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ABSTRACT

The goal of this thesis is to obtain a superfield formulation of local

supersymmetry, and to construct via this formalism a model of spontaneous

local supersymmetry breakdown.

In the first chapter, the superfield method and some globally super-

symmetric models are reviewed. These include Lagrangians for massive

interacting chiral multiplets, and models for both massive and massless

vector multiplets. In particular, the globally supersymmetric extension

of the Higgs mechanism, due to Fayet, is described in detail. This model

will form the basis of a locally supersymmetric model incorporating

spontaneous supersymmetry breakdown in the third chapter. None of this

work is original.

The second chapter is devoted to gauging supersymmetry without super-

fields . The earliest supergravity theories (those not involving matter

coupling) are reviewed. The fiber bundle approach is described, and shown

to be ambiguous. An alternative algebraic scheme for dealing with gravi¬

tational symmetries is given.

Superfield supergravity in two dimensions forms the subject matter of

the third chapter. A brief glimpse of a one-dimensional locally supersym¬

metric theory (the spinning particle) is given. Its two-dimensional analogue,

the spinning string, is obtained first without recourse to superfields, and

then via an elegant superfield Ansatz due to Howe. It is shown how to derive

this Ansatz and its transformation. Finally, a locally supersymmetric

version of the Fayet model is given. The generalised Higgs mechanism works

to remove the Goldstone spinor, but via a gauge field (the gravitino) which

is forced to be non-dynamical in two dimensions.

The methods of the third chapter are extended to four dimensions in

the fourth chapter. The corresponding vielbein is derived, and shown not



to transform covariantly without the addition of new terms. An attempt

is made to find these terms, and it is argued that no additions can render

the vielbein covariant. Consequently the approach of the third chapter

proves inapplicable to four dimensions, and no matter-supergravity coupling

can be obtained in this way.

Three appendices on the history of anticommuting variables, the use

of differential forms, and on some useful identities, complete the thesis.
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INTRODUCTION

§ 1. Motivation

In the past twenty years one of the most fruitful ideas in

theoretical physics has been the concept of local symmetry; that is,

the covariance of physical laws with respect to transformation groups

whose parameters are functions of position. Typically a Lagrangian

which is invariant under global transformations may be made invariant

under the larger local symmetry only through the introduction of new

fields, which compensate for the difference in transformation character

between terms involving derivatives and those which do not. These

fields are known in the mathematical literature as "connections" and

are called "gauge fields" by physicists. It now appears that all of

the fundamental forces can be interpreted as gauge fields, allowing

for one or another local symmetry. Usually these gauge fields will be

associated with vector particles, but in general their spin content

will be equal to that of the derivative of the local group parameter.

On first inspection, it might seem that only a theory of long-range

forces could be built on a gauge principle foundation. Consider for

example the standard Maxwell Lagrangian. If it is to remain invariant

under the gauge transformation

A -> A + 3 A ,
y y u

The name is misleading and an accident of history. Weyl (1918) attempted
to derive Maxwell's theory by extending the principle of general co-
variance to a "relativity of magnitude", which requires the introduction
of a vector field whose transformation under a change of scale, or
"gauge", is the usual one associated with the electromagnetic potential.
Einstein (1919) immediately pointed out that the relevant scale-factor
had to be unobservable. The correct relation between Maxwell's theory
and local symmetry was not apparent before the discovery of quantum
mechanics. Weyl later recanted (1944).
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there can be no mass term present, of the form ~2m2A^A^. The force
associated with the exchange of a massless boson must be long-range,

as the Fourier transform of its propagator will be proportional to the

Coulomb potential. Nevertheless, two crucial ingredients of gauge

models allow for theories of short-range forces to be established on

grounds similar to electromagnetism: extension of the Abelian U(l)

symmetry to non-Abelian groups, and the spontaneous breakdown of a gauge

symmetry. The former generalisation alone as pioneered by Yang and

Mills (1954) may prove sufficient for a theory of the strong inter¬

actions. In the case of the weak interactions, the non-Abelian gauge

invariance must be realised as a spontaneously broken symmetry.

For several years before the spontaneous breakdown of a gauge sym¬

metry was considered, it had been known through the work of Nambu (1960),

Goldstone (1961), and others, that breaking a global internal symmetry

(i.e., one not based on a space-time group) could generate mass dif¬

ferences between members of a symmetry multiplet. At the same time,

this phenomenon has the undesirable property of requiring the presence

of massless scalar particles, and a proof was soon presented (Goldstone,

Salam and Weinberg, 1962) which suggested that, at least in relativistic

field theories, spontaneous breakdown was inevitably accompanied by

these massless "Goldstone bosons". On the other hand, that spontaneous

breaking of a symmetry can occur without the emergence of massless

scalar excitations was first pointed out by Anderson (1963) . In the

non-relativistic BCS model of the superconductor, spontaneous breakdown

of the ground state's U(l) invariance leads to massive "plasmon"

excitations (rather than massless modes, whose energy tends to zero

with vanishing momentum) as a consequence of the long-range Coulomb

interactions. An early relativistic model involving both long-range

forces and spontaneous symmetry breakdown was presented by Englert and
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Brout (1964), who showed that non-Abelian gauge particles coupled to a

(not necessarily elementary) field <j> acquired a non-vanishing mass if

«j>> ^ 0, but the relevance of this model to the Goldstone theorem was

unclear. The first explicit example of a relativistic Anderson

mechanism was given by Higgs (1964a, b), who pointed out that the

Goldstone et al. theorem did not allow for the kind of transformation

associated with a gauge field, and presented an explicit Abelian model

in which the gauge particle's longitudinal polarization came from (and

replaced) the would-be Goldstone boson. The remaining scalar behaved

as an ordinary massive zero-spin particle (the "Higgs boson") . In a

related development, Guralnik, Hagen and Kibble (1964) showed that the

Proca Lagrangian for a non-interacting vector field could be regarded

as a gauge field coupled to a Goldstone-Nambu field tj) with associated

transformation law tji(x) ■*" <i>(x) + a(x) . As a consequence of the Higgs

model, it became clear that when a local symmetry is broken, not only

is the mass degeneracy between a pair of scalars removed, but also the

gauge field necessary for the local symmetry completely absorbs the

massless particle, and becomes massive itself. Subsequently, 't Hooft

(1971) showed that a spontaneously broken gauge theory is a gauge theory

nevertheless; the renormalisability of a gauge theory was in no way

impaired if the local symmetry were spontaneously broken. Consequently

the Higgs mechanism allows for the construction of a renormalisable

theory which contains a set of massive vector particles - precisely

what is required for a theory of weak interactions, as in the models of

Salam (1968) and Weinberg (1967) . One lesson to be learned: if a

theory does not seem to be renormalizable, it may be because its

observed symmetry group is too small. But perhaps in this theory

there lies hidden what Coleman (1973) has called "secret symmetry".

If the known symmetry is the subgroup of a larger group, then consider
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a gauge theory of this larger group. By choosing an appropriate set of

scalar fields, it may be possible to break the larger symmetry spon¬

taneously down to the observed group. However, the broken theory will

have all the enhanced renormalisation properties of the unbroken gauge

theory. The motivation behind this thesis is to investigate in part

whether these methods can be applied to gravity.

The limitations of the present theory of gravity are rather

similar to those of the pre-1967 theory of weak interactions. The

original Fermi theory of beta decay described the experimental data

well, but as a field theory it could be applied only in lowest-order

perturbation theory. Furthermore, the predictive power of the theory

was restricted; it remained for experiment to determine the actual

form of the four-fermion interaction. Likewise, Einstein's theory

at the classical level accounts very accurately for observed orbits,

the bending of light by the sun, the red shift, the precession of

Mercury's perihelion, and explains the observed equivalence between

gravitational and inertial mass. However, beyond lowest-order per¬

turbation theory, it fails completely as a quantum theory. It may

seem a bit foolish to quantise a field whose coupling is thirty-eight

orders of magnitude less than the electromagnetic coupling, and whose

quantum effects will be unobservable for many years yet. Nevertheless,

if the uncertainty principle is not to be violated, then gravity, like

all other forces, must have a fundamentally quantum nature. It is far

from clear that a Weinberg-Salam approach to quantising gravity will

work, but it seems to be the best method available. In this connection,

it would be interesting, and maybe even useful, to find a gravitational

analog of the Higgs mechanism. This requires both a group which con¬

tains the usual invariances of Einstein's theory as subgroups, as well
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as a method of breaking the gauged symmetry down to the Einstein group

of general coordinate transformations. One new group which may suit

these requirements (and which has generated a great deal of interest

in the past four years) is supersymmetry. This particular invariance

has the additional benefit of reducing divergences even as a global

symmetry. The goal of this thesis is to construct a Higgs-type model

for the sypersymmetric extension of gravity and in general to in¬

vestigate the spontaneous breakdown of local supersymmetry at the

semi-classical level.

There are some further indications that sypersymmetry may be the

right candidate for a new theory of gravity, based on the unusual

features of this group. Its most striking property consists of trans¬

forming bosons into fermions, and vice versa. Both the group generators

and the parameters transform as spinors, and anticommutators are used

in place of the familiar commutators of Lie group theory. The associated

gauge field must therefore be a Rarita-Schwinger (spin /2) field,

rather than the usual vector. These generators may be described as

"square roots" of translations. It is possible to work out the irre¬

ducible representations of this group, and to write down Lagrangians

invariant under global supersymmetry. Even at the global level, though,

there are some problems with the application of supersymmetry to the

physical world. First, the generator of Fermi-Bose transformations

commutes with the translation generators, so that the irreducible super-

multiplets describe a family of bosons and fermions with the same mass,

as long as the symmetry is unbroken. These multiplets are unknown,

except for the degeneracy of m = 0 for graviton, photon and neutrinos.

This degeneracy can be removed by spontaneous supersymmetry breaking,

but only at the cost of introducing a massless spin i particle.
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(This is a consequence of the supersymmetric extension of Golds tone's

(1961) theorem, as proved by Salam and Strathdee (1975b)). Unfor¬

tunately, this fermion cannot be associated with either of the two

usual neutrinos, for PCAC-type arguments show that beta decay and

related processes involving a neutrino would be suppressed below the

observed rate at low neutrino energies (de Wit and Freedman 1976,

Mainland, Takasugi and Tanaka 1976) . Of course, if the supersym-

metry is gauged, the Higgs mechanism could remove the unwanted mass-

less "Goldstone fermion". The significance of gauging supersym-

metry lies in the fact that more than one gauge field is required.

A consistent theory demands the presence of gravity. A simple

reason for this is the fact that the supersymmetry group contains

the Poincard group as a subgroup. If gravity is regarded as the

gauge theory of the Poincard group, then local supersymmetry re¬

quires the presence of gravity. In fact, even if one does not

adopt the point of view that gravity is the gauge theory of the

Poincare group, the algebra of super-covariant derivatives forces

the introduction of the gravitational potential, the vierbein

e^a (see §16). In summary, there is a likely candidate for the
gauge group in a generalised theory of gravity. This group,

supersymmetry, is not without faults; but these faults are of

precisely the right form as to require gravity itself as a cure.

This situation is somewhat analogous to that encountered more than

a decade ago; neither the Goldstone-Nambu hope of spontaneous

generation of mass differences, norSalam's programme of a gauge-

theoretic foundation for all forces, could proceed alone. Together,

however, each removed the other's weakness.
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§2. Methods and Strategy

Supersymmetric field theories involve an enormous amount of

algebra. There are two mathematical methods which lighten the burden

a little, although they are somewhat abstract. The first involves

the use of some differential geometry; fiber bundles, differential

forms, and related apparatus. Appendix B is devoted to an elementary

review of some tame manipulations involving this machinery; it will

not be used until the second half of Chapter II, and then only

obliquely. The second method, namely, the superfield formalism, is

by now well-known to those who study supersymmetry, but only within

the past year or so has it been applied to supergravity. The method

employed here is, frankly, pedestrian in comparison to the two most

recent formulations of superfield supergravity (Wess and Zumino

1978a, b, c; Grimm, Wess and Zumino 1978; Siegal 1978a, b, c, d;

Siegal and Gates 1978; Gates 1978a, b). On the other hand, it seems

closer to the usual description of gauge theories, and it has the

advantage that everything is explicit.

In order to begin studying spontaneous breakdown of local super-

symmetry, a certain familiarity with global supersymmetry is required.

Chapter I is devoted to a review of the early models, starting from

the first attempts to enlarge the Poincare group to include spinor

generators. Anticommutating variables and their calculus are

introduced, culminating in the superfield formalism. The vector

and chiral supermultiplets are described, and the irreducible par¬

ticle raaltiplets are worked out. Several Lagrangians are discussed;

the free chiral multiplet, the supersymmetric extension of quantum

electrodynamics, the first example of global spontaneous super-

symmetry breaking and the globally supersymmetric extension of the
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Higgs mechanism. None of this work is original (but some results are des¬

cribed in a new way) . In Chapter II, the first examples of gauging super-

symmetry are reviewed. These models do not involve superfields. In each

case, the coupling to matter is unclear. This is due in part to some

• . ct
difficulties involving the vierbein e^ (the square-root of the metric
tensor g )> an^ a new approach is devised. Chapter III begins with a

brief survey of the first superfield formulations of supergravity, res¬

tricted to one and two dimensions. It is shown how to derive an elegant

Ansatz for a super-vierbein, and the generalised Higgs mechanism is

worked out explicitly with a polynomial Lagrangian for the first time

(albeit in two dimensions). Finally in Chapter IV, following from the

second half of Chapter III, a super-vierbein is obtained in four dimen¬

sions by considering the coupling to a scalar superfield. It is then

shown that this super-vierbein fails to transform correctly. An attempt

is made to repair the transformations by the inclusion of extra terms.

This attempt fails, and two other remedies are shown to be ineffective

as well. It is concluded reluctantly that a covariant super-vierbein

in four dimensions cannot be constructed by the methods of Chapter III.

Therefore this approach to supergravity-matter coupling cannot produce

a model of the locally supersymmetric Higgs mechanism in four dimensions.

Three appendices provide background material on the history of anti-

commuting quantities ("Grassmann variables"), the calculus of differen¬

tial forms, and certain identities in two and four dimensions.
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CHAPTER I

GLOBAL SUPERSYMMETRY

§3 . The Earliest Models

The idea of a physical transformation mixing bosons and fermions,

and involving spinorial parameters and generators, was developed in¬

dependently by two quite separate camps: field theorists interested

in generalising some bosonic concepts (notably the Poincare group)

to fermionic equivalents, and phenonenologists who required new sym¬

metries to remove "ghost" states from certain dual models. Among the

first group, the main stimulus seems to have come from Berezin's

(1966) work on fermionic path integrals. Later Berezin and Katz

(1969) described Lie algebras in which some of the generators were

spinorial; such an algebra is now known as a "graded Lie algebra",

or GLA for short (Corwin, Ne'eman and Sternberg 1975). The first

physical examples of such a group, together with some invariant

Lagrangians were given by Gol'fand and Likhtman (1971), who argued

that not every Poincard invariant theory was realised in nature, and

attempted to find a more stringent requirement by enlarging the

Poincard group to include a spinor generator W, obeying the algebra

[M , W] £cj W
yv i yv

[Pp, W] = 0 (1)
(W, W} = 2?

while the algebra of the Poincare generators remained unchanged.

(Note ? = y^P^; for conventions regarding the gamma matrices, see
§4.2). Curiously, Gol'fand and Likhtman declined to give the
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transformation laws for the various fields. Three years later, the

algebra (1) was rediscovered and has since become the basis of all

subsequent developments. The first explicit description of a

spinorial translation seems to have been the attempt by Volkov and

Akulov (1973) to explain the neutrino's zero mass as a consequence

of the Goldstone theorem (Goldstone ejt al_. 1962) . The hallmark of

a Goldstone particle is its inhomogeneous transformation law. Con¬

sider the neutrino's wave function, denoted v, subjected to a

"spinorial translation"

and k is some constant. In §5, the action of linear operators on

functions of the variables (x, v) will translate the argument

according to (2). It will be shown that these operators obey the

algebra (1). It is easily verified that (2) leaves invariant the

v -*■ v + a (2a)

where a is a spinor parameter, while x^ also suffered a displace¬

ment ;

x^1 -*■ x^ - (i</2i) (ctcr^v - va^a) (2b)

(3)

so that an invariant action was given by

L (1/k) u)q x oj^ x a>2 x uj

(1/k) det W d^x

where = nyv + (K/2i)v ay 3v v .
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At the same time, theorists concerned with dual resonance models

were led to consider these extended Lie groups in order to rid the

Neveu-Schwarz (1971) and Ramond (1971) models of unwanted fictitious

states. It had been noted that conformal invariance provided enough

gauge operators to remove many of the ghosts, analogous to the

Gupta-Bleuler method in electrodynamics. Neveu and Schwarz were led

to postulate the existence of "super-gauge" operators which would

remove the remaining spurious states. Later, Gervais and Sakita

(1971) provided a realisation of these operators through their action

on the fields in the theory, mixing bosons with fermions. By focus¬

sing on the two key elements of these two-dimensional supergauge

transformations, namely conformal invariance and spinor parameters,

We ss and Zumino (1974a) found analogous operators in four dimensions,

Their reasoning may be described as follows.

The infinitesimal coordinate transformation

xy - x^ + (4)

belongs to the restricted conformal group (i.e. those rescalings of

the metric tensor n which do not induce curvature) if the para¬

meters satisfy the differential equation (Goldberg 1962)

n 3-5 = 23, K s • (5)
yv (v y)

The solution to (5) is well-known;

£ = c +u xV + x d + a x2 - 2x a*x (6)
y y yv y y y

where the parameters (c, u>, d, a) are all constant and
^

Consider now a related spinor transformation, where a(x) is a

Majorana spinor (see §4);



"n i a = 29, y .a . (7)
yv (v 'y)

From (7) immediately follow two conditions:

i) a(x) is at most linear in x;

ii) if a^(x), o^Cx) are solutions to (7), then

£ ' = 2ia,y a„ is a solution to (6).
y 1 y 2

In analogy with the Gervais and Sakita transformations, Wess and

Zumino introduced a "supermultiplet" {A,B,ij;,F,G}; A and F are

scalars, B and G pseudoscalars and a Majorana spinor. The

postulated transformations are

SA = iaip

SB = ict y

6^ = $(A + y5B)a + n(A - y5B)jSa + (F + y5G)a (8)

SF = iajSi^ + (i/2) (2n + 1) (2 a)ip

6G = iay5^ - (i/2)(2n + 1) (# a)y5^ .

For ahistorical reasons, this will be called the "chiral multiplet"

(originally it was the "scalar" multiplet), The number n is the

conformal weight of the multiplet. If a Hermitean supergauge operator

S is introduced, then (8) may be written

SA = [iaS, A]

where A -> A' = exp(iaS)A exp(-iaS) = A + SA + . .. .

The commutator 6^ of two such transformations = »S2
acting on the various fields is
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63 A+ = ?'*3A+ + (n/2)3*5'A+ ± nnA+

53 F± = 5'"3F± + j(2n+l)3•5'F± ± {(3/2) - n}nF± (10)

63 ^ + (1/8)(4n+l)3*5+ (n - (3/4) }riy5<Jj
+ H3v?v')oyV^

where A
_ = (A, B); F _ = (F, G) , 5 ' is as given above, andP

n = i(3 a,Y5v^a„ - 3 a„Y5Y^a, ). The commutator does not act in the
y 1 2 y 2 1

same way on all fields in the multiplet. However, if the parameters

cu(x) are restricted to be constant, then 3^5^' = 0, r| = 0, and
for all fields in the multiplet,

[ia^Sjic^S] = 2ia^yya2^y = Py

It would seem that the restriction = ® ^as collapsed the (extended)

conformal group to the (extended) Poincare group. This is indeed the

case. From 35 =0 follows the weaker condition 3*5 = 0; differen-
y v

tiating (6) and setting it equal to zero leads to the constraint

4d - 2a»x = 0, so that £ must be of the standard Poincare form.
y

To sum up: extending the ideas of Gervais and Sakita to four dimen¬

sions, Wess and Zumino were led to consider a spinorial conformal

transformation. To obtain a simple commutator, these transformations

were restricted to use only constant spinorial parameters, and the

resulting algebra closed on the Poincare group. From (11) it follows

trivially for constant a

{?, S} = 2H = 2? , (12)

identical to the W generators of Gol'fand and Likhtman. Henceforth

this group generated by the operators (P , M ,S) will be called the
y yv

supersymmetry group. Under this group, the chiral miltiplet supergauge
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transformations become

6A = iaip ; 6B = iay5i|j ; 6F = ia$i|i
(8)

6G = iay5^ ; Sip = #(A+y5B)a + (F + y5G)a

Two features of the chiral multiplet suggest how to begin the

search for other multiplets. Let <Kj^»j2) a meIEt)er °f some multi¬
plet which transforms according to the D(j^,j2) representation of the
Lorentz group. Then in general:

i)' There must be as many Bose components as Fermi components in

the multiplet (recall that the dimension of (j ^»j 2-^ as

(2j^ + l)(2j2+l))* A Maiorana spinor counts as four Fermi components,
while a vector counts as four Bose components. In general, not all of

these will be true dynamical degrees of freedom.

ii) Let tp-, <j>2 be bosonic fields and ip^, ip^ be fermionic
fields in the multiplet. Then

<5<j>^ = (linear combination of aipa#^)»
= (linear combination of <J>^a, <f>2a> 2^y°^

and there should be a finite number of fields in the multiplet. The

smallest multiplet containing a vector should thus require four scalar

and two spinor fields as well. A consistent set of transformations is

given by (Wess and Zumino 1974a)

6C = iay5x

($X = (M + y5N - y5J$C)

6M = iay + ia^x

<5N = iay5y + iay5#x (13)

6V = iay X + ia3 x
P P PA

W c:
6y = "FyVa 01 + Dy a

6D = iay5#y
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where F = 3r V . Further multiplets can be constructed with
yv Ly v]

these guidelines, but there is a systematic method available, due to

Salam and Strathdee (1975a): the superfield formalism.

§4. The Calculus of Grassmann Variables

In the usual theory of Lie groups, the generators G are defined

on functions whose values lie in the same number field as the para¬

meters of G. Reversing the argument, Salam and Strathdee (1975a)

introduced functions of variables 9^, which behave according to the
nature of the generators S; that is, they anticommute with each

other and they transform as spinors under the Lorentz group. A set

of n variables which obey the fundamental relation (Grassmann, 1878)

0.0. = - 9.0. (14)
i J J l

is said to constitute a Grassmann algebra. These variables have been

introduced repeatedly in mathematics and physics (Appendix A). As a

consequence of (14), there are [^] independent monomials
0. 0. ... 9. of order k, and the vector space has a dimension equal
11 X2 Xk
to 2n. In particular, all monomials of order (n+1) and greater are

identically zero. Any function of these 9's is uniquely determined by

its (necessarily finite) Taylor expansion. Henceforth n will be res¬

tricted to the values 1, 2 or 4.

§4.1 Differentiation and Integration

Let spinor indices be denoted a, b, c ... . For consistency,
£

the operator 3/30 must anticommute with all 0^;

3/30a(0, 0 ) = 6,0 - 0, 5„ . (15)be ab c b ac
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Note that in general left derivatives are not equal to right derivatives,

for

(0b9c) 3/30* 0, 6 -05, .

b ac c ab

Unless otherwise specified, all differentiation will be from the left,

according to (15) . Integration over these variables has been defined

through the functional formalism by Berezin (1966) , who required that

these integrals be translation invariant. For simplicity, consider the

one-dimensional case. It is necessary that

f(0)d0 f(0+a)d(0+a) f(0+a)d0 (16)

Because f(0) = a + b0, (16) leads to

d0 (a + ba) d0

b 0d0 = b

which forces the rules

0d0

d0

0 d0 (constant)

(17a)

(17b)

For convenience, the constant is arbitrarily set equal to one. By

induction it then follows

f(0)d01 ... d0n
30' 30

n
f(9) (18)

integration and differentiation are the same operation for functions

of Grassmann variables. In the one-dimensional case, under a change

of scale 0 -* c0

c0d(c0) 1; thus d(c0) (l/c)d0 . (19)
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In general, let 0' = (0). It follows that
a. cL

f(0)dn0 f(ip(d) ) (1 /dT) d11 ip (20)

where J is the Jacobian determinant

det I 30 /dili,1 a Tb

The proof proceeds analogously to the usual one for commuting variables.

The quantities 30^3^ are bosonic, so that no difficulty is presented
in forming a determinant. However, determinants of matrices whose

elements include fermionic quantities will be needed in the sequel.

Suppose that MAT1 is a matrix whose elements M ., M , are bosonic,AB ag ab

while M , and M „ are fermionic. It has been established via anab ag

algebraic proof (Arnowitt, Nath and Zumino 1975) that

det M
AB (dec M )(det(M_1)ab) (21)

An alternate, heuristic proof follows from (19). Consider an arbitrary

function f(x, 0) = f(z). Let a constant linear transformation be

given such that z ->■ Z' = M''AB 2B; where z = x = 0

Then the determinant of may be defined by

f(z(z*))dz' det M f(z)dz (22)

On the other hand, (f^n^

f(z')dz'

dn/d0n f(x,0))

f(n) (x')dnx'(0)ndn0'

(det M Jag'
f(n) (x)dnx0ndn6 det (30 /30')

a d

by (20). Consequently

f (z') dz' (det Mag^detW"1ab) f(z)dz
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which was to be shown. Finally, it will be necessary to find a repre¬

sentation of the Grassmann delta-function. For one dimension, it is

a trivial exercise to find 6(0) such that

r
6(e)de = 1; 6(0' - 0)f(0')d0' = f(0) ;

namely (Alvarez 1978, Ogievetski and Mezincescu 1974)

6(0' - 0) = 0' - 0 .

