

masses of the various multirlets that experiment unequivocally 

defines. One then goes to the next lower class of interactions - 

the electromagnetic interactions - to remove the degeneracies in 

mass that the strong interactions allow, namely those within any 

isobaric multiplet. 

The theory of t 20 certainly leaves no problems concerning the 

mass spectrum, but as soon as one attempts to i -mrose higher invariance 

properties on the strong interactions difficulties do arise. In the 

original Salam- Polkinghorne theory, there is no mechanism for pro- 

ducing the - = mass difference, which is larc;e in proportion 

to either of these masses. In the theory of 22, the 1-A mass 

difference had to be neglected and the ßa1- degeneracy meant that 

this mass difference could not be produced by the theory. The 

separation of strong interactions into two classes allowed one to 

say that in presence of pion interactions alone the noted mass 

degeneracies were present but that the K- interactions removed them. 

Thus by artificial means in the case of SP theory, and as a result 

of roc) _- 1 in doublet theory, the problem of the (V mass 

difference was solved. The / 1 1 mass difference was still left in 

the theory of 22, and even though the ii(N) interaction allowed 

° L mass separation, the theory fails reallTr to explain why ex_reri - - 

ment takes a triplet- singlet rather than a two doublet view of `L 

and ` . It may be remarked that doublet theory introduces a mass 

spectrum problem of different kind: experiment indicates a 0, 
mass degeneracy that the theoretical view of these particles as two 

singlets does not enforce. The experimental result is subject to the 

compilation of more precise data, however. 
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Global symmetry takes a more profound view of the mass spectrum 

of the baryons. It says that the baryon is a particle, with eight 

states each defined by a set of quantum number° in the presence of 

the VS interactions, upon whose mass the MS K- interactions impose a 

fine structure which realises the observed multiplet masses. Herein, 

the lower class of interactions again is the agency which removes the 

:Hass degeneracies allowed by the higher class. 

The view has been adopted that the only mechanise that contri- 

butes to production of mass differences is one which involves self - 

energies. According to Pais, this view may be unjustified and some 

as yet unenvisaged type of mass quantization may operate - perhaps 

involving the problematic leptons, the µ-- mesons. 

III, Eapities 

It must be stressed that the theories presented so far as 

advances on the basic use of 20, desend critically on the adoption 

of certain relative parities. And many of these are as yet not 

experimentally known. 

One may list the various parity choices of critical importance: 

1) If Imo,= are of odd relative parity, Salem - Polkinghorne 

theow,y is untenable. 

2) If ' t \ are of odd relative parity, or if W = 1, then 

doublet theory is invalid. 

3) If the relative parity of any two of the four baryon 

multiplets is odd, global symmetry is 'out'. 

And for a less acute theoretical reason, doublet theory requires 

that 4 t be of even parity relative to the (V \ system. 
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