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Abstract

Following the discovery o f the Cosmic Microwave Background (CM B) radiation, the 

Hot Big-Bang model has becom e the standard cosmological model. In this theory, 

small primordial fluctuations are subsequently amplified by gravity to form the large- 

scale structure (LSS) seen today. The standard Big-Bang model is an extremely 

successful theory, but still some crucial issues remain unsolved, such as: W here did 

the galaxies we see (and live in) came from and how did they evolve? We only see the 

“light” , but, does this trace the mass? W hat is the Universe made of?

Cosm ology is entering the precision era. In the first half o f the nineties the 

largest three-dimensional galaxy surveys had a few thousand galaxies, in the next 

few years the on-going surveys such as the Sloan digital sky survey (SDSS) or the 

Anglo-Australian 2 degree-held survey (2dF) will have about a million galaxies. The 

Microwave Anisotropy Probe (M A P) and the Planck satellite will provide a map o f 

the CM B with a resolution about two orders o f magnitude better than the currently 

available all-sky maps. These developments will allow measurements o f large scale 

structure and o f fundamental cosmological parameters with unprecedented accuracy 

and therefore will allow the fundamental problems in cosm ology to be addressed.

To achieve these goals requires the development o f new statistical techniques capa

ble o f exploiting the potential o f this vast data set. These techniques are bound to be 

more complicated mathematically than those used up to date, but the development 011 

the theoretical side is necessary and complementary to the huge observational effort 

undertaken. The main aim of my PhD has been to develop new statistical tools to 

extract fundamental cosmological information from these future data-sets.

I11 particular I have been mainly concerned with two issues: how to measure the 

bias that is the relationship between clustering o f the mass and that o f galaxies and how



(i

to determine the statistical properties o f the initial conditions. Theoretical models for 

the origin and evolution o f cosmological structures, predict the clustering properties 

o f the mass. However we can only observe luminous material (galaxies) and galaxies 

might be biased tracers o f the underlying mass distribution. It would be possible 

to extract cosmological parameters such as the density parameter from large scale 

structure studies if galaxies were faithfully tracing the mass or if the bias was known. 

1 present a method based 011 higher order statistics that would allow us to measure 

the bias from ongoing galaxy surveys such as the 2dF. One o f the assumptions on 

which this method is based is that the primordial fluctuations that seeded structure 

formation follow a Gaussian distribution. I11 standard model for structure formation 

the primordial fluctuations are indeed Gaussian; but there are rival theories that 

predict very different statistics. Convincing evidence for or against Gaussian initial 

conditions would rule out many scenarios. I show that for physically motivated 11011- 

Gaussian models, future CM B maps in principle provide a better probe than LSS 

observations. However CM B and LSS probe different scales (and completely different 

times), f present two complementary ways to perform this test on smaller scales than 

C M B ’s, one based on higher-order statistics o f future LSS data and the other based 011 

present and future observations o f high-redshift objects such as galaxies and clusters.

In the next few years, from LSS and high-redshift observations and CMB maps 

we will be able to unveil the nature o f the initial conditions, measure the bias, and 

consequently estimate unambiguously the density parameter o f the Universe.



Overview

Cosm ology can be a very useful mean o f testing fundamental theories. Following the 

discovery o f the cosmic microwave background (CM B) by Penzias & W ilson in 1964, 

the hot big-bang model has becom e the standard cosmological model. In this theory, 

that traces back its origin to the 1940’s with the work o f Gamow and collaborators, 

small primordial fluctuations are subsequently amplified by gravity to form the large- 

scale structure seen today. Different theories for unified models o f particle physics 

lead to different predictions for the statistical properties o f the primordial fluctua

tions and for their evolution. Models o f primordial fluctuations that generated the 

cosmological structures we observe today, can be divided in two classes: Gaussian and 

non-Gaussian. The simplest versions o f inflationary cosm ology predict Gaussian initial 

fluctuations, while density fields generated by topological defects have non-Gaussian 

initial conditions. The structure in the Universe on large scales is determined largely 

by the force o f gravity, without the com plex mechanisms which characterize the Uni

verse on galaxy scales. This means that the study o f large-scale structure (LSS) yields 

indirect information about the early Universe, but also direct inform ation about the 

mass content o f the Universe.

The standard Big-Bang model is an extremely successful theory: it provides a 

description o f the Universe from when it was a hot “soup” o f elementary particles a 

fraction o f a second after the beginning, to the present time, about 13 Gyr later. But 

still some crucial issues remain unsolved, such as: why is the Universe so sm ooth 011 

large scales? W here did the galaxies we see (and live in) came from and how did they 

evolve? We only see the “light” , but this does not necessarily trace the mass. W hat is 

the Universe made of? Today, we might be on the brink o f answering these questions. 

Cosm ology in fact is entering the precision era. In the first half o f the nineties the
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largest three-dimensional galaxy surveys had a few thousand galaxies, in the next few 

years, the on-going surveys such as the Sloan digital sky survey (SDSS) or the Anglo- 

Australian 2 degree-field survey (2dF) will have about a million galaxies, yielding a 

high precision map o f the present-day Universe. Large ground-based telescopes like 

the Keck, or space-based ones like Hubble (H ST), started a new era in observational 

astronomy, allowing us to observe the Universe when the first galaxies were beginning 

to form. In the near future, the next generation o f powerful telescopes based in space, 

will allow us to undertake high-precision measurement o f the galaxies and detailed 

analysis o f galaxy clustering when the Universe was a tenth o f its present age or even 

younger. The Microwave Anisotropy Probe (M AP) and the Plank satellite will provide 

a map o f the Cosmic Microwave background radiation (CM B), the fossil relic o f the 

Big-Bang, with a resolution about two orders o f magnitude better than the currently 

available all-sky maps.

These developments will allow measurements o f large-scale structures and o f fun

damental cosmological parameters with unprecedented accuracy and therefore will 

allow to address the fundamental unsolved problems in cosmology.

To achieve these goals requires the development o f new statistical techniques capable 

of exploiting the potential o f this vast data set. These techniques are bound to be 

more com plicated mathematically than those used up to date: the development on 

the theoretical side is complementary to the huge observational effort undertaken.

In this thesis I present some new mathematical tools to extract important cosm o

logical information from these forthcoming datasets.

In the first half I tackle the problem that our knowledge o f the Universe comes 

inevitably from the study o f the luminous material such as galaxies. On the other 

hand, theoretical models for the origin and evolution o f cosmological structures predict 

the clustering properties o f the mass. Galaxies might not be faithful tracers o f the 

underlying mass distribution.

It would be possible to extract cosmological parameters such as the density param

eter On from LSS studies if galaxies were tracing the mass. The relationship between 

the clustering o f the mass and that o f galaxies is parametrized by the bias parameter 

l> (this quantity will be defined formally in chapter 1). From dynamical studies o f
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large-scale structures based on linear perturbation theory, f i0 is obtained only in the 

combination (5 =  /b. The determination o f fío is therefore com prom ised by the

lack o f a good measurement o f b. I present a method, based on higher-order statistics, 

to measure, from realistic galaxy surveys the bias parameter, with error bars. These 

can be propagated through into an estimate o f fío with an error (Chapters 3 and 

4). The main underlying assumption one is forced to make, is about the statistical 

properties o f the initial perturbations: they are assumed to follow a Gaussian dis

tribution. The higher-order statistics work by exploiting the fact that gravitational 

instability skews the density field to high densities as it evolves. This behaviour can 

also be mimicked by biasing, but these two effects can be separated by the use o f 

information about the shape o f the structures: in simple models the effect o f biasing 

is to shift iso-density contours up (or down), while maintaining the shape o f the con

tour; gravitational evolution, instead, changes the shape, usually leading to flattening 

of collapsing structures (e.g. Zeldovich pancakes). Under the assumptions that the 

initial fluctuations are Gaussian and that the structures grow by gravitational insta

bility, the three-point, correlation function and its counterpart in Fourier space, the 

bispectrum, are intrinsically second-order quantities and are detectable in the mildly 

non-linear regime. There are many advantages o f working in Fourier spaces, mainly 

that the estimates o f the correlation functions in Fourier space can be made uncor

related, with enormous benefit for estimation o f parameter and error-bars and that 

in Fourier space there is a clear separation o f scales where perturbation theory works 

and breaks down. If the bias is local then it is possible to estimate it via a likelihood 

analysis of the bispectrum, and therefore assign error-bars. I developed a generating 

functional approach to calculate the covariance properties o f the bispectrum. This ap

proach led to a new advance: it allows evaluation o f the N-point correlation function 

in real and Fourier space for continuous and discrete fields, and realistic cases like in 

the presence o f a spatially varying selection function, shot noise, cosmic variance etc. 

can be dealt with.

Tests on an N -body simulation show that, from a three dimensional galaxy dis

tribution o f that size comparable to the on-going surveys such as SDSS or 2dF, it is 

possible to obtain fío and the bias parameter with error smaller than 0.1. The main



1»

problem to overcome when applying this method to real galaxy surveys is the follow

ing. Galaxy catalogues use the redshift as the third spatial coordinate. In a perfectly 

homogeneous Friedmann Universe it would be an accurate distance indicator, but 

inhomogeneities perturb the Hubble flow and introduce peculiar velocities. The re

sulting redshift-space map o f the galaxy distribution is therefore distorted. The effect 

can be split into two components: one large-scale effect resulting from coherent in

flow into overdense regions ( “great wall” effect) and the “fingers-of-God” effect arising 

from virialized, highly non-linear structures. This small scale effect cannot be ignored 

because it affects significantly the scales where the signal for bias mostly comes from. 

Once again the shape information allows the disentanglement o f peculiar velocity dis

tortions and other effects: redshift-space mapping modifies the shape o f the structures 

(great walls and fingers-of-God effects) in a different way from gravitational evolution 

and biasing. The combination o f second-order perturbation theory for the coherent 

inflow and an incoherent velocity dispersion model for virialized structures, allows to 

model the redshift-space distortions effects on the bispectrum. This description for 

peculiar velocities distortions is incorporated in the generating functional approach, 

allowing therefore the N-point spectra to be obtained in redshift space, including the 

large-scale effect o f peculiar velocities to second-order in perturbation theory and the 

small-scale effect due to virialized structures (Chapter 4). The m ethod to measure 

the bias parameter from galaxy redshift surveys has been published in two papers: 

Matarrese, Verde & Heavens (1997) and Verde, Heavens, Matarrese & Moscardini 

(1998).

Measurements o f the /3 parameter come from power spectrum studies. Theory pre

dicts the real space matter power spectrum, but what is observed is the redshift-space 

galaxy power spectrum, and to compare the two requires assumptions o f biasing and 

inclusions o f redshift space distortions. In the context o f perturbation theory I stud

ied the power spectrum of galaxies in real and redshift-space. The main conclusions 

are that non-linear biasing affects the amplitude o f the power spectrum and therefore 

introduces some corrections to the (3 parameter (chapter 5). This work was published 

in Heavens, Matarrese & Verde (1998).

W hen dealing with three-dimensional surveys there are some practical com plica
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tions: first, as described above, the redshift-space distortions, secondly the geometry 

o f the survey complicates the analysis. Two-dimensional surveys do not present these 

problems, but, in principle, contain less information. However, because o f  the smaller 

observational effort required, these can contain a much larger number o f objects. For 

example the A PM  survey at present contains 106 galaxies, the DPOSS catalogue will 

have 50 million galaxies and the SDSS will provide us with a two-dimensional map o f 

10s galaxies! For this reason I have extended to spherical harmonics, and therefore 

to two-dimensional surveys, the technique for measuring the bias parameter (Chapter 

G and published in Verde, Heavens & Matarrese 2000). The novelty o f this approach 

is that, for the first time, it treats the projection o f higher-order correlations on the 

celestial sphere exactly, and opens up the possibility o f testing the limit o f validity o f 

the approximations that are usually made when dealing with this problem, namely 

the small angle approximation.

Future CM B missions such as M AP and Planck satellites will measure cosm ologi

cal parameters with exquisite precision, but this does not diminish the im portance o f 

extracting the same parameters independently and possibly in advance, from obser

vations o f the local Universe. Not only LSS determination o f cosmological parameters 

such as Ho will be o f vital importance to remove some o f  the degeneracy CM B exper

iments suffer, but will also offer an independent consistency check.

One o f the assumptions o f the method I propose to measure the bias parameter 

is that the primordial fluctuations follow a Gaussian distribution. Most o f CMB 

determinations o f cosmological parameters are based on the same assumption.

In the standard (inflationary) model for triggering structure formation, primordial 

fluctuations are indeed Gaussian, but there are other models. For example density 

fields generated by topological defects have non-Gaussian initial conditions. In the last 

two years, the increasingly numerous observations o f high-redshift galaxies and clusters 

are becom ing more and more difficult to accom m odate within the standard structure 

formation paradigm -that relies on the assumptions o f Gaussian initial conditions-. 

Moreover, the announcement, later dismissed, o f the presence o f a prim ordial non- 

Gaussian signal in the CO BE 4 years data, re-opened the debate about the nature o f 

the initial conditions. Convincing evidence against or for Gaussian initial conditions
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would not only test the validity o f CMB and LSS cosmological parameters determi

nations, but also rule out many scenarios and point us towards a physical theory for 

the origin o f structures.

In the second part o f this thesis I investigate four (possibly complementary) ways 

to probe the nature o f the initial conditions. Since CM B and LSS data will shortly 

improve dramatically, I will start in chapter 7 by addressing the important question 

o f which o f the CMB or LSS provides, in principle, a better probe o f primordial non- 

Gaussianity, this work appeared in Verde, Wang, Heavens & Kamionkowski (2000). O f 

course, there is an infinitude o f possible deviations from Gaussianity, and it is unthink

able to address them all. For several physically-m otivated non-Gaussian models, it 

turns out that, in principle, CMB provides a better probe. This is due to the fact that 

gravitational instability and biasing introduce a non-Gaussian signal that generally 

masks the primordial one.

However, in practice, CMB studies can be affected by noise and foregrounds and 

there might be models in which non-Gaussianity is present mainly on relatively small 

scales, which are not accessible with CMB experiments. For this reason I investi

gate the use o f higher-order statistics in LSS studies to bypass the contamination due 

to non-liuear clustering and discriminate between Gaussian and non-Gaussian initial 

conditions (chapter 8). This work will appear in Verde & Heavens (1999). I explored 

the possibility o f using the trispectrum -that is the connected four-point correlation 

function in Fourier space- as a discriminant between Gaussian and non-Gaussian m od

els. It lias the advantage o f having a rather simple growth rate, with no com plicating 

contributions from second-order perturbation theory and that the analysis depends 

on cosm ology and bias only through the measurable quantity ¡3. The departures from 

Gaussian statistics can be parameterized by introducing the quantity H , which is the 

fractional excess o f the 4-point function over the Gaussian (disconnected) trispectrum. 

This quantity, in specific cases, can give us a meaningful measure o f ‘non-Gaussianity’ : 

for mildly non-Gaussian fields, a measurement o f H  can reliably be made. For highly 

non-Gaussian fields, the Gaussian hypothesis can be rejected, but the measurement 

o f H  will be unreliable. I show how to deal with redshift-space distortions, biasing, 

spatially varying selection function and shot-noise. By applying this m ethod to future
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galaxy surveys, such as the Sloan Digital Sky Survey it will be possible to place tight 

constraints 011 initial departures from Gaussian behavior.

LSS probes scales much larger than galaxies but smaller than those accessible by 

CMB observations, and probe present day Universe at z - 0; conversely CM B maps 

probe the Universe at redshift 2: ~  1100 and even larger scales. The abundance o f 

cosmological structures at redshift in between these two ends and in particular at 

z >  1, contains also vital information about the nature o f primordial fluctuations.

Nevertheless, only within the context o f Gaussian initial conditions is there a 

well-established procedure to make analytical predictions for the abundance and sta

tistical properties o f the first objects to collapse in the Universe; for any other m odel o f 

structure formation, there is no theoretical framework to interpret the observation o f 

high-redshift structures. For this reason in chapter 9 I present an analytical prediction 

for the number o f galaxies as a function o f redshift, beyond the standard structure for

mation model. The novelty o f this approach is that, assuming a physically-motivated 

form o f non-Gaussianity, it allows us to relate the non-Gaussianity parameter to ob 

servable quantities such as the density o f high-redshift objects o f a given mass. This 

appeared in Matarrese, Verde & Jimenez (2000). Obtaining analytical predictions is 

very important, mainly because it yields more insight about the underlying physics 

behind the origin o f non-Gaussianity, if this is present. To conclude, in chapter 10 

I draw some conclusions and discuss future and on-going work some o f  which will 

shortly appear in Verde et al. (2000a,b). During the years o f my PhD, I have also 

started to look into another couple o f (non strictly related) projects that I could not 

bring to a conclusion (yet). I illustrate them, as an aside, in chapter 11.
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Chapter 1

Introduction

This chapter contains a review o f the background cosm ology on which this thesis is 

founded. We will briefly review the basics and then concentrate on the specific issues 

to which my PhD years have been devoted.

1.1 Cosmology: a quick tour

The Cosmological principle says that, on large scales, the Universe is homogeneous 

and isotropic for any fundamental observer. The fundamental observer defines a set o f 

comoving coordinates at each spatial point. Under this assumption the line element 

o f the Universe is given by the Robertson-W alker metric (e.g. K olb k  Turner 1990):

where we adopted the convention c =  1 and we used spherical coordinates. Here t is 

the proper time and a (t) is the cosmic scale factor. The curvature constant can be 

scaled so that it takes three possible values: 1,0, —1 for a closed, fiat or open Universe 

respectively. The dynamics o f such an Universe is determined by general relativity 

Einstein field equations. It is possible to show that, assuming that the Universe is filled 

by a perfect fluid (e.g. Kolb k  Turner 1990), this implies the Friedmann equations:

( 1.1)

( 1.2 )

(1.3)
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where f>i is the total inatter-energy density, p  is the pressure and G  is N ewton’s 

gravitational constant.

From this follows that two points at a distance d =  a(t)r  will move apart with 

velocity v =  ra (t) =  H (t)d . H  is the Hubble parameter: the previous equation 

referred to the present day becomes the Hubble relation v =  H^d. Throughout this 

thesis the 0 subscript denotes the present day quantity. Equations 1.1, 1.2 and 1.3 

define a Friedmann-Robertson-W alker (FRW ) Universe.

1.1.1 Einstein might not have blundered after all...

The possibility o f the existence o f a cosmological constant was first proposed by Ein

stein (1917), but recent supernovae results (Perlmutter et al. 1998; Reiss et al. 1998) 

have made a strong case for a quite large cosmological constant. The year 1998 will 

l)e remembered as the year o f the shift, in thinking, towards a cosmological constant 

dominated Universe. From the astronomy point o f view, the cosmological constant 

A, can be seen as an example o f an unnatural modification o f a compelling paradigm, 

in order to establish agreement with observations. From the particle physics point o f 

view, however, A, can be interpreted as a measure o f the energy density o f the vacuum. 

There is a direct experimental evidence o f the vacuum energy in the Casimir effect 

(Casimir 1948). The vacuum can be thought as a perfect fluid w ith1 pvac =  —pva,c and 

the identification with A is:

A , ^
P v a c  —  P a  =  ■ (1-4)

There is however an unsolved problem: theoretically there are independent contribu

tions to the vacuum energy density, each o f these has a natural expected magnitude. 

All should be much larger than the observational bound (between 50 and 120 orders 

o f magnitude!). This could be an indication that new, unknown physics must play an 

important role.

'N ot by coincidence this expression can be derived from the first law o f therm odynam ics if pvac 

has to remain constant when adiabatically compressed or expanded.
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In the Friedmann equations 1.2-1.3 therefore2 we have pt =  p +  p\\

A K_
3 ~  O2

(1.5)

a
a

(l.G)

1 .1 .2  R e d s h i f t

An astronomer, observing a spectral line as a wavelength Aq in the laboratory on Earth,

A T h e  redshift 2 o f the galaxy is defined:

This is interpreted as being due to a recession velocity v that for small z (z  1) is 

v =  cz. Hubble’s observation that distant objects are receding at greater speed than 

the nearby ones is expressed by:

where d is the distance o f the galaxy and the constant o f proportionality Ho is the 

Hubble constant that measures the local expansion o f the Universe. The Hubble 

constant is usually expressed in terms o f the parameter h: Ho =  100h in units o f 

K m /(s  M pc).

At high redshift the recession velocity is not well defined, and the redshift effect 

needs to be considered more carefully.

Let us consider a fundamental observer o at rest at r =  0, and an electromagnetic 

wave emitted by another fundamental observer g (e.g. a galaxy) traveling radially 

towards o: since for photons ds =  0 , d,t2 — a2(t)dr/( 1 +  K r 2). Successive wave crests 

emitted with interval 5tg, reach o with interval St0:

t.liis is indeed the case today; in fact photons contribute ~  10 5 and, if neutrinos are relativistic, they 

are expected to contribute approximately the same amount.

would observe the same line in the spectrum o f a galaxy far away at a wavelength

v =  cz =  Hod, ( 1 .8 )
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If 6t is small, this implies that Sto/a(t0) =  5tg/a(tg), the period o f the wave, and 

therefore its wavelength, increases as the Universe expands, thus the redsliift o f g is 

given by:

1 +  z =  a (t0)/a(tg) , (L 10)

and can be seen as a measure o f the scale factor at the time o f emission.

1 .1 .3  E x p a n s io n

If we imagine the Universe filled by a uniform gas and expanding adiabatically, the 

first law o f thermodynamics dU =  —pdV  becomes d(pa?) =  —pda? or

^  +  3 ^  =  0 , ( 1.11)
da a,

where p is the density (o f matter, radiation etc..) andp  the pressure. A non-relativistic 

ideal gas has equation o f state

Pg =  \pgvl  (L12)o

where vs is the sound speed. Thus equation 1.11 implies that

pg oc a,~'i . (1-13)

Radiation and relativistie particles follow:

Pr =  ^Pr (1-14)

and therefore

pr oc aU4 (1-15)

where the extra a -1 arises because o f the redshift (since the energy E  oc A- 1 ).

At present the Universe is matter-dominated, but from equations 1.13 and 1.15 it

is clear that sometimes in the past the Universe must have been radiation dominated.

If there is a vacuum energy (that is a cosmological constant) its energy density pv 

is constant, and this corresponds to a negative pressure pv =  —pv. Therefore, at large 

values o f a. the vacuum energy will tend to dominate.
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1.1.4 Cosmological parameters

From equation (1.3) follows that, in a spatially flat Universe,

3H2 -  n , n
w = 8 (L16)

where pc is the critical density. The density parameter is one o f  the fundamental 

cosmological parameters and is defined as the ratio o f the density to the critical density 

ill =  ilL. It can be divided into its components:
Pc

n  =  ^  , f i A =  ^  , n K =  ^  ( i . i7 )
Pc Pc 3FC H l

where 1 =  0  +  Ha +  H/<-.

It is clear from section 1.1.3 that the relative contributions change with time: 

Ha oc a3H.

For Ha <  0 the Universe will always recollapse into a “Big Crunch” eventually. 

For Ha >  0, the Universe will expand forever unless there is sufficient matter to cause 

recollapse before Ha dominates. On the other hand, if the cosm ological constant 

is sufficiently large compared to the matter density, the Universe has always been 

accelerating -n o  big bang- (see Carroll, Press & Turner (1992) for formulae). For 

Ha =  0 we have the well known situation where H <  1 expands forever and H >  1 

recollapses with a precise relation between curvature and fate o f  the Universe: if H <  1 

the Universe is open (K  <  1), if H >  1 the Universe is closed K  >  1 and if H =  1 

the Universe is spatially flat. An H =  1, Ha =  0 Universe is called critical Universe or 

Einstein-de Sitter Universe. Conversely, in the presence o f a cosm ological constant, 

there is no relation between spatial curvature and the fate o f the Universe. If at a 

time t the Universe is expanding (o >  0), from equation (1.2) we can see that a <  0 

provided that (p +  3p) >  0. In this case the graph o f a(t) must be concave; this has 

two consequences: first a(t) must have been zero at some finite time in the past: this 

is a singularity (the Big-Bang singularity), second, the time between the singularity 

and t must always be less that the expansion time o f the Universe l/ H  — a/a. 

Equation 1.5 can the be rewritten as:

H'2 =  £rn[Oo(a- 3 -  a " 2) +  f iA(l  -  a “ 2) +  a~2} (1.18)
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a

Figure 1.1: The dependence o f Cl on the scale factor a fo r  A =  0 (assuming negligible 

relativistic contribution to the total energy density). As a, — > 0, Cl — > 1: the solution 

to Friedmann equation’s Cl =  1 is unstable.

where the scale factor a =  1 /(1  +  z). It is then possible to evaluate the redsliift 

dependence o f Cl and Cl\ (e.g. appendix o f Peacock et al. 1998): their dependence on 

the scale factor (normalized to be 1 today) is plotted in figures 1.1 and 1.2.

As a. — > 0, D — > 1, that is a Universe starting initially with Cl =  1 — e with e 

an arbitrary small positive number, will rapidly evolve towards a D — >• 0 Universe, 

but a critical Universe is always critical. Due to this particular evolution o f Cl with 

time, there is no a priori reason why today Do should be not too far away from unity, 

unless it is exactly 1.

Determinations o f D based on dynamics o f galaxies and clusters yield values be

tween 0.2 and 0.5 with confidence (e.g. Dekel, Burstein & W hite 1996; W illick 1999b; 

Carlberg et al. 1996). This has two important consequences: a) these values are 

much larger than the density parameter for baryons as inferred from nucleosynthesis 

(see section 1.2). This implies that the most o f the matter content must be in an 

unknown, non-baryonic form3, b) More importantly, to obtain Do so close to unity,

'W ithout ti direct detection o f non-baryonic dark matter some might interpret it as a paradigm 

shift. The introduction of modified Newtonian dynamics (M O N D ) could also have fitted the obser

vations (e.g. Milgrom 1998; K inney 2000).
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Figure 1.2: Time dependence o f Q and ÎÜa on the scale factor a fo r  Q, +  A =  1. The 

four thick lines are relative to if, the thin ones to if a. As in figure 1.1.4 solid line 

is ilo =  0.3, dotted line is Hq =  0.5, dashed line is Oo =  0.9, and dot-dashed line is 

ü 0 =  1.

but, not exactly 1, requires “some” fine tuning in the initial conditions. This is known 

as the flatness problem-, we will come back to this later in sections 1.4 and 1.5.1

1.1.5 The Einstein de Sitter Universe

This model, because o f its simplicity and the theoretical motivations discussed in 

section 1.1.4, has always been the favourite. A lthough it is nowadays ruled out by 

observations, it is still useful and instructive to analyze it briefly.

From Friedmann equations with if =  1 and no cosmological constant, for a matter 

dominated Universe we obtain:

/  t \ 2/3
a(t) =  a0 ^— J (1.19)

t =  t0( l  +  z )~ 3/ 2 ( 1.20)

toI =  J1 c

The Hubble time is defined as

H =  H0f  =  ffo(l +  z)3/2 . (1.21)

t h  -  1/ H o  (1-2 2 )
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which is the characteristic expansion time. The Hubble time is related to the age o f 

the Universe, in particular for the Einstein-de Sitter Universe the age o f the Universe 

is

T h e  age  p r o b le m

The measurement o f the Hubble constant has always been affected by serious system

atic errors: the original measurement by Hubble was about 500 k m /(s  M pc). Today, 

estimates based on Hubble telescope observations (e.g. Freedman 1999), are about 

one order o f magnitude lower: Ho ~  70 k m /(s  M pc). For this value for Ho, tjj is 9.5 

Gyr. Observationally, a lower bound on the age o f the Universe can be inferred from 

the ages o f the oldest stars. There are several stellar populations that can be useful to 

obtain a meaningful age for their oldest components: globular clusters, white dwarfs 

and high-redshift elliptical galaxies. All these different stellar clocks yield consistently 

an age o f about 12-14 Gyr (e.g. Jimenez 2000). The fact that the two age estimates 

seem to be inconsistent, is known as the age problem. Unless one postulates that the 

real value o f the Hubble constant is as low as ~  50, the only way out is to lower the 

matter content o f the Universe and /or introduce a positive cosmological constant.

1.1.6 The A Universe

Since cosm ic microwave background measurements seems to indicate that the Universe 

is spatially flat (see section 1.3) and age considerations suggest that 12 <  1, the most 

viable model seems to be a flat, cosmological constant dominated Universe4.

From equation 1.18, it is possible to calculate the age o f the Universe for a flat, 

Universe via:

microwave background) seems to indicate consistently that we live in a A dom inated Universe.

(1.24)

obtaining

(1.25)

'Supernovae results about the cosmological constant have been challenged (e.g. Aguirre & Haiman 

2000), but even excluding this findings all other independent measurement (stellar ages and cosmic
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So keeping H q fixed, increasing A increases the age o f the Universe and the lookback 

time at any redshift.

In the general case, the age o f the Universe at any time can be well approxim ated

by:

t u H =  § | l - / | 1/ 2S f c ^ ^  (1.26)

where f  =  0.70, — 0 .30a +  0.3 and Sk(x) is sinh(x) if f  <  1, x  if f  =  1, sin(rr) if /  >  1.

D is ta n ce  m ea su res

W hen looking from a position (r =  0) an object at radial coordinate r i, we are also 

looking back in time and back to some scale factor a.\ <  o,q. None o f these quantities is 

measurable directly, the measurable quantities are the redshift z, the angular diameter 

distance da =  D/6 where D  is the object proper size and 6 is its apparent angular size;

and the luminosity distance D l =  \/ £ / (Air T )  where C is the rest frame luminosity o f 

the object and T  is the apparent flux. These quantities are related by D l — (1 +  z) da 

(Carroll, Press & Turner 1992), so nothing can be learn about 0  and a by comparing 

these two quantities. The information about the cosmological parameters is contained 

in the dependence o f the distance indicators on the redshift. In a flat Universe, the 

angular size o f a rod o f intrinsic length D , perpendicular to the line o f sight is:

„  _  . , , 1 [ 1+z dx
e  =  D  da , da =  -------- /  --------- , 1.27

1 +  z J i  H o ^ tto x 6 +  (1 -  f l0 -  D a ).*2 +  f iA

The comoving volume per unit redshift for a flat Universe is (e.g.Gardner 1998):

________________ 4tvD2l _________________ n
dz H 0(l  +  z )2\/2(i/o +  A o )(l +  z )3 +  A q]

where c/o =  0.5f2o — Ao. For a review on the implications o f a non-zero cosm ological 

constant see e.g. Heath (1977); Laliav et al. (1991a); Carroll, Press & Turner (1992); 

Chon (1998); Carroll (2000).

1.2 Thermal history

The analysis of section 1.1.3 shows that the Universe was dominated by radiation at 

z  >  Ze.q ~  4 x 104(f2/i2). In the radiation dominated phase the temperature T  was
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T >  Teq ~  10(il/?2)eV  ~  105(fl/i2)K  and was increasing with the redshift. According 

to the standard hot big-bang model, the early Universe was well described by a state 

o f thermal equilibrium. This makes the study simple because the system can be fully 

described in terms o f its temperature5. Atom ic and nuclear structures have binding 

energies o f few tens o f eV and M eV respectively. At temperatures higher than that 

they could not have existed as bound objects. At temperature higher than the mass o f 

a charged particle, the photon energy would have been enough to produce the particle 

and its anti-particle. In particular the binding energies o f light nuclei 2H, 3H, 3 He, 4He, 

are few MeV. As the Universe cooled down below these temperatures, these bound 

structures formed. The abundance o f light elements which are synthesized in the 

early Universe can be used to constrain cosmological parameters (e.g. Gott, Schramm 

& Tinsley 1974): the outcom e o f primordial nucleosynthesis is very sensitive to the 

baryon density via the quantity where the index B  denotes baryons (e.g. Kolb

& Turner 1990). Current estimates are 0.018 <  O g /i2 <  0.02 (e.g. Walker et al. 1991; 

Smith, Kawano & Malaney 1993; Buries & Tytler 1998). Allowing for uncertainly in 

the Hubble constant determination we obtain 0.018 <  fl/j <  0.08. Luminous material 

contribute less than 0.01 o f the critical density6 and dynamical determinations o f flo 

point towards Qq ~  0.2 — 0.5. This implies the existence o f dark baryons and o f 

non-baryonic dark m atter'.

As the temperature cools down below ~  10 eV the recombination o f electrons 

and protons to form hydrogen takes place, which diminishes the abundance o f  free 

electrons, making Com pton scattering less effective. This produces the decoupling o f 

cosmic microwave background radiation from matter. Assuming that the Universe 

was matter dominated at this time, this happens at z ~  1100 and T  ~  3000 K.

’neglecting chemical potentials for this qualitative description.
'T h is  estimate can be based, for example, on the application of the virial theorem (2Ek +  U =  0, 

E k is the kinetic energy and U is the potential) to elliptical galaxies. The kinetic energy is obtained 

from the velocity dispersion o f stars and the potential energy from the distribution o f the luminous 

part o f galaxy, this estimate refers only to the luminous material and give fi <  0.01 (e.g. Turner 

1991).
'T h e  rotation curve m ethod for spiral galaxies for example shows that p oc 1 /r "  up to the point 

where the flat rotation curve extends, well outside the region where luminous material is confined.
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1.3 Cosmic microwave background

In 1904 Penzias and W ilson fortuitously discovered the cosmic microwave background 

radiation (CM B): while working at the Bell laboratories they found an unexplained 

excess radio flux entering in their horn antenna, from all directions in the sky. This was 

probably the most important discovery in cosm ology since Hubble recognized the ex

pansion o f the Universe in the 1920s. This thermal background radiation had already 

been predicted by Gamow (1949), Alpher & Herman (1949) and by Dicke et al. (1965) 

as the fossil relict o f the hot big bang. After its discovery, the next surprise the CM B 

radiation offered was a near perfect Planck or black body  spectrum 8 at a temperature 

o f about 2.7 K. The CM B is one o f the key observables in the understanding o f the 

Universe. As shown by Sachs & W olfe (1967), the primordial inhomogeneities that 

triggered structure formation, should be detectable as anisotropies in the CM B radia

tion. The search for anisotropies9 in the black-body radiation went on for a quarter o f 

a century. As the experiments improved, the upper limits on the possible anisotropies 

got lower and lower, and theories for structure formation were rejected or m odified to 

lie still consistent with the stringent upper limits on the primordial fluctuation ampli

tude. This trend changed in 1992, when the COBE team announced the discovery o f 

dipole subtracted CMB anisotropies (Smoot et al. 1992) o f less than 1 part in 104. In 

the standard hot big-bang model, the Universe is highly ionized until the redsliift o f 

recombination zT ~  1100 corresponding to a temperature o f about 3000 K. At z >  zr 

photons are tightly coupled to radiation by Thom son scattering; at z <  zT when pro

tons and electrons combine into hydrogen atoms, the Universe becomes transparent 

l.o radiation. Provided that there is no significant energy input that can reionize the

''This means that S (v ,T )  =  where k s  is the Boltzm ann constant, h is the Planck

constant and v  is the frequency. The observable part is the Rayleigh-Jeans region for v  <  vc where

is the frequency o f the peak.
'Excluding the dipole anisotropy. The dipole anisotropy has been the only established tem perature 

deviation until COBE. The leading contribution is A T/T  ~  (v / c ) c o s 8 , where 6 is the angle between 

the direction of m otion and that of the observation. This is due to our peculiar m otion with respect 

to the CM B frame. In particular it includes the m otion o f the Earth around the Sun, the m otion  of 

the Sun around the galaxy, and the m otion o f the galaxy in the Local Group, as well as the m otion 

o f the Local Group itself.
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Uni verso at high redshift, photons travel unscattered and unabsorbed from the last 

scattering surface to us. Therefore maps o f the CMB provide a snapshot at zr o f the 

cosm ological perturbations that seeded the present day cosmological structures.

1.3.1 Brief overview of C M B  temperature fluctuations

CM B temperature fluctuations can be divided in two classes: primary and secondary 

anisotropies. A third contribution to temperature fluctuations arises from foregrounds; 

these can be extragalactic, like infrared and radio sources, galactic such as dust, syn

chrotron radiation plus other effects specific to the experiment such as noise, atm o

sphere contamination etc. The primary anisotropies are created at the last scattering 

surface, while secondary anisotropies are generated between recombination and the 

present time.

P r im a r y  a n iso tro p ie s

Primary anisotropies vary whether primordial fluctuations are adiabatic or isocurva

ture. In adiabatic perturbations the densities in matter and radiation are perturbed, 

so that the entropy is the same as in the unperturbed state. In isocurvature fluctua

tions the total energy density in unaffected. Fluctuations generated during inflation 

turn out to be generally adiabatic, while fluctuations generated e.g. by topological 

defects are initially isocurvature (e.g. Kolb & Turner 1990).

On large scales the dominant, contribution to A T /T  is the Sachs-W olfe effect

(Sachs & Wolfe 1967). This is a relativistic effect due to the fact that photons from

the last scattering surface encounter metric perturbations which cause them to change 

frequency. This can be understood in the Newtonian context because metric pertur

bations correspond to perturbations in the gravitational potential </> that are in turn 

related to density fluctuations 5. Photons climbing out o f potential wells (or hills) 

suffer gravitational redshift and a time dilation effect (thus one effectively sees them 

at a different time i.e. at a different value a) with respect to unperturbed photons, in 

total:
A T  I5cl) ,
T  ~  i i  <L29)

for adiabatic perturbations. For isocurvature perturbations the net anisotropy turns
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out to be about six times larger than for adiabatic ones. This is sufficient to rule out 

many isocurvature models. Since perturbations in the gravitational potential are time 

independent in the linear regime10, as a first approximation one needs to worry only 

about gravitational potential perturbations on the last scattering surface. (However 

we expect that perturbations will grow non-linear (see under Secondary anisotropies).

On smaller scales (below 1 degree or so), other contributions to the CM B tempera

ture fluctuations dominate. In particular acoustic compression o f the matter-radiation 

fluid leads to the acoustic (also confusingly called Doppler) peaks series in the CMB 

power spectrum 11.

In this framework, the scale dependence o f the CM B spectrum contains inform ation 

about cosmological parameters. For example from location o f the first peak one can 

infer the geometry o f the Universe. In fact, a given physical scale on the last scattering 

surface will subtend a smaller (bigger) angle in an open (closed) Universe with respect 

to a flat one. Increasing the cosmological constant while keeping the geometry fixed 

will, among other things, boost the lowest multipoles via the integrated Sachs-Wolfe 

effect (see below). The detailed shape o f the spectrum is also influenced by the baryon- 

density, the value o f the Hubble constant, the cosmological constant, etc. Although 

the determination o f cosmological parameters from CM B spectrum is not relevant to 

this thesis, it is important to stress that in the very same weeks this thesis is being- 

written, the results o f the Boomerang experiment12, with the first reliable parameter 

estimation from CMB data are being released (M auskopf et al. 1999; Melchiorri et al. 

1999; de Bernardis et al. 2000).

The important thing to notice is that the size o f a casually connected region,

ct (Hubble radius) at recombination subtends an angle o f about 1 degree. Normal

physical processes can act coherently only over scales smaller that the horizon and

could not have produced the homogeneity (better than 1 part on 104) seen in the whole

CM B sky. These considerations are one o f the main problems that the inflationary

"'T h is is strictly true only if if  =  1 -see section 1.6.1. However, at high redshift Q. — > 1 so, for the 

m om ent let us ignore this effect; it can however be properly accounted for, and is referred to as late 

or integrated Sachs-Wolfe -see under Secondary anisotropies.
Despite the name, no significant Doppler effect takes place. The acoustic fluctuations are gener

ated by the two com peting forces of pressure and gravity.
‘ ■h ttp ://a stro .ca ltech .ed u /~ lgg /boom /p ro .h tm l

http://astro.caltech.edu/~lgg/boom/pro.html
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paradigm for structure formation solves (see section 1.5.1).

Since the last scattering surface is not infinitesimally thin, CMB fluctuations in a 

given direction will be a convolution along the line o f sight o f all fluctuations through 

the recombination. This effect washes out small scale fluctuations as does Silk damping 

(Silk 1968); in the photon-baryon plasma, photons can slowly diffuse out o f overdense 

to underdense regions dragging the coupled particles: this effect within an expan

sion timescale suppress anisotropies. These are not the only possible processes that 

can damp fluctuations on intermediate and small scales, there can be for example 

early reionization (see section 1.3.1). For a comprehensive review on primary CMB 

anisotropies see e.g. Wayne Hu’s PhD thesis (Hu 1995)13.

S e co n d a ry  a n iso tro p ie s

After recombination baryons can still interact gravitationally with photons. The time 

variation o f the gravitational potential generates temperature fluctuations in the last 

scattering photons. In fact consider a photon travelling through a potential well: 

the blue shift acquired by falling in will cancel with the redshift acquired climbing 

out; however if the depth o f the potential changes there will be a net effect on the 

photon. In the linear regime and during matter domination, the fluctuations in the 

gravitational potential remain constant, but for example before matter domination or 

when structures grow non-linear, fluctuations in the gravitational potential evolve in 

time. This effect is called Integrated Sachs-Wolfe. In turn the integrated Sachs-Wolfe 

effect can be subdivided in early Sachs-Wolfe, late Sachs-Wolfe and Rees-Sciama effects 

depending on the cause o f the time dependence o f the potential fluctuation field.

If there is an energy injection (global or local) after recombination this could 

heat up baryons so CM B photons passing through are scattered, gaining energy on 

average. If reionization is global the effects on the CMB fluctuation spectrum could 

be important especially on small scales. The later global reionization happens the 

bigger the effect on larger and larger scales.

Another important, source o f CMB temperature fluctuation, not o f primordial ori

gin is the Sunyaev-Zeldovich effect (SZ) (Sunyaev & Zeldovicli 1970). CM B photons

' 'For some “special effects” see h ttp ://w w w .sns.ias.edu /~w lm /

http://www.sns.ias.edu/~wlm/
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passing through the clouds o f hot electrons present in rich galaxy clusters are scat

tered. The kinematic SZ is a Doppler shift if the cluster is moving along the line of 

sight, the more interesting is the thermal SZ. The net effect o f this is a temperature 

perturbation that in the long-wavelength part o f the CM B spectrum can be expressed 

as:

where dl =  cdt is the distance along the photon path through the cloud, up  is the 

Thom son scattering cross section, ne is the electron number density, k s  is Boltzmann 

constant, and m e and Te refer to the electrons mass and temperature respectively. A  

complete treatment o f secondary anisotropies can be found in Mollerach &; Matarrese 

(1997) and Refregier (1999).

Finally gravitational lensing by cosmological structures along the line o f sight will 

distort the CMB fluctuation pattern (e.g. Bernardeau 1998). This effect is mainly 

important at small scales, and it affects mainly the higher-order statistics.

To conclude, it is important to stress the importance o f having a good under

standing o f the effects o f foregrounds, dust, galactic emission, noise etc. Some o f these 

effects can be removed by exploiting their frequency or scale dependence or their pe

culiar spectrum (e.g. Tegmark & Efstathiou 1996; Dodelson 1997; Jones, Hobson & 

Lasenby 1999; Hobson et al. 1999; Tegmark et al. 2000; Refregier, Spergel & Herbig 

2000), but, especially in the analysis o f higher order statistics, their effect cannot be 

underestimated. This point will be recalled in chapter 10.

1.4 The successes and limits of the standard model

The existence of an initial singularity implies that an observer on o at a time i, can 

be in casual contact only with points within its particle horizon-.

As t increases the particle horizon expands. A  related quantity is the Hubble radius 

or effective horizon: the proper distance traveled by light in the Hubble time, or in 

other words the effective distance across which casual processes can act at a given

(1.30)

(1.31)
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tim e14.

For example the effective horizon at the last scattering surface was about 100 M pc, 

corresponding to about 1 degree. The homogeneity to better that 1 part in 104 o f the 

CM B on scales bigger that 1 degree poses the so called horizon problem.

Also as illustrated in section 1.1.4, to obtain a value for Q today o f order unity, 

but not exactly 1, requires “some” fine tuning (flatness problem).

These are some o f the problems the standard cosmological model has.

The standard model o f the hot big bang is based on the simple assumptions that 

the law o f physics that are valid here on Earth are also valid in the Early Universe, 

that gravity is correctly described by general relativity, that the cosmological principle 

holds , that at some early times the Universe was very hot and in thermal equilibrium 

and structure formation arises by gravitational evolution o f some primordial density 

fluctuations. It is a very successful m odel in predicting the observed abundance o f light 

elements (cosm ological nucleosynthesis), the existence o f the CMB, it accounts for the 

expansion o f the Universe and the formation o f cosmological structures. However it 

leaves unsolved some issues among which a) the origin o f the Universe, b) the origin 

o f the baryons-antibaryons asymmetry, c) the nature o f the dark matter, d) the origin 

o f primordial fluctuations, e) the flatness and f) the horizon problem.

The theory o f inflation is still highly speculative, but solves the last three entries 

o f this list in a rather elegant way. In particular, by solving the problem o f the origin 

o f the primordial fluctuations, it makes a general prediction about their statistical 

properties: they should follow very closely a Gaussian distribution with deviation 

from Gaussianity that are calculable, generally small and dependent on the specific 

inflationary model (e.g. Ganguiet al. 1994, Wang & Kamionkowski 1999). Competing 

theories for structure formation do not solve the flatness and the horizon problem, and 

generally predict non-Gaussian primordial fluctuations. In the next section we will 

briefly illustrate the basic idea on which the two paradigms for structure formation 

are based with particular attention to the statistical properties o f initial conditions.

1 'T he Hubble radius is calculated instantaneously while the particle horizon takes into account the 

whole history. The two quantities are roughly the same for models that have no inflationary phase 

(accelerated expansion phase, see section 1.5.1). During an inflationary phase the particle horizon 

can becom e much bigger than the Hubble radius.
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1.5 Gaussian vs. non-Gaussian initial conditions

In the standard cosmological model, small primordial fluctuations are amplified by 

gravity to form the large-scale structure that we see today. In section 1.6 we will 

illustrate how fluctuations evolve under gravity. In the present section we present two 

different mechanisms that seeded structure formation.

1.5.1 Inflation

Currently there are many inflationary Universe models, they all have one feature in 

common: the existence o f an early stage o f exponential (or quasi-exponential) expan

sion while the Universe was dominated by vacuum energy at around 1(T 34 sec in 

the history o f the Universe; this feature is sometime referred to as the inflationary 

paradigm. After inflation ends, the Universe is again described by the hot big bang 

model. The possible existence o f an accelerated expansion was envisaged in the sev

enties, but the major breakthrough came with the work o f Guth (1981), where the 

power o f inflation for solving the shortcomings o f the standard big bang m odel was 

first noticed. Although the original G uth’s idea did not work in detail, it took only a 

few months to make the necessary corrections.

The basic idea o f inflation is that there was an epoch when vacuum energy was the 

dominant form of energy density: to have an accelerated expansion from Friedmann 

equations one needs p +  3p <  0 and the familiar case is the vacuum energy: p =  —p. 

Then from the Friedmann equation:

,2 =  8 {132) 
o

we can see that in the inflationary phase when pa,2 increases, the curvature term 

becomes relatively small provided inflation lasts sufficiently long, solving therefore 

the flatness problem.

The Friedmann equation in the vacuum dominated case and for K  =  0 has solution 

a oc exp (H vt) where H y  — Gpvac/3.

Inflation solves also the horizon problem. In fact, imagine there exists a period 

during the expansion of the Universe, in which the comoving scale Iq, which has already 

been casually connected, manages to escape the Hubble radius (but not the particle
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horizon). Tiiis happens if Iq >  c/H  that is if ca /a  decreases with time, which requires 

an accelerated expansion a >  0 .

An observer at a later time, who was unaware o f the existence o f an accelerated 

expansion phase, would think that the scale lo was entering the horizon (well, actually 

he is calculating the Hubble radius) for the first time and would be surprised to find 

homogeneity on such a scale.

Inflation also solves the problem o f the origin o f the primordial fluctuations: quan

tum fluctuations on microscopic scale during the inflationary epoch can be stretched 

to very large scales because o f the enormous expansion. This “quantum noise” can 

be the source o f the primordial spectrum. The predicted primordial spectrum slightly 

depends on the inflationary model, but is usually very close to kn with n ~  1.

T h e  n a tu re  o f  p r im o rd ia l f lu ctu a tion s

To understand the statistical nature o f primordial fluctuations generated during infla

tion we need to go into some details o f the physics o f inflationary models. We will use 

here natural units (c =  Ti =  1). Inflation supposes the existence o f a scalar field15 r/; 

(the inflaton), with potential U(c/>). Some time after the big bang the field is displaced 

from the minimum o f the potential and starts rolling (slowly). This can happen for 

example during a phase transition (see next section). The held </> drives inflation as 

follows. Its equation o f motion is:

¿  +  3^ + A M  =  0 ;  (1.33)
a ocp

its energy density and pressure are:

P<p =  V + l- i 2 , P(j) =  - V  +  ^ 2 . (1.34)

If V((/>, T ) remains roughly constant, then the evolution o f <•/) is a slow roll because the 

kinetic term c/> and the </> term are negligible compared to the potential V . If such a 

field dominates, then the accelerated expansion condition p +  3p <  0 is satisfied and 

this happens if <(> <  V. In order to have inflation we must assume that there are such 

a regions o f the Universe in thermal equilibrium that are rapidly expanding. The slow

’ This field can be justified from particle physics
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roll conditions can be written as:

(1.35)

where V' denotes the derivative with respect to <fr and mpi denotes the Plank mass

that has the exponential expansion solution a oc exp (tH ) where H 1 ~  8ttV/ (3m pi).

A third condition (that can be seen as a consistency check since it can be obtained 

from 1.35 plus the exponential expansion requirement) is:

Similarly to the Hawking radiation from the event horizon o f a black hole, during 

the accelerated expansion the thermal quantum fluctuations “escape” the particle

These fluctuations are generally adiabatic (that is 5ptot ^  0) and, as a consequence, 

the ratio o f number densities o f any two species is the same everywhere.

Inflationary models also predict a nearly Gaussian distribution for the fluctuations, 

with small deviations from Gaussianity that depend on the specific inflationary model 

(i.e. the form of the potential V ). The rigorous derivation is quite com plicated and 

goes beyond the scope of this thesis, but let us outline the steps. The potential is 

expanded to second order in d</>, and so the field perturbation 5cf>. One can then 

calculate the lowest order non-vanishing contribution to the three-point correlation 

function. The three-point correlation function should be exactly zero for a Gaussian 

field. In inflationary models it turns out that there is a non-zero contribution to the 

three-point function, but that is generally small. A  rigorous treatment can be found 

in Gangui et al. (1994) for slow roll inflation.

If>also called Harrison-Zeldovich spectrum.

{rripi — 1/VG). Equation 1.35 means that V  <C 4>- The fact that the Universe is 

vacuum dominated during expansion can be re-written as:

(1.3G)

(1.37)

horizon. The spectrum o f these perturbations will be scale-invariant,16 (oc k). A more 

rigorous treatment (e.g. Liddle & Lyth 1993) shows that P  oc kn where

n  =  1 -  (6e* -  2r/*) . (1.38)
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1.5.2 Phase transitions and cosmological defects

Topological defects can arise in nature during phase transitions. As the temperature 

o f a system drops below a critical temperature the system undergoes a phase transi

tion, going from a state with more symmetry (disordered phase) to a state with less 

symmetry (ordered phase). The condition for the existence o f an equilibrium state o f 

a system is that the free energy (F  =  U — T S , where U is the internal energy, T  is the 

temperature and S the entropy) has a minimum. At temperatures T  >  0 an increase 

in entropy generally means a decrease o f the free energy and is therefore favorite. In 

this type o f order-disorder transitions it is possible to define a macroscopic quantity 

-the order parameter- that is zero in the disordered phase and nonzero in the ordered 

phase; the free energy is a function o f the order parameter. The state with less sym

metry might not be unique, but can lie on a vacuum manifold. If the topology o f the 

vacuum manifold admits defects, defects will arise during the phase transition1'. An 

example o f  this is a ferromagnet: above the critical temperature the system is in a 

highly symmetric state, the disordered phase with zero net magnetization, but as the 

temperature drops below the critical value, the Weiss domains form. The magneti

zation in this example is the order parameter: the direction o f the magnetization in 

different domains breaks the rotational symmetry present in the disordered phase. The 

boundary o f the different domains are topological defects. In the early Universe the 

temperature decreased very rapidly and the Universe underwent several phase transi

tions: at relatively low temperatures the confinement transition (T  ~  102M e V ), and 

the electroweak (T  ps 102G eV ). At higher temperatures things are still speculative: 

grand unified theories, supersymmetric and M-theories predict the existence o f  other 

phase transitions. The important idea about cosmological phase transitions is that 

the order parameter can be identified with with some scalar field and the free energy 

can be related to the potential describing the interactions o f that field. Topological 

defects can be point like (monopoles), string-like (cosmic strings) or planar (domain 

walls) depending on the geometry o f the potential and can be classified as “global” or 

“local” . The latter classification refers to whether the symmetry broken during the 

phase transition is local or global. Global defects, contrary to local ones, have long

1' unless the dynamics is com pletely adiabatic
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range interactions.

Topological defects, can act as seeds for structure formation. These are some

times called active perturbations since fluctuations are continuously seeded by defects 

evolution and this is a non-linear process. For this reason structure evolution from cos

mological defects has to be investigated by means o f numerical simulations. Recently, 

improvements in computer power have made it possible to run defect simulations and 

com pute accurately CM B and LSS power spectra (Pen, Seljak & Turok 1997). Such 

seeds are very different from quantum fluctuations as in the inflationary paradigm, and 

are non-Gaussian. For a basic review on topological defect seeded structure forma

tion see e.g. Kolb & Turner (1990); Brandenberger (1990); M agueijo & Brandeberger 

(200 0 ).

1.6 Perturbation theory

On large scales, bigger than that o f galaxies, dissipative and hydro dynam ical pro

cesses and non-gravitational forces should be negligible, therefore on those scales the 

evolution o f cosmic structure is largely determined by gravity.

Let us denote the density contrast by p, the velocity by u and the gravitational p o 

tential by <E>. These fields18, are related by the continuity, Euler and Poisson equations, 

namely, in the Newtonian approximation:

where D /D t =  d/dt +  u • V  and G is Newton’s gravitational constant.

These equations describe the mass conservation, the equation o f m otion and the 

Newtonian gravity of a self gravitating, pressureless perfect fluid in the Newtonian 

approximation. The use o f this approximation is justified because, in what follows, we 

will be looking at scales much smaller than the Hubble radius and small perturbations 

(and small perturbations implies weak gravitational fields).

T in  the sub-horizon scale and after recombination.

(1.39)

(1.40)

V 2<I> =  4trGp (1.41)
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From the system o f equations (1.40-1.41) follows that a homogeneous distribution 

o f matter cannot be stationary, but must globally expand (or contract).

Birkhoff’s theorem from general relativity says that space is flat inside an empty 

sphere em bedded in a FKW Universe (e.g Peebles 1980). It is therefore possible to 

describe the expansion o f an unperturbed FRW  Universe from the Newtonian equation 

o f m otion o f an isolated sphere o f radius a (t), containing matter with mean density 

p(t) equal to that o f the background FRW  Universe (Efstathiou 1990).

The scale factor is the solution to the Friedman equation:

Q 2 =  ^ n G p - K / a 2 (1.42)

where Ii specifies the geometry o f the Universe.

If there are no perturbations, the solutions are the equations o f an expanding 

Universe:

p(t) =  po/a{tY  (1.43)

r =  a (t)x ; Expansion o f the Universe (1-44)

u =  —r =  H r ; Hubble’s law (1-45)
a

Here x  is the comoving coordinate, where points expands with the background 

and r is called proper or physical coordinate.

Let us now assume that there are some small perturbations in the density field 5 =  

<Sp/p and write the equations in terms o f the comoving coordinates x\ the overdensity 

is then p (x , t) =  p (i)[ l  +  d(x, t)] and the proper velocity at any spatial point is:

u =  f/,x +  ax

=  Hubble’s flow +  v  (1-46)

where v  is the peculiar velocity field and denotes the departures from the Hubble flow.
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therefore the comoving continuity equation becomes

^  +  —  p + - X 7 - p v  =  0 (1.49)
at a a

By performing a similar transformation on the Euler and Poisson’s equations we 

obtain that the system of equations 1.39-1.41 in comoving coordinates for the pertur

bation held becom es19:

g  +  I V . [ ( l  +  i )v ]  =  0 (1.50)

^  +  - v + i ( v -  V )v  =  - i v 0  (1.51)
at a a a

where </; is the peculiar gravitational potential, solution of

V 20 =  4ttG pa?5  , (1.52)

that is:

ch =  —G o?A (x ) , where A (x )  =  I dAx'    . (1.53)
J |x — x'|

Using the definition o f the density parameter il =  8-jrGp/(2H)2 Poisson’s equation 

becomes: V 2$  =  (3 /2 )H 2a2Ct5.

At this point it is useful to Fourier transform equations 1.50-1.52 i.e. 5 — > ¿k 

and V  — > ik  obtaining:

—  +  - i k  • v k +  -  ^ ¿ ¿ k'(k  • v k_k ') =  0 (1.54)
CLT> CL CL k'

~7T +  ~ 5 Z  ?;[Vk' ■ (k -  k ')v k-k ']  +  - v k =  i - ( j>k (1-55)
CL L CL . . CL CLk7

k 20k =  -47rG a2p5k . (1.56)

The non—linear terms, i.e. the terms under the sum sym bol, couple m odes from

different scales. The full description o f gravitational instability is non-linear. To

solve these equations one must find a way to deal with the nonlinear terms. The

perturbation theory approach relies on the assumption that, when deviations from

homogeneity are small (that is 5 <C 1), the first few terms o f the expansion:

S =  <5(1) +  <f(2) +  • • • (1.57)

19Expressing p (x ,t )  =  p(t)[  1 +  <5(x,i)], and recalling that p oc a ' 3.
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where provide a good approximation o f the exact solution. This

might be true at some epoch in the early Universe when perturbations were small, 

but it might be a good  description o f the behaviour o f the cosmological fields 011 large 

scales even today, when 011 small scales clustering is highly non-linear as shown by the 

comparison with N -body simulations results (e.g. Baugh, Gaztanaga & Efstathiou 

1995).

1.6.1 Perturbation theory approach: Linear theory

The m ode coupling terms in equations 1.54-1.56 must be negligible if linear perturba

tion theory holds. I11 linear perturbation theory the non-linear terms are dropped and 

the modes evolve independently. I11 fact equations 1.50 and 1.51 can be com bined20 

to obtain the second-order differential equation:

^  +  2 -T 7  =  V  ■ i 1 +  1 +  (L58)of/ a at a, a, UaOp

which can be linearized to obtain:

or equivalently:

The solution is:

a dSh- „  „ .
-dfi +  =  4'0pik- (L60)

¿U) =  H (i)d0(x) +  decaying m ode (1-61)

where ¿>o(x) is the random field which statistical properties are given by the initial 

conditions, and D(t )  is the growing mode. Notice here that in linear theory the pertur

bation growth is uniform and scale independent. The growth o f density perturbations 

at early epoch can be described by linear perturbation theory provided that the linear 

power spectrum 21 at small A; falls off less steeply than k4 (e.g. Efstathiou 1990). For 

realistic spectra this is always the case. In practical applications it is useful to have 

the expression for the growth factor as a function o f redshift rather than time:

D{ z )  =  a(z)g(z)  (1.62)
"Derive with respect to the time equation 1.50, multiply equation 1.51 by (1 + S )/ a  and take the

divergence. Eliminate V  ■ dv/dt and use equation 1.51 for the definition o f 05/dt.
JIThis quantity will be formally defined in chapter 1.
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where a(z)  =  (1 +  z ) ~ l and g(z)  — 1 for an Einstein de Sitter Universe, but otherwise

introduces a density-dependent suppression o f the linear growth. A  very accurate

fitting formula is given by (Carroll, Press & Turner 1992):

S[ii(a)] =  | --------4 ^ -------------------------------  (1.63)
2 0 (a) 7 -  A (a) +  [1 +  0 (a ) /2 ] [ l  +  A (a)/70]

where:

ry  \ 1 \( \ -  fl3A°
(aj “  a +  i i0( l  -  a) +  A0(a3 -  a) ’ “  W  a +  f i0( 1 -  a) +  A0(a3 -  a) '

(1.64)

An immediate consequence is that the power spectrum retains its shape as long as 

linear theory holds. It also follows that, if the initial perturbation field is Gaussian, 

it will remain Gaussian during linear growth. By looking at equation 1.56 it is clear 

that in an Einstein de Sitter Universe in linear perturbation theory the fluctuations 

in the gravitational potential (i.e. the peculiar gravitational potential) is constant.

1.6.2 Linear order approximation for the velocity field

So far we have described only the properties o f the density perturbations, but the 

system o f equations 1.49-1.50 contains also the velocity. Peculiar velocities, that is 

the deviations from the uniform Hubble expansion, can contain very useful inform ation 

because their sources are the concentrations of mass. The observed galaxy density field

can be biased with respect to the underlying mass distribution (see section 1.8), but

the statistical properties o f the observed velocity field are directly related to that o f 

the mass.

From the linearized continuity equation:

dS 1
Ht. a  ■ v  =  0 (1.65)

by doing a Fourier expansion and remembering that in Fourier space the effect o f the 

operator V  is a multiplication by —zk we obtain that

=  ~ M 2 a H f W 5 k ( 1.66)

or

V  • v  =  - H f ( Ü ) 6  (1.67)
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where H  =  a/a. denotes the Hubble constant and =  z>7)y — f f f  — ^ ° 'h (e-8 -

Peebles 1980; Lahav et al. 1991b). Equation (1-67) is usually written as:

v ( x ) = a H m  i  *<*'><*-  * ' w . (1.68)
An J  | x — x |

It is clear that in principle it is possible to determine the density parameter Hq 

from observations o f the density and velocity fields (provided one assumes that 5 can 

be obtained from a galaxy survey). The redshift yields only the radial component o f 

the peculiar velocity, but the information contained in this component can be used to 

recover the full v  since the velocity field in linear theory is irrotational22 under loose 

requirements.