By induction it is easy to see that the general n-dimensional delta
ttl

function is given by the n -order polynomial

6(n)(0' - 0) n (0 ' - 0 ) . (24)
a=l E a

§4.2 The Majorana Representation

In order that the generators S be restricted to linear com-cl

binations of four independent Hermitean components, it is necessary

that they satisfy the Majorana constraint

SC = C(ST) = S (25)

where C is the charge-conj ugat ion matrix. Similarly, the parameters

a and the Grassmann variables 0 are also to satisfy (25). It is

convenient to choose a representation of the Dirac matrices such that

(25) becomes (Majorana 1937, Berestetski, Lifshitz and Pitaevski

1974)

C *
ip = ip = rjj

for an arbitrary Majorana spinor. This representation also makes the
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Dirac equation real. An example is given by (in four dimensions)

2)0 a

oz 0

j3 0

0 oc

-a2

= -i

a' 0

I 0 a'J

-a2 0

and may be obtained from the unitary transformation

^ = U^BDU_1

where U = U ^ (l//2)(y° + Y°Y2)Bri> and the suffix BD indicatesdU

the representation of Bjorlcen and Drell. Note that all of the y's are

pure imaginary (except y5) in keeping with the "West coast" metric

(ri = diag(+ )) form of the Dirac equation, (i# - m)i() = 0. Also
. o os o v 5. . _ . /-oy o pv,the set (y , y y , y y y ) are antisymmetric, while (y y , y a )

are symmetric (a^V = |[ylJ»yV]). There is a very useful relation for

a bilinear of n gamma matrices in the Majorana representation: if
* y yT

ip, x are Majorana spinors, then by charge-conjugation (Cy C = -y )

ip y y ... y x = (~l)n X Y Y ••• Y ^r 'y 'y„ ' y Ty, y , ' y,r1 Z n n n— 1 1

(26)

This relation holds in two dimensions as well, in which the Majorana

representation is (Howe, 1977)

= i oJ Y' (27)

I wish to thank Dr. S.J. Gates, Jr., for suggesting this method of
proof to me.
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§4.3 Fierz Rearrangements

Given the product of two Dirac bilinears, it is always possible to

rearrange the factors, owing to the completeness relation for the y's

(Pauli 1936, Fierz 1937, Jauch and Rohrlich 1976). In four dimensions

E rx, rx = 46 , 5.ab cd ad be
x

where x runs from 1 to 16, and (rX)2 = 1• If x> A, n are

spinors then

xWn = "Ixn^A + |xY5mJ>Y5A + JxiYVY5n^iY,,Y5^

"ixYPn^Y]i> + xoyvn^oyvA . (28)

In two dimensions, the Fierz rearrangement formula is

X^n = -ixn^A - 2XY5h4'Y5A - lxYyn^YyA . (29)

The Fierz formula is particularly useful whenever two or more of the

spinors are the same, since several of the blinears will vanish. For

example, in two dimensions 0ipA6 = -£00XiJ), while in four dimensions

ey^00Y59 = ~ey^y5QQQ, and ey^O© yVy50 = -ey^ yVy5000. There are an

enormous number of these identities; a few of the most useful are

listed in Appendix C. The properties of the Majorana representation

determine convenient bases for the [ ^1 monomials 0. ...0. :k li lt

n - 2: 1, 0 , ?e (30)
a

n = 4: 1, 0 , 00, 0y50, ¥iyVy50, 000 , (?0)2. (31)
a. Si

In particular, 000y50 = 000iyVy50 = 0, and (Fy50)2 = (00)2.



That is, there is a unique factorisation of any number of 0's in

four dimensions except 2.

§5. The Superfield Formalism

§5.1 Representations of the Supersymmetry Group

Following from Volkov and Akulov's transformations (2), let 0
a

denote a Grassmann variable (in particular, the four real components

of a Majorana spinor) and consider the transformation of a function
A

$(x,9) induced by the coordinate changes

0 -> 0 + e

(33)

x -»■ x - (i/2)ey 0
y y y

where now 0 plays the role formerly assigned to the neutrino's field.

Note that both e and 0 are taken to be independent of x. The

parametrised generator ieS must satisfy, according to (33),

[ieS, 0 ] = 60 = e
(34)

[i~S, xy] = 6x^ = (-i/2)7yy0
and the unique realisation of this is

iS = 3/dd - (i/2)$0
(35)

-iS = 3/30 + (i/2)?JJ

A
N.B. Wess and Zumino (1974a) and Volkov and Akulov (1973) use the

normalization Q •+ % z + a, and becomes

0 -> 0 + a xy^x^- i7yy0
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Note that now

{s,s} = a = ? (12)

Using the basis (31), an arbitrary function $(x,0) may be expanded in

terms of other fields. This arbitrary function, called a "superfield",

can carry Lorentz indices corresponding to a spinor, vector, or whatever,

or else it may be a scalar or pseudoscalar. In general $(x,0) may be

expanded as

0(x,0) = <j> + i?i|> + |?0F + |0y50G
(36)

+ |0iyVY50Av + U000X + (1/32) (00)2D

where the fields (<j>, F, G, D) carry the Lorentz indices of $ (but

note that the parity of G is opposite that of the other three), while

X and \p carry extra Majorana spinor indices as well as the Lorentz

indices of $, and A carries an extra vector index and takes the
v

same parity as G. The most useful superfield in the models derived

to date is a scalar superfield, in which case (<t>, F, G, D) all belong

to different D(0,0) representations of the Lorentz group while (^,X)

each belong to D(0,£) © D(£,0), and Ay belongs to D(i,jj). Under
reflections only Ay and G change sign. Then

6$ = [ieS,$] = 6<j> + i0<5ijj + ...

i7ip + il0F + ieV50 G + JFyVY5SAv - t7i/<pd
+ i~YU90"3, ^ + £iF0?X + |iFx?0 + (1/8)0eF0D

. (37)
- (1/8)?0F^F0 - (VsjFy5?^©-(1/8)FiYVY5eFMv0
+ (^/8)0003

V

which implies, upon Fierz rearrangement,
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5<f> = ieip

8ip = ^ (—iF - iy5G - y5A + ^<t>) £

8F = {(ieA. - £/lip)
(38)

SG = ^(iey5X - ey5^)

6 = 2("EYvY5^ + i£YyYvY53^)
8X = \ (#F + $y5G - iy y5My " iD) epf5r. -

6D Jn

These transformations are identical with those of the vector multiplet

(13) if e is replaced by Via, and if the set (i|>,iJ;,F,G,A , X,D) is

replaced by (C, (^/v^2)y5p, -iN, iM, i/2~u + (i/v^T) #y5x> - 2D - 32C) .

Note that the scalar and pseudoscalar fields have interchanged roles.

It is also possible to derive the chiral multiplet as well, using the

superfield formalism. First, however, an invariant constraint, re¬

moving half the fields, needs to be found.

To this end, Salam and Strathdee (1975a) introduced an invariant

operator D:

D = 3/30 + (i/2)#0 ; (39)

{D,S} = 0 . (40)

In addition to yielding the chiral multiplet, this operator will prove

invaluable for the construction of Lagrangians. The invariant constraint

to be solved is

P+D$ = 0 (41)

where P = |(1 ± iy5) are the usual projection operators for left (+)
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and right (-) handed spinors. Let T = -|0#y50. Then for T an arbi¬

trary superfield,

D(exp T)¥ = (exp T)(3/3? + iP_$0)T (42)

so that

P+exp TT = (exp T)(P +3/3?)V (43)

and the solutions to (41) are thus

$_ = exp T <j>_ , where (44)

<t>_ a + i?P_$ + i?P_ 0f ; (45)

The superfield <j>_ must terminate after the quadratic term, as P_0

has but two independent components. Consequently, the Fierz formulae

for these chiral spinors are basically those of the two-dimensional

spinors. E.g., ey1JP_00P_3^i(; = -50P_0eJty. It is also easy to con¬
struct right-handed superfields which satisfy the constraint

P_D¥ = 0.

These are given by

$+ = exp(-T)<|>+, where

A = a + i?P 8 - i?P0f (46)+ + +

The product of n left-handed superfields is again a left-handed super-

field, but the product of a left-handed superfield with one which is

right-handed will be a scalar superfield. The transformations for a, 6,

and f are worked out as usual, to give
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6a = ie P_3

6P_6 = P_yye3^a - iP_ef (47)
sf ~2p_3

Agreement with the earlier chiral multiplet is obtained via the sub¬

stitutions 3 = Jlip, e = Jla, a = A - iB, f = iF - G. Again,

the scalar and pseudoscalar fields have changed places, owing to dif¬

ferent conventions for the spinors. Writing out (47) explicitly gives

(recall yy are imaginary)

6A = iai|)

6B = iay5^

Sip = % (A + y5B)a + i (G - y5F)a (48)

6G = -a$ip

6F = -cty5H

(compare 8). Lagrangians for both the chiral multiplet and the vector

multiplet have been constructed by Wess and Zumino (1974a, b) and Salam

and Strathdee (1975a); these will be presented in §7.

§5.2 Functions of Superfields

Consider the case of n = 1, so that an arbitrary superfield $

may be expanded as

$ = a + i30.

By Taylor's theorem,

f($) = f(0) + $f(1)(0) + JO2 f(2)(0) + ... .

On the other hand,

n
_L n-l„„$ = a + ma 39,
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so that

f ($) = f(0) + (a + i69)f(1)(0) + Ha2 + 2ia66)f(2) (0) + .

= f(a) + iBGf(1)(a).

For a superfield which is an expansion in n 0's it is only necessary to

know the explicit :form of $n in order to write down the formula for an

arbitrary function of 4>. For n = 4, the formula for <J>2 is

$2 = ($2), + i?($2) + J?e($2)_ + ...
cp \p r

where

= <t>2

(*% = 2<f>ijj

(*2>F = 2F(j> + ipip

(*% = 2G<j) - Tpy (49)

CMO = 2Av<p - i^iy^y5^
<*2h = 2A<t> + 2i^F - 2y5ipG - 2iyVy5ij;A^

= 2D<p + 4~ip + 2G2 + 2F2 + 2A Ay .
y

Squaring this formula leads easily to the expression for $4. An

arbitrary function of $ is therefore given by

f(0 = f(4) + i 0" f(«) + ... + (1/32)(?0)2f($)D
where

a
0

= a1ij

f(«)F = Fa1 + $\pipa2
f(*)G = Ga1 - tipy5ilja2 (50)

f(*)A
V

= Aval ~ blPiYvY54>a2
= Xa^ + (F - y5G - iyVy5A^)^a2 + ij># a^

twB = Dax + (F2 + G2 + (A^)2 + 2^7x)a2 + HW2^
+ (#F - ipys\pG - ^iyVy5^A )a3
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/f(4>)d1+ed,+ x = /f($)Dd1+x d40 = (1/8)/f($)D d4x . (51)

According to the representation of S acting on superfields

6f ($)
D

- e#f($)^ . (52)

Therefore, if e is constant, the integral (51) is invariant and may

serve as a Lagrangian. In the sequel, superfield Lagrangians will he

denoted by a caret thus: L . That is,

§6 Irreducible Representations

It is straightforward to work out the irreducible representations

of the supersymmetry algebra. (Fayet and Ferrara 1977, Salam and Strathdee

1978). The crucial relation is (12), = ^ab' Consider first an
irreducible multiplet in which at least one member has a non-vanishing mass.

As long as supersymmetry is unbroken S|vac> = 0, and in any event,

[S, P2] = 0. These two conditions are enough to ensure that all members

of the irreducible multiplet have common mass. Let <j>(p) create a bosonic

state |p, B> and i^(p) create a fermionic state |p, F> . Suppose

i[aS, <f>(p)] = ia*Kp)> Then

L (ee)n l +

where the dots indicate terms of lower order in 0, and

/<fn0 L = /5n0(00)n L . (53)

P2[p, B> = P2<f>(p) |vac> = [P2, <J>(p)][vac>

because P |vac> - 0. But because <j>(p) satisfies the Klein-Gordon
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equation, [P2,<j>(p)l = mg2<f>(p)> where nig is the mass of the boson.
Hence

P2|p,B> = mB2|p,B> .

On the other hand, if S|vac> = 0,

iaS[p,B> = [iaS, <j)(p)]|vac> = imp (p) | vac> ,

and thus ictS|p,B> = ia|p,F> • Of course,

P2iaS|p,B> = iaSP2|p,B> = iaS m2|p,B>
= nig2 iaS|p,B>

so that the state icis[p,B> has mass mg. If the generator S annihilates
the vacuum, then the state iaS|p,B> is just (to within a constant) the

state ia|p,F> , and P2|p,F> = mF2|p,F>. Therefore = nig, and
the masses of the fermion and boson are equal. In an irreducible multi-

plet, each member ultimately may be transformed into the other by re¬

peated application of the operator S. Thus all members of an irre¬

ducible multiplet have the same mass, so long as S|vac> =0. If

s|vac> £ 0, the supersymmetry is broken, and it is no longer possible

to identify the states iaS|p,B> and ia|p,F>. Then in general

tip ^ mg. In the rest frame, (12) may be written as

(Sa, Sb) - m«ab . (54)

It is more convenient to write (54) in terms of its chiral projections

S+ = P+S. Each projection has only two independent components, so that

the relations (54) split into three equations (i,j =1,2)

(s_i, S_j} =0 (55a)

{S+i, S+j} =0 (55b)

{S+i, S_j } = (^y)ij Py = m , (55c)
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Because of the projections, the antisymmetric product S_^ S_j has only
one independent component while S_^ S_j S_-^ vanishes identically.
There are only sixteen independent products of the operators satisfying

(55). This algebra is isomorphic to that of the Dirac matrices, namely

the Clifford algebra of rank four, whose only finite-dimensional re¬

presentation is in terms of four by four matrices (van der Waerden

1974). These representations split into four irreducible multiplets,

which are each invariant under Wigner rotations. Therefore the massive

irreducible (or time-like) representations of supersymmetry have

dimension 4(2J+1). Let [j> be that member of the miltiplet with

spin J which is annihilated by S : S |j> = 0. From this state,
+i +i

it is possible to construct only three more states, so that in all there

nl n2
are the four states (S_^) where n^, = 0,1. The spin
content of this multiplet is (J, J±i, J). Under spatial reflection,

S_ -> iS_, so that the two bosons have opposite parity; likewise the

fermions. The smallest massive multiplet (J = 0) contains therefore

a scalar, a pseudoscalar and a Majorana spinor, while J = ^ corresponds

to a multiplet whose members are a scalar (or pseudoscalar), two Majorana

spinors, and a pseudovector (or vector). The massless (or lightlike)

representations are found in the same manner. It is always possible to

choose P^ such that P^ = (1,0,0,1), in which case (55c) becomes

{S+i, S_.} = (a° + a3).,. (56)

and the only non-vanishing commutator is {S+2»S_2}. Now from a state

|A> with helicity X which is annihilated by S+. may be built only
one physical state S_2-U> (the others are zero norm), with helicity
X + i. These supermultiplets contain only two particles of spin, J,

J + £ respectively. The massless multiplets of greatest interest to

date are those of (i, 1) and (-j, 2). Lagrangians involving the former
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will be given in §§8-9. A dynamical theory of the latter provides

the supersymmetric extension of general relativity, as will become

clear in the sequel.

§7. A Lagrangian for the Chiral Multiplet

Although it is possible to construct a chiral multiplet from an

arbitrary scalar superfield (see above), it is more economical to use

a superfield from the start which depends only on P+0 or P_0• A
consistent scheme is obtained by using in place of $, D and iS

the following operators:

cf)_ = a + i0P_g + j0P_0ig (57a)

D_ = 3/3? + i P_$0 (57b)

iS_ = 3/3? - iP_SS0 (57c)

where a = A - iB, g = F + iG are complex scalar fields as before.

The integral of any polynomial of right-handed superfields over

d'+x d2P_0 is an invariant. It is easy to show that

= 2ig + 2?P+$8 + ?P+0 32a (58)

and consequently D_D_ij) is a left-handed superfield. With the

identifications

<f>+ = a + i?P+8 - |?P+0ig (59a)

(j)+ = a - i0P+8 + |0P+0ig (59b)

it is obvious (by virtue of the closure of chirality) that
* —

<f>+ D_D_<j)_ is a left-handed superfield, and thus
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/tj>* D_D_cf>_ d'+x d2P+0 = - /(g*g + igP + S(6 + 3Ua*3^a)dltx (60)

is an invariant. Similarly, powers of cf>+ are invariant when inte¬
grated over d2P+0 ;

cj>+2 = 0P+9(-iaf + ^0P+6) + ... (61)

(}>+3 = (3/2)?P+9(a?P+S - ia2f) + ... (62)

where the dots indicate terms of lower order in P+0. Finally, let

L+ " I 4>+ - |m<f>+2 +

and L_ similarly. A suitable Lagrangian which is manifestly in¬

variant is given by (recall 6(P_0) = 9P_0)

/(6(P_0)L+ + 6(P+9)L_)d1+xd1+0 = /(?0)2dlt0d1+x L (63)

where

L = H8pA)2 + K3yB)2 + - ^m# + jF2 + ^G2
(64)

- m(AG - BF) + gG(A2-B2) - 2gABF + (A-y5B)^ .

After elimination of the auxiliary fields F and G, the Lagrangian

takes the more conventional form

L = i(3yA)2 + !OyB)2 " im2(A2+B2) + J^(i$( - m)tj>
(65)

+ mgA(A2+B2) - £g2(A2+B2)2 + gi(;(A-Y5B)^ .

This Lagrangian was proposed by Wess and Zumino (1974b) and found via

superfield methods by Salam and Strathdee (1975a). The renormalisability

of this model was found to be much enhanced over generic Yukawa and

quartic couplings, requiring only one renormalisation constant Z
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(Iliopoulos and Zumino 1975) . A superfield formulation equivalent to

this one (with the use of delta functions) was given by Ogievetski

and Sokatchev (1977) . The true dynamical degrees of freedom are the

fields B, A and ip, where as usual m^ = m^ = m^, in accordance
with the analysis in §6.

There is an alternate, less transparent form of the chiral

Lagrangian which is of greater use in the formulation of supersym-

metric gauge theories (§§8.2-9). If

$+ = exp (-T) (a + i9P+8 - ^9P+0ig )

$>_ = exp(T)(a - i9P_8 - s0P_0ig )

are introduced in analogy to (as in §5), then the kinetic term may

be written as (Salam and Strathdee 1975a)

4$+$_ = (00)2 (i (3^A)2 + i(3^B)2+ + 2(f2+g2)) + ••• (66)

to within a divergence. The mass and interaction terms present no

difficulties: merely replace <j>+ by $+ overall. The difference
between <f>+ and $+ is O(03), and the chiral delta functions
eliminate these terms.

§8. Lagrangians Involving the Vector Supermultiplet

§8.1 The free vector multiplet

Although the field content of a superfield is a consequence of its

Lorentz character and the Grassmann algebra, its particle content de¬

pends on what Lagrangian is chosen. Not all of the fields in the ex¬

pansion will occur as dynamical degrees of freedom in the given

Lagrangian. These non-dynamical, or auxiliary, fields may always be
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solved in terms of the dynamical fields, and their solutions resub-

stituted back into the original Lagrangian. Thus the Lagrangian may

be written without any appearance of these auxiliary fields. As an

example, consider the scalar superfield $, whose components are the

sixteen objects (<{>, ip, F, G, A , X, D) . It is possible to write

the Lagrangian for $ so that only the field components

(3j-^ Av]> D) occur. Of the eight components (A (omitting the
gauge part), X, D) only six - X and the two transverse polarisations

of A^ - are dynamical. (The numbers of degrees of freedom for
the Bose variables A and the Fermi variables X are of course

u

equal; two for each.) The components (A^, X, D) together
with a particular Lagrangian and a set of transformations, des¬

cribe a massless vector multiplet. If a suitable mass term is added

to this Lagrangian, <j>, ip and the longitudinal polarisation of A^
are promoted to dynamical status. Now all sixteen components occur in

the Lagrangian, but there are only eight degrees of freedom (<(>, X,

ip, A^) . This Lagrangian describes a massive vector multiplet with
spin content (0, J, £, 1). A convenient way of writing down Lagran-

gians (or at least their kinetic terms) which are manifestly super-

symmetric is to use projection operators (Salam and Strathdee 1975a,

Sokatchev 1975) which eliminate from the start those auxiliary

fields not required for Lorentz invariance from massless theories.

The projection operators for the superfields must be invariant under

supersymmetry, and hence must be functions of D and 3 . An

arbitrary scalar superfield may be decomposed into two chiral multi-

plets and a vector multiplet as follows (Salam and Strathdee 1975a)

$ = $+ + + $v (67)

where Ey$ = , E±$ = $±, ^
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E+ = (1/p2)DP+DDPvD (68a)

Ev = 1 - (1/4p2)(DD)2 . (68b)

In particular, the kinetic term of the chiral Lagrangign may be written

as - $DP+DDP_D$, which by an integration in parts (with respect to

9) becomes

Whiral * • «9)

Expanding $ according to (36), this is equal to

(ee)2{(1/8)(d-82<())2 + Kx - i^i)i^(x + i^)

+ j (3*A)2 + H3yF)2 + iOyG)2} + ...

(70)

This expression is seen to be equal to the usual chiral kinetic terms

upon the relabelling \p' = X - i#i|>, F' = j (D - 32<j>) , G' = 3*A,

A' = F, B' = G. The equality between (70) and (66) suggests that

DP+D$ are -handed chiral superfields, and a calculation
confirms that indeed DP+D$ depends only on P+0 . With the aid of
the projection operator E , a kinetic term for the vector multi-

plet should be (the factor of 2 is for later convenience)

2${(DD)2 + 432}$ = L„ . .V,km
(71)

= |(e0)2{HD + 32<t>)2 + (x + iij; ^)i^(X - Hip) - (F1JV)2^*
If this is written in terms of the previous correspondence between

the scalar superfield and the Wess-Zumino vector multiplet,
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D + 92d) = -2H

\ - i$\p = /2 y5X
(72)

Jt. \p = y5y

A -V
v v

it becomes

LV,kin = (00)2UH2 + ixi*X " KFyv)2) + ... (73)

The only dynamical degrees of freedom are those of a massless (i,l)

multiplet. It is easy to add a mass term, which has the form 8m2$2

Not only does this expression contain mass terms for and Xs but

also kinetic terms for those additional degrees of freedom present in

the massive case. A simple calculation gives

8m2$2 = (00)2{-m2<j)H + ]sm2(9^<j>)2 - m2yx

+ £m2yi/&y + ^n^F2 + ^m2G2 + jm2(V^)2} + ...

(74)

Finally, let m)> = B, and my = v. Once the auxiliary fields are

eliminated, the complete Lagrangian reads (in terms of ijj = P+x + P_v)

2${(DD)2 + 432 + 4m2}$

= (?0)2(- l(Fyv)2 + |m2(V^)2 + H3yB)2 - im2B2 . (75)
+ (i/6 - m)ij;} + .. .

which is that of a massive vector multiplet (0, |, i, 1) with common

mass m.
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§8.2 The Supersymmetric Extension of Quantum Electrodynamics

The first example of an interaction for the vector multiplet was

given by Wess and Zumino (1974c), who described its coupling to a

charged massive chiral multiplet (or equivalently, to a pair of real

massive chiral multiplets). The model for this interaction resembles

scalar electrodynamics: the role of the vector potential is assigned

to an entire vector multiplet; similarly that of the charged scalar

field is taken by two chiral multiplets. Instead of the usual gauge

function X, it is necessary to introduce invariant derivatives of

a scalar superfield A. That the Lagrangian for the massless vector

multiplet admits a gauge invariance is already clear from the

identity (Sokatchev 1975)

(DD)3 = - 4DD32 ;

the Lagrangian (71) is manifestly invariant under the gauge trans¬

formation (Higgs 1976, private communication)

$ $ +DDA = $' . (76)

Let the components of A in the standard basis be denoted (L, t,

M, N, U^, tt, W) . The gauge transformation (76) is given explicitly by

<p' = <p + 2M

ip' = ip + (it + i#T)

F' = F + (32L - W)
(77)

G' = G*23*U

A ' ' = A + 23 N
v v v

A' = X + ij6(Tr + i#x)

D' D - 232M .
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It is certainly possible to choose A in such a way that all of the

components (<p' , 41'> > ^') are zero. This choice is known as the

Wess-Zumino gauge. Then <j> =-{n+iAi^, X' = X-i,6i|;= Si Y5Xj
D' = D + 92<j) = -2H, and . In this Wess-Zumino gauge, $

may be expanded as

$wz = ieiYVevv + KV^ieeeySx - (1/i6)(?e)2H . (78)

In particular ($r„)2 = C^/16)(00)2(V )2, and all higher powers ofwz V

$TT„ vanish.WZ

To construct a supersymmetric model of a local U(l) invariance,

it is best to start from the Lagrangian for a pair of chiral superfields

$_2 which is globally invariant under an infinitesimal transfor¬
mation of the form 6 3|_1 = e$_2, 5$_2 = Alternatively, the
complex fields S and T may be introduced (Fayet and Ferrara 1977)

s = (l/v^')($_1 + i$_2); t = a/Sl)^^ - i$_2)

which transform as 6S = ieS, 6T = -ieT. If

S = (l/^)(4* - i$*2); T = (l/v^X^ + i$*2)
and 6S" = -ieS*, <5T" = ieT", then an invariant Lagrangian is given

by (for a global symmetry)

4(SS + TT) - ^mSTd (P+0) - £mST<S(P_e) (79)

whose integral over d^S is merely the sum of two free massive chiral

Lagrangians. In order to extend the invariance to the local symmetry,

only the kinetic term need be remedied. First, however, the new trans¬

formation must be found for S and T. It must preserve chirality

(in order not to introduce unwanted derivatives) and it must involve the
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superfield A, - or at least its chiral projections. A consistent

scheme is obtained if

5S = 2g DP+ DA S

6? = 2g DP_ DA S

6T = -2g DP+ DA T

<5T = -2g DP_ DA T

and if the kinetic term is rewritten as

L. (S,T,$) = 4{s" exp(-2g$)S + T exp(2g<f)T) . (81)

Taking 6$ = DDA as before, it is easy to show

6Lkin(S,$) = 2g(DP+ DA + DP_ DA - DDA)Lkin(S,$)

which vanishes; and similarly vanishes. In terms of the

fields and <f_2, the transformations (80) read

6$_1 = 2ig DP+ DA $_2; 6$_2 = -2ig DP+ DA $_1 . (82)

The complete Lagrangian is given by

£ - i^CS.T.W ♦ £v - £mss (S,T) (83)
A A

where gi-ven by (81) > is the free vector Lagrangian (73),

and

L = |m(6(P+0)ST) + S(P_9)ST) .mass +

For clarity, (83) may be rewritten as

L = Lv + Lx + L2 + L.nt (83)

where 2 are the Lagrangians for two free chiral multiplets

H = (ee^tiOyV2 + i(3yBi)2 + IKiHt - im2^2 + B^))



-39-

and similarly for L^. These coincide with (66) without cubic and
quartic terms, and

Lin(. = 4{S(exp(-2g$) - 1)S + T(exp(2g<l>) - 1)T}

In principle the exponential should be expanded to all orders. Actually

there is no need to do this. By virtue of the gauge invariance (77), A

may be chosen such that <J -*■ an<^ tbe Physics is unaltered by this

choice. Then

L.
„ = -8gOTT„{SS - TT} + 8g2$2 {SS + TT} .mt WZ WZ

In terms of the chiral superfields,

{SS + TT} = $* « + $_2
(84a)

der(A^z + A2 + B.^ + B2 ) + (terms of higher or
in 0)

{SS - TT} = i($*1 $_2 - <5*2 «_]_)

2(6^2 - B2Aq) + i9{(B2 + Y5a2)B]_ ~ (Bi + Y5^)^
-«-> -<r-y

+ i? iYv,Y5e(ie"1YvB2 " A2 3vA1 " B23v V + ••• (84b)

where the dots indicate terms which do not contribute to

/L. d4x d^0. Rescaling 8. = /2~ ip. as before, the interaction
mt i i

Lagrangian becomes

Li„t ■ * V +B12+ B22) * - AiB2)
+ gx{(At - Y5BxH2 " (A2 - Y5B2)^1} (85)

K 1 >

-gV^(?Y^ " a2 d\ " b2 3\)
The only remaining auxiliary field is H. Its variation implies

H = -g(A2B^ - A.2B2^ ' Inserting this solution for H, the Lagrangian
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may be rewritten as

L - L^ + L2 I g2 (^2Bl A1^2^
+ 2g2(V )2(A*+ A22 + B12 + B22) + ixii^X

(86)
+ gx((A1 - r5B1)ip2 - (A2 - Y5B2)^1}
- gVy{^1Yy^2 ~ A28U A1 ~ B2dU Bl* *

This Lagrangian (or rather, the Lagrangian (83)) forms the basis of the

first example of the spontaneous breakdown of global supersymmetry.

§8.3 A Supersymmetric Goldstone Model

Let the Lagrangian (83) be rewritten as

L = Lx + L2 + hi&x ~ KFyv)2 + L.nt(A.B.) + V(H) (87)

where V(H) = |H2 + gH(A2B^ - A^B2). Although the generalised local
U(l) invariance is no longer manifest, nevertheless the Lagrangian

remains invariant under the usual supersymmetry transformations. To

(87) may be added any linear function of H without spoiling the

supersymmetry invariance, due to its transformation law

6H = iey5$X •

This terms breaks parity (as H is a pseudoscalar) but it is otherwise

acceptable. If the term - £H is added to L, then the equation for H

becomes (Fayet and Iliopoulos 1974)

H = g(AL®2 ~ A2B1) + £ = Hq (88)
so that

V(Ho) = -i(g(A1B2 - A2B1) + O2 (89)
and new mass terms - £g(A^B2 - A^B^) arise. Without loss of generality,
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£g may be assumed positive. The mass matrix for the remaining scalar

fields is diagonalised by means of the substitutions

Ax = (1/ /2)(C1 - D2) A2 = (1/ /2)(C2 - Dx)

B1 = (1/ V5)(C2 + Dx) B2 = (1/ /2)(C1 + D2)

so that the quadratic and quartic self-couplings become

Lint(Ci'Di) = ~i(m2 + ^)(Cl2 + °12) " Hm2 " 5g)(C22 + D22)
- (1/8)g2(G2 + Dx2 - C22 - D22) (90)

Already supersymmetry has been spontaneously broken, because the scalar

and spinor masses of the same chiral multiplet no longer share a common

value. In accordance with a generalised Goldstone theorem, a massless

particle with the quantum numbers of the broken generator (in this case,

S) must be present. It is easy to see that x is the Goldstone fermion.

The distinguishing characteristic of all Goldstone particles is that the

vacuum expectation value of their variation does not vanish. From (13),

<$X = ~ F a^Va + Hy5 a
pv

and substituting (88) in for H,

<6x> = Sy5 a (91)

There may be a further would-be Goldstone particle present (depending

on the sign of (m2 - 5g)), but inasmuch as all scalar fields are coupled

to the vector V , the Higgs mechanism will eliminate it. The second

spontaneous breaking occurs if m2 < £g. in this case, the minimum of

the effective potential

Veff(C2) = i(m2 ~ ?g)(C22 + D22> + C1/8)g2(C12 + - C22 - D22)
(92)
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no longer occurs at <C^> = <D2> = 0. fact, the effective poten¬
tial may be rewritten as

Veff( + ) = Hm2 " Zg)<p*<p + (1/8)g2(C12 + Dx2 - cj>%)2
where <f> = + iD2< Differentiating <V ^^ (<{>)> with respect to

"k

tf) , it is clear that the minimum occurs at «j>> 0. Because the

potential is invariant under rotations through an angle 0, in the

^2' Plane> may be assumed that

<D2> = 0; <C2> = v = /2(?g - mz) / gz . (93)

According to the criterion, D2 is the would-be Goldstone boson

(<SD2> = - <0C2> ^ 0) . It is possible to choose the ordinary gauge
function \ such that D„ ->■ 0, and V -> W = V - 3 A. If the2 U U UP

interesting pieces of the Lagrangian are rewritten (i.e., those in¬

volving C = C2 - v and W ), they become

L(C,W) = -iCG^)2 + K3y02 + *v2g2(W^)2 - (1 /8) (vgC)2
+ ig2C2(Wj2) + g2vC(W^2) - {g2vC3 - (1/8)g2Clt (94)

where G = 3r W The fermion terms are also changed because of
pv [p v]

coupling to the scalar field C2 . Nevertheless, a Goldstone spinor is
still present (as a linear combination of i|>2» and x) • No essen¬

tially new information is gained by writing down these couplings. The

Fayet-Iliopoulos model describes what may be called (in Fayet and

Ferrara's (1977) phrase) "the supersymmetric extension of the Goldstone

mechanism"; although it involves the Higgs mechanism, it does not do so

in such a way that the Goldstone fermion disappears (which will be

called "the generalised Higgs mechanism"). For "the supersymmetric

extension of the Higgs mechanism", it is necessary that a massless

vector multiplet should go over into a massive vector miltiplet. In
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the Fayet-Iliopoulos model, although the right degrees of freedom are

present ( a scalar, a vector and a pair of Majorana spinors), the masses

of these particles are different: C has mass ivg, while the vector

W^'s mass is twice this. Such an extended Higgs model has been construc¬
ted by Fayet (1976). As will become clear, this model is very important

in the construction of a generalised Higgs mechanism. The Fayet model

may be written down in either of two ways: as a self-interacting scalar

superfield, or as a vector multiplet in the Wess-Zumino gauge inter¬

acting with a chiral multiplet.

§9. The Supersymmatric Extension of the Higgs Mechanism (The Fayet Model)

Before proceeding to the Fayet model, it is worthwhile to recall some

features of the U(l) Higgs model. This describes the interaction of a

charged scalar field together with a massless neutral vector field repre¬

senting the electromagnetic potential; (which is essentially the Gold-

stone model whose global U(l) symmetry has been gauged). The degrees

of freedom are four in number: one for each of a pair of real scalars,

and two for the massless vector. Once the symmetry is spontaneously

broken, one of the scalars is absorbed (via a gauge transformation) into

the vector field, providing it with a longitudinal polarisation, while

the second scalar gives the vector a mass and becomes massive itself.

At the conclusion of this remarkable transmutation, there are still

only four degrees of freedom: those of a massive vector and one massive

scalar. In order to make this model fully supersymmetric, it is

necessary to introduce supersymmetric partners for each of the three

fields. A massless chiral multiplet provides the minimum enlargement

of the set of two scalars (to two scalars plus a Majorana spinor) while

the smallest supersymmetric family containing a massless vector is that
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composed of a massless vector and a massless Majorana spinor. Clearly,

the combined massless system of two scalars, two Majorana spinors and

a vector, contains just the right number of degrees of freedom to re¬

present a massive vector multiplet: the two Majorana spinors can com¬

bine to form a Dirac spinor, and the remaining pieces can reshuffle as

in the conventional Higgs mechanism. It will turn out that this model

describes two "phases", depending on the sign of the parameter £

introduced previously in §8.3. When supersymmetry is preserved, gauge

invariance is not, and vice-versa. Note that explicit mass terms for

the chiral multiplet are forbidden by the global chiral invariance

associated with the spinor member if/ . As long as supersymmetry remains
li

unbroken, this additional symmetry ensures that the chiral multiplet is

massless. One approach to the globally supersymmetric Higgs mechanism

is simply to write down the most general Lagrangian of lowest degree in

the fields which is invariant under both supersymmetry and the generalised

U(l) invariance introduced in §8.2. This approach is closely related to

the Fayet-Iliopoulos model, and will be described first. There is a

second method, more suitable for an extended Higgs mechanism (in which

supergravity is involved), which will be described in the sequel.

In terms of the vector multiplet V , x> and H, (as opposed to the

scalar superfield components A , X, and D) the gauge transformation

(76) is

6V = -6A = 23 N
v v v

6x = S(X - idip) = -i8(it + ijSr) + i3(tt + L6c) = 0 (95)

6H = -J6(D + 32<f>) = (232M + 32(-2M)) = 0 .

Consequently any term linear in H is separately invariant under both

ordinary supersymmetry (6H = iey5^x) an^ the gauge invariance (95).

The most general Lagrangian of lowest degree in the chiral superfield
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which is invariant under both these groups involving only a chiral

superfield and a scalar superfield is thus

/s. ^ ^
L = Lv + 4S exp(2e$)S - 5$

where L^. is the usual vector multiplet kinetic term. The interaction
is just the Lagrangian (81) introduced previously, with S = T = 0

and e = -g. Again, (96) is most conveniently evaluated with $ in the

Wess-Zumino gauge. In terms of the component fields, (96) reads

l = (ee)2{-kf^)2 + ixij5x + " ?h - jev^/pj;
+ 5F2 + ^G2 + K3yA)2 + K3yB)2 + + eV^Ba^A

+ eijl"(Ay5 - B)x " |eH(A2 + B2) + ie2(V^)2(A2 + B2)} + ... (97)

It is convenient to rewrite (97) in terms of the complex field

<j> = (-i//2)(A - iB), and with the auxiliary fields F and G eliminated,

Setting

V <j> = 3 cJj + ieV <b
y v y

k k k
V <j) = 3 <j> - ieV <j)
y y y

V ip = d ip + ieV ip
y y y

the Lagrangian (97) becomes

l = (?0)2{-kf^)2 + ixi^x + ^h2 - 5h + v^cj>* vy<j)
+ $JitP_ip + e/2 (ij7P_x4> + ?P x**) " eH<M>} + ...

The equation of motion for H reads

H = K + . (_q<U)

Elimination of this auxiliary field leads to an effective potential for

<j> of the familiar Goldstone-Nambu type,

(98)



-46-

veff(<!>) = i(C + e^%)2 (99b)

so that (99a) implies

H = /2Veff(«0 • (99c)

Without loss of generality, e may be assumed positive. There are now

two distinct theories described by the one Lagrangian (98) , depending

on the sign of E,. If E, is positive, the minimum of ^eff occurs
for <cf>> = 0. The scalar fields A and B have a mass equal to

/e£~, while their spinor partner 4) remains massless - supersymmetry is

spontaneously broken. Again y is the Goldstone fermion, for if

<(j>> = 0, then <6x> = <H>Yba = E,y5a. If however E, is negative,

something more interesting happens. By minimising <^eff^)> i°r
E, < 0, it follows that attains its least value for

<<j>> = /-£/e exp(i0). Nothing is lost if 0 is set equal to zero;

that is,

<A> = 0; <B> = V-2Eje. = v .

As in §8.3, it is convenient to introduce C = B - v, so that <C> = 0.

In terms of the translated field C, the Lagrangian reads

L = (00)2{-i (Fyv)2 + ^Xi^X " £eVytYVPJ> + |(3yA.)2
+ K3yC)2 - £e2v2C2 - £e2vC3 - (1/8)e2Ci+ - (1/8)e2A1+ (100)
- £e2vCA2 + iipilSP_^ - ev^x - eAVV8^C
+ eV^(C + v) 3yA + e4>(Ay3 - C)x + |e2v2(V )2
+ ^e2(Vy)2C2 + e2vC(V^)2 + ie2(V^)2A2} .

Finally, may be transformed according to the remaining Maxwell

invariance V ->■ W = V - 3 X. If \ is chosen so as to eliminate A
P P P P

entirely, then the Lagrangian may be written in terms of the new fields
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v = PJ>+P+X, Wy, Gyv = 3[yWv] as (m = ev)
L = (?0)2{"KGyv)2 + W2(Wy)2 + i(3 C)2 - ^m2C2

+
2 v (i# - m) v - v W P_v - ^emCA - (^"/8)e2C1+

+ ^e2(Wy)2C2 + emC(Wy)2} + ... (101)

which clearly describes a self-interacting massive vector supermultiplet,

and the chiral supermultiplet has been swallowed whole. There is an

additional bonus unanticipated by the extension of the Higgs model to a

globally supersymmetric version. The usual Golds tone model depends on

two arbitrary parameters (the coefficients of <j>2 and ((A), while the

conventional Higgs model requires also the coupling constant e. It is

evident from (101) that there are only two arbitrary parameters in this

model; the higher degree of symmetry has constrained one of the para¬

meters to be a fixed function of the other two. To summarise: a

globally supersymmetric extension of the Higgs model was found by Fayet

(1976) by extending the ingredients of the U(l) Higgs model to their

most economical supersymmetric extensions. In addition, it was necessary

to introduce the "trigger" term -5$, which has no counterpart in con¬

ventional Higgs models. Depending on the sign of £, two quite distinct

theories emerged:

i) E, > 0: Supersymmetry is spontaneously broken, while the local U(l)
Maxwell invariance is preserved. The theory describes a massive

pair of scalars, two massless spinors and a massless vector. The

spinor associated with the vector becomes a Goldstone fermion.

ii) E, < 0: Gauge invariance is spontaneously broken, but supersymmetry
remains intact. The theory is that of an interacting massive
vector multiplet, while the chiral supermultiplet disappears
entirely via the extended Higgs mechanism.

From ii) , it should be clear that an alternate approach will suffice
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to produce the Lagrangian (97) : consider the most general self-interaction

of a vector multiplet which is invariant under supersymmetry (but not the

generalised gauge invariance). The Grassmann integral of any function of

$ is such an invariant, so that the most general L for the vector

supermultiplet is

L = Lv + g(4), (102)

where g(x) is an arbitrary function of x, and is the usual

kinetic term for the massless vector multiplet

Ly = 2${ (DD)2 + 432 }<J>

= (e"e)2(-KF;jv)2 + kUx + *H2) + ... .

In general, of course, g($) will contain terms involving other fields

besides the three of L^. These new expressions will involve both new

dynamic terms (and hence new degrees of freedom) as well as auxiliary

terms, i.e. those involving fields which occur only algebraically. The
A A

presence of in L is enough to ensure that (102) indeed describes

a vector multiplet. For clarity, once more recall the relations between

components of the scalar superfield and the vector multiplet:

H = -|(D + 82<j>)

X = (l/v/2)(-y5X + iy5^)

Vv = — Av and y = - Jl Y5^ .

It will prove convenient to let g(x) = 16 f(x). The coefficient of

16f($) which contributes to L is given by, according to §5.2, (recall

an = f(n)(<j,))
16f ($) = \ (90)2{Dax +(F2 + G2 + (A^)2 + 2^X)a2

5 (1°3)
+ (MF - ij;y5iJ;G - ^iyVy ^)a3 + Ja^W)2} + ...
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which when expressed in terms of vector components becomes

16f($) = K0"S)2{(-2H - 32<j))a1 + ((Vy)2 - N2 - M2 + 2yX + Mp)a2
+ ^(iyuN - iyy5yM + iyyVysyVy)a3 + (1/8)(yy)2a^> .

Discarding the divergences /(— S2cj>) a^d^x = / ( 3 <f>) 2a3dl+x, and the sole
coefficient of a^ in L is now -H, while that of a.^ picks up the
term i(9y<f>)2. The equations of motion for the auxiliary fields H, M
and N are

N = I iuy(a3/a2); M = ~{ iyy5y(a3/a2); H = a^

Inserting these solutions, the Lagrangian (102) becomes

L = (00)2{-|(Fyv)2 + hiHx ~ £(*]_)2 + iyyVy5yVva3
+ i (2yX + (vy)2 + + Ovl<l>)2)a2 (104)
+ (1/16)(yy)2(a^ - (a32/a2))} .

If the theory described by (104) is to be even quasi-renormalisable, the

coefficient of (yy) must vanish. Then f must satisfy the differential

equation

f(2) f(4) _ (f(3))2 = Q _ (105)

There are apparently two solutions to (105):

a) f(x) = b - £x + kx2 (106a)

b) f(x) = b - £x + c exp(icx) . (106b)

In each case the inessential constant b may be dropped. Note that

solution (106b) approaches (106a) in the limit ck2 -> 2k^, k2 ->■ 0
c -»■ £ - ck -*■ £' . Solution (106a) implies a Lagrangian

L = Ly + 16g$2; which is just that for a free massive vector multiplet
of mass m = 2/g. The more interesting case is (b), when L becomes
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L = (90) 2{-| (^ )2 + 5Xi^X " 2 (cKexpCictjj) - £)2

+ 5 (2yx + (Vv)2 + + (^y^)2) cK2exp (kc|>) (107)

+ £ck3 yyVY5yVv exp(ic<j>)} + ...

Apparently the value of the constant c has no physical significance

independent of the scalar field <j>: c may be varied at will by a trans¬

lation in <f>. Let k = -2e, and c = |v2, where it is assumed e > 0.

To facilitate the comparison with the previous Lagrangian (97), first set

v exp(-e<j>) = B (108a)

-ev exp(-e<j>)y = v = -eBy (108b)

*
in which case (107) becomes

L = (ee)2{-i(F^v)2 + Ixi^x - i(5 + M2)2

- evxB + £~ii5v + ^e2B2(Vv)2 (109)

+ 2 OyB)2 " ievyVvV^} + ...

As it stands, (109) is not identical to (97). To establish the identity

it is necessary to introduce some new fields. Let

B + iA = v exp(-e<}> + ieoj) (110a)

ip = -ev exp(-etj) + iem)y (110b)

W = V - 3 a) (110c)
y y y

N.B. /(yi^y)B2dltx = /(vi#v)d4x + /(yyAy)iBa^Bd'+x but recall
- X

_ .

yy y = 0.
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which is the generalisation of (108) to complex fields. If oi is now

allowed to vary in the usual U(l) manner

oi OJ + X

B + iA exp(-ieA)(B + iA)

ip -> exp(-ieA)Y-

W + H - 3A
y u u

the physics described by a Lagrangian in terms of these new fields will

be invariant under a change in w. Rewriting the Lagrangian (109) one

last time, it becomes

L = (0e)2(-KGuv)2 + Jxi2x - i(5 + |e(B2 + A2))2
+ eJCAy5 - B)x + Hi^ + H2(WV)2(A2 + B2)

+ H3yA)2 + HapB)2 - W^

+ e W B3 A} + ...
y y

which is clearly identical to (97) upon the elimination of the auxiliary

fields F, G and H. Consequently the globally supersymmetric Higgs model

may be derived from the most general Lagrangian describing a self- interaction

of the vector multiplet which is compatible with renormalisation. In the

case of n = 4,v the interaction terms have the form -£$ + c exp(K$). It

is remarkable that the "trigger term" - £$ is automatically included in

the solutions to the differential equation (105).

This concludes the background in global supersymmetry necessary for

proceeding to the study of local supersymmetry and its spontaneous breaking.

A few other results from general relativity must also be marshalled. They

will be called forth in the course of the next chapter.
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II. GAUGING SUPERSYMMETRY WITHOUT SUPERFIELDS

§ 10 The Earliest Supergravity Theories

§10.1 The Deser-Zumino Model

The first Lagrangians invariant under local supersymmetry were found

in a manner rather different from the usual Yang-Mills procedure, which

emphasises matter-gauge field coupling from the start; and it is only

this coupling which determines the gauge fields' transformations and

Lagrangians. Instead, Freedman, Ferrara and van Nieuwenhuizen (1976)

and independently Deser and Zumino (1976) started from the basic in¬

gredients for a locally supersymmetric theory demanded only by the
3

group theory: a massless spin /2 field (Rarita and Schwinger 1941)

which is to cancel the derivatives of the local spinor parameters, and

a massless spin 2 field to act as the Rarita-Schwinger field's partner.

3
(In principle, this spin /2 field, hereafter denoted x^s could be
mated with a massless vector, rather than a tensor. Indeed, in an

extended version of supergravity, such a multiplet is employed. How-
3

ever, it would not be possible to identify this spin /2 field with

the gauge field of local supersymmetry without the presence of an

additional tensor field to compensate for the local translations

required by local supersymmetry. Moreover, this tensor must have its
3 3

own spin /2 partner (this is the massless spin (2, /2) multiplet).

Consequently the smallest number of fields for a consistent, locally
3

supersymmetric theory in which a spin /2 field is partnered with
3

a vector field is four: a vector, two spin /2 fields, and a tensor

field*) This tensor field is to be identified with the conventional

graviton, which couples to the energy-momenturn tensor (the Noether

current associated with translations) produced by gravity and all

matter fields, while the field x^ itself couples to the spinor
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Noether current which is a consequence of global supersymmetric

invariance. The Deser-Zumino formulation is far more elegant, so this

version will be given first. That of Freedman et_ al_. follows almost

trivially from the Deser-Zumino theory with the help of some results

from the Einstein-Cartan-Sciama-Kibble (or ECSK) theory of gravity

(Kibble 1961, Hehl, von der Hyde, Kerlick and Nester, 1975).

The presence of both x an<i the graviton g suggest that the
V pv

Lagrangian should be invariant under three local groups: local super-

symmetry, and the two invariances of Einstein's theory, namely the

local Lorentz group which acts on field components directly and the

general coordinate group which acts through the underlying space-time.

Furthermore, the presence of a fermion field requires the use

ct
of a vierbein e rather than a purely metric formulation (Deser

y

and van Nieixrenhuizen 1974.) The vierbein formulation will be treated

at some length in §§11-12. For the moment it is sufficient to point

out that under both the local Lorentz group and the general coordinate

group the vierbein transforms as a vector; a is a Lorentz index

while y is a coordinate index. Finally, the flat-space Lagrangian

(to which the curved-space Lagrangian must reduce in the limit
Ct Ct •

e 6 ) must be invariant under the transformation
y y

X -> x + 3 a (1)Ay Ay y

where a is a spinor parameter. If the field x^ is t0 be iden¬
tified with the gauge field of local supersymmetry, its transforma¬

tion must include at least the term 3 a. Moreover, the massless
y

Rarita-Schwinger Lagrangian is known to possess such an invariance

(Rarita and Schwinger 1941). The spinor nature of x^ suggests
that the flat-space L(x) should be linear in ^x^j while the
gauge invariance (1) implies that L(x) should take the form of a
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curl, ^ j-yXvj ? - and of course L(x) must be a scalar under the Lorentz
group. These considerations uniquely restrict L(x) to the form

L(x) = iice1JVpCT x YSY 3 X (2)
y v P °

where k is some numerical, dimensionless constant (the gravitational

coupling constant being set equal to unity). How is this L(x) to be

written in a curved space? First, it is necessary that

{Yy> YV} = 2gyV(x) (3)

so henceforth (see e.g. Weinberg 1972)

yU(x) = eP^(x)ya (4)

Then, suitable gauge fields must be introduced for the local Lorentz

group. There is no need to introduce the affine connection T^r
yv

associated with general covariance in (2); the curl of a vector is

automatically covariant (Schrodinger 1950). The curved space Lagran-

gian and supersymmetry transformations take the trial forms

L(x) = iic£yVpCT X1|Y5y D x (5a)y ' v. p Ao

Dx = 3 X + ^ *a X (5b)
p Aa p Aa * y Ao

6x = Da = 3 a + |u *aa (6)
y y y y

ctB
where = co^ CTag* •'-0 t*ie Lagrangian (5a) (which is a density)
must be added a kinetic term for the spin 2 partner, taken to'be (to

within a constant) the usual Einstein Lagrangian

L(e, w) = -£ce R(e, u)

where the Ricci scalar R(e, oj) is defined by R(e, u) = e^ e^ R (oj) ,
e = det e a, and the Riemann tensor R is defined by the relations

y yv }



[V V^l'V = 'Vae Ta6(jl'j2)ti,(jl'j2) (Ua)

where 4> (j^, j 2) is an irreducible representation of the Lorentz group
and T is the Lorentz generator corresponding to this representation.