In practice however more serious difficulties arise. For example, the potential 

can be recovered by integrating the peculiar velocity field radially. Galaxy distances 

need to be measured using a method other than redshift: in this way the Hubble 

How velocity can be subtracted from the velocity inferred from the redshift to obtain 

peculiar radial velocities. The errors on these distance measures are proportional 

to the distance, and can be used only in the local Universe. The radial velocity is 

therefore known only in a discrete set o f points along the line o f sight: a smoothing 

operation is required to obtain a continuous velocity field to integrate. Smoothing is 

required also to make the velocity field as linear as possible. But this operation reduces 

the number o f independent points (see e.g. Bertscliinger &; Dekel 1989; Dekel 1994, 

this procedure is known as P O T E N T ). Once the potential field is recovered, in order 

to measure the density parameter it has to be differentiated twice, and this operation 

magnifies the noise. In addition to that, galaxies might not be faithful tracers o f the 

matter distribution. The consequences o f this will be explored in section 1.8.

1.6.3 Second-order perturbation theory for S

In second order perturbation theory (2 0 P T ) the last term of eq. 1.58 is not ignored 

completely. Always in the approximation that matter is an ideal fluid with zero pres

sure'. equation 1.58 to second order in the perturbation with respect to the background

" I n  fact by taking tlie curl o f both  sides o f equation 1.65 we obtain an equation for V  x v  that 

has a decaying solution oc 1/a . Thus any vortical com ponent o f v  decays with time. The irrotational 

velocity field can be thought as the divergence of a scalar potential v  =  — V $ v -
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is:

+  2~  =  4irGpS(l +  S) +  V5 • V 0 /a 2 +  dadp {vavp) /a2 . (1.69)
dtr a at

To obtain 8 to second order the velocity in the last term on the RHS is given by 

it linear order expression (neglecting the decaying m ode). The next step (following 

Peebles (1980), paragraph 18) is to substitute in the previous equation 8 written as 

8 =  ¿ 01) +  where 8^  =  A ^ 1) and retain only second order terms -  the first order 

terms cancel because they are a solution for the first order equation 23.

We then obtain that, to second order in 5, the fractional density contrast follows:

(I2A n ( l d D  a\ dX . _ . m  „ _ 5 (1),Qa , 1 (d D \ 2
~d£+  [ d  dt +  a )  dt _  P P 5(D 167r2iA2A(i) \dt )

(1.70)

where , a  subscript denotes the spatial derivative with respect to the a  direction, and 

A  is given in equation 1.53.

In an Einstein-de Sitter model D  oc f2//3 and 6-7TG pt2 =  1, this can be integrated:

<s<2) =  ~ +  ■ (L71)

For non Einstein-de Sitter models the solution can be found in e.g. Bouchet et al. 

(1992), Bernardeau (1994b), Catelan et al. (1995), Kamionkowski & Buchalter (1999), 

but it is not very sensitive to the cosmology. In this order the density perturbation 

at one point depends on the initial perturbation at another point through A : the 

behaviour is no longer local.

To any order in perturbation theory 8 must still satisfy (8) — 0. This can be seen 

by considering that:

<5g) A ,a) =  - ( ¿ ( 1)A ,aQ)= 4 7 r ( (i(1)2)

(A ,a/3A )Q:jg )  =  (A iQOA tpp) =  167r2^ 1)'2) . (1.72)

An important application of equation 1.71 is the growth o f the skewness in the

“ ’ It, is quite straightforward to keep track o f the order in 2 0 P T  when dealing only with one field 

at the time, but when going to higher order in this sort o f expansion, it can be useful to introduce 

a bookkeeping parameter, e, and rewrite the expansion for 6 as 6 =  eiS(' ) . The parameter e has

no real meaning and at the end o f the calculation will be set to be e =  1, but, to be sure to have an 

expression for 5 in rath-order perturbation theory, one discards terms o f order higher than en .
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distribution o f S starting from Gaussian initial conditions. The skewness is defined as:

The skewness develops because S in overdense regions can grow without limit, while in 

the underdense regions has to be 6 <  —1. It is also important to note that, in second- 

order perturbation theory, the skewness is constant in time and does not depend on 

the power spectrum normalization. O f course, the value 34 /7  is exact only for no 

smoothing. In the presence o f smoothing there is a corrective (negative) term to add 

that depends on the scale dependence o f the rms fluctuation dlog a 2 (B.)/d\og(B.) e.g. 

Bernardeau (1994a).

1.6.4 Higher orders: trees and loops

The variance o f density fluctuations cr2(r) is a decreasing function o f the scale r. On 

large scales a 2(r) -C 1 ( linear regime), at small scales cr2{r) is large and nonlinear 

effects becom e important. The boundary between these two regimes defines a length 

scale that grows with time: due to gravitational instability, a given scale will even

tually become non-linear. The assumption that is usually made is that, even when

J1using tlic fact that (<5("  A itvy<j) =  —iTrfi*-1'" ) .

(1.73)

To second order from Gaussian initial conditions we have (following Peebles 1980)

where (cŜ 1'4) =  )2. The next term becomes:

where the last quality comes from Poisson’s equation. The last term is:

( 6 ^ 2A taPA ^ )  =  ( 6 W ) ( A ,q/3A ,q/j) +  2 ( S ^ A ^ ) ( 6 ^ A iaP) . (1.76)

One can see24 that the last equation is 8 0 /37r2(d^1)2)2, and that, since the leading 

order contribution for the denominator in the skewness is (t̂ 1)2)2 we obtain:

(1.77)
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the density and the velocity fields are highly non-linear on the smallest scales, the 

evolution o f large scale properties o f these fields can still be accurately described by 

a perturbative approach. The validity o f this assumption has been checked against 

N -body simulations (e.g. Baugh, Gaztanaga & Efstathiou 1995; Scoccim arro & Frie- 

nian 1996 and references therein). The general approach to perturbation theory is the 

following: the system of equations o f motion for a self gravitating perfect huid with 

zero pressure in a homogeneous Universe (equations 1.39-1.41) can be formally solved 

via a perturbative expansion (e.g. Goroff et al. 1986; Jain & Bertschinger 1994). In 

Fourier space one obtains:

OO
¿ ( M )  =  “ " W M k ) ,

n=  1 
oo

0 (k ,i)  = H { t ) ' £ l *n (t)en (k)  (1.78)
n=  1

where r  =  J dt/a. is the conformal time and T-L =  dhia/dr  =  H a. The velocity field 

is considered to be irrotational therefore it is completely described by its divergence: 

9 =  V  • v. In the perturbation theory approach, the equations o f m otion determine 

J„(k ) and /9„(k) in terms o f the linear fluctuations:

<Mk) = J  d?q\... f  d?qnF^\<\i ... q??,) J(1) (qi) • • • J(1)(qn)JD(k — qi — ... — qn)

^n(k) =  J  d3qi . . .  J  dZqnG ^  (qi . . .  qn) i (1) (q i ) . .. d(1) (qn)5C (k -  q x -  . .. -  q „)

(1.79)

where Fn and G ^  are the symmetrized version o f the kernels derived by G oroff 

et al. (1986) and Jain & Bertschinger (1994) for an Einstein-de Sitter Universe and 

by Scoccimarro et al. (1998) for 0  /  1, A ^ 0.

The simplest primordial fluctuations are Gaussian. In this case the connected 

n-point correlations vanish for n >  3. However the non-linear evolution induces con

nected n-point correlations for ti >  3 in the 5 field and modifies the linear two point 

correlation. The connected n-point correlations (or Fourier spectra) for 5 can be 

obtained from 1.79. It is useful to introduce a diagrammatic notation for the per

turbative contribution to the connected correlations (or Fourier spectra). These are 

analogous to Feynman diagrams of quantum field theory. The diagrammatic rules are



50 1: Introduction

as follows. To calculate the p-point spectrum  o f the density field for example draw p 

points with p external solid lines labelled by k i , . . . ,  k p. These external lines represent 

the spectral components o f the field we are interested in (e.g. £ (k)). Then draw all 

distinct connected diagrams joining the p points with r  internal (dotted) lines. Two 

diagrams are distinct if they cannot be deformed into each other without cutting in

ternal lines. Each internal line is labeled by a wavevector q r that will be integrated 

over. Assign a factor P (q v) (the linear power spectrum) to each internal line labelled 

by q r  Assign a factor 5D(ki — qi — . . .  — q 7i)-Fn^(qi ■ ■ • q n) to each vertex o f order 

n  (where n dotted line end or start) whose external line is labelled by k,. Integrate 

over all q, with the convention to assign positive sign to to wavevectors outgoing from 

the vertex. Multiply by the symmetry factor o f the graph (the way the labelling o f 

internal lines can be rearranged) and sum over distinct labellings o f external lines. 

Finally add up the resulting expressions for the diagrams.

In this approach, contributions to the connected n-point spectra (or correlation) for 

A, come from connected diagrams with n external (solid) lines and arbitrary internal 

(dashed) lines. The perturbative expansion o f equation 1.78-1.79 leads to a collection 

o f diagrams (differing in the number and arrangement o f internal lines) at each order: 

the leading order are the tree diagrams, the next to leading order are the one-loop 

diagrams etc. (Matsubara 1995a). The order increases with increasing number o f 

internal lines. Figure 1.6.4 shows tree and one loop level for the power spectrum (i.e. 

'ii=2). The three contributions o f figure 1.6.4 are actually the three contributions to 

the power spectrum o f chapter 5: P\ 1,^22 and P 13. The indices indicate the number 

o f internal lines ending in the vertices. O f course, this perturbative expansion for the 

71 point correlations makes sense only if the loop integrals are convergent.

Perturbation theory is asymptotic: in the highly non-linear regime perturbation 

theory is expected to break down and on very small scales stable clustering regime 

should be reached. I11 physical terms we can imagine this being the situation o f a 

virialized cluster which has detached from the Hubble flow and is neither expanding 

or contracting. This hypothesis leads to analytical predictions for the n point correla

tions. and has been tested against N -body simulations with contradictory results (e.g. 

Jain 1997; Caldwell et, al. 2000).



1.7: Press & Schechter 51

Figure 1.3: Diagrams fo r  n = 2  up to one loop. From the top the first diagram corre

sponds to the tree level (P\\ in chapter 4), the second contribution correspond to the 

second order power spectrum (P22 in chapter 4) and finally the third diagram corre

spond to the one loop correction (P 13 in chapter 4)-

Despite the fact that a full analytical description o f gravitational clustering in the 

non-linear regime remains an unreachable goal, it is still possible to obtain analytical 

approximations o f the statistical distribution o f collapsed dark matter clumps. This 

was first shown in a seminal paper by Press & Schechter (1974) and will be the subject 

o f the next section.

1.7 The cosmological mass function and 

the Press Sz Schechter approach

The mass distribution o f collapsed dark matter clumps is the cosmological mass func

tion n (M ); at a given redshift is defined as:

(1.80)
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(IN is the number o f cosmological structures per unit volume at that redshift with mass 

between M  and M  +  dM . Highly non-linear gravitational dynamics is involved in the 

formation o f the collapsed dark matter clumps (or haloes) and these are associated 

with galaxies and clusters o f galaxies. The collapsed dark matter clumps (or haloes) 

are associated with galaxies and clusters o f galaxies; highly non-linear gravitational 

dynamics is involved in the formation o f the haloes, but the non-linear gravitational 

collapse is an unsolved problem in the general case. The first theoretical attempt, 

to determine the mass function goes back to the work by Press & Schechter (1974), 

although their result was already present in Doroshkevich (1967). Their procedure is 

based on the extrapolation o f the linear regime o f perturbation growth to the collapse 

regime. Their result ignores completely many difficulties o f gravitational collapse and 

is based on rather crude assumptions. Surprisingly, it has been shown subsequently 

by means o f  N -body simulations, it predicts quite accurately the mass distribution o f 

dark matter haloes, although the agreement is not complete (e.g. Jain & Bertschinger 

1994; Shetli & Tormen 1999; Sheth, M o & Tormen 1999).

Consider the density fluctuation field filtered on a scale R  corresponding to a 

mass M  (R (M ) =  [3M / ( 47rp/,)]1/ 3), J /i(x) =  5m (x), where pb denotes the background 

density. The probability distribution function (PDF) o f a Gaussian fluctuation field 

is given by (c f section 2.2)

This probability depends on the smoothing scale M  and the time o f evolution 

through (7/\/. The probability that at some spatial point x , <5a/(x) exceeds some 

threshold for collapse Sc is given by:

is the average mass density) if 5m  >  Sc, the mass function is com puted through:

(1.81)

(1.82)

Since it is quite reasonable to assume that a typical mass M  ~  will form (pi.

n ( M ) M d M  = f p b [P >Sr ( M)  -  P >Sc(M  +  dM))  = f p b dL>h. _ ^ L  d M _ (L83)
da yv/ dJVl
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Here /  is a fudge or normalization factor. In the original PS formulation it should 

correct for the fact that half o f the space is underdense (6 <  0) and the underdense 

regions accrete onto the objects in the overdense regions. One would expect that PS, 

for this argument, would double the masses; instead they doubled the number density 

o f objects... This is the so called cloud-in-cloud problem. A  more detailed discussion 

is presented in chapter 10.

One o f the central assumption o f the Press & Schechter “recipe” (PS) is the spher

ical collapse model (see below) that predicts the value for Sc e.g. in an Einstein de 

Sitter Universe 8C ~  1.68. A comprehensive review o f the PS limitations and sugges

tions for improvement can be found in e.g. Peacock &; Heavens (1990); Bond et al. 

(1991); Yano, Nagashima & Gouda (1996); Lee & Shandarin (1998); Sheth, M o & 

Tor men (1999).

1 .7 .1  S p h e r ic a l  c o l la p s e

One o f the few cases in which gravitational collapse can be solved analytically is 

the case o f spherical symmetry (e.g.Gunn & Gott 1972; Peebles 1980). The simplest 

spherical perturbation is the top-hat one with radius r. As a consequence o f BirkhofFs 

theorem this perturbation evolves as a FKW universe with density equal to the mean 

density inside r.

The proper radius o f a shell r encloses the mass M  and its acceleration is

where the constant of integration is C  >  0 (C  <  0) for a shell with positive (negative) 

energy. We are interested in a collapsing shell therefore we will chose C  <  0. In this 

case, the solution to this set o f equations is in a parametric form:

d2r G M
dt2 (1.84)

this can be integrated giving the energy equation:

(1.85)

C  <  0 : r =  A{1  - c o s 0) , i =  £ (0  -  s in 0), ( 1.86)

where A 3 =  G M B 2. The homogeneous background is described by similar equations.
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5

5 u "  1.68

Figure 1.4: Schematic representation o f the significance o f the value 8 =  1.68 in an

Einstein de Sitter Universe, fo r  the threshold fo r  collapse: when the linearly extrapo

lated value fo r  8 reaches 1.68, the real 8 diverges to infinity.

By expanding the solution for small 6 we obtain:

From these equations it results (see Peebles 1980) that the (linear) density perturba

tion inside the sphere is:

If only gravity operates the sphere will collapse to a singularity at 0 =  2w. The 

resulting density perturbation is: 8n n ~  1.68. This is the value chosen in the PS 

approach as the threshold for collapse and is illustrated schematically in figure 1.4.

The spherical model is an ideal system. In the real Universe the density peaks 

cannot evolve locally: the cosmological background field will affect the dynamical 

evolution and the collapsing time and is likely to make the collapse triaxial. To 

this one might add tidal effects and fragmentation o f the internal part o f the sphere 

in substructures. All these effects (and probably many others) might, lead to the 

incorrect prediction o f the PS recipe when compared with simulations25.

" ’ A word of caveat is necessary here: when comparing N -body simulations with the theoretical 

PS prediction one has to define “galaxy” or “cluster” in the simulation, and this operation is not 

unequivocal.

2 / 3

(1.87)

( 1.88)
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1.8 Bias

Up to now we have described different approaches to the study o f gravitational clus

tering o f the mass distribution. However, the mass in the Universe is mainly dark 

matter and cannot be observed directly: only galaxies can be observed, but mass and 

galaxy distributions may not be identical.

The idea that galaxies are biased tracers o f the mass distribution even 011 large 

scales was first introduced by Kaiser (1984), in the attempt o f  explaining the properties 

o f Abell clusters. The fact that galaxies o f different morphologies have different spatial 

distributions was known much before the introduction o f the concept o f bias (e.g. 

Hubble 1936; Dressier 1980; Postman & Geller 1984). Since the clustering properties 

o f different type o f galaxies and o f galaxies and clusters are different, they cannot all 

be good tracers o f the underlying mass distribution. The fact that galaxy clusters 

“lay above some moderately high threshold” however, has the effect to amplify their 

correlations: clusters are biased. To illustrate this effect let us assume a Gaussian 

density field smoothed on a scale R, with correlation function £ and run.s. density

fluctuation a  given by a2 =  £(0). We will now calculate the correlation function o f

regions that are above a given threshold ucr. The probability that a randomly-chosen 

point lies above that threshold is:

/• OO

Pi =  P (y )d y  (1.89)
J  V O

where P { y )  is the Gaussian distribution:

r 6] ■ <L9°>
The joint probability for the density of two randomly-chosen points at a distance 

■/■ to lie above the threshold is therefore given by:

r  00

P \2 =  /  P {y\ ,y i)d y id y2 (1.91)
•I V O

where P ( y i . y2) is the bi-variate Gaussian distribution:

p {y) =  - J — 5- exP
V  ¿ n  a  z

m exv £(0)2/1 +  £(0)'2/2 — 2£ (r )2/ i 2/2 (1.92)
2 [£2 (0) — £2(r)]

The correlation function for points where the density exceeds the threshold £> 

is related to P ( y u y2) by P { y i , y 2) =  P (y i )P (2/2)[l  +  £>„„].
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We therefore obtain:

1 +  i > „ „ M  =  / “ e x p l V / a l E r f c  (  ^ - ^ ( / f i j o ) ] )  *  '

(1.93)

For high threshold u 1 and (  «  1 the correlation function is well approximated

by:

^  . (1.94)o

The effect o f this high peak bias is therefore to introduce an amplification in the 

correlation function, that increases as the threshold increases.

Detailed analytical treatment o f the statistics o f peaks in Gaussian random fields 

has been presented e.g. in Peacock & Heavens (1985) and Bardeen et al. (1986).

Following the idea o f Kaiser it is possible to show that, in the limit o f high threshold 

and small variance, the effect on the correlation function o f the high peaks bias is well 

approximated by a linear bias. In the linear bias model, the mass and luminous 

material fractional overdensity fields 5m and 5lU711, are related by:

i i m ( x )  =  65m (x) (1-95)

where b denotes the linear bias parameter. W hile the relation 1.95 implies that

Uum =  b2U  (1-96)

where Lum  stands for luminous material such as clusters or galaxies, the reciprocal is 

obviously not true. However it can be shown that (see e.g. chapter 5) as long as bias 

acts as a local function o f the density, equation 1.96 holds on large scales.

Although Kaiser’s high peak bias model referred to rich galaxy clusters, and that 

it is not known how well galaxies correspond to high peaks o f the initial fluctuation 

field, the fact that galaxies themselves could be high peaks -an d  therefore more clus

tered that the overall mass distribution- helped the favorite cosmological m odel o f the 

eighties (flat, H =  1. CDM model) to be reconciled with the observations available 

then. In fact, if one runs a CDM  N -body simulation to the point where the slope 

o f the correlation function o f the mass matches the observations, the accompanying 

velocities are too high. A low density CDM  (Ho ~  0.2) would do better, but this 

goes against the theoretical prejudice H =  1. The same thing seems to happen on the
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observational side: the cosmic virial theorem (e.g. Fall 1975; Peebles 1980) implies 

that il oc £(r) (v/r)2 where the constant o f proportionality is calculable, and yields 

H ~  0 .2 . A way to reconcile these finding with if =  1, as for example first realized by 

Davis et al. (1985), is to argue that the way to calculate the “present tim e” from the 

simulations using the correlation function slope is not very precise and that in reality 

a ta x ies  =  b2£m with b between 1.5 and 3. Density fluctuations are therefore smaller 

than the apparent fluctuations, but also CMB fluctuations are smaller in this picture, 

than they would be if galaxies were unbiased. Before the CO BE results, however, the 

normalization o f CMB fluctuations was largely unconstrained.

Several mechanisms to explain biased galaxy formation have been proposed. Rees 

(1985) suggested an astrophysically plausible mechanism “whereby galaxy formation 

is biased towards the very high density peaks” , preventing galaxy formation ( “the 

collapse o f protogalactic clouds” ) with large scale variations in the conversion effi

ciency o f baryons into luminous galaxies. Schaeffer &; Silk (1985) showed that the 

observed correlation and luminosity functions could be reconciled with observations if 

galaxy formation was biased by the assumption that galaxies form only at high red- 

shift. This scheme was subsequently generalized by Cole & Kaiser (1989). Heating, 

feedback, wind stripping (Silk 1985), segregation (Dekel Sz Silk 1986, Dekel & Rees 

1987), luminosity segregation (Valls-Gabaud, Alimi & Blanchard 1989), non-linear 

hierarchical clustering effects (Schaeffer 1987) are some o f the schemes suggested in 

the literature.

The fact that galaxies are biased, or that at least different galaxy populations 

are biased with respect to each other, seemed to be confirmed by some observations 

(W hite, Tully & Davis 1988; Hamilton 1988; Lahav, Nemiroff & Piran 1990; Plionis 

& Borgani 1992, Lahav & Saslaw 1992), and simulations (Calberg & Couchman 1989; 

Calberg 1991).

As the observational data improved, the simplest bias m odel was not sufficient 

to reconcile the standard CDM  paradigm (Peebles, Daly & Juskiewicz 1998, Peacock

1990), especially after COBE results (see CM B section) on the amplitude o f the pri

mordial fluctuations were made public (Bahcall & Cen 1992, Cen & Ostriker 1992). 

This is mainly due to the fact that a local (however com plicated) relation between



58 1: Introduction

galaxies and mass cannot reconcile a cosmological model that predicts a large-scale 

mass correlation function in conflict with the shape o f the observed galaxy correlation 

function (Scherrer & Weinberg 1997).

The simple linear bias model cannot be true in detail for all galaxy populations 

since the shape o f the power spectrum is unchanged in this case, and not all galaxy 

populations have the same shape o f power spectrum, although the differences are not 

large (Peacock & Dodds 1994). At a more fundamental level, such a model could 

only survive if applied to a smoothed field, otherwise the gelaxy fluctuation held 5tJ 

could be 6g <  — 1 which corresponds to a negative galaxy density. But this simple 

scheme can be seen as an approximation o f the underlying process. For example Fry 

& Gaztanaga (1993) generalized this scheme to

OO 7
6g =  F(6)  =  J 2 i ^  ■ (1-97)

¿=o *'

To have (5(J) =  0 one just has to fix bo. The linear bias scheme would just be the first, 

order approximation.

So, biasing was originally introduced to bring CDM  and observations into agree

ment, but did not succeed. However, it can be interpreted as a parameterization o f 

our ignorance o f the galaxy formation process. As already illustrated before, the ig

norance o f  the bias parameter compromises all conclusions about f 2 from large scale 

structure studies. The concept o f biased galaxy formation has been subsequently 

modified and developed and has featured so strongly in LSS that it is worth reviewing 

some proposed models o f bias.

1.8.1 Extensions of the linear bias model

The idea that galaxies are biased even on large scale has been studied for example by 

Peacock & Heavens (1985) and Bardeen et al. (1986), where galaxies are hypothesized 

as forming at high peaks o f the density field filtered on relatively small scales. In fact, 

even if the physical mechanism responsible for the bias operates only on relatively 

small scales, (e.g. within cluster cores), the bias parameter may differ from unity on 

much larger scales. The concept o f bias can in principle be extended from the simple 

scheme where the density contrast is simply proportional to that o f the mass to the
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extreme where galaxies are arbitrarily “painted on” the mass distribution. However it 

is reasonable to assume that the galaxies are somewhat related to the underlying mass 

distribution, for example some constraints can be imposed, when the galaxy density 

is an arbitrary local function o f the mass density. Coles (1993) showed that, allowing 

galaxies to form with a probability that is an arbitrary function o f the underlying 

local mass density, some constraints can be imposed on the form o f the function. A 

scale-dependent bias factor appears fairly naturally and in particular, for Gaussian 

fluctuations, the bias must be a monotonic, non increasing function o f separation. 

Numerical experiments show that this also holds for the power spectrum  (Mann, 

Peacock & Heavens 1998). The gravitationally-evolved fluctuation field o f the mass 

however is not Gaussian (for a general discussion see Fry (1986)) and therefore the 

conclusions might not necessarily hold for the observed galaxy field.

It has been suggested that the bias mechanism might be m odulated by environment- 

dependent, effects. For example, in the cooperative galaxy formation m odel (Bower 

et al. 1993), the universal threshold is effectively replaced by a threshold that depends 

on the mean mass density: the relationship between 8m and 5(J becomes non-local, and 

bias turns out to be scale dependent. In the attempt to reconcile some o f the observa

tional evidence against strong biasing with the theoretical motivation for it, Catelan 

et al. (1994) propose an alternative bias scheme “weighted bias” . This aimed to pro

vide a phenomenological description o f galaxy formation: galaxies trace the mass only 

when the local density exceeds some threshold. However, as pointed out by Mann, 

Peacock & Heavens (1998), Eulerian bias, that is any biasing scheme that is a lo

cal transformation of the Eulerian density field, seems incapable o f reproducing the 

observed power spectrum of galaxy clustering and the clusters mass to light ratio 

observations in a CDM , COBE normalized Einstein-de Sitter Universe.

In this overview of bias schemes, bias is conceived as applied at the present fluc

tuation field is independent of time. But, as Fry (1996) pointed out, physically bias 

in the galaxy distribution arises at the epoch of galaxy formation; it can affect where 

galaxies form, but not how they move under gravity. Under the (very restrictive) 

assumption that merging is negligible, Fry (1996) finds that an initial bias in the 

galaxy distribution evolves with time and the galaxy distribution at late times traces



60 1: Introduction

the mass. Expressed in terms o f the redshift z j  o f galaxy formation, the present day 

linear bias b is

b = b- ^ ~  (1.98)
1 +  Z f

where /;* is the linear bias at z j .  However galaxy mergers may play an important role 

in the physical process o f galaxy formation.

A different approach can give some more insights. Complex, non-gravitational 

processes that are extremely hard to model, might be critical in determining the 

clustering properties o f galaxies. But galaxies form within dark matter virialized 

clumps (haloes), whose clustering properties might be easier to model and understand. 

Dark halos are highly non-linear objects, therefore their formation and evolution has 

been extensively studied with N -body simulations; but a physical model and analytical 

approximations would help the interpretation o f these results.

The theory proposed by Press & Schechter (1974) see section 1.7, allows the haloes 

to be identified with regions o f the initial density field: the Press &; Schechter model 

describes a highly non-linear process, even though it is entirely based on linear theory, 

suitably extrapolated to the collapse time. W ith the later extensions (e.g. Bond et, al.

1991) it allows one to assign a unique mass to any particular point, it is therefore local 

in Lagrangian space. Mo & W hite (1996) extended the Press & Schechter formalism, 

so that it provides a model for the spatial clustering o f dark matter haloes. As a 

result, this m odel provides indications o f how the halo distribution (and therefore the 

galaxy distribution) might be related to that o f the mass. The bias o f dark haloes 

depends not only on their mass but also on the redshift o f formation, and is non linear. 

If one could “place” a galaxy in each dark halo centre, it would be possible to make 

predictions about galaxy biasing. However, the massive dark haloes might contain 

more than one galaxy and low-mass ones might contain none, and galaxies might not 

sit in the halo center, therefore it is not straightforward to apply these results directly 

to galaxies.

In this framework, the effect, o f bias on high-order correlations o f peaks has been 

derived by Mo. .ling &; W hite (1996); the redshift evolution o f dark matter halos has 

been studied by Matarrese et al. (1997), who obtained the bias function as a function o f 

redshift for different classes o f objects, shortly after the first observational confirmation
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o f the redshift dependence o f bias (Steidel et al. (1998)26 and the subsequent analysis 

o f Peacock et al. (1998)).

Catelan et al. (1998) noted that the extended PS algorithm provides a mapping 

between points o f Lagrangian space and haloes in embryo. That is, given the prim or

dial fluctuation field, the PS mapping at a redshift z assigns each Lagrangian point 

q to a dark matter halo collapsing at that redshift z. One can therefore assign a 

stochastic halo process to each Lagrangian Point q. This results in a Lagrangian bias. 

Even if biasing for dark haloes is Lagrangian27, it is nevertheless always possible to 

use an Eulerian bias scheme with appropriate coefficients. The set o f Eulerian bias 

factors o f Fry & Gaztanaga (1993) (eq. 1.97) be can be obtained from the Lagrangian 

ones according to the general rule be =  Ib^-^ +  be with bf=0 =  1, where the superscript 

L denotes Lagrangian quantities. Different biasing scheme have different effects on 

higher-order correlations and it might be possible in future to distinguish among the 

different schemes (e.g. Catelan, Porciani & Kamionkowski 2000).

Stochastic bias

Recently, the stochastic approach to biasing has been proposed (Cen & Ostriker 1992; 

Pen 1998; Tegmark & Peebles 1998; Dekel & Lahav 1999; Matsubara 1999), in which 

the galaxy and matter fluctuation fields 5g and 5m respectively, are considered to 

be two random fields, both with zero mean and standard deviation am and ag\ the 

linear deterministic relation 1.95 is replaced by the conditional distribution P(<f9|<fm). 

The assumption that the galaxy fluctuation is uniquely determined by the matter 

fluctuation is dropped. Strictly speaking this is really a formalism; explicitly, there 

is no new physics in it, although it is somehow assumed that there are some physical 

processes we do not yet understand (i.e. some hidden variables), that can be formally 

accounted for within this framework.

In the stochastic bias scheme the relation between the galaxy and the mass fluctu

ation can be described by the correlation function. On scales where the fluctuations

“''This last sentence might be confusing, since the Steidel et al. published paper appeared in 1998, 

but it actually appeared in astro-ph in 1996
Note that this does not necessarily imply that galaxy biasing should also be Lagrangian.
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are small enough and linear perturbation theory is valid, three parameters are needed:

a:2 _

b2 =

&
(S'i)
<<?»>

\ZWn)(%V
(1.99)

The new ingredient here is the correlation coefficient r. The cross correlation between 

different thresholds for Sg naturally arises for Gaussian and non-Gaussian fields (e.g. 

Matarrese, Lucchin & Bonom etto 1986; M o & W hite 1996), but in this framework it is 

an extra parameter that encloses our ignorance on the processes o f galaxy formation. 

In practice the stochasticity in the bias can be seen as a scatter in the relation be

tween Sm and 5g, arising from the presence o f some hidden variables affecting galaxy 

formation.

There are good reasons to believe that there is no deterministic relation between S'rn 

and Sg: bias is inherently stochastic. This can be seen in simulations (e.g. Somerville 

et, al. 1999) and observations (e.g. Tegmark & Bromley 1999; Seaborne et al. 1999). 

Stochastic properties o f the biasing are bound to evolve in time (Tegmark & Peebles 

1998) due to the galaxy formation process (e.g Blanton et al. 1999; Blanton et al. 

2000, but see also Blanton (2000) conclusions from the Las Campanas redshift survey 

analysis), and stochastic bias is therefore inherently non linear. In the linear pertur

bation theory approximation, the effect o f stochasticity is to affect redshift distortion 

analysis (see section 1.10). In particular, stochasticity results in a biased estimate 

o f the /3 parameter, and this could be an explanation o f the scatter in the estimates 

for /3 (for a review see Hamilton 1998). The time evolution induced by gravity is 

the most important source o f non-linearity (e.g. Taruya 1999; Taruya & Soda 1999). 

The presence o f non-linearity mainly affects the higher order statistics (e.g. Dekel & 

Lahav 1999; Taruya, Koyama & Soda 1999); this is particularly relevant to this thesis 

because a, big part o f it is concerned with the measurement o f the bias parameter from 

galaxy surveys. This issue will be discussed in chapter 3.
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1.8.2 The degeneracy

Techniques to determine the density parameter flo from LSS based on linear perturba

tion theory, have equation 1.67 as the starting point and can obtain Sl0 through ,/ (flo) 

(e.g. Hamilton 1998 for a review). So far we have illustrated the P O T E N T  m ethod, in 

section 1.10 we will mention the ratio o f the angle-average redshift space to real space 

power spectrum and the quadrupole-to-monopole ratio. In addition to that, there are 

the more sophisticated Maximum Likelihood methods o f e.g. Fisher, Scharf & Lahav 

(1994); Heavens & Taylor (1995); Ballinger, Heavens & Taylor (1995); Tadros et al. 

(1999), where the statistical anisotropies in the clustering pattern introduced by the 

peculiar velocities are exploited to estimate / ( f l ) .

In the presence o f bias, however, all these methods cannot recover Qq itself. For 

example, in the presence o f a linear bias (i.e. if 5g =  b5m) only the degenerate 

combination ¡3 =  Oq'6/b can be extracted. Therefore in order to measure Qq it is 

necessary to find a way to measure the bias parameter. Higher-order correlations 

have been traditionally used to characterize large scale structure and to discriminate 

between different structure formation models, however higher-order correlations, can 

be used to lift the degeneracy between if and b which arises in linear theory.

In the next section we briefly review the use o f higher-order statistics in LSS studies 

to put into perspective the first part o f the original work presented in this thesis.

1.9 Higher-order correlations and bias

The study o f higher-order correlations o f the galaxy fluctuation field goes back to the 

seventies with the work o f Peebles followed by Fry, W hite, Silk and others. W ith  the 

rapid development of computer technology in the early eighties, it becam e possible 

to study non-linear clustering to and beyond the stage where analytical approxim a

tions start to break down. The three and four-point functions in real and Fourier 

space, and their respective normalized moments, were statistical tools mainly used to 

distinguish between different galaxy formation models (e.g. Fry 1984; Fry & M elott 

1985; Baumgart &; Fry 1991; Juszkiewicz, Bouchet &; Colombi 1993; Fry, M elott & 

Shandarin 1995; Fry & Scherrer 1994a; Jing, Borner & Valdarini 1995). In a seminal
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work by Melott & Fry (1986) the reduced bispectrum Q:

Q =  ----------------------B(kl,k2,k3)----------------  (1.100)
*  P { h ) P { k 2 )  +  P (k2 )P (k 3) +  P ( k i ) P { k 3) K

where B  denotes the bispectrum and P  the power spectrum, was proposed as a sta

tistical tool to investigate bias. This quantity is related to the (real space quantity) 

skewness parameter defined in equation 1.73 and shares some o f the advantages. In 

particular it is easily calculable in second-order perturbation theory, constant in time 

and independent on the amplitude o f the power spectrum -always as long as second- 

order perturbation theory holds. The idea o f using the bispectrum or the skewness to 

study biasing has featured very strongly from the early work o f e.g. Fry & Gaztanaga 

(1993), Gaztanaga & Frieman (1994) Frieman & Gaztanaga (1994) and Fry (1994), 

to the recent work by Scoccimarro, Couchman & Frieman (1999) and Buchalter & 

Kamionkowski (1999).

In chapter 3 and 4 we develop the idea o f Fry (1994) and present a m ethod to 

extract the bias parameter from the bispectrum. The method we propose has a m ajor 

new advantage with respect to the previous (and contemporary) work on the same 

subject: it allows us not only to compute the bias parameter from a realistic galaxy 

survey, but also to assign error bars. This is achieved by performing a likelihood 

analysis o f the bispectrum. The main difficulty a likelihood approach needs to over

come, is the com putation o f the covariance. To accomplish this task we developed the 

generating functional approach illustrated in chapter 2.

1.10 Reclsliift-space distortions

The ongoing galaxy redshift surveys such as the Sloan digital sky survey (SDSS)(Gunn 

1995) and the Anglo-Australian two-degree field (2dF) (Colless 1996) survey, will pro

vide three-dimensional maps o f the Universe, surveying a volume orders o f magnitude 

bigger than the currently available maps. Galaxy positions are given using the redshift 

as distance indicator, thus galaxy positions are in redshift space, and their peculiar 

velocities distort the radial coordinate (cf equation 1.46).

The redshift-spaee distortions alter the statistical properties o f the observed den

sity field: the distortions are radial and therefore the observed structure becomes
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anisotropic.

Figure 1.5 illustrates how a spherical overdensity will appear distorted by peculiar 

velocities in redshift space, in the limit where the overdensity is far from the observer 

(distant observer approximation). In this figure the observer is situated “far away” in 

( lie direction o f the bottom  of the page. The panel on the left shows the different effect 

separately, the panel on the right shows how they are superimposed. On large scales 

the peculiar velocity infall causes the overdensity to appear squashed along the line o f 

sight. The squashing increases until the turn around, where the the infall cancels the 

Hubble liow. At the turnaround the near and far side o f the spherical region appear 

superimposed. At smaller scales regions that are collapsing in real space appear turned 

inside out in redshift space. This effect is amplified when collapsed regions virialize: 

the internal velocity dispersion (in the figure the arrows represent e.g. the random 

motions o f galaxies in a cluster) stretches even more the “fingers-of-God” along the 

line o f  sight.

1.10.1 Large-scale effect

The effect o f the large scale coherent velocity field on a redshift space map was first 

found by Kaiser (1987) to obey to a simple formula assuming linear regime and the 

small angle approximation. We shall follow the original derivation below. The reces

sion velocity o f a galaxy (along the line o f sight) is given by:

where ~ denotes the unit vector, U(r)  =  v (r )  ■ r and v has been defined in 1.46 as 

v  =  ox , x  being the comoving coordinate.

The redshift coordinate s is therefore

The densities in real (denoted by R) and redshift (denoted by S) space are related

hy

U|| =  H 0r +  [U{r) -  U {0 )]f ( 1. 101)

u [ U ( r ) ~  17(0)1
( 1.102)

H 0 \r

(1.103)
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and the .Jacobian o f the redshift space mapping is

In the distant observer approximation the survey volume (K) subtends a small 

angle ( V l^ / r  - C l ) .  In linear theory this imply that \dU/dr\ 2 > \U/r\.

Thus

pS(r ) ~ p V ) ( l - - M r )  (1.105)H q dr J

and to first order, provided that the overdensities are 5 -C 1

Ss  =  SR - - ± - ^ -  (1.106)
H q dr

It is useful at this point to consider a single plane wave in Fourier space SR — A  exp(*k-

' k2r), where A  is just the amplitude. As in equation 1.66, v/, =  ij^ H o fityS k  and

‘ATT
—  =  - H 0/j,2f { n ) 6 R (1.107)
or

where //, =  cos 0 and 0 is the angle between k and r.

We thus obtain that

|5S | =  |^|(1 +  / /z 2). (1.108)

To summarize, the assumptions on which this formula lies are:

• the small scale velocity dispersion that generated the fingers o f G od effect can 

be neglected

• \dU/dr\ -C 1, so that the Jacobian can be expanded as in (1.105).

• the velocity and density perturbations satisfy the linear theory relation (1.66)

• |JK(r)| <SC 1, to derive (1.106)

• the distant observer approximation holds

In the presence o f  a linear bias28 b, Sg =  b5, it is clear from equation (1.66) that 

/  — > f  /b =  (3. The simple Kaiser (1987) result for the redshift space power spectrum 

on large scales follows:

_______________________________P ^ k )  =  P R{k){  1 +  /3p2)2 . (1.109)
"''As shown by Dekel &c Lahav (1998), for linear stochastic bias the Kaiser formula is valid, inde

pendently o f the scatter.
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The net effect on the angle average power spectrum o f a survey can be obtained 

in the distant observer approximation29 by taking the azimuthal average:

p s (k) =  p R( k ) [  i +  | / ? + ^ 2)  (1-no)

On large scale the redshift space distortions boosts the power spectrum if (3 >  0. 

Hence a measurement o f the angle averaged ratio P s (k)/P R(k) yields a value for (3.

1.10.2 Small scale effect

At small scales the small scale velocity dispersion cannot be neglected: on these 

scales the redshift space correlation function has been found to be well m odeled as 

a convolution o f the real space isotropic correlation function with some distribution 

function for the line o f sight velocities (eg. Davis & Peebles 1983; Bean et al. 1983; 

Cole, Fisher & Weinberg 1994; Fisher 1995). Since the convolution in real space is 

equivalent to multiplication in Fourier space, the redshift space power spectrum  on 

small scales will be multiplied by the square o f the Fourier transform o f the velocity 

distribution function (Peacock & Dodds 1994) leading to a damping o f power at large 

values o f the line o f sight component o f k.

P s (k,v) = P R(k)(l +(3i?)2D{kavii) (1.111)

where ap denotes the line o f sight pairwise dispersion caused by the incoherent velocity 

dispersion av (o v =  v/2  av). If the dispersion is assumed to be Gaussian then the 

damping term is:

D (k a p/j.) =  exp (—k2a'pfi2/2) (1.112)

if the pairwise velocity distribution is taken to be an exponential (e.g. Ballinger, 

Heavens & Taylor 1995, Ballinger, Peacock & Heavens 1996) then the dam ping factor 

is a Lorentzian:

D (k a p/j,) =  -  ; n _ ^ /r> (1.113)
1

1 +  (kap/j,)2/2

In practice there is very little difference between these two models since for small 

arguments x  exp(a;) ~  1 +  x . This m odel o f small scale velocity dispersion is simplistic 

because it does not take into account that the velocity dispersion is correlated with

W here /r does not depend on the position within the survey
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Real space Redshift space

A

Linear regime

Turnaround

Collapsing

Squashing effect

Collapsed

Finger-of-G od

Finger-of-G od
V elocity  dispersion

Reproduced from Hamilton (1998) -fig

Figure 1.5: The effect, o f redshift space distortions. On large scales or equivalently 

in the linear regime, the coherent, velocity field, due to gravitational infall generates 

a squashing effect alorig the line o f sight This effect is sometimes referred to as the 

"Great,-wall.” effect.. On small scales, or in the nonlinear regime, the collapsing o f the 

structure mid the incoherent velocity dispersion stretches the structure along the line 

o f sight in redshift space. This effect, is known as “.Fingers-of-G od” .

the density field: the dispersion is higher in high density regions. In chapter 5 we 

will try to address this issue in a phenomenological way. The functional form o f the 

damping factor can be modified, but, if it has to be interpreted as the square o f the 

Fourier transform o f the real space velocity dispersion, one has to make sure that
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the corresponding velocity dispersion is meaningful (i.e. positive definite and not 

com plex).

1.10.3 Power spectrum multipoles

The redshift space (anisotropic) power spectrum can be decom posed into Legendre 

polynomials [Pe(/j,)\:
OO

P(k,fj,) =  Y , V e(k )P e(v.) (1.114)
£=0

and the multipole moments are:

2 f  + 1  r1
Ve(k)  =  — ]  d u P f c r iP t fa )  . (1.115)

For I  =  0 this is the monopole, I  =  1 is the dipole, i  =  2 is the quadrupole etc. 

Traditionally (see e.g. Hamilton 1992; Cole, Fisher & Weinberg 1994; Taylor & 

Hamilton 1996; Hatton & Cole 1998), to verify the accuracy o f redshift-space distor

tions model one compares the observed and theoretical redshift-space power spectrum  

“quadrupole-to-m onopole ratio” . For example the large scale squashing effect yield:

m . =  I (1116)
V 0(k) l +  |/3 + i /3 2 ' ^  >

This expression provides another mean o f measuring (3. The fingers-of-God effect will 

obviously change this value in a scale dependent way, although for k — > 0 the value 

should asymptotically tend towards equation 1.116 (e.g. Hatton &; Cole 1998). An 

analytic expression for the combined effect (1.111 and 1.113) can be found easily with 

the help o f the M ATH EM ATICA package:

V 0(k) =  P (k )  

V 2(k) =  P ( k )

2(/?2 +  6/3) 4/32 t ( V 2 4/3^2 , 4/32^  i n  , ^
+ l+ ' i V + ' W  jk4a A

60/3 15 4/32
+  Vo o +

(  60^/2/32 60 a/2 (3
+

3 k ro2 

60/S2
kGaG k4o 4 ' k2a2 ' 3 k2a ‘2 ^  k7 o 7 ' k5cr5

10x/2/52 15\/2 10\/2/3
A rV 5 ~  'T^  +A;3cr3 A;3 cr3

- ] atan[A,’c r /\ /2 ] (1.117)
\/2ko J

where at an (a:) denotes the arctangent (a;). The redshift-space power spectrum  quadrupole 

to m onopole ratio is plotted in figure 1.10.3. Here the small scale velocity dispersion
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Figure 1.6: Quadrupole to rnonopole ratio fo r  the redshift-space power spectrum. The 

small scale velocity dispersion is modeled as in equation 1.113, the symbols are taken, 

from Hatton & Cole (1998) and refer to the unbiased simulations. The vertical line is 

the limit 'where the redshift space distortion modeling holds. The solid line correspond 

to =  1 and the dotted line to ilo =  0.3 ,O y\ =  0.7.

is modeled as in equation 1.113, the symbols are taken from the unbiased simulations 

o f Hatton & Cole (1998)'50.

1.11 Motivation of this thesis

As Fry (1984) pointed out, in principle it is possible to break the degeneracy between 

O and bias present in linear perturbation theory by going to higher order. However, at 

the start o f my PhD, it was not clear whether it would be possible to measure the bias 

parameter from realistic galaxy surveys for two reasons. First o f all it was not known 

whether the signal to noise o f higher-order statistics achievable from a galaxy survey, 

would have been high enough to obtain a meaningful measurement o f the bias (from 

modes for which second-order perturbation theory applies). And even if in principle 

this could be achieved, in practice redshift space distortions would complicate the 

analysis. Moreover, the method o f measuring the bias parameter with higher-order 

statistics relies on the assumption o f Gaussian initial conditions: a reliable test o f the 

' 1 They used several higli-resolution N -body simulations.
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nature o f primordial fluctuations is therefore a key point to verify the validity o f the 

method. This thesis is mainly concerned with these two problems.

W hen this thesis started almost all the astronomical community believed in Gaus

sian initial conditions. However, the discovery in the last two years o f high-redshift 

galaxies (see chapter 9) and the announcement o f non-Gaussianity in the CM B data 

(Ferreira, Magueijo & Gorski 1998) raised the significant possibility o f non-Gaussian 

initial conditions.

From another perspective, this thesis can be read as an attempt to interpret the 

non-Gaussianity in the observed fluctuation field: the techniques developed here allow 

us to disentangle the non-Gaussianity due to non-linear gravitational growth, non

linear redsliift space distortion, non-linear bias and primordial origin (Verde 2000).
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Chapter 2

Statistics of cosmological random 

fields

The main aim o f this thesis is to develop and illustrate new statistical tools to extract 

cosmological information from future observations. Several statistical and mathe

matical concepts are vital to the development o f these new tools and are therefore 

introduced and explained here. Most o f the material in this chapter (sections 2 .3- 

2.4.2) has been presented for my Laurea thesis in 1996, but these concepts will be 

central to the thesis and will be used recursively throughout, so this chapter provides 

the necessary foundations.

2.1 Introduction

In comparing the results o f theoretical calculations with the observed Universe, it 

would be meaningless to hope to be able to describe with the theory the properties o f 

a particular patch, i.e. to predict the density contrast o f the matter 8{x)  =  5p(x)/p  at 

any specific point x. Instead, it is possible to predict the average statistical properties 

o f the mass distribution 1. Following the cosmological principle (e.g. Peebles 1980), 

models o f the Universe have to be homogeneous on the average, therefore, in widely 

separated regions o f the Universe (i.e. independent), the density held must have the 

same statistical properties.

1A very similar approach is taken in statistical mechanics.
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A crucial assumption o f standard cosmology is that the part o f the Universe that 

wo can observe is a fair sample o f the whole. This is closely related to the cosmological, 

principle since it implies that the statistics like the correlation functions have to be 

considered as averages over the ensemble. But the peculiarity in cosm ology is that we 

have just one Universe, which is just one realization from the ensemble (quite fictitious 

one: it is the ensemble o f all possible Universes). The fair sample hypothesis states 

that samples from well separated part o f the Universe are independent realizations 

o f the same physical process, and that, in the observable part o f the Universe, there 

are enough independent samples to be representative o f the statistical ensemble. The 

hypothesis o f ergodieity follows: averaging over many realizations is equivalent to 

averaging over a large (enough) volume (e.g. Peebles 1980; Bertschinger 1992).

The cosmological field we are interested in, in a given volume, is taken as a real

ization o f the statistical process and, for the hypothesis o f ergodicity, averaging over 

many realizations is equivalent to averaging over a large volume.

Theories can just predict the statistical properties o f S(x) which, for the cosm olog

ical principle, must be a homogeneous and isotropic random field, and our observable 

Universe is a random realization from the ensemble.

In cosm ology the scalar field 5(x)  is enough to specify the initial fluctuations field, 

and we hope also the present day distribution o f galaxies and matter. Here lies one o f 

the big challenges o f modern cosmology.

A fundamental problem in the analysis o f the cosmic structures, is to find the 

appropriate tools to provide information on the distribution o f the density fluctua

tions, on their initial conditions and subsequent evolution. Since 1930, the empirical 

study has been approached by resorting to statistical measures due to the fact that 

the catalogues list positions o f objects. For many years the standard way to quan

tify the clustering o f galaxies has been the two-point correlation function. W ith  the 

observational progress and the improvement of the data sets, it became possible to 

measure more sophisticated quantities such as liigher-order correlation functions.
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2.2 Gaussian random fields

Gaussian random fields are crucially important in cosmology, for different reasons: 

first o f all it is possible to describe their statistical properties analytically, but also 

there are strong theoretical motivations, namely inflation, to assume that the prim or

dial fluctuations that gave rise to the present-day cosmological structures, follow a 

Gaussian distribution. W ithout resorting to inflation, for the central limit theorem, 

Gaussianity results from a superposition o f a large number o f random processes2. The 

distribution o f density fluctuations ô defined as 5 =  5p/p cannot be exactly Gaussian 

because the field has to satisfy the constraint ô >  —1, however if the amplitude o f the 

fluctuations is small enough, this can be a good approximation. This seems indeed 

to be the case: by looking at the CMB anisotropies we can probe fluctuations when 

their statistical distribution should have been close to its primordial one; at present 

there is no compelling observational evidence against Gaussianity in the CM B. Also, 

when the observed overdensity field is smoothed on large enough scales (e.g. Nusser, 

Dekel & Yaliil 1995; Stirling & Peacock 1996) its statistical distribution is very close 

to Gaussian.

If S is a Gaussian random field with average 0, its probability distribution is given

by:
i r a2

d5 (2.1)P{5)dS =  — » exp
V  ¿TTCTZ

Ô2 
2 cr2

where a is the run.s. o f the 5 field. Also the N-variate joint distribution o f a set o f 

A; =  i (x j )  can easily be written as a multivariate Gaussian:

V B e t C -
Pn(S i , - - - , i n )  =  (27r)n/2 exp 2

( 2 .2 )

where 5 is a vector made by the cl,;, C _1 denotes the inverse o f the correlation matrix 

which elements are C =  (5i5j).

An important property o f Gaussian random fields is that the Fourier transform 

o f a Gaussian field is still Gaussian. The phases o f the Fourier modes are random 

and the real and imaginary part o f the coefficients have Gaussian distribution and are 

mutually independent.

If their statistical distribution is non-pathological i.e has finite variance.
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Let; us denote the real and imaginary part o f ¿k by ReS^ and ImSk respectively. 

Their joint, probability distribution is the bivariate Gaussian:

1
P  (Rr.Sk • / m i k ) dRe6kdImSk =  - exp

2-irar
ReSfr +  ImS£ 

2o !
dReSkdIm,Sk (2.3)

where is the variance in R,eSk and ImSk and for isotropy it depends only on the 

magnitude o f k. Equation (2.3) can be re-written in terms o f the amplitude |c)'k| au<4 

the phase r/>k:

P(|4U->k)^|ik|#k =
1

2na2k
exp \Sk \d\Sk \dcf>k (2.4)

From this follows that the probability that the amplitude is above a certain thresh

old X  is:

wPfltfkl > x ) =  /  —  exp
JVx 17 k

X

<l^l2
(2.5)

Therefore the amplitude |c5̂| follows an exponential distribution.

The fact that the phases o f a Gaussian field are random, implies that the two 

point correlation function (or the power spectrum) completely specifies the field. The 

observed fluctuation field however is not Gaussian. The observed galaxy distribution 

is highly uon-Gaussian principally due to gravitational instability; the observed CMB 

fluctuations are non-Gaussian3 (Ferreira, Magueijo & Gorski 1998). To completely 

specify a non-Gaussian distribution higher order correlation functions are needed4; 

conversely deviations from Gaussian behavior can be characterized by the higher- 

order statistics o f the distribution.

2.3 n --point correlations

This section presents a mathematical method for calculating IV-point distributions 

in real and Fourier space for continuous and discrete fields, and deals also with the 

realistic case o f a galaxy survey with a non-uniform number density (arising, for exam

ple. from a flux-limited catalogue). These distributions are required to calculate the

'This does not mean that the CM B temperature fluctuation is intrinsically non-Gaussian see

Banday. Zarubi fe Gorski (1999)
For "non pathological” distributions. For a discussion see e.g. Kendall & Stuart (1977).
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covariance properties o f  correlation functions and form the theoretical underpinning 

o f chapters 3, 4 and 6. We will use the results in the calculation o f the covariance 

properties o f the bispectrum and trispectrum, so the formulation is outlined here. 

I became familiar with the basic ideas for developing this method by studying the 

unpublished notes on statistics o f my undergraduate advisor Prof. S. Matarrese.

The complete description o f a random field is given by the probability distribution 

functional V , which should be thought as the continuous limit o f the joint probability 

distribution in N  points, as iV —>• oo. To describe the statistics o f a general random 

field f ( x ) ,  we need to know the functional V[f(x)\,  which specifies the distribution 

o f the possible values o f /  at each point. By statistical homogeneity V [ f ( x ) ]  will be 

independent o f x.

The probability distribution functional contains all the information about the cor

relations o f all order. In fact, consider the partition functional or generating functional 

o f the correlation functions Z  defined as a functional integral, as follows:

Z[J{x )\  =  I  V [ f\P[ f ]  exp ( i  j  d3x j { x ) f ( x ^ j

i I  dzx j { x ) f { x )=  < exp (2 .6 )

where J { x )  is an external source perturbing the underlying statistics and V [ f ]  is a 

suitable measure such that the probability distribution is correctly normalized to 1: 

f V [ f ( x ) ] T [ f ( x ) }  =  1.

From this function we can recover the correlation functions /r/v o f the distribution 

and the connected correlation functions or kn  as follows:

• From the generating functional o f the correlation functions

"  </ ( * ‘ ) - / ( * * ) >  =  ■ - "  Sj (^ ) Z{̂ j (iN ) ’ <2-7>

evaluated at J  — 0.

From the generating functional o f the connected (or ‘reduced’)  correlation fu n c

tions

IC[J} =  lnZ[J}, (2.8)
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Kn { x  1 • • • X n ) — { f  { x l )  • ■ • / { x n ) ) connected

r iV ^ 7 1  
' 6 J i . . .  5J n  ’

(2.9)

evaluated at J  =  0.

From the above definitions it follows that a complete characterization o f the statistics, 

i.e. the complete knowledge o f the partition functional, requires the knowledge o f the 

correlation functions o f all orders. In fact it is usually possible to recover the partition 

functional as

The expansion o f correlation functions o f order N in terms o f connected correlation 

functions o f order M <N , i.e. the Cumulant, (or Cluster) Expansion (e.g. Kendall & 

Stuart 1977, van Kampen 1992), follows trivially from equations (2.10-2.11). The clus

ter expansion is widely used in statistical mechanics where it constitutes the basis for 

approximation schemes in studying slightly non-ideal m any-body systems like gases or 

fluids (R ice & Gray 1965). A review o f the use o f functional integration in cosm ology 

can be found e.g. in Fry (1984), Bertschinger (1992), Matsubara (1995a). It is worth

while, at this point, to make some remarks on applicability. In dealing with slightly 

imperfect fluids it is assumed that the interaction falls off faster than 4r, this allows 

one to neglect the connected higher-order terms; in the case o f gravity we must be 

aware that this is not generally true. The connected correlation functions /ijv, which 

are closely related to the connected Green’s functions o f quantum field theory (e.g. 

Ram ond 1989), are defined by the above procedure in such a way that any separable 

contribution o f the type (f ‘XI) ( f N~M) has been removed. As a consequence, if any 

subset o f the N points is set to infinite separation, the connected correlation function 

o f order N goes to zero. These connected correlation functions o f order N for the den

sity fluctuation field are often simply called ‘ correlation functions’ in the cosmological

°° in f
-Z[J7] =  1 +  ^ ( - / d x i . . .  dxn/j,n(x \ ,. . . ,  x n) x

— 1 "'* J71 —  1 /
J {x - i) ■ • • J { x n) (2.10)

and similarly for AZ[J] in terms o f the connected correlation functions,

J{x\ )  ■ ■ ■ J { x n). (2.11)
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literature (e.g. Peebles 1980). An important property o f these functions is that, if the 

underlying statistics is Gaussian, all the connected correlations o f order higher than 

2 vanish. Finally, when the covariance functions (and the connected analogous) are 

evaluated for x\ =  — ■ ■ - =  fyv, respectively the moments and the cumulants are

obtained.

Continuous random fields and point processes (random distributions o f discrete 

points) are both cases o f random processes. It is possible to relate discrete and con

tinuous distributions as we will see in the next paragraphs.

2.3.1 Discrete and continuous distributions

As already mentioned, the theory predicts the statistical properties o f the continuous 

matter distribution, while observations are concerned with the galaxy distribution, 

which is discrete. Different biasing schemes have been introduced to relate the (theo

retical) distribution o f relative mass density fluctuations to the (observed) distribution 

o f galaxies, but the true relation is still unknown (see chapter 1). However, indepen

dently o f the presence o f bias, it is possible to relate formally one to the other.

In order to recover a continuous distribution from a discrete one, define for the 

discrete process the analogue o f the density field, the number density field, as a sum 

over Dirac delta functions:

where n  is the mean number density.

Conversely, a simple way to generate a discrete distribution from a continuous 

one is to assume Poisson sampling (Peebles 1980, Bertschinger 1992, Fry 1985) by 

placing, at each volume element SV in the sample region, a point with probability 

SP =  p (x )5V ,  where p (x ) is the local mean density. The outcom e is a double stochastic 

process, with one level o f randomness coming from the random held and the second 

from the Poisson sampling5. In Chapter 3 we will address the issue o f biasing, and 

this assumption will be central to the development o f the m ethod to measure the bias.

'’ This procedure to account for discreteness is a model, and may not hold in practice. An exam ple

/(x ) =  n(x)  =  n[ 1 +  ¿ ( f ) ]  =  ~  %i)

77/ (2 .12)
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Wo will then discuss further the consequences o f the Poisson sampling assumption 

and speculate what can happen to the relation between galaxies and mass if this 

assumption is dropped. If we assume that a discrete distribution is generated by 

Poisson sampling o f an underlying continuous one, it is then possible to take into 

account the effect o f discreteness by performing a simple substitution in the partition 

functional or in the generating functional for the continuous case.

In the Poisson model, if the probability o f finding oire object in an infinitesimal 

volume element SV at position x  is Pi =  p ( x ) 5 V , then the probability o f finding no 

objects is Pq =  1 — p(x)S V  and the probability o f finding more than one object is 

an infinitesimal o f higher order. To obtain the probability generating functional for 

the discrete process, we need to generalize this procedure to infinitely many small 

volumes. W ith  this aim, we start from a given realization o f the stochastic process 

and divide the volume in an infinite set o f cells with individual volumes 8Vp. Then we 

consider the joint probability P {n a  o f finding N\ objects in the volume 8V\, N 2 in the 

volume 5V2, etc. and we define the generator o f discrete counts in that realization as

We then let 8V( —> 0 in the given realization and average over the statistical ensemble 

o f the underlying continuous field. This gives the required generating functional for 

the discretized process

in the generating functional for the continuous process. This result is a generalization 

of the standard procedure leading to the generating function  for the moments of 

arises in Voronoi tesselations (see e.g.Williams, Peacock & Heavens 1991), where objects are placed 

at the intersections of Voronoi planes. This case can even result in sub-shot noise power.

{Ak}

=  n  D -  P@e)SVe +  p{xt)6Vt eiJ M ]

(2.13)

(2.14)

Accounting for the effect o f graininess therefore amounts to the substitution

(2.15)
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discrete counts in cells (e.g. Fry 1985). The practical utility o f this m ethod is that it 

permits calculation o f correlated counts in different cells, according to the procedures 

described in the following two sections.

Actually, there is a subtlety to point out here: the discrete process that we can 

observe is the one connected with the underlying continuous density distribution p(x) ,  

but we want to study the statistics o f the fractional over-density field 5 =  p(x)/p  — 1 

which has several advantages, mainly the fact, that it has zero mean. To calculate its 

properties we have to m odify slightly the above procedure. We first notice that the 

discrete version o f the random field 1 +  6 is obtained by the substitution

i j  ( e iJ/N -  l )  N , (2.16)

where N  is the average number o f objects within the sampling volume, in the gener

ating functional o f 1 +  5. Next, to subtract the terms coming from the mean value 

1, we use the fact that the generating functional for the sum o f two independent ran

dom  fields is just the product o f the individual generating functionals. The discrete 

generating functional for 5 is therefore

Z [ J ] s  =  exp j - i  j  c/3.x-J'C0nt(x )|  Z [ J ] i +5 , (2.17)

because the generating functional for a uniform and continuous field o f value 1 is 

simply exp [ i f  d:ix J cont{x )].

2.4 Fourier space domain

A problem  arises when trying to apply these tools to observational data, due to their 

uncertainty: the data are correlated and the average mean density o f objects n  is not 

at all well known, estimates o f correlation functions on different scales are strongly 

correlated.