Ct p

In general,

Dy f^l'V = V^l'V + Tae Hjrj2)

Cit B
where is the gauge field corresponding to local Lorentz trans¬

formations, called the "spin connection", so that

r, ctg ay g ^R = 3r w t + air a) , (14b)
yv [y v] [y v]y

The supergravity Lagrangian L is constructed as the sum of L(e, 00)

and L(X);

L = L(e,m) + L(x)

The equations of motion are

SL 9L
_ D 3L

6<j). 9cf>. v 3d).
1 1 Yi;v

where <p. = D tj>. , and <j>. are the set (e a, y > ^ a^) .
i;v v 1' r y y y

Explicitly

SL n P • yVpO — 5 r> /lex

—r - <* Ge + V5',Dp*a (15)
oe

y

= 2iKY5e,iaVP(YrrD Y ~ |Ca Y X ) = 2ii<Y5Ry' (16)6x^ a vAp av a p

~-vS = Jec(Cy + ey CY - ey CY ) - Sy (17)
<5uj^ ag g Ya a y3 a3

where G y is the Einstein tensor
P

V • «*"" - 5 V - (18)
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S is the spin-densityag

ag
3L(X?

_ /9W- y - y ,

—cfi * <lKe/2)(x-YX[sea] - y Xj)
y

(19)

and C is the torsion,
yv

yv
D e « ; Dea = 3 e a - m a e f
[y v] y v y v yg v

(20)

For future reference, it is convenient to note that the vanishing of

(17) implies

ag (ec)_1(2Sp - ey SY + eyfiSY )ag a yg g ya
(21)

From the definitions of curvature and torsion follows the first Bianchi

identity

Ayvp( a _ D a ) = (
Ayv A yv

ct 3
These equations will determine the form of 6to^ , once a trial form

Ct
for 5e^ is given. It is not difficult to guess an expression for

Ct —

6e^ . The group theory presented in §6 suggests <5e v ay> and the
most straightforward way of achieving this is to set

6e
• - g
icy X • (23)

ct 3
Finally, 6w^ is found by requiring 61 = 0 under local supersymmetry:

61
<SL » a — 6L 6L ag

6e + ox + n

r a y yr— . ag y6e 6 x 6m
y y y

d^x . (24)

• • """ Ct
Inserting the explicit variations and the trial forms for 6x and 6e ,

y y

and performing an integration by parts, (24) becomes

51
„ y . yvpa — s r, x g
g + 1K£ V Yg pXa)Lay X

(25)

2iKay5D«R + (6L/5co a^)6u
y y

d^x
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From the identity (22) and the identity

£Oyvp R ag = _4G P (26)
yagx av t

(27)

it follows (with a little Dirac algebra)

D.R - c\v yaD^o ♦ !eGTP Y5TTXp
so that (25) becomes

'

61 = ((ceGgy + iKeyVpa XvY5YgDpXa)ictY Xy

+ ieKGTPayTxp - ^iK£°yVp C3ap ay5ygDvxp (28)
+ (|ec(Cy 0 + ey CY - ey CY fl) - Sy J6«o ag }d*xV ag g yet a y8 ag' y

If c = -k, the terms linear in the Einstein tensor vanish. Dividing by

-k/2, and using the Fierz rearrangement

ePVPa(XvY5YgDpxaoly3Xvi - iXyYeXvay5ygDpXa) = 0 , (29)
the vanishing of (28) requires

0 - /<clJ«s - 1v%)V" d*x (30)

where

. ag . agvp — 5 _ . „ ag v [a . g]yNA =ie ay°yDx+e(6co +e e 6oj )
y y v p ^ y yy v

If (30) is to vanish off mass-shell, A^"3 must vanish. By inspection,
then,

where

6b) 016 = B a3 + \ e BB Ya - a B y3 (31)
y y y y 5 y y

- ag . -1 agpa — c .

By = -re e ay5yy DpXp . (32)
The choice of the constant c is dictated by the requirement that for
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Xy = 0, the Lagrangian (7) should reduce to the usual Einstein
Lagrangian; i.e., c = -1. Then

L = 2eR + ieyVpa XyY5YvDpXa (Z.)

and the equations of motion become

„vy . -1 yApa — c v_G le e X^Y Y DpX0 (33)

Ra = £<Jyvp( D x - |Ca y X ) = 0 (34)
y v Ap 4 yv 'a p

• """" a / q r \C
pv ■ 1!y \ ■ (35)

In order that the theory be consistent, it is necessary that D*R = 0

as a consequence of (33) and (35). Indeed, the vanishing of D'R follows

from the Fierz rearrangement (30). Quite apart from supersymmetry, the

Deser-Zumino model is interesting as the first consistent theory of an

interacting Rarita-Schwinger field.

§ 10.2 The Freedman, Ferrara and van Nieuwenhuizen Model

As described, the Deser-Zumino theory is in "first order" form;
ct 6

so long as w is regarded as an independent field, no terms appear

which are higher than first-order in derivatives. On the other hand,
Cit 8

(35) may be solved for wy :

aB aB, * , /oW-a B — a B — B ou= a) (e) + (i/2)(x YyX + XyY X " XyY X ) (36)

where as usual (Veltman 1976)

aS/ \ i Bn i ap BO/^ Y\ (37)
"p <e) " <3[pev] ' + !e 6 [aep] YP

- (a ■*-*■ B)

The expression (36) is consistent with the forms adopted for the various
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transformation laws, as it should be. If desired, the explicit form

(37) may be substituted back into the original Lagrangian (_7) , to give
ct8

the "second-order" form of L in terms of 03 (e) and y :
y Ay'

L(2) " L(e' x) " LE + L(3/2) + L4 (38)

where and ^(3/2) are t':ie Einstein aad Rarita-Schwinger Lagran-
c

3
U

ct 8 ^ ^
gians in which 03 (e) replaces oj everywhere, and is the

contact term

L4 = (l/8){xeyax6(XgYaY(S + ^YgXg) " ^(xaY*x)2} (39)

The formulae for 6xy and are also considerably changed.
In the former case,

6Xy = D^(u(e))a + H2xyY6Xg + XgYyXg) (40)

while in the latter case is given only through its dependence

on eya> and depends now on derivatives of a. In general, (Kibble
ct 8

1961) the second-order form of a Lagrangian depending on U3y (e) may
be obtained from the first-order expression by substituting for the

original wya8 the following expression:

to „ = a) D(e) - I 0 - e r EY ■, - Er 1 iDl (41)ya8 yap yag y[a gjy [a|y|6J

(where Ey^ is the spin-tensor; e^yag - ^yag as defined by (19)).
ctB

This substitution results in the old Lagrangian with 03y (e) replacing
cc8

03^ and supplemented by an additional term quadratic in the spin
tensor;

L = ie(2E fl EBYC* - E Ea8Y + 2EY E 8a) . (42)contact otgy a^Y ya g

ct
These general forms reduce to the specific (39), (40) when S ^ has
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the form (19) . Once the expression (37) has been used in the Lagrangian,

the Ricci scalar becomes second-order in derivatives of the vierbein.

The supergravity theory of Freedman et al.(1976) may now be des¬

cribed in a very few words. It is just the second-order formulation

of the Deser-Zumino theory, in which the trial Lagrangian is exactly
C6 B ot B

(7) but with 0)^ (e) replacing to . In order to make this trial
Lagrangian invariant, the contact term (39) is then added, and the

transformation law for is altered to (40) . The verification that

the Lagrangian (38) is invariant under (40) and (24) at first proved

impossible without the aid of a computer (owing to the complicated

structure of terms quintic in x )• Once the equivalent first-order

theory was found, it became an elementary exercise to show the in-

variance by invoking the correspondence between first- and second-order

formulations.

The two supergravity theories presented thus far (really, one

theory in two equivalent formulations) give only the kinetic and self-
3

interaction terms for the ( /2, 2) massless supermultiplet. How is
3

matter to be coupled into this ( /2, 2) multiplet? A tedious algorithm

has been used in the past. First, the kinetic term for a given multi¬

plet (with some modification for the presence of a curved space) is

added to the free supergravity Lagrangian (7). Then, using Noether's

theorem, the supercurrent corresponding to this matter multiplet is

found. For example, the supercurrent for the massive chiral jnultiplet

is = {(i/3 - m) (A - y5B) The lowest-order coupling is then

given by Unfortunately this rarely suffices to give an in¬

variant Lagrangian. Instead, additional terms in x^ are usually
needed (to take care of the transformations of kinetic terms which

will involve derivatives of the parameter a), and very frequently the

transformation laws of the matter fields must be altered from their
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globally supersynnnetric forms. There is no ready prescription for the

additional terms in the Lagrangian, or the new transformations; only

trial and error serve to find them. It would seem highly advantageous

to discover a systematic method which automatically determines the

fields' behaviour under local supersymmetry. An approach which accom¬

plishes this in part for the gauge fields is presented in the next

section. Ultimately, the method fails; nevertheless it indicates a

fruitful avenue which will be followed in the succeeding chapters.

§11. Fiber Bundle Methods

§11.1 The SU(2) Yang-Mills Theory via Fiber Bundles

In an elegant attempt to circumvent the trial and error methods

of §10, Chamseddine and West (1977) employed the differential geometric

methods of the fiber bundle formalism (Choquet-Bruhat, De Witt-Morette,

and Dillard-Bleick 1977, Cho 1975). It is possible to use this machinery

without a deep knowledge of the mathematics involved, and the spirit of

the present approach is that of an engineer who wishes to compute an

integral without delving into epsilon-delta arguments. Rather than

plunging immediately into supersymmetry, these methods will be used to

describe a more familiar gauge theory, namely that of SU(2) . It will

become evident that the fiber bundle analysis is nothing more than the

usual Yang-Mills approach, but with a greater geometrical emphasis.

Consider an element of the Lie group SU(2). This element U may

be parametrised by U = exp(iXj T^) where the three numbers Xj are
the group parameters and T^ are the generators for a particular repre¬
sentation. Let the set Xj be replaced by three continuous functions
of x, Xj(x), when x is a point in Minkowski space, and let hj be
a point in X^'s range. Pick a set of functions such that locally
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Aj(a(hk)) = hj . The surface defined by x=0(h^) for a given vector 1^
is said to be a "cross-section". The "volume" formed from the Cartesian

products of |R3 (the domain of Aj) and the "base space" of Minkowski
space is said to be the "bundle space". The bundle space may be built

up as stacks of these cross-sections. In this approach a change of gauge

corresponds to a change in cross-section. The bundle space describes

local invariance, while the corresponds to global symmetry.

The fundamental operators in these spaces are "tangent vectors" and

their dual elements (see Appendix B). For the base space, the tangent

vectors are just the ordinary derivatives 3^, while for the fiber they
are just the (abstract) group generators Qj. These tangent vector
operators satisfy the familiar algebra^

[Qj' Qk] 1Ejk£Q£ (43a)

[Qj, 3y] = 0 (43b)

[3y, 3V] = 0 (43c)

The corresponding operators in the bundle space are the operators

(3y» Qj ) (Cho, 1975) . The operators 3^ are called "horizontal
lifts". Just as a "lifts" a point hj to the point (hj,x), so
does an associated mapping a. lift 3 to a new operator a+(3 ).

** y x y

The operators 0^(3^) are just the form of 3^ required by the chain
rule, 0A(3y)f(A) = 3^f(o(A)). The inverse mapping A^ sends
3^ to 3^, and the operators Qj to zero. In general, 3^ f 0^(3^).
The mappings aA and A^ are what the mathematicians call "functors".
The functors are linear over functions

**(g(x)3y) = g(x)A*(3y)

and distribute over Lie brackets:

/V A

X.([9V. 3„]) - IX.Cy, X „<3V>] . (44)
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The algebra to be obeyed is as far as possible that of (43), namely

[Qj > Qk ] lejk£ Q I ^45a^

[Qj*» 9 ] = 0 (45b)

[V V = 1 Fyvk • <45c>

The last equation ensures (44) is satisfied, for

X*(iFuvk O = iFvvk ' 0 '

Explicitly, 3 may be written as
A

^
3 = 3 + iA . Q. . (46)
y y yk he

The change in gauge induces the usual transformation in the fields A ^

(the gauge potentials) according to the Ehresmann law (Spivak 1970)

1TkAV ■ 1 D<Tk V)D_1 +" 8kD~1 <47)

where U = exp (i Tk(Q) A^) as before, and where Tk(Q) corresponds
to the adjoint representation of SU(2). Explicitly, for an infinitesimal

change

SV " "ijk xj V " Vi (48)

while (45c) leads (with (46)) to the usual definition of

F , = 3r A ,, + e. A . A . . (49)yvk [y v]k ljk yi vj

From the Jacobi identity

[[3 , 3 ], 3,] + (Cyclic permutations) = 0
y v A

follows the second Bianchi identity

D F , + D F , + D F . = 0 (50)A yvk y vAk v Ayk
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where

D F . = [3,, F . ] .X yvk X yvk

It may not seem that anything has been gained over the usual approach.

The key relation is (45b) whose content is that the potentials Ay^.
transform according to the adjoint representation;

[Qj*' V " iejkt V (51)
k

(Note that this implies from (46) that [8^, ] = 0) . Apparently,
in order to use this approach, it is necessary that the group to be

gauged should commute with the ordinary derivatives. It is on this

last point that some difficulties are encountered in applying the

fiber bundle methods to space-time groups.

§11.2 Fiber Bundles and Supergravity

Owing to (43), once the algebra of the group generators is

known, the transformation laws for the gauge fields are determined.

Chamseddine and West (1977) were thus able to derive the forms of

5e a, <5y > and 6u>
y Ay y

Let the group generators be denoted (P , J , S ), and let
Ot Otp 3.

them satisfy the usual algebra (1.1) among themselves, as well as

[V Pc1 " 0

[v v - 0

IV Sa] = ° •

This condition divorces the group space from Minkowski space. The

gauge potentials associated wtth these operators are, respectively

e a, a) a^, and v ; while the lifts 3 are
y y y y

3 = 3 - ie aP* + iico afBJ* + i'x 3 S * . (52)
y y y a i y ag Ay a

In order that (45b) be satisfied, 3^ must commute with each of the
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* *

linearly independent operators Pa ' ^ ag anc^ vanishinS °f
the commutators between 3^ and each of the group generators implies
that the coefficients of each of these generators on the right-hand

side must vanish. For example,

'V 0 " + I VS[JSS' Pa 1 <53)
♦ uu/6, p» iii/, p>; .

The vanishing of (53) inplies three separate equations:

t-ie/. P*] ?; * P*a] ■ 0 (54a)

[%6V' 0 J*BY " 0 <54b>

1 V" OC " 0 <54c>
so that

[e e, P *] = - iu 6 (55)pa ya s '

and the other gauge fields commute with P Similarly some easyCL •

calculation leads to

K°- J8v> ■ ""'..(A - *„vO (55a)"y Sy y6 y py

J* ] = 2i(0) Aa - OJ 0 0Y<5 yd Y P Y d;

[xy"' JY«] = "ii(xyaY(S)a (56c)

Jv6] = " OvA) (56b)

— a

and

r_n .at
y ' ] = xy (57a)

0 (57b)S*]

(Xy, S } = -$<yCT . (57c)

From the Ehresmann law (47), with U = expUa^P* - iix"6 J* - iaS*)
6 ag '
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the fields transform as

5v ■ v + xa%"+ <5«

6ca a3 = D (59)
y y w/

5xy = °ya + ^ A'axy (6°)

where a (x) and . \ (x) are the local parameters associated with
k k

Pp and J , respectively. The surprising aspect of these equations
ct8

is that the connection is inert under supersymmetry. This has

ambiguous consequences, as will become evident. The field strengths

are given by

[3,31 = iC'a P* + iiR a6J* + iD a S * (61)
p v yv a 2 yv ag yv a

where (after a little computation)

r1' ^ — 'n CC .Ct / * r, \C = Dr e , - iv Y X. (62)
yv [y v] y \>

v i ctg ay 8R = 3 r w , + co r to , (63)
yv [y v] [y vjy

D...a = • (64)
yv Ly

The major difference between these field strengths and those of Deser

• • • • Ct • •

and Zumino (1976) lies in the torsion ^'yV* The Deser-Zumino equation
of motion C01 = iv yax becomes for Chamseddine and West the constraint

yv y v
Ct •

C'
yV = 0• Remarkably, the same Lagrangian

L = 2eR + ie^Vf>a X Y5Y d XAy v p a

is invariant under the new transformations (58-60) . Actually this should
ct |3

not be surprising, because it is only the form of <5uj^ which differs
Ct • • • •

from the Deser-Zumino forms; and C' is just the variation of L
yv J

with respect to ua^V' This is apparent from (30); if = iXyY°'xv>
the integrand vanishes identically. There are still ambiguities with this
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ct

approach. First, if C'
^ vanishes, then this equation may be used to

ct 6
solve for , whose solution is just (36). Presumably, then, the

variation of the spin connection should be consistent with (36) . In
ct 8

fact, the consistent form of is just that given by Deser and
ctB

Zumino, (31), rather than = 0. The second problem has nothing

to do with supersymmetry, but is perhaps related to the manner in which

the Poincare group is divorced from Minkowski space in the fiber bundle

approach.

§11.3 Troubles with the Translations

Consider for a moment the lifts corresponding only to the gauged

Poincare group:

9 = 9 - ie aP + £im °^J R . (65)y y y a y ag

Ct
Let A be an arbitrary vector field, and consider

[V , V ]Aa = -iC6 [P* Aa] + JiR ^Y[J* , Aa] (66)y' v yv g yv By

where the equality comes from (61) and the Jacobi identity. On general

grounds, (Kibble 1961; §12) it should be that

[V , V ]Aa = -R aa AS (67)y vJ yv 6

which implies that

[J*y, Aa] = -i(T(J)A)a = -i(«5yaAg " 6eaAy) (68)

[P* , Aa] = 0 or CS = 0 (69)
p ]iv

Ct
for ail arbitrary tangent vector field. The vierbein e^ , despite its
world index y, should transform as a tangent vector, and yet it does not

&
commute with P . The alternative is to assume that the torsion vanishes,

a

Ct
in which case C =0 yields the solution (37) for the spin connection.

yv c
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*

According to (54b), the spin connection commutes with P , but also
&

[P , 3 ] = 0. If the solution (37) and derivatives 3 are to commutea' y y
* OL *

with P , then e should also commute with P , which is in con-
cr y a'

it
tradiction with (55) . In short, the presence of the generators P^
leads to ambiguities (embodied in (69)). The simplest escape is that

it

the vierbein should not be regarded as a gauge field, nor should P^
be regarded as part of the gauge group. It is possible to incorporate

the vierbein in a fiber bundle style treatment of ordinary gravity without

the ambiguities (Derbes, 1978a), and this will be done in the next section.

§ 12. An Alternative Approach to the Vierbein

§12.1 Gravitational Symmetries

In order to clarify the role of the vierbein, it is worthwhile to

recall the invariances present in the standard theory of gravity (Weinberg

1972):

i) freedom to relabel the coordinates which form the underlying

space-time;

ii) freedom to perform local homogeneous Lorentz transformations

on the field components directly.

The first freedom is the Einstein group, the local GL(4, R), while the

second is the local Lorentz group (or SL(2,C)). Normally the affine

connection serves as gauge field for the former, and the spin
Ci 8connection for the latter. Inasmuch as an infinitesimal general

coordinate transformation is induced by

x^ -> xU = x^ + 5^(x) (70)

which is indistinguishable from a local translation, it might be thought

that there are no differences between regarding the gauge group of gravity
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as the Poincare group, or as SL(2,C) and GL(4,R) taken together.

Nevertheless, there are differences. Consider first GL(4,R) whose in¬

finitesimal parameters are eV^ = 3£V/3x^. For the global theory
is at most linear in x, while for the local symmetry, are any

four sufficiently smooth functions of x. Let G^ denote the generators
of the group, and T(G)^ some matrix representation. Then the commuta¬
tor of two such transformations is

CelV(G)V e2PaT<G>V = i£3PvT(G)\ (71)

where = e0^ e.° - e.^ e„a . This algebra is unchanged,3 v 2olv 1 a 2 v & 6 '

whether the parameters are global or local. By contrast, if the repre¬

sentations of P^ acting on arbitrary functions of x are to take the
usual form, P = i3 , then the commutator of two translationa

U y

[a^ P^, aPy] depends intimately on whether or not the parameters
a^ are local. In the global case, the commutator vanishes; but in

the local case,

V *2 V " i33U % (72>

where a^ = a^*3a2^ - Perhaps the difficulty could be over¬
come by choosing a different representation of the translations, so that

the commutator always vanished. If the usual correspondence is used,

then in Veltman's (1976) phrase, "we are dealing with structure con¬

stants containing derivatives". It is far from clear what gauge field

is to be introduced to compensate for the local translations; using the

vierbein §. la Chamseddine and West does not seem completely straight¬

forward. It should be added, however, that several authors have presented

the Einstein-Cartan-Sciama-Kibble theory of gravity as the gauge theory

of the Poincare group (Hehl et_ al_. 1976, Trautman 1975). In general

these approaches associate the vierbein not with the Abelian translations,
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but with the Einstein covariant derivatives V = 3 + iT^ GV.. The
y U yv A

algebra for these local transformations (i.e. parallel transport) is very

different from the global case, for then -> 3^. If one simply drops
the translations (whether regarded as 3^ or V^) from the set {G^}

ct «

of gauge group generators, the onus of regarding e^ as a gauge field
is removed. Instead, it may be viewed as a bridge linking the two sym¬

metries i) and ii). The presence of two local groups in the theory of

general relativity suggests a synthesis of two Yang-Mills theories;

one to deal with each symmetry. The divorce imposed by Chamseddine and West

between the supersymmetry group and Minkowski space will be carried over in

part by labelling all Lorentz objects with early Greek letters (a,3>Y ••• >

"tangent space" indices), and all GL(4,R) quantities, including the

derivatives 3^, with later Greek letters (y,v,p ..., "world" indices).
ct

Some quantities, notably the vierbein e^ itself, carry both types of
indices. In the treatment of local supersymmetry to be presented in the

last two chapters, the general coordinate group will not explicitly

appear; nevertheless for clarity it seems reasonable to present this

method as it is used in a more familiar theory. First the gauge theories

of the coordinate and Lorentz groups will be presented. Finally, a

synthesis between these theories will be mediated through the vierbein,

and Einstein's standard 1916 theory will emerge naturally.

§12.2 GL(4,R)

Essentially all of the salient details concerning the GL(4,R)

gauge theory may be found in the works of De Witt (1965), Friedman (1975)

and Hayashi and Shirafuji (1977). The sixteen operators Gy^ which
generate GL(4,R) obey the algebra

[Gy , Gp ] = iSy Gp - i6P Gy ; (73)
v a a v v a '



that is, the structure constants are given by

fP P T = 5y 6T 6p - 6P 6y 5X . (74)
voir avirvira

Both scalar and spinor fields are to be regarded as invariants with

respect to this group. For a contravariant vector Ay, define the

infinitesimal transformation

5Ay(x) = A^ (x) - Ay(x) = i[£PCTGap, Ay(x)] (75)

where e = 9£ /9x , x = x + £ , as before. For a finite trans-,P = srP/:wCT ^
a

formation,

Ay (x) = (9x^/9xV)AV(x) . (76)

Similarly, for a covariant vector B ,

B^(x) = (9xV/9x1J)Bv(x) . (77)
From (75), (76) and (77) it follows

[Gap,AP] = -iT(G)apPv AV = -idyp Aa (78a)

[GPp,Bv] = iT(G)ap^Bp = i6PvBp (78b)

[Ga ,AyB ] = 0 (78c)
P P

The formula for a rank-N tensor A Pa,» may be found by con-
yv.. t..

sidering the special case

A po.. = B C ...DPEa...F ...
yv .. y v T

T • .

To construct a covariant derivative, introduce sixteen fields ^pVp »

V = 3 + ixA Gp . It is convenient to absorb the coupling constant
y y y P v

v v
k into a redefinition of the gauge fields, and call kA^ h Tpp .

Then for example



V Av = 3 Av + i[rT G* , Av]
y y yiT i

3 Av + rV A° (79a)
y ycr

and by the same token

V B = 3 B - TX A, (79b)
y v y v yv X K '

and so forth for an arbitrary tensor a PCT»• t xhe Ehresmann
yv.. t. .

law (47) becomes a little more complicated than usual in the case of

GL(4,R), because the index y on the covariant derivative transforms

under the group:

[V , GPJ = -iSP V . (80)y' CT y a

This is quite contrary to the situation described by (45b). Instead of

the expected

F y , t(g)a = urp t(g)a u"1 + us u-1 (8i)
va y vX y v

(the additional matrix indices on T have been suppressed) where

U = UP = 3*?/3xa, the Ehresmann law reads
a

F^ T(G)X = UTy, T(G)X u_1 U-1 + U 3 U_1 if1 (82)vX y va y v

or in terms of explicit components

p - irT 1*1 12L. + 2*0. (83)
vA " 3xX P0 3^ 3FA 3xa 3xa 3^

where the chain rule has been invoked,

3xP 32xa 32xa
sP' 3xP 3xA 3p 3XA

The field strengths RP are defined as°
oyv

*
The apparent inconsistency does not arise if differential forms are

employed. See Appendix B.
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[v , v up = - rp a° - t? , V ap . ..
y v ayv [yv] a (84)

where RP have the usual Yang-Mills form
ayv 6

rp = 3, rp, + f11 K p rT r*
ayv Ly vJ a x X v air y<

(85)

9 r rp. + rp rT - rp rT[y v]a yx va vx ya

The antisymmetric part of is a tensor (as is evident from (83)),

called the torsion. Under a certain assumption, it is equal to the

torsion C introduced previously, as will be shown in §12.4. Fre¬

quently the affine connection V is postulated to be symmetric, so

that the torsion vanishes. If in addition, it is assumed that the co-

variant derivative of the metric tensor g vanishes,
yv

vg =3g-rTg-rTg =o, (86)
y pa y &pa yp &xa ya px

then the affine connection satisfies the Christoffel relations

rp = lgpt(9 g + 9 g - 9 g ) .
vp 25 v 6xp p xv x 6vp

Note that the relation (84) bears a superficial resemblance to (66).

Nevertheless, the content of these equations is very different, for
A

in order to identify them, it would be necessary to interpret

as the generators of parallel transport, and these are not Abelian.

Instead of postulating the symmetry of the affine connection, it seems

more consistent to treat it as an independent variable when writing a

Lagrangian. The equations of motion will then determine the symmetry

properties of .
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§12.3 The Lorentz Group

The generators of the Lorentz group are the familiar operators

M = -M , satisfying the well-known algebraag ga j e

[M a, Mo] = i(n Mqj - p »M0 - t\d M p + 1 M )ag yo ay 36 a6 gy gy a6 g6 ay

= i i f . ,nM (88)1 agy6 ei

where the factor of { allows for double counting, and riag = diag(+ ) .
A

In general, a field <p transforms according to a particular representation

of the Lorentz group:

itMag> ^ " TagAB <89>

where (A, B) are the appropriate indices, e.g.

scalar : <|> = <j>, T^^ = 0
spinor : 4>A - +a,

vector : *A - - i(naSSrg - nMs\)
and so forth. The covariant derivative for an arbitrary field <j> is thus

V - v + !isVSDW
aS (90)

3<}>+5gA TQ(j> .
y 26 y ag

Without loss of generality it may be assumed that A^a8 = -A^8a, and
again let the coupling constant g be absorbed into the gauge field;

C6 B ct B
g A = co . The Ehresmann law required for covariance becomes

y y

iu aP T = i U CO ag T U-1 + U 3 u_1 (91)
y ag 2 y ag y

where U may be parametrised by

U = exp(-lAae Tag)



so that the infinitesimal form of (91) is

ag
- _-J<5 f ag ei . ,agoo) - A f - a) + 3 A.

y y<5 e; y y

X® u Ya - Aa „ TS ♦ 3 x"6 (92)
y y Y V y

D X"6
V

(compare (59)). The derivatives 3y are taken to be scalars with respect
to so t^iat [M fl, 3 ] = 0. Therefore the commutator of two co-ctp ap y

variant derivatives is

[D , D ] = ^F T . (93)
y v 2 yv a 3 v '

where the field strengths are defined as usual (modulo the ubiquitous

factors of |)

ag
_ ag , ag y<5 ,, eiF = 3 r m . , |f , co o)

yv [y v] + yoei y v
(94)

. ag ^ ay 3
— 3 r CO-, +C0r CO,[y V] [y v]y

(conpare (14)). The Lorentz operators M will play a vital role in a
Ctp

new approach to gauging supersymmetry (§16 et_ seq.)

§12.4 The Role of the Vierbein

In order to unite the two Yang-Mills theories, it is necessary to

interpret the vierbein not as a gauge field, but as a mapping between the

integral spin representations of the Lorentz group and the tensors of

GL(4, R) :

A is a Lorentz vector and a coordinate scalar
a

A is a Lorentz scalar and a coordinate vector, and
y

Ay(x) - eya(x)Aa(x) . (95)

If the vierbein is defined such that
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ey° C = V <96*>
eaV evS = ** <96b>

then in general

A 3V" = e Y e P e3 eV. ... A °6" (97)
ya.. y a a 6 YP • •

In particular, the invariant interval ds2 leads to a link between the

vierbein and the metric tensor g . If
yv

, a a , ydx = e dx
y

• Ct
(in general dx is not an exact differential of any function, see

Landau and Lifshitz (1975) and Appendix B), the interval may be written as

ds'- = n o dx* dx3 = g dxP dxV ; i.e.a8 &yv

g (x) = ri Q e a(x)e 3(x) . (98)°yv aBy v

Because the two group manifolds are related only through the vierbein,

[G°a> V " 0 ' (99)

Indeed, if <J> has only early Greek and/or Latin indices, it commutes

with while if <j> has only late Greek indices, it commutes with

M On the other hand,
ap

r„p a, ..pa[G , e J = -i<5K e ,
a y y a

[M ., e Y] = ie 6Y - ie Q6Ya 8 y ya 8 y8 a

For an arbitrary field, the new covariant derivative is defined as

(compare Veltman, 1976)

V * V + irix[GV « ♦ !i"yC,8[M«e- • (100)

Because the combination IVA G^ + a3 M 0 transforms under GL(4,R)yA v 2 y a8
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as a vector, the commutator of two covariant derivatives gives analogously

to (84) (compare Kibble, 1961)

[V V* ■ T(G)V + - r[„v]V ■ aol>

Physically, the groups may be reconciled by the requirement

V7 Aa a n AVV A = e; V A
y v y

or its equivalent

^ a, a g „A. a nVe = 3 e + oi n e - T e, = 0 . (102)
yv y v y g v yv A

It is very easy to see that if (102) holds, then

I?) = e X D e a = CX[yv] a [y v] yv

so that the two definitions of torsion coincide. Because the Minkowski

tensor nag commutes with (simply substitute n for M on the
right-hand side of (88)) it follows immediately from (98) that the affine

connection T is at least metric, i.e.

V g =0.
P yv

(The only connection which is both metric and symmetric is the Christoffel

connection (87)). If <j> in (99) is allowed to be the vierbein itself,

the last term vanishes identically, while the commutator itself is equal

to zero. Therefore

0 = Rp e a - F ag e R, orayv p yv a p

e Q e - F a|3 = R (103)a 6 pa yv payv

consequently the covariant commutator may be rewritten solely in terms

of RPaiJV and th6 torsion. From the ■ two Yang-Mills symmetries there is
effectively one field strength. The rest of the argument is due entirely
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to Kibble.

In order to find a Lagrangian, Kibble (1961) used the Lagrangian of

lowest degree in Rp which is invariant under both groups: this is
cryv a Y

just (to within a constant) eR. The equations of motion obtained by

variation with respect to e a and m (or g and , res-*
y y 6yv yv

pectively) are simply R^ = 0 and v] = 0. The latter implies
that T is symmetric as well as metric, and therefore it is just the

Chris toffel connection. Equation (87) and the vanishing of the Ricci

tensor R are the fundamental equations of the standard 1916 theory

of gravity in the matter-free case.

To sum up: the second chapter began with a derivation of the first

and simplest models of locally supersymmetric theories. The relation be¬

tween these two models was discussed in terms of the first-order and

second-order formulations. In the former, the spin-connection is regarded

as an independent field, while in the latter it is regarded as a function
• ci

of the supergravity variables e^ and T^e fiber bundle techniques
introduced to reduce some of the guesswork involved in the construction of

locally supersymmetric theories were briefly outlined. A model involving

these techniques led very elegantly to the variations of the supergravity

fields, but seemed to be internally ambiguous. These ambiguities per¬

sisted even at the level of ordinary gravity, and a new scheme was pre¬

sented which preserved some of the algebraic elegance while eliminating

the ambiguities.

In the next chapter, the methods of superfields are brought in to

alleviate some of the algebraic difficulties of gauging supersymmetry.

First, some early models in 1 and (1+1) dimensions are reviewed. It is

then shown how to derive systematically one of these models. Finally,

a new coupling is presented which provides an example of the spontaneous

breakdown of local supersymmetry.
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CHAPTER III

SUPEREIELD SUPERGRAVITY: TWO DIMENSIONS

As an introduction to superfield methods in (1+1) supergravity, the

one-dimensional model will be discussed first. This model provides the

simplest example of a new superfield which is the key to all further
*

developments, namely a super-vierbein, or "vielbein" . The components

of this super-vierbein are functions of the supergravity variables intro¬

duced previously in Chapter II. Historically, a preliminary version of

the two-dimensional vielbein (Zumino 1976) preceded the one-dimensional

model (Brink, Di Vecchia and Howe, 1976a) but many of the features of

this first model were later discarded. Both the one- and two-dimensional

models to be presented were originally derived without the use of super-

fields, but the verification of local invariance (in the latter case) is

extremely complicated without superfields. The only non-trivial super-

gravity models which can be presented in one and two dimensions are

those involving matter couplings, due to the nature of the Riemann tensor

and spinor dynamics in a low number of dimensions. However, it it just

this matter coupling which provides models incorporating spontaneous

breakdown of local supersymmetry.

§13. The Locally Supersymmetric Spinning Particle

Let an arbitrary scalar superfield in one dimension be denoted

V(t, 6);

v(t, 6) = <j>(t) + iex(t) (1)

A

"viel" (a. and adv.): much, a great deal; numerous; often; (as pref.)
multi-, poly-." (The Pocket Oxford German-English Dictionary, eds.

M.L. Barker and H. Homeyer, Oxford 1975). The name was apparently coined

by M. Gell-Mann (P.K. Townsend, private communication).
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dt de L = 4 dt(<£2 + i AA) (4)

In analogy with the four-dimensional case, let the supersymmetry generators

S and invariant derivative D be written

S = (3/90) - i6(3/3t) (2a)

D = (9/30) + i0(3/3t) (2b)

so that

6<j> = ieA (3a)

6* = e<J (3b)

where the dot indicates differentiation with respect to t. A suitable

Lagrangian is given by

L = -(i/2)VDV = ^A + |0(<j>2 + i AA)

and thus
I dt d0 L = |

is invariant under (3), so long as the parameter e is constant.

Following a similar procedure to the usual vierbein formulation for

coupling scalar fields <f> to ordinary gravity,

3<b ->- e ^ 3 <f>yT a y

L (<f>, 3d)) -»■ eL(<j), e U 3 6) ,
y u n

the action (4) may be made invariant under local supersymmetry by the

replacements

3/3t E M 3m = V (5a)
a M a

D E M 3M E V (5b)a M a

L(V, DV) -> EL(V V, V V) (5c)
01 3.

A ... . M
where E^ is a superfield vierbein, or vielbein for short, E^ its
inverse and E its determinant (Brink et_. al_. 1976a, Zumino 1977) . The

indices M = (y, m) stand for world tensors and world spinors, while

A = (a, a) stand for tangent space tensors and spinors, respectively.

Note that all indices take only the single value 1 for now, but the
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same formalism will be used later in higher numbers of dimensions. The

elements E a and E a are taken as bosonic, while E a and E * are
y m y m

fermionic. If the underlying manifold, denoted z = (t,0) is subjected

to the transformation

M M _M
z z - £

then this induces in the scalar superfield V(z) the change

M
6V(z) = V (z) - V(z) = JljjV (6)

A
and in the world vector E^ (z) the change

6EMA(Z) E EMA'(Z) "EMA(Z) = ^VMA+(¥V- (7)

Equations (6) and (7) mirror the corresponding relations in ordinary gravity,

The action is to be invariant under the changes (6) and (7). However, there

is a further invariance, the Weyl-like transformations

<5E M = ttE M, 6E M = 0 (8a)
a a a

where ir is an arbitrary spinor superfield. From (8a) it follows

6E a = 0 <5E S = -E a it (8b)
M MM

Again, there is no problem with indices because a and a take only the

value 1. Because

E M E 3 = E M E a = 0
a M a M

it follows from the definition of 6E (Arnowitt et_ al_. 1976)

<SE ?= E E M 6EJ* - E E M 6E a (9a)a M a M

that
M a

6E = -EE E ir = 0 . (9b)
a M

Moreover, under (8),

61 = -(i/2) EirV VV V d6 dt (10)
a a
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which vanishes; V VV V = -V VV V, so V VV V = 0. To work out both
a a a a a a

the explicit form of the action and the new transformations for the matter

fields, it is necessary to use an Ansatz for the vielbein. The simplest is

E.
M

AE a
M M

A5 E S
M (11)

— A
where E^. is the flat-space vielbein

M

1 ie

0 1

-It

(12)

— M , — M
i.e., E 3 = 3/3t and E 3„, = D, while A is a scalar superfield,

a M a M

A = e + i0p (13)

To preserve the form (11) for the Ansatz, the combined Weyl and coor¬

dinate transformations must take the form

(5c + Vem

<6C- VV

V
(14)

where A is to transform as a scalar density of weight 2,

SA = ?M3mA + 2(3y5y)A - 2(3m5m)A (15)

M
The parameters £ and it take the form

a + i08; = 8 + |a0; it - A5 t (16)

With (11) as the Ansatz, the new action takes the form

where

I

V,

= -(i/2) d2z V V V V(A h
a a

-1

V^(E). If A = e + i0y, then
= e ^"(1 - ie 1p0); and

dt
—•1*o — 1 • -2 •

(e cj>2 + ie AA + ie §Ay)

(17)

(18)
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As long as e behaves as the inverse of the sole vierbein component,

the first term is invariant:

*
-1.2

dt e <J> = | I e ^d<j> -1
e (dt'/dt) (d(ji/dt')d<j)

However, if 1 is a spinor, the second integral is not invariant; rather the

integral

XX dt dX X

is invariant. Consequently XX must be a density, and thus

X = JZ K, , ip a spinor. (19)

Further, because X2- = \p2 = 0,

e 1 XX = e
— A d (e • (20)

A similar argument holds for the last integral, and y must have the form

y = /e x» X a spinor;

in which case

i
—1 • r\ • # •

dt e (cj)/ + ieipip + i<pipx) (21)

The transformation law for A gives

6e = ae + ae + ig/e x (22a)

6 (/e" x) = a(v/e"x) + (^/2)av^e x + 2ge + ge (22b)

which may be cast into a clearer form by writing e ^ e for 8. Then

Se = ae + ae + iex *23a)

<$X = ay + ax + 2e (23b)

M
Using the explicit forms (16) for the parameters £ > the matter field

transformations are given by

5<j> = atp + ieip (24a)

6i|;
* -1 # | »

aijj + e (e<j> - iiex^) (24b)
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The parameter a describes a one-dimensional coordinate transformation

t -*■ t - a(t), while e is the usual supersymmetry parameter made local

e = e(t). Under the coordinate group, e and x are vectors, while <J>

and \p are scalars. The dynamical significance of the new fields e

and x i-s restricted to the role of Lagrange multipliers. That is,
•

9 *
the variations with respect to e and x imply <pA = 0 and <f>ip = 0,

which are the Noether currents of the Lagrangian (4) associated with

translations and supersymmetry respectively. These currents are just

the one-dimensional energy tensor and supercurrent. For example, from

the flat-space action and associated transformations (3), the variation

61 is just

61 = (i/2)Jdt e d(<M)/dt = Jdt e j
An alternative (non-superspace) approach to the spinning particle would

be to start from (4b), add the term yJ = (i/2)4>x^» an<i incorporate e

at the necessary places. However, the transformations for the fields

which left this Lagrangian invariant would still have to be found by

trial and error, and even if the transformations were guessed correctly,

a direct proof that 61 = 0 would be lacking. For example, if the

two-dimensional analogs of this Lagrangian and these transformation

laws were used in a new model, the resulting action would not be in¬

variant. It is worthwhile to examine such a model very briefly. The

correct model will be found - twice - via superfield methods.

§ 14. A First Look at the Spinning String

It is not difficult to follow the programme outlined at the end
• a

of the last section. The new variables (<f>, ip, e^ , y^) should transfo
as the two-dimensional analogs of (23) and (24) (Deser and Zumino 1976b,

Brink et al. 1976b, Zumino 1977)
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. a . a a. X a
oe = a*9e + e, 9 a +i£yy

y y x y Ay

5x,

6 <{>

a* 9x + Xi9 a + 2D e
y x u y

a*9<j> + ieip

(25a)

(25b)

(25c)

6^ a*9^ + 0^4> - (i/2)x^^)yye (25d)

where now (y, a) run from 0 to 1, and in two dimensions

D e = 9 e + (l/8)w a3[y , yjey y y 'a ' 'gJ

9 e - id) y5£
y y

(26)

because the two-dimensional gamma matrices satisfy the identity

y v
Y Y

yv , -1 yv 5
; + e £ y (27)

and where, owing to the Abelian nature of the Lorentz group in two dimensions,

ag
co e
y

ag i ag
"2(0 e

y af
(28)

The connection <o and its transformation law will be discussed shortly;

for now it is enough that 6<o^ = 9, where I is the Lorentz parameter.
A trial Lagrangian takes the form

''"trial L . 1 d2xtrial

(e/2)(gyV 9^ <p <p + iip t $ + c^ Jy)d2x
(29)

where c is some constant to be determined, and is the supercurrent

associated with the flat-space spinning string Lagrangian

L

<5L =

\ I {(9y<l>)2 + iip % <Jj}d2x ;

e 9y J d2x

where the flat-space variations of <j> and \p are given by
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6(f) = ieip ; Sip = ($ (f>)e and thus

Jy = i ($ <())Y^£ (30)

The spinor term ii|> $ in (29) appears to be non-covariant, but note

ip 0 ip = ip % ip

because ip y^y5ip = 0. Let Lq equal the Lagrangian (27) for c = 0; that
is, L . , = L + (ec/2)x^J , and let 6I_ . , denote those parts oftrial o A y' trial

61 . , which involve 9 e. If 61 . , is to vanish, then it must betrial y trial

that 61 . , = 0. But
trial

*61 . 1 = /(e6L + ec(9 F)Jy + (ec/2)X 6Jy)d2xtrial o y y

/(eO F)JW + ec(9^e)Jy + (ec/2)xySJy)d2x.

Choosing c = -1, the first two terms vanish. Then

6Itrial = /(e/2)7yYVYyM3v£ d2x
= - /(e/4)(|)if)XyyVY1J3vE d2x (31)
= - /(e/16)6(i(jij>xyYVYyXv)d2x

so that the trial action is not invariant. On the other hand,

6 (L trial + (^^MX^Y^) = 0

so that the final Lagrangian should read

L = (e/2) (gyV9^(j>9v<j> + iip&ip - ix^Y^^ + (l/S^X^Y^Xy) • (32)

It now remains to be shown that this action is invariant under the trans¬

formations (25). The proof is extremely lengthy, and will not be given in

this section. Instead, the same Lagrangian (32) with transformations (25)

had been derived via an elegant superspace approach (Howe, 1977), which
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allows a direct proof of the invariance. It should be noted, however, that

61 = 0 only if the torsion equation

C = (i/2) x Y X, = Dr e 7 (33)
pv Ap' \ [ p v ]

holds. The reason for this is due to the variation of x > which involvesAp >

oj^. Even though the spin-connection does not explicitly appear in L, it
ot B

surfaces in 8L. The only way that these terms can vanish is if

is given by the solution of (33), which is in two dimensions

w o
pa 8

e Y er P eDia 3 e + (i/2)x Yr Xni (34a)
p [a 8J a py Ap' [a A8J

so that

a) = -50J a^e = e e Y eP°3 e + (i/2)x Y5Y*X(34b)
p 2pa8 p paYP

This situation still obtains in the superspace approach, although for a

slightly different reason. Also, it will become apparent (cf. (72) below)

that the equation of motion for \p following from (32) would not be co-

variant except for as given by (34). For future reference, note that

under local supersymmetry

6oi = ie ^ epa ey D X (35)
p ' p p a

ct 6
and hence 6uj in two dimensions does not involve the derivative of the

P
ct B

spinor parameter e; = 0 (compare the four-dimensional equivalent,

(2.31)) .

§15 A Superspace Approach to the Spinning String

§15.1 An Ansatz for the (1+1) Vielbein

Given a flat-space scalar superfield Lagrangian, it is very simple to

couple in supergravity via the replacements (5). Before any physics emerges,

however, it is necessary to know the functional dependence of the vielbein
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on the familiar supergravity variables. Moreover, the transformation laws

for the vielbein should reproduce the transformations for the various super-

gravity fields which serve as coefficients of the Grassmann-Taylor expansion
A A

of E„ . Finally, even though Ew and its transformation are at hand,M M

some rigorous algebra is usually demanded in proving the entire scheme is

consistent. Following on a first attempt by Zumino (1976) to establish the

vielbein and its transformation, Howe (1977) succeeded in finding an

A
Ansatz for E^ and constructed a Lagrangian manifestly invariant under a

group of transformations closely related to those postulated by Zumino, and

reducing to them upon the elimination of an auxiliary field. Instead of

(7), let

<5E A = CN3n E A + (3JN)E A - E B L A (36)M N M M N MB

A
where the structure of the matrix L is determined by the geometry of

D

M
the z manifold. In order that global supersymmetry be recovered m the

M A
special case that the parameters £ are constant, the matrices L 13

must take the form (Zumino, 1976)

T A . . ( a
Lb = m(z) e8 0

0 HY5)ba (37)

where m(z) is some scalar superfield. That is, the Bose and Fermi fields

of the theory are transformed according to one and the same local Lorentz
M

transformation. The expansions for m(z) and E, (z) are determined (as
A

in the one-dimensional case) by the requirements that the components E^
A

are unchanged. The Ansatz for E^ themselves are (Howe, 1977)

n Q « J Ot / O Q \E e + i9y Y (38a)
y y v

Eya = !xya - |my(y5e)a (38b)

C = _i (Sy01) m C38c)
E a = <5 a . (38d)
m m
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M
Ultimately the inverse supervierbein will be required. These com¬

ponents are given by

E/ = eay + (i/2)xaYy9 - (l/8)?07aYVYyxv (39a)

E m = —2X m ~ Ux YV0X m + (Y59)ma a a v a

- (i/8)00(Y5YyXa)mw)j " (l/16)00xctYVYyXvXljm
(39b)

Eay = i(0Yy)a + KxxYyYX)ae0 (39c)

(39d)
E m = 6 m - Ji(0YM) x m + |i00(YV)m ua a 2 s ' 'aAy 4 'ay

- (l/8)00(xxYyYX)aXym •

M
To find m(z) and ? , it is easiest to expand them:

m = -£-iy0+|00n

5y ay - ip1© + |?0 gy

• = £m + i(b0)m + |ee TTm .

From the condition ^E^3 = 0 follow three equations, and similarly with
ct •

<5Em . These six relations suffice to determine (y, ir, 8> b> g> n) as
functions of the supergravity fields and the parameters £, ay, and em.
One finds

m = - £ + i0Yytwy + |00£YXYVXx (40a)
5y = ay - ieYy0 + |e0eYXYyx^ (40b)

= e™ - |£(Y56)m + 400i^y(yyY5e)m (40c)
- (l/8)?e~YPYyXpXym + l(iVe)xvm

With these parameters, the transformations (36) lead to the following

variations in the supergravity fields:

<5e a = a»9e a + (3 a^)e.a + &£aae ^ + ieY^X (41)y y y X 8 y y
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6x = a*8x + (3 aX)X-> + Hy5X + 2D e (42)Ay Ay y X ' Ay y

(Soj = a• SOJ + (9 a^)to. + 9 a (43)
y y y a y

(compare (25)). Immediately a difficulty of the kind previously encountered

in the Chamseddine-West approach arises. According to (43), is inert

under supersymmetry. If the dynamical content of the superspace approach

is the same as that of the spinning string, then is given by (35) and

is not obviously zero. If (43) is to be consistent, then apparently the

covariant curl of the Rarita-Schwinger field must vanish:

£XV Dx xv = 0. (44)
This condition (44) imposes a further constraint on the parameter e.

Under supersymmetry, (44) changes as follows:

6(e^VDxxv) = = eR"Y5e (45)

where R is the two-dimensional Ricci scalar;

R - -ie"1 e R ,°"a 6 yv

D ag _ agR = e 3 r a) i
yv [y v]

(46)

and (45) should vanish. Rather than restrict e, it is more in keeping

with the trivial geometry of two dimensions to require the vanishing of

the Ricci scalar. The restrictions (44) and R = 0 may be lifted by

the suitable inclusion of an auxiliary scalar field (Howe, 1978) and

this will be outlined in §16.2.
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§15.2 The Matter Fields

From the spinning particle example, a scalar superfield V(z) should

transform as in (6);

M
SV = 53mV

M
with £ as given by (40). In two dimensions, an arbitrary scalar super-

field may be expanded as

V = <f> + ieiji + £00F (47)

so that using the parameters (40),

<5<j> = ieip + a«9(j> (48a)

<5iJj = (#()>)£ - (i/2)y^eXp^ ~ is? + a * + £fty5ij; (48b)

8F = -e $ip - (i/2)ey*xF + ^tYPY^X 3 <f> (48c)
P

- |ieyPyyx Xy^ + a«3F

(again compare (25)). Earlier, in §14, there was only one scalar field,

and it would have been very difficult to extrapolate the transformation

law (48) from the spinning particle, whose corresponding superfield

expansion does not contain such a field. However, if F is set equal to

zero, the resulting transformations are just those found previously. It

will turn out that F is an auxiliary field, (if the Lagrangian for the

fields (<j>, ip) corresponds to the spinning string) and its presence is

crucial whenever additional matter coupling is introduced. For example,

the Fayet model could not have been constructed without the auxiliary

field H associated with the massless vector multiplet.
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§15.3 Constructing a Lagrangian for the Spinning String

The easiest way to construct the desired Lagrangian is to find a

flat-space version and use (5). The simplest candidate for a flat-space

kinetic term is

DVDV = {-ipip + 2iij7eF + 2?yy^3 <j> + i00#ij; + FeO^)2 +• 00F2} (49)
where

D = (3/30") + i 26. Then

DVDV dyz = i / { (3y<j>)2 + iijjjty + F2}d2x (50)

is an invariant under the global transformations

5<f> = ieip

Sip = (2<i>)e - ieF (51)

5f = - eslip

which are just (48) with e^a = <5^a and xy = 0 • in place of the operator
M

D, the covariant V = E 3.. will be used:'
a a M

VaV = i(F^)a - (0Yy)a 83^ + !9"0(xxYyYX)a 3y<f>
- ij - i? f + H0yp) Jx,. + i(eVy)a 0XJ (52)a a d y a. y

+ l00(^Y5Yywy)a - (i/8)00(xxYyYX)a ^Xy
so that

pabV VV, V = WW
a b

— ipip - i0y ^ijJXp + 20y ^3y<j> + 2ipQiP

+ 60{gyV3^<f>3v<j> + iip ~ igyV^Xy3v<f> (53)
- (i/2)x,yyy%3.i<{' " (i/2)^yxf + f2a y

+ (l/8)xxyyYXXy# + (1/8) gyV Wxyxy} •



-93-

Finally, the determinant of E must be found. A useful stratagem

M A -1
is to calculate det E. = (det E„ ) , forA M

det EaM = (det E P)(det E a) = det E UA s a m a

if the Ansatze (38) are used. Consequently,

E = (det Eay)_1 (54)

but from (38a) it is obvious that

E/ = (eua - Hx/0)"1 <55>
so that

E = e det(5^ - (i/2)xaY60)
e + (ie/2)0yx ~ 69(eyVXyY5Xy/8) . (55)

As a check on (55)> it must be that

/Ed^z = (invariant).