To avoid this set o f problems it is useful and com m on to work in Fourier transform

space. Different Fourier components are statistically uncorrelated, and n becomes

just a multiplicative normalization. Also, all the additional difficulties associated to 

the selection functions and incomplete sampling, are simple to treat in the Fourier
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domain (see for example Baumgart & Fry 1991). There are different conventions for 

the definition o f the Fourier transform, the convention used here is:

fik =  I  d3x8(x )  exp (—i\a • x)  (2.18)

and the inverse relation:

S(x) =  -7̂ j g  J  d3kdk exp(zk ■ x).  (2.19)

An expression o f the Dirac delta function in the Fourier basis is:

SD{x\ +  ar2) =  j  dsy e x p [ ± i { x i  ■ y  +  x 2 ■ y)} (2 .20)

and the power spectrum P ( k ) is defined as:

(¿k^k') =  P ( k ) 5 D(k  +  k ') =  (27r)3 J  d3x£(x)  exp (—*k ■ ¿^ ¿^ (k  +  k '); (2 .21)

the power spectrum is the Fourier space counterpart o f the two-point correlation 

function. Analogously, the Fourier space counterpart o f the three-point correlation 

function is the bispectrum 5 (k ) ,  k'2,k 3):

( ¿ k A A 3> =  (27r)3S ( k 1,k 2,k 3) ^ ( k 1 + k 2 +  k 3) . (2.22)

In the next section, we give explicit expressions for the source function J , in real and 

Fourier space, and for continuous and discrete distributions.

2.4.1 n -point correlation functions in real and Fourier space

The technique illustrated in sections 2.3 and 2.4 is very powerful: it allows us to 

com pute correlation functions with correction for discreteness in real and Fourier 

space very easily, once a functional form for the generating functional is known. The 

problem o f finding a form for the generating functional will be addressed in the next 

section. This section illustrate how to compute n -point functions and spectra.

Since we want to take into account the shot noise contribution, we need to work 

with the generating functional for the covariance functions o f 1 +  5(x)  which is:

Z [ J ]  =  j  V(S)V(5)  exp ( i  J  d ’’x .J (x )  [1 +  ¿ (5 )] )

=  ^exp j i  j  di x j (£) [1 +  6{x)} J ^ .

(2.23)
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Instead o f dealing with functional derivation, we may write the ‘external source’ J  in 

a form which allows the functional derivatives to be replaced by normal differentiation 

(Matarrese, Lucchin & Bonom etto 1986):

N

J ( x )  =  Y  smôD ( x - x m). (2.24)
771=1

The covariance functions up to the N th order can then be obtained by the following 

differentiation:

([1 +  ó '(^ i)]......[1 +  ¿ 0?ìv)]) =  i - N dNZ [ J ] 
dsi....d.SN

(2.25)
Sm. — 0

and the corresponding connected parts are obtained performing the same kind o f 

differentiation on In Z[J\.

Smoothing can be incorporated easily. If the sm oothed field is defined by the 

convolution:

¿smoothed0 ? ) =  j  d3x '6 ( x ' ) W ( x  -  x') ,  (2.26)

where W  denotes the smoothing function, the statistics o f the sm oothed field may be 

obtained by the substitution

SD (x -  x m) — > W ( x - x m) (2.27)

in equation (2.24). For a discrete process the generating functional Z d[J)  is obtained 

with the substitution (2.16).

In Fourier space, the iV-point functions may be obtained by a straightforward

change to the source function, which becomes the Fourier transform o f the real-space 

J . If W  (k) is the transform o f the smoothing function, then, for a continuous field,

N

W  = E  Sm e-iRm * W ( k m) (2.28)
771=1

and in the discrete case:

J d(x) =  - i N  (e x p
777=1

E  S m e - ^ W i K - 1  . (2.29)

In fact notice that the unsmoothed J~ can be obtained from the J d just by substi

tuting, in the exponential, the Dirac delta function by its Fourier transform.
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2.4.2 The ansatz for the generating functional

The initial perturbation field evolved under gravitational instability. The full de

scription o f gravitational instability is non-linear: gravitational evolution skews the 

primordial field towards high density. This is due to the fact that 5 in underdense 

regions has to be S >  —I while it can grow arbitrarily in overdense regions. How

ever, if the deviations from homogeneity are small (i.e. | 5 |<C 1) perturbation theory 

should provide a good approximation. We have shown in chapter 1 section 1.6.3 that, 

under the assumption o f Gaussian initial conditions, in second-order perturbation 

theory, positive skewness develops, but higher order statistics remain unchanged. On 

the basis o f these considerations we can try to find an expression for the generating 

functional.

Our ansatz for the generating functional is to assume that all correlations vanish 

above the 3-point function:

Z[J\ =

exp i f  d3x j ( x )  -  i  f  d3xd 3x 'J { x ) J { x ' ) ^ c oL . (x, x') (2.30)

-  I  f  d3xd3x'd3x " j ( x ) J ( x ' ) J ( x " ) ( c onn. (x, x\ S'

The validity o f this form relies on the fact that we are assuming Gaussian initial 

fluctuations. In the linear regime all the connected correlation function o f order 3 or 

higher vanish. Allowing then for a quasi-linear evolution, and performing a second- 

order perturbation theory approximation, we allow ^  to become non-zero, but we 

still rely on all the higher-order irreducible correlation functions being negligible.

2.4.3 Selection Function

The above analysis is valid for volume-limited samples, where the mean number den

sity is independent o f position. In most astronomical catalogues, a selection criterion, 

such as a flux limit, introduces a position-dependent mean density, which adds com pli

cation to the analysis. However, it turns out that it is very straightforward to include 

a non-uniform selection function in the generating functional approach, by simply al

tering the definition o f J . Although we will not apply these results in this thesis, we 

present, them for completeness. Let the mean density be n(x) .  We follow Feldman,
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Kaiser & Peacock (1994) in defining a fluctuation field

F ( x )  =  At«(x)[n(x) — ans(x)], (2.31)

where A is a normalization factor, to be determined later, n (x ) is the number density 

o f galaxies, ns(x) is the number density o f a Poisson-sampled synthetic catalogue with 

mean density n(r)/a,  but no correlations, and we consider the limit a  —*■ 0, to avoid 

shot noise in the synthetic catalogue. w {x )  is an arbitrary weighting function, which 

may be chosen, as in Feldman, Kaiser & Peacock (1994) for example, to minimize the 

variance in the estimate o f the mean power in a shell.

The n-point correlations in Fourier space are most easily calculated by considering 

the process /  =  Aro(x)n(x) for the galaxy field and similarly for the synthetic catalogue 

fa — —oA 'to(x)ns (x).

The latter has to be thought as a Poisson sampling o f a continuous and uniform un

derlying process with no correlations, whose density is diluted by a factor a , therefore 

the generating functional for the process f s is:

and J  is given by (2.24) or (2.28).

The generating functional for the F process defined in eq. (2.31) is then given in 

terms o f the generating functional for the galaxies Z g by

The subtraction o f the synthetic catalogue gives us directly the 7i-point correlations 

o f the zero-mean field F , by the method presented above. Equation (2.33) includes 

(2.17) as a particular case when a  0 .

Power spectrum and Bispectrum

We present here the first two non-trivial terms in the expansion, for illustration, in 

the case o f a volume-limited sample and the general case.

Case (1): Volume-limited catalogue. We choose

(2.32)

Z F ( J )  =  Z g( J ) Z s( J ) . (2.33)

(2.34)
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so that F ( x )  =  < 5 ( x ) .  In this case the transform of F ( x )  can be used to get an unbiased 

estimator o f the power spectrum:

W 2) =  v Pg{k) + —71 (2.35)

where V  is the volume o f the survey. The 3-point function for a closed triangle is

(^kli^ks) = V\Bg(kU k2,k3)

+  +  P(fi +  Pg'i) +  ^ 2n 77.

(2.36)

Comparison with the infinite volume case shows that the Dirac delta function is re

placed by V/(2n)'i .

Case (2): Varying selection function. We choose

A ; =  ^22) (2.37)

where

Here we find

I i j  =  I  t / 3 x ' « i I ( x ) 7 r - 7 ( x ) .

|2\ r. n .\ , h i(l-Pkl ) =  Pg{k) +
h2

(2.38)

(2.39)

{PklPk'iFkl) =  
7.33

II.3 /2

22

7?r;(ki, k'2, k,3) +  (Pgl +  Pg2 +  Pgs) +  ~
-‘ 3 3  2.33  J

(2.40)

Comparison with the uniform cube shows that to get the N -point functions in the 

general case the following substitutions may be made:

V I n n

I:N/2  ’

22

^ ( N - g )
n ‘i I nn

(2.41)



Chapter 3

Measuring the large-scale bias: 

bispectrum method

Most o f the material illustrated in this chapter was published in Matarrese, Verde & 

Heavens (1997).

3.1 Introduction

As shown in chapter 1, the assumption that bright galaxies are biased tracers o f the 

mass distribution has featured strongly in theories o f galaxy and structure form ation 

in recent years.

There are clearly many ideas, but we have really very little idea o f how galaxy bias 

works and evolves in practice, and there is therefore strong motivation to find ways to 

measure it empirically from the galaxy distribution. The main motivation, however, 

comes from the desire to split the degeneracy between flo and b which arises in linear 

perturbation theory from dynamical studies o f large-scale structure.

As illustrated in chapter 1, both direct studies o f the peculiar velocity field (e.g. 

Dekel et al. 1993) and studies o f the distortion which peculiar velocities give to 

redshift-space galaxy maps (e.g. Kaiser 1987; Hamilton 1992; Fisher, Scharf & Lahav 

1994; Heavens & Taylor 1995; Ballinger, Heavens & Taylor 1995; Hamilton 1998; 

Tadros et al. 1999) are based on linear theory and yield a value o f
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but not G0 or b separately. The ignorance o f the bias parameter compromises all 

conclusions about the real prize - Qo, from large-scale structure studies.

W ith good data, available in the next few years from the new generation o f galaxy 

surveys, we show here, that the bias parameter can be measured by studying higher- 

order characteristics o f the density field. More specifically this is done by analyzing 

the bispectrum: the Fourier transform o f the three-point, correlation function (e.g. 

Frieman & Gaztanaga 1994). This statistic has the advantage that the determina

tions o f the bispectrum can be made uncorrelated on different scales, or if not, their 

correlation properties can be calculated, and the choice o f modes to analyze can be 

made to maximize signal-to-noise. These allow the bias parameter to be estimated 

via likelihood methods, importantly allowing error bars to be placed on the parameter 

estimates. The higher-order statistics work by exploiting the fact that gravitational 

instability skews the density field to high densities as it evolves. This behaviour can 

also be mimicked by non-linear biasing, but these two effects can be separated by the 

use o f shape information: essentially non-linear biasing o f a truly Gaussian field will 

lead to different shaped structures from a non-Gaussian field arising from gravitational 

instability.

it, is worth making a few remarks about the advantages o f performing this sort o f 

analysis in Fourier space rather than via high-order correlation functions in real space. 

The main advantage, which is shared by the power spectrum, is that the estimates 

o f the correlation functions in Fourier space can be made uncorrelated (or at least 

their correlation properties can be readily calculated), with enormous benefits for 

estimation o f parameters and error bars. The second advantage is that the real-space 

determinations o f high-order correlations are really only known well in the non-linear 

regime, where perturbation theory may not, apply. In Fourier space, there is a clear 

separation o f scales where perturbation theory works and breaks down.

Translating this idea into a practical algorithm requires a number o f issues to be 

tackled, including the effects o f a varying selection function and redshift distortions, 

and the lion-trivial issue o f what shot noise terms appear in the required six-point 

function. This chapter is principally concerned with the error analysis; chapter 4 will 

present a study o f the other issues.
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The plan o f this chapter is as follows. In section 3.2 we introduce the second- 

order perturbation expansion for the (unknown) matter density bispectrum  and the 

(observable) galaxy density bispectrum. The necessary mathematical techniques to 

calculate the n-point functions, including shot noise, have been introduced in chap

ter 2, in section 3.3 o f this chapter we show an application in the calculation o f the 

bispectrum covariance. Section 3.4 discusses optimal methods and practical imple

mentation to a numerical simulation o f the galaxy distribution, section 3.5 illustrates 

how to generalize the method to different biasing schemes and section 3.6 discusses 

the results and the possibilities o f practical application to real data.

3.2 Second-order perturbation theory approximation

As Fry (1994) first pointed out, since the degeneracy between Po and b is an intrinsic 

feature o f the linear theory, one needs to go to second order in order to separate the 

parameters.

Under the assumption that the initial fluctuation are Gaussian and that structure 

grows by gravitational instability, the three-point correlation function is intrinsically a 

second-order quantity, and should be detectable in the mildly non-linear regime where 

second-order perturbation theory is a reliable description.

The “data” we will use to constrain the bias parameter will be the real part o f the 

three-point function in A;-space:

D a =  Re(<5ki<5k2c)k3), (3.1)

for closed triangles, a  is shorthand for the triangle specified by some triplet o f  k- 

vectors. d'k =  f  d r  5(r) exp (—ik ■ r)  is the Fourier transform o f the fractional over

density field S(x) =  n(x)/n  — 1, where n is the number density o f galaxies, and n its 

mean. D n is related to the bispectrum B(k\, fc2, ^3) by

(¿ki<*k2<W  =  (27r)3S (k i ,  k 2, k 3)5'D(ki +  k2 +  k 3) =  (D a), (3.2)

where SD (k) is the three-dimensional Dirac delta function and the () indicates ensem

ble average, or, by the ergodicity, the average over a large volume. In what follows,

we may occasionally refer loosely to D a as the bispectrum.
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We expand the density field to second order as:

(3.3)

where is 0 ( ^ ^ 2) and represents departures from Gaussian behaviour.

Note that what we are dealing with here is not a mildly nonlinear field, but a highly 

nonlinear field which is filtered on some smoothing scale. The operations o f smoothing 

and gravitational evolution do not commute, so there is some possibility that perturba

tion theory might be inaccurate. However, this problem is not unique to second-order 

perturbation theory: it exists in even for the evolution o f the power spectrum, which 

for practical cases can be treated well by perturbation theory. Experiments on the 

bispectrum by others and ourselves (see section 3.4) show that perturbation theory 

for the im plicitly filtered field works well if the smoothed field is not too nonlinear.

3.2.1 Unbiased case

For an unbiased distribution (or for the matter distribution) we can expand (Sj ¿24':;) 

to second order and use the Cumulant Expansion Theorem (e.g. Fry 1984) obtaining:

Only the second term o f this survives. Since we will work in Fourier space we quote

(3.4)

directly the expression for S™, the Fourier transform of S ^ ( x )  (Catelan et al. 1995):

where

J ( k i , k 2, D )  =  2[1 - B ( D ) \  +

(3.6)
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Figure 3.1: The weak dependence o f J on ffo f or equilateral triangles.

D  is the growing m ode o f linear density fluctuations, which depends on ffo, and B  is a 

function which is 2 /7  for an Einstein-de Sitter universe, in which case the expression 

above reduces to the form originally obtained by Goroff et al. (1986). The useful 

feature o f this is that J  is almost independent o f Oo, as seen in figure 3.1, so we can 

use the Einstein-de Sitter value with minimal error. The bispectrum  for the unbiased 

case, in the absence o f shot noise, is therefore

(5ki<5k2£k3) =  (2vr)3 [J (k i ,k 2)P(A;i)P(A;2) +  cyc.(23, 13)] x

^ ( k 1 + k 2 +  k 3), (3.7)

where the linear power spectrum is defined in terms o f the orthogonality o f  the trans

form coefficients, arising from homogeneity:

(¿k iA 'i) =  (2n) :iP (k )6 D ( k l +  k 2). (3.8)

For practical cases, the transform is made in a finite box, when the Dirac delta function 

is modified (see section 3.4.1).

3.2.2 Biased case

We assume that the biased (galaxy) density is a local deterministic function o f the 

unbiased (matter) density. Galaxy properties will be identified by the subscript cj;
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matter fields have no subscript. We make a Taylor expansion o f the galaxy density to 

second order in m 1), so for consistency we must include an extra quadratic bias term

l>-2-

Sg{x) =  f [5{x) ]

-  h  5(x) +  h 252(x)

~  &i<5^(s) +  biS^2\ x )  +  -625^^2(.t).

(3.9)

The linear bias parameter b\ is to be identified with b. Notice that the expression 

above is not correctly normalized: a term b2(5^2)/2 needs to be subtracted so that 

the biased field has zero mean. As we will be working in Fourier space, this extra term 

is irrelevant for all except the k =  0 mode, and will be ignored. It is not obvious that 

a physical mechanism will lead to a functional dependence which can be expanded in a 

Taylor series. An example is the weighted bias model studied, for example by Catelan 

et al. (1994). It is an open question whether such schemes might be approximated by 

a continuous 5(J(5) relation when smoothed on larger scales. We will discuss how our 

results would be modified if the bias is Lagrangian or stochastic in section 3.5. For 

the moment we will assume a local Eulerian (deterministic) bias scheme.

Following the same procedure as in the unbiased case we obtain to second order

(SglS&Sgz) =

+  6 ? (4 1)4 1)4 2)) +  cyc.

(3.10)

Once again, the first term vanishes. We can re-write the last term by exploiting the 

cumulant expansion theorem for the four-point function obtaining the non-vanishing 

terms

( 4 1)4 1)) ( 4 l)2> +  2 (4 1)4 1)x 4 1)4 1)). (3.11)

Therefore to second order the galaxy bispectrum is:
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{bf  [ P ( k i ) P ( k 2 ) J { k u k 2 ) +  c y c ]

+  b\b2 [ P ( h ) P { k 2) +  e y e ]  }  6D(ki +  k2 +  k3).

(3.12)

From this we see how the bispectrum may be used to estimate the bias parameters. .7 

is almost independent o f Q q ,  s o  a set o f triangles in k-space can in principle allow us to 

measure the bias parameters b\ and b2. It is important to realize that it is necessary 

to consider triangles o f different shapes to lift a new degeneracy between b\ and b2, 

since triangles o f a com m on shape have the same J  and (3.12) then gives inform ation 

only on the combination b\[bxJ +  b2). Actually, for equilateral configurations the 

degeneracy is complete, for other shapes J depends slightly on the magnitude o f  the 

A;-vectors, but nevertheless the combination is almost degenerate. The same sort o f 

degeneracy has been noted for the 3-point function in real space (see Frieman & 

Gaztanaga 1994). The strong dependence on shape has been illustrated (e.g. Jing, 

Bonier & Valdarini 1995), but there appears to be little work on using different shapes 

to lift the degeneracy. We return to the physical reasons for having to take more than 

one shape in the discussion.

We wish to estimate b\ and b2 by maximum likelihood, so we need an estimate o f 

the shot noise, and the covariance between bispectrum estimates. We turn to this in 

the next section, but here note that the bispectrum (strictly defined in terms o f the 

mean) is a real quantity. This is a result o f isotropy - the bispectrum  does not depend 

on which direction round the triangle is taken. A ccord ing^  we use only the real parts 

o f as our data, as the imaginary parts just introduce more noise.

Since P (k )  is unknown, we write (3.12) in terms o f potentially observable quan

tities, the linear galaxy power spectrum P(J =  b\P (equal to the observed power 

spectrum at adequate order for second-order perturbation theory).:

(27r)3 {ci [P g {k i )P g {k2) J ( k i , k 2) +  e y e ]

+c2 \^Pg{ki)Pg(k2) + eye. j  5D(Aq + k2 + £3),

(3.13)
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where

ci =  1 ;  c2 =  % .  (3.14)
bi bf

Given a set o f data set (D ) it is possible to estimate the most likely model param

eters from which the dataset is drawn. In the Bayesian approach, assuming uniform 

prior, the probability o f the model given the data is equal to the probability o f the 

data given the model: the likelihood function. Under the assumption that the data 

are gaussianly distributed, the likelihood function can be written as:

C =  1 — p* T lij (Di-Vi)c ij 1(Dj - H )  (3.15)
\J (27r)iVdetC

where D L =  D  and m  is the expectation value for the data from the model. The

quantity C  denotes the covariance matrix that includes the theoretical correlations

and the expected variance.

Under the assumption o f a uniform prior for the quantities Ci & c2, the a posteriori 

probability for the parameters is the likelihood:

£ ( c i , c 2) =  ------- —---------- f
(2-7t) t  (detG) 2

exp ri y f ’a)Cap (Dp fip)
ap

(3.16)

where the means o f the M  data are p a {bi, 62) =  (Da) and Cap =  ( (D a — fj,a ) (Dp — up))  

is the covariance matrix, which is also a function o f the bias parameters. The use o f a 

Gaussian likelihood function is justified if there are many contributing data, whether 

or not they themselves have Gaussian distributions, provided the sensitivity to the 

parameters is through the mean rather than the variance. It is straightforward to show 

that, by using the mean o f many observed data drawn from the same distribution, 

the likelihood is identical (by the Central Limit Theorem) as the Gaussian likelihood 

tor the individual data, with the same variance and mean. In our case the variance 

is only weakly dependent on the parameters, through the shot noise, so our use o f a 

Gaussian likelihood function is quite justified.

The quantity that we are dealing with, is a complex number Za given by 

where the vectors form a triangle: k { + k ‘2 +kz  =  0. The average o f Za over the ensemble
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(o f closed triangles) is a Real number, the bispectrum, but the actual quantity Za 

fluctuates across the ensemble.

Note that our data are real D a =  R e ( Z a ) =  R e^ S ^ d^ b^ ), &nd we can write the 

covariance matrix for D a in terms o f the complex Za \

(D aDp) =  l-R e  [ (ZaZp) +  (.Za Z *p)] . (3.17)

It should be obvious that we require the six-point function to calculate the covariance 

matrix, and we also need to include shot noise in the bispectrum  estimates. The 

former is sufficiently complicated by the presence o f a very large number o f  noise 

terms, but it can be calculated, as shown in the next section, following the general 

method presented in chapter 2.

3.3 Calculation of the covariance matrix

We need to estimate the quantity (ZaZp ) (see equation 3.17) that is six-point correla

tion function (not just the irreducible or connected one) in Fourier space (shot noise 

contribution included) in the particular case when the six vectors form two triangles:

 (3.18)

where k\ +  fa +  £3 =  0 and £4 +  £5 +  ke =  0 .

Despite the conceptual simplicity o f the algorithm introduced chapter 2, it is quite 

cumbersome to perform the 6th derivative o f Z d[J\, so for practical purposes we use 

the cluster expansion and express the six-point correlation function in terms o f the 

connected parts o f lower or equal orders.

(Si k )d/c =

(^1 ̂ 2)conn. (^3^4)conn. (^5^6)conn. +  15 terms

+ ( M 2)conn.(<h<hM6)coim. +  • • ■ 15 terms

+  (ili2i3)conn.(54^5^6)conn. +  10 terms

+  (¿1 . . . 56)conn.' (3-19)

The d /c  superscript stands for discrete or continuous case and it has been explicitly 

written to show that it is possible to treat the two cases, in configuration or Fourier



3: Measuring the large-scale bias: bispectrum m ethod

space, 011 the same footing provided we make the corresponding substitution for the 

external source.

For our purposes the calculations have been made directly in the Fourier space for 

the discrete case giving:

P(M)  +  —
n

8 (ki +  k j ), (3.20)

( S t S M i  =  (2tT)3SD(kl +  km +  kn) x

{ B lmn +  3  [P(ki )  +  P ( k m ) +  P ( k n)] +  ,
[ n n z )

(S05p8q6r)c = (2vr)' 5 [k0 +  kp +  kq +  kr ) x 

rP(o+p)qr +  Perm. (6 terms)n
+

[(Po+p+q +  eye. (4 terms)) +
n

Po+p +  Po+q +  Po+r] +  
1

77,3

(3.21)

(3.22)

(fii . . .  8D(k\ +  . . .  +  A,’(j) x

1^3 iB i2 {3 + . . .+ 6 )  +  perm. (15 terms) +

P (i+ 2)(3+4)(5+6) +  perm. (15 terms.) +

P i(2+3)(4+5+6) +  perm. (60 terms)] +

rrj [-Pi +  . ■ ■ +  Pq +n'

P 14-2 +  perm. (15 terms) +

P i+2+3 +  perm. (10 terms)] +
1

(3.23)

where c subscript stands for “connected” . The correct indices in the permutations 

and in the cyclical sequences can also be obtained using graph theory (Fry 1984;
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Bertschinger 1992; Matsubara 1995b). It is important to notice, the discreteness 

terms do not contribute linearly, but they are multiplied several times by the signal 

part (B  and P )  and other noise parts o f different order.

Remarks

The six-point, correlation function is, strictly speaking, a fifth-order quantity: for the 

underlying (continuous) dark matter field evolved under gravitational instability from 

Gaussian initial conditions, the lowest-order non-zero contribution to the connected 

six-point function arises in fifth-order perturbation theory and it is expected to be 

proportional to P G. However, in the likelihood analysis we need the full (connected 

and disconnected) correlation function in Fourier space. There are two approaches 

here: one would be to calculate the full covariance in fifth-order perturbation theory. 

To be consistent one should then also expand biasing (equation 3.9) to fifth-order (that 

is keeping all terms up to b$\). The other approach is to consider that the leading 

order for the covariance conies from the “Gaussian” part (second line o f equation 3.19) 

proportional to P '3. In fact, for the typical SDSS/2dF volume and shot noise, and 

assuming b\ =  1, 62 =  0, we have that the terms in the third, fourth and fifth line 

o f equation 3.19 (that is the “non-Gaussian” part) contribute only about 10% o f the 

total. In particular the contribution o f the fourth line o f 3.19, that is proportional 

to P 4, is about 5%. This consideration leads us to conclude that, although the non- 

Gaussian terms need to be considered in the likelihood analysis because they can 

becom e important when b\ ^  1 and 62 7̂  0 , the contributions from higher order 

perturbation theory will be negligible. Ultimately the validity o f this assumption can 

be checked against a Monte-Carlo analysis o f the error distribution using multiple 

realizations o f N -body simulations.

3.4 The choice of triangles in evaluating the bispectrum

The methods o f section 3.3 allow us to calculate the means and covariance matrix for 

an arbitrary set o f triangles, so we may use maximum likelihood to estimate the bias 

parameters (equation 3.16). We are left with a question o f which triangles to use as 

our data.
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The choice o f triangles to analyse is o f course very wide. A likelihood analysis 

could include a very large number o f different shapes and sizes, provided that the 

full covariance matrix is calculated. In practice, CPU and memory considerations 

force one to consider a subset o f triangles, and the analysis is considerably simplified 

if the covariance matrix is diagonal. This can be achieved by ensuring that any k 

appears in only one triangle (and, since one must ensure that —k doesn ’t

appear elsewhere either). This throws away some o f the information, but the number 

o f independent data points is at most 3 times the number one uses with this method, 

so the information content may not be reduced significantly. The choice o f triangle 

shape is influenced by the behaviour o f the bispectrum. As we shall see, most o f the 

signal comes from the largest k-vectors for which second-order perturbation theory 

holds. We therefore make the vectors as large as possible. As discussed in Section 

2, a single choice o f shape does not allow us to separate b\ and 62- For this reason 

we choose two shapes o f triangle, to lift the degeneracy. The first is the equilateral 

configuration, the second we refer to as ‘degenerate’ , and consists o f a repeated vector, 

and one o f twice the amplitude and opposite direction.

In practice the equilateral triangles are obtained as follows: all the ^-vectors char

acterized by a polar angle less or equal to 60° and a longitude angle less or equal to 

180°, are considered to be the first vector o f a triangle. The second and the third are 

lying symmetrically in a cone o f semi-amplitude 60° centered around —k\. Obviously 

the choice is not unique, and is made at random. The number o f actually distinct 

triangles that one can obtain for a given k\ is limited by the discreteness o f the A;-space 

and increases with |A:|. A similar procedure is followed for the degenerate case, but no 

wavevectors appear in two triangles (of either shape).

For a discrete grid in a volume-limited cuboidal volume, neighbouring triangles in 

A.-space give uncorrelated estimates o f the bispectrum. This feature was checked by 

investigating the values taken by the off-diagonal terms in the covariance matrix.

We have tested the method with an N -body simulation created with Couchm an’s 

(1991) AP'KM  code from a power-law linear power spectrum P  oc A;- 1 . In figure

3.2 we have evidence for the breakdown of linear perturbation theory at A'^(A;) =  

k'P, ,{A:)/(27t-) ~  1, or at a wavenumber o f A: ~  0.3. Figures 3.3 and 3.4 show the
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k

Figure 3.2: The power spectrum in the N-body simulation (solid), along with the linear 

power spectrum (dashed).

bispectrum  (for the galaxy field), in the dimensionless form

/  2 \ 2
X3 =  {^(2 ) Bg&k\k\ (3.24)

and with this convention

(S3) — f  d cos 0\dipi ^ ^  d cos 6>2d y 2 ^ ^  X3{ h , k2)■ (3.25)
J  47r 47T

In these figures we see evidence o f the breakdown o f second-order perturbation at 

k ~  0.6 for the equilateral triangle, and at a much higher k ~  1 for the degenerate 

case. The non-linear A 2 (A;) ~  3 and 12 respectively (cf Fry, M elott & Shandarin 

1995). We use triangles with wavenumbers up to k =  0.55 for the equilateral case, 

and between 0.55 and 1.1 in the degenerate case in the analysis which follows.

In practice, we have used the observed power spectrum (after shot noise subtrac

tion), rather than the linear power spectrum, to calculate the predicted bispectrum

(b[ = 1, ¡>2 =  0), shown in Fig. 3.3 and 3.4. This includes second-order corrections, 

but for the leading-order bispectrum term, there is no difference. An alternative would 

be to linearise the power spectrum, as in Peacock & Dodds (1994), but this requires 

knowledge o f Dq.
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CM

CM

£
CXJ

Figure 3.3: The measured bispectrum from, the simulation (solid), with the theoretical 

prediction from  second-order perturbation theory shown dashed. Equilateral triangles 

are 'used, and no wavevector appears in more than one triangle. Error bars are errors 

in the mean fo r  each bin.

CM

Figure 3.4: As in figure 3-4, but for  ‘degenerate’ triangles k in the abscissa is the 

sin aller wavevector.

3.4.1 Likelihood analysis

As a first step we analyze the unbiased distribution o f mass points, seeking to recover 

the values by =  1 given that 1)2 =  0.
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c 1

Figure 3.5: Likelihood o f c\ =  l/& i where b\ is the linear bias parameter, fo r  the 

(unbiased) N-body simulation, fo r  0.55 <  k <  1.1, using degenerate triangles, and fo r  

equilateral triangles (dotted) fo r  k <  0.55.

In the case where the covariance matrix is diagonal the likelihood function is 

simplified

£(C1’ C2) =  (27r)^ /2naa Q eXP{ _ 2 Ç  ( \ { a) }  (3 '26)

and very large numbers o f triangles can be used. We have used as many as possi

ble between the largest wavelengths in the cube and the breakdown o f second-order 

perturbation theory (determined above). Figure 3.5 shows the likelihood for c i, as

suming that C‘2 =  0, for the degenerate and equilateral triangles. The correct value is 

recovered, within the errors, but the error bar in the equilateral case is uncom fortably 

large. Rather curiously, the error bar can be reduced by splitting the volume into 

sub-samples, as is shown in the next section.

3.4.2 Expected variance in c\

We ignore shot noise for simplicity. For equilateral triangles we have:

Ha =  {Da) = iR e {Skl6k26k^') =  (27r)3cl y  Py 8°  =  cUla ) ■ (3.27)
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The variance in this approximation is

aa =  (D l ) -  (D a)2 =  (2n)9- P ] ( 6 D)\  (3.28)

The factor o f 2 is the same factor as in the transition from complex Za to real D n in 

equation (3.17). Note that o f the fifteen signal terms in the covariance matrix (Za Zl ) ,  

only one survives. For a discrete transform in a cube o f volume V,  the Dirac delta 

function is replaced by V7(27r)'J, as in (2.36).

Since aft is independent o f c \, the error on c\ is

_ 2 d2 In £

C l = C l

(3-29)
a  ce

In practice we are dealing with more than a single mode, and moreover, in k-space 

the modes form a discrete set, with density o f states g =  V/(2ir)3. The number o f 

uncorrelated triangles in a thin shell o f width ¿(In A;) is:

^4?rA;3i ( l n % ^ ,  (3.30)

where the factor  ̂ arises from the reality o f the density fluctuation field and the factor 

rj from the requirement o f uncorrelated data (no wavevectors in common between any 

two triangles).

Considering contributions from all the shells, and moving to the continuous limit 

this becomes:

„ - 2  -  J E
12 t t 2

fk max 'g {k )^\
/  d(h\k)-

’̂min a 2{k)

2

3r ,  (3 .3i)

where A ;m a x  is set by the breakdown o f perturbation theory, and A ;m j n  is set by the size 

o f the sample.

Inserting the appropriate expressions in the previous equation one obtains:

4 8
* C1 =  4 9 <J° ( ^ m a x ) i  ( 3 . 3 2 )

where
1 M'max

° 'o ( ^ :m a x )  =  x  ^  / d(\nk)Pgk ( 3 . 3 3 )2n~ Jo

is the variance in the galaxy field for a top hat filter in A;-space truncated at A;max. 

Hence
1.01

CTci ~  n  (h  V  ( 3 . 3 4 )&Q (A m a x  j
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Figure 3.6: Likelihood o f c\ — l/b\ fo r  several sub-volumes, each containing 1/8 the 

volume, fo r  the same N-body simulation as figure 3.5.

which gives the error o f 1.48 seen in figure 3.5, for the cutoff at k =  0.55. A  curious 

feature o f this analysis is that the error is independent o f the size o f the survey, 

motivating the splitting o f the volume into independent smaller units. This loses 

some long-wavelength modes, but these contain little information anyway. Figure 3.6 

shows the likelihood curves for several sub-volumes, demonstrating that the error is 

independent o f the size o f the subvolume. This result seems to be counter intuitive, it 

appears that one is getting “something for nothing” , but actually this is not the case; 

This feature is due to the fact that we are fixing the triangle shape. As we will show 

in the appendix o f chapter 8 (pages 248-249) if we allow the shape o f the k-vector 

configuration to vary we obtain the more intuitve result aCl oc 1 /y/V. M ultiplying the 

likelihoods from 8 subvolumes we obtain that the error bar is reduced by about v o ,  

and the true value is within the new error.

3 .4 .3  D e t e r m in in g  b\ a n d  b2

For simplicity, the error analysis o f the previous section assumed that the quadratic 

bias term b2 is zero. In practice, this may not be true, and we need to estimate 

both  b\ and b2 from the data. To lift the degeneracy between b\ and b2, we need
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Comb ined  Like l ihood

c 1

Figure 3.7: .Joint, likelihood o f c\ =  l/b\ and c2 =  62/^ 1- Contours contain 68.3 and 90 

■percent, o f the a posteriori probability assuming the likelihood is a bivariat.e Gaussian, 

wnd the prior probabilities fo r  C\ and C2 are uniform.

to consider at least two triangle configurations. The optimal configurations are not 

easy to determine, and will certainly depend on the power spectrum, as anything 

other than the equilateral configuration involves wavenumbers o f different magnitude. 

In addition, each triangle shape leads to the determination o f an approximatively 

degenerate combination o f b\ and 62 > so ideally we would like these degenerate lines to 

cross at large angle. Adding the degenerate triangles to the equilateral configuration is 

particularly effective, as each degenerate triangle removes only two wavevectors from 

the available set, and also second-order perturbation theory appears to work well into 

the nonlinear regime. Figure 3.7 shows the joint likelihood for c\ and C2 for the limits 

011 k previously stated. The true solution is nicely within the error bars.

S e le c t io n  F u n ction

The above analysis is valid for volume-limited samples, where the mean number den

sity is independent o f position. I11 most astronomical catalogues, a selection criterion 

such as a fiux limit introduces a position-dependent mean density, which adds com 

plication to the analysis. However, as illustrated already in chapter 2, section 2.4.3, it
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is very straightforward to include a non-uniform selection function in the generating 

functional approach, by simply altering the definition o f J .

3.5 Other bias models

The underlying assumption about the bias scheme we have made here is that the 

relation between 5m and Sg is deterministic, local and Eulerian. As discussed in 

chapter 1 it can be shown that dark matter haloes are biased with respect to the 

overall dark matter distribution and the bias scheme is Lagrangian. Catelan et al. 

(1998) showed that in this case the halo bispectrum has an extra inertia term with 

respect to equation 3.12:
, 1 f h  , k2 \ kx • k2
41 “ 1 U  +  h )  ~ h k T '  (3-3o)

that effectively implies a different shape dependence. If b is not too far away from 

unity, this effect will be very small. In practice, by using equation 3.12 in the likelihood 

analysis with an underlying Lagrangian bias, one would find slightly biased value for b 

towards unity. However at z ~  0 the association one-galaxy per halo might not hold.

There are clear indications that galaxy bias might be stochastic, and the stochas- 

ticity in the weakly non-linear regime affects the higher order statistics such as the 

bispectrum. Taruya, Koyama &; Soda (1999) showed that in the m ildly non-linear 

regime the effect o f stochastic bias on the bispectrum for the galaxy field as a function 

o f the mass power spectrum is given by:

^ ( k x . k ^ k a )  =  P r n (h ) P m ( k 2) { J (kX, k2) [ (D2 -  1 ) (D  -  1 +  b0r 0)2}

+  2 +  cos 9 — b — 1 +  boro) ĵ (5o'ro — 1)-^ +  +  1 — 2bo'i\

+   ̂ (^or°(-^ — 1) +  ^o)2| (3.3G)

where D  is the linear growing mode, ro is the initial correlation coefficient (in the de

terministic bias relation ro =  r =  1), h the initial skewness and bo is J ( S g { t ) )/(Sjri{t))

evaluated initially. The galaxy power spectrum is related to the matter power spec

trum by:

Pg(k) =  {(£> -  l )2 +  2b0r0(D  -  1) +  b20} p m(k). (3.37)

Also in this case, in practice, there is an extra shape dependence.
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It is still possible however, even within the stochastic bias scheme, to recover 

the corresponding deterministic relation between 5g and 5m: stochasticity effectively 

introduces a negative b2 (quadratic bias).

W hether observationally it would be possible to distinguish between different bias 

schemes is still an open question. W ithout a better theoretical understanding o f the 

galaxy formation process and its implication for biasing it is safest to keep an open 

mind and compare theoretical predictions with future observations.

D r o p p in g  th e  P o is so n  sa m p lin g  a ssu m p tion

The shot noise calculation, introduced in chapter 2 and used here, is valid only under 

the assumption that the galaxy field is a Poisson sampling process o f an underlying 

continuous density field. There are several inequalities that hold for any two random 

fields X  and Y  like for example (Kendall & Stuart 1977) the Holder inequality:

( X Y )  <  (|X|p) 1/p (|y|9) 1/'7 (3.38)

where 1/p +  l/q =  1 and p  >  0 , q >  0; or the Liapunov inequalities:

(|X|n) 1/n >  . . .  >  (IXI3) 1/ 3 >  {\X\2) 1' 2 >  (|X|> . (3.39)

We now identify X  and Y  with the galaxy density field and imagine that the Poisson 

sampling assumption is not valid. Imagine also that the shot noise contribution is still 

to be com puted as in chapter 2 and subtracted from the measured correlations for 

the discrete 5 held to obtain the true underlying correlations. Because o f the wrong 

modelling o f shot noise, it will follow that the above inequalities might not hold for 

the correlations obtained in this way.

3.6 Discussion

We have presented here the first steps towards the goal o f using the bispectrum to 

measure the linear bias parameter b from large-scale structure data. The aim o f this 

is ultimately to combine measurements o f b with estimates o f ¡3 =  0|]-6/6  from redshift 

distortion studies to get an unambiguous estimate o f the density parameter i20. I11 

this chapter we have presented a method for calculating the covariance matrix for
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bispectrum estimates, thus allowing maximum likelihood to be used to estimate 6, 

and tested the methods on N -body simulations. The noise calculation introduced 

in chapter 2 and implemented here, is a general m ethod which will be useful for 

calculating the properties o f any high-order statistics, and will be used extensively in 

the rest o f this thesis. We have also shown how the signal-to-noise o f the bias estimate 

may lie improved by splitting the volume into subsamples.

It is worth making some remarks about the shape information, as this is crucial in 

lifting a degeneracy which exists physically between the effect o f gravitational evolu

tion and nonlinear bias (in the analysis, this manifests itself as a degeneracy between 

the linear and quadratic bias terms). In essence, we are exploiting the fact that grav

itational instability skews the density field away from its initial Gaussian symmetry. 

However, this can also be achieved by a nonlinear bias, so we need a further property 

to distinguish the two. It is the shape information which allows this. A lthough we 

work in Fourier space, the argument is most easily stated in real space. The effect 

o f a nonlinear bias, operating on the Gaussian field, is to shift iso-density contours 

up (or down), but maintaining the shape o f the contour. Gravitational evolution, 

however, will change the shapes, usually leading to flattening o f collapsing structures 

(e.g. Lin, Mestel & Shu 1965). By utilizing shape information, we can, in principle, 

decide to what extent nonlinear biasing and gravitational evolution are responsible 

for the skewed density field.

The most important practical problem which still remains is the effect o f redshift- 

space distortions, arising from the fact that the redshift is an imperfect distance 

indicator because o f the contaminating effects o f peculiar velocities. This effect can 

be regarded as being split into two components: a large-scale distortion resulting 

from coherent inflow into overdense regions, and the ‘Fingers-of-G od’ arising from 

virialised, highly non-linear structures. Since we have argued that it is effective to 

use subsamples, we would expect to be able to use Kaiser’s (1987) distant-observer 

approximation, for a deep survey, to model the large-scale distortions (see also Hivon 

et al. 1995). O f more concern is that most o f the signal used to measure the bias 

parameters comes from the mildly non-linear regime, and it may be that simple m od

els for the Fingers-of-God (such as the incoherent velocity dispersion introduced by
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Peacock (1992)) may not be adequate for our purposes. This issue will be addressed 

in chapter 4.

Assuming these problems can be dealt with, the accuracy o f the determination o f 

l> will be dependent on the number o f subvolumes we make, and this is determined by 

how small the subvolumes may be. From the numerical simulations, we find that the 

subvolumes degrade significantly the bispectrum estimate if the size o f the box is less 

than 3 times the nonlinear wavelength 27t/A;nl, or about 20 h r 1 M pc for IRAS galaxy 

data. One would therefore expect rather weak constraints on b from the IRAS PSCz 

survey, but a much improved error o f less than 10% from the Sloan digital sky survey 

(SDSS, Gunn 1995) or the Anglo Australian 2 degree-held (2dF, Colless 1999) survey. 

In the next chapter, we present a more accurate calculation o f the expected error on 

the bias parameter from the 2dF survey.



Chapter 4

Bispectrum method: Redshift 

space distortions

In the present chapter and in the following one, we address the problem  o f redshift- 

space distortions. This chapter is mainly concerned with modeling o f the effects on 

the bispectrum o f redshift space distortions (which appeal'd in Verde et al. 1998). We 

extend the bispectrum  method to measure the bias parameter (chapter 3) to redshift 

surveys. Some o f the results used here are fully derived in the next chapter. In the 

appendices we discuss some o f the other issues that arise when applying the m ethod 

to real surveys.

4.1 Introduction

In chapter 3 we showed that the bispectrum method presented succeeds in recovering 

the true value for the bias, with a reasonable error, in a very idealized case, where 

the positions o f the particles were known in real space. In reality, the best distance 

indicator for large galaxy catalogues is redshift; the main purpose o f this chapter is 

to show how the bispectrum in redshift-space can be used to estimate the bias.

As illustrated in chapter 1, galaxy catalogues use the redshift as third spatial 

coordinate. In a perfectly homogeneous Friedman Universe, redshift would be an 

accurate distance indicator, but inhomogeneities perturb the Hubble flow, and intro

duce peculiar velocities. The resulting redshift-space map o f the galaxy distribution
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is thus distorted. As Kaiser (1987) pointed out, peculiar velocities distort the clus

tering pattern in redshift space on all scales, but the effect can be regarded as being 

split into two components: a large-scale distortion resulting from coherent inflow into 

over-dense regions, and the ‘Fingers-of-God’ (FoG) arising from virialised, highly non

linear structures. For the bispectrum, we find distortions in redshift-space arising in 

2 0 P T  (cf Hivon et al. 1995), but also significant effects from virialised structures. We 

incorporate into the bispectrum method to measure the bias, the effects o f virialised 

structures using a technique which has been successfully used with the redshift-space 

power spectrum: we model the effects as an incoherent velocity dispersion. Once 

again the shape information allows the disentanglement o f redshift space distortions 

and other effects: redshift-space mapping modifies the shape o f the structures in a 

different way from gravitational evolution and biasing.

The next generation o f galaxy surveys, like for example the Anglo-Australian 2- 

degree Field (2dF) and Sloan Digital Sky Survey (SDSS), will allow not only accurate 

measurement o f /?, but also estimation o f the bias parameter with an accuracy o f a 

few percent. In particular in the appendices we illustrate how to tailor the m ethod to 

the 2dF galaxy survey and we show that the bispectrum method is not suitable to be 

applied to the 2dF Quasars survey.

The plan o f this chapter is as follows. In section 4.2 we quantify the effect o f 

redshift space distortions on the bispectrum and find a suitable way to model it; the 

model is then tested on N -body simulations is section 4.3. In section 4.4 we introduce 

the bispecrtum quadrupole-to-monopole ratio and show that our redshift-space dis

tortion modeling reproduces the behaviour o f this quantity. The likelihood analysis 

is implemented in section 4.5 on biased and unbiased n-body simulations in different 

cosmologies. We discuss our findings in section 4.6. In appendix A we derive an 

expression for the generating functional o f higher-order correlations in redshift-space 

and in appendix B we calculate the optimum number o f subsamples— to reduce the 

error on the bias determination-, accounting for the noise on the power spectrum. The 

remaining steps to apply the method on a realistic survey are discussed in appendix 

4.9. Appendix 4.10 is concerned with the comparison o f the practical application o f 

the method to a realistic survey, with similar work that appeared recently in the lit-
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terature. Finally, Appendix E is a feasibility study o f the application o f the method 

to the 2df Quasar survey.

4.2 Modelling of redshift distortions

It is worth making a few remarks about performing this sort o f  analysis in Fourier 

space. As already explained, Fourier space analysis has the great advantage that there 

is a clear separation o f scales where perturbation theory works and breaks down. Given 

the nature o f the redshift distortion however, the natural way would be to decom pose 

the density field in spherical harmonics and spherical Bessel functions (e.g. Heavens 

& Taylor 1995). But, we demonstrated in chapter 3 that, rather than using the survey 

as a whole, it is more effective to split it into subsamples. For a deep survey in the 

individual subsamples the Fourier decom position and Kaiser’s (1987) distant observer 

approximation to m odel even large-scale distortions is a good description.

4.2.1 Effects of redshift distortions on the power spectrum and on 

the bispectrum

As a preliminary, in this section we compute the effects o f redshift distortion on a 

particularly simple class o f bispectra, those whose wavevectors form an equilateral 

triangle and averaging over orientation. This analysis serves to illustrate the effects 

o f perturbation theory and the virialisation model.

On large (linear) scales the redshift-space effect on an individual Fourier com po

nent o f the density fluctuation field ¿k can be described as:

¿ k ^ < %  =  M i  +  / V ) , (4.1)

where the superscript s  refers to the quantity in redshift space, and ¡jl is the cosine o f 

the angle between the /¿-vector and the line o f sight (i.e. the direction along which the 

distortion takes place). Throughout, we adopt the distant-observer approxim ation, so 

// is independent o f location within the survey.

The effect on the average power spectrum in a thin shell in k-space has been given 

in 1.110: it is an enhancement o f the redshift space power on all scales by the same 

factor, 28/15 in the case where (3 =  1.
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The bispectrum B{k\, k ,̂ k$) oc (5 ¿3) is non-zero only if the 3 wavevectors

form a closed triangle. For equilateral triangles, averaging the three factors in equation 

(4.1) over //. gives

B s =  (l  +  P +  +  (4.2)
5 I

so that for ¡3=1 there is an amplification o f the bispectrum on all scales by a factor 

B s/B =  iJG/35.

We can estimate the effect of redshift distortions on the estimation o f the bias 

parameter by noting that, in the absence o f shot noise and a non-linear bias term, 

b oc P 2/B (chapter 3 and Matarrese, Verde & Heavens 1997). If redshift distortions 

are ignored, the bias parameter is overestimated by a factor

( P s / P )  2
=  1.27 , 4.3)B s/b  ’ v ’

if (3 =  1.

Virialised m otion produces a radial smearing and the associated FoG effect con

taminates the wavelengths we are interested in. This is hard to treat exactly, but being 

a smearing effect, it produces a mild damping on the power acting in the opposite 

direction to the large-scale boosting o f power (see for example Matsubara 1994). A 

model was introduced by Peacock (Peacock 1992; see also Peacock & Dodds 1994) in 

which the small scale velocity field is assumed to have an incoherent Gaussian distri

bution. In reality, according to evidence from simulations (e.g. Zurek et al. 1994) and 

observations (e.g. Marzke et al. 1995) the velocity distribution is better m odelled by 

an exponential, but in practice there is very little difference between these two models 

on scale where the damping factor is <  2 (Ballinger, Peacock & Heavens 1996). In 

practice this incoherent model fits well the power spectrum in numerical simulations 

(Hatton & Cole 1998).

In the Fourier domain the exponential velocity dispersion model gives a damping 

factor D(A:rr//,) (where A; =  |k|), such that ¿k — » <5kD , given by

D lk ou )  =  —  , (4 4)
V J \ J l  +  A;2 cr2 //,2 / 2  ’ 1 ;

where a  is the pairwise velocity dispersion o f galaxies. The overall effect in A;-space 

can be obtained by multiplying the large-scale enhancing factor and the small-scale
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damping factor before averaging over p. (Peacock & Dodds 1994):

6k — > ¿k (1 +  /3^ 2J =  . (4 .5 )
v /l  +  A ;V V /2

For the power spectrum in a thin shell in A-space the overall effect is given by:

P S(A;) =

j  (a2k2 -(3)/3 2(32

\ u4A;4 3cr2 A;2

\[2{k2a2 — 2/3)2 arctan(Acr/\/2) ]  n/,M 
F F  | ■

(4.6)

Similarly for the angle-averaged bispectrum for equilateral triangles one obtains 

P S(A;) =

J 2fc6a 6 -  12A;V4/3 +  (3 6 fc V  +  6kAa 4)P2 
| \/2A:6(T6\/2 +  &2cr2

(/c4cr4 — 5A:2s2 — 30)/33 
\/2k6a 6 \/2 +  A;2er2

3\/2/3(2/î:4ct4 — 6k2a 2¡3 +  5/32) arcsinh(/ccr/\/2)
P(A-) .

(4.7)

The overall effect on the measurement o f the bias parameter is given by the ratio 

o f equation (4.3). In the case (3 =  1 (that, since (3 is expected to be <  1, is the case 

where large-scale redshift distortions are most important) the scale dependence o f this 

quantity is shown in figure 4.1. For small velocity dispersions the effect is small for 

a reasonable range o f A;-vectors, but for bigger a  it diverges quite quickly. Since we 

expect to use wavelengths up to k ~  2 (throughout the A: unit is h M p c- 1 ) in order 

to have a good signal to noise, ignoring redshift distortions introduces unacceptably 

big errors. The next section illustrates a more elegant way to deal with this problem 

and to have a more satisfactory result: the redshift distortions should be m odelled 

for consistency to second order using perturbation theory and the small scale effect 

cannot be neglected.

The redshift-space effect on the bispectrum from equilateral triangles is illustrated 

in figure 4.2, which shows results from an N -body simulation by the Hydra consortium
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k

Figure 4.1: Scale dependence o f the redshift distortions on the measurement o f the bias 

parameter, winch is overestimated by 1/ordinate if the distortions are ignored. The 

dashed line refers to the case where there is no small scale velocity dispersion (a  =  0), 

the solid line is fo r  o  =  200 km s~ l , the dot-dashed line is fo r  a  =  400 km s~ [ and 

the dotted line is fo r  a =  700 km s~ l . The wavenumber k is in units o f h M pc~l .

(Couclnnan, Thomas &; Pearce 1995). It is a cold dark matter (CDM ) simulation with 

Ho =  1, a shape parameter T =  0.25, erg =  0.64, no cosmological constant and no 

biasing.

4.2.2 Second-order perturbation description for the effect of redshift 

distortions

in the framework o f second order perturbation theory (2 0 P T ) for the density field, for 

consistency also redshift distortions should be treated to second order. Unfortunately 

highly non-linear effects contaminate scales where 2 0 P T  should hold. This can be 

easily understood by referring to figure 1.5: the collapsing regions and the already 

virialised (highly non-linear) regions that appear elongated along the line o f sight 

(FoG) "sit on top ot the collapsing shells that appear squashed in the linear regime.

From equation (4.5) it is clear that the damping factor acts as a filter on the 

Fourier components o f the density field. Therefore our analysis involves 2Q PT of the



4.2: Modelling o f redsliift distortions 115

1 0

1 0
CD

1 0
CM

1 0
CM

T 1 0

1 0

10 '

0 . ' 1 .0

Figure 4.2: R.edshift distortions effects on the bispectrum. The bispectrum, is expressed 

in the dimensionless form  x 3 that is the counterpart fo r  the bispectrum, o f A 2 fo r  the 

power spectrum,: x 3 =  (2 / n2)2 k  ̂B , where k is the smallest wavenumber in the triangle. 

The dot-dashed line is the 20P T -real space bispectrum, the dotted line is the redshift- 

space bispectrum obtained taking into account, only the large scale boosting effect, the 

dashed line is the 2 0 P T  bispectrum with the small scale smoothing effect included 

as in equation 4-7- The velocity dispersion used here (a — 650 km s~l )  is the one 

that gives the best fit to the redshift-space power spectrum up to k ~  0.8. Finally the 

thick solid line with errorbars is the measured bispectrum, from, the redshi,ft,-space map. 

The agreem.ent up to k — 0.7 should be compared with the corresponding breakdown o f 

2 0 P T  in real-space (k — 0.55; chapter 3 and Matarrese, Verde & Heavens 1997). A s  

before k is in units o f h Mpc~ 1.

density field and o f the redsliift distortions combined with the exponential m odel for 

small scale velocity dispersions acting as a smoothing filter.

4.2.3 Large-scale second order model

We assume a local correspondence between the galaxy overdensity field 5g and the 

underlying mass density field 5 =  bp/p, and make a Taylor expansion in 5:

Z

5, = Y , bff(4.8)
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retaining terms to i — 2, but ignoring i =  0 as it contributes only to k =  0.

The bispectrum D  is defined by the 3-point function in Fourier space:

< 'U  W W  = (2t)35 (A t 4  k)SD( k  + k  + k3) , (4.9)

where is a 3D Dirac delta function. The expression for B  is given in Chapter 3 for 

S in real space. In redshift space, the bispectrum is inevitably more com plicated (a 

derivation o f the following expression for the large-scale redshift-space bispectrum  in 

2 ()P T  is presented in the following chapter):

B (k i, k , k )  =  

bj( 1 +  /¿i/3) (1 +  p|/3)

{ [2P (fci)P (fe2)Ker(fci,A2,/0 ,A ti,//2,iu) +  eye.]

+  b2 P ( k ) P { k )  +  eye. }  , (4.10)

where the cyclic terms are (1,3) and (2,3), and

k,3 = —ki -  k 2 ,
r - k
rki ' 

M =  -M 3 •

The kernel is given by

7 2k\k9 \k’2 k\ J 7 \ k\k,2

(4.11)

Ker (A; i , A;2, /3, /j. i , / /2, k ) =

.J{k1,k 2)bl +  ^ 2/3biK ^\k1,k 2) +  n l ^ b f  +

kjP I 2 , 2\ , ( k\ k-2
—  (//■ 1 + M 2) +  +  ^ -)  +

&?/32 , 2 A-'2 oifcu
——  / ¿ i / v . 2 ( / ¿ 2 ) > (4-12)

where the real-space kernel is (e.g. Catelan & Moscardini 1994a)

J { k i ,k )  =

5 ^  A;| ■ Ao /A:| ^  kf2 \ 2 f  k[ ■ A'2  ̂ '
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and comes from the velocity field (e.g. Catelan & Moscardini 1994b)

K & {  k l5k2) =

^  (s+ i£) M ( w ) ■ (4'14)
In real space the 2 0 P T  bispectrum is very weakly dependent on flo (see Chapter

3). In redshift space, there is a strong flo-dependence, but, only via /3, which can be

measured from the power spectrum. The residual dependence on Qq is again very 

weak, and we therefore quote the results for Oo =  1-

We wish to write B  in terms o f observable quantities, which P  is not. To the order 

which we are working, we may write P  — P(J/b\. There are one-loop corrections to 

this which may be significant if b2 and 63 are not close to zero (chapter 4). I11 chapter 

4 we investigate the practical effects o f those corrections using biased simulations, 

but consistently with perturbation theory, in terms o f the real-space galaxy power 

spectrum Pa =  b\P, we can write:

=  G (P g ^ ,C i,c2M M M )  , (4.15)

where

gk  1 gk2 gkz

G{Pg,l3 ,c  i , c 2, k i , k 2,k 3) =

(2vr)3 (1 +  /3p-?)(l +  /3/i2)

{ c i  2Ps (fci)Pff(£2)K er(fci,£2, /3 , / i i , / i2,/i)  +  eye. 

+ c 2 Pg( h ) P g(k2) +  eye.j }  5D(ki +  k2 +  h )  ,

where the parameters we wish to extract 61, b2 appear in the combinations

(4.16)

1 b2
«1 =  p  <* S  ^  . (4.17)

It is interesting to notice here that the degeneracy between Qo and b can be lifted 

because equation (4.12), as explained before, is dependent 011 iio mostly through the 

measurable parameter (3 and is quite insensitive to A (see also Bernardeau 1994b; 

Eisenstein 1997); the error introduced by neglecting the Q and A-dependence o f the 

bispectrum is much smaller that the final expected error in the determination o f the
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bias parameter, and can therefore be safely ignored for this purpose. Redshift-space 

distortions may also be introduced by a separate effect, arising from an incorrect ge

ometry being used to create the redshift-space map (Phillips 1994; Ballinger, Peacock 

& Heavens 1996). This effect should be detectable with SDSS and corrected for. This 

accounts for the large-scale effects via perturbation theory. We now turn to the effects 

o f small-scale velocities.

4.2.4  Small scale model

It is worth noticing that the model o f small-scale velocity dispersion is simplistic 

because it takes no account o f the fact that the velocity dispersion is correlated with 

the density field. This means that the dispersion is higher in high density regions such 

as galaxy clusters. The value a  used in the model (equation 4.6) is therefore only an 

“effective" velocity dispersion which depends on how galaxies populate the clusters 

and on the bias parameter b (Fisher 1995). In principle, the form of the filtering 

may be unconnected with the small-scale velocity distribution, because the modelling 

assumes that the velocity is uncorrelated with the density, which is untrue in detail. In 

practice, then, one should perhaps treat the filter function as a heuristic object whose 

parameter a is determined from the large-scale data, by fitting the power spectrum. A 

Taylor expansion as A; —> 0 will demand a quadratic form for D  ~  1 — k,2 a 2 fi,2 / 4 + O (k'1) , 

so one might expect the model to be generally good provided k2a 2/j,2 is small. We 

have found this to be the case for the power spectrum; in high-Ho models, imposing 

a limit o f cv =  A;2//“ =  0.3 works well (for a CDM model with f l0 =  1, cr8 =  0.64 and 

r =  0.25).

The small scale damping effect acts as a smoothing filter (see equation 4.5) on the 

non-linear field. Following the general mathematical method outlined in chapters 2 

and 3 for calculating n -point distributions in Fourier space it is possible to obtain an 

expression for the galaxy n-point spectra in redshift space that includes the large scale 

effect to second order in perturbation theory (equation 4.10) and the small-scale effect 

due to the velocity dispersion o f the galaxies (equation 4.4). The technical derivation 

can he found in Appendix A. For n =  3, as a special case we obtain the final expression 

for tin' galaxy bispectrum in redshift space for a given triangle configuration, that also
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includes small scale velocity dispersion:

(^gki —
______________ g(Pfl,/3,Cl,C2,ki,k2,k3)_______________

y ( 1 +  k lV 2/xf/2) (l +  k22cr2/y|/2j (l +  k32cr2/rf/2^

(4.18)

where Q is given by equation (4.16).

This is also the key equation o f this chapter, generalising the m ethod o f chapter 3 to 

redshift space galaxy catalogues. Note that we assume that ¡3 and a  (and hence Pg(k) 

in real space) are com puted directly from the redshift-space power spectrum [P®(&)], 

so they are not parameters to be determined from the bispectrum  (see chapter 1).

In order to be able to perform the likelihood analysis the covariance matrix for the 

bispectrum has to be consistently modified. The covariance matrix for the bispectrum  

involves the expression for the six-point function as shown in chapter 3, equations 3.17.

Referring to equations (3.19) to (3.23) o f chapter 3, we will quote here how to 

m odify the equations when working in redshift space1:

P (k ) _ ^ P ( k ) ( l + /0Ay,2)2 (4.19)

(in the power spectrum only, not the bispectrum below);

figkz ̂ 9̂ 3 )  ̂ (P(?7 Cl 5 2̂, k]_, k 2 , k 3) . (4.20)

And finally the covariance matrix Cap obtained with this prescription needs to be 

filtered:

—  7 C n n  , (4.21)
v n E u i + k W / 2 )

where the index i runs over the six vectors that form the two triangles u\ and i/2.

4.3 Tests on N -body simulations

We have tested the model (equations 4.18 & 4.21) by performing a likelihood analysis 

o f the bispectrum  on an unbiased redshift-space catalogue created from an N -body

1 O f course the shot noise “acts” on the redshift-space field, so the prescription is to apply 4.19-4.21 

first on the fictitious underlying continuous field and then add the shot noise contributions.
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simulation provided by the Hydra consortium (Couchman, Thomas & Pearce 1995). 

This is a CDM simulation with Oo =  1, 0‘s — G.64 and F =  0.25; these parameters 

have been chosen to match closely the present day galaxy power spectrum. It is clear 

from equations 4.10, 4.16 and 4.18 that in a realistic application we need to know 

(or have an accurate fit for) the real space galaxy power spectrum, because it is this 

quantity that is required in the model and, knowing it, subsequently we can attempt 

to evaluate o.

Therefore, as a first step, we need to know if we are able to reconstruct the real- 

space galaxy power spectrum. The problem is greatly complicated by the fact that the 

m ethod is applied on individual subvolumes, rather that on the overall volume. Even 

assuming that the data will be good enough to enable us to reconstruct the real-space 

power spectrum for the whole volume o f the survey, some care is needed in extracting 

then the real space spectrum for each subsample. For the moment we shall assume 

that we have an accurate enough fit for the real space power spectrum. In Appendix 

B we give some limits on the accuracy needed.