In fact, under (42), performing an integration by parts,

6 /Ed^z = /eyV£Y5 D X d2x' pAv

which vanishes if (44) is satisfied. The final action is thus

I = J/EVVVV d^z = i/d2x{L}

where

L = e{gyV3 <j)8v<j> + i\p#\p + F2

"ix^Y^Y^S^ + (l/8)xuYVYyXvW} (56)

(compare (32)). Except for the inclusion of the auxiliary field F,

this L is the same as that found earlier.

I wish to thank my advisor Dr. P.W. Higgs for suggesting this to me.
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§15.4 Proof of Invariance. Comparison with the Previous Lagrangian

First, it will be shown that EL = EVVVV transforms by a divergence

under the group (36) . It is simplest to consider (36) as the sum of two

pieces :

5IeMA - lBV (57a)

52EMA = + OmsVnA • (57b)

The first piece, corresponding to a local Lorentz rotation, obviously

leaves WW invariant. Further

61E = E EAM 6EMA(-)m = E EAM LBA (-)m
= E E/ EmB LA(-)a - E Tr L = 0

where m = 0 if M is a Bose index, and m = 1 if M is a Fermi

index. (Recall that Tr M.„ = (-)aM ). The second invariance demandsAd AA

only a little more work. The variation of E is given by (Arnowitt

et al. 1975)

62E = E(-)aEAM5N9NEMA + EEAM(-)aOM5N)ENA
(58)

- E{(-)a E/ EmA + (-)n 6/ S/} .

But

3n(E5N) = E(-)a+n E/ ?N3n EmA + E3n5N . (59)

Therefore

S2E = (-)n 3n(E5N) (60)

and /Ed^z is an invariant. For an arbitrary function F(V) of a scalar

superfield V,

6 „ (Ef (V)) = (<SE) f (V) + E?N3 f(V)2 N (61)
= (-)n 8n(E5N f(V)).
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Hence any scalar function of V when multiplied by E transforms as a

scalar density and /Ef(V)dlfz is an invariant with respect to (57).

Consequently the action (56) is invariant under the transformations

(41) - (43) and (48), if (44) is satisfied.

It remains to be shown that the action is invariant if the auxiliary

field F is eliminated, and the transformations (48) changed to (25).

As usual, when terms involving a non-dynamical field are dropped, the

invariance continues to hold only modulo an equation of motion. The

procedure which will now be followed is the reverse of that used to find

the form of 5m in §10.
y

The variation of the action under (48) and (41) - (43) may be written

61 = ^ /d2x { <5e a + 6x
6e a y 5X *

^ y (62)

. o , , 6L « 6L .+

6* + 5? 6F }*

According to (61), this vanishes. Therefore

i/d2x 5L = - 5F d2x (63)
O Or

where Lq is the Lagrangian in (32) . In particular, (63) holds when
F = 0; in which case

d2x = 0.2/d2x SL^ - /(F6F)
F=0 F=0

reproduce (25) . ThereforeNote that the variations included in 6L
0

F=0

the trial Lagrangian (32) is invariant under the trial transformations,

which was to be shown. For consistency, it is also necessary that the

constraint F = 0 is compatible with supersymmetry, i.e.

6F 6(0) = 0 . (64)
F=0

From (48c), it follows

6F = -T0\Ij + ieyVYPX, 3 ,<!> " UeYVYyXx.X..,l' • (65)
F=0 y M
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Fortunately, this variation for F is simply (ie/e) times the equation

of motion for ip, so that if ip is on mass-shell, 6FI vanishes.
' F=0

That is,

(ie/e){%
<5iJj

6L
- (ie/e) }

F=0 ^
(66)

9L 9L
= (ie/e) {-—■ - 9 } = 6F

dip y dipY
,y

F=0

L (ip) is given by

L0W = |/e(iiptfip - ixvrVyUip3u<P + (l/8)^xyYVYUXv)d2x (67)

and the equation of motion obtained for ip is

(68)
e{i/Sip - (i/2)YAYyxx3y<j> + (1/8)X^Y^X^

+ (i/2) (e_13 e)Yyi|, + (i/2)(3-e )YV = 0 .
JJ ex

The last two terms may be rewritten as (~i/2)Yym^(e)Y54'. From the
definition of cu (e) an<l the identity YyY5 = e£\ ^t f°ll°ws that

(69)

Yyai (e)y^ip = -(e y9,e a)(eXve )YPiJj'
y 'r a X v PP

= -(e 19 e)Yyijj - (9-e )Y%
(Jt

The other part uy(x) °f the connection comes from the quadratic x
term. Observe that

(l/8)x,YyYXX.^ = ("i/2)Yyw (x)Y5^ " iYPYPX X..'!' • (7°)a y y y y

This is a simple consequence of the identities

YUY5^XuY5Y*X = Y^XyY*X
— X y Xy — p
W Y Xx = "e £PP V Xx

The equation of motion for \p thus becomes
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e{i]Sijj - (i/2)YXYUXi8ll<(> " Iy^X-X,,^} = 0 ; (71)A ]i p ]i

and indeed (ie/e) times (71) is just 6F Thus the trial action
F=0'

(32) with transformations (25) constitute a consistent theory. In the

last section of this chapter, a similar procedure will be employed to

demonstrate the locally supersymmetric invariance of a Lagrangian

suitable for investigating the generalised Higgs mechanism, in which a

Goldstone fermion is absorbed by the Rarita-Schwinger field.
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§ 16. Deriving the Form of the (1+1) Vielbein

§16.1 The failure of minimal coupling

Given the explicit form (38) of the Ansatz, it is not difficult to

construct a two-dimensional model of the generalised Higgs mechanism,

(§17). To extend these results, it is first necessary to obtain the

A
form of E,, in four dimensions. In this section, the known formM '

(38) of the two-dimensional vielbein is derived via the introduction

of a "covariant derivative" modelled on the familiar gauge-theoretic

prescription. Due to the unconventional features of the gauge group,

it will be necessary to modify the prescription somewhat. It is hoped
A

that this same method will yield the four-dimensional E__ as well. AsM

a bonus, it will become obvious why a locally supersymmetric theory must

be a supergravity theory, i.e. why the Rarita-Schwinger field intro¬

duced to gauge supersymmetry must necessarily be accompanied by the

gravitational potential eliC1, A precis of the argument may be given
as follows: Suppose only the one gauge field were required for

the local symmetry, and that its transformation were Abelian;

6X = 23 e +
V d

The global variation of x^ is then zero, and apparently there is no
need to introduce its supersymmetric partner. However, it soon becomes

evident that the gamma matrices must be x-dependent, so that their anti-

commutator must be the metric tensor g^(x). Consequently the vierbein
cc •

e^ must be introduced, and all ordinary derivatives must be made co-
variant with respect to local Lorentz rotations. Then <5x = 2D e,

y y

and the global variation of x^ is -oj^y5e . This procedure will

^
It would be more elegant to start from 6x^ = but this convention
disagrees with that of the previous section and hinders comparison.
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now be described in detail (Derbess 1978b).

Consider the globally invariant Lagrangian introduced previously,

I = I fd2x d20 DVDV = £ /d2x{(3M<j>)2 + i^if) + F2} (49)

where as before V is given by (47) and the global variations of the

matter fields are

6b = ieip

6ip = -ieF + (U)£ (51)

6F = -7#\p

Although the action (49) is invariant under (51), it changes if the para¬

meters are local; the variations of terms such as 3b will involve
y

derivatives on e. That is, 6(3^b) ^ 0. (Recall 6f means:
that part of 6f containing i.e. 6 = 5 + • For a

"covariant" derivative V it is a necessary condition (but alas not a
y

sufficient one) that the variation of V^f for an arbitrary quantity
does not contain these 3^e terms. That is, the necessary condition
becomes 6(V^f) = 0. The standard prescription suggests the replace¬
ment

1
3 -+ V =3 - h S (72)
y y y y

where 6xy = 23y£ + ..., the dots indicating terms which may become
necessary. Then

V^b = 3^b " (i/2)Xyb (73a)
1

Vub = 3yb + (i/2)xyF - hPXy3pb (73b)
1

V F = 3 F + ix H . (73c)
y y y

The necessary condition 6(V^f) = 0 holds for only the first component
of V, and not for the other two fields:
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5 0M|I) = -hPXy 6(3p<(>) = -(i/2)YPx^(3p£)^

^(VyF) - *Xy 6(M = -(i/2)xy(ie)F + ix^^e .

The standard procedure fails, evidently because there is an additional

derivative present in both 6\p and 6F. The obvious manoeuvre to try

next is the substitution of V^tf> for 3 4 in V ip. ThenPT pT y

v ip = a (i/2)x f - hpx V <j>
y yr y 2 ' y pY

3^ + (i/2) xyF " hPXy3p* + (i/4)YHXyXpP

Unfortunately even now 6(V *) ^ 0. Instead,

<S(V^) = (i/2)yP3y e xp<P

To render <S (Vy*) = 0, there are apparently only two remedies available:

i) introduce new gauge fields;

ii) modify the original transformation laws.

The second approach is the more economical. Under local supersymmetry,

then, * is required to transform in an essentially different way than

under global sqpersymmetry:

ip -*■ ip + 6' ip

S'\p = + 6 \p = 6\p - (i/2)yy e x * (75)
u y

and now in fact

J' (V i|0 = 0

as desired. The transformation <$G is a new kind of "gauge trans¬
formation" on the matter fields. Thus the covariant derivative deter¬

mines the transformation laws for the matter fields, rather than vice-versa,

(74)
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This approach is strange, a little ugly, and successful. Note however

that in the case of a global symmetry, xy maY be set equal to zero,
and obviously 5'ip reduces to 6-

Although not a dynamical field, F must be treated in'the same way;

in order to determine SgF, it is necessary to consider V^F. BY
analogy with the field ip,

1
V F = 3 F + |x W
p p ^Ap

3pF + i>Xy^ - hyy'VYVXx8v<(' (76)

+ (i/4)xyyxF + (i/8)xyy\vxAxv^ •

Indeed, <5'(V^F) = 0, so long as one adopts
6 F = —(i/2) ey• xF + jeyN^X^v* " (i/4)ey• (77)
G

The new transformations may be written compactly as

<5'V = [7l, V] where

Z = S + (i/2)Yu0x S - (l/8)90YXYyx,X, s (78)y Ay

- s + sG .

The substitution of a new operator E in place of S demonstrates what

may be termed "the failure of minimal coupling": the passage from global

to local supersymmetry is made not by the mere replacement of a local

group parameter in place of a constant in the matter fields' transfor¬

mations, but requires in addition an entirely new term which is at least

linear in the gauge field. The resulting covariant derivatives are thus

of quadratic and higher order in the gauge field. The origin of

this new type of "gauge transformation" seems to be the mixing in global

supersymmetry of fields with derivatives of other fields. After all,
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minitnal coupling works fine for <j>, whose global variation does not

involve derivatives. Such a mixing does not occur in Yang-Mills theories

with an internal symmetry group.

To return to the action (49): what is required, according to (5),

is not the Bose covariant derivative V but the Fermi covariant deriva-
y

tive Va (the local equivalent of D). Because

D = —— + i(yV0) 9
m v

it seems reasonable to guess that

V = — + i(yV0) V (79)
90a a V

where V = 9 - £ • (80)
v v v

Unfortunately, the operator (79) is not covariant, despite appearances to

the contrary. Although the necessary condition has been satisfied, the

sufficient condition is more stringent and requires that transform

according to the usual Ehresmann law (with allowances for Fermi statistics)

6V = (5E33M = + e{Z, V } * (V F)Z (81)d d JM Si Si

One readily discovers that the Abelian law 6yv = 29^e fails completely.
Were it to succeed, the anticommutator in (81) would vanish. This does

not occur. For example, equating in (81) the coefficients of 9^ which
are linear in 0 leads to the requirement

6(iyy0) = (yV0) 7yV (82)
cL ex V

which clearly implies yy = yy(x); and hence

{yU, yV> = 2gyV(x)

Thus the introduction of local supersymmetry forces the introduction of a
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curved x-space, and new gauge fields for the local Lorentz group. This

well-known fact is brought out very persuasively in the present approach.

Now, somehow the Lorentz gauge fields must be incorporated into V and
3.

i.

In order to determine the gravitational parts of the covariant deriva¬

tives, it is instructive to consider a globally supersymmetric theory made

invariant only with respect to local Lorentz rotations. Although V is

a scalar, the quantity 9^V is not covariant, because it contains the
non-covariant piece 3^. However, the quantity D^V i_s_ covariant, where

D V = 3 V + to [J,V] W
y y y

where J = M - ^?y53/3? .

The operator J is composed of the abstract Lorentz operator

M = -j|e M (cf. §12.3; such an operator in this context was first
CL p

introduced by Gates (1978b)) and an "internal" piece -s0y53/30. The

operator M acts only on the external indices of V, while the inter¬

nal operator takes care of the non-scalar component of V;

[M, V] = 0 (85)

["2 0y53/39 > V] = -(i/2)0y5^ ; and hence (86)

D V = 3 d> + i0~D ib + i?03 F (87)
y y y y

is covariant. It will turn out that in four dimensions, the operator J
Ct p

is just the straightforward generalisation of J; = M^g + £00^3/30.
This operator has been independently introduced into global supersymmetry

by Salam and Strathdee (1978). As long as the action of is restricted

to scalar quantities (such as V or eS), the M part of may be

dropped. However, the generator S must also be modified, to
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S' = (3/30) - iyV6Dv
= S - iyV9(jj^M - (i/4) 000)^ (yVy5) 3/30 (88)

where the Fierz formula has been invoked.

It is now an easy matter to write down the form of E; merely re¬

place S by S' in (78). This introduction of gravity is facilitated

by noting that the last term of (78) may be written as

~ S, so that formally

Z = (1 - iiyV0^)_1S (89)
and hence the full local supersymmetry generator is

E - (1 - |iyV0^)_1S' . (89)

Similarly the Fermi covariant derivative for a scalar superfield is

\ - 4- + UyV6) (D - S^z) = l/ (90)
36

With these identifications, one finds

E/ = i(YyS)a - i?0(y\\)a (91a)
m

„ * m _ V m J. iT0r,-^^5N m,., a. i/ v Uv N 77 m'E =6 " Hiy 9)aXy + 100 [i(y y )a + J(YY%)aXv] (91b)

which is in agreement with (38) (note that Howe (1977) writes

3 = 3/30m; here 3 = 3/30™). Further, if one assumes
m m

V = E M3m = e y V (92)a a M ay

then

Eay = eay - |i0yyxa ~ (l/8)00xayVyyxv (93a)
m m - .— v — m , 5-.n1

- -ixa ~ Uy % - ^a(0Y )
- (1/8)60[i(xaYyY5)mw + 2XaYVYyXvX ™] (93b)
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M
again m agreement with (38). Using the explicit forms of E and E,

A

one may verify that both the Bose

M

a M
[el, V ]

a

and Fermi (81) Ehresmann formulae hold. This requires an incredible amount

of algebra. It is far easier to work out the corresponding transformation
A

laws for the inverse E_, , and verify that these hold. First, theM

Ehresmann formulae may be written as

(6e>m " ter. eamV
* [5% * * C V

* ^Va^AV^AVV (94)

and all that remains to be done is work out the form of the parameters

g
The form of is given by the known action of M (cf. 12.3);

[H, <j>] =

[M, iji] =

[M, A ] =
a

0

£ 4.
a P

so that

0 -i(Y5).

M„
Note that there is no need to consider the term ~(E. 3A.m)M as theA M

transformation is an operator statement defined only on scalar superfields,

and [M, V] =0. The transformations (94) follow naturally from the

Ehresmann law and the approach to gravity described in §12. Comparing

coefficients in the known form of eZ leads to the following expressions

for the parameters
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= -ieyye + |£YVYyxvee (95a)

K e™ + 2ieYV9xvm ~ |00 [io)y(eYyY5)m + ieY^VXyXy™] (95b)

m = -iey^Q^ + le^Y^X w 99
p v p

which are just the set (40) (ignoring the non-supersymmetric parts) .

M A
From the form of E , it is straightforward to work out E :A M

Eya = eya + i?YaXy (96a)

Eya = ix^ + 2 a) y (9y5)a (96b)

C = -i(Ya0)m <96c>

E 3 = 6 a (96d)
mm

which agree with the original Ansatz, (37), From the law (94) and the

A
orthogonality relations follows the law for SE^ ;

A N A . _N. A _ A B
M 5 N M M ? N B M * ^ ^

This transformation is identical to that postulated by Howe (1977) . The
A

proof that the transformations for E^ are consistent obviously suf¬
fices to demonstrate the validity of the Ehresmann formulae. The direct

calculation has also been performed and (owing to its length) will not be

given here; the important result is that, so long as the constraints

D, x i = 0, R = 0 hold , the transformations are consistent.[ y v ]

By the way, the peculiar form (89) of E may be obtained without

any consideration of matter fields on the basis of two assumptions. First,

on general grounds, Vy must have the form

V D - ix" n (98)
p p V

where n, the generator of local supersymmetry, is to be determined.
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Second, it should be that II is just the covariant form of S, i.e.

II = 8/30 - iy^SV^ = 3/30 - iy^0(D^ - ^x^TC), whence

n = (i - iiYyexy)_1s' ee.
Regrettably, this simple argument fails upon the introduction of an

auxiliary scalar field.
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§16.2 The Ehresmann Formulae and an Auxiliary Field

Thus far, the consistency of the superfield approach in two-dimensional

supergravity is dependent on the constraints

DAXy = 0 (99a)

eAy uv = 0 . (99b)

These constraints imply that the gauge fields x an<i m are "pure
■k

gauge" , i.e. there are some parameters e and I such that

Xy = D^e (100a)
m 3 J , (100b)
V V

Moreover, these constraints are the two-dimensional analogues of the four-

dimensional supergravity equations of motion. As Howe (1978) has shown,

it is possible to remove these constraints by the suitable introduction

of new terms involving an auxiliary scalar field. The method to be presented

here used to find these terms differs from that of Howe, but the results are

the same.

In general, the presence of a constraint in supersymmetry suggests

that auxiliary fields have been eliminated. For example, in §15.4, it was

shown that F could be dropped consistently from the spinning string

Lagrangian without violating the invariance, because the transformation

6FL_n = 0 was consistent with F = 0. In fact, the constraint follow-F—0

= 6) was shown to be the equation of motion for ip, the
F-0ing from 6F

supersymmetrie partner of F. This circumstance may well be a general

feature of supersymmetric theories: elimination of auxiliary fields

"ft
I wish to thank Dr. P.K. Townsend for a valuable discussion on this

point.
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seems to invariably require that the equations of motion of their super-

symmetric partner should hold. Here, the apparent equation of motion for

Xy must be assumed to be satisfied, so perhaps the addition of a new field
as a coefficient of the next higher power of 9 can remove the necessity

of imposing (99).

From the point of view expressed in §16.1, the constraints (99) arise

as results of the Ehresmann formulae. In the Fermi case, 6V , all goes3.

well until one examines the quadratic (in 0) coefficient of 3/SO™, and

requires
, . , y 5. m . , y v N — m,i(Y Y5)a 6^ = i(Y Y e)a D[yxv]

which is impossible, unless (99a) is assumed to hold. Similarly, in the

Bose case 6.V , problems arise at the linear level. Examining the linear

coefficient of leads to the statement

"i0Y5^y = iieVV0 D[yX^] (10i)

which again cannot be true unless the covariant curl of xy vanishes.
Much the same difficulty occurs for the quadratic (in 9) coefficient of

8/38™; here in fact it is also necessary to require R = 0. Nevertheless,

the variations implied by the Ehresmann formulae have the right structure

to agree with <Scoy as given by (35); the problem is simply one of Dirac
algebra. Were there some way of modifying (101) to the form

6(-|0Y5my + ievy) = UFy^D^x", + |iaey50 D[^] YVY5
+ |ibe0 D[yXv]YV (1°2)

then for particular choices of V , a and b, it might be possible to

obtain consistently

-£?Y5(5a3y) + ^?6Vy = -|i0Y5e 1eP° £Yy DpXa + •••
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vhere the additional terms do not involve the quantity 0y^. The new terms

on the right-hand side of (102) arc the only ones consistent with the trans¬

formation of a vector, while 0V^ itself is chosen to take the form

evy = ecy - ie^A, (103)

where is a vector and A a scalar field. This choice is dictated by

the requirement that there will be a complete set (1, y^, y5} of Dirac matrice

on the left-hand side of (102). After a Fierz rearrangement, the terms on the

right-hand side of (102) become

<5 ("2 Sy + 50Cy " UQy^A) = fie D^x^y^tl - (b-a)]

+ fi0y5 D^xv]Y5YVe[l + (b-a) ] ('104')
+ fi?ya tYaYV - YVYa(b+a)] + ...

In order to obtain the right transformation for co , it must be that
y

b - a = 1. Consequently the variation of involving D[y\j] Is zero,
and thus there is no need to introduce C at all. Henceforth this vector

y

will be set equal to zero. For the transformation of A, there are

apparently two solutions: b + a = ±1. The choice of -1 indicates

b = 0, a = -1. However, this leads to the matrix coefficient of 6 being

y y5, rather than y . Hence the only allowed solution is b=l, a=0.i
y y

As a result

6A = e ey5 DyXv + (105)

Viewed in this way, the scalar field A acts as a Fierz partner of oj ,

and thus a supersymmetric partner of x^j because 6x^ involves ui^, it
must now also involve A.

The way to incorporate A into the vielbein should now be reasonably
M . •

clear: in E , and in the parameters, insert the most general functions
A



-Ill-

linear in A wherever the spin connection occurs. But somewhere extra terms

involving the covariant curl of xy must also be included, so as to obtain
the new terms on the right-hand side of (104) . Therefore new fermionic

pieces will be present besides those linear in A. Bitter experience teaches
A M

that it is far easier to work with rather than , so the programme

proceeds as follows:

(i) Add in the new functions of A and spinor terms, as yet unspecified,
M p

as described above, i.e. wherever w occurs in E. . (Note that E.
p A A

are unchanged.)

A
(ii) Compute the inverse E^. .

A
(iii) Work out SE^ , according to (97) , and require that the entire

A
scheme be consistent. This yields both the form of E^ and the parameters.

M . A
(iv) Find E^ from the determined form of E^ .

According to (i), neither E^y nor E^ change, but
m < ™~— m i . \). hi i /. ^ •. hi i * / a \ hi .

Ea = ~^Xa " *1XaY 0Xv " 5(9y } "a " il(0Ya) Aa a a v a a (106a)

+ (l/16)xaYVYyxvXym9e + (1/8)96 (XaYyY5)mmy + |06 R^
E m = 6° + HiYy9) J® + i(ee)(iYVY5)am «a a a U a p (1Q6b)

+ |P ?esamA + (1/8)69 (YvYyxv)axlim

where R m is a field to be determined (but certainly involving both
a

Dr y and A) and p is a number to be found. These forms lead to the
[pAv]

inverse components

E a = e a + i0Yax + e a^- (107a)
P P p P

E^a = 2Xya + ^^(0Y5)a + ^ (i0Yy)aA- ~ 1(2 + ip)Xya
- | 60R a (107b)

P
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C = -i(Ya0)m <107c)

Ema = 6ma - ie"e(2 + p)6ma A . (107d)

y
The parameters must be modified in the same way. Because K does not con¬

tain it is unchanged. However, it should be that £m and m are

both modified, to

= 7™ + ^i£Y^ex^m + |e0[i(7y5yX)mmA + de^A - £~Y\PXxXym] (l°8a)
m = -iey^Ou) - g£y59A + ^00[ey5X + ikey5y*xA

+ i~yXYVxAwv] (108b)

where d, k, and g are constants, and the spinor X is to be determined.

It turns out that it is only necessary to consider the transformations of
cl

E^ in order to fix the unknowns ^Ry> P> k, g, d}.
q

(a) 6E . The terms zeroth and linear in 0 must vanish. Those
m

zeroth in 0 are unaltered and vanish as before. The linear terms involve

either A or oi ; the latter vanish. For the former, it is required that

(2+p)0eS A - (ey ) (y 0) A + d0 e A - g(y5) ey50A = 0 . (109)r
m m v m m

The easiest way to solve this equation is to multiply both sides by the

arbitrary spinors n and a , and use the Fierz formula. This procedure

leads to three separate equations:

0a ne{i(2+p) + d + ig - 1} = 0 (110a)

0y5a ny5e{|(2+p) + |g -1} = 0 (110b)

Oy^a nYae{K2+p) ~ |g) = 0 . (110c)

From these it follows d = 0, g = 1, p=_l. The quadratic terms may be

expressed as
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-|096 6A = -|iS aAeY^00x-, 5^00 A-C-eyV) v am m AA ' m v

-U00(eYV)m \a + |i0m £YVYXXv(Yx9)aA

-l(Y5)ma 00EY5X - jik(Y5)ma 00 ey5Y*Xa •

The terms in A vanish for the choice k = -£ . Assuming that this choice

may be made, the resulting equation may be expressed (again multiplying

by the spinors n > a)

na<5A = ay5TiEY5A + ^itY'RciD + 2itYVY5Rva Y5tl + HeYVYaRv a YaH .