4.3.1 Limit of validity of the small scale redshift distortion model

As mentioned above, the value a  used in the model is only an “effective” velocity 

dispersion, so it can actually be seen as a parameter whose value is fixed by the 

condition that equation (4.6), when applied to the real space Fourier modes, gives the 

observed redshift space power spectrum. The limit o f validity o f the model, i.e. the 

maximum value o f cv =  A2/;2, can be set as follows.

Since we can assume, as seen in section 4.2.4, that the real-space power spectrum 

is known, a likelihood analysis o f the redshift space Fourier modes should give the two 

parameters /3 and a.

The probability distributions o f the real and imaginary parts o f are Gaussian in 

linear theory, but the second order correction induces skewness. However in this regime 

the contribution from the second order correction is relatively small, and in any case, 

the Central Limit Theorem ensures that the average o f a set o f independent modes 

trom a region in k —space will tend to a Gaussian for a large number o f modes, and 

the likelihood for the set is then equivalent to a product o f individual Gaussians, since
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homogeneity alone ensures that the modes are uncorrelated. Therefore, the likelihood 

tends to a product o f Gaussians with zero means and dispersion yJPs(k, /¿ )/2 , where

The parameter (3 in the simulation is known, but also in a realistic application will 

be known through an independent method (see chapter 1), therefore we can say that

constrained. We find no constraint on a  up to k =  0.70 then a  <  0.3 up to k =  0.9.

o f a. This feature is a direct consequence o f an effect noted also by Bromley, Warren 

& Zurek (1997): at short wavelengths the ¡i dependence is cancelling. However for 

k >  0.9 a  can still be recovered with less than 5 per cent uncertainty keeping a  <  0.3 

and constraining (3 to assume the value previously determined.

We notice a slight increase o f the value for a  with k. This would suggest that the 

exponential model is not exact, but, as we already pointed out, a  can be treated as 

an empirical parameter.

4.3.2 Obtaining the effective velocity dispersion in the subvolumes

In the individual subvolumes the power spectrum becomes noisier, and the large-scale 

modes are not well sampled. Assuming that the local real space power spectrum  is 

known, we can determine the local a , because the local value for (3 can be extrapolated 

from the global one as follows: if N ss v  is the number o f particles in the subvolume in 

redshift space and Wot is the number o f particles in the whole volume o f  the sample

P s{k ,n ) =  P {k ) { l  + /3n2)2D {k a ^ )2 . (4.22)

The combined likelihood for (3 and a

C (P ,a )  =

1
e

(4.23)

the modelling for the small scale velocity dispersion effect breaks down where the 

likelihood fails to recover the “true” value for f3. On large scales the m odel is expected 

to be valid for any value o f the factor a  =  k n , but on smaller scales a  must be

For higher k it becomes difficult to have a constraint on both  (3 and a  for any value

(4.24)
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There is a subtlety to point out here: in principle we would need to use the 

number o f particles in the real space subvolume, but this is not known. However, if 

the subsamples are not too small, it should not make too much difference due also to 

the degeneracy that arises on those scales between (3 and a. Moreover an error o f  20 

per cent in the mean density (that is the biggest fluctuation we observe in splitting 

our simulation o f 100/i.-1 M pc side in subsamples o f 50/r-1 M pc side) leads to an error 

o f 5 per cent on ft\„Ca\ that, is o f the same order o f the uncertainty on a  obtained from 

the likelihood.

Since we noticed a slight increase on the value for a  with k, the value for a has 

been obtained independently for different intervals o f k.

We performed a likelihood analysis as described above, with (3 fixed, to recover a  

for each subvolume, in bands o f k limited by the following values: 0.3, 0.7, 0.85, 1.0, 

1.2, 1.3, with an additional band 1.7 — 2.6.

The reason for this choice o f intervals will be evident in section 4.5.

4.4 Bispectrum quadrupole-to-monopole ratio

It is straightforward to extend the multipole analysis (classically implemented on the 

power spectrum as in chapter 1) to the redshift-space bispectrum. Let us define 

R i ; as the quadrupole-to-m onopole ratio for the bispectrum. Analytical results for 

the bispectrum m onopole and quadrupole can easily be obtained with the help of 

M ATH EM ATICA package, if no constraint on a  is imposed. Otherwise it is possible to 

calculate the ratio numerically. By comparing the model prediction and the simulation 

results for R.a, it is possible to test the accuracy o f the redshift-space distortions model. 

Figure 4.3 and 4.4 show this comparison for equilateral and degenerate configurations 

respectively. The sharp bend correspond to the scale where we start imposing the 

constraint on rv.

Since the redshift-space distortion model adopted for the bispectrum seems to 

work well", we can proceed in performing the likelihood analysis to extract the bias 

parameters.

JDespite the claim o f an earlier version of Scoccimarro, Coucliman & Frieman (1999).
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k

Figure 4.3: Quadrupole-to-monopole ratio R b .for the redshift-space bispectrum,, equi

lateral configurations. The solid line is the R b as predicted by the redshift-space dis

tortion model, the symbols are the values fo r  R b obtained from  the N-body simulation. 

The sharp bend correspond to the scale where we start imposing the constraint on a. 

There is good agreement within the errors.

quad.to mon. ratio bispectrum degenerate triang.

k

Figure 4.4: As in the previous figure, but fo r  degenerate configurations. Error bars in 

the part o f the plot we are interested with k >  0.5 are about the size o f the symbols. 

The range we will use in the likelihood analysis is on the right o f the vertical dotted 

line. Again, the redshift-space distortion model seems to work well.
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4.5 Likelihood analysis

11, is evident from equation 4.18, that, also in redshift space, a set o f triangles in k- 

space allows the measurement o f the bias parameters b\ and 62 through a likelihood 

analysis. It is however necessary to consider triangles o f different shapes in order to lift 

the degeneracy between /q and b2 since a set o f triangles o f the same shape gives almost 

degenerate information 011 /q and b2 while for the equilateral triangles the degeneracy is 

complete. The optimal triangle configurations are not easy to determine, but, as shown 

in chapter 3, it is particularly effective to consider, along with equilateral triangles, 

a configuration consisting o f a repeated vector and one o f twice the amplitude and 

opposite direction (referred to as ‘degenerate’ ). By ensuring that any k appears in 

only one triangle o f either shape (and —k does not appear elsewhere either) the data 

are uncorrelated (chapter 3): the covariance matrix is approximately diagonal and the 

likelihoods for different shapes can be multiplied. This simplifies the likelihood analysis 

considerably. As already mentioned in chapter 3, the confidence levels we obtain are 

theoretical: they are computed in the framework o f second-order perturbation theory; 

it may be worthwhile to verify them (especially where A 2 (A;) >  1) using multiple 

N -body simulations.

4.5.1 Choice of /„--vector limits 

iio =  1 Universe

Dm: to the smearing effect o f small scale velocities the range o f validity o f 2 0 P T  is 

expected to be slightly extended. This is exactly what we observe. For equilateral 

configurations for example, from figure 4.2 it is clear that the redshift-space bispectrum 

for equilateral triangles is well described by our model up to k ~  0.7 — 0.9.

I11 real space the A-vector range we used for the likelihood analysis o f the bispec

trum was: 0.3 <  k <  0.55 for equilateral configurations, and 0.55 <  A'short, < 1 .1  for 

degenerate. In the redshift-space likelihood analysis for the bispectrum the range o f 

A:-vector used changes: for equilateral configurations 0.3 <  k <  0.85 and, for degener

ate configuration, 0.85 <  A;si,ort <  1.3. The resulting likelihood contours are shown in 

figure 4.7.
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c, c, c,

Figure 4.5: The real space join t likelihood fo r  c\ and C2 as a function o f the cutoff 

wavenumber employed, fo r  a low-density CDM  simulation with shape parameter F =  

0.25 and erg =  1.06. The dotted and solid line contours contain 90 and 63 percent o f 

the a posteriori probability P (c i,C 2 | data) assuming uniform, prior. The wavenumber 

corresponding to A 2(k) =  1 is k =  0.17. Second-order perturbation theory works well 

fo r  the degenerate configuration up to A,'short — 0.66; this corresponds to x '3 — 100. 

This figure is relative to the final output (as =  1.06  ̂ o f the low-ilo simulation.

Low-ilg Universe

In real-space the second-order bispectrum is only weakly dependent on Oo (see chapter 

3), in redshift-space there is an additional dependence on Qq, but this is only through 

the parameter ff that can be measured (Heavens, Matarrese &; Verde 1998). Although 

the remaining dependence on Do is very weak, in a real survey we need to decide a 

priori where to place the upper cutoff in wavenumber. Since, in principle, this will be 

dependent on Do, we investigate a low-density numerical simulation to see how robust 

the cutoff wavenumber is. The simulation, again from the Hydra Consortium, is for a 

CDM  model with parameters Do=0.3, A =  0, r=0.25, and a box-size o f 100 h ~ l M pc. 

Figure 4.5 shows how the real space likelihood contour for c\ and C2 varies with the 

cutoff wavenumber for this simulation. This final output has cj8=L06, which makes 

it unsuitable for our redshift-space analysis. In fact the real space analysis recovers 

the true value for the bias within the errors (ci =  0.9 ±  0.5, C2 =  0.1 ±  0.7) but 

the first mildly non-linear wavelengths are larger than the box and the redshift-space 

distortions are too non-linear for the wavelengths we need to use. We have therefore
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analysed two earlier epochs, with as =  0.64 (when Oo =  0.5) and as =  0.81 (when 

i i0 =  0.41).

For the redshift-space analysis in these cases, since there is a strong covariance 

between ¡3 and a, it was not always possible for all the /¡.'-vector bands to follow the 

procedure outlined in section 4.3 to set the values for the velocity dispersion parameter 

a and the angle a. W hen it was not possible to close the likelihood contours for [3 

and a, we assumed ¡3 was known to set the value for a  and we used for a  the same 

constraint as in the other cases. We also find that the method for the redshift space 

analysis recovers the true value o f the bias parameter within the errors. The errors 

are still big (100 per cent), but the non-linear scale is also quite big (k <  0.3) and we 

can reduce the errors by analyzing subvolumes (chapter 3). A  rough estimate for the 

number o f volumes that one can obtain from the SDSS (about a thousand if linear 

theory breaks down at kn\ ~  0.1, about eight thousand if A:„i ~  0.3) suggests that an 

accuracy o f few percent or better should be achieved.

G en era l case

The range o f validity o f second order perturbation theory depends on the model o f 

the Universe, so we therefore need to be able to determine, in a consistent manner, 

where 2 ()P T  breaks down prior to estimating Bo- For all the simulations we analyzed 

the breakdown occurs where the real-space normalized bispectrum x 3 =  {2/ir2)k ('B  

(analogous to the quantity A 2 for the power spectrum) is x 3 — 10 for equilateral tri

angles, and ~  100 for degenerate triangles. This real-space quantity can be estimated, 

assuming, as we do, that ¡3 and the small-scale velocity dispersion a  can be estimated 

from the redshift-space power spectrum. For the two earlier epochs o f the low-Bo 

simulation we also changed cr« by reinterpreting the box size (e.g. Mann. Peacock & 

Heavens 1998): also in these cases the breakdown occurs for the same values o f  the 

normalized bispectrum x '1-

4.5.2 Biased catalogue

In order to create a. biased catalogue, we applied the standard friends-of-friends algo

rithm to tin' same =  1 N -body simulation used in section 4.3, in MVH97 and in
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Figure 4.6: The real space join t likelihood for  c\ and C2 fo r  the biased catalogue. The 

dotted and solid line contours contain 90 and 63 percent o f the a posteriori probability. 

In each panel k-vectors o f the degenerate triangle configurations belong to a different 

shell in k space. For the equilateral configuration the k-vectors limits are 0.3 <  k <  0.5 

and fo r  the degenerate the six shells are limited by: 0.62, 0.7, 0.8, 0.9, 1.0, 1.1. The 

first interval has been chosen in order to have about the same num.her o f data as in 

the following interval and a signal o f comparable strength. Second-order perturbation 

theory works well fo r  the degenerate configuration up to ks\mrt ~  0.8 this corresponds 

to x '3 — 100. The vertical dashed line shows the inverse o f the effective bias o f the 

power spectrum, yJpg/P at k =  0.8.

chapter 3. We adopted a linking parameter equal to 15 per cent o f the mean inter

particle distance, i.e. approximately 0.12/r-1 M pc. The biased catalogue is defined as 

the list, o f all the groups o f particles with at least three members; the corresponding 

number density is 5.6 x 10-2 /r3 M pc- 3 . Although this density is more realistic than 

that o f the unbiased catalogue (2.1 h3 M pc-3 ) used in MVH97 and in the redshift-
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space analysis, this is still about six times larger than the number density that future 

galaxy surveys will have, but with this choice shot noise does not dominate the signal 

in the regime where 2 0 P T  should hold, allowing a determination o f the breakdown o f 

2 0 P T .

This biasing scheme is not necessarily equivalent to the high peaks biasing scheme 

nor can necessarily be analytically expressed as in equation (4.8). However for the 

purpose o f recovering Qq from the /3 parameter what is necessary is the “effective bias” 

6eff defined as: P,, =  b ^ P .  In the biased catalogue beff =  1.1 on scale where 2 0 P T  

holds.

Also in presence o f biasing the breakdown o f 2 0 P T  can easily be detected. Fig

ure 4.(i shows how the joint likelihood contours vary for A;-vect,ors o f the degenerate 

triangle configuration belonging to different independent shells in A:-space. It is clear 

that 2 ()P T  breaks down at k — 0.8. W hen perturbation theory breaks down the like

lihood does not drift in a precise direction as it happens for the unbiased case. This 

can be due to the superposition o f the non-linear clustering (that drifts the likelihood 

towards high c i) and the biasing acting in the opposite direction. For the biased case 

the A:-vector limits are for the equilateral configuration 0.3 <  k <  0.5 and for degen

erate configuration 0.5 <  A:short <  0.8. The breakdown occurs where the normalized 

bispectrum x '3 =  (2/vr2)k (iB  is x '3 ~  10 for equilateral triangles and x'3 — 100 for 

degenerate triangles.

We also checked the behaviour o f the 2 0 P T  validity range for a linearly biased 

catalogue. The catalogue has been created by applying equation (4.8) with b\ =  1.4, 

bi =  0 (i >  2), to the density contrast field 5 (x ) o f the if0 =  1, unbiased simulation. 

In this case 2 0 P T  breaks down for the same A;-vect,ors values as in the unbiased case 

therefore where x'3 is larger than the values previously determined. However, unless 

there is anti-bias, the x '! limit sets a conservative &-vector cutoff.

Finally we performed the likelihood analysis on the biased simulation with bef f  =

1.1 in redshilt space. Also in this more realistic case the analysis recovers the true 

value for the bias parameter within the errors (see figure 4.9). In this case the errors 

in the determination of the bias parameter are slightly bigger; this is due to the fact 

that the determination o f the velocity dispersion is more noisy. In fact the adopted
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Figure 4.7: Joint likelihood o f c\ =  l/h\ and C2 =  62/ 61, fo r  a CDM  N-body simulation  

(Mo =  1, cr« =  0.64, r  =  0.25, see text fo r  further details), but in redshift space. 

Contours contain 68.3 and 90 per cent o f the a posteriori probability P(c\,C 2 \ D A T A ) 

assuming uniform priors fo r  c\ and C2 -

biasing scheme considerably increases the shot noise, and this propagates in a noisy 

determination o f the velocity dispersion especially if the volume o f the simulation is 

limited to a box o f 100 h -1  M pc side. W hen applying the m ethod to a real survey 

the volume available will be much larger, allowing a more precise determination o f the 

velocity dispersion.

4.5.3 Results

For the flat Universe simulation in redshift space the joint likelihood for c\ and C2 

for the limits on k set as described above, is shown in figure 4.7. The true value 

(cj =  l / 6i = l ,  C2 =  62/ 61= 0) is remarkably recovered within the errors: 1.02 ±  0.15 

for ci and —0.05 ±  0.22 for 0 2 -

The joint likelihood computed in the biased simulation for ci and C2 for the limits 

011 k set as in Section 4.2 is shown in figures 4.8 and 4.9, in real and redshift space 

respectively. Marginalising over C2, the true value for the effective bias 6efr =  1.1, 

ceff =  1 / 6eff is well recovered through cp  we obtain ci =  0.93 ±  0.15, C2 =  0.15 ±  0.25
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c,

Figure 4.8: .Joint likelihood o f c\ =  l/b\ and cp =  ¿2/^ 1, f or the real space N-body 

si.Hm.la.tion (see text, fo r  details), but biased. The effective bias on scales where '¿OPT  

holds is be( f = l . l  (l/beg =  0.91,) as indicated by the dashed line. Contours contain 68.3 

and 90 per cent o f the a posteriori, probability.

for the real space case and ci =  0.90 ±  0.22, c2 =  0.15 ±  0.35 for the redshift space 

case.

4.6 Discussion

In Chapter 3 we presented the first steps towards the goal o f using the bispectrum 

to measure the linear bias parameter b from an ideal real-space galaxy distribution. 

The aim o f this project is ultimately to combine measurements o f b with estimates 

o f fi =  S2(j-()/b  from linear redshift distortion studies to get an estimate o f the density 

parameter 0 (i- In this chapter, we have mainly tackled the problem o f redshift-space 

distortions, where peculiar velocities distort the three-dimensional map in redshift 

surveys. We have shown how the combination o f second-order perturbation theory 

and an incoherent velocity dispersion model for virialised structures can successfully 

be used to estimate the bias parameter. This was not a trivial issue, since the signal 

for bias comes largely from the mildly non-linear regime, which is significantly affected
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c,

Figure 4.9: Joint likelihood o f c\ =  l/b\ and C2 =  &2/&?j .for the biased simulation in 

redshift space. The effective bias on scales where 2 0 P T  holds is beg = l . l  ( l /6 eff == 0.91)  

as indicated by the dashed line. Contours contain 68.3 and 90 per cent o f the a 

posteriori probability.

by non-perturbative considerations.

We have also analyzed a biased simulation in real and redshift space: the bispec

trum m ethod successfully recovers the value for the bias parameter not only if we 

adopt a linear bias scheme, but also in a more realistic case where groups o f dark 

matter particles are identified and each group counts as a galaxy.

To turn this into a practical application, one needs to be able to determine, in 

a consistent manner, where second-order perturbation theory breaks down. For the 

simulations we have analysed, the breakdown occurs when the real-space normalised 

bispectrum (analogous to the quantity A 2 for the power spectrum) is x i — 10 for 

equilateral triangles, and 100 for degenerate triangles. This real-space quantity can 

be estimated, assuming, as we do, that /3 and the small-scale velocity dispersion a  can 

be estimated from the redshift-space power spectrum.

The practical limitations to the accuracy o f the determination o f b will be the 

size o f the redshift survey, and the density o f objects. Our suggestion for practical 

implementation is to divide the survey into a number o f subsamples, within each o f
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which we apply the distant-observer approximation and make an estimate of the bias 

parameter (marginalising over the second-order term C2). The size o f the subsamples 

is determined by the non-linear scale, k ~  0.3 if b ~  1, restricting the subsample sizes 

to about 20 h ~l M pc or larger. Since the signal comes from the weakly non-linear 

regime, the estimates may be assumed to be essentially uncorrelated. For the most 

distant subsamples, shot noise will prevent any useful information being obtained. 

This will restrict the depth to around z =  0.2 for the forthcoming Anglo-Australian 

2dF and SDSS. Nevertheless this gives a very large number (about 1800 and about 

8000 respectively) o f useful subvolumes (however, if the linear theory breaks down at 

~  0.1 the number o f volume that one can obtain from the SDSS drops to about a 

thousand). Combining this with the estimated error 011 b from a single subvolume o f 

about 50 h~ M pc suggests that errors o f about 5 per cent or less should be achievable. 

The statistical error 011 ¡3 from these surveys should be comparable or smaller (e.g. 

Ballinger, Heavens & Taylor 1995; but see also Hatton & Cole 1998 and Bromley, 

Warren & Zurek 1997), so the error 011 Ho will be mainly determined by the error 011 

b and should be around few percent.

4.7 Appendix A : Expression for the n -point galaxy spec

tra in redshift space

Following the mathematical method outlined in chapter 2 it is possible to calculate 

I he galaxy n-point spectra in redshift space. The expression for the n-point spectra 

includes the large scale effect to second order in perturbation theory (equation 3.12) 

and the small scale effect due to the velocity dispersion o f the galaxies with velocity 

distribution modelled by an exponential (equation 4.4).

The expression for the external source is still given by:

(4.25)

but now the Fourier transform of the smoothing function (W ) includes the effect of 

the filter:

(4.26)
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The Ansatz for the generating functional is still the same: assuming Gaussian initial 

conditions and allowing for a quasi-linear evolution in 2 0 P T  approximation all the 

irreducible correlation functions £"onn o f order n >  3 are negligible. But the difference 

is that in the expression for the generating functional

to (4.15) (chapter 4).

W ith these modifications the generating functional approach outlined in chapter 

2 allows calculation o f n-point spectra and their covariance properties directly in

theory. The advantages are manifold since non-linearities affect the statistics o f the 

density held even on quite large scales and, at the same time, there is the necessity to 

push the analysis to smaller scales to improve the statistics.

The general prescription turns out to be that for a given configuration o f {k i}i= i...n  

the n-point spectrum (¿kj ■ • • ¿k„ ) is hrst caicuiated consistently with 2 0 P T  for the 

density held and the redshift distortion, and then has to be ‘filtered’ with n  damping 

factors as in equation (4.4) each one relative to one 6^.

The galaxy bispectrum in redshift space for a given triangle configuration is a 

special case where n =  3 and it is given in equation (4.18).

4.8 Appendix B: Constraints on the number of subsam-

In chapter 3 we showed that the signal to noise o f the bias estimate can be improved 

by splitting the volume in subsamples. This is certainly true if the errors on the power 

spectra are negligible, but it may not be true if the subsamples are too small and the 

spectra becom e noisy or if the real space power reconstruction procedure yields the

(4.27)

includes the redshift space effects that yield equations (3.12)

redshift-space taking also into account non-linearities to second order in perturbation

pies
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power spectrum with uncertainties.

However it is possible to calculate the entity o f the error on the bias parameter due 

to uncertainty in the power spectrum as follows. We ignore shot noise for simplicity 

and we refer to equilateral triangles. Since the likelihood adds information inversely 

weighted by variance, the error 011 c\ aCl is given by

<  ~ JS*° K shel1) ’ (4 '28)

a Cl (shell) being the contribution to the error on c\ from a thin shell o f radius k in 

fc-spaco.

This can be expressed in terms o f the error 011 the power spectrum. Let P (k )  

be the average power in the shell in k-space; P (k ) is constant in the shell and has a 

variance v'py.y Therefore the error on c\ due only to the error on the power spectrum

a S - . W ; . . . . .  44rn

where v labels the triangles.

(42<J)

Summing the contributions from all the shells,

4  =  , (4-30)
‘ sh e lls  4cra

1

and passing to the continuum limit, under the hypothesis that P  is affected only by 

statistical error, we obtain

o 4 7 2
W, -  -------I--------------- =  rF , (4-31)

2 w ? i t : : k 2 d k v

where V  is the volume o f the sample in units o f /i~3 M pc3. If &max is the same as in

real space (kmilx previously found was 0.55), we have aCl ~  53/V V - As we have seen,

the redshift-space A:max can be pushed towards higher k , reducing the error 011 C\: if 

k\„ax =  0.85 as we found here, then al:i — 28/ W

Therefore splitting the volume in M  subvolumes is still effective if

cr(2 (B ) 7 2M  7 2
M  > > ^ = V ^ '  (4 '32)

where1 ny, (Z?) is the error 011 cq due to the variance in the bispectrum, V sv  =  Vtoi,/M

is tlu' volume of the subsamples. This is a constraint on the number o f subsample
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to make, once the properties o f the selection function o f the survey and the range o f 

validity o f 2 0 P T  are known.

As long as the errors on the reconstructed real-space power spectrum are o f the 

same order o f its statistical errors, and if still, as we found in the simulation,

0.5 and the optimal size for the subvolumes is ~  20h~1 M pc (chapter 3), then the use 

o f the subvolumes is still effective both for SDSS and 2dF surveys. Any additional 

uncertainty on the power spectrum will alter the right-hand side o f equation 4.32 

placing a stronger constraint on the number o f subvolumes and /or on their size.

4.9 Appendix C: Other real world issues

The 2dF galaxy survey will be the first survey for which it is possible to do high- 

precision statistical analysis o f clustering and in particular to lift the degeneracy be

tween b and Q that affect LSS studies based on linear theory. The analysis presented 

here has been performed on simulations, and it is therefore highly idealised. As we have 

discussed, we are incorporating the effects o f the radially-varying selection function, 

shot noise, and cosmic variance and we know how to treat redshift-space distortions. 

Real surveys are affected by other real world issues that we briefly described below.

In particular, the fibre configuration procedure makes it difficult to obtain redshifts 

for close pairs o f galaxies; bright stars need to be “cut out” leaving the so called 

“bright-star drills” : holes through the survey where there no galaxies are observed. 

Finally a tiling algorithm has been developed to yield uniform sky coverege, but, 

inevitably, overdense regions migh be undersampled and this can induce spurious 

large scales fluctuations (figure 4.10).

We find that the angular mask due to the star-drills can have particularly severe 

effect for a Fourier-based technique such as the bispectrurn. For this reason it needs 

to be carefully modeled and its residual effect quantified. We have investigated these 

effects with the mock 2dF calalogue (2dFSGP B unbiased; o f Cole et al. 1998). It 

turns out that the effect o f close pairs is not severe: even completely ignoring one o f 

each pair closer than arcseconds, the bias parameter estimate is unaffected, within 

the expected error bars3 (figure 4.11). Even so, a more sophisticated procedure based

3Only about 60 percent o f the Southern simulated survey has been analysed so far (final error
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Figure 4.10: Real world issues in the 2dF galaxy redshift survey. Top left: the angular 

mask due mainly to bright star drills. Top right: the fibre configuration procedure. 

Bottom left: the not uniform sampling that creates the “bitten cookie” effect. This 

will improve when overdense regions are re-sampled following the “tiling” procedure. 

Bottom right: example o f how the tiling algorithm works. The circles denote the field 

covered the dots denote galaxies. Uniform tiling would yield very bad coverage. Instead 

overdense regions are sampled more densly to give better coverage.

on assigning a distance according to the apparent magnitude o f the galaxy could be 

employed, but this appears not to be necessary. Undersampled regions can be treated

should be ~  0.1).
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b.

Figure 4.11: Likelihood for linear bias b (marginalised over 62j  fo r  simulated 2dF 

survey, with missing close pairs simply ignored.

by weighting o f  galaxies. For the star drills, there is a number o f ways o f approaching 

the problem. We have implemented a procedure where simulated galaxies in masked 

regions have their angular positions randomised, but still have the correct selection 

function. W ith  a mask which removes 5% of the sky area, in ~  350 drills ranging from

0.01 to 2 square degrees, the marginal distribution o f the linear bias parameter b is 

as shown in figure 4.12. It shows a slight bias in the determination o f 6, but within 

the random errors expected. Finally the catalogue might not have com pletely uniform 

sampling across all fields. This can be accounted for by assigning non-uniform weights 

to the measured galaxies.

We would anticipate that preliminary analysis would have to wait until there are 

significant regions (~  8° x 8°) o f sky with nearly uniform sky coverage.

4.10 Appendix D : Comments on “The bispectrum of IR A S  

redshift catalogs” by Scoccimarro et al.

Recently, two papers appeared (Scoccimarro 2000; Scoccimarro et al. 2000) on the bis

pectrum as a tool to measure the bias parameter: the first one illustrates the m ethod, 

second one is the application o f the method to the IRAS redshift space catalogues. 

Since section 8.3 o f the first one is an open critic to the work presented in this thesis,
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marginalized over b2

b,

Figure 4.12: A s in figure above, fo r  simulated 2dF survey with A P M  mask in place. 

Galaxies in masked regions have angular positions randomised.

we feel we should defend the present work. The method o f Scoccimarro (2000) con

sists o f the following: a) with a second order Lagrangian perturbation theory (2 0 L P T ) 

code, create several different realization o f a continuous cosmological fluctuation field. 

These realization are done in redshift space and can include the selection function 

and the angular mask o f realistic surveys. b)sample from the simulation outputs a 

certain number o f points (to be identified with galaxies) to create mock catalogues c) 

from the mock catalogues, obtain an estimate for the ensemble average redshift-space 

normalized bispectrum, its standard deviation and its probability density function. 

The normalized bispectrum is defined as in equation 1.100 that is:

B (k i,k 2 ,k '3 )O =  ------------------------- 1 -1’———-11  a sT
P{h)P(k2) + Pik^Piks) + p(k2)p(k3) ‘ ' ’

Its covariance properties, that would be easily calculated under the assumption o f  full 

sky coverage, and that we have large number o f modes -so  that by the central limit 

theorem its likelihood can be well approximated by a Gaussian-, becom e very com pli

cated for a realistic survey. The standard deviation for Q is therefore extracted from 

the unbiased mock catalogues (obtained using 2 0 L P T ), assuming it does not depend 

on biasing, which would be true only if bias is linear and deterministic, d) cosmic 

variance and finite volume effects are treated with the method o f Szapudi, Colom bi & 

Bernardeau (1999). e) they claim that the radial nature o f redshift-space distortions is 

not important, although, since everything is obtained from the simulations the radial
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nature o f the distortions is accounted for.

One can already see a major problem in this approach: 2 0 L P T  for the redshift 

space distortions does not account for the fingers-of-God effect, that, as we showed 

in chapter 1 and in section 2 o f this chapter, contaminate scales where 2 0 P T  works 

with non-perturbative effects. Moreover the standard deviation for Q depends on 

non-linear bias terms that they ignore. On a more subtle level, in the m ethod by 

Szapudi, Colombi & Bernardeau (1999), the formulae have been strictly derived in 

the stable clustering regime (i.e. highly non-linear) and then extrapolated to the 

mildly non-linear regime.

Finally, the a posteriori probability for the parameter estimates is given by the 

likelihood under the assumption o f a uniform prior. This assumption is justified if the 

likelihood is sharply peaked, because changing the prior does not change sensibly the 

probability distribution for the parameters. In the application o f Scoccim arro et al. 

(2000) the likelihood is not sharply peaked, therefore assuming uniform prior in l / 6i 

and b2 /b\, or uniform prior in bi and 62 can conspicuously change the probability 

distribution as illustrated in Appendix E.

The radial nature o f redshift-space distortions cannot be ignored, it might be that, 

looking only at the very large scales, the systematic error introduced by neglecting the 

radial nature o f the distortion, is smaller than the final statistical error. Nevetlieless 

this does not mean that in general the effect is not important.

The specific issues raised by Scoccimarro (2000) regarding this work are:

We use a Gaussian likelihood, which is not a good approximation fo r  current sur

veys

This might be true: even in the absence o f selection function and angular mask, the 

distribution o f the 2 0 P T  bispectrum is non-Gaussian, however, the central limit the

orem ensures that, when a large number o f modes is considered, the likelihood will be 

well approximated by a Gaussian likelihood. We plan to apply the m ethod to large 

surveys where this will indeed be a good approximation.

We do not use all the modes and therefore we throw information away 

This is not very important: in order to perform the likelihood analysis the covariance 

matrix needs to be inverted, and therefore cannot be singular. By avoiding triangle
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correlations and by keeping the covariance diagonal, we elude this problem. The 

information we loose is very little anyway: it results in a final error on the bias 

parameter only a factor ~  1.5 bigger than in the ideal case (i.e. with no information 

loss).

Their treatment includes loop corrections beyond linear order. Our treatment using 

second order Eulerian perturbation theory is only consistent fo r  the bispectrum, not 

its covariance

False. Their treatment is second order Lagrangian, which is approximate, does not 

include loops corrections and has a limited range o f validity. It is true that 2 0 L P T  

breaks down at slightly smaller scales that the Eulerian counterpart, but on large 

scales (for example the scales they analyze k <  0.3) the two treatments are totally 

equivalent. Strictly speaking, when looking at the power spectrum the leading order 

contribution comes form linear theory, when looking at the bispectrum the leading 

order contribution is given by 2 0 P T  (Eulerian or Lagrangian) and so when looking 

at the pentaspectrum (connected part o f the six-point correlation function in Fourier 

space) the leading order contribution is given by 5th order perturbation theory (again 

Eulerian or Lagrangian). Therefore, strictly speaking, both treatments should have 

calculated the covariance for the bispectrum in 5 0 P T . However there are three things 

to keep in mind: i) no-one ever calculated 5 0 P T  for higher order correlations ii) for 

consistency then one should have expanded biasing to 5th order and kept all the terms, 

iii) the leading order terms in the covariance are not given by the contribution o f the 

connected part o f the six-point function. In fact, when studying the power spectrum 

in linear theory for Gaussian initial conditions, the power spectrum covariance is not 

obtained from the 3 0 P T  trispectrum: the contribution o f the 3 0 P T  trispectrum is 

completely negligible with respect to the disconnected contributions on scales where 

linear theory holds for the power spectrum itself. Analogously for the bispectrum 

analysis presented here, we assume there is a range o f scales where 2 0 P T  holds: 

that is, gravitational instability from Gaussian initial conditions creates a non-zero 

bispectrum, but still all higher-order correlations are approximately zero. We then 

have shown, by comparison with simulations, that in the mildly non-linear regime 

the connected pentaspectrum contribution to the covariance is completely negligible
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with respect to the disconnected part. 2 0 P T  and 2 0 L P T  are both  011 equal footing 

for what the covariance of the bispectrum is concerned. However, by com puting all 

the relevant quantities on mock catalogues, is not guaranteed that one can obtain the 

correct statistics beyond the average value for Q.

They perform the redshift space-mapping exactly (rather than perturbatively). Us

ing non-linear dynamics they avoid to introduce “uninteresting quantities such as the 

velocity dispersion param eter”

False. They do not perform the redshift space-mapping exactly: their redshift space 

mapping is done computing the velocities in 2 0 L P T  and therefore it is perturba- 

tive. The velocity dispersion parameter needs to be introduced to m odel the small 

scale contamination on mildly non-linear scales. The method works only because it is 

applied on relatively large scales, where the damping factor is ~  1.

4.11 Appendix E: Is it possible to measure the bias pa

rameter of the quasar population?

We conclude with a brief discussion o f the potential for using quasars for bispectrum  

studies. This analysis was proposed by an enquiry from Brian Boyle in connection 

with the 2dF quasar survey (2dFQSO).

Quasars, being intrinsically very luminous objects and constituing a different pop 

ulation from galaxies, are very useful probes o f the formation and evolution o f  cosmic 

structures. Recent results demonstrate that radio-quiet, quasars exist in an average 

galaxy clustering environment (e.g.Boyle & Couch 1993; Smith, Boyle & M addox 

1995) also at high-redshift, therefore quasars can be used to derive important infor

mation about the structure o f the Universe at the largest scales. However quasars 

might be biased tracers o f the mass distribution, and recent observations seem also to 

indicate that their correlation amplitude may be different from the underlying dark 

matter (e.g. Croom  & Shanks 1996). At present there is 110 detailed m odel for the 

bias o f quasars, therefore observations o f clustering properties o f quasars cannot be 

compared with theoretical models for the dark matter. The bispectrum m ethod allows 

the galaxy bias parameter to be measured via a likelihood analysis from the next gen-
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oration o f galaxy surveys with very high accuracy; here we estimate how this method 

would perform if applyed to the 2dF quasar survey to measure empirically the bias 

for the quasar population. The mildly non-linear regime is not accessible to a quasar 

survey as it will be for a galaxy catalogue because o f the shot noise, and therefore the 

analysis has to be carried out in the linear regime range. Unfortunately the signal 

to noise for the bias for the quasar population is very poor, nevertheless the method 

developed here is quite general: it is an extension o f the a priori estimation o f the 

error introduced in section 3.4.2 that allow the a priori error on the bias parameter to 

be calculated taking into account the redshift evolution o f the bias, o f the clustering 

properties and o f the abundance o f the objects.

4.11.1 The 2df QSO survey

The 2dF QSO is being carried out using the Two-degree Field facility at the Anglo- 

Australian telescope (A A T) and it is scheduled to be completed by the end o f this year 

(2000). It will contain redshifts o f an homogeneous sample o f about 30000 quasars 

o f magnitude B  <  21 in two 75° x 5° strips in the South Galactic Pole and in an 

equatorial region at the North Galactic cap. It will probe large-scale structure (see 

figure 4.13) up to scales o f ~  1000/r_1M pc: for the first time it will be possible to 

probe with LSS the power spectrum on CMB scales.

The survey will form the most comprehensive picture o f the large scale structure 

o f the Universe in a given area o f the sky, and will represent a major improvement in 

the statistics, increasing the size o f existing quasars surveys by more than an order o f 

magnitude.

The average number of quasars per unit redshift per square degree in the sky 

(dN/dz) can be calculated from the selection function o f the survey (given in Croom  

1997). Instead o f simply assuming dN/dz constant in the range 0.5 <  z <  2.2 we 

assume the distribution shown in figure (4.14) that matches closely the observed one.

The comoving volume per unit redshift for a flat Universe is (e.g.Gardner 1998):

dV  47tD 2l

~  i7 „(l +  z )1 y/2[q0 +  A0) ( l  +  z )3 +  A0] (4 '34)
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Figure 4.13: Wedge o f the 2df QSO survey (red) compared to the 2df galaxy survey 

(blue). The figure shows the status o f the survey in November 1999. The QSO survey 

will form  the most comprehensive picture o f the large scale structure o f the Universe 

in a given area o f the sky, probing scales up to 1000h~l Mpc.

. W ith the sym bol A here and hereafter we loosely refer to In eq. 4.34 D l denotes 

the luminosity distance:

d l =  c(1 +  z) f z I 1
Hq Jo \ /( l  +  z')2( 1 +  Cl0z') — z'( 2 +  z') Ao  ̂ ^

for a flat Universe (e.g. Carroll, Press & Turner 1992). Here c is the speed o f light 

(c =  3 x 105 km /s) and Ho the Hubble constant.

The comoving volume as a function o f redshift in the survey and the number o f 

quasar per unit volume as a function o f redshift are shown in figures (4.15) and (4.16).

Since the mean inter-quasar separation is about 50 M pc one can only probe 

the power spectrum on scales k <  O.IMpc h~l . This means that with quasar surveys 

one can only probe the linear regime. An additional effect is the clustering evolution 

along the line o f  sight.
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z

Figure 4.14: Adopted distribution in the average number o f quasars per unit redshift 

per square degree in the sky. This distribution matches closely the observed redshift 

distribution o f the survey.

z

Figure 4.15: Comoving volume in the survey (in [Mpc h~lf )  as a function o f redshift 

fo r  the different cosmologies.

4.11.2 Remarks on the application of the Bispectrum method to the 

2dF QSO survey

The bispectrum method is based on second order perturbation theory: the bispectrun 

itself is an intrinsically second order quantity and it is easily detectable in the mildly
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Z

Figure 4.16: Number o f quasars per unit volume as a function o f redshift fo r  the two 

cosmologies chosen. A s a comparison the S2 =  0.3 A =  0.7 is also plotted.

non-linear regime. This regime today corresponds to scales o f 20 to 6 /r_1M pc (in 

Fourier space this corresponds to 0.4 <  M /M p c <  1) although most o f the signal 

comes from scales below 10 /i,-1 M pc. These scales are perfectly accessible in the 

ongoing galaxy surveys (2dF and SDSS), unfortunately, for the quasars survey, on 

mildly non linear scales the signal is completely dominated by shot noise. Since the 

mean inter-quasar separation is about 50 M pc h , one can only probe the quasars 

power spectrum on scales A: <  O.IMpc h~l . This means that with quasar surveys one 

can only probe the linear regime. An additional effect is the clustering evolution along 

the line o f sight. Strictly speaking, shot noise dominates the signal on all scales, but, 

due to the large volume covered by the catalogue and to the fact that the average bias 

for the quasar population for redshifts 0.5 <  2 <  2.2 is expected4 to be around 6, some 

signal could still be detected for 0.001 <  k <  0.16 (600 to 40 /i- 1 M pc) even if these 

scales are effectively in the linear regime. The bispectrum m ethod assumes that the 

relationship between matter and quasar overdensity field is the local function given 

by equation 3.9. The second order term in the biasing relation in principle cannot be 

neglected even when working 011 very large scales as in the case of a quasar survey,

4B. Boyle private com m . This claim is also supported by the findings o f Steidel et al. (1998); 

Peacock et al. (1998).
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because it affects all scales, including linear ones: 011 linear scales this corresponds ti 

a. scale independent bias (chapter 5 and Heavens, Matarrese & Verde 1998):

b iff  — b\ +  b\(— )a 2ias , (4.36)

where rrfnus denotes the mis matter fluctuations on scales where bias acts. The bispec

trum method recovers bef f ,  but linear and quadratic bias terms have to be considered. 

The proper volume covered by the survey depends on the cosmological parameters 

S¿0, A». Although the bispectrum itself it is effectively insensitive to these parameters, 

the volume surveyed and the shot noise depend on them, and therefore will affect 

the performance o f the method itself. Here we will analize two extreme cases: an 

Einstein-de Sitter Universe and an open Universe with Qq =  0.1, Ao =  0. In addition 

the survey scans a wide range in redshift, therefore the redshif evolution o f the power 

spectrum, the biasing relation, and the spatial geometry o f the Universe cannot be 

ignored.

4.11.3 Power spectrum, bias and shot noise

We assume throughout a power spectrum given by (Peacock &; Dodds 1994):

9 2 ( k

P (k )  =  4 4  W    (4.37)
V  1 +  ( £ ) - / >

where:

k0 =  0.3; k\ =  0.015; a  =  1.6; (3 =  4.0 (4.38)

The evolution o f the linear power spectrum with redshift is easy to calculate an

alytically in the Cl =  1 case: P (z )/ P (z  — 0) =  a2 =  1 /(1  +  z )2 where a is the scale 

factor. In the other cases there is a density-dependent suppression o f the linear growth

i.e. P (z )/ P (z  =  0) =  a2(n(z)/g(z  =  0 ))-; a very accurate fitting formula is (Carroll, 

Press & Turner 1992):

rr',/ m b O (a )
5[fi(a)] =  9 --------4------------------------ — -------------------------------  (4.39)

2 P (a ) 7 -  A (0) +  (1 +  P (a )/2 )(1  +  A (a )/70 )

where:

n / \ ^0 , a / \ «'3A0
n y " >  =  , O  M  ..A , A a n d  A ( a ) =' +  P o (l — (>) +  A o (a ! — a) a 4- P o (l — a) +  Ao(a,i — a)

(4.40)
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k (Mpc h ') 1 k (Mpc h ') '

Figure 4.17: Signal to noise in the power spectrum due to shot noise alone as a function  

of redshift fo r  the two cosmologies chosen.

In figure (4.17) is shown the ratio P (k )/ S N  as a function o f redshift. It is clear 

that the shot noise dominates the signal on all scales. However this does not account 

for the bias o f the quasar population.

At present there is no detailed model for the bias o f quasars, but one can infer that 

any biasing relation will probably not be constant in redshift. Recent observations 

seem to suggest that the amplitude o f the quasar two-point correlation function does 

not evolve significantly with redshift, this would mean that the bias evolves in such a 

way to “cancel” the growth o f fluctuations. This behaviour is expected in high peak 

models o f structure formation. Unfortunately the bispectrum m ethod does not allow 

us to measure the bias as a function o f redshift because, by binning the redshift range 

o f the survey, the individual estimates o f b in each redshift interval will be too noisy. 

On the other hand it is possible to parameterize the bias evolution and try to constrain 

the parameters.

It seems plausible to adopt the model introduced by (Matarrese et al. 1997) for 

the redshift dependence o f bias. In this model, where the bias factor is assumed to be 

dependent on the mass o f the hosting dark matter halo, we have:

bav(z) =  0.41 +  [b^{z =  0) -  0.41](1 +  z)p (4.41)
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where b;w is a weighted average o f the linear bias parameter, the weights are given by 

the distribution o f the mass o f the dark matter halo o f the population following the 

extended Press and Schechter formalism.

For quasars, which dark matter halo mass is estimated to be M  >  5 x 1OU M 0 , 

bav(z  =  0) ~  1.2 and ¡3 ~  1.77. This prescription seems to fit well the observed 

evolution o f the quasar correlation function (e.g. La Franca et al 1998 ApJ). Other 

possible models are a bias constant in redshift and the sheme proposed by Fry (1996) 

that is:

b{z) =  1 +  (1 +  z) (bo — 1) (4.42)

where bo is the bias today (z =  0) for the class o f object considered. In order to 

have an average bias o f 6(0.5 <  z <  2.2) ~  6, the model needs bo — 3. with this last 

prescription for bias the power spectrum (and therefore the correlation amplitude) 

does not evolve with redshift in an Einstein-de Sitter Universe and slightly increases 

foe the ilo <  1 case. It is worth to note that recently a bias model for quasars has 

been proposed (Fang & Jing 1998) in which the correlation function o f quasars does 

not significantly evolve, or slightly increases with redshift.

4.11.4 Expected error estimation

As illustrated in section 3.4.2,using the same notation, the expected error on fq ~  bej  f 

can be obtained from:

r U  [p (1)
^ eq,deg  “

' eci,d.eg

where the subscript ery, deg refers to equilateral and degenerate configurations re

spectively, ci =  l / 6i, neq =  ( l / 2)47rA:'3(5(ln A;)<7(1 /3 ) is the number o f uncorrelated 

equilateral triangles in a shell o f width ¿(In A:), g =  V/(2w)3 and n^g  =  2>neq.

For galaxy surveys the error is largely independent o f the size o f the survey, there

fore the error can be reduced by splitting the volume into independent smaller units 

in an optimized way. This might not be strictly true for the 2dF QSO survey, because 

the shot noise is important. However detailed computations show that splitting the 

volume in subvolumes st.ill effectively reduces the errors, even for the shot noise level 

o f this catalogue. In the following analysis the effect is accounted for.

—2 I 73 7̂/1 7\ (Aacleq,deg=  I rieq,deg— 2----- j r ^ k  d{\nk) (4.43)
■'fcmin a ea A en \ k )
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C aveat

It is worth noticing that the previous calculation o f the errors is valid if the power 

spectrum can be measured with high accuracy. If the errors on the power spectrum  

are non-negligible because the the spectrum is noisy, splitting the volume o f the sur

vey in small subsamples can be o f no use to improve the signal to noise o f the bias 

estimate. However, it possible to calculate the error on the bias parameter due only 

to uncertainty in the power spectrum as illustrated in appendix B. Since the likelihood 

adds inform ation inversely weighted by the variance, the error on c i, a Cl is given by:

al  ~  sM lsaZ ( shel1) ’ (4 '44)

aCl (shell) being the contribution to the error on ci from a thin shell o f radius k in 

A:-spaee. This can be expressed in terms o f the error on the power spectrum. Let P (k ) 

be the average power in the shell in k-space; P (k )  is constant in the shell and has a 

variance &2Prky  Thus we obtain:

a 2 (shell) =
E a  1i ^ 2 P  +  35^1

E a  1¡ ^ P 2 +  3P S  + 5 2)
a 2P (4.45)

where S denotes the shot noise. Passing to the continuous limit, under the hypothesis 

that P  is affected only by statistical error, since P 2/aP =  ( l /2 )V r/(27r)347rA:2(iA;, we 

obtain:

a l =
47t 7.2

y r  I'Krnax 
^ km. in

12/7P 2+ 3 P S + S 2
(24/7P +3S)P

(4.46)
k2d.k V

W hen the shot noise is negligible, the term in square brackets is ~  1 (c f result in 

appendix B). Splitting the volume o f the survey is still effective if

d , ( f l )  f M  =  
M  V,ot I V

where we used the same notation as in appendix B. In this case this is not the dominant 

contribution to the error on ci (the dominant contribution comes from its statistical 

uncertainty i.e. aCl(B ))  therefore we will neglect this effect in the following analysis.

Another question o f concern is that the a posteriori probability for the parameter 

is given by the likelihood under the assumption o f a uniform prior. This assumption 

is justified if the likelihood is very sharpely peaked, because changing the prior, in
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b

Figure 4.18: Assuming uniform prior fo r  b instead o f uniform, prior fo r  c\ can greatly 

change the probability distribution. The solid line shows the probability distribution 

fo r  b assuming uniform prior fo r  Ci. The dashed line assumes instead uniform, prior 

fo r  b. In this case the true value is b — G and the error on c\ is 0.2.

this case, does not change sensibly the probability distribution for the parameters. 

For the 2dFQSO survey, the likelihood for the bias parameters will not be sharply 

peaked, therefore assigning uniform prior for b instead o f a uniform prior for c\ can 

conspicuously change the probability distribution. This is illustrated in figure 4.11.4 

where we assume the true value for b is 6 and that the error on c\ is aCl =  0.2 (about 

the same order o f magnitude o f the achievable error for the 2dFQSO survey).

M arginalization

It is possible to calculate, as illustrated above, the 1 — er error on ci achievable from the 

likelihood for equilateral and degenerate triangle configurations taken singularly. But, 

in order to have a measurement o f ci & C2, the two independent likelihoods have to be 

multiplied, the final error on c\ will be the error marginalized over C2- The expression 

for tlu> marginalized error can be obtained as follows. Let d to be the distance between 

a generic point in the (ci, c^) plane and the locus o f the maximum likelihood. The 

likelihood contours for equilateral triangles will be lines in the ci,C2 plane with a slope'
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A] and distance d\ from the maximum likelihood locus for equilateral configurations. 

The same will happen for degenerate triangles where now the lines will have slope A 2 

and distance d2. The maximum likelihood loci are:

A\ci +  c2 +  C\ =  0 , A 2 c\  +  c2 +  C2 =  0 (4.48)

where Ci and C 2 are constants that depend on the actual maximul likelihood value 

for ci and c2. The joint likelihood for ci and c2 is approximated by the bi-variate 

Gaussian:
d\d22

£ ( c i , c2) =  —   e x p
Z ttct \<j 2 Z a f c

where cji and a2 are the width o f  the individual Gaussian likelihoods and

(4.49)

= + C . ,2

The marginalized error on ci is given by the lcr error on:

r+oo/ T-OO

C (c i ,c 2)dc2 . (4.51)
-OO

After some algebra one obtains that:

A\ A 2 [A i(A 2 +  l)cr| +  A 2(A i +  l)cr2]2
(A\ +  l)cr2 (A 2 +  l)cr2 [(A\ +  l)cr2 +  (A% +  l)c>2](A j +  1 )(A 2 +  l)<T2cr;2

(4.52)

C a lcu la tio n

We ignore redshift space distortions altogether for this order o f  magnitude calculation. 

We divide the redshift interval in fifteen bins, for each redshift shell we calculate the 

expected error on Ci for equilateral and degenerate configurations, taking care that 

if k  appear in one triangle does not appear in any other. Therefore the A:-range 

for degenerate configurations is 0.078 <  kshort <  0.156 allowing the analysis to be 

performed on subvolumes o f about 85 M pc h~l side. For equilateral configurations 

the range is 0.05 <  k <  0.078 allowing to consider subvolumes o f about 127 M pc 

/t-1  side. The likelihood contours in the c i,c2 plane are effectively degenerate along a 

line passing through the maximum likelihood estimate and with slope o f about -0.55 

for equilateral configurations; for degenerate configurations the slope depends on the
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c,

Figure 4.19: Theoretical likelihoods contours in the plane (c\,c<i). The black dotted 

lines are the maximum likelihood loci fo r  the degenerate and equilateral configurations: 

they cross in the maximum likelihood value fo r  c\,C2 , that in this case has been chosen  

to be ci =  0.1667 (see vertical blue dotted line), C2 =  0.0. The solid lines are the 

individual likelihood contours corresponding to the 1 — a confidence region. The red 

contour encloses the region fo r  the join t likelihood containing 68.3% of the probability. 

Finally the dotted green lines show the marginalized la  errors on c\.

power spectrum, for the power spectrum considered, the slope is about -1.93. This 

consideration, along with the estimate o f the 1 — a  error on c\ for the two triangle 

configurations given by equation 4.43 allow us to estimate the marginalized error on 

c\ for each redshift shell following the procedure outlined above with:

A i =  —0.55 , A 2 =  —1.93 , a\ =  aCl eq sin(tan_1(0.55)) , 0 2  =  o Cldeg. sin(tan(1.93)) .

(4.53)

In the case o f the bias being constant, the final estimation o f b will be given by the 

product o f all the independent likelihoods for c i, therefore by the reciprocal o f the 

weighted mean o f Ciin the shells and the error on c — 1, the error on the mean. In 

the two cases o f redshift dependent bias, the parameters that should be extracted 

from each shell, via c\, are bax(z  =  0) and bo respectively and their errors throught 

propagation from erCl; the final error in these two parameters will be given by the error
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weighted in a way similar to equation 4.44. This procedure is not exactly equivalent 

to the one adopted for the b constant case: in fact the the prior for c\ is considered 

to be uniform in the b constant analysis, while in the other case is the prior for bo (or 

^av(O)) to be considered uniform. The assumptions made about the prior can change 

significantly the probability distribution for the parameters as shown before.

4.11.5 Conclusions

The expected errors on the bias parameter in all cases turn out to be >  100%. We 

conclude that the bispectrum method is not suitable for application to the 2dF QSO 

survey. Due to the large volume covered by the survey, the power spectrum  can be 

know with reasonable accuracy on scales easily accessible to future CM B maps. A 

much more promising way to measure the bias parameter for the quasar population 

therefore, is to compare the CMB and quasars power spectrum amplitudes.
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Chapter 5

The nonlinear redshift-space 

power spectrum of galaxies

Like in chapter 4, in the present chapter we address the redshift space distortion 

problem. This chapter is specifically concerned with the effect o f non-linear bias on the 

real-space and redshift-space power spectrum (and appeared in Heavens, Matarrese 

& Verde (1998)). The expression for the redshift-space galaxy bispectrum  in second 

order perturbation theory used in chapter 4 is also derived here.

In particular, we study the power spectrum of galaxies in redshift space, with 

third order (and one loop) perturbation theory to include corrections that are absent 

in linear theory. We assume a local bias for the galaxies: i.e. the galaxy density 

is sampled from some local function o f the underlying mass distribution. We show 

that the effect o f the nonlinear bias in real space is to introduce two new features: 

first, there is a contribution to the power which is constant with wavenumber. In 

principle this contribution can mask the primordial power spectrum, and could limit 

the accuracy with which the latter might be measured on very large scales. Secondly, 

the effect o f second- and third-order bias is to m odify the effective bias (defined as the 

square root o f the ratio o f galaxy power spectrum to matter power spectrum ). The 

effective bias is almost scale-independent over a wide range o f scales. These general 

conclusions also hold in redshift space. In addition, we investigate the distortion of 

the power spectrum by peculiar velocities, which may be used to constrain the density 

o f the Universe. We look at the quadrupole-to-monopole ratio, and find that higher-
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order terms can mimic linear theory bias, but the bias implied is neither the linear 

bias, nor the effective bias referred to above. We test the theory with biased N -body 

simulations, and find excellent agreement in both  real and redshift space, providing 

the local biasing is applied 011 a scale whose fractional r.m.s. density fluctuations are 

<  0.5.

5.1 Introduction

The simple linear bias model cannot be true in detail for all galaxy populations since 

the shape o f the power spectrum is unchanged in this case, and not all galaxy pop 

ulations have the same shape o f power spectrum, although the differences are not 

large (Peacock &; Dodds 1994). At a more fundamental level, such a model could 

only survive if applied to a smoothed field, otherwise 5tJ <  —1 which corresponds to a 

negative galaxy density. The linear bias model can be viewed as an approximation to 

a more general Eulerian bias prescription, where the galaxy density is assumed to be 

some function o f the present-day mass density. The linear bias term is then the first 

interesting term in a Taylor expansion o f the function about 5 =  0. Here, we assume 

an Eulerian description for the bias, but we do not restrict it to linear form.

The current generation o f galaxy redshift surveys, such as 2dF and the SDSS have 

sufficient space density and volume to look beyond linear theory, and this opens up 

possibilities o f lifting the degeneracy between ilo and b, by measuring b empirically 

through higher-order statistics (chapters 3 and 4 -Matarrese, Verde &; Heavens 1997; 

Verde et al. 1998). Higher-order studies o f the power spectrum have been made in 

real space by e.g. Makino, Sasaki & Suto (1992), Jain & Bertschinger (1994) and 

Baugh & Efstathiou (1994b), and also in an elegant treatment in real and redshift 

space in the Zel’dovich approximation by Taylor & Hamilton (1996). Our treatment 

differs from previous perturbative calculations by its inclusion o f bias and redshift 

distortions, and from the Zel’dovich approximation by inclusion o f nonlinear, local 

bias and by the different treatment o f nonlinear evolution. The layout o f this chapter 

is as follows: in section 5.2 we set out the calculations formally, treating carefully the 

transition from real to redshift space; in sections 5.3 and 5.4 we separate the major 

effects which come into operation beyond linear theory, in real and redshift space, and
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in section 5.5 we present our conclusions.

5.2 M ethod

5 .2 .1  R e a l  t o  r e d s h if t  s p a c e

Let r and s be the real and redshift-space coordinates, with the observer at the origin. 

The latter is defined to be the recession velocity (including the peculiar velocities 

v  o f galaxy and observer) from the observer, divided by the Hubble constant H q. 

Hu — 1 is equivalent to using recession velocity as the distance coordinate, and we 

assume this from now on. Further we define pr {r) and ps(s) to be the density fields 

in real and redshift space. The mean density may be spatially-dependent, because o f 

selection effects; we define the expected densities as <j)r (r) and <̂s (s). The overdensity 

in redshift space is defined by 1 +  Ss(s) =  ps(s)/<fis (s), and similarly for the real-space 

overdensity 5r . In all, we shall work with four random fields:

• 5r : mass overdensity in real space

• Ss: mass overdensity in redshift space

• S-j. : galaxy overdensity in real space

• 83s : galaxy overdensity in real space

and each will have its corresponding power spectrum Pj7 etc. For simplicity and 

consistency with previous notation, we drop the r subscript on the real space mass 

power spectrum.

The coordinate transform from real to redshift space is (Kaiser 1987)

U (r) — £7(0)
s(r) =  r 1 + (5.1)

r

where U (r) =  v  • r/(H 0r). Number conservation implies pr (r)d3r =  ps(s)d'3s, which 

gives
ri , c / \i / [l +  M r )]< M r) , c[1 + ¿s(s)j </>s(s) — j  (5-2)

where the Jacobian is

J = 1 +
r

A i / l 2 q  +  « 7 ( r )  |
dr
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and A f / ( r )  =  U(r)  -  U { 0). We make now the large-distant-volume approximation, 

where we assume that any modes we analyze have wavenumbers k which satisfy hr S> 1 

throughout. Terms A U/r, which are ~  5/(kr) if f2 ~  1, are ignored entirely in 

comparison with S. If we assume that 0 drops as some power o f r, then a Taylor 

expansion o f (f>(s) yields <j)(r) plus negligible correction terms. Beyond linear theory, 

the lowest-order contributions to the power spectrum arise from both  second- and 

third-order terms in 5, so we expand to third order:

6S(s) = 5r(r) -  U'(r) + U'2(r) -  8r (r)U '(i) +  5r (r)U'2(r) -  U'\r) =  F { r), (5.4)

and ' =  d/dr. To linear order, differences in the argument do not matter, but to third 

order, they do. To the required order,

F{ r )  =  F( s )  -  AU( s ) F ' ( s )  [1 -  U'(s)] +  ^ A U 2( s ) F " ( s ), (5.5)

which gives us the final expression for the redshift-space overdensity in terms o f the 

real-space overdensity, all evaluated at s:

5S =  5r -  U' +  U'2 -  5rU' +  5r U'2 -  U'z -  AU5'r +  A U U "  -  3A U U 'U "

+ 2 A UU'6'r +  A UU"5r +  \ a u 25'/. -  ^ A U2U '". (5.G)

5.2.2 Bias and evolution

We assume that the galaxy overdensity field 5° =  5n/n, where n is the number 

density o f galaxies, is related to the mass overdensity field 5 via a local function. 

This plausible ‘ local Eulerian’ bias model is chosen for simplicity and tractability, and 

has some support from simulations (e.g. Cen & Ostriker 1992, Kauffmann, Nusser & 

Steinmetz 1997). O f course other schemes are possible, such as Lagrangian bias (e.g. 

Catelan et, al. 1998; see also Cole & Kaiser 1989, Mo & W hite 1996), or nonlocal bias 

(e.g. Bahcall & West 1992, Bower et al. 1993, Matsubara 1995a). We expand the 

local function as a Taylor series around 5r =  0 (Fry & Gaztanaga 1993):

OO j

=  <5 -7)
j  0 ’

An unbiased galaxy field would have by =  1 and all other bias parameters zero.

Already there is a subtlety. We will truncate the expansion, which will only be a
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good approximation if the value o f 8 is typically much less than unity. Therefore 

our biasing assumption is that there is some smoothing scale for which (5.7) is a good 

approximation, and the fields above should be interpreted as the sm oothed galaxy and 

mass density fields. For the perturbative expansion to be valid, we choose a sm oothing 

scale large enough that the smoothed density field has small fluctuations (this will be 

quantified later). If we wish to smooth on a smaller scale, then a numerical approach 

is probably necessary (Mann, Peacock & Heavens 1998). Note also that the galaxy 

distribution is o f course a point process. We assume that the positions are determined 

by a Poisson sampling o f a density field whose overdensity is Sg. We do not consider 

stochastic biasing (Pen 1998), and ignore shot noise in the power spectrum.

The next non-zero terms beyond linear theory will be o f order 4 in 8r , so we need 

to keep terms up to j  =  3. Throughout we ignore the bo term, required to ensure that 

(6:/.) =  0, since we will be interested in the spectral properties o f the galaxy field, and 

drop all terms which contribute only to k =  0.

Inserting (5.7) into (5.4), we get, to third order in 8r :

83 =  [&1(fr _  U'] + ^<5? +  U'2 -  M r  u ' -  bx8'rA U  +  A U U"

+ - d 3 -  l̂ 8 2r U' +  M r  U12 -  U'3 -  b2A U 8r8'r -  3 A U U 'U n 
6 2

+  2b±5'rA U  U' +  M r  A 17 U" +  h ^ '^ A U ) 2 -  \ {A U )2U'"
Z  Zj

(5.8)

The Fourier transform o f this may be taken in redshift space, making use o f the 

transforms o f simple products:

( I F ) k =  —^  I d3k 1d3k 28D{ k - k l - k 2) X i Y 2
(27r)3 „

( X Y Z ) k =  — —r* I d3kid3k 2d3k3 (k -  ki -  k2 -  k3)Ai Y2Z :i
(27T)"

(5.9)

where X\ is the kj component o f X k etc, and 8D is the Dirac delta function. In 

the distant-observer approximation, d/dr —> ikfj,, where p =  k ■ r/k and r is a unit 

vector from the observer to the galaxy (assumed constant across the sample) and 

the transform o f U is Uk =  i^fVk/k, where - r /k is the transform o f the velocity
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divergence. /  =  d\nD/d\na, ~  ÎÎq6, where D (a )  is the growing-mode amplitude and 

a is the scale factor o f the Universe. Second-order terms were computed by Peebles 

(1980); the third-order expansion o f the fluid equations (see Fry 1984) is detailed in 

Catelan & Moscardini (1994a) and Catelan & Moscardini (1994b), giving ¿V 

_  /  u _ n . w ( 2)/

(2t t )

(5.10)

e k  is the linear, real-space Fourier coefficient o f the density field < 5 ( r ) .  The correspond

ing expressions for 7/k involve replacing J  by K .  The functions J  and K  are quoted 

for S2o =  1, as computed by Goroff et al. (1986), Catelan & Moscardini (1994a) and 

Catelan & Moscardini (1994b):

¿k =  fk +  77̂—p- J d  kid k25 (k -  k L -  k2) J KS ; (ki, k2)e1e2

+  777-77- I d3 k1d3k2d3k35D(k -  k! -  k2 -  k3) 4 3)(k1,k2,k3)e1e2e3.

t(2)m i i  5 , k i • k 2 fk ]  k2\ 2 fk .x • k 2
Js ( k , , k 2) =  -  +

7 2k\k,2 \k,2 k\) 7 \ AqA;2

T^^/l 1 1   ̂ 1 ^1 ' IF C j (k [ . k 2) =  -  +  -7777—  ( 7 -  +

2

(2) /i , , _  3 k; ■ k2 ( k i  &2 \ 4 / kx • k 2x 2
7 2k\k,2 V '̂2 A,'i y 7 \ k\k2

J W (  k i ,k 2,k 3) =  J (2)(k2,k 3)
1 + 1 ki ■ (k2 +  k3) +  4k • ki k ■ (k 2 +  k 3)

3 (k 2 +  k3)2 9 À:? (k2 +  k 3) :
2 k  • k| k ■ (k 2 +  k 3) k 3 • (k2 +  k3) 1 k • k 2 k • k 3

.29 (k2 +  k3)2 9 k\ A:3

f(3)(k i ,k 2, 

k ■ (k, +  k 2)

/ ^ ( k , , k 2 ;k 3) =  3 J (3)(k 1,k 2,k 3) -  ^ - ^ J (2)(k2,k 3)
Kx

{ k l + W K m ^ ) ,  (5.11) 

with k =  k| +  k2 -I- k 3 in the last two expressions. The subscript S indicates that the 

expression has been made symmetric w.r.t. any permutation o f the arguments. If not, 

then the symmetrized kernel must be obtained by averaging the quoted expression 

over all permutations. These kernels are correct for =  1 but are only weakly 

dependent 011 i l0 (e.g. Bouchet et al. 1992, Catelan et al. 1995; see also Bernardeau 

19941), Eisenstein 1997, Kamionkowski & Buchalter 1999). After some manipulations, 

the transform of the third-order, biased, redshift-space density field is

¿>1 =  As.'} (k)rk +  - J L  J  d3k !d3k2dD(k -  k, -  k2) 4 2)(k1,k 2)e1e2

+  (27r)B I  ^3^ i^ !^2d'!k 35 ° (k  -  ki -  k 2 -  k 3) .F ^ ( k i ,k 2,k 3)eie2e3

(5.12)
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with the following kernels:

p|1}( k) =  bl +  f , i 2 

4 2)( k 1 ;k 2) =  614 2)(k 1,k 2) + / M24 2)(k 1,k 2)

1, , b i  f
+  2 2~

2 , 2 i f k1 , ^2/J, i +  /¿2 +  h l/^ 2  T b

+  f

k2 k\
2 2 , PlP2 /  2^1 , ,,2^2\
1 2  2 f o i f o ^ i f o

+

+

^ ( k j . k a . k a )  =  61J ^ ( k 1,k 2 lk 3) +  / / A ^ k x ^ k s )  +  | / / i 32 +  ^

¿2 A ^2 9̂ „ A.3 />9 9 9 o 9 fci
y / M i ^ 2 +  bi.f n 2 ii3 +  2 b\f / i ip 2p 3 —

6l/Wi|+ y/2̂ 2̂3̂fc + /V?M2/ii + 3/3̂ 2̂ £
+  2'^3/J,1̂ 2^ 3 fofo^ +  '^ 2^k-2,k3) (^2 +  b i fu l  +  h f  

+  i ^ ( k 2,k 3) ^ i / m! + 3 +  f o M p 2+3~ -  +  2 / 2^ 1 ^ 2 + 3

. r2 3 ^’2+3 , ,.2 3 ¿1  \
+  ./ ^1^2+3 ~7 ’ +  /  AT P2+3 i  ■

«1 " ’2+3 /

(5.13)

A subscript S' on the P  terms also indicates that the term has been symmetrized 

w.r.t. its arguments. Note that the last term has not been symmetrized and p 2+3 =  

(k 2 +  k3).r/|k2 +  k 3|.

From these equations we can obtain the power spectrum to third-order , which 

includes non-zero correction terms o f two types, as in the real-space unbiased case 

(Makino, Sasaki & Suto 1992; Jain & Bertschinger 1994). The redshift-space power 

spectrum P /(k )  is defined by

( < M k 2> =  ^ f p9s ( k t ) ^ ( k r  +  k 2) (5.14)

and the real-space mass linear power spectrum Pi i (k) is defined similarly by (e^  ek ,) =  

(2tt)3 P n (fc i)J D (ki +  k 2). The Gaussian nature o f the initial fluctuations implies, by 

W ick ’s theorem, that (eie2e3) =  0 and (eie2e3e4) =  (eie2)(e3e4) plus cyclic permuta

tions. Hence we find two (one-loop) terms which arise at the next level beyond linear 

theory for the spectrum (tree level) - c f  figure 1.3-:

PH k) =  P!u +P^2 +  P?13
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=  (1 +  Pl‘ 2 )2 b\P11 {k) +  2 j  - ^ P u (g)P u ( | k - q | ) [ 4 2)( q , k - q ) ] 2 

+  6(1 +  Pn2)biPn (k) j  {2n)3P n (q) 4  ^(q,  — q ,  k),

(5.15)

where fi =  f  /b\. In the unbiased case in real space (¿3 =  0), these formulae reduce 

to those in Jain & Bertschinger (1994) (note there is a factor o f k2 missing in their 

equation 19). For this case, the limits o f integration for the P|2 and P 13 terms are 

not too important, provided the power spectrum decays sufficiently rapidly at high A; 

(faster than A;-1 ), and this is fine for spectra o f practical interest. For the bias terms, 

however, one has to be careful, because if one places a cutoff in the integrals, one 

finds that the resulting power spectrum is sensitive to this cutoff. This should not be 

surprising: the cutoff effectively smoothes the linear power spectrum (with a top-hat 

filter in A:—space), and the power spectrum depends on what scale the filtering takes 

place. Furthermore, it makes physical sense: if a local bias prescription applies at all, 

it will be necessary to specify on what scale it acts. These considerations lead us to 

the following Eulerian bias proposal:

• Evolve 5 to 3rd-order

• Sm ooth with some filter function corresponding to a smoothing scale B./

• A pply the Taylor expansion to third-order to get 5g.

The resulting field is evidently itself smoothed. This procedure is effected by replacing 

all occurrences of the linear by where is the transform o f the filter function

[e.g. Wk =  exp (—k2B'j/2) for a Gaussian filter]. We shall not explicitly retain these 

factors of the smoothing is implicit in e^. Note that the operations o f sm oothing 

and biasing do not commute; unless the matter power spectrum has a natural small- 

scale cutoff, the order assumed here is the only sensible choice for a perturbative 

calculation. This is a critical assumption, o f course, but we reiterate that it has 

some support from simulations (e.g. Cen & Ostriker 1992). For further discussions o f 

the effects o f smoothing, see Coles, Melott & Shandarin (1993), M elott & Shandarin 

(1993). Bornardoau (1994a).
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5.2.3 Bispectrum

The galaxy redshift-space bispectrum P f  (ki, k2, k3) is the 3-point function in Fourier 

space, defined by

(¿Sk i^ k 2^ k 3) =  (27r)3S f ( k i ,k 2,k 3)(ii) (ki +  k2 +  k 3). (5.16)

In real-space, this has been studied in chapter 3 and, under a different perspective, by 

Scoccimarro (1997) and Scoccimarro et al. (1998). We can use the preceding formalism 

to obtain the biased, redshift-space bispectrum, in the distant observer approximation:

B ‘{ { ka.ka.kg) =  2Pn (k i)P n (k 2 ) F ^  (k 2 )F^2) (k u  k2)

+  cyclic terms (1,2) —> (2,3) and (3,1)

=  2Pn(A ;1)P 11(A:2)6 f(1 +  A u f)(l  +  /3/r2) x

1)2 i A2..2..2 , h P  —  +  0 I P  /¿ j 
Ibi

b\(3 f  k\ A;2 \ b̂  2 f  2 k\ 2 k‘

J ^ ( k ! ,k 2) + fo 2KW(kuk2) + r f  +  +  h2)
¿U \  Z

bl/3 ( k  1 \ a2 2^'l , 2 kr2 \ +  cyclic terms.

(5.17)

In chapter 4 (and in Verde et al. 1998) we used this to investigate how redshift surveys 

can be used practically to estimate b\ and hence determine the density parameter (via

£0-

5.3 New features: real space

Interestingly, there are some new features which arise in real-space from biasing alone. 

Consider the real-space corrections to the power spectrum, P|2 =  P f22(/? =  0) and 

P f3 =  P f13(/3 =  0). At small k, the former is more-or-less constant with k, while the 

latter is proportional to P u (k ) .  We look at each o f these in turn.

5.3.1 Constant power on very large scales

On very large scales, where A 2 (A:) <  1 (where A 2 is the contribution to the variance 

in mass overdensity per unit ln(fc)), the terms arising from nonlinear evolution (and 

a linear bias hi) are generally small (Jain & Bertschinger 1994), so we concentrate on 

the contributions from nonlinear bias.
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Figure 5.1: Real-space power spectrum. The (upper) solid line is the final power

spectrum; the dashed lines are the linear power spectrum, unsmoothed and smoothed,

from P>2 , P\:\ and their sum. The dot-dashed line is the second-order m.a.ss power 

spectrum, which merges with the dashed linear power spectrum, to form  the lower solid 

line. For model details, see text.

which provides a constant contribution to the power when |k| is small. The presence 

o f such a term was suggested by Coles (1993) and Strauss & Willick (1995); here we 

provide- a mechanism for calculating it perturbatively for arbitrary local bias.

For an underlying matter power spectrum which falls to zero as k -> 0, P|2 will 

eventually dominate over both the linear term and P f3, leading to a divergent effective 

bias h(f[(k) =  P 1̂ (k) / P (k )  in this limit (P  is the matter power spectrum evolved to 

third order: on these large scales, linear theory is accurate, so P  ~  P u ). In turns

and the dotted lines are (from the bottom, at k =  10 3) the contributions to the power

The P f2 term is

(5.18)
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out, for an underlying Zel’dovich spectrum, this term is unlikely to be o f im portance 

unless the other correction term P f3 below is small. The second-order power spectrum  

is shown in figure 5.1 for a CDM-like spectrum with shape parameter F =  0.25, with 

and the amplitude is chosen such that A 2(k =  0.1) =  0.03. The mass field is sm oothed 

on a scale ol 2 h ~l M pc, so that the linear smoothed variance is ctq =  0.20, and the 

bias parameters are &i =  &2 =  &3 =  1- Note that the nonlinear bias masks the effect 

seen in the unbiased case by Jain & Bertschinger (1994) o f a transfer o f power from 

large to small scales.

The constant power at large scales should not be confused with the requirement 

that P (k )  —» 0 as k: —> 0, which applies if the mean density is estimated from the 

survey. This will suppress the power for k <  1 /L , where L  is the characteristic depth 

o f the survey, and is quite independent o f the considerations here. Similarly, the 

neglect o f constant terms in S affects only k =  0.

The term here has been conjectured before, and it is appropriate to make a few 

remarks about its nature. It is essentially a shot-noise term arising from the peaks 

and troughs in the underlying density field being nonlinearly-biased by the quadratic 

term ¿2- The biasing gives a contribution to the density field consisting o f spikes 

at the peaks and troughs. We consider here the case when the underlying matter 

power spectrum tends to zero on large scales, so we look only at this remaining ‘ spike’ 

contribution (see appendix A o f HMV98). It may seem odd that the troughs make 

a contribution; is should be remembered that they do not necessarily correspond 

to actual overdensities, as there is a linear contribution which generally lowers the 

density - a positive quadratic term merely means the underdense regions are not quite 

as underdense as a linear bias would imply. However, by assumption, this linear 

contribution has zero power on very large scales, so the quadratic term dominates.

To illustrate the shot-noise nature o f the spikes, consider a lion-pathological power 

spectrum, filtered to remove power with k >  fcmax- It is straightforward to show that 

the constant-power term is roughly

where A (/cmax) measures the nonlinearity on the smoothing scale, and n  ~  A;mf x is the 

number density o f peaks and troughs on this scale (Peacock & Heavens 1985, Bardeen
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Figure 5.2: Effective bias in real space, from perturbation theory (solid). This is 

approximately constant over a fairly wide range o f k, yet the bias is far from  linear. 

The dotted line shouts the approximate analytic formula (5.23). The filter erases power 

at k: >  0.2 and the spike at k =  1 is due to the matter power spectrum crossing zero, 

by ■which time third-order perturbation theory has broken down.

et al. 1986). Shot, noise o f a point process gives Pshot, =  1 /n  (e.g. Peebles 1980); the 

prefactor arises here because each spike has a height o f roughly 62^0 so the integral 

under each spike is ~  62A 2 (&max) •

This shot noise argument would be dangerous if it was applied to peaks alone, as we 

know that these are strongly clustered (Kaiser 1984, Peacock & Heavens 1985, Bardeen 

et al. 1986), and their clustering might well exceed the shot noise contribution. In 

the appendix o f Heavens, Matarrese & Verde (1998) we prove that high peaks and 

low troughs, taken together, are very weakly clustered, so the power contribution is 

indeed essentially a shot noise term from unclustered small-scale spikes in the biased 

field.

5.3.2 Effective bias on large scales is not b\

If the P'f, term can be neglected in comparison with P f3, then the effect o f biasing and 

second-order evolution is to add a term which is proportional to the linear P . This
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holds over a wide range of scales, but not at the very largest scales, where the power 

spectrum is dominated by the constant contribution from P ^ , leading to a divergent 

bias.

The fact that P f3 is proportional to P\\ gives a constant effective bias =  

P °(k )/ P (k ) — P 9 (k )/ P n (k )]. In linear theory, the effective bias is sim ply b\; in 

this section we compute the corrections to this value. In real space, only 3 terms 

o f survive. The first, proportional to comes from nonlinear evolution o f 

the mass field, and is very small on large scales, and we neglect it here. There is a 

straightforward contribution from 63/ 6, which gives

6163^11 (* )°o  (5.20)

where 4  =  ^vr2) “ 1 f  dkk2 P n (k )  is the linear variance in the sm oothed field. The 

other nonzero term is

262
(27r)3

d3kPn(q) 4  (~q,k) + 4  }(q,k) +  J (s  }(q ,-q ) (5.21)

The last term in brackets is zero because J is zero, and the first, terms are equal. 

Integration over angles gives a contribution again proportional to Oq, and the final 

result is

P f3 (k) =  bxP uik) b2 +  53)  a l  (5.22)

The P f3 term is o f more practical importance than P|2. We see that it is proportional 

to the linear power spectrum, so it corresponds to a scale-independent bias, which, 

when including the linear terms, gives an effective bias of

freff(k) =  b\ +  61 oq. (5.23)

The level o f bias depends on the variance o f the smoothed field, for which the truncated 

Taylor expansion is assumed to be a good description o f the galaxy density field. It also 

depends 011 both the second- and the third-order bias coefficients. The suggestion that 

the bias should be constant on large scales has been made by a number o f authors 

(Coles 1993; Scherrer & Weinberg 1997; Mann, Peacock & Heavens 1998), and we 

confirm that this is true to third order in perturbation theory, provided one is not 

looking at the very largest scales where P|2 dominates.
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The effective bias is plotted in figue 5.2, along with the prediction o f (5.23), which 

is seen to be a good approximation over a wide range o f k, for these parameters. In 

figure 5.3 we demonstrate that the approximate formula works well for a biased N -body 

simulation, with the same linear power spectrum, normalised to as =  0.26, from the 

Hydra consortium (Couchman, Thomas & Pearce 1995). The rather small amplitude 

o f the power spectrum gives us a large dynamic range between the smoothing scale 

and the size o f the simulation. The smoothing is done with a Gaussian filter o f radius 

1 h r 1 M pc, giving a variance o f a\ =  0.17, and we take b\ =  b? =  63 =  1. Note that a 

bias function which includes non-zero bi terms beyond i =  3, such as the exponential 

high-peak biasing exp (ah) (Politzer & W ise 1984, Jensen & Szalay 1986, Bardeen 

et, al. 1986) gives essentially the same result provided that the variance in the field 

is not too large. For the power spectra here, this requires aao <  0.3, but the exact 

figure depends on how skewed the field is. As the field becomes progressively more 

nonlinear, the bias increases slightly towards high k, and the approximate formula 

(5.23) begins to underestimate the bias. Note that the simulations do not probe a 

large enough scale to detect the constant contribution to the power.

Since P {3 is proportional to the linear power, it is formally possible at this level o f 

perturbation theory to cancel the linear power altogether by appropriate choice o f 62 

and 63, leaving the constant P|2 term. Perhaps not surprisingly, it appears impossible 

to do this on N -body simulations without perturbation theory breaking down.

5.4 Redshift-space

In figure 5.4 we show the effects in redshift space o f biasing and evolution, for different 

angles ol wavevectors with the line-of-sight, showing similar qualitative behaviour to 

Kaiser’s (1984) analysis. In figure 5.5 we show the redshift-space power spectrum (av

eraged over angle) for the Hydra simulation, for the same smoothings and parameters 

as in figure 5.3. We see here remarkably good agreement with perturbation theory o f 

biased fields in redshift space. Note that linear theory, with linear bias, predicts that 

the redshilt-space and real-space power spectra should be proportional to each other. 

Here we see that the higher-order terms give very different behaviour. Note also that 

perturbation theory gives excellent results all the way down to M pc scales, where the
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k /( h  Mpc 1)

Figure 5.3: The effective bias factor y/Puased/Pmass f or a Hydra N-body sim,ulation 

(solid), along with the approximate formula (5.23), fo r  &i =  62 =  3̂ =  1 und R f  — 

2h~i Mpc, which gives an r.m.s. fractional overdensity o f O .fl. For other details, see 

text. This figure also differs from  figure 5.2 in that the biased field has been deconvolved 

with a Gaussian, which affects the results at high k.

smoothing is applied.

5.4.1 Quadrupole-to-monopole ratio

Hamilton (1992) proposed the quadrupole-to-monopole ratio o f the power spectrum  

as a diagnostic for ¡5. These are obtained by expansion o f the power spectrum  in a 

shell o f fixed |k|, in terms o f Legendre polynomials (in ff) o f order 0 and 2. In linear 

theory, the ratio o f the coefficients V f  has the value (c f chapter 1 section 1.10.3)

n =  (5 24)
n  i  +  f /3 + 1 /3 2 -  }

Taylor & Hamilton (1996) extended this idea by using the Zel’dovich approxim ation 

to investigate the behaviour o f the quadrupole-to-m onopole ratio into the m ildly non

linear regime. In this section we use perturbation theory results to investigate the 

influence that bias might have 011 conclusions drawn from the ratio. I11 practice, it is 

best to use the full 3D power spectrum to estimate parameters, but analysis o f the 

quadrupole-to-m onopole ratio can be a useful aid to see why we might be able to ex-
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Figure 5.4: Redshift-space power spectrum fo r  the model o f Fig. 1. The curves are fo r  

values o f /i from 0 (bottom) to 1 in steps o f 0.1. The dashed and dotted lines are the 

unsmoothed linear and nonlinear power spectrum, in real space.

in

k/(h  Mpo 1)

Figure 5.5: Hydra simulations in redshift space (points), along •with the theoretical 

curve from perturbation theory (b\ =  b2 =  b3 =  1.0, and a0 =  0.41). The dotted line 

is the smoothed linear theory matter power spectrum in real space.

tract information, and why there might be problems. In figure 5.6 we see that, on large 

scales, linear theory accounts well for the ratio, with significant deviations appearing
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on small scales in qualitative agreement with Taylor & Hamilton (1996). The slight dis

crepancy with linear theory may arise from only computing the power spectrum  with 

a rather crude separation of A/r =  0.1. On small scales, the quadrnpole-to-m onopole 

ratio was studied by Taylor & Hamilton (1996) and Hatton & Cole (1998), where 

it is affected seriously by caustic formation and small-scale virialised structures. We 

confine our remarks to larger scales (k <  0.1), where these effects are not important, 

but there are still some surprises. Figure 5.7 shows the quadrupole-to-m onopole ratio 

for a biased CDM-like field, with F =  0.25, with b\ =  62 =  63 =  1.0 and erg =  0.196 

and R f  =  2 h ~ l M pc. There is a large range o f wavenumbers for which the ratio is 

very nearly constant, which might give one confidence that a linear bias is an adequate 

description. However, the retrieved value o f (3 =  0.81 agrees neither with linear theory 

(¡3 =  1), nor with the appropriate /3 from the effective bias on large scales (¡3 =  0.74). 

It is the latter which we would like to estimate accurately, since it is the effective 

bias which tells us the amplitude o f the underlying matter power spectrum. In this 

case, the recovered effective bias (1-24) is not close to the true effective bias (1.35). 

The discrepancy arises because the one-loop corrections do not have the same angular 

dependence as the Kaiser factor multiplying the linear power. This is not really a 

breakdown o f linear theory as such; the underlying mass field is still well described 

by linear perturbation theory. Here it is the nonlinear bias which causes the problem, 

and the simple analysis o f Kaiser (1987) cannot be applied. These findings mean that 

attempts to measure f3 from linear redshift distortions (e.g. Hamilton 1992; Fisher, 

Scharf & Lahav 1994; Heavens & Taylor 1995; Ballinger, Heavens & Taylor 1995; Cole, 

Fisher & Weinberg 1995; Tadros et al. 1999) must make the further assumption that 

the one-loop corrections are small.

5.5 Conclusions

We have shown how the power spectrum is altered in real and redshift space by 

the effects o f nonlinear local bias and evolution. The assumptions in the analysis 

are that the smoothed galaxy density field is some local function o f the underlying 

sm oothed present-day mass field (i.e. Eulerian local bias). The sm oothing scale is 

assumed to be large enough that a Taylor expansion to third order: 5g ~  J2j=o bjfii/j\
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k

Figure 5.6: Quadrupole-to-monopole ratio fo r  the mass, as a function o f wavenumber 

(solid). Beyond k =  4.5, the filtered power is zero to machine accuracy. The dashed 

line is the linear theory ratio (5 .2 f).

m

k

Figure 5.7: Quadrupole-to-monopole ratio o f the biased field (solid), as a function o f 

•wavenumber. atony with unbiased linear theory (dotted) and linear theory, but with b 

replaced by bvfr from perturbation theory (dashed). The behaviour at k <  10-3  arises 

from the constant-power term in the biased field.
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suffices. The approach we have used is perturbative; the one-loop corrections give 

contributions from third-order (in S) which are as important as second order, so we 

have kept evolution and bias terms to this order (j  =  3). We confirm the predictions 

of Scherrer & Weinberg (1997) that the power spectrum has a constant com ponent, 

plus a roughly scale-independent bias on large scales. We show that the constant 

power term is essentially a shot noise term arising from quadratic biasing o f  peaks 

and troughs. The most important results in real space are the expressions for the 

magnitudes o f the two effects: equation (5.23) for the effective bias on large scales, 

and (5.18) for the constant contribution, which could in principle make difficult the 

task o f unveiling the underlying power spectrum on extremely large scales. However, 

our estimates o f the size o f this effect suggest that it is not going to be a practical 

problem in the foreseeable future, since it is likely to dominate only on scales o f the 

order o f the horizon size. Should the galaxy power spectrum be measured on extremely 

large scales at some time in the future, there is a possibility that a deviation from the 

scale-invariant spectrum (in |/c|) might be interpreted as evidence for an open Universe 

(Kamionkowski & Spergel 1994). This chapter provides an alternative interpretation 

in terms o f nonlinear bias.

Potentially more serious is the effect o f nonlinear bias on the amplitude o f the power 

spectrum, in both  real and redshift space. Here there is the possibility o f confusion, 

in that the shape o f the linear power spectrum is preserved over a wide range o f k , so 

one can define a scale-independent effective bias from the ratio o f the galaxy to matter 

power spectra. The difficulty is that this bias is not the linear bias (b\ in the Taylor 

expansion o f the galaxy density field), nor is it the bias which would be recovered 

from studying anisotropy in the redshift power spectrum. These com plications may 

compromise efforts to deduce cosmological parameters from redshift distortions or 

peculiar velocities, unless a further assumption is made that the one-loop corrections 

are small. W ithout a better understanding o f galaxy formation, it is im possible to 

make this assumption with a great deal o f confidence. W hat would be interesting to 

see is whether current models can identify a scale on which an Eulerian bias is a good 

description o f the galaxy field; if such a scale can be identified, then the com putations 

in this paper may be useful in providing analytic approximations for the effects on the
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power spectrum and redsliift distortion.



Chapter 6

Projected bispectrum in 

spherical harmonics and its 

application to angular galaxy 

catalogues

In this chapter we present a theoretical and exact analysis o f the bispectrum  o f pro

jected galaxy catalogues. The result can be generalized to evaluate the projection  in 

spherical harmonics o f any 3D bispectrum and therefore has applications to cosm ic 

microwave background and gravitational lensing studies.

By expanding the 2D distribution o f galaxies on the sky in spherical harmonics, we 

show how the 3-point function o f the coefficients can be used in principle to determine 

the bias parameter o f the galaxy sample. If this can be achieved, it would allow a 

lifting o f the degeneracy between the bias and the matter density parameter o f the 

Universe which occurs in linear analysis o f 3D galaxy catalogues. In chapters 3 and 

4 we have shown how a similar analysis can be done in three dimensions, and we 

show here, through an error analysis and by implementing the m ethod on a simulated 

projected catalogue, that ongoing three-dimensional galaxy redshift surveys will do 

far better than current projected catalogues. The work illustrated here appeared in 

Verde, Heavens & Matarrese (2000).
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6.1 Introduction

As illustrated in chapter 4, when dealing with three-dimensional surveys there are some 

practical complications. The main problem is due to the redshift-space distortions. 

In chapter 4 we showed that it is possible to model them in the “distant-observer 

approximation” , but, for this approximation to be valid, the part o f the survey closer 

to the observer i.e. the best part o f it -  needs to be discarded. Shot noise is a 

problem as well, the method developed in chapter 3 and 4 models shot noise effects, 

but most o f the signal for bias, inevitably, comes from a slice o f the survey where the 

shot noise does not dominates the signal. For this reason the bispectrum m ethod o f 

chapters 3 and 4 is applicable to relatively deep surveys such as 2dF and SDSS. In 

particular we found that (Verde et al. 2000a; see also Bharadwaj 1999) if a cubic 

volume o f side L is under analysis, it needs to be at a distance R >  3L for the distant- 

observer approximation to be valid. Shallow surveys such as the IRAS PSCz should 

be analysed in spherical coordinates (cf Heavens &: Taylor 1995; Tadros et al. 1999 for 

the power-spectrum), and suffer from high shot noise, so cannot be usefully used for 

bispectrum analysis based on a Fourier expansion. The geometry o f the survey, that is 

usually a wedge, complicates the analysis: by sub-dividing the survey in cubic boxes to 

optimize the signal-to-noise, still part o f the survey volume is neglected. The absence 

o f suitable existing 3D surveys prompts us to consider whether the bias might be 

extracted from a projected galaxy catalogue, such as the A PM  galaxy survey (M addox 

et al. 1990; Loveday et al. 1992; Loveday 1996). W ith only angular positions, the 

information is more limited, but the survey is not complicated by redshift distortions, 

and contains a large number ~  106 o f galaxies. The DPOSS catalogue (Djorgovski 

et al. 1998) will be even larger, with 50 million galaxies and nearly all-sky. There 

are two important caveats to keep in mind: first, to have a measurement o f Oq we 

need to be able to measure the ft parameter and the linear bias parameter. It is not 

possible to extract the f3 parameter from a two dimensional survey, ¡3 will need to 

be determined from a -different- three dimensional survey. The selection criteria will 

necessarily be different for different catalogues, and so will be the galaxy population 

selected. Since different galaxy populations can have different bias with respect to the 

underlying dark matter distribution, some care need to be taken in the interpretation
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of the final result i.e. the value for Qo. The other caveat concerns the effect o f the 

evolution along the line o f sight (also referred to as the light-cone effect). This is due 

to the fact that galaxy clustering evolves gravitationally with time along the line o f 

sight and depends on the -unknown- cosm ology1. For shallow surveys such as the 

A PM , this effect is smaller or comparable to the cosmic variance, for this reason in 

what follows we will neglect this effect. However, for deeper surveys, this effect needs 

to be properly taken into account. Assuming these issues can be dealt with, the 

key point to apply the bispectrum method to an angular catalogue is to obtain an 

expression for the projected bispectrum given an analytical formula for the spatial 

one. An expression for the projected bispectrum in the small angle approxim ation 

has been presented in Buchalter, Kamionkowski & Jaffe (2000). However this might 

not be a good approximation for the bispectrum if the sample is close enough to the 

observer or if the scales under analysis are not small enough. In fact it is not known 

a priori whether, for the bispectrum, the small angle approximation is valid on large 

enough scales for the second order perturbation theory to hold: it is necessary to 

obtain an exact expression for the projected bispectrum using spherical harmonics 

expansion. Only then it will be possible to test the limit o f validity for the small-angle 

approximation bispectrum (Verde et al. 2000b). In this chapter we develop the theory 

for projected catalogues in a full treatment. The resulting expression for the spherical 

harmonic projected bispectrum can straightforwardly be applied to cosm ic microwave 

background (CM B) and gravitational lensing studies. In Section 2 we expand the sky 

density o f galaxies in spherical harmonics with coefficients bff, and com pute an explicit 

expression for the bispectrum (b™1 b™*) accurate to second-order in perturbation 

theory. In particular, we show how this quantity depends on the bias parameter. We 

present in section 6.2 a brief introduction to useful properties o f spherical harmonics. 

The power spectrum in the small angle approximation is treated in section 6.3. We 

derive the exact expression for the projected bispectrum in spherical harmonics in 

section 6.4. In section 6.5 we perform an error analysis specific to the second-order in 

perturbation theory bispectrum, which shows the expected uncertainty in the derived

‘ A visual impression o f this effect can be seen in the Hubble Volum e simulation 

h ttp ://w w w .m pa-garch ing.m pg.de/ ~  jg c /c o n e _ evrard.gif

http://www.mpa-garching.mpg.de/
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bias parameter, and we test it by performing a likelihood analysis on a numerical 

simulation. In section 6.7 we show how the previous analysis would be modified in 

the presence o f an angular mask. Finally, in section 6.7, we detail asym ptotic results 

which are useful for highT spherical harmonics. The main conclusion o f large-scale 

structure application (section 6.8), is that 3D large-scale structure surveys will do far 

better than projected catalogues for the purpose o f measuring the bias parameter. 

However, the mathematics developed for this purpose has much wider applications: 

with appropriate radial weight functions, the analysis can be applied to the CMB 

bispectrum induced by lensing, Sunyaev-ZeFdovich effect, the integrated Sachs-Wolfe 

effect or foreground point sources, and to gravitational lenses studies.

6.2 Spherical Harmonics

Spherical harmonics are eigenfunctions for the two-dimensional surface o f the sphere 

and therefore are the natural basis describing a two-dimensional random field on 

the sky. The definition we use here is expressed in terms o f the associate Legendre 

functions P " '(c o s0 ):

where i  and m are integers and I >  0, — 0. <  m  <  I. Their orthogonality relation is:

Any two dimensional pattern / ’ (D) on the surface o f a sphere can be expanded as:

Y r m  =  Yem( 9 A ) ^
(21 +  1 ) ( l  — m)! 

+  m)\
p ^ i  c o s o y ™ *  X

(6 .2 )

/ ( n )  =  5 > 7 * y r ( f t ) (6.3)
tm

where the spherical harmonic coefficients are:

/ clQY™  (Cl) f  (ÇÏ). (6.4)

Useful relations involving the spherical harmonics are:

Y ™ 1(D) = ( - l ) mY p m(D) , Y,m ( - D) =  ( - l ) m+'y / n(D). (6.5)
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and the identities:

J2 Y f m( m r ( n ' )  =  6 ( n - n ' )  (6.6)
Cm

exp('ik ■ r) =  4tt E  iej e (k r )Y ;m(n k)Yem(n r) (6.7)
Cm 

47r
P i{cosd ) =  w ^ i  ^  y ' r ^ r r m  m

m = —C

where 9 denotes the angle between the vectors r and k. The latter is the addition 

theorem for spherical harmonics.

6.3 Power spectrum and small angle approximation

The / ( f i )  for our purposes is the density o f galaxies n ( f l ) /n p . The power spectrum  

o f this distribution is given by the set o f Ce defined as:

(a™ af ) =  C ^ iS ^ m r  (6-(J)

The corresponding angular two-point correlation function can be expanded as:

C {9) =  v ^ £ ( 2 * +  1 )0 ^ (0 0 8  0) =  I a?  I2 P e(cos 6 ) (6.10)
47F l  Cm

the inverse relation is:

| a™ |2=  2j7v I  C (6 )P e(cos9 )d cos(0 )  (6-11)

On the other hand, for a plane two-dimensional distribution with power spectrum 

P'2 d (k ) the two-point correlation function is:

=  (2Tp f  p 2d (k ) exp (in  ■ 9)d2n =

( ¿ p -  . /0° °  J o n  P 2 d { k )  c o s  (kG cos 4> ) d ( j ) K d K  =  J 0° °  (6.12)

In the small angle approximation, i.e. in equation (6.10) for small 9 , we have that

Pf {cos9 ) ~  J0 [ ( t +  1/2)0], but, since small angle means large I, P e{cos9) ~  Jq{£9). 

We can therefore conclude that in the small angle approximation:
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For a real angular catalogue the two dimensional galaxy density in the sky is 

obtained as follow. Let the “true” three-dimensional galaxy density field be p{ r) and 

the selection function be i/j(r), normalized here to J drr2 ip(r) =  1.

The projected density is therefore

n(Q)d£l =  ^ I  drr2 p {r )ijj{r )\ dû. (6-14)

and the spherical harmonic coefficients are:

b f  =  - - I  d íín (íí )y zm(íí) =  zr- /  d iM rr2<5(r)t/>(r)Y[m(f i ) for I ±  0 (6.15)
'iHi J nn J

the selection function has to be taken into account in the projection. It is straight

forward to obtain an expression for the angular power spectrum given the three- 

dimensional one.

_  Í = 21 J d.kk2 P (k )  [ /  drr2 ip {r)jh  { h r ) ] 2 if m x =  - m 2 and l x =  t 2 
v>c i be2 / — S

0 otherwise
(6.16)

In the small-angle approximation this is (Kaiser 1992; Buchalter, Kamionkowski 

& Jaft'e 2000):
roo

P'2d {k ) =  /  drP-$D {k/r )i/j2 (r )r 2 (6.17)
■Jo

Also in the presence o f the selection function we can check that mapping (6.13) is 

valid and we can asses the limit o f validity for the small angle approximation for the 

power spectrum.

Assuming a selection function c/)(r) oc r -(U  exp[(—r /3 3 5 )2] (that is the A PM  se

lection function), and a CDM  power-spectrum (Efstathiou, Bond & W hite 1992) with 

r  =  0.25, we compared the angular power-spectrum obtained with the exact projec

tion as in equation (6.16) and with the small angle approximation [equation 6.17]. 

The result is shown in figure 6.1: the small angle approximation introduces an error 

smaller than 3% for > 20.



6.4: Projected Bispectrum in Spherical Harmonics 181

—4 Power spectrum
6 .0 x 10
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4 . 0 x 1 0 - 4
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I o r  k
60 8 0

Figure 6.1: The small-angle approximation fo r  the angular power spectrum works very 

well fo r  I >  20 introducing an error smaller that 3%.

6.4 Projected Bispectrum in Spherical Harmonics

The three point function o f the spherical harmonic coefficients may be factorized by 

isotropy (e.g. Luo 1994) into:

pectrum. From general considerations about rotational invariance o f the quantity 

(fr™'1 the indices l i , m , for i =  1 ,2 ,3  must satisfy the following conditions:

(i) l j  +  Ik >  h  >\ £j ~  h  I (triangle rule)

(ii) l\ +  ¿2  +  £3 =  even

(in ) rni +  'm2 +  m 3 =  0 .

The presence o f the 3J symbol ensures that these conditions are satisfied.

The properties o f the bispectrum in spherical harmonics have been explored by 

Heavens (1998); Ferreira, Magueijo & Gorski (1998); Spergel & Goldberg (1999); G old

berg & Spergel (1999), but in order to be able to extract the bias parameter from
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projected catalogues, the effect o f the projection in the configuration dependence o f 

the bispectrum needs to be understood (Fry & Thomas 1999).

To do so, we com pute the angular bispectrum in terms o f the 3D bispectrum, 

5 (k i ,k 2,k ;j) defined by (¿ki^k^ks) =  {2 n )i B ( k \, k 2, k.3) J'0 (ki +  k 2 +  k 3), where the 

Fourier transform o f 5 is 8k =  f d r  8 (r) exp(-ik ■ r ) .

The projected density in spherical harmonics can be expanded as:

b f  =  ~  j

=  ?  I dadrT 2 6 (r)i/j(r)Yem{n )  for  ̂^  0 (6.19)n J

where 8 =  (p — p)//5 is the fractional overdensity in galaxies. The average surface 

density is

n = J  dr r 2 (6.20)

and is inserted for convenience.

From (6.19) one obtains:

(6 .21 )

The 3D three-point function (in real space) is related to the 3D bispectrum by

(<S(ri)J(r2)i(r3))

= ( ¿ 5 /  3̂kid3k2d3k3.B(k1,k2,k3)e^kl'ri+k2'r2+k3'r3)<j'D(k1 + k2 + k 3) , (6.22)

where 8 °  denotes the Dirac delta function. We thus obtain

/7j\3 1 r°°
Jo dr 1 dr2dr’3 jr|r37/)(?• 1 )•)/)(r2)'(/>(r'3) x

I d,an dnr2 dnr3 YZ* (Dr i ) y ^ ( n r2 )Y™ 3 (n rs) x
J 47T

/ ( r i , r 2, r 3) ,  (6.23)

whore wo defined

POO r
/ ( r i , r 2, r 3) =  / dkxdk2 dkzk\klkl I d n kld n k2dSlk3 B {k 1; k 2,k 3) x

J 0 J 4lT
ei(ki-r1+ka.ra+k3T3)i 0 (k i  +  ^  +  k;j) (G 24)
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because we will then expand the exponential in shperical harmonics and perform  the 

angular integration in 6.24 explicitly.

In second order perturbation theory the bispectrum is:

where the shape-dependent factors 1C can be found in Fry (1984), Catelan et al. 

(1995), Matarrese, Verde & Heavens (1997) and in chapter 3. The dependence o f 1C 

on the cosm ology is negligible (e.g. Kamionkowski & Buchalter (1999) and references 

therein), so in what follows we assume an Einstein-de Sitter Universe. The factors 

are, however, dependent on the biasing model assumed. If we take a local biasing 

model, then for consistency with second-order perturbation theory, we expand in a 

Taylor series the galaxy overdensity to second-order in the matter overdensity 5rn:

(a constant term 6o is irrelevant except at k =  0 and is ignored). As before, bi is 

the linear bias parameter and 62 is the quadratic bias parameter. The linear bias 

parameter b that appears in the definition o f (3 and that is needed to recover ilo, is 

b =  by on large scales, under fairly general conditions (chapter 5). Note that we take 

the bias function to be deterministic, not stochastic (see chapter 1 section 1.8.1). As 

already discussed in chapter 3 it has been shown (Taruya, Koyanra & Soda 1999) that 

the effect o f stochastic bias on the bispectrum is very similar to that o f nonlinear 

bias (equation 6.26); moreover this formalism might be straightforwardly extended to 

the case when the bias process operates in Lagrangian, rather than Eulerian, space 

(Catelan et al. 1998).

W ith  these assumptions, a typical cyclical term can be written

H (k!,k2,k3) =/C(k1,k2)P(fe1)P(fc2) +  cyc. , (6.25)

6{x) =  Mm(x) +  ^Mm(x)2 (6.26)

/C (k i,k 2) =  Aq +  A i cos(0i2) +  A 2 cos2(0i2) (6.27)

where 0 \ 2 denotes the angle between ki and k2, and

A q
10
- y c i +  c2

(6.28)
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and c\ =  l/b\\ <:■> =  ¿2/^ 1- Through these relations, the projected bispectrum will 

depend 011 the bias parameters b\ and b2.

Using this, it is possible to calculate the theoretical expression for the projected 

bispectrum in spherical harmonics in the mildly nonlinear regime. W ith  substitution 

(6.25) we find

J(ri,r2,r 3) =  Ji2 +  h z  +  h z  (6.29)

Using the properties o f spherical harmonics equation (6.7, the orthogonality rela

tion, (6.2) and (6.5), we obtain that a typical cyclical term is:

rOC
I n  =  (47r)4 /  d3k 1ri3k2/C(k1,k 2)P(A;1)P(A;2) x

Jo

Y  ie,ij e [ ( k i r i )Y ;r [ (n kl) Y ^ ( n ri) Y  i^ je0{k^ ) Y ^ { I l k2)Y ^ {Ç lr2) x

Y  iL'jiAhrz)Y*L̂ {-Çlkl)Y£l{Çlrz) Y  iL2jL^2rz)Y%*(-nk.2)Y%(Çîr3)
Lim L2T12

(6.30)

We can now write

I d,nY*mi ( w ™ 2 m ? * (f2) = K T j r  > (6-31)
J Ait

which can be expressed in term of Clebsch-Gordan coefficients, and is non-zero only 

if the following symmetry conditions are satisfied:

• m 2 +  m 3 =  m i

• l\ +  h  +  lz — even

• l i , h ,h  satisfy the triangle rule 

Using equation (6.30) we thus obtain:

<mrtdiir.2dnr:iY g ' (n r i )Yg2(nr2)Y%3(n r3) i 12 =  (4?r)4 J  dkidk2klklP{kl)P(k2)F(n..

(6.32)

U'O

F(rUT2,r-i ,ki,k2)

•/■In-
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( a „  +  A t c o s 0i2 +  A 2 cos2 8 12)  i '1+fc( - l j !mi+'“ 2+' " ' l;/ll x

¿6,77716,7
(6.33)

and F can be written as Fo +  F\ +  F2 where Fo involves the term A q etc.

The To term is easily calculated:

Fo =  (6.34)

and therefore satisfies the symmetry rules.

For Fi and F2 we exploit the fact that:

cos 0i 2 =  Pi (cos 0 i2), (6.35)

cos2 0i2 =  ^ [2P2(cos012) +  Po(cos 012)] (6.36)

and the addition theorem for spherical harmonics:

4tt Jh
P „(co s «12) = — r  E  r„’“ (Sit ,)51,™(Sifa). (6.37)

2tt, +  1 m=—n

The F\ term then becomes:

/I *yr

F l  = A1^ -ih+,* ( -l )m'+m’ ]h(klrl)jh(k2 r2 ) x

E  ¡'■+hi Ia fc ir3) ih (fc2fe)w1x r “ra,« t ” r " , , " « S >_m ,-(6.38)
IsmelTrrn M

It is easy to see that m o +  7717 =  —m 3. To demonstrate that the symmetry conditions 

are all satisfied, consider the following part o f equation 6.38:

E o / - m 3 m 6 m 7 o / - m i - m 6 M ^ M m 2 - m 7  . / g  g g \
hleh hlgi Ihh ’ V • /

777.67717 A i

let’s introduce a new quantity h™l™32Tn3 that is symmetric for any permutation o f the 

columns It is clear that:

K H h mi =  (6-4°)

The quantity can be written in terms o f the 3 J  symbols:

h ™ ™  =  (2Zi +  1)(2Z2 +  l)(2/.3 +  1)/(4tt) (j,1 ^ i30) • (6-41)
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Equation (6.38) therefore contains the following multiplicative term:

/ i  \ — m3—mi +  M (la la h \  (h  la 1 A (1 fa fa A 
/  , V L ) yrn s n i6  m i )  \ m i —m e  M )  \ —M  m o  —m i )

m ^ n i i  M

=  ( - l ) ' « + ' ’ + '  ( i i ,  X,, y  { '/ , % .  (0.42)

where 1'[g l'\ j denotes the 6.T symbol. In the last equality we used equation (4.88) 

o f Sobelman (1979) with the following substitutions:

J 123  > ^123 h   > k  ¿3------> 1 h   > h

Hi — > rn7 ¡jl2 — > -7716 F 3 — > —M  (6.43)

The properties o f the 3.J symbol ensure that the F\ term satisfies the symmetry 

conditions.

Similarly for the F2 term we obtain:

A ■jr
F2 =  B 2 il^ ( - i r ^ Y j h (k 1 r 1 ) j l2 (k2 r2) £  ^ +h J i J h ^ J i A ^ n )  x

fa .T m a ^ M

n j —m 'im a m j  \t ^ \ la + fa —rn 7 -T j—m l M —m a n j M m 2 —m-r , /  1 ) l « + l 7 i y - m i 0 - m 6 i ; 0 'm2 - r a 7
H fa la fa ^  H fa 2 la H 2 h  fa +  H fa 0 l6 H 0 l2 fa

(6.44)

The second term in the square brackets does not present any problem, in fact it is 

non zero only if I] =  /(i, l2 — ¿7, m i =  m 6, m 2 =  ni7, and satisfies (i), (ii), (iii) (pag. 

181).

For the other term, from here one can see that mg +  777,7 =  - m 3. Now, following 

the same procedure as for the F\ term but comparing the first term in square brakes 

with 4.88 o f Sobelman (1979) with the following substitutions:

.7123 ---- > 1123 h  -----1 Z(; ¿3  > 2 li  7 l7

//■I — 7- 777,7 /¿2 — > —m e ¡Mi — t —M  mi23 — > 777123 (6.45)

we obtain that also F> have to satisfy the conditions (i), (ii), (iii) (pag.181).

Factorising the Wigner 3,1 symbol, and collecting terms together, we find the 

expression for the angular bispectnun, as a sum of cyclical permutations:

~  ^12 +  #13 +  #23 ( 6.46)
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where, writing ^  ¿{k) =  p f  drr2jn(kr)ip(r),

Y  il6+e7 { - lY B e X 2 l G +  l ) ( 2 i 7 +  l)p  I drr2 i/j{r)jh (k ir )je 2 {k2 r) x

(6.47)

where

B

B 0

B -2
8

(6.48)

and the sum Y2 u 6e7 extends over i  =  0,1, 2; =  i\ — I  l\ +  l\ i 7 =  i 2 — i  ¿2 +  I.

The above expression can easily be generalized for any 3D bispectrum. In fact, 

since a) the bispectrum is non-zero only if the three k vectors form a triangle, b) the 

bispectrum  does not depend on the spatial orientation o f the triangle (isotropy) and 

c) a triangle is completely specified only by the magnitude o f two sides and the angle 

between them, the bispectrum can always be expressed as a sum over three cyclical 

terms each involving only the modulus o f two fc-vectors and the angle between them:

where now P {k j)  is an arbitrary function o f |kj|, the coefficients Bn can depend on 

any com bination o f |ki| and |k2| and the sum over I should in principle go to infinity, 

but in practice will be truncated at n.

We obtain that the exact expression for the projected bispectrum B i l f .2t3 is still 

given by equations (6.46) and (6.47) where now the sum over I goes up to n.

This is the m ajor new result o f this chapter.

Equation (6.47) has therefore much wider applications than the second-order grav- 

itationally induced bispectrum considered so far. The mathematics developed for this

# ( k i ,  k 2, k 3) =  P (k u k2, 6 12). (6.49)

Each o f the cyclical terms can therefore be expanded as:
n

P (k u k2 ,du ) =  P (k i )P (k 2) Y  Bf.(k\, k2)P f (cos e l2) (6.50)
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purpose can be straightforwardly applied to CMB and gravitational lensing stud

ies. The gravitational fluctuations and cosmological structures along the path o f 

the last-scattering surface photons, distort the CMB signal (see chapter 1) mainly 

through gravitational lensing, integrated Sachs-Wolfe effect (Sachs k  Wolfe 1967) and 

Sunyaev-Zel’dovich effect (Sunyaev k  Zeldovich 1980), and through the Rees-Sciama 

(Rees k  Sciama 1968) and other second order effects (e.g. Mollerach & Matarrese 1997 

and references therein). In particular, if the primordial fluctuations were Gaussian, 

many o f these effects can introduce non Gaussian features in the CMB signal. The 

bispectrum is a powerful tool for detecting these effects and probe the low-redshift 

Universe (Goldberg k  Spergel 1999; Spergel &; Goldberg 1999). Contributions to the 

CMB bispectrum induced by secondary anisotropies during reionization (Cooray k  Hu 

1999), non-linear gravitational evolution (Luo k  Schramm 1994; Mollerach et al. 1995; 

Munshi, Souradeep &; Starobinsky 1995) and foregrounds (e.g. Refregier, Spergel k  

Herbig 2000) imprint specific signatures on the CMB bispectrum which need to be 

subtracted from the signal in order to be able to test the Gaussian nature o f primordial 

fluctuations.

On the other hand, primordial fluctuations can induce nonzero bispectrum in the 

CM B, that encloses information about the physical mechanism that generated them 

(e.g. Falk, Rangarajan k  Srednicki 1993; Luo k  Schramm 1994; Gangui et al. 1994; 

Mollerach et al. 1995; Gangui, k  Mollerach 1996; Wang k  Kamionkowski 1999; Gan- 

gui k  Martin 1999). The evaluation o f all these contributions to the observed CM B 

bispectrum require to calculate an integral as in our equation (6.23) and (6.24), where 

instead o f the weight function r 2,i/>(r) there will be the appropriate “weight” , and the 

three dimensional bispectrum will be written as in (6.49) and (6.50).

In the local Universe, gravitational lensing provides a direct probe o f the mass 

fluctuations. The study o f Fourier space correlation functions o f the gravitational 

weak shear and convergence held is still in its infancy, but it is potentially fruitful: it 

could give us detailed knowledge o f the correlation properties o f the projected mass 

distribution (e.g. Bernardeau, vanWaerbeke k  Mellier 1997 and references therein, 

Munshi 2000).
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Here we will use equation (6.47) together with (6.46) as an exact expression for the 

second-order perturbation theory bispectrum of an angular catalogue with selection 

function ip(r) and galaxy power-spectrum P {k ),  assuming a local bias m odel with 

parameters b\ and 62. In principle, one can estimate the angular bispectrum  from  a 

projected galaxy catalogue, and use likelihood methods to constrain the bias param

eters, which enter through the Bp terms. In section 6.5 we com pute the likely errors 

from such a study, to determine if it is worthwhile to undertake such an analysis with 

current catalogues. Before we do so, it is worth noting that, in the current form, it is 

very expensive to compute: in the following subsection we rewrite it in a form more 

suitable for practical evaluation.

6.4.1 Practical evaluation of Bp,?..

From a com putational point o f view it is possible to speed up the calculations con

siderably (and make the problem computationally manageable) by rewriting equation

(6.47) in terms o f the function 0^ defined as:

0 « ( V )  =  /  d M t i W t f P W j i j i k r ) #  (6.51)

where q =  —1,0 ,1  and { i , j }  =  {1 ,6 }  or {2 ,7 } . This function can be evaluated and 

tabulated in advance to speed up the analysis. W ith  this definition, we can write the 

components o f the angular bispectrum as

1 1 6  (2ft + l)(2fe + 1)(2<3 +  1)
812 =   (4 ^ 5n  7T

I  dr3rji/j(rs) (J ^ ci +  c2  ̂ Qe1{h ,r3)Qe2(h ,r3) x 

3\ (e2 f2 o\ /£3 £1 e2\ i£i £2 £31
J 0 0 )  0 0 )  \ £ i  £2 0 /

£1 £1 tb
0 0 0 +

ci J2  [ © ^ ( 4 ,^ ) @ i 2V 7,r 3) +  0 |11(4 ,r-3) 0721(^7,r'3)] x
C1-l< i6<i1+l 
C2 —1<£7<C2+1

(£1 £e e\ (£2 £7 £j (k  £e £?j f£i £2 £al 
{0 0 0 J 0̂ 0 0)  0 0 )  \e- £6 £ j

Y. (S' '■,') ('■ S’ oj ('■ '• /’ ) {E; % ?}■
q-2<£6<«i+2
c2- 2 <e7<e2 + 2

(6.52)

This, together with equations (6.46) and (5.51) is an exact expression for the 

second-order perturbation theory bispectrum of an angular catalogue with selection
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function </;('/•) and galaxy power spectrum P {k ). In this form it is computationally 

manageable and is suitable for a likelihood analysis to extract the bias parameter 

through c | and c2. Note that this analysis is appropriate for all-sky coverage, and ig

nores shot noise. This is a good approximation for the high surface-density catalogues 

such as APM , in the range where perturbation theory is valid. Note also that numer

ical codes can run into difficulties when computing the spherical harmonic expansion 

and 3J symbols for high £’s. In section 6.7 we give asymptotic expressions at high t  

for the 3.1 symbols that are easily evaluated, and present a way to calculate spherical 

harmonics fast and accurately at high I.

6.5 Error analysis for the bias parameter

The spherical harmonic bispectrum in second-order perturbation theory is a known 

function o f the galaxy power-spectrum, and depends on the bias parameters by and l>2 

through By), By, Bo [equation 6.48]. Equation (6.47) relates therefore two measurable 

quantities (the spherical harmonics bispectrum of galaxies and the galaxy power- 

spectrum) via the unknown bias parameters by and The 3D power-spectrum may 

be obtained from the projected catalogue either by deconvolution o f the angular corre

lation function or the angular power-spectrum (e.g. Baugh & Efstathiou 1993; Baugh 

& Efstathiou 1994a). In practice this is done in the small-angle approximation. I11 

section 6.3 we have shown that this is perfectly adequate for the power-spectrum. We 

therefore have a full prescription for the angular bispectrum in terms o f observable 

quantities and parameters which we wish to measure [equation (6.47) or the com puta

tionally manageable equation (6.52)]. The problem is therefore suitable for a likelihood 

analysis to extract the bias parameter. Such a programme is a major undertaking, so 

it makes sense to compute the expected error on the bias parameter first.

6 .5 .1  L ik e l ih o o d  a n a ly s is  fo r  c\ a n d  c2

Let us assume we have full sky coverage unless otherwise stated. We define the 

quantity" dQ=R e[6^ ll6ii" 26”313] with iy, my such that (nnm22m i) ^  0- For a given 

■Re[x] denotes t he real part o f the com plex number x.
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triplet 3̂ there are (2i\ +  1)(2^2 +  1) distinct da . From da we can bnild the

unbiased estimator o f B g ^ ^ , D a =  — j a . .
( ni1mlm33 J

Since D n is unbiased, any combination D a: =  ( E a W tt^ a )/(E a “ a)i where wa is 

a weight, is also an unbiased estimator of

The optim um  weight wa that minimizes the variance ( (D a -  B e 1 e2 e3)2) is wa =  

1 — (mi in-2 m3) / ada ■ The minimum variance estimator is

(h  e2 *3 \dImj m2 m3 I aa 
177127713 (j2

D a =    -  (6.53)
(<1 <2 <3 )\m1 m2 m3 J

2̂ 771177127713 
d̂oc

The variance o f da does depend on m, but only weakly. There is a leading term, inde

pendent o f  m, proportional to 3 angular power spectra (C^ 6^2C^3), plus a sub-leading 

term proportional to B tiljtkB lutviz (m, %  mk)  (fn.u rn,v mz)> where {* ,j ',A :,u ,i ;,z }  is a 

permutation o f {1, 2 ,3 ,1 ,2 ,3 } . If we ignore the m-dependence o f this last term, then 

the estimator simplifies to

A «  =  £ d°  ( & ! & & ) >  * =  1 ,2 ,3 . (6.54)
ra7;

Strictly it is not the minimum variance estimator, but it is not far from it, and is 

unbiased.

6.5.2 A  priori error for the bias parameter

Since the quantity ( b ^ b ^ b ^ 3) can be factorized as in equation (6.18) it is possible 

to evaluate the expected error on ci estimation by approximating the variance by its 

leading term, neglecting shot noise and by considering uncorrelated data, obtaining:

a2 r  ft2 i2
\ n.„ r.„ n„ ^  n , (™.a  [ ' 'o, ' d c \ ' - ^ C t lCi2 Ch ^  Nt-irm)

where L denotes the likelihood function.

The quantity A^(m ,;) denotes the number o f terms like present in the

covariance. It depends on the configuration i.e. on the choice of the triplets of £’s. It 

is useful to notice here that if N e.i (m i) =  1 we could use the property:

E  ( £ .£ A ) 2 = L <c-5(i>
m i m2 J7i3



192 G: Projected bispectrum in spherical harmonics

Equation (6.55) assumes that the covariance matrix is diagonal, this means that dif

ferent bispectrum estimators are uncorrelated. In the case o f a survey

with full sky coverage, similarly to the three-dimensional case treated in chapter 3, 

the covariance matrix is well approximated by a diagonal matrix if each bp1 appears in 

one estimator only. However, as we will see in section 6.6, in the presence o f a mask, 

different b'en are correlated, therefore (6.55) will no longer be valid. For an order-of- 

magnitude estimation o f the expected error on the bias parameter, let us consider only 

equilateral configurations (i.e. configurations where l\ =  — £3 ), and assume full sky

coverage for a survey with the APM  selection function. It is easy to estimate the error 

achievable 011 c\ using equation (6.55) and considering that second order perturbation 

theory should hold up to i  =  35. This choice is justified by the following argument: 

in the three-dimensional galaxy distribution, second-order perturbation theory breaks 

down at /,; ~  0.6 (M pc /i- 1 ) -1 that corresponds to a scale o f the order o f 10 M pc h ~ l . 

At the medium depth o f the A PM  survey (335 M pc /?,—1), this subtends an angle o f 

about 0.03 radians (in agreement with the findings o f Gaztanaga & Bernardeau 1998), 

corresponding with I >  33. This order o f magnitude calculation yields an estimate for 

the error 011 c\ o f about ±3 .5 , which is not really encouraging. However, this is only 

an order-of magnitude calculation: a more rigorous treatment is implemented in the 

next section.

6.5.3 The choice of the triplets

As already discussed in chapter 3, the choice o f the triplets to evaluate the bispectrum 

is very wide, but, speed and memory considerations force one to simplify the analysis 

by ensuring that the covariance matrix is diagonal, for a full sky survey, this can 

be achieved by ensuring that each i  appears only in one triplet. The choice o f the 

ratio between the t s  (the shape) o f a triplet, is influenced by the behavior o f the 

bispectrum: triplets with the same shape give an almost degenerate information 011 

<1 and c-;, in practice each shape can constrain a linear combination o f c\ and c2: the 

likelihood will be aligned along a straight line in the c i,c2 plane. The best choice to try 

to lilt this additional degeneracy is to combine the likelihood for equilateral triplets 

(f| =  b, =  f :i) with the likelihood for degenerate triplets (£\ =  £ 2 and £3 =  2 tj).
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6.5.4 Covariance

To perform a likelihood analysis we need an expression for the covariance matrix for 

our estimator Be 1e2e3- It is easy to verify that, if each I appears only in one Bele2i3 

then the B e1e2e3 are uncorrelated, that is:

(B tih isB utstz) =  {Beie2e3 } (B e/ie5e6) (6.57)

if li 7̂  l j ,  where 'i =  1 ,2 ,3  and j  =  4 ,5 ,6 . This means that the off-diagonal terms o f 

the covariance matrix are zero. In fact:

(ft, S.&)(&&&)771177427713 77147725777.6
(6.58)

where we used the fact that b =  (—l ) mb jm. Analogously to chapter 3, the quantity 

{b™lbe ? be ? bU*bZ *bt ? )  can be sPnt int0:

a) 15 cyclical permutations o f the kind (6™1 ) (6^5 br̂ 6) that are all zero 

if li l j .  where z =  1 ,2 ,3  and j  =  4, 5, 6,

b) 1 term

B e 1e2i 3B e 4e5e6 ^  ^  ( m i m 2 m3)  (m 4 m5 m6)  =  ( B h h h )  { B l a s t s )
mi m2 m3 171417151716

c) 9 cyclical permutations o f the kind:

where i , j , k  is any permutation o f 1,2,3 and i'j'k ' denotes any permutation o f 

4,5,6. These terms in c) are all zero unless there are repeated I in two different

D a -

The term in b) cancels when subtracting the mean to the covariance. Let us now 

consider the diagonal terms o f the covariance matrix: these are given by equation

(6.58) with the following identities for the indices: 1 =  4, 2 =  5, 3 =  6. For symmetry 

considerations we can restrict ourselves to consider l\ <  I2 <  l$- In the case where 

l\ <  I 2 <  I3 we have:
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in a) only one term survives giving CV, Ci2 Cp3.

in c) using (6.75) we have 3  ̂ t

In the case where P.\ =  12 <  3̂ we have:

in a) C ' l  C ? ,  [2 +  E m m ' ( m - m ( / 3)  (m / - n / o ) }  in the particular case where Z3 =  

211 (degenerate configurations) as shown in section 6.7 (equation 6.72) we obtain

to very good approximation: C jx C (3 2 +  \/ (2irli) / (1 +  4£i) 

in c) ro B 2h h l 3

For equilateral configurations where l\ =  £2 =  h  — £ we have:

in a) G'f [e +  9 Emm' (m -m  o ) (m '-n /o ) ]  wllicll> to a ver.V 8ood  approximation, 

is ~  C j  [6 +  9 x 1.15/(2£ +  1)]

in c) 9Djff

6.5.5 Likelihood analysis of a simulated catalogue

We created an all-sky catalogue with the A PM  selection function 

(c/>(r) oc r -0 1  exp[(—r /3 3 5 )2]) (e.g. Maddox, Efstathiou & Sutherland (1995), Gaz- 

tanaga & Bernardeau (1998)), by replicating an N -body simulation o f 500 M pc h r 1 

side and then sparsely sampling and projecting to the plane o f the sky 2303636 par

ticles (galaxies for our purposes) accordingly to the APM  selection function. The 

simulation was supplied by J. Peacock with the A P 3M code (Couclnnan 1991); the 

characteristics are: 128'3 particles, CDM  transfer function (Bardeen et al. 1986), 

T =  0.25, SI =  0.3, A =  0.7, evolved to <78=1 to best fit the observed cluster abun

dance; this choice gives a good fit also o f the COBE 4 years data (e.g. Tegmark 1996). 