The terms which are the coefficients of nYSct an<l nYaa must vanish.
If one recalls the two-dimensional identity yVYaYv = it follows

R = -iy A
v v

so that

6A = 7a. (Ill)

Obviously, from (105), part of A is determined. However, the remaining

pieces are obtained from <5E^ .
3. • •

(b) 6E^ . The unknown function A is completely determined by
the terms linear in 0. However, the zeroth term contains something new:

the transformation for x^ Is modified from (42) to

6x = 2D e - iAy £ (112)
y y y

Owing to the dependence of oiy on (from (34b)), the transformation
is expected to go over to

= ie ^£Pa£Y D x ~ 5£Y5y\ X^A (113)
y y p cr y A

and this form is borne out by detailed calculation with the linear terms.
^

Multiplying these by n > the transformation becomes
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-riY505^,1 " iriy QiSA - itw 9A6e CJi |-l Ut [1

= -ieYV0nDj.vxy] + 2£YA9nYyXAA - (3/2)nxye9A
+ 2£Y59riY5XyA + ie9 nYyA

The right-hand side becomes upon a Fierz rearrangement a sum of terms in¬

volving tiYaS> 1Y50> and n9; these last must vanish. This implies

i£YV Dr X i ~ 2£YAY X,A + ex A - ieY X = 0[vAy] i ' p X Ay ' y

in which case

X = -e ^epaY5DpxCT ~ iiY'XA . (114)

The remaining terms give the variation of to in agreement with (113) and
A

that of A in agreement with (105). The new components are finally

determined to be

E a = e a + i¥YaX + iee e aA
y y y y

Ey3 = kya + ^p(?Y5)a + Hi9Yy)aA - (3/8)7yaA00 - |(iIYy)a 99
. , ot , (115)

E a = ~l(Y m
m

E 3 = 6 3 - i?06 3 A
m m m

M
and thus the inverse components E^ are

E U = e P - |i9Yyx " (l/8)0 0Xn,YVYyX,. (116a)0I OL Ct CC V

E y = i (ITy**) - + i"99(x.YyYA) „ (U6b)
a. cL Ad.

E
a

m
= -kam - !iy< - 1(0Y5)\ - Ki0Ya)mA

+ (l/16)?0xaYVYyXvXym + |i00[(XYa)m + i(XaYyY5)ma)y] (116c)
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Ea = 6/ + H(Yye)aXum + l?0[i(Y\5)am% - 6a-A - KCyVX,)a^]
(116d)

The new parameters (actually, only m is changed) are

- -ieyy0 + |00eyVyyxv (117a)

rm ^ + li£yvexvm + 509 [i(£Y5YX)mwA - ^eY'VYVXxXlini] (H7b)

m -ieyy0tu - ey50A + |00[ey5X - £iey5yxA + ^syN^X-v" ] (117c)
]i A V

The new transformations may be summarised as

y ley Xy (-25^

6x = 2D e - iAy e (112)
y y y

= ie 1ePCey^DpXa " kYVV^A (113)

6A = eA = -e ^ePCTey5D x ~ lieY'XA. (Ill)
pa

The only field whose transformation has not been given explicitly is A.

Its change may be found from the Ehresmann law, but it is easier to use its

dependence on the basic fields {e, x> A}. After some algebra, 6A may

be expressed in the suggestive form

<SA = Ce - siy^eAx + iyyt8 A (118)
y y

where the scalar C is given by

C = "k2 - R - 2ix*Y^ + ^e 1£yVXuY5XvA (119)

The transformations of A and A should be compared with those of the

scalar superfield V's components in §15.2; apparently (A, -iA, C) form

the components of a scalar superfield T (Howe, 1978)
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T = A + 0A + ^eec (120)

in which case the transformation of C should be

<5C = ie - JieyxC + ^eyW^A - |eYPYUXpXy^- (121)

The existence of the scalar superfield T allows for the construction of a

Lagrangian for the supergravity variables themselves. The answer one obtains

is a little disappointing, but it is presented for completeness.
A

First, note that the determinant of E changes with the addition

of A:
t

E = (det E y)-1(detE a)_1
a m

(e + ^ie0Y*X ~ (l/8)eyV"x Y^QQ) (1 ~ £00A) 1
e + ^ie 0y• X ~ (l/8)£yVX Y5XV09 + 2eA00 . (122)

A suitable Lagrangian is given by -ET;

-/d20d2xET = - /ed2x{C + jA2 + 2ix*Y^ ~ (lM)eyVx Y5XVA.}

/eRd2x = /5^(£yVtov)d2x (123)

which is a total divergence'. Although it is certainly invariant, this

Lagrangian is trivial. Perhaps even more remarkable is the utter insen-

sitivity of the spinning string Lagrangian to the inclusion of A. The

only change in V&V is the additional term —(i/4)90 Aip, with the result
that WW increases by the term ^00 Aipip. However the only term zeroth

in 0 in WW is -M, which when multiplied by the change in E,

namely |eA00, exactly cancels the other increment. It should also be

noted that the field A is something of a "spoiler" as regards the con¬

struction of Lagrangians. For example, the mass term -^mEV2 may be-added

to the spinning string Lagrangian only if E. does not contain A. However,
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if A is present, the Lagrangian L includes A only in the term

-£mecj)2A06. Variation of L with respect to A thus implies <t> - 0.

Consequently, because A enters only linearly in the absence of any dynamics

for the supergravity variables themselves, the scalar field A condemns to

zero any hapless quantity of which it is the coefficient. In two dimensions,

A's role in the Lagrangian is limited to that of a murderous Lagrange

multiplier.

§17. The Higgs Mechanism in (1+1) Supergravity

Once the vielbein (38) is available, the construction of a locally super-

symmetric version of the Fayet model is almost effortless (Derbes, 1978c).

Recall that in §9 the addition of interaction terms of the form

E,V + c exp(<V) to a free Lagrangian for the scalar superfield led to spon¬

taneous supersymmetry breakdown. The heart of this model was the coupling

of the auxiliary field H to the other scalar fields A and B; cf.

(1.97). By analogy with this model, interaction terms which include similar

couplings should be added to the Lagrangian (56), which is that of a scalar

superfield "minimally" coupled to supergravity. These new terms will have

the general appearance

- E.& 00F - ge 00<j>2 F

so that upon elimination of the field F, an effective potential of the

Goldstone-Nambu form results for cj>. The obvious way to achieve this is
*

to add the Fayet-Higgs terms

Lx = -(2£V + (2/3)gV3)E . (124)

Once again I wish to thank ray advisor for suggesting the explicit form

aV + bV3 to me.
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Note that E does not contain the field A here; that would unfortunately

be fatal. (A minor technical note seems in order here. Unlike the string

model proper, the components of the scalar superfield V do not carry an

internal Minkowski index, so that the addition of functions odd in V is

not prohibited. Hitherto it was not necessary to distinguish between the

Lagrangian (56) and that of the spinning string.) It may be assumed without

loss of generality that the coupling constant g is positive. Dropping

terms zeroth and linear in 0, the interaction terms are

2£VE = 06(e/2) [2CF + C^Y-X " Ke

(2/3) gV3E = 00 (e/2) [2g<j>2F + 2g#<f> + g<j>2?rx

The new Lagrangian is

L |EVVVV + L1

/Ld2xd20 = /Ld2x, where

L (e/2)[gyV8 <j>3 <f> + i^Sfijj + F2 - ix,yyyXi|»a <(i
y v Ay

+ (l/8)x,YyYXX11W " 25F - m-X ~ 2g<p2Fa y (125)

+ (1/6) g<j> e *
3-1^ v5

The variation of L with respect to F leads to

F 5 + g <t>2 (126)

Substituting this value of F back into L gives

L L + L
o

where Lq is given by (30), and
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L' = (e/2)[-(£ + g<j>2)2 - (£ + g4>2)*X + 2gi|;ip4>

+ 3<j) (C + (1/3) g(j)2)e 1eyVx'^Y5Xv3 •

As before, manifest invariance under local supersymmetry is lost once F

is eliminated. All that is necessary for L to be invariant is that the

variation of F be consistent with (126); cf. §15.4. The transformation

of F is given by (47c);

6F = -elty - ^ieyx? + ieYPYPXp9y<l> " UeYPYUXpXy^
(i7/e){3L / 3^7 - 3 (3L / 3\jT ) } - (i/2)Fy • X?o y o j y

(ie/e) {<5Lq/ } - (i/2)eY*XF

The "reduced" Lagrangian will be invariant if

Sri = (ie/e){5L :/<5^} - (i/2)eY*x(5 + g^2)
F=?+g*2

2g<p6<p = 2ig<f>ei|j , (128)

or, what amounts to the same thing, if

(ie/e) {6Lq/6^} - (i/2)eY'x(5 + g<t>2) ~ 2ig<j>eiJj = 0 . (129)

The last two terms may be identified with 6L'/<S<|>;

(ie/e) {6L'/Sip} = (ie/e){~i(5 + g<i>2)Y*X ~ 2g\p<p} .

The condition for invariance then reduces to

0 = (ie/e)(6(L + L')/6<|>} = (ie/e){6L/6^} (130)
o

which is met if ip satisfies its equation of motion. As before, salvation

comes from F's supersymmetric partner ip > once F itself has been

eliminated.
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Consider now the effective potential for <j>;

Veff^ = 2^? + S^2)2- (131)

Analogously to Fayet's (1976) model, there are two separate cases, distin¬

guished by the sign of £:

(i) £ < 0: <^e££> is minimised for non-vanishing <<(>>. Both tj> and

\p become massive, with m^ = m^ = 2/-£g ; supersymmetry is unbroken.
(ii) E, > 0: <^eff> i-s minimised for vanishing <<j>>. The scalar field
becomes massive with m^ = /2£g, while f is a would-be Goldstone
fermion associated with the spontaneous breakdown of supersymmetry.

It is eliminated by a choice of gauge for the field , but now all Fermi

degrees of freedom are eliminated. Moreover, a "cosmological term" -

e£2 arises.

Independent of the sign of E,, the vacuum satisfies

8<Veff>/3t)) = 0 = 2g<(K + g<l>2)<f»

= 2g<cji>< (E, + g<(>2)> (132)

If E, is positive, this equation admits only the solution <<j>> = 0, in

which case V ,,, = |S2. On the other hand, if E, is negative, there
eff,min

are two solutions to (132) ;

<<j>> = 0 or <<j>> = ±/-£/g . However,

veff (<<(>> = 0) > Veff (<<f>> = ± J-Ejg ),

and the vacuum corresponding to «f>> = 0 is unstable. The case E, < 0

is easiest, so it will be considered first.

Let the positive value for <<j>> be chosen;

<<j)> = + /—5/g . (133)

To write L in terms of fields with vanishing expectation values, let
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+ /-£/g ; <a> = o , (134)

in which case (recall F = 2/V rr(<b))eff

«S^> = -i<F>e = 0 . (135)

Rewriting the Lagrangian in terms of a leads to

= (e/2) CgyV3^a3vcr - m2a2 + iiptfip - mp\p + ...] (136)

where the dots indicate terms of cubic and higher order in the fields, and

m = 2/-£g.

When the second situation holds, E, > 0, there is no need to translate <j>.

Then

L(ii) = (e/2) [g^^V " 2g5<f>2 - 52 + iJH "5 ?Y*X + •••] (137)

Now, there is no mass term for ip, although

m<j) = ^8
and there is also a "cosmological term" - |e£2. Further,

<Sip> = -i<F>e = —i E, e (138)

which is characteristic of a Goldstone mode. Recall from §16.2 that the

constraints (99) indicated that was "pure gauge"; its only degree of

freedom is the choice of a parameter a such that = D^ot. In view of
the coupling of to ip, it should be possible to choose this parameter

in such a way that the field xp disappears entirely; this corresponds to

the unitary gauge"'". The Lagrangian becomes in this gauge

t
I am greatly indebted to Dr. W.E. Leithead for an illuminating discussion

on the unitary gauge.
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L(ii),unitary " (e/2) " 2g^2 - S2 - gV]
+ eVVxyy5xv^ ~ ^/3) 3 (139)

• • • Ci
In two dimensions, neither e^ nor are dynamical fields, but merely
Lagrange multipliers. Variation of L with respect to these leads to two

new constraints;

Ty = SL/6e a = 0; Jy 6L/6"x = 0.
a y Ay

These quantities are the energy tensor and supercurrent, respectively.

Before choosing a gauge,

Jyii^ = y\y^8x(j) + iiy\yx^^ + i(£ + g<t>2)yU<P
-i(C + (g/3)<j)2)(j)eyVe 1y5Xy (140)

The equation = ® ^-n principle be solved for X^ . On the
other hand, in the unitary gauge,

JCii),unitary " "i(« + <g/3H2Hr,1VVxy - 0 (141)
In case (ii) , E, is positive, and hence apart from the solution <j> = 0,

the only solution is x = 0. The generalised Higgs mechanism removes the

fermionic Goldstone mode, but via a gauge field which is forced to be

trivial in two dimensions. These conclusions are in accord with earlier

work by Deser and Zumino (1977) and Dereli and Deser (1977a,b). These

models were based on the non-linear realisation of supergravity due to

Volkov and Akulov (1973), and did not emerge from a superfield approach.

This chapter began with the superspace approach to a one-dimensional

scalar multiplet's coupling to "supergravity" in one dimension. It was

shown that a superspace approach to the equivalent two-dimensional model
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removed most of the difficulties associated with the non-superspace

algorithm, L -> L + This approach was based on an Ansatz for a

generalised vierbein, or vielbein, postulated by Howe (1977). A later

version (Howe 1978) allowed the spin connection and Rarita-Schwinger field to

obey non-trivial dynamics, but no Lagrangian could be found for the super-

gravity variables. How to extend this Ansatz to four dimensions remained

unclear, and to deal with this problem a method of deriving the (1+1)

vielbein was given. The inclusion of an auxiliary scalar field in the

later version of the vielbein served to remove the constraints on y
u

and unfortunately this same scalar field proved fatal to the construc¬

tion of any Lagrangian except that of the spinning string. Lastly, a two-

dimensional model based on a Lagrangian related to that of the spinning

string and incorporating the spontaneous breakdown of local supersymmetry

was constructed. The model was shown to possess two phases, depending on the

sign of E, in the "trigger term" - 2£EV: for E, < 0, supersymmetry

remained intact, while both tj> and ip became massive with common mass;

for E, > 0, supersymmetry was spontaneously broken, resulting in an

induced cosmological constant - {E,2 , a massive scalar <j) and a would-be

Goldstone fermion \p which is absorbed by the gravitino field Due to

the trivial nature of x^ in two dimensions, the gauge freedom is its only
dynamical significance, and both it and ip vanished in the unitary gauge.

In the fourth and final chapter, the methods of §§16-17 will be used

in an attempt to extend these results to four dimensions.
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CHAPTER IV

SUPERFIELD SUPERGRAVITY: FOUR DIMENSIONS

§18. Constructing the Vielbein

In this last chapter, the methods of §16 will be applied in an attempt

to construct a vielbein for the scalar superfield 4>(x,0) introduced in

§5.1. As in §16, the key to this construction lies in the form of the co-

variant derivatives for the component fields of $. These derivatives

are to be covariant with respect to local supersymmetry and with respect

to local Lorentz transformations. It is easiest to construct at first

derivatives satisfying only the "necessary condition" 6(V A) = 0 for an

arbitrary field A; these derivatives involve only the field T^e

spin connection is most easily incorporated into the operators via

the substitution 9 -+■ D , where D is covariant with respect to the
y . y y

local Lorentz group. Nevertheless, these derivatives fail to satisfy the

"sufficient condition", i.e. that they should transform according to the

Ehresmann laws. Recall that in two dimensions, the derivatives were co-

variant only modulo the two constraints (III.99). This difficulty was

overcome by the introduction of additional terms in the vielbein, in¬

volving either an auxiliary scalar field or the covariant curl of

As will be demonstrated, similar difficulties arise in the four-dimensional

case. Unfortunately, no combination of new terms succeeds in righting

the transformation of the "covariant" derivatives. Consequently it seems

that a four-dimensional vielbein which transforms covariantly does not

exist; at least if one posits the transformation

< = ^ 3NEMA + (9M ?N>ENA - LBA EMB (1)

wi th

L.
A a

0
B (2)

0 i(a*l)ba
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If a four-dimensional vielbein were at hand, it would not be difficult to

construct the locally supersymmetric Fayet model. Instead, this thesis

concludes with a demonstration that the required vielbein cannot be con¬

structed via the present methods, which is a strong argument against the

existence of such an object. The vielbein's construction in four dimen¬

sions exactly parallels that in two dimensions; it is only at the stage

of the constraints equivalent to (III.99) that the scheme fails.

§18.1 Covariance in y .

Ay

The components of $ are the fields (<j>, ip, F, G, A , X, D) obeying

the global transformations (1.38). Each field will at first be considered

separately. Initially the canonical prescription

3 -> V = 3 "Xs
y u y y

will be attempted, with = 9 e + ... Of course, in the light of §16,

this approach will obviously be seen to fail: S must be replaced by £,

which it is imagined will take the form

Z = (1 - iiyV0xv)"1S
in exact analogy to two dimensions (cf. (III.89)). The factor

(1 - |iyV0x^) ^ will frequently occur, and it will henceforth be abbre¬
viated Q. In this section, it will be shown that the operator

V 3 - X QS
y y y

indeed satisfies the "necessary condition", so long as

5'$ = [eZ, $] = 6$ +

i.e., the transformation law for $ is changed. Now consider the super-

field component by component:
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(i) <j>. Vy<j> = 3y<j> - ; (3a)

this satisfies the necessary condition, so that

6g4> = 0 (3b)

(ii) ip. | [iF + iy5G - y5A + /<j>]xy (Aa)

(note that immediately 7 <j> has been substituted for 3 (j>; cf. §16).

Now however

5(7^) = |iyV(3ye) (Ab)

and consequently it is necessary to set

<SG^ = • (Ac)

The algebra is on the verge of becoming cumbersome without a few abbreviations,

Let

V = 3yi|j - Q(^)xy , where (5 a)

fl(ljl) = Q^0|>) + and (bb)

nx(ijj) = (dSip/de) ; n2(i|)) = (36^/Se) . (5c)

Then

<5^ = f22 (ip) E .

Continuing in this way, one finds

(iii) F. VyF = a^F - |iXyX + (6a)

3yF " Ux^ + lxy^ " kyYV^(^)Xv

?(VyF) = "i(3 OY^OlOXy 5 so (6b)

SqF = ieyV^(^)Xv = efi2(F)

The expressions for G and are very similar:
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(iv) G. VyG = 3^G - iiXyY5A + ixyY5W (7a)

which requires

6qG = 2£Y5YV^(IJ>)Xv = £fi2(G) (7b)

9 —

(v) A . V A = 3 A + Ix YVY5^ ~ Hx Y Y Y5^^> so (8a)V y v y V y ^ Ay1 1 v A

<5gAv = -Uey\5f2(^)xx = cfi^U) . (8b)

f)

(vi) A. V^A = 3^A - U?F - y5VG + iYVVAv - iD]X, (9a)

n2(X) = -bv[yKF) + Y5xv"(G) - iy5YXxv%(A)3 , (9b)

5qA = ^2(A)£ (9c)

and finally

? _

(vii) D. VD = 3 D + x ; (10a)
y y y

6gD = 7yVfi(A)xv H 7si2(D) . (10b)

Given these forms for the transformations of the various fields, it is not

hard to guess the form of E. For an arbitrary field A, look at 6 A
br

and find the term of highest order in xy* This term determines the co¬
efficients 3nf/30n in the expansion

2 = f(0, x)s

S + (3f/30)'0S + ...

For example, from = -^ly^ax 41 > it seems reasonable thatG' •* y

E = S + iiy^XyS + ...

and in fact this is consistent with all terms linear in xy in the various
6 expressions. Proceeding in this way, E is found to be(j
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z = s + UyV0xvs - hy0xyYV0xvs
- (i/8)yy0xyYV0XvYA0XAS + (1/16)Y^X^Y^X^Y^X^Y^XpS

= QS (11)

which is just as anticipated. The only hard part of this calculation is to

confirm, via various Fierz rearrangements, that the expression for 6'$ as

given by [eZ, $] concurs with that required by the "necessary condition".

§18.2 Covariance in co
y

Suppose that the global variations (1.38) were to be modified to allow

only for the presence of gravity. Obviously the variations involving

derivatives of the scalar fields will be unchanged, but those involving

the spinor or vector fields must be altered. The new transformations are

to be

<5F = ^ (ieX -

6G = £ (iey5X - ey5#^)

6Ay = K"£YvY5X + ieYyYvY5Dy^) (12)
6X = + 2y5G - iyaY50A - iD) e

6D

where as before

D ib = 8 \L + iui -oii (same for X)
p V P

g
DA = 9 A — oj A .

pa pa pa p

Again, the generator S must be modified; this time to

S S' = S + |iyy0?oj «a9/9? . (13)
P
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Put another way, the 3 in S must go to D :
h y

9y + Du = 3y - |?wy*a3/96" . (14)

Actually, this only incorporates the "internal" spin degrees of freedom.

In general (cf. the discussion in §16.1)

D. = 9 + |(0o) -09/90) + • M
y y y 2 y

where M is the generator introduced in §12.3. However, acting on a

scalar quantity such as

[MafS, »] - 0 .

So long as only scalar superfields are being differentiated, the form (14)

is all that is required. It is perhaps worth remarking that (14) suffices

to give the new transformation for only as a result of the identity

9o qy\50 = ^6 [a Q y^Y5!0 •ag i af3> '

A
§18.3 Covariance in Both y an<i First form of E .a :

From the earlier work in two dimensions, the complete generator E

should be given by

E = QS' = Q[(9/9?) - iiYy0{9 + K0^ *03/36) + £u) -M}] . (15)

As a first guess, the covariant derivative should be given by

V = e PV = e U(D - 7 2)
a ay a y y

= E M 9I . (16)
a M

In fuller detail,

E/ = e/ + |i7aQYy0 = (eya - Jix^/0)"1 (17a)
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Ea = ~^XaQ) + £(0wa*a) + UX^QY e(6uv-a)

= " E/(xy - ^ 0a*aj^)m (17b)

Assuming that a reasonable first guess for ^ £s
a

v = (a/ae3) + -U(Yae)v
a. Ci

M
= E 3m» (18)a M

it follows

Eay - 4iEaUCY°0)a (19a)

Eam = 6/ + H(Ya9)aEctm (19b)

These are obviously the four-dimensional analogues of (III.91) and (III.93)
A

From the orthogonality relations, the forms are (cf. (III.96))

E a = e 01 + i0Yax + •ayClS (20a)
y y y y

E a = X 3 "" 2 (9^#t) )a (20b)
y y y

\a - -!CiYaMm <20c)

E a - 6 a . (20d)
m m

§18.4 The Ehresmann Laws

A.
Given the forms (20) of EM , do they provide a covariant derivative?

M
The "sufficient condition" that = E^ 8M transform covariantly is
that they satisfy the Ehresmann laws

6VA = CaE' VA] = (6EAM)3M * (21)
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As shown in §16.1, the laws (21) are equivalent to the transformations (1),

with the various parameters given by

= -4iiQYP9 (22a)

= UQ)111 - Ki^Qy^Fw^-a)111 (22b)

• <22<=>

M A
(Although (21) deals with E , it is much easier to work in terms of E ;

A. M

A
if E^ transforms correctly, so will its inverse.) The requirement of
covariance becomes: do the forms (20) transform under (1) in a manner

consistent with (11.6,23,31)? The answer is no, or more precisely, not

quite. In the two-dimensional case, the transformations were shown to

hold only modulo the constraints (III.99), before introducing new terms

into the vielbein which involved an auxiliary field and the covariant

curl of y . A similar situation obtains here, as will now be shown in
p

detail.

In the calculations which follow, frequent use is made of the identities

eQ = £ + |ieQyP0x (23a)

eQyV0Xv = eyV0XvQ (23b)
SL •

(i) 6E . For consistency, it must be that
m

SE a = 6(5 a)
m m

■ • (24>

The first piece vanishes identically. The remaining pieces are

6E a = 3 (eQ - |ieQyy00u) *a)n 6 a
mm p n

+ 3m(-4ieQyy0) (xy " |0oya)a - 4(c'X)m
a
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Those pieces not involving the spin connection obviously cancel;

9m(eQ) = 3m(e + iieQy

The remaining terms are

<SE = —5 iS (eQy 000) -a) + 5 i [ S (eQY^0)]0a) -o'm * m ^ y m y

+ |i(eQY^0a,aj ) a'
y m

0 ;

cL
and thus E transforms correctly,

m

• • Ci • •

(ii) <5Em . Again, it is necessary that this vanish:

6Ema = 6H(Yae)m)

?n9n(-H(ya9)m) + Om5n)(-|i(yae)n)
+ Om^)Eua + liAe-CYe6)m . (25)

To ease the manipulation of anticommuting quantities, multiply both sides

by an arbitrary constant spinor nm. Then it is required that

0 = 5n3 ("UnYa0) + (TT35n)(-|iYa0)T1n n

+ (n*3£y) (e^a + i0YaXy + U9a«u^Ya0) + |iXgarnA
where n*9 = q3/30. Those pieces independent of the spin connection cancel:

_Q _ _ _ _

^ievar| - H (eQ) ]Ya9 + n• 3 (~^ieQYa0)

[n*3 (-iieQYy0) ]i0YaX1J
ct

Now E^ transforms correctly only if the last pieces containing the spin
connection cancel. After some minor algebra, one finds
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6E - 4eQy^9(3oj (3a0[a ya]ri + m ariY^0)m P pa, yg

which vanishes. Thus ^E^ = 0, as desired. Consequently, the trivial
A

pieces of are well-behaved. Alas, the more interesting members are

not so accommodating.

cl
(iii) <SE^ . According to the transformation laws given in Chapter II,
it should be that

6E 3 = 6(x E ~ 50^ *ua)
y s Ay 2 y

D ^ - Heaa3)a6co QP pag

with as given by (11.31). Instead, using

■V ■ 5"vua * (\sN>EKa - i<V»a (26)

one finds after a fairly painless calculation that, as given by (26) ,

6E a = D e3 + UeQYVeDr x / " UeQYV0 (?R Ja . (27)
p p 2 1 LP v] 4 x' pv ag

This result is strongly reminiscent of the two-dimensional transformation.