The rate ot sampling used ensures that the probability o f selecting the same particle 

in the simulation more than once in the replicated box is negligible.

Figure 6.2 shows the angular power-spectrum for the simulated projected cata

logue. The solid line is the underlying power-spectrum obtained from the 3D one by 

applying convolution with the selection function and full-treatment projection; the 

dashed line is the underlying linear power-spectrum. Deviations for linear theory are
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i

Figure 6.2: The power-spectrum in spherical harmonics fo r  the simulated projected  

catalogue. The points are the Ce measured fo r  the catalogue, the solid line is the un

derlying power-spectrum, and the dashed line is the underlying linear power-spectrum. 

The underlying power spectrum, is obtained from the 3D one by applying the. selection  

function and the full-treatment projection. Deviations from  linear theory are already 

evident at i  ~  40.

already evident at I  ~  40. In order to lift the degeneracy between c\ and C2 we 

consider equilateral and degenerate configurations. The likelihood for equilateral con

figurations is shown in Figure 6.3; it does not give a strong constraint on the bias: 

perturbation theory breaks down at £ ~  40: up to I <  40 there are only 18 indepen

dent equilateral triplets 3. The likelihood for degenerate configurations gives a better 

constraint on the bias. Perturbation theory for this configuration breaks down where 

the short i  is I  =  40. Likelihood contours for degenerate triplets configurations where 

the short i  is 20 <  i  <  40, are shown in Figure 6.4.

From this analysis we can conclude that from a two-dimensional galaxy survey 

with the A PM  selection function, even if it is an all-sky survey, it is only possible to

*18 is the number o f independent D a as defined in eq. 36 with £ , : = £ <  40, i =  1 ,2 ,3 . The 

presence o f the 3-J sym bol for equilateral configurations requires I  to be even, £ =  2 is discarded 

because it is contam inated by the galaxy quadrupole
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c,

Figure Likelihood contours fo r  equilateral triplets configurations. The two levels 

(■where the downhill direction is indicated fo r  clarity) are the 1—a and 3-a confidence 

levels and the +  indicates where the true value for  the parameters lies. Perturbation  

theory breaks down at t  ~  40 here t  up to f  2 are considered even though the likelihood 

only fo r  the triplets between I =  40 and i  =  42 includes the true value just within the 

boundary o f the 3 — a level. This configuration does not place strong constraints on 

the bias parameter.

constrain a combination o f the linear and quadratic bias parameter, or, alternatively, 

if we assume (without justification) that the bias is linear, i.e. 62 =  0, with 68% 

probability 0.7 <  c.\ <  1.4 therefore 0.7 <  by <  1.4.

6.6 W indow issues

The treatment, illustrated up to now is valid only for full sky coverage. Realistic 

catalogues do not have full sky coverage; even in the analysis o f the CM B bispectrum, 

despite the fact that the temperature map has full sky coverage, the area o f the sky 

covered by the galactic plane would need to be discarded. The presence o f a window 

couples different spherical harmonics coefficients that otherwise would be uncorrelated. 

In this section we will investigate how the presence o f a window such as for example
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Figure 6.4: Likelihood contours fo r  degenerate triplets configurations. The two levels 

are the l —o  and 3-a confidence levels and. the +  indicates where the true value for the

parameters lies. Perturbation theory breaks down at £short =  40. 

the one o f the A PM  catalogue will complicate the analysis.

6.6.1 W indow  for the A P M  catalogue

The A P M  catalogue covers about 100° x 50° around the south galactic pole i.e. from 

21//, to 5h and from —72° to —18°. This means that we can think about cutting out 

2 circular regions o f radius 25° each ( equal to ~  0.436 radn.)

The mask for each o f these regions therefore will be:

M (O ) =  1 if 9 <  0.436; <f> e  [0, 2tt]

M (fi)  =  0 elsewhere (6.59)

Since for Laplace’s series:

(6.60)
l,m

we obtain:

(6.61)
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Figure 6.5: M.® as a function o f I up to I =  200

where P[(x) is the Legendre polynomial and 5K is the Kronecker delta.

In order to see how the presence o f the window is going to couple different spherical 

harmonics (i.e. modes with different Z’s and m ’s) consider:

w mim2
\ir

- l ) m> /
J An ~ T

l)mi J (2_h +  1)(2 12 +  1) £
47T

( h h
' 1

0 0 \
=  W, T i l l  |

Uh

h  h  I ^

—m i m 2 0 j  

(6.62)

therefore a circular window can mix only modes that have m i =  m-i- 

M }’ is plotted in fig. f as a function o f I up to I =  200.

From figure 6.5 one might expect that the sum in (6.62) can be truncated at about 

I =  60 or 70.

The spherical harmonic expansion coefficient measured in the presence o f such a 

window (/>)") will be a linear combination o f all spherical harmonic coefficient obtained
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if there was full sky coverture (a” 1).

W  =  £  w r r ' a f  =  £  W ^ m (6.63)
I'm,' V

In the bispectrum analysis we need: (6™16™2 i>™3 ) that is the triple sum:

(6.64)
il'l"

W l”ll  can easily be calculated once Adji1 are known. The problem  arises when 

one needs to do a likelihood and therefore consider uncorrelated triplets. From the 

behavior o f  w j'r̂  ̂ it looks like one would need a condition on m  and / to be sure to 

pick up uncorrelated modes. Alternatively the full covariance matrix and its inverse 

will need to be calculated, at the expenses o f considerable complication: each matrix 

element will be a sum over 6 indices involving the product o f six W™ ... Under certain 

conditions the covariance matrix could be made block diagonal and the inversion 

operation could therefore be simplified.

6.7 Useful formulae for the high I  regime

Before drawing the conclusions we present some formulae that have been used through

out this chapter.

Library routines dealing with spherical harmonics at high i  can sometimes fail; 

here we present some asymptotic results which can avoid problems.

The 3J sym bol may be written (^o^o) is:

_  ( U L I (L -  2h)\(L -  2 m L - 2 £ 3)\ 
V> 0 V  -  ( i }  Y (L  +  1)!

(L/2)\
(L/2 -  h)\(L/2 -  h)\(L/2 -  ¿3)\

(6.65)

where L =  i\ +  ¿2  +  U

In the special case where t \ =  12 — £ and l 3 — 2i this becomes:

2[r(2£)]2
(6 .66)

Numerical routines to calculate the 3J symbols usually encounter problems for large 

I. We therefore evaluated an approximation based on the Stirling approximation: i.e.
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•/;,! =  r (//, +  1) and (Gradsliteyn & Ryzhik 1965)

T(z) ~  e~ zz z~ 1 /2 (2 n )L/,;2 for large z. (6.67)

This approximation for the F function is quite good, in fact it introduces an error o f 

only 4% at z =  2. Using this approximation we obtain for equation (6.65):

N , ( - 1 ) L/2 21/4^ _____________________________________________ r L/2+1/~_______________________________  , . . m

11 (L  +  l ) t / 2+1/ 2+ 1/ 4 [ ( i / 2 - < 1) ( i / 2 - < 2 ) ( L / 2 - « 3) ] 1/ 4 '

This approximation introduces a small error o f a few percent at t  ~  20. For equation

(6.66) we obtain:
0.25

(6.69)(1 f. 2e\ 1
( — )(0 0 oj Vl + 4£ 1\l2n )

When the m ’s are non-zero it is still possible to find a simple expression for the 3J 

sym bol in special cases. For example if G =  l\ +  l2 we have:

(h  h f-i+f-i \ _  / I \ î— ¿i+mi+m.2 „

(2£i)!(2^2)!(^i + h  +  m i +  m 2)\{ii +  2̂ -  m i -  m 2)! . .

# ■ 7 0 )
V (2£x +  2£2 +  l ) ! ( € i  +  m\)\(i2 +  m2)\{i 1 -  r m ) ! ^  -  m2f!

In the special case where i \ — l 2 — I the previous expression can be further simplified 

and approximated -using (6 .67)- by:

if  f 21 \   / iwm+m, (^ t t )1/ 4 /  (21 +  mi +  7n2)!(2 l -  m i -  m 2)\
2 mi-m-i) \/l +  4£ +  122i Y (/ +  m i) ! ( f  +  m 2)!(£ — m i) ! ( f  — m 2)!

(6.71)

In the calculation o f the covariance matrix for “degenerate” configurations for the 

quantities Bp^f we came across with the following sum over m  o f a product o f two 

3.1-symbols. A 11 useful expression for it is the following:

V  ( ,  lM W , < Ml 2<2+ lt'f » r (2  __ 2 « l[(2<  -  l ) ! ]2
. w  ' ( i +  4 ,)r(«)r(2 ( , + 1)2 _  (1 + « ) ( « - 1)! 1 '

where we used the fact that T(n) =  (n  — 1)!.

For large I using the above approximation for the Gamma function we obtain:

• ¿ " ( i m ) ?  _ S ( 2 * w i t ) , , ,  . .
( i + « ) r ( 4 < )  (1 1 if) "  1 71)

this approximation works very well also at low £, in fact introduces an error below 1%

at i  =  6.
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The orthogonality relations for 3J-symbols are also widely used:

E  ( m l  m 2 m 3 ) 2 =  1  ( 6 - 7 4 )
m 1 m2 777.3

ind

Y "  (ti ^  h  \ (h  i2 U \ _  1 xK xK u . 7,s
\'ml m2 m3/  \ml m2 m4/  (2I3 +  1) 3 7714mi m2

W hen calculating the spherical harmonic coefficients for a galaxy distribution on the 

celestial sphere, numerical problems arise with the associate Legendre polynom ial at 

high I. Routines based on the recurrence relations used for example by the numerical 

recipes routines (Press et al. 1992) fails at i  ~  35 if m  ~  I, at slightly higher i  for m.

I. The asym ptotic expansion for the associate Legendre polynom ial (e.g.Gradshteyn 

& Ryzhik 1965):

—  + w + —  + ^
is valid for | i  |̂ >| m  |, | i  |3> 1 and e <  6 <  it — e.

However the use o f the recursive relations involve the calculation o f {2 l — l)\\ that 

at high I can create numerical problems. Using the following expression for the L 

function:

r(n  +  l /2)  =  ^ ( 2 n - l ) ! !  (6.77)

and (6.67) for the T function for big argument we obtain:

1N11 271+1/ 2(n +  1 /2 )"  ^
(2 n - 1) !! =   J2  (6-78)

This approximation introduces an error o f only a few percent for n  ~  10.

W hen calculating the spherical harmonics at higher i  problems arise not only with 

the associated Legendre polynomial, but also with the part that involves the ratio o f 

two factorials. A  better way to calculate the spherical harmonics, fast and accurate to 

high i  is based on the algorithm proposed by Muciaccia, Natali & V ittorio (1997). In 

essence the numerical problems can be avoided by defining the normalized associated 

Legendre polynomials A™:

A ? (co sS ) ,  ^ | p r < c o S» ,  (6.79)
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The recurrence relation for A"1 is:

A”' (•'''■) =  x\T_x{x )~
(l  +  m — 1 )(£ — m  — 1 ) un i A
------—- — —— — -T------

/

with expressions for the starting values:

K n(x ) = (G.81)

Am+1(®) =  x V 2 m  +  3\™(x) (6.82)

numerical evaluation can be greatly speeded up by noticing that the factor in (6.81)

depends only on rn and can therefore be calculated and/or tabulated for m  <  t max 

only once.

6.8 Conclusions

In this chapter we have developed the theory for the angular bispectrum o f projected 

galaxy catalogues, using perturbation theory. The main theoretical result is the exact 

expression, in spherical harmonics, for the second-order perturbation theory bispec- 

trum o f an angular catalogue. The mathematics developed for this purpose can be 

straightforwardly applied to CMB and gravitational lensing studies.

In analyzing projected galaxy catalogues, since the bispectrum is a measurable 

quantity, and its theoretical expression depends on measurable quantities via the un

known bias parameter, it is possible to extract the bias parameter via a likelihood 

analysis. We have therefore investigated its use as a tool for measuring the bias pa

rameter for the galaxy survey. In principle, it is an alternative method to using 3D 

galaxy redshift surveys, without the complicating effects o f redshift distortions and 

higher shot noise.

We have, however, also calculated the expected error on the linear bias parameter 

from an all-sky catalogue with a selection function similar to the A PM  survey. We find 

that the results are not encouraging for projected catalogues, and that it is preferable 

to undertake a bispectrum study o f 3D galaxy redshift surveys such as the A A T 2dF 

or the Sloan Digital Sky Survey, using the methods discussed in chapter 3 and 4. Tests 

on simulated projected catalogues confirm our analytic findings. Similarly to chapter
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3, one can reduce the errors by subdividing the sky, but by modest factors which do 

not change this basic conclusion, and at the expense o f considerable com plication in 

the analysis through window convolutions.
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Chapter 7

Where to look for 

non-Gaussianity in the initial 

conditions: cosmic microwave 

background vs. large-scale 

structure

Future CM B missions such as M AP and Planck satellites will measure cosmological 

parameters with exquisite precision, but this does not diminishes the im portance o f 

extracting the same parameters independently and possibly in advance, from obser

vations o f  the local Universe. Not only large-scale structure determination o f cos

mological parameters such as flo will be o f vital importance to remove some o f the 

degeneracy Cosmic Microwave Background (CM B) experiments suffer, but will also 

offer an independent consistency check.

The main underlying assumption o f CMB cosmological parameters determination 

and o f the first part o f this thesis (chapters 3-6) is about the statistical properties of 

the initial perturbations: they are assumed to follow a Gaussian distribution.

In particular for the bispectrum method, the higher-order statistics, work by ex

ploiting the fact, that gravitational instability skews the density field to high densities
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as it evolves. This behavior can also be mimicked by biasing, but these two effects can 

be separated by the use of information about the shape of the structures: in essence 

the effect of biasing is to shift iso-density contours up (or down), while m aintaining 

the shape of the contour; gravitational evolution, instead, changes the shape, usually 

leading to flattening of collapsing structures (e.g. Zeldovich pancakes). Bu t some 11011- 

Gaussianity in the initial condition will introduce 11011-zero higher order correlations 

and change the starting shape of the structures, thus could in principle invalidate the 

method.

I11 the standard (inflationary) model for triggering structure formation, prim or

dial fluctuations are very close Gaussian, but there are other models which predict 

distinctively 11011-Gaussian initial conditions. I11 particular, the announcement, of the 

presence of a non-Gaussian signal in the C O B E  4 years data, re-opened the debate 

about the nature of the initial conditions.

I11 the second part of this thesis we investigate 4 (possibly complementary) ways 

to probe the nature of the initial conditions.

I11 particular we will start by analysing and comparing the C M B and L SS  bispec

tra and we will show that if C M B maps appear Gaussian or if the departure from 

Gaussianity is small enough, any effect 011 the L SS bispectrum  will be negligible and 

therefore the bispectrum  method will hold.

Cosmic-microwave-background and large-scale-structure data will shortly improve 

dram atically with the Microwave Anisotropy Probe and Planck Surveyor, and the 

A nglo-Australian 2-Degree Field and Sloan Digital Sky Survey. It is therefore tim ely 

to ask which ol the microwave background or large-scale structure will provide a better 

probe ol prim ordial non-Gaussianity. In this chapter we consider this question, using 

the bispectrum  as a discriminating statistic. We consider several non-Gaussian models 

and find that in each case the microwave background will provide a better probe of 

primordial non-Gaussianity. Our results suggest that if  microwave background maps 

appear Gaussian, then apparent deviations from Gaussian initial conditions in galaxy 

surveys can be attributed with confidence to the effects of biasing. We demonstrate 

this precisely for the spatial bispectrum  induced by local non-linear biasing. The 

content of the present chapter appeared in Verde et al. (2000).
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7.1 Introduction

Information about the physical processes that generated these primordial fluctuations 

can be gleaned by testing whether their statistical distribution is well approximated 

by a Gaussian random field. In particular, the simplest versions o f inflation predict 

nearly Gaussian initial fluctuations (e.g., Gutli & Pi 1982; Hawking 1982; Starobinski 

1982; Bardeen, Steinhardt Sz Turner 1983), but there are other models o f inflation 

(Allen, Grinstein & W ise 1987; Kofman h  Pogosyan 1988; Salopek, Bond & Bardeen 

1989) and models where structure is seeded by topological defects (Vilenkin 1985; 

Vaehaspati 1986; Hill, Schramm & Pry 1989; Turok 1989; Albrecht & Stebbins 1992) 

that generate non-Gaussian fluctuations.

By looking at cosmic-microwave-background (CM B) anisotropies we can probe 

cosm ic fluctuations at a time when their statistical distribution should have been close 

to their original form. At present, the limited signal-to-noise or sky coverage o f existing 

experiments is not sufficient to provide conclusive evidence either for or against non- 

Gaussianity (e.g., Heavens 1998; Ferreira, Magueijo & Gorski 1998; Kamionkowski 

& Jafle 1998; Pando, Valls-Gabaud & Fang 1998; Tegmark Sz Bromley 1999). An 

alternative approach is to analyze the present-day statistics o f density or velocity fields 

o f large scale structure (LSS). In principle, this is a more com plicated approach, since 

gravitational instability and bias can introduce non-Gaussian features in an initially 

Gaussian field, and these may mask the signal we desire to measure. This issue will 

be addressed in chapter 8. The CMB and LSS data will shortly improve dramatically 

with the Microwave Anisotropy Probe (M AP) and Planck Surveyor satellites and the 

2dF and SDSS surveys. For this reason it is timely to ask which o f the CM B or LSS 

is the better place to look for detecting a primordial non-Gaussian signal.

In this chapter we use the skewness and bispectrum to determine which o f the 

CM B or LSS provides a better probe o f non-Gaussianity. To do so, we consider sev

eral models with a primordial non-Gaussianity whose amplitude can be dialed from 

zero (the Gaussian limit). Throughout we neglect complications o f pixel noise and 

foreground in the CM B, although we include shot noise in LSS. We then calculate the 

smallest non-Gaussian amplitude that can be detected with M A P /P lanck  map and 

with 2dF/SD SS. In each case, we find that the smallest non-Gaussian amplitude de
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tectable with CM B map is smaller than that from a galaxy survey, even if  we neglect 

the com plicating effects o f biasing.

O f course, there is an infinitude o f possible deviations from Gaussianity and we 

cannot address them all. However, physical mechanisms that produce non-Gaussianity 

generically produce a non-vanishing bispectrum. O f the correlation functions which 

are zero for Gaussian fields, the bispectrum is the lowest-order and usually the most 

easily detectable. Although this argument is not fully general, we show that it holds in 

several non-Gaussian models that have been considered in the recent literature. Our 

results suggest that if the CMB maps provided by M AP and Planck are consistent with 

Gaussian initial conditions, then any signatures o f non-Gaussianity found in galaxy 

surveys (apart from those from non-linear clustering) can be attributed to biasing. 

Even though the overall amplitude o f the signal is smaller for the CM B than for LSS, 

every non-zero detection o f CM B bispectrum is a direct detection o f primordial non- 

Gaussianity, while the perturbative non-Gaussian contributions to the LSS bispectrum  

swamp the desired signal.

7.2 The skewness

In order to determine whether a field is Gaussian, we need a discriminating statistic. 

We shall principally be concerned with the bispectrum, as it is the Fourier counterpart 

o f the lowest-order connected correlation function that generically arises in physical 

mechanisms that produce non-Gaussianity, and it is able in principle to distinguish 

between various sources o f non-Gaussianity (e.g. primordial, non-linear growth, bias). 

However, we begin by discussing the skewness in LSS and the CMB. The skewness 

is related to the bispectrum but contains less information, however, as a real space 

statistic, it is conceptually simpler. Section 7.2 is largely for illustration; detailed 

calculations are presented for the bispectrum in section 7.3.

7.2.1 Skewness in Large scale structure

The statistical properties o f the fluctuations in the cosmological mass density field 

fi(x) =  [p(x) —p]/p can be characterized by the n-point moments, (5n). By definition,
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(f')'(x)) =  0. If the fluctuation field is Gaussian, then the probability distribution for 5

is

J -
2 cr2

from which the moments (n =  0, 1, . . . )  can be calculated to be

p {8 ) =  —= ^ e x p  
v  Z7TCJ

(7.1)

(52n) =  (2n -  l ) ! ! ( i 2)”  =  (2n -  l ) ! !a 2n, (7.2)

where cr2 =  (6 2). The odd moments are o f course zero. To linear order in perturbation 

theory, 6 grows by an overall normalization factor, S(x, t) =  D (t ) 8 (x , to), so an initially 

Gaussian distribution will remain Gaussian as long as linear perturbation theory holds.

To higher order in perturbation theory, gravitational instability will induce de

partures from Gaussianity. To describe the evolution o f non-linear fluctuations in 

perturbation theory, as illustrated in chapter 1, we expand the fluctuation field in a 

series,

¿ =  ¿(^  +  ¿(2) +  . . . ,  (7.3)

where 5̂ n^ O ( 8 n) (e.g. Goroff et al. 1986; Fry & Scherrer 1994b). In the weakly non

linear regime, the series can be truncated to second order. The lowest-order deviation

from Gaussianity is described by (d3). In the weakly non-linear regime, Gaussian

initial conditions give rise to a non-vanishing skewness (e.g. chapter 1 section 1.6.3, 

Peebles 1980),
n -  i f }34 , 7 4 |

in second-order perturbation theory.

For generic non-Gaussian initial conditions, Fry & Scherrer (1994b) found the 

skewness in second order perturbation theory to be

34 _  26 (¿g)2 _  8 3 / [% ) ]  10 £(4)0 6 I [£@0]
¿3 — 03,0 +  ?  21 (¿2)3 7 \d 0 )  ( ¿ 2 ) 3  +  7 (¿2)2 +  7 ( ¿ 2 ) 2  >  ̂ '

where the subscript 0 denotes the quantity linearly evolved from the initial density field 

[e.g., in an Einstein-de Sitter Universe, <50 =  ¿(¿¿H i +  zi)] to tlie present epoch. The 

quantity /[£ (n)o] {n =  3, 4) is an integral that depends on the specific linearly-evolved 

connected (or irreducible) three- and four-point functions, £ ( 3)0 and £ ( 4 ) 0 , respectively. 

(For Gaussian initial conditions, £(„)0 =  0 for n >  3.) Fry & Scherrer (1994b) find 

that /[£(.„)0] <  £(„)o(0) for n =  3 ,4  for several non-Gaussian models they explore
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(see also Gaztanaga & Fossalba 1998b). All terms in the RHS o f equation (7.5) are 

time-independent apart from Ssp which scales like oc S-ip{z =  0)(1 +  z) in an

Einstein-de Sitter Universe.

It is therefore useful to define the time-independent quantities p% =  (nor

malized skewness) and p4 — £(4)5o/cr4 (normalized kurtosis). W hen written in terms 

o f the relevant quantities at decoupling (i.e., at z ~  1100),

S-i cz —  +  P -    -  dip2o +  d2P4, (7.6)
3 7 1100(t{z =  1100) V '

where d\ — d2 — 2.

Now suppose we have a survey o f N  independent volumes among which the rms 

fractional density contrast is a. Then, from equations (7.2) and (7.4), it follows that 

in the mildly non-linear regime, the standard error due to cosmic variance with which 

the skewness can be recovered is

A S '* =  ^ \ / ^  +  17T  (7-7)

where we have used A(S3) =  a/15ct6 +  10{d3)2 and A (d 2}~\/2(74. O f course, since the 

mass will be traced by discrete objects (i.e., galaxies), the shot noise will increase the 

error estimate in equation (7.7).

So now let us consider the 2dF and/or SDSS. The present-day skewness in vol

umes o f side 10 h~l M pc could be measured with a standard error at least AS;i ~  

2() IV-1 / “ ~  10-1  (see also Colombi, Szapudi & Szalay 1998), where N  is the number 

o f such cubes in the survey volume. Thus, equation (7.6) tells us that a primordial 

normalized skewness on the 10 /?.—1 M pc scale could be identified in a statistically- 

significant manner in 2dF and/or SDSS only if p-j exceeded about 10- 2 .

7.2.2 Skewness in the C M B

For simplicity, consider an Einstein-de Sitter Universe. Then a region o f com oving 

size 10/i-1 M pc (where h is the Hubble parameter in units o f 100 km sec-1 M p c- 1 ) 

subtends an angle ol 0.1°. Now suppose that a full-sky cosmic-variance-limited 0.1- 

degree-resolution CM B map (close to the Planck Surveyor’s specifications) finds that 

the distribution ol temperature fluctuations A T/T  is consistent with Gaussian with
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a variance a 2 =  ((Sp/p)2) ~  0.1(<5T/T)2 ~  (10- 4 )2 (where Sp/p is the fractional 

density perturbation at a redshift z  ~  1100, when the CM B decouples). The largest 

primordial normalized skewness p3 =  ((Sp/p)3) /a3 that would be consistent with such 

a map would be ^Jl5/Np\x ~  10~3, where N p¡x ~  10' is the number o f 0.1 x 0.1-degree 

pixels. We have neglected instrumental noise and assumed systematic effects will be 

under control. Still, a sensitivity to a value as small as p3 ~  1CT3, or perhaps an order 

o f magnitude larger, is a realistic expectation o f CMB maps.

If we compare this with the nominal smallest normalized skewness p 3 ~  10-2  

accessible with LSS, it appears that the CMB has, perhaps an extra order o f  magnitude 

in sensitivity. On the other hand, there may be systematic effects in both  the CM B 

and LSS measurements that may affect both estimates, and our argument was only 

qualitative. Thus, we conclude from this exercise that the CM B and LSS should 

provide roughly comparable sensitivity to a primordial skewness on 10 h ~ l M pc scales, 

with perhaps a slight edge to the CMB. In practice noise and foreground contam ination 

may restrict the CM B analysis to larger scales than 0.1 degree; later we will investigate 

CM B fluctuations on scales larger than 1 degree. On these physical scales the cosm ic 

variance in LSS would lose all sensitivity to a primordial bispectrum. Since these 

heuristic arguments are inconclusive to orders o f magnitude as to which o f the CM B 

and LSS provides a better probe o f primordial non-Gaussianity, we now proceed to 

consider realistic models more carefully.

7.3 C M B  and LSS Bispectra

The skewness has the advantage o f being far easier to calculate than the full three- 

point, correlation function, but it does not contain as much information. We therefore 

prefer to investigate the bispectrum (the three-point function in Fourier space) for 

reasons which have been rehearsed before (e.g. chapter 3 and Matarrese, Verde & 

Heavens 1997). In addition, various theoretical models for structure formation yield 

directly Fourier-space quantities, so the bispectrum allows a more straightforward 

relation between measurable quantities and theoretical predictions.
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7.3.1 LSS Bispectrum

We define the Fourier transform o f the fractional overdensity perturbation by dp =  

/ 77%  ^(x ) ex p (—ik  ■ x ). The spatial bispectrum B {k 1; k 2, k 3) is defined by (chapter[Z7T )

3)

(¿k i(5k2^k:i) =  5 (k [ ,  k2, k 3)dD (ki +  k2 +  k 3) (7.8)

where the angle brackets denotes an ensemble average or, under the fair sample hy

pothesis, the average over a large volume, and 5D is the Dirac delta function.

To second-order in perturbation theory, the bispectrum may be written as a sum 

o f a part induced by gravitational instability (Fry 1984) and a primordial part:

S ( k i ,k 2,k 3) ~  B 0(k i ,k 2,k 3)

+[2J(k1,k 2)P0(* i)i,o(fc2) +  ey e ]

+  f  d3k H[J (k „, k 3 —k a)T c(ka, k 3 — k a, k l5 k 2) +  ey e ] , (7.9)

where J (k n, k /,) is a function almost independent o f the non-relativistic-matter density

Do and cosmological constant A (Bouchet et, al. 1992; Bouchet, Hivon h  Juszkiewicz

1995; Bernardeau 1994b; Scoccimarro et al. 1998; Kamionkowski & Buchalter 1999).

Its detailed form need not concern us here. Here, Bo is the primordial bispectrum

(which we wish to probe) linearly evolved to redshift z, Po is the power spectrum and

T r denotes the connected trispectrum, which is the Fourier transform o f the connected

4-point correlation function. The last two terms arise from non-linear gravitational

instability (see e.g. Catelan & Moscardini 1994a). In principle, this last term (=  B t )

may be important, as it grows as fast as the usual disconnected part. We will show

later that this term is very small for a range o f proposed models.

As already seen for the skewness, in an Einstein-de Sitter Universe, B q { z ) oc

(1 +  z )~ A and [Po(z)]2 oc (1 +  z ) - 4 , so the primordial bispectrum redshifts away

in comparison with that arising from non-linear gravitational clustering ! .

'in  a lum-Eiiisteiu-de-Sitter model, the suppression factor (1 +  z)  is replaced by g { z ) ( l  +  z ), but 

tor reasonable values of S2o and A, this factor is 0.3 <  g(z)  <  1. Thus, we will assume an Einstein-de 

Sitter model from now, noting that the general arguments are essentially unchanged in more general 

models.
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II we suppose that the galaxies (subscript g) are locally biased with respect to the 

mass, then the density o f galaxies 5g can be Taylor expanded in the mass density to 

second order, 5g =  bo +  b\6 +  ^b252, for some biasing coefficients b-i. The quantity bo 

affects only k  =  0, so it can be ignored. The bispectrum for the galaxies is then

5 s(ki,k2,k3) ~ 6f5 0 (ki,k2 ,k3)+

{Po(ki)Po(k<2 ) [6 f2 J (k i,k 2) +  b2b f]}  +  eye. +  b\BT - (7-10)

So, assuming that the initial (or the linear) power spectrum is precisely known, we

can do a likelihood analysis only if we also have a model for the initial (or linear)

bispectrum  and trispectrum as a function o f the three wave numbers. As we found 

previously, the primordial bispectrum redshifts away, and we can realistically only 

detect non-Gaussianity if B t  is significant. In section 7.4 we will quantify further this 

argument by showing that for all the models considered B t  B q. Let us parameterize 

the observed bispectrum as

B g{ ki,k2 ,k3) =  Po( î)-Po( 2̂)[ci2 J(ki, k2) +  c2] +  eye. (7.11)

In order to assess the precision with which the bias could be measured, in chapter 3 we 

evaluated the precision with which the parameters c\ and c2 could be recovered from 

a likelihood analysis o f the 2dF and/or SDSS. From figure 3.7, we conclude that if 

the positions o f all o f the galaxies in the survey volume are known, then (a) c\ can be 

determined with an error o f ~  6 x  10-3  if c2 is fixed; (b) c2 can be determined with an 

error o f ~  1 x  10-2  if C\ is fixed; and (c) the joint determination o f the two parameters 

allows ci and c2 to be recovered with errors o f 1 x  1CT2 and 4 x  10- 2 , respectively. 

The analysis o f chapter 3 further shows that the bispectrum signal comes primarily 

from k ~  0.1 — 1 h M pc- 1 . (All o f these estimates would be reduced only by about a 

factor 20 if we could map the mass throughout the entire Hubble volume rather than 

just in the survey volume.) We will use these results, which include shot noise, to 

assess the smallest detectable primordial non-Gaussianity.
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7.3.2 C M B  Bispectrum

A CM B map o f the temperature T (n ) as a function o f position n on the sky can be 

decom posed into spherical harmonics,

A T (n )
T  = ^ 2 a emYem{n), (7.12)

tm

where the multipole coefficients are given by the inverse transformation,

ab n =  I  dhYlm(h ) AT^ n \  (7.13)

The CM B bispectrum B (1̂ 3 is defined by

I fi fo /o/ rni mo _ m3 \   o
\a£i ¿2 ¿3 ' ~  Wrth (7.14)

/

h  h  h

m \  m 2 m 3

where the factorization ensures statistical isotropy, and the last term is the W igner 3 

.1 symbol. The bispectrum is an attractive statistic in that error-bars can be assigned 

in a straightforward way, but in the case o f partial sky coverage and correlated noise, 

it is computationally expensive to compute (Heavens 1998).

If we parametrize the bispectrum by X  times some fixed function 3— as in

equation 7.14— , then the error on X  due to cosmic variance is given by (see, e.g. 

chapter G)

r —2   /  d~lnC \ ^ ( - ® f  i ICyCz)'*
d X 2 / ~  X i x < t 2< h  n C t ,  Cr„ C

Y  m i  7U2 m .3 j  

x  E m i ,m 2,m3 N (n u ,ii)  ’ (7.15)

C denotes the likelihood function and Cf =  (| a™ |), is the power spectrum o f 

the sky fluctuation. Here we assume that the estimators o f — a” *1 a£‘2aj,"3—

are uncorrelated, that the departures from Gaussianity are small and therefore the 

covariance matrix can be approximated by the covariance o f a Gaussian field that has 

the same power spectrum (Jungman et al. 1996; Heavens 1998), and we ignore the 

mixing which arises from partial sky coverage.

If one considers only the real part o f (a™1 a™2a™*) (see chapters 3 and 6) then 

=  1/2. The quantity N {m ,i,ii) is the number o f non-zero terms like Cf,C (.>C ^  in
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the covariance and ranges from 1 to 30. Equation (7.15) is valid as long as the noise 

does not dominate the signal. If N  =  1, then the sum over the W igner 3J sym bols is 

unity; the fact that N  is not equal to one reduces the sum by a only few percent, so

2  (7.16)
h<h<?3 G i G 2U£3

This expression ignores the effects o f pixel noise and foreground contamination. How

ever, the results we show below use I <  100 only, and for these modes, the pixel-noise 

variance in M AP and Planck will be negligible compared to the cosm ic variance. For 

foregrounds, the main concern on these scales is probably dust and it is an open 

question whether the effects can be adequately modelled.

7.4 Some non-Gaussian models

We now proceed to consider several classes o f physically-motivated models with pri

mordial non-Gaussianity in order to investigate more precisely the relative sensitivities 

o f the CM B and LSS. Since current measurements o f CM B and LSS power spectra 

are roughly compatible with cold-dark-matter (CDM ) models for structure formation, 

we first, consider CDM-like models and introduce some non-Gaussianity in several 

different ways. Specifically, we consider models in which the gravitational potential 

contains a part that is the square o f a Gaussian random field and models in which the 

density contains a part that is the square o f a Gaussian random field. We note that 

such non-Gaussianity may arise in slow-roll and/or nonstandard (e.g., two-field) infla

tion models (Luo 1994; Falk, Rangarajan & Srednicki 1993; Gangui et al. 1994; Fan 

& Bardeen 1992). Moreover both o f these models may be considered as Taylor expan

sions o f more general fields, and are thus a fairly generic form o f non-Gaussianity. We 

also consider 0 (N ) -a  models, as these will approximate the non-Gaussianity expected 

in topological-defect, models.

CMB bispectrum in inflationary models

It has been shown by e.g. Luo (1994); Falk, Rangarajan & Srednicki (1993); Gangui 

et al. (1994); Wang & Kamionkowski (1999); Gangui & Martin (1999), that the grav

itational potential bispectrum in inflationary models takes the special form (chapter
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6 ):

_B(ki,k2k 3) =  / ( k L,k 2) +  eye (7.17)

where

/ ( k i , k 2) =  f{k\ , fc2) =  A infiP {k i)P {k 2), (7.18)

P (k )  denotes the gravitational potential power spectrum and A{nfi is a constant that 

depends on the specific inflation model. Equation 7.17 can be obtained from symmetry 

considerations, but equation 7.18 is specific to the inflaton bispectrum. In particular, 

for slow roll inflation, Ainfi is related to the slow-roll parameters 77* and e* via:

Ainfi — oe* — 77* (7.19)

7.4.1 Quadratic model for the potential

We start by considering a model in which the gravitational potential <E> (in conformal 

Newtonian gauge) is a linear combination o f a Gaussian random field (j) and a term 

proportional to the square o f the same random field,

4> =  r/» +  « * ( f/>2 - ( 0 2» ,  (7.20)

where oq, parametrizes the non-Gaussianity; in the limit a$  —> 0, the model becomes 

Gaussian. We note here that such non-Gaussianity can arise in standard slow-roll 

inflation, and the parameter oq, ~  1 can be related to inflaton-potential parameters 

as illustated above and rigorously derived in e.g. Falk, Rangarajan & Srednicki (1993); 

Gangui et al. (1994) and Wang & Kamionkowski (1999).

These models contain a primordial bispectrum for the gravitational potential,

7?<i>(ki, k2, k :i) ~  2cv<i>[P<i)(A;x)i:’<j) (A;2) +  cyc.]. (7.21)

The leading terms in the connected trispectrum for the 4> field will be

^ | (k i,-  • -,k 4) ~

4(v|P.i,(k 1)P$(k2) [F$( | k i+ k3 |) +P$(|k1+ k 4 |)] +  eye. (7.22)

We use a scale-invariant primordial spectrum, Pq, =  A Hk~3, where the amplitude is 

fixed by GOBE to be, in our Fourier transform conventions, A n  ~  10-10 .
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0.001 0.01 0.1 1 

k  ( h -1 M p c ) ~ '

Figure 7.1: The inverse o f the function M .k evaluated at redshift z  =  0. In the regime 

where second order perturbation theory holds, this coefficient is between 10-5  and 10- 6 .

The relative contribution to the bispectrum o f B q and B t , R  =  B q/Bt , can be 

obtained from equation (7.21) and (7.22). By evaluating the integral we find:

R  1— , (7.23)
(X$Ah

The B t  contribution to the bispectrum will therefore be negligible compared with Bo 

if as long as ~  1010.

The Fourier coefficients <I>(k) for the gravitational potential remain constant to 

linear order in perturbation theory in an Einstein-de Sitter Universe. The Fourier 

(»efficients ¿(k , z) o f the density field evolve with time and are related to those o f the 

gravitational potential by the Poisson equation, which can be written

2k2T (k ) ( l  +  z)
¿ (k ,z )  =  M k{z)<S>(k), where M k{z) = ---------^ ---------. (7.24)

In passing, we note that Poisson equation in Fourier space ensures that the signal- 

to-noise for measuring the non-Gaussianity is the same for the density field and the 

potential field. The inverse o f the function M k {z  =  0) is plotted as a function o f 

wavenumber k in Fig. 7.1. Thus, the linearly-evolved power spectrum for the mass, 

P0(k ,z )  at redshift z is related to that for the gravitational potential (which remains 

constant in an Einstein-de Sitter Universe) by

Po(k,z) =  [Mk{z)}2P*{k), (7.25)



218 7: CM B vs. LSS

where the transfer function is (e.g., (Bardeen et al. 1986))

T ^  ~  (1 +  B k  +  C k W  +  D k 2) ’ 7̂ '26^

and B  =  1 .7M pc(fi/i2) - 1 , C =  9M pc3//2(fI/i2) -3 / 2 and D  =  lM p c2(S2/i2) - 2 . The 

bispectrum for the mass in this model is thus

J5(k1,k 2,k 3) ~

{ P i k j P f a )  + 2 J ( k 1?k2) ] }  + c y c .  (7.27)

Comparing equation (7.27) with equation (7.11), we see that this particular form of 

primordial non-Gaussianity leads to a present-day bispectrum that looks like a scale- 

dependent non-linear bias. In particular, for equilateral configurations, equation (7.27) 

becomes identical to equation (7.11) if we identify c2 =  2a<i,/M.k- We can therefore 

use the results o f chapter 3 to determine the smallest a<i> that would be detectable 

by 2dF/SD SS, under the assumption that there is no non-linear biasing2. Because o f 

phase space considerations, most of the signal conies from the largest wavenumbers 

for which second order perturbation theory holds, i.e. k ~  0.6 or A4jT1 ~  10~5 — ICC6. 

Thus, we conclude that the smallest a<i> that would give rise to an observable signal 

in the 2dF/SDSS bispectrum is a<i> ~  103 — 104.

The primordial gravitational-potential bispectrum in equation (7.21) will lead to 

a non-zero bispectrum in the CMB via the Sachs-Wolfe effect, and this bispectrum

■.an be calculated to be (Luo 1994; Wang &; Kamionkowski 1999), 3

e,e-,e3
' (2dL +  l)(2/?2 +  l ) (2 l3 +  1)

471

f
h  1 2 ¿3  

0 0 0

x — [Ci1Ce2 +  QjC^g +  Ci2Ce3\, (7.28)
Asw

"In the analysis of chapter 3 equilateral and degenerate (a repeated vector and one o f twice the 

amplitude and opposite direction) configurations are used; since the inverse o f the function M k  is not 

strongly ¿-dependent on the scales where most of the signal comes from, c-i =  2a ^ / M h  is still a good 

approximation.
'Actually, our calculation ignores the physics that gives rise to the acoustic peaks at I >  100. 

However, we restrict our analysis to I <  100. A more accurate treatment would change our results by 

no more than an order of magnitude, and this level o f precision is sufficient for our purposes.
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where .Asw — 1/3 is the Sach-Wolfe coefficient. Plugging this bispectrum  (and a scale- 

invariant set of C i) into equation (7.16), we learn that the smallest that could be 

detectable with a CM B map (using only i  <  100) is ~  204. (The dashed curve in 

figure 7.2 shows the smallest a<p detectable with the CMB as a function o f the largest 

multipole moment I  used in the analysis.) Thus, we conclude that the CM B will be 

at least two orders o f magnitude more sensitive to a non-zero value o f a <j> than LSS.

7.4.2 Quadratic model for the density

We now consider an alternative model in which the density field (rather than the 

gravitational potential) contains a term that is the square o f a Gaussian random field,

5 =  cj> +  ag ( f  -  (02))  , (7.29)

where now </) is some other Gaussian random field. Such a model has been considered 

in some two-field inflation models (e.g. (Luo & Schramm 1993))5.

Since the density perturbation evolves in linear theory with time (unlike the grav

itational potential), we must specify the epoch at which the density perturbation <5 is 

related to (¡> through equation (7.29). We choose this epoch to be the current epoch, 

z =  0. Doing so, the spatial mass bispectrum today due to primordial non-Gaussianity 

is

J3o(ki,k2,k 3) ~  2a5P {k i )P (k 2) +  eye., (7.30)

and (Luo & Schramm 1993) have shown that the contribution to the present-day

bispectrum  from the primordial trispectrum is negligible compared with this (B r  -C

Bo), as long as 2 0 P T  holds. By comparing with equation (7.11), we see that this

form o f primordial non-Gaussianity gives rises to a present-day skewness that mimics

precisely that due to a scale-independent non-linear bias. Again, from the results o f

chapter 3, the smallest detectable ag in this model is ~  0.01.

"'This result is in rough agreement with the conclusion that the a  ~  1 0 -  100 ((Luo 1994); (Gangui

et al. 1994); (M ollerach et al. 1995)) non-Gaussian signal from non-linear evolution prior to z ~  1100

is at best marginally detectable ((Spergel & Goldberg 1999; Goldberg & Spergel 1999)).
5Here as is a phenomenological parameter that varies from m odel to model, for exam ple it could

be arbitrarily large in some multifield inflation models (e.g. (Peebles 1999a; Peebles 1999b)).
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Now let, us consider the CMB bispectrum of this model. The spatial bispectrum 

for the gravitational potential here is

^ ( k r .k a ,  k3) =  2a* M ^ M k* [ P ^ P ^ ) }  +  eye. (7.31)
Mk  3

Although we have not carried out an exact calculation, it is easily seen (at least in 

the t  2> 1 limit) that

o(,A
I {2 £1 +  1) (2*2 +  l )  (2*3 +  1) [ ¿1 12 h  \

/  47T v 0 0 0

2a(j
x ■

2 i\l\
2 Q i Ci2—p  h eye. (7.32)

Asw

Applying equation (7.16), we find that the smallest detectable a j  in this m odel is 

~  0.01 (using only I <  100; results for other £max are shown in figure 7.2), which 

is comparable to the LSS error. However, since this model has more power in the 

CMB bispectrum at larger £, the smallest detectable a j  decreases by roughly an order 

of magnitude even if we go out only to £max =  200. Also in this case we find that 

CMB will provide a more precise probe o f a primordial bispectrum. Moreover, as a 

corollary, this particular result demonstrates that if the maps provided by M AP and 

Planck are consistent with Gaussian, then any measurement o f a non-zero C2 from the 

LSS bispectrum can be interpreted unambiguously as evidence for non-linear biasing, 

rather than some primordial non-Gaussianity.

7.4.3 O (N ) <7 models

The O (N )  sigma model provides an approximation to the non-Gaussianity expected in 

topological-defect or scalar-field-alignment models (Turok & Spergel 1991; Jaffe 1994). 

The N  — 1 model has domain walls, N  =  2 global strings, N  =  3 global monopoles, 

N  =  4 global textures, and higher N  correspond to non-topological-defect models. 

For large N  this model approaches the Gaussian model, so we take a a =  N ~ 1/ 2 

and as n „  — » 0 the models become asymptotically Gaussian. Since calculation o f 

power spectra and higher-order statistics for the CMB and LSS are quite involved 

for these models, our analysis will be only approximate. As we will see below, these 

order-of-magnitude estimates will be sufficiently precise for our purposes.
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Figure 7.2: The smallest non-Gaussian amplitude a  that can he detected with the CMB  

as a function o f the largest multipole m.oment I used in the analysis. The solid line is 

fo r  a model in which the present-day fractional overdensity field contains a term, that 

is the square o f  a Gaussian random field; the dashed line is fo r  a model in which the 

gravitationhl potential contains a term that is the square o f Gaussian random, field; 

and the dotted line refers to the O (N ) a models.

For equilateral-triangle configurations and for values o f k that can be probed with 

2dF /SD SS, an Ansatz for LSS power spectrum, bispectrum and trispectruin in the 

linear regime is (Jaffe 1994)

P  ~  12.5 IC2k T 2(k), B 0 ~  1 .6 K ?a <rT 3(k), (7.33)

T c ~/C4- i y T 4(fc), (7.34)
k a j

where AC ~  30 — 100 M pc2 h~2. From equations (7.33) and (7.34), B t  is found to 

be always <  0.450 • Since B q will be the dominant contribution to the bispectrum  

we conclude that the non-Gaussianity o f this model will act like a scale-dependent 

non-linear-bias contribution with

c2 ~  ~  a a [K.k2102T (k )]~ 1. (7.35)

For the scales probed by SDSS/2dF, c2 <  a a/300, and therefore the minimum a a 

detectable from LSS will be ~  30.
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Precise calculation o f the CMB bispectrum for these models is well beyond the 

scope o f this paper. To obtain an order-of-magnitude estimate, we assume that 

the spatial polyspectra for this model, equations (7.33)-(7.34), give rise to poten

tial polyspectra through the Poisson equation and then that the CMB anisotropy is 

proportional to the potential perturbation at the surface o f last scatter. Doing so, we

Using equation (7.16), we find that the smallest detectable a a would be ~  0.1 (using 

multipole moments up to £max =  100; the dependence on £max is indicated in figure

7.2). Thus, we again conclude that the CMB will provide a more precise probe o f  a 

primordial non-Gaussianity.

7.5 Conclusions

We addressed the question of which of the CMB or LSS is better poised to detect 

primordial non-Gaussianity of several varieties. We used the bispectrum as a discrim

inating statistic since it is the lowest-order quantity that has zero expectation value 

for a Gaussian field. We considered three forms o f non-Gaussianity: one in which 

the gravitational potential contained a term that was the square o f a Gaussian field; 

another in which the density field was the square o f a Gaussian field; and a third that 

resembles that expected from topological defects. We showed that in all cases, the 

CM B is likely to provide a better probe of such non-Gaussianity. One o f these models 

produced a mass bispectrum that mimicked a scale-dependent non-linear bias, and 

the others mimicked a scale-independent non-linear bias.

()1 course, our results are not fully general. In principle, it is possible to think 

of some other type of non-Gaussianity for which our conclusions would not hold, 

like, for example, a model in which the primordial fluctuations are Gaussian only

"Details will be presented elsewhere. Our estimate differs from that of Luo (1994) for reasons that 

escape us. We have checked, however, that our conclusions are unaltered if we use his results.

me (i

x50 0 0 a a \Ch C h Ch f l?> (7.36)
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011 CM B scales. However, plausible physical mechanisms that produce nearly scale- 

invariant power spectra should generically produce non-Gaussian signals that have 

scale dependences roughly like those that we investigated. Thus we may conclude 

that if CM B maps turn out to be consistent with Gaussian initial conditions, any 

non-Gaussianity seen in the LSS bispectrum can be unambiguously attributed to the 

effects o f biasing.
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Chapter 8

Detecting non-Gaussian initial 

conditions from large-scale 

structures

8.1 Introduction

In the previous chapter we showed that, since gravitational clustering masks any in

trinsic primordial non-Gaussian signal making it difficult to detect, generally study o f 

the microwave background is likely to be more profitable in detecting non-Gaussian 

features. However, one cannot exclude the possibility that features arise on physical 

scales which are difficult to probe with the microwave background, or non-Gaussian 

initial conditions might produce a Gaussian Sachs-Wolfe effect (e.g. Scherrer & Shaffer 

1995), so large-scale structure studies may still have a role to play. Moreover, fore

ground contamination in the future CMB data will certainly introduce non-Gaussian 

signatures, making therefore difficult to discern whether the signal is primordial or 

spurious.

In this chapter therefore we take the approach to look at the present day density 

field o f the galaxy distribution. We work in Fourier space for the reasons explained 

in chapter 3 and concentrate on the 4-point function, for the following reasons. Un

der rather general conditions, the two-point function carries no model-independent
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information about the Gaussian nature o f the field (Fan & Bardeen 1994). The bis- 

peetrum (3-point function) is more promising, as it is zero for a Gaussian field, but 

generally 11011-zero. However, it grows at second-order in perturbation theory, and 

this signal will limit severely the accuracy with which one can identify a primordial 

component (chapter 7). The trispectrum (4-point function) has the advantage that it 

grows linearly, with contributions from nonlinear growth appearing only at third-order 

in perturbation theory. One might hope, therefore, that the linear growth extends to 

relatively small scales. In addition, the possibility is open that non-Gaussian m od

els have no bispectrum, or even negative one (Moscardini et al. 1991). One can also 

probe the 4-point function in real space (e.g. Luo & Schramm 1993, Lokas et al. 1995; 

Chodorowski & Bouchet 1996), or look at a subset o f the four-point function, through 

power correlations (Feldman, Kaiser & Peacock 1994, Stirling & Peacock 1996). An 

alternative way to approach mildly non-Gaussian fields is based on the Edgeworth 

expansion (Am endola 1996).

The main difficulty with these approaches appears if the smoothed galaxy distri

bution is related to the underlying mass distribution by a nonlinear transformation. 

In this circumstance, it is probably very difficult to distinguish non-Gaussian initial 

conditions from a nonlinear bias, so one has to assume that, at least on large scales, 

the bias is linear.

8.2 Statistics of the density field in the linear and weakly 

non-linear regime

The statistical properties o f the fractional overdensity field d(x) =  [p(x) — p ]/p , can be 

characterized by the n-point correlation functions or, in Fourier space, by the n-point 

spectra. If the fluctuation field is Gaussian, the connected part o f the n-point function 

vanishes for ■« >  3. Thus the two-point function, or alternatively the power spectrum, 

completely specifies a Gaussian distribution.

As seen before, to linear order in perturbation theory an initially Gaussian dis

tribution remains Gaussian; in particular the the connected n-point functions and 

«-poin t spectra of an initially Gaussian distribution are zero as long as linear pertur
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bation theory holds. On the other hand, if the initial conditions are non-Gaussian, the 

n-point spectra in the linear regime are the primordial ones, scaled by the n^ -pow er 

oí the linear growth factor. Therefore it would be possible to detect primordial non 

Gaussianity with a measurement o f non-zero connected linear n-spectra for n  >  3.

We concentrate here on the four-point function in Fourier space (the trispectrum ), 

because, as we demonstrate below, second-order contributions vanish for Gaussian 

primordial fluctuations, so the statistic should not be too sensitive to nonlinearities. 

Moreover this quantity is independent o f the cosmological model and the degree o f 

linear bias, and can be made independent o f the power spectrum.

The data which we will work with are products o f four Fourier coefficients (in 

practice we use the real part o f this):

D a — ¿kj ¿k2 ̂ k3<̂ k4 ■ (8-1)

The mean value o f this is zero (by homogeneity), unless the four wavevectors can form 

a quadrilateral, a  labels the set o f 4 wavevectors.

Note that the trispectrum itself is strictly the Fourier counterpart o f the connected 

part o f  the four-point correlation function only. For a zero-mean field with non-zero 

connected (subscript c) four-point function,

(¿ki^ki^k^kj) =

(¿k A 2)(¿k3¿k4) + (3 perms.) + (¿kl k̂25k3̂ k4)c (8 .2 )

where

( M  k,) =  P (ki)S D (hi +  k j) (8.3)

(^ki^k2^k3^k4)c =  (27r)3T(k ,:)<5D(ki +  k 2 +  k 3 +  k 4).

Here P (k )  is the power spectrum, T  is the trispectrum, (^ (k )  is the three-dimensional 

Dirac delta function and the angle brackets indicate the ensemble average.

Note that (¿ki^ki^ki^ki) has a curious volume dependence. The Gaussian part 

involves products o f two Dirac delta functions, whereas the connected part has only 

one. For a volume-limited survey o f volume V, the discrete Fourier transform changes 

these delta functions to óD — V/(2n)3 multiplied by a Kronecker delta, so any
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comparison between the size o f non-Gaussian and Gaussian parts is volume-dependent. 

Any statement about the relative importance o f the terms must be made with some 

caution. We have to stress here that this is a general feature o f n-point functions in 

Fourier space that are evaluated on a finite volume: the relative importance o f the 

connected and 11011-connected parts is volume dependent,1

In order to demonstrate the lack o f contribution to (D a) from second-order per

turbation theory, we expand the density field to second order as:

<5(x) =  d ^ (x )  +  ¿ ^ ( x )  (8-4)

where r)4b is the linearly-evolved overdensity. 5^  is O ^ 1)2) and, if initial conditions 

are Gaussian, represents departures from Gaussian behaviour due to gravitational 

evolution (e.g. Goroff et al. 1980, Bouchet et al. 1992). Strictly speaking the galaxy 

distribution in not a mildly non-linear field, but a highly non-linear field filtered on 

some smoothing scale. The operations o f smoothing and evolution do not commute, 

but experiments (e.g. chapters 3, 4 and 5) show that perturbation theory works well 

if the smoothed field is not too non-linear.

To second order in perturbation theory the Fourier counterpart o f the connected 

four-point, correlation function can be written as:

(< M k,< M k,>  = ( 4 11) i 12)4 13)4 14)) +

( 4 ? 4 V i s 54 ? )  +  CVC■ (4 terms). (8.5)

There are 4 cyclical terms involving the second order 5  ̂ whose expression, in Fourier 

space, can be found, e.g. in Catelan et al. (1995). Its transform involves products o f 

two linear coefficients, so for an initially Gaussian field, the second-order contributions 

'T h is  is clue to the fact that the Dirac delta function for a finite volume depends on the size o f the 

volume. In tact, the cluster expansion of (PI/ = 1 n <h, ) gives a number of terms, one for each partition 

(T ) o f the set (S )o f  n  b’s. A  partition of the set S is the set o f disjoint subset T j , whose union gives 

tin' whole S :(J T , =  S. Each partition has a different number o f subsets, each subset corresponds to 

an irreducible correlation function (e.g. Bertschinger 1992). As an example consider equation 3.19 

in chapter 3: the cluster expansion for n = 6  is given by 15 partitions of three terms each, 15 and 

10 of two terms each and finally 1 partition o f 1 (the connected part) term. Each term involves a 

Dirac delta function: the relative importance of the connected and disconnected parts, depends on 

the volume through the Dirac delta.
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to the trispectrum are products of five coefficients and hence vanish. In general, the 

trispectrum will depend on all orders o f correlations present initially, but in the linear 

regime, the only contribution is from the initial trispectrum {Tulitial). Specifically, if 

D (t)  is the growth factor:

T  =  Tinitial D (t )4. (8.6)

For Gaussian initial conditions (GIC), the trispectrum is zero, but (D a) c i c  lias a 

disconnected part

Tg =  (D a) c i c

=  (27r)6P(A;1)P(fe3)5D (k 1+ k 2)^ (k 3 + k 4 )+ c y c .  (8.7)

If primordial fluctuations are non-Gaussian, then (D a) /  (D a) c i c ■ We characterize 

this departure from Gaussian behaviour by defining H  as follows:

(¿k iik a ^ k s^ ) =  (D a)GlC  (1 +  H ) . (8.8)

Our initial aim was that H  would act as a dimensionless measure o f primordial non- 

Gaussianity, as the disconnected part o f the 4-point function provides a yardstick 

against which departures can be measured. As we have seen, the ratio o f connected 

to disconnected part is volume-dependent, so this desirable goal cannot be attained. 

However, as long as linear perturbation theory holds for the trispectrum, H  is a 

measure o f the primordial trispectrum and can be used to test the hypothesis o f 

Gaussian initial conditions by determining whether H  is consistent with 0. One can, if 

desired, define a volume-independent measure by II =  H V  for a cubical survey, but for 

a survey with varying selection function the volume-dependence is more com plicated 

(see section 8.3.1). The scaling o f H  with the volume will be tested in section 8.3.2. 

O f course, the factorization as in (8.8) has no physical content, and in general, H  

is a function o f all o f the wavenumbers. It is perhaps most useful if we restrict our 

attention to quadrilaterals o f equal sides, then isotropy demands that H  depends only 

on the magnitude o f k , for a given shape. We can then use a likelihood m ethod to 

estimate H (k ), and deduce whether it is consistent with the Gaussian result.
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8.2.1 Trispectrum statistics

For completeness, we derive some o f the statistical properties o f the trispectrum here. 

Our treatment here follows that o f chapter 2 and, for subsequent redshift-space anal

ysis, the method o f chapter 4. For simplicity, we would like to be able to adopt a 

Gaussian likelihood (italics will refer to the form of the likelihood function, not the 

initial statistics), which will be the a "posteriori probability distribution for H  if we 

assume a uniform prior:

£ ( # )  =  -------~M~~ r
(27r) 2 (detC ) 2

exP ~ -  fj,p ) .
aP

(8.9)

The means o f the M  data are =  (D a), and the covariance matrix is Cap =

( (D n — /j,a)(D p  -  /ig )), which is obviously independent o f H  for the GIC hypothesis. 

The likelihood analysis in this case is equivalent to x 2 analysis.

I11 the general case we cannot justify the applicability o f the Gaussian likelihood 

mathematically from the central limit theorem, but numerical experiments (section

8.3) support its use when many modes are used. For GIC we can com pute the statis

tical properties o f I i .

For configurations where the four /¿’-vectors involved form a square, the Gaussian 

trispectrum is (|<Ik|4) =  [P (k )5°(27r)3]2. The probability distribution for this trispec- 

truni may be com puted as follows: the product vj =  xy  o f two random variables has 

the distribution function

'P(w) =  / +°° ( - )  dx, (8.10)
x  ' V x .

where V x and V y are respectively the probability distribution functions o f x  and y. 

The probability distribution o f |(5k|2 is well known to be an exponential distribution 

if the distribution o f 5 itself is Gaussian:

^ ( | 4 | 2 ) =  ^ e x p  > ( 8 -n )

where p  =  ( | | “ ). Integrating (8.10) gives the probability distribution o f f  =  |flk|4;

V{t) =  ~ K 0 ( 2 (8.12)
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where K q is the modified Bessel function o f zeroth order. It follows that the distribu

tion o f an estimator o f H , H  is

V {H ) =  2 K 0(2\/h + 1 )  (8.13)

Notice that in this last equation p has disappeared, making H  a useful quantity whose 

probability distribution, average value and higher moments do not depend on the scale 

where it is evaluated, or on the shape o f the power spectrum, as long as the Gaussian 

hypothesis -fo r  the likelihood- and linear theory hold.

It is straightforward to calculate the mean, the variance and all the higher moments 

o f these two distributions:

t

f

H  

H 2

H 3

and in general:

(H k) =  £  ( ? )  (-1)*"**!*! (8.15)
¿=i

If we calculate the mean and the variance for t using W ick ’s theorem and using the 

m ethod illustrated in chapter 2, we obtain the same values for mean and variance. 

Therefore, to first approximation, if we are only interested in the zeroth and first 

moment o f the distribution, we can assume that the trispectrum has a Gaussian 

distribution with such mean and variance. It is probably useful to make a small 

digression here.

Strictly speaking the trispectrum for the practical applications will not even have 

the distribution as in (8.12) because the distribution o f the individual 5 will be skewed 

by the effects o f non-linearities. However, for the central limit theorem, the distribu

tion o f the average H  will tend towards a Gaussian as the number o f data M  tends to 

infinity since the variance is finite and the third moment are finite, justifying the use 

o f a Gaussian likelihood. A problem might be the speed o f convergence towards the

P

4p4

0

3

26 18 .141
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Gaussian distribution. However, assuming that the non-linear effects are negligible, 

we can write the characteristic function for H  as:

/  1 l l \ iW
<1>//(*) =  ( l  -  2 ' k ! (H *)x  J ( 8 ' 1 G )

being

H  =  (H l +  H 2 +  • • • +  H m) (8.17)

and the expectation value for each H ;, individual estimates o f H . being zero.

The characteristic function <£#(2:) will be very close to a Gaussian if (H'i ) \/M <C 

(H 2) and, if (8.15) is approximately valid, this is the case if M  >  75. As it will be 

clear later on, the number o f independent data obtained from a catalogue suitable for

the analysis largely satisfy this condition. Therefore the use o f a Gaussian likelihood

is certainly justified for the purpose o f testing the hypothesis o f Gaussian primordial 

fluctuations. This conclusion is strictly true for Gaussian fields, but if the density 

field is mildly non-Gaussian due to gravitational instability or if the primordial nou- 

Gaussianity is mild, the above approximation should still be valid. If the field is highly 

non-Gaussian, the use o f a Gaussian likelihood might not be justified, however, in this 

case the likelihood contours cannot be interpreted as confidence levels (section 8.3).

In order to carry out the likelihood analysis we need to have an expression for 

the covariance matrix, which involves the eight-point correlation function. The gen

eral mathematical method for calculating n-point distributions in Fourier space for 

continuous and discrete fields has been presented in chapter 2. Following the same 

procedure we obtain

(<5l.....<̂8 ) total =

{¿ 16 2 ) (636 4 ) ( 656^)(ôf 6s) +  . . . 105 terms

-t-(Ai A2) (A3A4 J5) (A6 AtAs) +  • ■. 280 terms

T {$1 ̂  2) ( A3 A4 A5 Ae ) ( A7 As ) +  .. . 210 terms

+  (Al A-2̂ 3 A4) (A5A6 A7As) +  ■ . . 35 terms

+  ( A1 <5-2 ) ( A3 A4 A5 Ab A7 c58 ) +  • • • 28 terms

T ( (') 1 A-? ) ( J4 A5 Ae A7 As ) +  . . . 56 terms

+  (di . . .  6$).
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These expressions apply both to continuous fields and discrete point processes, and 

the averages 011 the r.h.s. are all connected parts only. Under the hypothesis o f G IC , 

in second-order perturbation theory we have that all terms involving the connected rn- 

point correlation with m  greater or equal than two are non-zero only in the presence 

of shot noise. Moreover for equal-side configurations the terms involving (5i6m6n) 

are also zero, since one cannot make a triangle from any 3 of the wavevectors. For 

clarity we neglect shot noise in the main text, but the calculations however have been 

done including it; the Appendix includes expressions for all the relevant quantities 

including shot noise. As explained in chapter 3, higher-order contributions might 

become im portant on scales where A 2(k) approaches unity, where therefore we could 

be underestim ating the errors (cf Meiksin ¡k W hite 1999). This may be checked using 

m ultiple N-body runs.

For Gaussian initial conditions, the only non-zero terms come from the two-point 

function, i.e. the power spectrum. We can test the Gaussian hypothesis by including 

only these Gaussian terms in the covariance m atrix. This should also be a good 

approxim ation for m ildly non-Gaussian fields (cf. Heavens (1998) for the microwave 

background). W ith this covariance m atrix, a measurement of H  which is significantly 

11011-zero would only rule out Gaussian statistics, but would not necessarily recover the 

correct value of H ,  which would require use of the correct non-Gaussian covariance 

m atrix.

8.3 N -body tests

In this section, we perform tests with real-space results from N-body simulations. We 

analyse square configurations, and ensure that 110 wavevector occupies more than one 

square, so the covariance m atrix is diagonal. The simulation is a 128 3 particle, 100 l r i 

M pc side box, CDM -like simulation from the Hydra consortium (Couchman, Thom as 

&  Pearce 1995), with parameters t t  =  1.0, A =  0.0, cr8 =  0.64, T  =  0.25, and Gaussian 

initial conditions. Shot noise is completely negligible in all scales of interest (k  <  1; 

here and hereafter k  is in units of h/M pc).

The breakdown of linear theory for the trispectrum  is not known in advance, but 

from the analysis of chapter 3 , one can expect that the leading-order corrections for
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k

Figure 8.1: The 4-point correlation function in Fourier space (disconnected and con

nected) from a CDM-like N-body simulation (solid line) and the linear perturbation 

theory prediction, for  a square configuration o f wavevectors. The data are plotted in 

the dimensionless form  T 4 =  (27r2) - 2 fc6(.DQ)[(27r)35£>]- 1 . Errors are errors in the 

mean for  each bin. For this square configuration, linear perturbation theory breaks 

down around k =  0.67h Mpc .

the trispectrum (i.e. contributions from the third order in perturbation theory) should 

be small at least up to k =  0.55. A likelihood computation shows that for this square 

configuration, linear theory for the 4-point, function should be valid up to A;max =  0.67, 

which sets the upper limit for our further analysis, giving 1250 triangles in total. This 

limit is also apparent in Fig. 8.1, which plots the 4-point function in the dimensionless 

form T '1 =  (2ir2)~ 2k(i(D a)[(2Tr)35D]~ l . For this wavenumber limit, x 2 is shown as a 

function o f II in Fig. 8.2: the minimum reduced x 2 is 0.8. and H  =  —0.015 ±  0.055 

is consistent, with zero. The volume-independent measure is H  =  ( — 1.5 ±  5.5) x 104.

Note that the estimate oi H  is independent of linear biasing because o f the presence 

o f the same number o f 5 factors on both sides o f (8.7).
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H

Figure 8.2: Minimum, x 2 analysis fo r  the parameter H  from  the Gaussian CDM - 

like N-body simulation. Only the ‘square’ configuration fo r  the trispectrum, has been 

considered here. H  is a measure o f the connected part o f the trispectrum, in units o f 

T,j, its ‘Gaussian’ part. For Gaussian initial conditions H  =  0 (vertical line). See text 

fo r  further details.

8.3.1 A  priori estimation of the error on H

We can readily calculate the expected variance o f our estimator for H . The calculation 

follow the similar calculation performed in chapter 4, so we only sketch the main steps 

here. Ignoring shot noise, for square configurations we have

Ma =  (D a) =  (2n)6P 2(SD)2 (8.19)

and the variance is:

a 2a =  (D l)  =  4 P 4 (2?x f 5 u " (8.20)\3 r O
4

since only 4 terms are non-zero out o f the 105. Hence

_ 2  _  , d 2 h i C  __ ^  Mq

a »  ~'  d i f 2

The number o f uncorrelated squares in a thin shell in fc-space o f width ¿(ln /c) is 

nk3gô(\n k) where g =  V/(2ir)3 is the density o f states. Considering contributions
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from all the shells to the continuum limit we obtain

(8 .22 )

Kna.r is set by the breakdown o f second-order perturbation theory and kmin by the size 

o f the sample. Therefore the error on H  will depend on the volume V  o f the survey 

in the following way:

being / C  =  56/i~3/ 2 M pc3' 2 in our case o f kmax =  0.67, giving an expected error on H  o f 

0.056, in agreement with Fig. 8.2. Note that the error on the parameter H  decreases 

as the volume increases, but I i  itself is volume-dependent for non-Gaussian initial 

conditions, and the maximum signal-to-noise is obtained by splitting the volume into 

subunits. This procedure to reduce the errors when dealing with liigher-order spectral 

statistic is widely used in other fields such as signal processing and fluid mechanics see 

e.g. Brillinger (1975); Brillinger & Rosenblatt (1967); Lii, Rosenblatt & Atta (1976). 

We investigate this counterintuitive behaviour more fully in the next section. The 

minimum size o f the samples may be set by the breakdown o f perturbation theory, 

but also by the wavelengths that carry most o f the non-Gaussian signal in specific 

models. Moreover the analysis in this section, and therefore the scaling (8.23), hold 

only as long as the field is close to Gaussian such that non-Gaussian elements o f the 

covariance matrix can be neglected. As we said before, if the field is close to Gaussian 

we are justified in adopting a Gaussian likelihood, however if the distribution appear 

to be highly non-Gaussian this error calculation and volume dependence is not valid 

any longer.

We have also analyzed another N -body simulation with very non-Gaussian initial 

conditions. The initial conditions were set by applying the following mapping to a 

Gaussian field:

is not negligible, but it can be correctly accounted for as shown in the Appendix.

1C
(8.23)& H — —¡ =

5 — 4 52 -  {S2) (8.24)

The linear power spectrum is a power law with spectral index n  =  - 1 .  The simulation 

we list'd has 8 0 ! particles, in a 200 /i-1  M pc side box. In this simulation the shot noise

Flie output used had <r,s =  0.5. This family of non-Gaussian initial conditions could
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arise from evolution through inflation o f an isocurvature CDM  model for structure 

formation (Peebles 1999a) and is motivated by the fact that it accom m odates galaxy 

formation at high redshift. Despite the low normalization, in this case we find that 

for all ¿-space shells with k <  0.67 the minimum x 2 value for H  is nonzero at high 

significance: considering all ¿-vectors in the range 0.15 <  k <  0.67 we obtain H  =  

0.115 ±  0.020. Thus we can reject the GIC hypothesis with confidence, but note that 

for this highly non Gaussian model the covariance matrix is not accurate, so we can 

not rely on the actual measurement o f H  being reliable.

Incidentally, for this simulation, the bispectrum also differs in the m ildly non

linear regime from the one that would have originated by gravitational instability 

from GIC. However, at the bispectrum level, there is degeneracy between biasing 

and initial non Gaussianity: in practice it would not be possible to assess if there is 

substantial bias/anti-bias or if the initial conditions were truly non-Gaussian. As we 

have mentioned, the trispectrum method is bias-independent, at least as long as the 

bias is not strongly non-linear.

8.3.2 Subdividing the Volume

The mathematical analysis o f errors indicates that the signal-to-noise on H  and H  is 

improved if the volume is divided into subunits. Since this result is counterintuitive 

(although we will try to give an intuitive explanation in the Appendix), we have tested 

it with static simulations, o f a density field

5(x) — > S(x) +  a.52(x) (8.25)

where a  is some parameter. For simplicity, we take a white noise power spectrum

between ¿ m j n  and kmax. Details o f the resulting 2-point and 4-point functions are

given in the Appendix, but they are summarised as

P (k ) =  Pa{k) +  2a2 Pg(k )2Vk (8.26)

where Pg(k) is the power spectrum of the underlying Gaussian 5 field, and Vk is a 

¿-space volume defined in the appendix. The 4-point function is

(̂ ki ̂ k-2 ̂ k3 ̂ k4 ) conn. ^ (48a2 P 3 +  a4P*Vk)V. (8.27)
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Figure 8.3: The x 2 analysis fo r  460 volumes o f  20h_1 Mpc side (dot-dashed line) 

and 266 volumes o f  24/i~1 Mpc side (dashed line). The y  axis is normalized so that 

l -o  limits are at y  =  1. The predicted values fo r  H  are respectively H 20 — 0.13 

and H ‘24 — 0.076 (vertical lines). This illustrates the scaling with the volume o f the 

parameter II and its errors (see Section 8.3 fo r  more details).

We choose Pg =  2 in the range 0.1 <  k <  0.837 and zero elsewhere, and a  =  0.4. I11 

this case, the non-Gaussian terms in the covariance matrix are small in comparison 

with the Gaussian one and we ignore them. We split the volumes into cubes o f side 20 

and 24 h r 1 M pc, and make repeated simulations to reduce errors. In all, we analysed 

460 o f the smaller boxes and 266 o f the larger boxes, so the total volume is the same 

iu the two cases. The results are shown in Fig. 8.3. The correct values o f II  are 

0.13 and 0.076, and these are recovered within the errors. Note also that the errors 

(0.021 and 0.017 respectively) scale as expected with volume, and the signal-to-noise 

is indeed higher for the smaller volumes, as expected.

8.4 Complications with a real survey

In section 3 we showed that the trispectrum is a useful discriminant between Gaussian 

and non-Gaussian initial fluctuations in a very idealized case where the field is unbi
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ased, and the positions of the particles are known in real space. Note however that 

galaxy catalogues have an average number o f galaxies per unit volume that is about 

two orders o f  magnitude smaller that the one o f the simulation used, and use the 

redshift as a third spatial coordinate. The resulting redshift-space map o f the galaxy 

distribution is therefore distorted. This is not a trivial issue since we are pushing 

into the mildly non-linear regime, which is significantly affected by non-perturbative 

contributions.

In this section, we show how to deal with these effects and the effects o f  a varying 

selection function. The treatment o f shot noise, being rather technical, is discussed in 

the Appendix.

8.4.1 Redshift-space distortions

As already done in chapter 4, it is a convenient approximation to split redshift-space 

distortions into two components (Kaiser 1987): a large scale distortion responsible o f 

the squashing known also as the ‘bull’s eye’ effect and a small-scale radial smearing 

responsible for ‘Fingers-of-God’ . The large-scale effect on individual Fourier com po

nent o f  the density fluctuation is well described by multiplication by the Kaiser factor 

(1 +  /3/u2), where ¡jl is the cosine o f the angle between the fc-vector and the line o f sight, 

and ¡3 =  Qq-6/5  with b the linear bias parameter.

The small-scale effect is hard to treat exactly and could potentially erase the signal 

we try to detect; in fact virialized m otion on small scales produces a radial smearing 

and the associated Finger-of-God effect contaminates the wavelengths we are inter

ested in. A  successful model that fits the power spectrum in numerical simulation 

reasonably well (see chapter 4) assumes that the small-scale velocity field is uncorre

lated with density and has an exponential velocity distribution. Although clearly not 

correct in detail, we showed that this modelling o f the small-scale velocity dispersion 

works extremely well as an addition to perturbation theory. In the Fourier domain, 

and in the distant observer approximation, the exponential velocity dispersion gives 

a dam ping factor, that, combined with the boosting factor o f the large-scale effect 

(Kaiser 1987) gives (Peacock & Dodds 1994):
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Figure 8.4: Minimum analysis fo r  the parameter H  from the redshift-space unbi

ased CDM-like N-body simulation (see text fo r  details). Only the square configuration 

fo r  the trispectrum has been considered here. The value for  the velocity dispersion 

parameter o  — 980km/s although it is slightly scale-dependent. The range o f k-vectors  

considered is k <  0.67h M pc~l .

where a  is the pairwise velocity dispersion o f galaxies. W ith  this model for redshift- 

space distortions:

(1 +  3u 2Yl
T„(k) — > T „tk ,M  =  T ,(k ) ’  ■ (8.29)

2)

As in chapter 4 we allow a to be slightly scale-dependent (such as to fit the power 

spectrum) and we reject the ¿-vectors aligned too closely with the line-of-sight (see 

Scoccimarro, Couchman & Frieman 1999 for an alternative model).

We have tested the model (8.29) for square configuration by performing a x 2 

analysis for the parameter H  on the unbiased redshift-space catalogue created from 

the N -body simulation with GIC.

Following chapter 4 the covariance matrix is modified as follows. The power spec

trum is first replaced by P { k) =  P (k ) { l  +  /3/j,2)2 and the resulting covariance matrix 

is then divided by ^/[l?=i (1 +  /2 ) , where the index i runs over the 8 ¿-vectors

that form the two squares.
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k

Figure 8.5: Quadrupole-to-monopole ratio fo r  the trispectrum R t  fo r  degenerate square 

configuration o f a GIC simulation. The continuous line is the theoretical R t  'using the 

redshift-space distortions as in chapter 4 (see text fo r  details).

The knowledge o f the real-space power spectrum is required in this model: in a 

realistic application (like for example Sloan and 2dF) an accurate fit for the galaxy 

real-space power spectrum will be known. Thus for the present work we shall assume 

that the real-space power spectrum is known: only the velocity dispersion a  needs 

to be determined, and this can be done by fitting the power spectrum. The limit 

o f validity o f the small-scale redshift-distortion model for the trispectrum can also in 

principle be determined, although in this case the limiting factor is the breakdown 

o f perturbation theory. A  likelihood analysis o f the redshift-space Fourier m odes can 

give a  in a similar manner to chapter 4 and VHMM98.

The result for the redshift-space analysis is shown in Fig. 8.4. Again the true 

value for the H  parameter is well recovered within the errors: H  =  —0.010 ±  0.055 

(H  =  (—1.0 ±  5.5) x 104) and the reduced x 2 value is 0.95.

8.4.2 Other configurations

The square configuration we choose is not the only possible one. We could consider 

also other configurations in which all the fc-vectors in the quadruplet have the same 

modulus. These configurations can be parametrized by the angle 6 between the first
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two vectors and 90° >  8 >  0° : in the square case (9 =  90°, in the ‘degenerate’ case 

() =  0°. The error analysis o f section 3.1 follows for all 6 >  0°. For the ‘degenerate’ case 

o f 0 =  0°, there are modifications to the number o f cyclic terms contributing to the 

means and covariance matrix, and also to the number o f independent quadrilaterals, 

lu this case, we have (in - 2P 2[(2n)'35D]2 and a 2 = 24P4[(27r)3r5£)]4 and the number o f 

uncorrelated triplets 2Trk3gS(hik). These reduce the error by a factor \/2 x  24/24  =

1.15, if kmax remains the same.

We find that for the degenerate configuration has kmax =  0.75, giving II =  0.008 ±  

0.045, in agreement with the predicted error o f 0.043.

As a test o f the velocity dispersion, we consider the quadrupole-to-m onopole ratio 

(following its traditional use with the power spectrum (Hamilton 1992)) as already 

done for the bispectrum in chapter 4 .(see also Scoccimarro et al. 1998). For the 

degenerate configuration all vectors have the same /i2, so the quadrupole-to-m onopole 

ratio can be simply defined by R.t  =  T^2) /T^°\ where the quadrupole and m onopole 

moments o f T  are

In Fig. 8.5 we show how the model (8.29) reproduces the observed R t  in the GIC 

simulation. We follow the same procedure as VHMM98, where a  is allowed to be

of-sight which leads to more complexity.

For the non-Gaussian isocurvature field o f Section 8.3.1, we find a degenerate H  

which is inconsistent with zero: H  =  0.08 ±  0.017 (H  =  6.4 ±  1.3) X 105). For non- 

Gaussian models , in general, the signal H  will be 0-dependent, (as for example in the 

particular case illustrated in section 8.3.2). This 0-dependence might therefore hold 

some extra information or allow stronger detection o f a non-Gaussian signal.

(8.30)

slightly scale-dependent, constrained to fit the power spectrum, and A,-2//,2 <  0.3. It 

would be possible to define a similar quantity also for 11011-degenerate configurations, 

but in this case T  in redshift space would depend 011 two different angles to the line-
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Figure 8.6: Scale dependence o f H  measured using the distant-observer approximation 

as a function o f the distance o f the 100 h~l Mpc simulation box from  the observer and 

o f the wavevectors considered. The figure shows the error on the measurement o f H  

induced by the assumption that the observer is at an infinite distance from, the box. The 

vertical line gives the size o f the l o  error on each measurement o f H .

8.4.3 Expected performance from PSCz and Sloan

Tlie PSCz survey (Saunders et al. 1998) is the largest nearly-all-sky survey, containing 

around 15000 galaxies. The space density o f galaxies is not very high, so shot noise 

is important beyond about 40 h~l M pc for k =  0.67. Assuming the initial field 

is close to Gaussian, we use the Gaussian covariance matrix, but with shot noise 

included (see Appendix). Before being able to perform the trispectrum analysis on 

this survey however still there are a number o f unresolved issues. The most important 

are the practical effects o f the rapidly-varying selection function and the nature o f the 

redshift-space distortions. In fact the technique described in section 8.3, assumes that 

the spherical nature o f the distortion can be neglected and the sky can be considered 

flat (the so-called ‘distant-observer approximation’ , or ‘plane-parallel approxim ation ’ ). 

We must emphasise that this approximation does not hold for the PSCz, and one really 

has to go beyond the plane-parallel approximation, by using spherical harmonics for 

example (e.g. Heavens & Taylor 1995). We checked the conditions in which the
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radial nature o f redsliift-space distortions can be neglected and the distant-observer 

approximation holds, by placing the 100 M pc h-1 side simulation with GIC at different 

distances from the observer, applying the radial redshift-space distortions and then 

implementing the analysis as in section 4.1 using the distant-observer approximation.

The results are shown in Fig. 8.6: it is clear that a volume o f 100h-1 M pc side has 

to be at at least 300/i_1 M pc from the observer for the distant-observer approximation 

to hold. For the PSCz, this consideration would limit the analysis to boxes which are 

too small for the use o f perturbation theory. This finding is in agreement with the 

result o f Bharadwaj (1999). If the analysis can be done without the plane-parallel 

approximation, the error on H  we can expect from the PSCz survey will be about 0.1, 

assuming (incorrectly) that ¡3 is known with high precision.

In the case o f the 2dF and Sloan surveys, due to the bigger volume available, the 

problem o f the radial nature o f the redshift-space distortions is much reduced, and 

the selection function issue can Ire tackled as illustrated in chapter 2. The la  error 

achievable on II is very encouraging: 7 x 10 for Sloan, if we restrict the analysis 

to the linear regime (k <  0.3h) and divide the survey conservatively into 100 h~l 

M pc side cubes. This reduces to 2 x 10-3  if wavenumbers up to k =  0.7h M pc-1 are 

included.

8.4.4 Selection function

The above analysis is valid for volume-limited samples, where the mean number den

sity o f galaxies is independent o f position. In a realistic catalogue the presence o f a 

varying selection function makes the mean density position-dependent and might even 

induce spurious detection o f non-Gaussianity. However it is possible to treat this effect 

accurately by the generating functional approach introduced in chapter 2. If n (x ) is 

the mean density of such a catalogue, following Feldman, Kaiser & Peacock 1994, we 

can define a working fluctuation field composed by subtracting from the real catalogue 

a synthetic catalogue with no clustering, but with the same selection function, and 

then weighting suitably the combination:

F (x )  =  7 ' î c ( x ) [7 ï, ( x ) —  cms(x)] (8.31)
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where w (x )  is an arbitrary weighting function, 7  is a normalization factor, n s( x ) =  

n (x )/ a , and a  is the “dilution” o f the synthetic catalogue. We will then consider the 

limit a  — 0 to avoid shot noise in the synthetic catalogue. The n-point correlation 

functions in Fourier space are easily calculated by considering F  as the superposition 

o f  the process /  =  y w (x )n (x ) and f s =  —a y w (x )n s (x ). The generating functional for 

F  will then be: Z p (J )  =  Z f { J ) Z f s {—a J ) .  Ignoring shot noise,

Z fs ( —a J )  =  —ai I  d ? x j s (8.32)

where J s =  y w (x )n s (x ) sm exp (—ik m ■ x ) ,  and the ansatz for the generating 

functional for the field f  is:

Z f[J ]  =

exp i f d 3x j ( x )  -  \ \  d3xd3x' J {x )J {x ')^ o n n .{x ,x ')  

-  | /  d3xd3x'd3x " J { x ) J ( x ' ) J ( x " ) ^ n .  (x , x', x " )

+  ̂ fd ,3xd3x'd3c"d3x lJ { x )  ■ ■ ■ J ( x l)£ $n n .(x , ■ ■

(8.33)

Following the same procedure as in chapter 2 it is possible to obtain the n-point 

function in Fourier space by differentiating the generating functional; shot noise can 

be easily included by m odifying the generating functional .

The definition o f H  in presence o f a spatially-varying selection function is therefore:

H  =  H ^ i  (8.34)
22

where

Iij =  I  d:ixw'l(x)n^ (x ) (8.35)

I11 general the effect o f a spatially-varying selection function can be summarized 

as follows:
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8.5 Results and Discussion

We have presented a method for using the trispectrum, the four-point function in 

Fourier space, to discriminate between Gaussian and non-Gaussian initial fluctua

tions from large-scale structure data. The advantage o f this m ethod is that for mildly 

non-Gaussian fields the analysis in real space is independent o f the power spectrum 

biasing, and cosmology. In redshift space, cosmology and bias enter only through 

the measurable quantity /3, and we show how to deal with redshift-spaee distortions 

(in the distant-observer approximation), varying selection function and shot noise. 

The evolution o f the trispectrum contains zero contribution from second-order pertur

bation theory, so we expect linear theory to provide a good description up to scales 

where the field becomes nonlinear. This is born out (and quantified) with simulations. 

We parametrise the departures from Gaussian statistics by introducing the quantity

I I . which is the fractional excess o f the 4-point function over the Gaussian (discon

nected) trispectrum. H  is volume-dependent, but it is straightforward to extract a 

volume-independent quantity H  =  H V . This quantity, in specific cases, can give us 

a meaningful measure o f ‘non-Gaussianity’ . We compute the Gaussian variance of 

/ / ,  which allows a test o f the Gaussian hypothesis. These errors on H  and H  can 

be com puted straightforwardly, and are found to be in good agreement with internal 

errors from N -body simulations. For mildly non-Gaussian fields, we can expect that 

the use of a Gaussian covariance matrix is still quite adequate, and in such cases a 

measurement of H  can reliably be made. For highly non-Gaussian fields, the Gaus

sian hypothesis can be rejected, but the measurement o f H  will be unreliable as the 

covariance matrix we use may neglect important terms.

Application to data will probably have to wait for completion o f the 2dF and 

Sloan surveys, as the distant-observer approximation is not a good one for the nearly 

all-sky PSCz survey. In addition, the high shot noise in the PSCz survey means 

the expected errors on H  are large enough to make it hard to distinguish between 

Gaussian initial conditions and some significantly non-Gaussian fields. The 2dF and 

Sloan surveys should do much better. One could compute H  from volumes o f side 

100 h 1 M pc with a random error of less than one per cent, and could therefore put 

tight constraints on non-Gaussian models. It would be helpful to apply this method
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to defect models, but unfortunately none exist at the required stage o f evolution.

The m ajor uncertainty in this analysis is the effect o f bias. A  nonlinear bias term 

acts like a non-Gaussian initial field, and, as we are using linear perturbation theory 

here, we cannot use polygons o f different shape to lift the degeneracy, as done in

bispectrum. The best hope is to constrain a combination o f initial non-Gaussianity 

and second-order bias, and to argue that if the measured value o f H  is zero, then it 

would require a conspiracy unless both effects were absent. In principle it is possible 

to distinguish these two effects by considering differences at higher order in pertur

bation theory, as an Eulerian nonlinear bias is applied to the evolved field, whereas a 

primordial non-Gaussian field o f the same mathematical form is applied to the initial 

field, and thus the evolution is different. It is an open question as to whether any 

realistic survey would have the signal-to-noise to do this.

In this appendix, we expand on a few issues which are only outlined in the main text. 

S h o t  N o is e

In the application o f the method to a real survey the shot noise might be im portant. 

Here we report how to modify the relevant expressions in the presence o f shot noise. 

In what follows n  denotes the average number o f particles per unit volume, and the 

superscript d indicates that these results apply to discrete, point processes. We follow 

the generating functional approach o f chapter 2 to find the following:

chapter 3 and 4 to lift the degeneracy between bias and gravitational evolution in the

A P P E N D IX

(8.39)

(ô ià m à n Y c  — t  (27t)3 <5d ( k i +  k m +  kn)x

(8.40)

where Bimn denotes the Bispectrum,
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“  [-B(0+P)qr +  Perm. (6 terms) +

[(Po+p+q P  eye. (4 term s)) +
rr

Po+p 4” Po-\-q P  Po+r] P

n3
(8.41)

(¿1 . . .  <5,5) — > (27r)'3(5D(ki +  k2 +  k.s +  k.j +  ks) x

|^2 [-B(i+2)(3+4)5 +  Perm- (15 terms)

[-8 (1+2+3)45 +  Perm- (10 terms)

5̂ 7 [(P i+2 +  eye. (10 terms))+  
rr

P P i P P 2 P P 3 P P 4 P  P5\ P  

*}■

+

+

n
(8.42)

(¿1 h ) i (27r)35 ° (k i  +  . . .  + k 6) x

) 33 [-Bi2(3+...+6) +  perm. (15 terms) +  
I W

B {i+2)(3+4)(5+6) +  Perm. (15 terms.) +  

8 1 (2+3) (4+5+6) +  Perm. (60 terms)] +

^ r [ P \  P  . . .  P  Pq P
n4
P1+2 +  perm. (15 terms) +

P 1-1-2+3 +  perm. (10 terms)] +

*}■ (8.43)

(<5i ...<58)c — » (27r)3<5D(k 1 +  . . .  +  k8) x

|^5 [-Bi2(3+...+8) +  perm. (28 terms) +  

-Bi(2+3)(4+...+8) +  perm .(168 terms) +  

-B i(2+3+4)(5+...+8) +  perm .(280 terms) +  

B( i+2)(3+4+5)(6+7+8) +  perm. (280 terms) +
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-B(i+2)(3+4+5+6)(7+8) +  perm.(210 terms)] +

~ [ P 1 +  . . . + P 8 +
rr

P i+2 +  perm. (28 terms) +

P 1+2+3 +  perm. (56 terms) +

P 1+2+ 3+4 +  perm. (35 terms) +
1

n 7
(8.44)

Neglecting shot noise when it is not negligible has two effects. The main effect is to 

overestimate H . E.g. the generalisation o f (8.7) is T  —> Ts n , where

( 2  7t ) 3 T s n  =

(27r)3 (P(&! )+  i  ) (P ( &3 ) +  I ) ^ ( k i  +  k2) ^ ( k 3 +  k 4)

+ < i i . . . i 4)c (8-45)

The second effect is that the errors are underestimated. In particular, even in the 

Gaussian case, there are additional connected terms in the correlations arising from 

shot noise.

M i ld ly  n o n -G a u s s ia n  f ie ld s

We consider the transformation o f a Gaussian field as follows:

8(x) — * 5(x) +  a82(x) (8.46)

This can be seen as the first two terms o f a Taylor expansion o f any non-Gaussian 

field originating as a local mapping from a underlying Gaussian one.

We choose a toy model for the power spectrum of the underlying Gaussian field 

P,,\ a top hat function between some A; minimum and maximum. The power spectrum 

for the resulting field will then be:

P(jfe) =  Pg(k) +  2 « 2 I  Pg(k')Pg(\ k -  k ' \) (P k' ~

Pg{k) +  2a2 P g(k)2Vk (8.47)

where 14 is the volume where the integrand in the previous equation is non-zero. The 

relevant quantities for our analysis, substituting the Dirac delta function by V/(2tt)'}
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are the; following:

((̂ ki k̂2 ̂ k3 ̂ k4 )co n n . (48a2 P 3 +  a 4P*Vk)V, (8.48)

SIGNAL =  Ht j  _  (^ki^k2^k3 ̂ k4)coim.22 =  ---- :----------- :---- :------  ^
(̂ 'ki (l'k2 ) (^k3 ̂ k4 ) 

48a2 P 3 +  a lP^Vk

conn.

(8.49)
(P| +  4 a 2P*Vk +  4 a*P*Vk2)V

NOISE
/

(2tt)3 2

(2tt)3 2
V  V V k - (2 7 T f/ V '

(8.50)

The covariance matrix is dominated by the Gaussian terms if (¿ki ̂ k2^k3 ̂ k4)coim. 

(^ki ̂ k2 ) (^k3<̂ k4 ) 1 but at the same time we want to maximize the signal-to-noise ratio.

This considerations suggest that the best choice is: P (k ) — 2.0 if 0.1 <  k <  0.837 

and zero elsewhere and a  =  0.4. This allows us to use the Gaussian covariance matrix, 

but also to have a reasonable signal-to-noise for the non Gaussian component from a 

single box o f size o f a few tens o f Mpc.

The volume dependence

In this chapter and in chapter 3 we came across a feature o f higher-order correlations 

that seems counter-intuitive: by subdividing the volume o f the survey, the errors bars 

011 the parameters can be reduced. This effect has been found analytically and tested 

011 simulations in this thesis, but is well known in signal processing where it is referred 

to as segment averaging. One seems to be gaining “something for nothing” , but this 

is not the case as we will try to illustrate below.

Consider the n point spectrum (for n —2 we have the power spectrum, for n = 3 

the bispectrum, for n= 4 the trispectrum and so on), and let us immagine we wish to 

evaluate the expected error 011 the amplitude a: ( i fcl . . .  5kn) =  aS 6D where 5 °  oc V. 

The leading term in the covariance, neglecting shot noise, will be ~  P n(0D)n. As 

already seen before (e.g. chapter 3) the density o f states is g oc V . If we fix the
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configuration of the ¿-vectors then the expected error on a , o a for a thin shell in 

¿-space will be given by:

(8.51)
P n(SD)n

which implies the counter intuitive result that o a oc y { n - 3)/2 However, if we allow 

the shape o f the ¿-vector configuration to change slightly we obtain:

K ¿ - - ‘ W  (8.52)
P n(S )n

where the exponent n — 1 o f the density o f states comes from the fact that the polygon 

has to close and therefore has n — 1 “degrees o f freedom” . In this case we obtain the 

(more intuitive result) that: aQ oc 1/y/V when all shapes are allowed for.

In the case o f the power spectrum (as in the example o f Press et al. (1992)) only the 

two possibility coincide (n = l ) ,  for this reason splitting the volume does not improve 

the errors. Note also that in the bispectrum case o f chapters 3 and 4, the error is 

independent o f the size o f the sample because the triangle shape is fixed. The same 

happens for the trispectrum in this chapter.
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Chapter 9

The abundance of high-redshift 

objects as a probe of 

non—Gaussian initial conditions

The work illustrated in this chapter appeared in Matarrese, Verde & Jimenez (2000).

9.1 Motivation

In the standard inflationary model for triggering structure formation in the Universe, 

there are precise predictions for the properties o f the initial fluctuations (chapter 1): 

they are adiabatic and follow a nearly-Gaussian distribution, with deviations from 

Gaussianity which are calculable, small and generally dependent on the specific in

flationary m odel Falk, Rangarajan & Srednicki (1993); Gangui et al. (1994); Gangui 

(1994); W ang & Kamionkowski (1999); Gangui & Martin (1999). Because o f the small

ness o f such deviations from the Gaussian behaviour, in most theoretical predictions 

one simply assumes that the primordial density field has exactly random phases. Con

sequently, intrinsic temperature fluctuations in the Cosmic Microwave Background 

(CM B ) are com m only treated as being Gaussian and the same assumption is made in 

most analyses o f Large-Scale Structure (LSS) o f the Universe. Besides this ‘standard’ 

nearly-Gaussian model for generating cosmological structures, based on the amplifi

cation o f quantum fluctuations o f the same scalar field which drives the inflationary
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dynamics, there exist alternative models for the origin o f fluctuations which predict 

stronger deviations from the random-phase paradigm. Still within the context o f infla

tion multiple scalar field models can give rise to non-Gaussian perturbations o f either 

isocurvature or adiabatic type (Allen, Grinstein & Wise 1987; Kofm an & Pogosyan 

1988; Salopek, Bond & Bardeen 1989; Linde & Mukhanov 1997; Peebles 1999a; Pee

bles 1999b; Salopek 1999). Alternatively, cosmological defect scenarios (e.g. Vilenkin 

1985; Vachaspati 1986; Hill, Schramm & Fry 1989; Turok 1989; Albrecht & Stebbins 

1992) generally predict non-Gaussian initial conditions.

The observed abundance o f high-redshift cosmic structures contains important 

information about the properties o f initial conditions on galaxy and clusters scales. 

CM B observations will put constraints on the nature o f the initial conditions (e.g. 

chapter 7 and Pen & Spergel 1995; Hu, Spergel & W hite 1997; Verde et al. 2000; 

Wang & Kamionkowski 1999; Wang, Spergel &: Strauss 1999), but will be severely 

affected by the presence o f noise and foregrounds (e.g. Knox 1999; Tegmark 1998; 

Bouchet & Gispert 1999) and probe rather large scales.

The Gaussian assumption plays a central role in analytical predictions for the 

abundance and statistical properties o f the first objects to collapse in the Universe. In 

this context, the formalism proposed by Press & Schechter (Press & Schechter 1974), 

with its later extensions and improvements (Peacock & Heavens 1990; Bond et al. 

1991; Cole 1991; Lacey & Cole 1993) has become the ‘standard lore’ for predicting 

the number o f collapsed dark matter halos as a function o f redshift. However, even a 

small deviation from Gaussianity would have a deep impact on those statistics which 

probe the tails o f the distribution. This is indeed the case for the abundance o f higli- 

redshift objects like galaxies at z >  5 or clusters at 2 >  1 which correspond to high 

peaks, i.e. rare events, in the underlying dark matter density field. Therefore, even 

small deviations from Gaussianity might be potentially detectable by looking at the 

statistics o f high-redshift systems.

The importance o f using the mass-function as a tool to distinguish among different 

non-Gaussian statistics for the primordial density field, was first recognized by Lucchin 

fe Mat.arre.se (1988), Colafrancesco, Lucchin & Matarrese (1989) and, more recently, 

by Chiu. Ostriker & Strauss (1998), followed by Robinson & Baker (1999), Robinson,
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Gawiser & Silk (1999a), Robinson, Gawiser & Silk (1999b), Koyama, Soda & Taruya 

(1999), W illick (1999a), Avelino & Viana (1999). To make predictions on the number 

counts of high-redshift structures in the context o f non-Gaussian initial conditions, a 

generalized version o f the PS approach had to be introduced.

Such a generalization o f the PS formalism has been tested successfully against 

N -body  simulations (Robinson & Baker 1999), but, from a theoretical point o f view, 

it suffers from the same problems o f the original Press & Schechter (PS) formulation: 

it cannot properly account for the so called cloud-in-cloud  problem, i.e. the constraint 

that bound systems o f given mass should not be incorporated in larger mass conden

sations of the same catalog. Even more important, most o f the PS generalizations to 

non-Gaussian models proposed in the literature do not properly take into account the 

dependence o f the fluctuation field on the smoothing scale.

In this chapter we obtain an analytic prediction for the number o f dark matter 

halos as a function o f redshift, within the hierarchical structure formation paradigm, 

following the PS formalism. The strength o f our method is that we are able to prop

erly take into account the smoothing-scale, or mass, dependence o f the probability 

distribution function o f the primordial density contrast. Obtaining analytical results 

in this context is extremely important. Direct simulations o f non-Gaussian fields are 

generally plagued by the difficulty o f properly accounting for the non-linear way in 

which resolution and finite box-size effects, present in any realization o f the underlying 

Gaussian process, propagate into the statistical properties o f the non-Gaussian field. 

Moreover, finite volume realizations o f non-Gaussian fields might fail in producing 

fair samples o f the assumed statistical distribution, i.e. ensemble and (finite-volume) 

spatial distributions might sensibly differ (e.g. Zeldovich et al. 1987). This problem, 

o f course, becomes exacerbated and hard to keep under control in so far as the tails o f 

the distribution are concerned. Thus, in looking for the likelihood o f rare events for 

a non-Gaussian density field, either exact or approximate analytical estimates should 

be considered as the primary tool. W hen compared with N -body simulation results 

the striking feature o f the standard PS algorithm is that it works extremely well in 

predicting properties o f highly non-linear objects such as the DM haloes, even being 

based on linear theory and relatively simple assumptions. This agreement has been



9: The abundance o f high-redshift objects as a probe o f non-Gaussian initial
250 conditions

proven for Gaussian initial conditions, and one might wonder whether such a feature 

also extends to the non-Gaussian case, where additional non-linear couplings arise 

and non-linear gravitational corrections can be important at larger scales, unlike the 

Gaussian case. This extension o f the PS prediction will be tested against N -body sim

ulations in a subsequent work (see chapter 10). For the present application, however, 

the primordial non-Gaussianity is assumed to be small and we can safely assume that 

departures from the PS prediction are negligible.

The outline o f the chapter is as follows: as in chapter 7, the parameterization 

o f primordial non-Gaussianity chosen covers a wide range o f physically motivated 

models whose non-Gaussianity can be dialed from zero (the Gaussian limit). We 

then relate analytically the non-Gaussianity parameter to the number o f high-redshift 

objects. This step involves the generalization o f the PS formalism to non-Gaussian 

initial conditions, which in turn requires an expression for the probability density 

function o f the non-Gaussian mass-density field as a function o f the filtering radius. 

Next we calculate the probability density function for the density fluctuation field, 

smoothed on the mass scale typical o f high-redshift objects. Since the non-Gaussianity 

is expected to be small, we can calculate the probability density function by expanding 

the ‘ cumulant generator’ in powers o f the non-Gaussianity parameter and keeping only 

linear order terms. In this context we are able to obtain an analytic expression for 

the probability density function o f the smoothed density field. We can then generalize 

the PS approach to non-Gaussian density fields and give an analytical expression for 

the eomoving mass-function o f halos formed at a given redshift, also accounting for 

the cloud-in-cloud problem. We also discuss the association between halos and high- 

redshift galaxies. The PS formalism predicts the number o f dark matter halos, but the 

correspondence to the observed number o f galaxies is not necessarily simple. Finally 

we summarize our main results and draw our conclusions.

9.2 Parameterization of primordial non-Gaussianity

Because of the infinite range o f possible non-Gaussian models, we consider here two 

models with primordial non-Gaussianity, whose amplitude can be dialed from zero 

(the Gaussian limit). As in chapter 7 (following Verde et al. (2000)) we consider
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models in which either the density contrast (m o d e l A ) or the gravitational potential 

(m o d e l  B ) contains a part which is the square o f a Gaussian random held. The 

physical motivation for this choice is that such a non-Gaussianity may arise in slow- 

roll an d /or nonstandard (e.g. two-held) inflation models (Luo 1994; Falk, Rangarajan 

& Srednicki 1993; Gangui et al. 1994; Fan & Bardeen 1992); moreover both  models 

may be considered as a Taylor expansion o f more general non-Gaussian hekls (e.g. 

Coles &: Barrow 1987; Verde et al. 2000), and are thus fairly generic forms o f mild 

non-Gaussianity.

We note here that, since in the PS framework the evolution o f perturbations is 

considered to be linear, this parameterization o f non-Gaussianity is effectively equiv

alent to non-linear biasing acting on a truly Gaussian underlying held. The effect o f 

biasing is to alter the clustering properties o f the galaxies with respect to the dark 

matter by relating galaxy formation efficiency to the environment. We do not intend 

to investigate the clustering properties o f high-redshift objects, we will instead focus 

on the probability density function (PDF) o f the linear density contrast as a tool 

to predict the abundance o f dark matter halos as a function o f mass and formation 

redsliift.

9.2.1 Linear plus quadratic model for the density or the gravitational 

potential

As a first step, we want to obtain the PDF for a model where either the primordial over- 

density held S =  Sp/p, or the initial peculiar gravitational potential is represented 

by a zero-mean random held ip, given by the following local transformation T  on an 

underlying Gaussian held cp:

ip(x) =  T[4>] =  acp{-x) +  e{cp2(x.) -  {(p2)) , (9.1)

with ex and e free parameters o f the model. The homogeneous and isotropic Gaussian 

process (p is assumed to have zero mean, (cp) =  0, and power-spectrum P ,̂ to be 

specihed later. Note that in the limit a - > 0 , t / i  is chi-squared distributed, while for 

£ —>■() one recovers the Gaussian case. As pointed out before, the model o f eq. (9.1) 

can be thought as representing the first two terms o f the Taylor expansion o f more
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general non-Gaussian fields around the Gaussian limit. Cubic or higher order powers 

o f  cp in such an expansion should be thought as being o f order e2 or higher. We will 

come back to this point in section 9.3.3. Since the overall normalization o f ip is fixed 

observationally (e.g. by measurements o f the power-spectrum), effectively there is 

only one free parameter in the model. In what follows we will take either a  =  1 and 

e as the non-Gaussianity parameter or a  =  0 and e =  1 to obtain the x~ model.

If there was no filtering to take into account or if the transformation (9.1) were 

true for a sm oothed field, then the PDF for ip could be simply obtained as follows

P(iP) =  (5 °  (acp +  e(cp2 -  (cp2)) -  iP)) =  J  dcpP(cp)5D (acp +  e(cp2 -  (<p2)) -  ip) (9.2)

where P{(p) is a Gaussian PDF with zero mean and variance (cp2) and 5D is the Dirac 

delta function. The above equation can be also thought as resulting from applying the 

Chapman-Kolmogorov equation: P(ip ) =  J dcpW (ip\cp)P(cp) where W  (ip\cp) =  dD (ip — 

P[cp]) is the transition probability from cp to ip (e.g. Taylor& Watts 2000). The integral 

over cp can be performed by writing:

P(iP) =  J  dcpP(cP)5 ° (cp -  , (9.3)

which gives:

P(iP) =  {2tr(r/>2) [ « 2 +  4e ( e(<j>2) +  ip)] } “ 1/2 [f_(^>) -  £+(iP)} , (9.4)

with

£±('<P) =  exp | y n 2 +  2c { e(cp2) +  ■ip') ±  a^Ja2 +  Ac(e((p2) +  ip) (9.5)

However, in order to apply the PS formalism, we need to know the PD F for the 

linear mass-density field as a function o f the smoothing radius R  and redshift z. To 

take into account the different evolution o f modes inside the horizon, we assume that 

the transfer function acts on our primordial non-Gaussian field •¡/'(x), as a convolution. 

We can easily account lor the smoothing operation, the effect o f the transfer function 

and the linear growth o f perturbations, by writing (e.g. Moscardini et al. 1991):

SR(x ,z )  =  D (z )5r (x ) =  D (z ) j  d3yF R(|x -  y D ^ y )  , (9.6)



9.3: PD F of the smoothed density fluctuations 259

where D (z )  is the growing mode o f linear perturbations, normalized to unity at z =  0, 

so that 8R(x )  represents the mass density fluctuation field linearly extrapolated to the 

present time. The isotropic function .Fr(|x|) can be specified by its Fourier transform,

FR(k) =  I  d3y  e - ik-yF(|y|) =  W R(k )T (k )g (k )  , (9.7)

where W R(k) is the Fourier transform o f the assumed low-pass filter (e.g. a spherical 

top-hat filter), T (k )  is the transfer function (normalized to unity for k —» 0), that we 

will later assume to take the adiabatic CDM  form as in (Bardeen et al. 1986), with 

the modifications o f Sugiyama (1995).

The function g(k) completes the specification o f our model:

• m o d e l  A : g(k) =  1, if we assume that our non-Gaussian model applies directly 

to the primordial density field.

• m o d e l  B : g{k) =  — |(/c/fTo)2^omi ^ ^ ie same assumption is made for the 

gravitational potential (its precise form comes from solving the cosm ic Poisson 

equation); here flom denotes the present day density parameter o f non-relativistic 

-  baryonic plus dark -  matter.

As widely discussed by Moscardini et al. (1991), the overall sign o f the Gaussian to non- 

Gaussian mapping inherent in these models is a crucial parameter, which determines

most o f the non-linear dynamics. In our case, we are still free to choose the sign,

through the actual choice o f the free parameter e. We finally get

SR(x ) =  ac/)R(x) +  e j d3yF R(| x  -  y  |)c/»2(y) -  C  , (9.8)

where <fiR( x ) is just the smoothed underlying Gaussian field i.e. the convolution o f c/> 

with F , and

C  =  e(<f>2) J  d3yF R (| x - y  |) (9.9)

ensures that 8R has zero expectation value.

9.3 P D F of the smoothed density fluctuations

In this section we derive an approximate analytic expression, valid for small values o f 

the non-Gaussian parameter e, for the PDF as a function o f the sm oothing radius (i.e.
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mass scale) and o f the redshift o f collapse. This is the key ingredient to develop the 

extension o f the PS formalism to non-Gaussian fields. The reader mainly interested in 

the application o f the PS approach to non-Gaussian density fields may omit reading 

this section at a first sitting.

Once the filtering process has been taken into account, the density fluctuation 

PDF can be obtained through a functional or path-integral 1 (e.g. Rarnond 1989)

P {S r) =  {¿ D (at(f>R{x ) +  e j d3yF R(| x  -  y  |)r/>2(y) -  C  -  SR{x)"j ) (9.10)

=  j W Y P ty ]  j 7̂  exp iX (atf>R(x) +  e j d3yF R(| x  -  y  |)</>2(y ) — C  — SR{ x ) j  ,

where, in the second line, we used the integral representation o f the Dirac delta func

tion. The functional integration is over cj) configurations in real space weighted by the 

Gaussian probability density functional

e x p {  — d3yJ 'd3z<p(y)/C(y,z)(/)(z)]
V[4>\ = ------------------------------------------------------------------------, (9.11)

f[V<f>\ exp j  — ̂  f  d?y f  d3^ (y ) /C (y ,  z)</>(z) j

which has been consistently normalized to unit total probability, j[V(f)]F[(f>\ =  1.

Although the previous expressions for the PDF actually gives its form at redshift 

2 =  0, one should keep in mind that the quantity P{SR)dSR is redshift-independent, 

as long as linear evolution applies.

From now on we will use the following compact notation:

j d3y j d3zcp(y)IC(y, z,)(f>(z) =  (<¡6,/C, r/>) (9.12)

The symmetric kernel /C is defined as the functional inverse o f the two-point cor

relation function ^ ( y ,  w) =  £^(|y -  w|) o f the field <f>, namely,

J d3ylC{z, y ) ^ ( y ,w )  = 5 D{z -  w) . (9.13)

By exploiting the fact that

d3y F R(| x - y  |)f/>2(y) =  /  d3y j d3z(j){y)FR{\ x - y  \)öD (y -z ) ( j ) ( z )  =  {(¡), F R5D , r/>),

(9.14)
'T h e  path-integral approach has been widely applied in the cosmological context and, in particular, 

to LSS studies by e.g. Politzer & W ise (1984); Grinstein & W ise (1986); Matarrese, Lucchin & 

Bonom etto (1986); Bertschinger (1987).
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e x p  { - ! ( &  / C ,  <j>) +  iAe(^, FR5D,4>) +  ¿ ( ^ ,  < / » ) }

equation (9.11) becomes:

P ( ^ )  =

(9.15)

where we have defined the source functional

J \ {y ) =  AaFfl(| x  -  y  |) (9.16)

and introduced the notation

=  J  d3ijJ\{y)(p{y) . (9.17)

The above functional integration can be performed analytically, by applying the so- 

called path-integral technique for composite operators (Cornwall, Jackiw & Tom boulis 

1974; Hawking & Moss 1983). Let us briefly sketch the main steps o f the procedure. 

We start by defining a new kernel:

JC'X(z , y )  =  /C (z ,y ) -  i2XeFR(\ y  -  x  \)6D (z, -  y ) , (9.18)

which allows to write

P (5r ) = I y e~iXSR~iXC j  [Vc^e-^F '^+AJx^) (9 19)

We then make the change o f variable (under which the path-integral is left unchanged)

4>(z) - t  0 (z ) -  i j  cl3y [/C^]_1 (z,y)J\(y) (9.20)

where [IC'x\~l satisfies the integral equation

j  d3-y/C'(z,y) [/C^]“ 1 ( y , w )  =  5D (z -  w) .  (9.21)

We then easily get:

P (S R) =  [  {D e t [^ ] /D e t [ /C ]}_1/2 , (9.22)
' ./ 2n

having used the standard notation for functional determinants:

i n  f l r ' i / n ^ r r n - 1/2 =
{ 6 [ Al /  [ ]} _  f['D<f>\ exp[—|(c/>, /C, </>)]

=  exp | - ^ T r l n [ l  — *2Ae(P’jRi5jD, /C- 1 )] | . (9.23)
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The reader unfamiliar with the functional notation can understand the last result 

as a generalization o f the identity InfdetM] =  Tr[ln M ], which applies to any symmetric 

matrix M . Here 1 denotes the functional unit matrix, i.e. the Dirac delta function; 

the logarithm o f a functional is defined as its series expansion and

(F RSD,/C~l ) =  J  ci3'iuF/i (| w -x | )iD(y -w ) /C _1 (w —z) =  F M | y -x | )^ (y - z )  . (9.24)

Finally, the trace (TV) o f a functional G (y , z) is defined as f  di y f  d3zdD (y  — z )G (y ,z ) .  

Therefore, equation (9.23) becomes:

{Def[/C(J/.Def[/C]}-1 '/2 =  exp j  — ̂  j  d3y j d 3zSD (y  — z) ln[M ]| (9.25)

where

M  =  6D{y  -  z) -  i2XeFR{\y -  x | )^ (y  -  z) (9.26)

The PDF for the linearly evolved, smoothed density field takes the exact form:

P{SR)dSR =  J  ^ e-^ H + w (A ) d6R ; ((J 27)

where W(A)  is called the cumulant generator, as its series expansion around A =  0 

defines the cumulants (or irreducible moments) o f 5R(x.). Its exact form is:

W(A) -  d\j j  d3z { \ 2a 2F R{\y\)[lC'x] - l { y ,z )F R(\z\)

+  ¿ D ( y ~ z ) l n  [ ^ ( y - z )  - i2 X e F R{\ y \ )^ ( y -  z) j  . (9.28)

where the A subscript indicates where the A dependence is hidden. Note that the x  

dependence has been eliminated by a mere translation o f the origin. Equation (9.28) 

contains also the exact form for the generating function for the particular case where 

the original non-Gaussian held '(/> is chi-squared distributed: this is simply obtained 

by setting «  =  0 in the previous expression. Note also that the first-order term in 

the expansion of the logarithm precisely cancels the —iXC  term, so that the condition 

(Sit) =  0 is identically satisfied.

9.3.1 Kernel inversion

In order to solve the remaining integrals we need to find an expression for the functional

*. Let us start by finding an expression for the kernel 1C, given that its inverse



9.3: PDF of the smoothed density fluctuations 263

is just the auto-correlation function o f the Gaussian field c/>, namely,

J  d3yIC{w  -  y )^ (|  y  -  z |) =  SD (w  -  z) . (9.29)

Fourier transforming both sides o f eq. (9.29) we easily find (Politzer & W ise 1984; 

Bertschinger 1987)

IC(k) =  l/ P ^ k )  (9.30)

where P<],{k) is the power-spectrum of the underlying Gaussian field </). Therefore

/C(w, y ) =  K(\ w  — y  |) =  /C(r) reads

1 /' 1 1  /'°° 1 
K{ r )  =  ^  J  d3/cexp(ik  • r) —  =  ^  ^  a ^ k r ) ^  . (9.31)

To find an expression for [1C'X}~ one would like to proceed in an analogous way. 

However, owing to the absence o f translational invariance o f /C', going to momentum 

space does not help. The technique we are then going to use is to expand in

powers o f the non-Gaussianity parameter e, as follows:

[Ka]_1 (y , s )  =  £ (  2ie\)nr t n\ y ,z )  (9.32)
71=0

where the coefficients are obtained recursively from

7?.(n)(y ,z )  =  j  d3w ^ ( \ y -  w|)Fii (|w|)77(n_1)(w , z) (n >  0) , (9.33)

with 77.(°)(y,z) =  £^(|y — z|). Similarly, in Fourier space we have

^ ) ( k , k ' ) = P # )  /  ( 0 3 ^ ( ^ (n_1)(q +  k , k ' ) ,  (9.34)

with £ ( ° ) (k ,k ')  =  (2n)3Pij)(k)5D (k  +  k ').

From equation (9.34) we find:

7 ^ ( k , k ' )  =  P ^ P ^ F R i  |k +  k'|) (9.35)

and, for n  >  2,

7^n)(k ,k ')  =  P ^ k )P ^ (k ') J  ^  ■ J  ^ ^ F R(q i) ■ ■ ■ FR(qn- i )  (9.36)

x T’fidqi H +  Qn-i +  k +  k'|)P (̂|qi +  k|) ■ • ■ i^(|qi +  • • • +  qn- i  +  k|) .

Note that, while in principle the expressions for 1C', 77(n) and should be sym

metrized, for the purpose o f calculating the PD F or the cumulants, this operation is 

not needed.



9.3.2 Cumulant generator

At this point we are ready to provide an expression for the cumulant generator, by

first expanding it in powers o f A. We have:

00 a  W l
W(A) =  Y ,  | l^n,R , (9-37)

on —2

where /J.n,R denotes the cumulant o f order n  of the smoothed density contrast S r .

The variance, the skewness and the kurtosis o f the smoothed non-Gaussian density 

field are, respectively 2,

„2

9: The abundance o f high-redshift objects as a probe o f non-Gaussian initial
204 conditions

çy r oo ^
H2tR =  4  =  ( 4 )  =  ^ l j n dkk2Fft(k)Pj){k)

r oo /* oo 2 /' 1   _ /
+  — r dkk2P J k ) d k 'k 'P A k ')  dp F l ( J k 2 +  k'2 +  2kk'p) , 

2.7T J o J o J o

(9.38)

8ecY2 r°° ~ r°° ■> ~
tkiji =  ( 4 )  =  I T T  /  dkk2F R (k )P (j)(k) /  dk'k' F R ^ P ^ k ! )  x 

27r Jo Jo

I dp FR{ J k 2+ k ,2+2kk'p)
Jo
_ /' d3ki /' d3ko i  d?ki „  . „  , ,  , „  ,

+  . /  (2^ 4 J ( 2̂ ) 3 . /  X

Ffldk! -  k2|)i?H(|k2 -  kaD^dkg -  k j)  . (9.39)

and

/M,/i =  ( 4 . ) — 3 ( 4 ) 2

"The integral over k in the sub-leading term of the variance can diverge for certain choices o f the 

power-spectruin of the underlying Gaussian field and transfer function. In these cases one should bear 

in mind that any physical process originating the underlying field will necessarily provide the <j) power- 

spectruin with both infrared and ultraviolet cutoffs (the present-day horizon and the reheating scale, 

respectively, in the case of inflation-generated perturbations). In case this contribution dom inates over 

t he leading-order contribution even lor e <§; 1 one can postulate the existence o f a term proportional 

to f  in eq. (9.1) that will cancel out the sub-leading term in the variance. Alternatively eq. (9.1) 

and eq. (9.38) can be renormalized by choosing a  and A# such that r 2,r — P2 r when £ « 1 .  Our 

calculations still apply in this case provided one interprets e as e /a 2.
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F R {h )F R {k2 )F R(k3)FR(\ki'k.2 +  k 3|)

+ 96e4 f d*kl i  dH'2 I' d3ks I' d'3k4/• d?k\ f  d?k2 f  d3kz [
/  (27t)3 J' (2tt)3 J "to co

F r ( |ki -  k2|)F*(|k2 -  k3|)F*(|k3 -  k4 |)FR(|k4 -  ki|)

(9.40)

M ore in general, the cumulants are made o f two contributions: a leading term of 

order en~2 plus a subleading term o f order en,

fJ"n,R =  e" 2/4i,k +  eU/J-n,R i (9-41)

where

and

^ R  =  r - :in\ a 2 I  - 0 ^  I  ^ F R(k1)F R(h2 ) i i ln- i Hk, k') (9.42)

ll‘n,R -  2"  1(n 1) !/  (2tt)3 ’ \ / (27r ) 3 W - p * ( fc» ) x

Ffldki  -  k 2|) ■ • ■ F r (|kn_ ! -  K \ ) F r ( \ K  -  kil )  . (9.43)

Note that, as anticipated, the sign o f the parameter e, for a given model, fully

determines the sign o f the skewness as well as o f all the other odd-order cumulants.

The cumulants for the filtered chi-squared model are immediately recovered by 

taking cv =  0 and e =  1 in the previous expressions, so that /untR =  (J.^R- It, is worth 

noticing that eq. (9.43) supplies all the cumulants o f a chi-squared field sm oothed on 

scale B.. This is an interesting result for models such as that recently proposed by 

Peebles (1999a); Peebles (1999b), where non-Gaussian isocurvature fluctuations are 

obtained with a chi-squared distributed density field.

L in ea r  o r d e r  in  e

To first order, the skewness depends linearly on e, therefore let us define

Ss,R =  eS ^R =  £M3,ii/(M2)]i)2) (9.44)

where
rP r°° ~

iA ]r =  ¿ 2  /  dkk2F 2R(k )P ,(k )  (9.45)
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and

. . r°° ~ r°° -2 ~
/ i 1 =  ( 4 )  =  T T  /  dkk2 FR(k)P ll:(k ) /  dk'k'"FR(k ')P (p(kl) x

Z7T1 ,/o  70

1 1 d/i FR( J k 2 +  k ' 2 +  2kk'n) (9.40)
Jo

To this order in e there is no contribution from higher order moments. On very 

large scales, where the transfer function becomes unity, and for a power-law e/> power- 

spectrum (P(f, =  A^kP or P^ =  A,j>kP~i for model A  or B, respectively), this leading- 

order skewness parameter S%ji becomes scale-independent, thus mimicking the be

haviour induced by the gravitational instability (chapter 1, and Peebles 1980). For 

model A the variance, the skewness ¡-̂ PR and skewness parameter S?̂ R are plotted 

vs. the radius R  and the mass M  in solar masses, M  oc R i , in Figure 9.1 with 

the following assumptions: a  =  1, top-hat filter in real space, transfer function as in 

((Sugiyama 1995)), with baryonic matter density parameter fioh =  0.015/?,- 2 , h =  0.65, 

Gom =  0.3, and scale-invariant primordial power-spectrum P^ oc k, normalised so that 

the present day run.s. fluctuation on a sphere o f 8 /i“ 1 M pc is as =  0.99 ((P.Viana 

& Liddle 1998)), which simultaneously allows to best fit the local cluster abundance 

and the CORE  data (e.g. Tegmark 1996). In what follows we will always assume that 

the approximation a\ =  pi/j? applies on all considered scales. As detailed below, at 

z =  0, for e <  0.01 in model A we will recover the standard PS mass-function on 

clusters scales, so that the relation between the observed abundance o f clusters and 

the value o f as keeps unchanged, in spite o f our non-Gaussian assumption.

To deal with model B we take P,), cx k ~3 and, as above, we normalize the mass- 

density variance as in model A, with the same choice o f cosmological parameters and 

transfer function. The variance, the skewness and skewness parameter are 

plotted vs. the radius R  and the mass M  in solar masses, M  oc f?.3, in Figure 9.2 

with the same assumptions as for model A in Figure 9.1. The variance for model B 

to linear order in e is identical to the variance for model A, but the skewness and 

skewness parameter are different: in particular notice that S ^R for m odel B has the 

opposite sign of e and, for a given value o f e, its amplitude is many orders o f magnitude 

smaller than for model A. It is important to realize, that both signs for e are generally 

allowed. In the inflationary case, both the sign and the magnitude o f e are related
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M/Mg M / M 0 M/M0

R  ( M p c h  ’ ) R  ( M p c  h  ’ ) R  ( M p c  h  1 )

Figure 9.1: M o d e l  A  variance, skewness (n%R)  and skewness parameter (S^R)  as a 

function o f the radius o f the top-hat window in real space and o f the m,ass. To produce 

this plot we assumed: a  =  1, a scale-invariant initial power-spectrum P^ oc k, CDM  

transfer function, flom =  0.3, normalized to produce cr$(z =  0) =  1 (more details in 

the text).

M / M 0 

1 0 9  1 0 1 0 l o ' 1 1 0 1 2 1 0 1 3 1 0 1 4

M /M 0

1 0 9  1 0 1 0 1 o ' 1 I O1 2 !!]1 3 1 0 1 4

M / M 0

0.1 1.0 10.0  
R (M pch-1)

0.1 1.0 10.0 

R (Mpc h -')

0.1 1.0 10.0  
R (M pc h " ' )

Figure 9.2: M o d e l  B  variance, skewness (p^\t) an^ skewness parameter ( S ^ )  as a 

function o f the radius o f the top-hat window in real space and o f the m,ass. To produce 

this plot we m.ade the same assumptions as for  Figure 9.1 except that now P oc k~ i . 

M o d e l  B  variance, skewness

to the inflationary slow-roll parameters ejng and 77inn (Gangui et al. 1994; Gangui 

1994; Wang ik. Kamionkowski 1999; Gangui & Martin 1999). In this model, the PS
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niass-function at z — 0 is practically recovered on all scales, for all |e| <  200. 

Q uadratic ord er in e

For small deviations from Gaussianity, a first-order expansion in e is a valid approxi

mation. We give here the expressions for the relevant quantities also to second order, 

but in any application we will neglect second or higher-order corrections.

W hen expanding the cumulant generator to second order in e we obtain that the 

variance has a contribution oc e2 as in eq. (9.38), the skewness remains the same as

to first-order in e, the next to leading term being oc e3, but there is a non-vanishing

contribution to the kurtosis oc e2, namely

IMj t  = e V i ! i  = 4 8 e V | ^ | ^ | ^ P 0 (A:1)P0 (A;2)P(A(|k3 + k 1 |)

x FR(k 1 )F R{k2 )F R{k3 )F R{\kl +  k2 +  k3|) (9.47)

For both models, the leading-order kurtosis parameter S4J1 =  e2/ i ^ /  (M2 r ) 3 lje~ 

comes scale-independent if the power-spectrum is a power-law; therefore 011 large 

scales, where the transfer function is unity, £>4^  becomes scale-independent.

9.3.3 Higher order non-Gaussian contributions

W hat happens to our results if we allow for higher order terms in the original definition 

o f our primordial non-Gaussian field i p l  Let us modify, for instance, our definition by 

adding a cubic term, as follows,

V>(x) =  ac/>(x) +  e((¡62 ( x )  -  (c/>2)) +  e2/?e/>3(x) , (9.48)

where ¡3 is a new independent parameter, which we assume to be o f order unity. Such a 

cubic term might be easily accounted for in the functional integral approach, by using 

the so-called ‘ integration by parts’ relation (e.g. Ramond 1989). For the purpose 

of the present chapter, however, we can account for such a cubic term through the 

modifications it induces in the lowest-order cumulants. The sub-leading term of the 

variance would in fact be modified by the addition of

e2 A fj.2%  =  6 e 2 ~ ^ 2  >a4 J  . (9 -4<J)
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which therefore appears as a ‘renormalization’ o f the leading-order variance. The sub

leading skewness would also get an extra contribution o f the same order e3, which we

will not write here. The kurtosis, instead, would be modified already to leading order,

gaining the extra piece

e2A/4|)i =  \ ? olP $ r  , (9.50)

which still has the nice feature o f appearing as a renormalization o f the previously 

calculated leading-order kurtosis.

At this point we can derive a general 3 and self-consistent approxim ation to the 

cumulant generator (and hence for both the differential and cumulative probability) 

up to order e2:

1 +  \ ai3)  ' 
(9.51)

This is the explicit expression for W (A ); no further terms could appear from liigher- 

order non-Gaussianity to this order in e. Substituting this expansion in eq. (9.27) one 

gets an approximate expression for the PDF as an integral over A, which is valid for 

suitably small values o f the non-Gaussian parameter e.

For the rest o f our calculations, however, we will assume that departures from 

Gaussianity are small and therefore we will retain only linear-order terms.

9.4 Press-Schechter approach to non-Gaussian density 

fields

To obtain the abundance o f dark matter halos as a function o f filtering radius R  

(or mass M  oc R 3) and redshift o f collapse £c, one should first obtain the conditional 

probability that the density contrast equals the threshold for collapse 6C, when filtered 

on scale I?,, provided it is below it on any larger scale R'. In the Gaussian case, 

and for sharp-k-space filter, this problem has been solved by a number o f authors

:,T lie key assumption that allowed us to obtain such a general treatment o f a m ildly non-Gaussian 

field is that it can be expanded as a local functional o f an underlying Gaussian field. On the other 

hand, any form  o f 11011-locality such that it can be expressed as a convolution in real space can also 

be handled in a similar way, by suitably modifying our definition of the function F r (x ).

W(A) -  2 ^ r ~ eT ^ R + ̂
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Figure 9.3: Left panel: The redshift dependence o f the threshold fo r  collapse A c in 

different cosmologies. It is clear that the dependence on redshift and on cosmology is 

weak. This justifies to assume A c=  1.687 throughout. Middle panel: Dependence o f  

the relation between dark mass and radius on the cosmology and the redshift o f collapse 

zc . The solid lines denote an Einstein de Sitter Universe, the dashed lines a flat model 

with £2om =  0.3 and Ao =  0.7 and the dotted lines an open model with ilom =  0.3. 

The dependence is very 'weak and can be safely ignored. Right panel: The redshift 

dependence o f the inverse of the linear fl.uctuation growth fo r  different cosmologies.

(Peacock &: Heavens 1990; Cole 1991: Bond et al. 1991) by rephrasing it in terms 

o f the problem o f barrier first-crossing by a Markovian random walk. In the non- 

Gaussian case and /or for other types o f filters, different techniques should be used. 

In particular, an alternative formulation, originally proposed by Jedamzik (1995) and 

successively implemented by Nagashima & Gouda (1997) and Lee & Shandarin (1998), 

allows to reduce the problem to the solution o f the integral equation,

l r°°
P (>  5c\zc, M )  = ------ /  d M 'P (M \ M ')M 'n (M ,zc) , (9.52)

POm Jo

where pom is the present-day mean density o f non-relativistic matter, P ( >  5c\zc, M ) 

is the probability that 5m  lies above the threshold 5C (i.e. the fraction o f volume 

where this happens) at a given redshift zc and n (M , zc) is the required comoving 

mass-function for halos o f mass between M  and M  +  dM  which formed at zc. The 

function P (M \ M ') denotes the conditional probability o f finding a region with mass 

M  overdense by 5r or more, given that it is included in an isolated region o f mass M '
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(>  M ).

Let us start by first finding an expression for the L.H.S. o f this equation, i.e. for 

the level-crossing probability P (>  6c\zc, M ).

In looking at this problem, it is convenient to think o f the density fluctuation as 

being time-independent while giving a redshift dependence to the collapse threshold 

Sc(zc) =  A c(zc)/ D (zc | iiomj ^oa); A c is the linear extrapolation o f the over-density for 

spherical collapse: it is 1.686 in the Einstein-de Sitter case, while it slightly depends 

on redshift (see Figure 9.3) for more general cosmologies (e.g. Kitayama Hi Suto 

1996); Qoa denotes the closure density o f vacuum energy today. Here D (z  \ fiom, ^ oa ) 

denotes the general expression for the linear growth factor, which depends on the 

background cosmology: the redshift dependence o f D (z c | H0m,i2oA) _1 is shown in 

Figure 9.3 for three different cosmological models.

Using the spherical isothermal collapse model (Gunn & Gott 1972), it is possible 

to relate the mass M  o f a dark halo to the Lagrangian (pre-collapse) com oving length 

R. (the sphere o f radius R  will give rise to an object that contains the mass M within 

the virialization radius) (e.g. W hite, Efstathiou & Frenk 1993),

^ [ y i o o k m s - 1]

where B. is in units o f M pc h_1 . Here Vc is the circular velocity required for centrifugal 

support in the potential o f the halo, given by M  =  Vci/ (10G H (zc)), where H  denotes 

the Hubble constant, (e.g. Heavens & Jimenez 1999), and f c is the density contrast 

at virialization o f the newly-collapsed object relative to the background. This is 

adequately approximated by f c =  178/fl^6(zc) (e.g. Eke, Cole & Frenk 1996).

In figure 9.3 the dependence o f (9.53) on the cosmology and the redshift o f collapse 

is shown. It is clear that this dependence is very weak and can be ignored for our 

purposes. For a chosen power-spectrum shape and normalization, the dependence on 

the cosmological model o f the PDF and the level excursion probability is therefore 

confined in 5c(zc). In other words, changing the cosmology is essentially equivalent to 

changing zc according to the right panel o f Figure 9.3.

Following the PS formalism, we can write

P ( >  Sc\zc,R ) =  i ° °  dSRP(SR) =  r  d5R l ° °  ^ e-™ *+ w (A ) , (9.54)
J 5 c { z c ) J S c ( z c )  ••'-oo Z7r
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which, exchanging the order o f integrations and integrating over 5r , yields the exact 

and general expression

P {>  8c\zc, R) =  — f  ^  exp [~i\8c(zc) +  W (A)] +  ]- . (9.55)
2 m  J  - oo A 2

This is the exact expression for the probability that at redshift zc, the fluctuation 

on scale R  exceeds some critical value 5C. From this equation it is possible to obtain 

an approximate expression for the cumulative probability P (>  5C\zc,R )  by expanding 

W (A) o f eq. (9.28) to a given order in e. On the other hand, from knowledge o f the 

cumulants o f the cosmological density field smoothed on scale R , up to some order, 

it is possible to obtain an approximate expression for the level excursion probability 

P {>  8\R.).

The integral (9.55) can be solved analytically by using the saddle-point technique 

as iu Fry (1986) and Lucchin & Matarrese (1988). We first perform a Wick rotation,

A —» i A, in the complex A plane, to get rid o f the oscillatory behaviour o f the integrand.

This gives

1 rioo 1

P { > 8 c\zc,R )  =  —  —  exp [—X8c(zc) +  Ad (A)] +  -  , (9.56)
Z'K'l J —ioo A Z

with Ad(A) =  W (—iX). Next, let us introduce the effective action G(5eff), defined as 

the Legendre transform o f Ad, namely G(£eff) =  — -M (X), with 5eff =  dM /d\.

From the definition o f Ad one has

1 r G ' = i o o  n " ( < j  \ |
P (>  8c\zc, R) =  w ~  dSeH — ^  exp [ ( iefF -  5c{zc)) G '(5eS) -  G ( ieff)] +  -  .

2 m  ./G '=-ioo G'(Oeff) 2
(9.57)

For large thresholds, 8c(zc)  P> 1, the above integral is dominated by stationary points 

o f the exponential. These occur at G"(5es )(8 c(zc) — 5eff) =  0, i.e. at 5eff — 8c(zc), since 

^ (¿ e ir )  =  (d?M./dff2)~ l >  0 [as Ad must be a convex function o f its argument (e.g. 

Fry 1985)]. A saddle-point evaluation o f this integral then gives (Lucchin & Matarrese 

1988)

^ ( >  8c\zc,R ) & - 4 =  —  J, e x p ( -G )  . (9.58)
V 27r G ¿'efi=<5c(zc)

Note that the remaining 1/2 term on the r.h.s. o f equation (9.57) has been exactly 

cancelled by the pole residual o f the integral at G '(5eff) =  0. The latter formula 

provides an accurate approximation o f the level-crossing probability P (>  8C), provided
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the cumulant generator A4(<5eff) is analytic for all finite values o f its argument, which 

is indeed the case for our approximated expression in ecp (9.51), but certainly not 

for the exact form of eq. (9.28). The validity o f our last result will then rely on the 

smallness o f the non-Gaussianity parameter e. It is important to notice here that since 

- as it is clear from Figure 9.1 - the skewness parameter is not small everywhere, we 

expect the PD F to be very sensitive to small e at least for model A.

The approximate form o f the effective action resulting from Legendre transforming 

eq. (9.51) is

G(Se ieff, ¿off 
2 °7?.

S3,ft
a a ¿eff +

ft 12 ’ 4,ft. *eff

(9.59)

The level crossing probability P (>  5C) to second order in e can be obtained from 

(9.58), with (9.57) and the following substitution:

(G")1/2

G'
or

4ff

+

+ ( 72/^(^2)crft _

I 2 a $ ] +  3 -  2S2eSa 2Ra S P ) '

(2)

To linear order in e the effective action reads

^3, ft.52„
1 - ° e f f

(9.60)

(9.61)

Note that this function is only convex for rieff <  l /S 1̂ ,  so that our result can be 

consistently applied only as long as 5c(zc) <

We finally obtain

P ( >  5c\zc,R )
OR

\f2TT $c(zc)
exp 1 Sc(ZC)

2 °R
1 S3.f t .

3 Sc(zc) (9.62)

Note that, for the Gaussian case, S^ft =  0, this formula corresponds to the well-known 

asym ptotic behaviour o f the complementary error function valid where Sc 3> 2cr. I11 

particular, for S3 ft =  0 , and z — 0 this approximation introduces an error o f  20% at 

R. ~  10 M pc h r 1 and an error smaller than 5% for R, >  20 /¿-1  M pc.

For 5c(zc) >  1/S'3,ft, i.e. for R. <  10 M pc and/or e >  10-3  for model A, the integral 

(9.55) has to be performed numerically. To first order in e eq. (9.55) becomes:

P ( >  Sc | zc,R )  =  \ \
2  7T Jo

^ e x p ( - A 2CT^/2)sin(A5c + A 3p 3ik / 6) . (9.63)
A
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A
0.

M/M0 m/ mq M/M0

Figure 9.4: M o d e l  A P ( >  Sc \ zc,R ) for  zc =  6 (left panel), zc =  8 (center), zc =  10 

(right panel) and e =  10~2, 5 x 10-3 , 2 x 10- 3 , 10~3, 5 x 10- 4 . The thick solid line 

is relative to the Gaussian case. It is clear that the main effect o f the presence o f a 

small nonzero e is to boost P (>  5C \ zc,R ) by at least a factor  ~  10.

In Figure 9.4 we show the result o f the numerical integration for model A  for masses 

in the range 108 — 1012M q, redshift zc =  6, 8,10 and e from top to bottom  e =  10“ 2, 

5 x 10- 3 , 2 x 10~3, 10~3, 5 x 10- 4 , and the Gaussian case (e =  0, solid line). The main 

effect o f the presence o f a small non-Gaussianity such as e =  5 x 10~4, is to amplify 

P (>  Sc | zc, R ) by a factor o f order 10.

For model B instead, as shown in Figure 9.2, the skewness parameter for the 

density field is small and has the opposite sign o f e. For this reason the saddle- 

point approximation (60) works remarkably well on galaxy scales for |e| <  500, if 

zc <  10. Figure 9.5 shows the excursion set probability for model B for masses 

in the range 108 — 1O12M 0 , redshift zc =  6, 8,10 and e from top to bottom  e =  

—3 0 0 ,-2 0 0 ,-1 0 0 ,0 ,1 0 0 ,2 0 0 . The thick solid line is relative to the Gaussian case 

(e — 0); curves above that have e <  0, below have e >  0. The fact that |e| ~  100 

is needed to create any sizeable departure from the Gaussian P ( >  5C\M), has an 

important consequence: all conventional inflationary models induce deviations from 

Gaussianity such that the skewness parameter for the peculiar gravitational potential 

S,3i$ is bound to be |S,3,$| <  10 (Gangui et al. 1994); since S3,$ ~  6e, we conclude that, 

in the context o f single-field inflation models the level-crossing probability P (>  dc\M )
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Figure 9.5: M o d e l  B P (>  Sc | zc,B.) for  zc =  6 (left panel), zc — 8 (center), zc =  10

(right panel) and, e =  —300, —200, —100, 0, 100, 300 (from top to bottom). The thick

solid line is relative to the Gaussian case. It is clear that \ e s  \ o f model B need to be

g/i o f model A to show a noticeable difference from the Gaussian case. M oreover

eb  < 0  is needed in order to enhance the non-Gaussian tail o f  P ( >  5C | zc,R ) .

is indistinguishable from the Gaussian one at least on clusters scale and below. It is 

im portant to stress that for this model, using values o f e o f order unity or even larger 

does not imply the breakdown o f the perturbation expansion upon which our results 

rely, as the coefficients o f that expansion, such as the skewness parameter, keep small 

even for |e| <  100.

The most complex issue is that o f finding a suitable expression for the function 

P (M \ M ') in equation (51) in the general non-Gaussian case and for generic filters. In 

tliis context, it is useful to define a ‘fudge factor’ /  through the equation

P (M | M ;) =  j  Q (M ' -  M ) , (9.64)

with 0  the Heaviside step function. As shown by Nagashima &: Gouda (1997), in 

the Gaussian case, with sharp-k-space filtering, P (M | M ') reduces to the conditional 

probability P(<W  >  Sc\5m ' =  which is easily obtained from a bivariate Gaussian, 

using Bayes theorem; from this one immediately gets /  =  2, as expected. In the non- 

Gaussian case (and /or for different types o f filter) the value o f /  should be obtained 

from its very definition. Recently, Koyama, Soda & Taruya (1999) showed that in
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generic non-Gaussian models one can still write

/ ( M ,  M ') /  du p(SM = u |Öm' =  Sc) 
■Is,

-1
(9.65)

with p (Sm  =  w lSm 1 =  Se) ~  p (Sm  =  oj — Sc), provided M ' >  M . Obtaining a similar 

relation for all scales M ' >  M  is a more complex issue, which would require a separate 

analysis 4. Nonetheless, it is extremely reasonable to expect that this approximation 

works well at least in so far as the deviation from Gaussianity is weak. One then 

immediately gets the simple result 5 /  ~  1 /P (>  0|M). In our case, one can com pute 

the cumulative zero-crossing probability P (>  0, M ) numerically, starting from eq. 

(9.63).

The comoving mass-function o f halos formed at redshift zc can thus be immediately 

obtained by differentiating the integral equation (51). This allows the standard PS 

formula to be extended to the non-Gaussian case in the simple form (Lucchin & 

Matarrese 1988; Colafrancesco, Lucchin & Matarrese 1989; Chiu, Ostriker & Strauss 

1998; Robinson, Gawiser & Silk 1999a; Robinson, Gawiser &; Silk 1999b; Koyama, 

Soda & Taruya 1999):

n (M ,z c) =  f 3H» ÜOm d P (>
S irG M d,M

(9.66)

where we implicitely assumed that the value o f f  has negligible dependence on M , The 

factor /  should account for the physical constraint that all o f the clustered matter in 

the Universe must be included in bound objects o f some mass [i.e. / 0°° d M M n (M , zc) =  

3Po^Om/87rG] and simultaneously solve the cloud-in-cloud problem.

For the non-Gaussian models considered here, the factor /  is not much different 

from the Gaussian value, provided e is small, i.e. for small departures from the 

Gaussian behaviour. In Figure 9.6 the fudge factor /  ~  1 /P ( >  0|M )  is plotted 

as a function of the skewness parameter, using a top-hat filter in real space. The 

'in  the Gaussian case, and for sharp-k-space filter, one fin dsp (Sm  =  w|¿m' — ¿c) =  —

tor all M'  >  M.  where M  is defined by cr2( M )  =  cr2( M )  — a 2(M') .  Inserting this result in eq. (64)

yields /  =  2, independently of the mass (Nagasliima & Gouda 1997).
’ Note that, it the non-Gaussian PDF depends on the filtering mass only through the variance, i.e.

P(t>u) =  e r f 1 4'(i'h//(T .v), as assumed by W illick (1999a), then P ( >  0|M )  =  P ( >  SC\M =  0), which

yields an alternative expression tor / .  used by some authors (e.g. Robinson & Baker 1999). In the

most general case, however, the latter result is not valid.



9.4: Press-Schechter approach to non-Gaussian density fields 277

useful range is on the left o f the vertical dotted line, that is M  >  2 x 1O1OM 0 for 

m odel A  with e =  10~3 and M  <  4 x 1015M Q for model B with e =  -1 0 0 . We can 

therefore conclude that, for mild non-Gaussianity, the correction to the usual fudge 

factor ./ =  2 is negligible when compared to the effect o f the skewness term in the 

exponential, justifying therefore the use o f f  — 2 throughout.

2.00 F

1.90 f

1.80 r
m— :

1.70 j-

1.60 j

1.50 L

0.001

Figure 9.6: The fudge factor f  ~  1 / P (>  0|M ) as a function o f the skewness parameter 

S?J}r . The value f  =  2 is exact fo r  the Gaussian case with sharp k-space filter; the 

solid line shows the value o f f  as a function o f Ss r̂ . The useful range is on the left 

o f the vertical dotted line, i.e. M  >  2 x 1010M q fo r  model A with e =  10-3  and 

M  <  4 x 1015M q fo r  model B with e =  —100. We can conclude that, fo r  mild non- 

Gaussianity, the correction to the usual fudge factor is negligible, justifying therefore 

the use o f f  =  2 throughout.

9.4.1 M odel A

In m odel A  the skewness parameter S^/?, is scale-independent on large scales, therefore, 

as a first step, we can neglect the dependence o f on mass. In this case, in the 

above differentiation, we arrive to a very simple generalization o f the PS formula, 

which has the same functional form, provided one makes the replacement

1 R
fic(Zc)

1/2

=  h*(zc) (9.67)
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and therefore:

/ » r \ 5*{zc) din  (jm

2°M d In M
(9.68)

This simple result is completely analogous to that found by Lucchin & Matarrese 

(1988), for hierarchical-type statistics: the effect o f the deviation from primordial 

Gaussianity is that o f shifting the PS characteristic mass to higher or lower masses, 

depending on whether the skewness is positive or negative. Note that the effect o f the 

non-Gaussian tail becomes more and more important at higher redshifts. As noticed 

by Fry (1986), ‘the departures from Gaussian can be appreciable while fluctuations are 

still small’ . The assumption that S:^r is scale-independent is correct on relatively large 

scales, where R  >  20 /i-1 M pc, corresponding to masses M  >  1014M q. Substitution 

(9.67) applied to the standard PS formalism agrees with the numerical results on 

scales R. >  20 h ~ l M pc, for e <  10~2. The dependence on the cosmological model 

is confined to Sc(zc), as discussed before, once the present-day power-spectrum shape 

and normalization have been chosen, and the normalization iigi2om.

However from Figure 9.1 it is clear that the scale dependence o f S^Jt is not neg

ligible for galaxy masses, moreover for R, <  10 i.e. M  <  1013 the saddle-point ap

proximation does not hold. Numerical evaluation o f (9.55) yields d P (>  Sc)/ d M ; the 

corresponding n (M , zc) is shown in Figure 9.7 for the same range o f masses, redshift 

o f collapse zc and non-Gaussianity parameter e as in Figure 9.4, assuming /  =  2, 

according to the discussion above.

9.4.2 M odel B

It is clear from the scale dependence o f the skewness parameter that, for departures 

from Gaussianity of the kind o f model B, clusters scales are better than galaxy scales 

to probe primordial non-Gaussianity. It is worth to notice here that also for model B in 

the absence of the transfer function, S;$ n is scale independent and indeed the skewness 

parameter becomes scale-independent on very large scales (R  >  100 h~l M pc), where 

the transfer function is unity. On clusters scales is not scale-independent, but 

lor e <  200 and redshift zc <  2 the saddle-point approximation is still valid. For the
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Figure 9.7: M o d e l  A : The comoving mass-function o f halos form ed at redshift 6 (left

e, as in Figure 9 .f ;  from, top to bottom: e =  10 2; 5 x 10 3, 2 x 10 3, 10 3, 5 x 10 4. 

The thick solid line is relative to the Gaussian case.

com oving mass-function o f halos formed at redshift zc we obtain:

Also in this case the dependence on the cosmological model is confined to 5c(zc) and 

in the normalization Figure 9.8 illustrates the effect on the mass-function

on clusters scales for the non-Gaussianity o f model B. For two different redshifts o f 

collapse (zc =  1 and 2) the ratio o f the mass-function for model B to the mass-function 

for a Gaussian field [n (M , zc) /nQau (M , zc)\ is plotted as a function o f the mass in solar 

masses. Also in this case we can assume /  =  2. The choice for the e parameter is, from 

top to bottom , e =  —100, —50, —10. It is clear that for high masses one is probing the 

tail o f the distribution, that is most sensitive to departures from Gaussianity. The 

forthcom ing X-ray M ulti-Mirror (XM M ) galaxy cluster survey (Rom er et al. 1999), 

will allow the number density o f clusters to be accurately measured even at z >  1. 

In particular the XM M  cluster survey will provide a complete survey o f clusters with 

masses M  >  1O14M 0 at 2 <  1.4 over 800 square degrees. Preliminary calculations 

suggest that it will be therefore possible to detect |e| >  50.

panel) S (center), 10 (right panel), fo r  different values o f the non-Gaussian parameter
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M /M q M /M g

Figure 9.8: M o d e l  B  •.The non-Gaussian effect on the mass-function on clusters 

scales. For two different redshift o f collapse (zc =  1 left and. zc — 2 right) the 

ratio o f the mass-function for  m o d e l B  to the mass-function fo r  a Gaussian field. 

[n (M , zr)/riQilu(M , zc)] is plotted as a function o f mass. The choice fo r  the e param

eter is, from top to bottom., e =  - 1 0 0 , - 5 0 , - 1 0 .  It, is clear that fo r  high masses 

one is 'probing the tail o f the distribution, that is most sensitive to departures from  

Gaussianity.

9.5 A  worked example: galaxies at z > 5

The technique presented in the previous section allows one to measure accurately the 

amount o f non-Gaussianity 011 a given scale. Although the traditional route has been 

to use the abundance o f clusters, we will illustrate our technique by using the observed 

abundance ot high-z galaxies (e.g. Cavaliere & Szalay 1986; Kashlinsky & Jimenez 

1997; Peacock et al. 1998). There are some advantages in using high-z galaxies: they 

sample directly the galaxy scale and the objects are always inside virialised halos. One 

m ajor disadvantage is that the mass is not accurately determined. On the other hand, 

as larger telescopes, such as NGST, get on line, it will be possible to obtain volume 

limited samples of ol high-z galaxies and from high-resolution spectra, dynamical 

masses will be determined more accurately. As seen from eq. (9.67), it is clear that 

the higher the redshift the more sensitive the PDF is to non-Gaussianity. Up to date 

there are 6 galaxies with spectroscopic redshifts observed between z >  5 to z ~  7 

(Dey et al. 1998; Spinrad et al. 1998; Weymann et al. 1998; Hu, M cM ahon & Cowie
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Table 9.1: Main properties o f observed galaxies at z >  5. Column 1: [1] Dey et 

al (1998); [2] Spinrad et al. (1998); [3] Weymann et al. (1998); [4] Hu, M cM ahon 

& Cowie (1999); [5] Chen, Lanzetta & Pascarelle (1999). Column 2: spectroscopic 

redsliift o f the galaxy. Column 3: area o f the sky (in square degrees) surveyed per 

galaxy. Column 4: observed star formation rate in solar masses per year. Colum n 

5: dust corrected star formation rate (see text). Columns 6, 7: estimated mass in 

stars and dark matter (see text). Column 8: velocity dispersion obtained assuming 

an isothermal halo (see text).

Ref. z deg2 obs.SFR corr.SFR est.M» Ov
(M0 yr-1) (Moyr-L Mo M0 (kms-1 )

[1] 5.34 7.4 x 10“ 5 4 20 2 x lO 9 2 x lO 10 70

[2] 5.34 3 x 10“ 4 13 65 6.5 x lO 9 6.5 x lO 10 100

[2] 5.34 3 x 10~4 13 65 6.5 x lO 9 6.5 x lO 10 100

[3] 5.60 3 x 10“ 4 8 40 4 x lO 9 4 x lO 10 86

[4] 5.74 7.4 x lO“ 5 40 200 4 x l 0 10 4 x l0 n 187

[5] 6.68 3 x 10“ 4 40 200 X I—1 o o 4 x 10u 200

1999; Chen, Lanzetta & Pascarelle 1999) and in Table 1 we have com piled their most 

relevant characteristics. These high-z galaxies have been found in relatively small 

areas o f  the sky: for the purposes o f this worked example we will use a scanned area 

o f  3 x 10-4  square degrees for each galaxy 6.

As pointed out before, the masses o f this high-z sample are unknown, but their 

current obscured star formation rate is known. The first step is to correct the observed 

star formation rate for the presence o f dust. In (Jimenez et al. 1999) a case has been 

made for the correction factor for the star formation due to the presence o f  dust in 

a starburst being ~  5 (independently o f the magnitude o f the host galaxy). This is 

confirmed by the independent arguments presented in (Peacock et al. 1999). The 

corrected star formation rate is presented in Table 1. Since the age o f the Universe at

eFour o f tlie six galaxies considered here have been found in the Hubble Deep field, where the total 

area scanned is about ~  1/800 of a square degree. The other two galaxies have been found in Keck 

observations, where the area scanned for each o f them is about 7.4 x 10~B square degrees. For this 

worked example we will therefore make the conservative choice that there is on average one galaxy 

per 3 x 10_/1 square degrees.
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2 ss (i is already about 0.7 Gyr even for EdS, assuming the present age to be 13 Gyr, 

it is very unlikely that galaxies have been observed just when their stellar populations 

are born but that they are at least 10% of the age o f the universe at that redshift. 

Therefore, we will assume that galaxies are at least 0.1 Gyr old when observed. We 

will also use the current star formation rate as the star formation rate o f the galaxy 

in the past [although it is more likely that the past star formation rate was higher 

(Heavens & Jimenez 1999)]. Using this, we can estimate what the mass in stars in the 

galaxies (see Table 1) and in dark matter is, using a simple isothermal profile for the 

halo, i.e. M  =  V * / (10G H (zc)), where zc is the redshift o f collapse 7 and assuming 

that Q0b =  0.015/r- 2 . Following Peacock et al. (1998) we will carry out our analysis 

in terms o f av. For an isothermal halo av — Vc/\/2. Table 1 shows that av — 70 — 200 

km s- 1 . The number density o f high-2 galaxies is N (il  =  1) >  3.6 x 10~3(/r-1 M p c)-3  

[N (ii0 =  0.3, A0 =  0 .7)>  8.3 x 10- 4 (/i-1 M p c)-3 ].

To compare these observations with our theoretical results we integrate the mass- 

function to obtain the number o f galaxies observed per unit volume with redshift o f 

formation 6 <  zc <  8 and masses 2 x 1010M q <  M  <  4 x 10u M q. Gaussian initial 

conditions give N(f2o — 0.3, Aq =  0 .7 )=  5.2 x 10- 5 (/i- 1 M p c)- 3 , which is about a 

factor sixteen lower than the observed value. For M odel A  with e =  10~3, we obtain 

N (iio =  0.3, Ao =  0 .7 )=  1.3 x 10~3(h_1M pc)_3 , which is much closer to the observed 

value. As we already noted before, a very small non-Gaussianity parameter (i.e. a very 

small departure from the Gaussian behaviour) has a dramatic effect on the statistics 

o f high redshift objects. This is, o f course, very preliminary.

For the tail o f the PDF, the mass function is very sensitive to the overdensity 

threshold, the mass determination and the redshift o f formation. In this example we 

have assumed that the redshift o f formation is the redshift at which the object has 

been observed. This is o f course quite a conservative assumption, yielding a lower 

limit on the non-Gaussianity parameter. It has been shown that the PS algorithm 

with a fixed threshold Sc does not reproduce very accurately N -body simulation results

'A lthough  we have assumed that the stellar population of the galaxy has to be about 10% o f 

the Hubble time at the observed redshift, we will conservatively consider that the dark halo has .just 

collapsed at the observed redshift. This is what is expected in hierarchical models, where the stellar 

population is generally made in previous generations inside smaller haloes.
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(e.g. Shetli & Tormen 1999). However, the deviations on the mass scales considered 

here are never larger than a factor o f a few, well below the uncertainty due to the 

mass determination (see below). PS predictions and N -body results can be reconciled 

by making the threshold for collapse scale-dependent (e.g. Shetli & Tormen 1999; 

Slieth, M o &; Tormen 1999). This will change the absolute prediction on the number 

density of objects but will not strongly affect the ratio between the Gaussian and 11011- 

Gaussian number density predictions. The spherical collapse assumption underlying 

the PS algorithm is the main reason why theory does not reproduce accurately N -body 

results: the introduction o f the ellipsoidal collapse improve sensibly the agreement Lee 

& Shandarin (1998). In a forthcoming work (see chapter 10) we will address the issue 

o f  triaxial collapse for non-Gaussian initial conditions.

M aybe the most pressing issue is that o f the mass determination o f high-redshift 

objects. For example, if the mass estimate for the galaxies in the worked example is 

wrong by a factor o f 4, the number density would change by a factor o f  20 (at zc =  

6), and agreement between predictions and observations could be obtained without 

resorting to e ^  0.

Indeed, better observations will improve the determination o f the mass o f the dark 

halos and o f the number density o f high redshift galaxies. A measurement o f e and 

thus a determination o f the amount o f primordial non-Gaussianity (if any!) present 

on galaxy scales will then become possible.

9.6 Conclusions

We have shown that it is possible to test whether initial conditions were Gaussian, by 

looking at the abundance o f galaxies and clusters at high redshift. Small deviation 

from Gaussianity have a deep impact on those statistics which probe the tail o f  the 

distribution: for this reason the abundance o f high redshift objects such as galaxies 

at z  >  5 and clusters at z >  1, is very sensitive to small departures from the Gaussian 

behaviour.

We used a parameterization o f primordial non-Gaussianity that covers a wide range 

o f physically motivated models: the non-Gaussian field is given by a Gaussian held 

plus a term proportional to the square o f a Gaussian held, the proportionality con
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stant being the non-Gaussianity parameter. We applied this model to the primordial 

density fluctuation field and to the gravitational potential fluctuation field, and we 

assumed that the departures, from the Gaussian behaviour are small. Given this pa

rameterization o f non-Gaussianity, we were able to obtain an analytic expression for 

the probability density function (PDF) o f the smoothed density field. This approach 

is somewhat different from what is found in the literature (e.g. Robinson, Gawiser 

&; Silk 1999a; Robinson, Gawiser & Silk 1999b), since we do not assume a particular 

form for the non-Gaussian PDF, but we derive it, given a parameterization o f the 

primordial non-Gaussianity.

We then introduced a generalized version o f the PS approach valid in the con

text o f non-Gaussian initial conditions, also tackling the cloud-in-cloud problem. This 

enabled us to relate, analytically, the non-Gaussianity parameter to the number o f 

high-redshift objects. The strength o f our method is that we are able to properly 

take into account the smoothing scale, or mass, dependence o f the probability distri

bution function, and that our results are analytic. In looking at the likelihood o f rare 

events for a non-Gaussian density field, one is probing the tail o f the distribution, and 

analytical results are not only elegant but also extremely important.

The main technical results o f this chapter can be summarized as follows: a) Eq. 

(9.28) is the exact analytic form o f the cumulant generator for our non-Gaussian 

models: it can be used to generate cumulants o f any order by simple differentiation. 

1>) Eq. (9.55): this equation gives an exact and general analytic expression for the 

cumulative probability that, at a given redshift zc, the fluctuations on scale B. exceed 

some critical value 5C. From this expression it is possible to obtain the cumulative 

probability to any order by expanding the cumulant generator (9.37) with (9.41) and 

(9.42) as we did in (9.51). c) Eq. (9.62): it is an analytic expression for the cumulative 

probability valid for small deviations from the Gaussian behaviour, d) Eq. (9.69), with 

the definition (9.67): it is an analytic expression for the comoving mass-function o f 

halos obtained within the PS approach. For a given power spectrum the dependence 

on the cosmological model is straightforward: it is confined to the normalization factor 

:ind the threshold 5C.

Still an important, issue remains unsolved: how to accurately determine the mass
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and the formation redsliift o f observed high-redsliift objects in order to put tight 

constraints on primordial non-Gaussianity. It will be possible to fully address this 

issue only with observations from NGST and X-ray satellites such as XM M .
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Chapter 10

Conclusions and future work

In this thesis we presented some new mathematical tools to extract im portant cos

m ological information from forthcoming datasets such as the 2dF and SDSS galaxy 

redshift surveys and M AP and Planck CMB maps.

Theory can predict the clustering properties o f the mass distribution, but what 

we can actually observe in the local Universe are the properties o f  luminous material 

like galaxies. Because o f biasing, galaxies might not be faithful tracers o f the mass 

distribution. It would be possible to extract cosmological parameters such as flo from 

LSS studies if galaxies were tracing the mass. Otherwise, from linear-theory studies 

o f LSS, Oq is obtained only via the degenerate combination /3 =  fIo’6/fr where b is the 

bias parameter.

We developed a new method, based 011 second order perturbation theory, to mea

sure the bias parameter, with error bars, from realistic galaxy redshift surveys. The 

m ethod accounts for redshift-space distortions, shot noise, selection function and other 

issues specific to the survey such as mask, bright-star drills etc. It becomes thus pos

sible to lift the degeneracy that plagues linear-theory studies o f LSS. This opens the 

possibility to measure the density parameter flo from large-scale structure data such 

as the forthcom ing galaxy redshift survey 2dF and SDSS with 10% error or less, in

dependently and possibly in advance o f CMB determinations.

There are several advantages o f a Fourier-based method, such as the one presented 

here, over similar approaches using for example skewness (e.g. Gaztanaga &; Frieman 

1994), count in cells or factorial moments (e.g. Szapudi et, al. 1995) or cumulant
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correlators (e.g. Szapudi 1998). The full correlation function has more information 

than averaged quantities such as the skewness. But the bispectrum has the advantages 

over the three-point function and other real space quantities, that in Fourier space 

is much easier to distinguish between linear, non-linear and mildly non-linear scales 

and the covariance properties are (in principle) easy to calculate. It is also quite 

straightforward to model redshift space distortions with Fourier based quantities. The 

main complications arise when dealing with real world issues such as the presence o f 

mask and star drills. The count in cells, factorial moments and cumulant correlators 

methods are not severely affected by these complications, but do not deal with redshift- 

space distortions. At present, there is no accurate way to include redshift-space effects 

in these methods and therefore can only be safely applied to projected catalogues such 

as the APM .

Projected catalogues contain less information than 3D catalogues, but, because o f 

the smaller observational effort required, contain a much larger number o f objects. To 

find out if projected catalogues can yield a useful measurement o f the bias parameter, 

we extended to two-dimensional surveys the bispectrum method. It is not known a 

priori whether, for the bispectrum, the small angle approximation is valid on large 

enough scales for perturbation theory to hold. Thus we derived an exact expression 

for the projected bispectrum in spherical harmonics. This result can be generalized to 

evaluate the projection of any three-dimensional bispectrum. We applied the result 

to the analysis o f (mock) projected galaxy surveys and show that, in principle, it 

can be possible to measure the bias parameter (in a similar way as in chapter 3 and 

4 for three-dimensional catalogues). We also show, with an error analysis and by 

implementing the method on simulated catalogues, that ongoing three-dimensional 

galaxy catalogues will do much better than full sky projected catalogues to constrain 

the bias parameter. This is however only one o f the possible applications: the exact 

expression of the projected bispectrum we derived is extremely relevant to CM B and 

gravitational lensing studies.

A completely different approach, feasible in a not too distant future, to extract cos

mological information from future datasets, would be the following. Run many CDM - 

like N -body simulations with different cosmological parameters and (semi-analytic)
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galaxy formation models, create a vast selection o f mock catalogues and then com 

pare statistical quantities with observations. Unfortunately, the number o f “free pa

rameters” would probably be much larger than the number o f observables statistical 

quantities to use to constrain the cosmology....

In order to be able to measure the bias parameter by using the galaxy bispec

trum and indeed to measure (3 from LSS studies, the main underlying assumption 

one is forced to make is that initial conditions are Gaussian. Most o f CM B deter

minations o f cosmological parameters are also based on the same assumption. The 

standard (inflationary) model for structure formation predicts initial conditions very 

close to Gaussian, but there are other models. For example non standard inflation or 

cosm ological defects models predict non-Gaussian initial fluctuations.

We therefore investigated four (complementary) ways to probe the nature o f initial 

conditions: the CMB and LSS bispectrum, the LSS trispectrum and the abundance 

o f  lrigh-redshift objects.

The first important conclusion we reached is that, if future CM B maps turn out to 

be consistent with the Gaussian hypothesis, then any non-Gaussianity seen in the LSS 

bispectrum  can be safely attributed to bias or non-linearity. In drawing this conclusion 

we considered the bispectrum as discriminating statistic. The bispectrum  is the lowest 

order correlation that should be zero for a Gaussian field, and in LSS studies, can in 

principle distinguish between primordial non-Gaussianity and non-Gaussianity due to 

biasing or non-linear gravity. Searches for non-Gaussian signal in the CM B maps have 

been carried out using also other methods. For example using Minkowski functionals 

(Novikov, Feldman & Shandarin 1999) and Wavelets analysis (Pando, Valls-Gabaud 

& Fang 1998; Hobson, Jones & Lasenby 1999). Wavelet approach is sensitive to 

localized non-Gaussian signal, and is therefore extremely successful in the subtraction 

o f foreground contributions (e.g. Jones, Hobson & Lasenby 1999) in particular if 

com ing from point-like sources. On the other hand, Minkowski functionals approach 

is sensitive to the global topology o f the temperature map. However, the fact that the 

non-Gaussian signal in the COBE 4-year data is unmistakably detected by bispectrum  

based m ethod and by some wavelets-based analysis (although not unambiguously see 

e.g. Mukherjee, Hobson & Lasenby 2000), but not with statistical significance by the
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Minkowski functional method, suggests that this is probably not a very promising 

approach. However one has to keep in mind that this conclusion is based on one 

particular form of non-Gaussianity and the performance o f each m ethod might depend 

011 the particular deviation from Gaussian behaviour.

Future CM B maps will have the necessary resolution to allow the Gaussian hy

pothesis to be tested also via the correlations o f peaks (Bond & Efstathiou 1987; 

Heavens & Shetli 1999), but at present it is not possible to predict if this m ethod 

will outperform bispectrum based methods. Although CMB bispectrum is much more 

sensitive to primordial non-Gaussianity than other CMB estimators that have already 

been applied to data, the conclusion that it is also more sensitive than LSS bispectrum  

is not fully general. In fact there might be non-Gaussian models that have zero bis

pectrum and non-zero higher order correlations, or, more importantly, that manifest 

deviations from the Gaussian behaviour only on small scales, that are not accessible 

with CMB observations.

We therefore presented two alternative methods that probe LSS and clusters and 

galaxies scales.

We propose to use the LSS trispectrum to detect primordial non-Gaussianity form 

forthcoming LSS data (SDSS and 2dF). This method has all the advantages o f being a 

Fourier based technique, but has in addition the bonus o f being independent o f linear 

biasing, and o f yielding a measurement o f primordial non-Gaussianity, if deviations 

from Gaussian behaviour are small. The main limitation is that it relies 011 the 

assumption that bias is linear, and this might not be true even 011 large scales.

At even smaller scales, the abundance o f high-redshift cosmological structures 

contains precious information about the statistical properties o f the initial conditions. 

We presented a method to compute analytically the number density o f objects as 

a huiction of mass and redshift for a range o f physically motivated non-Gaussian 

models, by extending the Press and Schechter approach to mildly non-Gaussian fields. 

We showed that the abundance o f high-redshift objects can be directly related to the 

nature ol the initial conditions and can thus yield an insight 011 the physical processes 

that generated the primordial fluctuation field. Observations from N GST and x-ray 

satellites (X M M ) can in principle be used to accurately measure the amount o f non-
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Gaussianity in the primordial density field.

This approach is very promising, provided one can overcome the main obstacle o f 

obtaining an accurate mass determination o f the observed objects (see next section).

In summary, cosmological fluctuation fields as we observe them, can show devi

ations from Gaussian behavoiur due to several different sources: the deviations can 

be of primordial origin, but even if perturbations start off Gaussian, other effects 

such as e.g. non-linear gravitational evolution, biasing, and redshift-space distortions 

introduce non-Gaussianity. I have presented several methods that exploit these devia

tions from Gaussian behaviour to extract cosmological informations from forthcom ing 

datasets such as 2dF/SDSS surveys and M A P /P lanck  CMB maps.

10.1 Future (and ongoing) work

The methods developed in this thesis open up many possibilities for exploitation and 

further developement. I detail some o f the possibilities here.

Measurement of O from the 2dF survey

I have been granted access to the 2dF dataset to measure the bias parameter with the 

m ethod illustrated in chapters 3 and 4. Coupled with a high-precision measurement 

o f  P, which will be undertaken by members o f the 2dF team, this will allow the 

matter density parameter fio 1° be estimated from clustering. We are in the process 

o f  creating software, tailored to the 2dF dataset, that can deal with the “real world 

issues” specific to the survey. To implement the method, however, I need to wait 

until there are contiguous regions o f about 8° x 8° o f sky with nearly uniform sky 

coverage. As a Princeton postdoc from next year I will have access to the SDSS data 

set. I plan also to adapt the software to the SDSS survey. The volume surveyed by 

SLOAN would allow us also to distinguish between different biasing schemes through 

the different shape dependence they induce on the bispectrum.
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Lim it o f  valid ity o f  the sm all angle approxim ation

The exact expression for the projected bispectrum in spherical harmonic opens the 

possibility to test the validity o f the small angle approximation for higher-order pro

jected statistics such as the bispectrum or the three-point function in a straightfor

ward way. It is well known that this approximation works extremely well for the power 

spectrum (see chapter 6); however, in the expression for higher-order correlations, the 

selection function appears to weight more heavily the regions nearer to the observer: 

for this reason one expects the limit o f validity o f the distant observer approximation 

to be more restrictive. There have been attempt to do this check via the comparison 

with N -body simulations (Gaztanaga &; Bernardeau 1998), but the results are not 

conclusive.

LSS and prim ordia l non-G aussianity

The SDSS will be well suited to implement the trispectrum method to detect prim or

dial non-Gaussianity from LSS. Since I will have access to the data set, I therefore 

plan to tune the technique to this survey. As for the bispectrum method, the issues to 

deal with are mainly bright-star drills and non uniform coverage. The main drawback 

o f this approach is that, as it stands, has to rely on the assumption that bias is linear. 

This is quite a restrictive assumption and it is worthwhile considering possible ways 

o f disentangling non-linear bias from the primordial non-Gaussian signal. It might be 

possible to do that by exploiting the fact that the latter contributes to gravitational 

evolution, whereas the former does not. Another issue I would like to concentrate on, 

is to explore the use o f different quadrilateral shape to optimize the analysis.

C M B , h igh-redshift clusters and prim ordia l non -G aussian ity

CMB bispectrum and high-redshift clusters are sensitive to the kind o f non-Gaussianity 

that arises in inflationary models. I am exploring which o f the future CM B and clus

ters observations is a better probe o f this particular non-Gaussian signal. In principle 

the argument can also be reversed: if the two probes yield inconsistent results, one 

can conclude that the physical process that generated non-Gaussianity is not inflation. 

However, to reach this conclusion, all the possible sources o f errors need to be under
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control. The first step would be to consider only the effect o f cosmic variance, the next 

step is to include also other factors such as dependence on the underlying theoretical 

model, observational errors etc. On the CM B side the main problems are the detector 

response and the foregrounds (see below). On the high-redshift clusters side, as al

ready anticipated, the key point will be to obtain an accurate mass determination for 

high-redshift clusters and, probably more importantly, to assess the validity o f the PS 

algorithm for non-Gaussian fields via the comparison with N -body simulations (see 

below).

CMB bispectrum

The exact expression for the projected bispectrum derived in chapter 6 has applications 

to CM B studies. In order to detect primordial non-Gaussianity from  forthcom ing 

CM B maps, it will be vital to have a model for all other spurious sources o f non- 

Gaussianity, in particular the effects o f foregrounds. M ap/Planck maps will cover 

t  =  2 to t  >  1000 with precision limited essentially by sampling variance. As shown in 

chapter 7, in order to reduce the error on the non-Gaussianity parameter estimation, 

one needs to go to high I. But, the analysis presented in thesis is not suitable to 

go beyond I ~  100 because o f other contributions to the bispectrum  com ing from 

secondary anisotropies. It is therefore vital to have good modeling for all these “non- 

prim ordial” effects, and the expression for the projected bispectrum can be useful to 

this aim.

Press & Schechter and triaxial collapse for non-Gaussian fields

The assumptions on which the Press & Schechter “recipe” (PS) is based are quite 

crude. The traditional PS for Gaussian fields can be improved by including ellipsoidal 

collapse (e.g. Lee & Shandarin 1998) so a first step would be to include the ellipsoidal 

collapse for non-Gaussian fields as the ones considered in chapter 9. This sort o f 

non-Gaussianity does not change the initial shape o f the iso-density contours o f the 

density peaks, but their evolution will change it. In addition to that, the spherical 

collapse model is expected to break down in presence o f shear. Ultimately, one would 

like to test the analytical approximations for the PS extended to non-Gaussian fields,
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with N -body simulations.

Probing inflation parameters with high-redshift clusters

Once the last two points have been developed, there are several interesting projects 

that can be done. One that I considered is the following.

The spectral index and the bispectrum o f the gravitational potential, both depend, 

in inflationary models, on the two “slow-roll” parameters e* and 77*. The interesting 

point is that the two quantities alone can only give a degenerate determination o f e* 

and 7/*, but in combination, they can lift this this degeneracy. Ultimately one would 

like to glean information about the inflaton potential and its derivatives: e* and 7 7* are 

linear combination o f the first and second derivative o f the potential. The amplitude o f 

the gravitational potential power spectrum is related to the ratio o f the first derivative 

o f the potential to the potential itself. If all these three quantities can be measured 

they can also offer a consistency relation that can be used to test inflationary models.

I am investigating if this can be achieved from realistic data sets.

High-redshift objects and the initial conditions

1 am also interested in comparing how well different kind o f high-redshift observations 

can probe the nature o f initial conditions. In the next few years with XM M , N GST and 

the SZ point source catalogue from the Planck satellite, we will be able to observe the 

first galaxies that formed in the Universe, up to redshift as high as 10 (if they already 

exist), and we will probably have .a complete sample o f high-redshift clusters. But 

there are also other possible probes such as gamma-ray bursts, epoch o f reionization 

etc. that need to be explored.

There is an important point to stress here: the non-Gaussianity arising from in

flationary models affects the CMB bispectrum and the abundance o f high-redshift 

clusters, but has a negligible effect 011 galaxy scales. Conversely, the other model con

sidered alters only galaxies number densities. Unless the Press &; Schechter formalism 

needs to  be substantially modified, theory with Gaussian initial conditions underpre- 

dicts the abundances of both high-redshift galaxies and clusters1. If this indication

1 Considering that the mass determinations are likely to be under- rather than over-estimated
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is confirmed, it could suggest that inflation is not the only mechanism that seeded 

structure formation.

To conclude, the abundance o f high-precision data available in the next few years, 

will allow us to test how well the theoretical predictions o f the standard cosm ological 

m odel match the observations. The current paradigm will be put to a series o f  stringent 

tests. We will have the possibility to learn about the physics behind inflation, but, I 

think, we have to keep an open mind: the essence o f a scientific theory is that it can 

be falsified. W hether the current paradigm will survive or not, such a large avalanche 

o f data will certainly open new questions and issues to explore.
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Chapter 11

Other unrelated projects

During the years o f my PhD I  have also started to look into another couple o f (not 

strictly related) projects, that however I  could not bring to a conclusion (yet). I  illus

trate them, here, just fo r  the record.

11.1 A n  observing proposal

The observation o f QSO absorption lines system is a very sensitive way to investigate 

the baryonic material in the redshift range 0 <  z  <  5. L ya systems are the most 

numerous. These are due to the fact that neutral hydrogen has a resonant scattering 

feature associated with the Lya atomic transition1. The resonance is so strong that 

a low neutral hydrogen density can cause significant absorption at the appropriate 

wavelength. L ya systems are particularly interesting because they might trace the 

the evolution o f the intergalactic medium and galaxy formation. There are two main 

interpretations o f the relationship between galaxies and L ya absorbers at low redshift. 

The low redshift Lya could be physically associated with individual galaxies, that is 

they could form a gaseous envelop within the halo o f the galaxy (e.g. Chen, Lanzetta 

& Barcons 1998 and references therein). If this is the case the galaxy-absorber cross 

correlation should be strong for small impact parameter 2 and small for large impact 

parameter. The alternative interpretation, supported by numerical simulation results 

(e.g. Petitjean, Mueket & Kates 1995) is that Lya absorbers trace the large scale

12p to Is  in emission. The corresponding wavelenght is 1216 Angstroms.
2The transversal distance between the galaxy and the absorber.
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structure in which both galaxies and gas reside. If this is the case the distribution 

o f absorbers should be correlated with that o f galaxies but the absorber-galaxy cor

relation function should be weaker than the galaxy-galaxy one. Since in this picture 

galaxies are in the deeper potential wells the gas density should decrease when mov

ing away from the galaxy. One should therefore find some anticorrelation between 

absorber equivalent width3 and impact parameter. Since Bowen, Pettini & Boyle 

(1998) presented a survey o f 51 galaxies within 30 arcmins o f the sightline o f the QSO 

1821+043. The importance o f this observation is that this QSO is bright enough to 

be observed with the Faint object spectrograph aboard HST and the G oddard High 

resolution spectrograph, allowing therefore weak Lya lines that would not be detected 

by HST to be seen by the high resolution instrument. The spectrum of this particular 

QSO shows a population o f low redshift, low equivalent width L ya system. In the 

survey by Bowen, Pettini & Boyle (1998) some relatively strong lines appear to have 

no associated galaxies, but if the second interpretation o f L ya  absorbers is correct, the 

galaxies should be there but too faint to be detected by the survey. This motivated 

us to submit an observing proposal at the W illiam Hertschel Telescope. We proposed 

to increase the magnitude limit in order to obtain spectra o f ~  1000 galaxies in the 

field o f Q1821+043. The scientific aims are a) to search for associations between low 

luminosity galaxies and weak Lya lines, b) to search for associations between weak 

Lya lines and the LSS o f the dark matter potential which galaxies map out.

This would allow us to compute the galaxy-galaxy and the absorber-galaxy cor

relation functions and check whether the second in weaker that the first. It would 

also be possible to detect the anticorrelation between absorber equivalent width and 

impact parameter if there is any.

The proposal was rated quite well by the telescope allocation committee, however, 

before time was going to be allocated for this project, we were asked to show by means 

of numerical simulations, what the statistical significance o f our finding was going to 

be. To do this we needed access to hydro dynamical simulations o f Lya absorbers at 

low redshift. If one day we will have this opportunity we will certainly complete this 

project.

T h at is a measure o f the gas density
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11.2 Testing the random phases hypothesis

The traditional method for analysis o f galaxy survey involves a Fourier decom position 

of the fractional overdensity field. Each Fourier m ode 5k is then represented by:

5k =  r e x p (i^ k) (11.1)

where r =  15k | is the amplitude and cj)k is the phase. Information about the phases is 

very important: we will give the example o f Chiang & Coles (2000). Gaussian white 

noise is a superposition o f Fourier modes with random phases and constant amplitude 

(i.e. independent o f k): the power spectrum o f this process is flat. But the same 

power spectrum can characterize a completely different process like for example single 

Dirac delta function in a periodic volume. The key point is that the power spectrum  

does not carry any information about the phases o f a distribution.

If the phases o f 5k modes are random, the Central Limit theorem ensures that 

the resulting distribution will be Gaussian. Thus the phase inform ation can, in prin

ciple, isolate and quantify deviation from Gaussianity. The phase, however, is not 

a fundamental quantity: a shift (A x )  to the arbitrary origin changes the individual 

phases, differently for different modes (</>k — > </>k +  k ■ A x ) .  However, for closed 

shapes in k-space, such as the k-vectors configurations used to com pute the n-point 

spectra, the sum o f the phases is invariant under shift o f the origin. As explained 

above, the configuration used for the power spectrum -two k-vectors kx and k 2 for 

which ¿^ (k ] + k 2) ^  0-, gives nothing interesting, but correlations o f higher order such 

as the bispectrum, carry some information about the phases. The first4 non-trivaial 

case is the configuration used to compute the bispectrum: three k-vectors such that 

^ ( k r  +  ka +  kaJ^O.

In fact let us define the quantity:

D  =  6kl5k25k3 =  ri'r2r3 exp[i(</>i +  f c  +  fa)\ =  R exp(z<L) (11.2)

If r - ( j  =  1 ,2 ,3 ) are independent and follow a certain distribution and <f>j are random

phases, we can calculate what is the probability distribution o f B. (7? (I?.)), (I> will be

still a random phase as follows.

4i.e. the lowest order correlation, but also the configuration with the lowest number o f k-vectors
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If we have two independent fields x, y, the probability distribution o f their product 

■id  =  xy  is:

d i .3 )
Jo X  X

and therefore if we have three independent fields x, y, z , with R  =  x y z  =  w z we have:

/• OO /• OO ( j q - f J z

V (R ) =  /  /  — V g(z)V x {x )V v [R /(xz)]. (11.4)
J o  J o  X Z

If we now identify x  with 5j: for a Gaussian random field then:

x 2 — [R e {x )]2 +  [I m (x )]2 (H -5)

and both real and imaginary part are Gaussian distributed, independent with zero

mean and variance a 2. The probability distribution for the amplitude |a.j is therefore

the Rayleigh distribution:

Vx {x) =  -^ -exp[—x 2/ ( 2c72)]. (11-6)
<TZ

It therefore follow that the probability distribution for R  o f equation 11.2 becomes:

-rum  R f° °  dridr3V {R ) =  2 2 2 /  /   exp
aia2°i Jo Jo rir3

r 2 r 2 R 2
2cr? 2a? 2 2 

2 r l r 3

R K o [^ R 2 /{<Tl<r%rj)}
1 dr3 , (11.7)

a f a j a j  Jo exp[r|/(2a|)]r3

where Kq denotes the modified Bessel function5. If 5 is Gaussian the bispectrum is 

zero. Iu other words the ensemble average (Skl Sk2^k3) =  0 .

(Ski ^ 2^ 3) =  (i?exp [i$ ]) =  (i?.[cos<I> +  i sin 4>]) =  (X  +  iY ) =  0 (H -8)

Because of reality o f <5, the imaginary part must average to zero: the bispectrum 

is a real quantity. If phases are random then also (cos (I>) =  0, but if phases are not 

random (because of non-linear gravity or primordial non-Ganssianity) the average o f 

the real part, will be nonzero.

For a Gaussian distribution equation 11.8 can be visualized as in figure 11.2. The 

x axis is the real axis the y is the Imaginary one. The concentric circles are contours 

of equal probability, their profile would be given by equation 11.7. W hen studying 

’ K n(z)  is one o f the solutions o f the differential equation z 2y"  +  zy'  — ( z 2 +  n 2)y  =  0.
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Figure 11.1: Visualization o f the D  =  distribution fo r  a Gaussian random

field. The X  axis is the real part (R e): i?,cos<I>, the Y  axis is the Im,aginary part (Im ) 

R. sin T. The concentric circles are contours o f equal probability, their profile would be 

given by equation 11.7.

the bispectrum  in this thesis we always looked only at the averaged value (the centre 

o f  the concentric circles in figure 11.2), not at the whole phase information. If the 

distribution is non-Gaussian and the bispectrum is non-zero, the average o f the real 

part cos <I> becomes non-zero. This might happen in two ways: a)a shift o f the circular 

contours or b )a  deformation o f the contours (in this case the distribution will still be 

peaked in zero but it would develop a tail), or, o f course, a combination o f the two 

effects.

It is in principle possible to distinguish between the two cases by looking at the 

variances o f the real and imaginary parts.

We will now investigate what happens in second order perturbation theory for 

Gaussian initial conditions.

As noted in chapter 3:

X 2 =  (R eD )2 -  e {D 2 +  D D *) , Y 2 =  (InxD)2 =  ^ R e(D D * -  D 2) . (11.9)
2 ^

Thus, their variances and covariances are:

4  =  (X 2) -  (X)2 , ay =  (Y2) , oXY =  (XY)  (11.10)

being (Y) =  0.
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By noticing that: (D ) is the usual bispectrum B  and is nonzero if ka =  —k i — k 2 

we can easily see that:

Im(jD2) =  0 (11.11)

from which follow that 

For the other two contributions we have:

o \ y  =  0 (11.12)

R e(D 2) =  (S l/ L A s )

R e(D D *) =  (6k l6k25k36_kl5 - k2S_k3) (11.13)

which are given in equation 3.19 with the identifications:

i =  k7; for i =  1,2, 3 j  =  k j_3 for j  =  4, 5, 6 (11.14)

i =  k,; for i =  1, 2, 3 j  =  — k j-3  for j  =  4, 5, 6 (11.15)

respectively. For specific non-Gaussian models it is therefore possible to calculate the 

variances.

For an initially Gaussian field evolved to second order in perturbation theory, 

equations 3.20 -  3.23 completely specify the variances. For example, for equilateral 

configurations and no shot noise contributions we have:

K K J L )  =  ^

( M - k l . . .  V - k 3 >  =  p i  +  B '2 (11.16)

where P  denotes the power spectrum and B  =  12/7P 2 is the bispectrum, and therefore

4  _  b -> +  P ±

4  =  (11.17)

Gravitational instability therefore squashes the contours o f figure 11.2 in the Y  axis 

direction, increasing the variance in the real part and decreasing the variance in the 

immaginary part. It is certainly worth pursuing this project, the main problem to 

overcome is that the bispectrum signal to noise per mode is very low; an appropriate

estimator is needed before the finding o f this section can find any practical application.
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