The term zeroth order in 0 is as it should be, but beyond that things go

badly awry. The structure of the linear term suggests that again it may be

possible to repair the damage by the inclusion of new terms in the co-

variant curl of xy and some auxiliary fields. Finally, consider the last
part of the vielbein:

(iv) ^E^01. The earlier transformations suggest

6E^a = iey0^ + i0Yaf^e + |i0<J" (6a)^)Ya0 • (28)

Unfortunately, after a lengthy calculation, one discovers that (1) implies

6E^a = ieYaXy + i0YaDy£ - ^£QYV00YaD|-uXvj
- (l/8)eQYV60a y°0R P°x' pa' pv

(29)
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In order to obtain this result, it is necessary to use the identity

M C-Ct]e - ^6a 6 ^ da 6
per E pB U\) a £ a3 p

as well as the equation of motion (11.35)

n Q a - -—aO r e i IX Y X[y v ] y v

The transformation (29) is correct to 0(8), but not beyond. Of course,

if one were willing to demand the vanishing of both the covariant curl and

the Riemann tensor, the transformations would be correct. But such con¬

straints force the supergravity fields into non-dynamical roles, and this

avenue will not be pursued.

§ 19. Auxiliary Fields

§19.1 A First Attempt

A
The first place where the transformation 6E„ fails is at the linearM

term (in 0) in 6E. To 0(0), this reads

(-50w^*a)a = iieyveD[-1Jxvja (30)

which is precisely equivalent to the two-dimensional result (III.101). As

it stands, (30) is impossible, because the Fierz rearrangement of the

right-hand side involves all sixteen Dirac matrices as coefficients of 0,

and not just the tensor. To overcome this difficulty, one could introduce
£

auxiliary fields linear in 0 into ; e.g. set

E a =» x a ~ 20w '°a ~ £i6y aA ~ ysaB
y Ay 2 y y y

- ie f - *eY5 ac +
U y

However, there is a far more serious difficulty. The relevant part of the

Fierz rearrangement of the right-hand side of (30), namely that part
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proportional to 0a , does not give the variation of the spin connection

in agreement with (11.31). Somehow, then, new terms linear in the co-

• • 3
variant curl must enter in to 6E^ , in order to get the right form for

• This was also the situation in two-dimensions. The only place

where these new pieces, linear in 0 and in the covariant curl, can arise
£

is from the presence in of terms quadratic in 0. There are only

three independent expressions quadratic in 0, and any set of quadratics

may be Fierz rearranged into a linear combination of these three (see

§4.3). Consequently the most general expression for these new terms in

E has the form
P

U?0L a + ;i 0y50M a + |i0yVy50N 3 (31)
p p vp

3 3
where transforms as a vector-spinor, as a pseudovector-spinor,

£
and N as a pseudotensor-spinor, and all three are presumed to be linear

in the covariant curl of x-i • These new terms (31) change the linear ex-A

3 • • •

pression in E^ by the addition of the expression

£ie0L a + jieY50M a + ii£yVy50N 3 (32)
p * p vp

The requirement for covariance now becomes

^^pag = F,R*T{i0yVeD[pXv] ~ i£0Lp ~ i£T50My - ieyVys0Nv^}(33)
where F .R.^ means: only that part of the Fierz rearrangement which
involves the tensor coefficient of 0. For example,

F.R.T(i0yVeD[uxv]) = e"aaB D^, where

D = -AieroVey , Dr x i ~ He ^ £Y°Y D X„pag [g a] [pAv] ag p pa

i• ~1 vpa — 5 _
+ jie e rn£ i ey y D x2 p[g a] ' 'v pAa

ct 3
Using the explicit form (11.31) of 6ai^ ,

, . -1 pa — 5 _
- *ie e „ EY Y D
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x 063 . -1 a3pa— 5 _ . . -1 [a 3]vpa— c „oo3 = -ie e ey°Y D x - jie e e y ey^y D yy y p a y ' ' v p a >

he equation to be satisfied by L, M and N becomes

— ie ^t PCT e"y^y D y + ler Vey ,Dr y ,

a6 y p a [3 a] [yxv]

L a „£ + M a 0y5e + N a .yVy5£ .
y a3 y a3 vy a3

(34)

Ct pIf this condition is met, 610 will be correct. It is now necessary to

write out the most general forms of L , M , and plug into (34),

and work out the specific solution. The simple-minded approach is to write

out every possible combination of y's and the covariant curl which

transforms in the right way, and then to discover how many of these are

linearly independent. For example, any of the following could enter

into L :
y

L v Dr x iYV> R > R'YY , R y yV, D v apay
y [y v] y y v y p a y

D X Y crpcr, R a V, Dr X iaP Y°> Dr X iyCTa P»
pay v y [p a] y1 [pa]1 y

After some algebraic manipulations, it becomes obvious that only two of

these are independent. Hence may be written in all generality as

L- = aD[yXv]yV + bR" ('35'>y ly y

where a and b are arbitrary constants. A similar analysis holds for

M , so that its form is
y

M = cDr x iYVY5 + dR y5 (36)
y [y v] y'

where c and d are also arbitrary constants. The pseudo-tensor term

N is necessarily more complicated. Rather than write down the fourteen
vy

trial forms, only the result will be stated: in full generality,
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N 2f R*yo y5 + gR'Yg Y5 + h D r x nY5
vy ' vy & '&vy' [y v]'

+ 2k "Vxi0V + 21

Using the identity

2ct a 0y = o nY
vy ag ag y

the equation (34) becomes

'!<rleaBP°eY\ Vo + ie[UUsYa] D[pM
<a " c)d[pxv]y\be + <b " d)ep dase

+ Cf+g)R*YOagYtJ£ + (h-k)D[BXv] aaSYVe
+ 21 d[vxx] °v w**

Letting (a-c) = a, (b-d) = g, (f+g) = y, (h-k) = k, and using the

identities in Appendix C, (38) becomes

- e 0PCT£Y5Y D X + er«VEY iDr X iag ' 'y pAa [g 'a] [y v]

= - e ■*"£ nP°£Y5Y D v (a + < " 2y " i)l
a g ' ' y p Acr ' 2

+e[SV"Ya] "[pXv]^ _ * ' 2Y " "
' e_1 ep[a£B]XP° + K + 2Y + " (39)
+ e [o°eB] p D[pxp]yP£<2y " 6)

+ ha^'Slp"" DpV5YXe<2Y + B)
" eaPeBPD[pXp]Ype(2Y + 6 " « *

If (39) is true, the following six simultaneous equations must hold:
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a - k - 2y - £ 1

a + k - 2y - I 1

a + k + 2y + i 0

2y - 8 0

2y + g 0

2y + 6 - I 0

Unfortunately, these six do not admit a solution; the five constants are

over-determined. The attempt to build a covariant derivative is there¬

fore stymied by the inability to obtain a vielbein which transforms in

such a way that its components transform correctly. In particular, it

does not seem possible, in four dimensions, to construct a vielbein
ct 0

transforming under (1) in such a way that 6u)^ is given by (11.31).
There are at least two possible escapes out of this dilemma:

(a) the forms for L, M and N are not the most general;

(b) a new transformation, a generalisation of (1), could perhaps

be found.

A brief answer to (b) is that the structure of the group (1) emerged very

naturally from a gauge-theoretic approach to local supersymmetry; and that
A

alternative forms of the matrices L might not lead back to global
D

supersymmetry transformations in the limit of constant spinor parameters

and vanishing spin-connection. (See the discussion following (III.36).)

Escape (a) will be foiled in the next section. The depressing conclusion

is that the approach to supergravity-matter coupling described in

Chapter III cannot be implemented in four dimensions.

1*
§19.2: A Clebsch-Gordan Argument

Perhaps the difficulty with the extra terms stems from a failure

This argument is due entirely to my advisor, who also taught me the

elegant techniques used.
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to use the most general expressions for L, M and N. In all, nine terms

were found. Are there others? According to a Clebsch-Gordan argument,

the answer is no. The question may be rephrased as follows. Given the

quantities > aa arbitrary spinor n, and the set

{s9, ty50, eyVy50} how many quantities transforming as a vector can be

constructed? (Note that here the quantities corresponding to L^q, etc.
rather than L^, are being considered. This does not change the count,
of course, but it simplifies the algebra.) The covariant curl transforms

both as an antisymmetric tensor and as a spinor; it belongs to a

[D (0,1) © D(1,0)] ® [D,0) © D(0,|)] representation of the Lorentz

group. The spinor n belongs to a 0(^,0) © D(0,£) representation,

while the set {e9, ey50, eyVy59} are respectively {D(0,0), D(0,0),

D(|,J)} (but two D(0,0) differ under parity transformations). The

question is now: how many times does the representation D(^,^) occur

in the direct product of the above ingredients? These are

[D(0,1) © D(1,0) ] ®>[D(i,0) 0 D(0, i) ] ® [D(i,0) © D(0,1)]

® [D(0,0) ® D(0,0) 0 D(J,i)] ;

multiplying out all but the first, the relevant pieces come to:

D(0,1) ® D(£,£) eight times

D(0 ,1) ® D(£,j) once

D(1,0) ® D(£,£) eight times

D(1,0) ® D(j,i) once

so that the representation D(^,J) occurs eighteen times. Half of these

are even under parity, and half are odd. Consequently there are only nine

independent expressions transforming as a true vector, as was earlier

believed, and escape (a) is foiled.
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§ 20. Summary and Conclusions

In this final chapter, the methods of §16 were applied in an ulti¬

mately fruitless attempt to obtain the four-dimensional vielbein. The vielbein

was initially found by considering the "covariant" derivatives of a scalar

superfield. The Ehresmann laws required for covariance were found to hold

for the trivial members of the vielbein, but the "dynamical" pieces con¬

taining the gravitino, the vierbein and the spin connection failed to

transform correctly. An attempt was made to alter the vielbein, so that

the resulting pieces obeyed the Ehresmann laws, but it became apparent

that no such alteration was possible. Consequently the superfield approach

of Chapter III proved inapplicable to four dimensions.

What do the calculations in this last chapter imply for the vielbein

formalism? If these are correct, and if the assumptions underlying them

are not ill-founded, then the vielbein approach may be in trouble. That is

to say, it may be that a covariant derivative transforming according to

(1) does not exist, at least in four dimensions. This conclusion is hard

to believe, but it is supported by calculation.

The original goal of this thesis was to obtain, via a superfield

approach, the locally supersymmetric Fayet model. This goal was not

reached. Without a suitable vielbein, the construction of this model

could not be attempted. (Given the vielbein, it was an easy matter to

work out the model in two dimensions, as in Chapter III). It is possible

that an alternate superfield approach would serve to give the model, or

perhaps it will ultimately be found, like so many of the early super-

symmetry models, without recourse to superfields at all.
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APPENDIX A. An Abbreviated History of Anticommuting Variables

A number will find
fulfilment enough
in knowing its mind
and doing its stuff.

P. Hein.

Apparently the first person to introduce the multiplication rule

ab = -ba (A.l)

was Hermann Grassmann in his Ausdehnungslehre (or "calculus of extensive

magnitude") in 1844, which was later reprinted in an updated form in his

Gesammelte Werke (1378). An account of his work is given by Coolidge

(1944), whose presentation is followed here.

Grassmann's "extensive magnitudes" are objects e^ which form an
%

n-dimensional vector space, but are otherwise kept as vague as possible.

If two are multiplied, the quantity [e^ e^] results. These are also
"extensive magnitudes", and also form a vector space. Moreover, they

are to satisfy certain identities (using here and throughout the summation

convention)

m. . [e. e. ] = 0
J-J i 2

It is postulated that these are to be invariant under the general linear

group;

e. = U.. e.' ,
i ij J

whereupon it is necessary that

m. . U. U. [e ' e '] = 0 .
ij lr js r s

This is to be independent of U. After some index gymnastics, the following

equation results:
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(mij + mji)C[er' es'] + [es' er']) = °*

If the original matrices nn
^ are not required to be antisymmetric, then

necessarily

[er' es'] = " [es' er'] * (A'2)

Finally, writing a = a e , b=be, it follows
r r s s

ab = a b [e e ] = - ba.
r s r s

The most familiar example of this is an ordinary cross-product. In fact,

Hamilton's quaternions are a special case of Grassmann's extensive mag¬

nitudes .

The next occasion upon which variables obeying (A.l) entered physics

was not to be for another seventy-eight years, during the birth of quantum

mechanics. In a fundamental paper, Dirac (1926) considered the assembly

of two identical systems, and noted that the wave functions of the com¬

plete system were entirely specified either by the symmetric or by the

antisymmetric combinations of the subsystem's wave functions. Further,

if the antisymmetric set were chosen, Pauli's principle was found to

hold: two or more particles could not occupy a given quantum state. On

the basis of the exclusion principle, as Fermi had found some months

earlier, it was easy to derive the energy distribution now bearing the

names of both Fermi and Dirac. Some fifteen months later, a basis for

the exclusion principle was found by Jordan and Wigner (1927) .

Although Dirac had postulated the antisymmetric combinations for

the two-electron wave functions, of the form

"-'WW "

he did not suggest that the product was itself antisymmetric. In

the context of quantum field theory, such an idea arises almost naturally.
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For a scalar field, one introduces creation and annihilation operators

at , a satisfyingm n

[a » a ] = 0; [a , a ] = 0; [a , a ] = 6m n m n m n mn

Suppose however there is some field whose operators b , b+ satisfy
m n J

anticommutation relations:

{b b } = 0; {b* b*} =0; {b +, b } = 6 . (A.3)
m n m n m n mn

As in the scalar case, the operator N = b + b counts the number of
n n n

ttl
modes in the n eigenstate. Because (b^ )z = O^-)2 = it follows

(N )2 = bn+ b b + b
n n n n

b + b (1 - b b +)
n n n n

b + b = N (A.4)
n n n

so that the eigenvalues X of N must also satisfy (X f- = X .
n n n n

Thus there are but two values which X can assume: zero and one. This
n

is just Pauli's principle. Since electrons are found to satisfy the ex¬

clusion principle, their field operators must be quantised with anti-

commutators. Put another way, the anticommutators form the basis of the

exclusion principle.

A generation later, anticommuting "numbers" were again found to be

of use in quantum field theory, first by Feynman (1949) and Schwinger (1953),

and later by several others. In his first paper on the theory of positrons,

Feynman was led to introduce anticommuting operators obeying (A.3) in order

to exhibit the equivalence between his calculational rules and the methods

of hole theory. His techniques with these operators will be discussed

below in connection with the results of Matthews and Salam (1956). Schwinger's
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approach centred on a variational principle which allowed him to construct

the Green's functions of interacting quantum fields as solutions to

certain differential equations obtained fromDirac's (1947) "transformation

functions" <q"> t"[q't'>. With these objects, a state or an operator

may be carried from a time t' to a later time t". In ordinary quantum

mechanics, the states |q,t> obey the equations

qjq,t> = q(t)|q,t> (A.5a)

p|q,t> = -i(d/dq)|q,t> and (A.5b)

[3>P3 = i

as usual. In a scalar field theory, scalar fields <j> and their conjugate

momenta take the place of p and q. The corresponding transformation

functions are <A", cr"|A', a'> where A is a complete set of observables

and a some hypersurface. The states [A,a> satisfy

<f> | A' » ct ' > = <j>(A',cr') | A', o' >

where <j)(A', a') is an ordinary function. However, for a spinor field,

the states |y,cr> which form the corresponding transformation functions

must satisfy

^ | y,cr> = x(y>a)|v»CT>

where now x(y»cr) is an anticommuting c-number. Schwinger introduced

these anticommuting eigenvalues in order to work out the spinor field's

Green's functions.

In an alternate, and closely related approach to field theory,

Feynman had established that the transformation functions could be written

(Abers and Lee, 1973)

<q",t"Iq',t'> ^ d[q]d[p]exp[i
t"
(pq - H(p,q))dt] (A.6)

t'
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(the constant of proportionality is inessential). The integral on the right-

hand side is to be understood as the limit, as n ■+ of an n-fold multiple

integral. Similar relations hold in field theory. However, as the spinor

field requires expressions like

/d[\J>]d[i|>]exp [i/(i|j+ ^ - H)d1+x] , (A.7)

how were the integrations over anticommuting fields to be realised? This

was first answered by Matthews and Salam (1956) . Following the basic idea

of Feynman, the spinor fields were first split into two real fields (this

is always possible in the Majorana representation)

* = ^a + ^b

and then expanded into normal modes

ib = Ea ib ib. = Eb ib
ra n yn rb n n

whose eigenfunctions i}i anticommute among themselves and are normalized

according to

- m)i|Jk d4x = Sjk.

The expansion coefficients a , b on the other hand are commuting.
n n

Finally, the integration is defined by

d[i|j]d[^] = lim IIip da^ db^
n -> 00

m -*■ 00

v lim II da db
n m

where the inessential factor II- ip i|>m may be dropped. In this way, the
anticommuting integrals are circumvented. The Green's functions themselves

are given by (Abers and Lee, 1973)
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<0 | T (4» (1) ... ip (n) if; (1') ... ijj(n')|0>

^ /d[i|)]d[if)]i(;(l) ... )exp(i/Ld^x)

The chief result of Matthews and Salam is that

<0|TOK1) ... ip(n,))|0> * det(n) SF(i,j') (A.8)

where e.g.

det(2)SF(i,j')
sp(i. 1')

SF(1, 2')

SF(2, 1')

Sf(2, 2')

Let the free spinor fields now be subjected to a perturbation of the form

L' L + ipipV.

The vacuum to vacuum amplitude <0(S|0> = exp(iW) may be written

_

exp(iW) v /d[ij>] d[^]exp(i/L'd x) .

By expanding the exponential which contains V, it follows at once from

(A.8) that

exp(iW) v E /dx^ ... /dxn det^ SF(x^,Xj ) V(x^ )

The right-hand side of this equation is just the definition of the Fredholm

determinant det„ of the kernel S„V (Goursat, 1964) ;
r r

exp(iW) v detF(SFV)
*

However, it is well-known from Fredholm theory that

detF A exp Tr log(l - A)

The Tr with capital T indicates integration over all space-time
variables; the 1 is a 6-function.
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In keeping with the standard conventions, let a generalised determinant

Det be defined by Det A = exp Tr log A for any kernel A(x,y) (here

considered as a "continuous matrix"). Then finally,

exp(iW) v Det(l - S V),
F

On the other hand, the result equivalent to (A.8) for the scalar field is

<01T (tf> (1) ... <f>(n'))|0> v pert/ \F(i,j') (A.9)

where the "permanent" is the sum of all permutations of the products

A (i1,j1') ... A (i ,j ') without the sign changes associated with the
r i. 1 r n n

determinant. If the amplitude <0|s|0> is calculated in this instance,

then

exp(iW) v z —7- /dx, ... /dx perm^n^ A_ (x. ,x.)V(x .) .^ n'. 1 nr F 1 j J

Now the right-hand side is not equal to the Fredholm determinant, but

rather to its inverse. Consequently for the Bose case,

exp(iW) ^ (Det(1 - A^V))"1 ;
r

the overall difference is the sign of the determinant's exponent.

The relations (A.8) and (A.9) are consequences of the relation

(A.6). In order to obtain Feynman's expression (A.6), it is necessary

to construct "resolutions of the identity". In the simple quantum

mechanical example, these are provided by

/|q >dq<q[ = 1; /|p >dp <p| = 1.

If the expression (A.7) is to be derived in a manner analogous to the

method of obtaining (A.6), similar resolutions must be found in terms

of canonical anticommuting variables. Consider again the system described

by (A.3), and let there be eigenstates |g>, <B+[ satisfying
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b 13> = 61e> (A.10a)

b 13 > ~ 3+|3+> j where (A. 10b)

{e,e> = (3+,3+> = {e,e+> = o . (a.ioc)

In his paper of 1956, Candlin argued that the resolution

E |B><eI = 1 (A.11)

is impossible. On the other hand, it is_ possible to set

I|3><3| = P (A.12)

where p is another Grassmann variable (called by Candlin an "a-number").

This, he pointed out, was essentially the realisation chosen (in the con¬

tinuous case) by Matthews and Salam; the role of p being there assumed

by the anticommuting eigenfunctions iJj . As was later shown by Martin

(1959), the relation (A.'11) may be obtained in a modified form. Let X

be a nilpotent quantity satisfying

xn+1 = 0 .

To any column vector |a> with components (aQ> •••» a^) associate the
polynomial (X|a>;

(A|a> = E X1 a . (A.14)X/

That is, (A| is the row vector

(X| = (1, X, X2, ...,A n) (A.15)

The dual of (x| is the column vector jx) with components

(An, An 1 1). It is easy to see that (x| is an eigenvector, with

eigenvalue X, of the matrix A whose only non-vanishing elements occur

on the subdiagonal, and are equal to one;
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(X|A = (A, A2, ..., An, 0) = (X|X .

Moreover, if the inner product is taken as usual

<a|b> = am t>m (m = 1 n)

then it is possible to set

<a|b> = S ^<a|A)(X[b >

where is an operator which chooses the coefficient of An;

S, Am = <5mn .A

Consequently, one has the relation

|X)(X1 = 1, (A.16)

which is the generalisation of (A.11).

An obvious realisation of the operator S is
A

= (l/n'.)dn/dAn.

The systematic exposition of the calculus of Grassmann variables was

finally given by Berezin (1966) , again in connection with functional

methods. In §4.1 there was given a derivation of his rule that integration

and differentiation are, for these variables, the same operation. Harking

back for a moment to Martin's work, the completeness relation (A.16) may

now be written, with the help of Berezin's rule, in the appealing form

(1/n'.) /dnA| X) (A | = 1. (A.17)

As the last example, consider Berezin's version of the Fermi Gaussian

integral

I = /d2n 0exp(^0T A0) (A.18)
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,T .where 0 is the 2n~vector (0^, 02> 02n)» and A is an anti¬
symmetric matrix. It is well-known for the corresponding Bose integral

/dnx exp(^x^Sx) (det S) -i

In order to evaluate (A.18), note that it is always possible to reduce A

to the canonical form

A + RAR

0
1—I

<-< 0

"A1 0 X.

0 "A2 0

-s- R0

by a similarity transformation whose Jacobian is equal to one. Also, it

is evident that

det A det *A
X

n

n x.2,
i=l 1

Accordingly,

where d^ne
is equal to

fJ2n f. T. vJ d e exp(£e; A^e)

nde^, (similarly for derivatives), which by Berezin's rule

a2n ,, t ,exl>(!e V
o £

s2n

3e
2n

n

n x.

i-1 1

n'. (XlEle2 + A2£3£4 + * *' + An £2n~l£2n)

i(det A): (A. |9)

which differs from the Bose result only by the sign of the exponent, a

result presaged by Matthews and Salam. This famous sign difference has

been exploited with great success in the past ten years for the quantisation



of non-Abelian gauge fields. Lagrangians involving these gauge fields a:

invariably singular, owing to gauge invariance; not all of the p's and

q's are independent. To determine a set of canonical variables, it is

first necessary to break the invariance by adding a "gauge-fixing" term.

In addition, the passage from (A.6) to the functional integral involving

only the canonical coordinates q usually introduces a Jacobian which

depends non-trivially on the q's themselves. In this form of the

functional integral, the Feynman rules are unclear. By virtue of (A.19)

however, this determinant may be rewritten as the functional integral of

a Lagrangian describing anticommuting (scalar) fields (usually called

"ghosts") . Once this determinant has been moved up from the integrand

into the exponential of the action, the Feynman rules become transparent

This procedure was worked out by Faddeev and Popov (1969) ; the reader

is referred to Abers and Lee (1973) for details. It is not unreasonable

to suppose that there are other useful schemes waiting to be found,

quite apart from supersymmetry, involving these intriguing "numbers".
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APPENDIX B The Use of Differential Forms

The differential geometric formulation of general relativity (as

presented in, e.g., Misner, Thome and Wheeler 1973) relies on the mani¬

pulation of operators in two different vector spaces, which are dual to each

other in the same sense as Dirac's bra and ket vectors. The basis vectors

of the first space (the "tangent space") are the differential operators

9^; those in the dual space are the differentials dxV themselves.
These differentials are also regarded as operators, which act only on

the set. An inner product (•,*) between these two spaces is defined

as follows:

(dxy, 9v) = 6Uv . (B.1)

This strange looking equation is merely the statement

9 /dxP = .

V V

The single greatest advantage of the modern notation is that all tensors

(except scalars) are replaced by coordinate-independent objects. (It

turns out, in addition, that the modern approach frequently allows for

easier calculation.) For example, with a contravariant vector field

u^(x) may be associated the vector operator

u(x) = uU(x)9^
in the tangent space. Obviously the operator u is invariant under the

general coordinate group. Similarly, a covariant vector be

associated with an operator in the dual space

_rr(x) = it (x)dx1-1 (B.2)

called a "differential form". Of course, any other basis

e (x) = e ^(x)9 of derivatives, or oj^(x) = e ^dx^ of forms, would
a a u h



-160-

serve equally well, so long as they were properly normalised:

, a .

(w , eg)
a

The choice of bases corresponding to e 8 and to
P

v

P

sometimes called the "natural basis"; this is not always the most con¬

venient choice. The inner product between a "vector" ju in the

tangent space and a "form" tt_ in the dual space may be written

That is, the inner product is linear with respect to arbitrary functions

of x. Sometimes the inner product (jr, u) is written tt_(u_) ; forms

may be regarded as operators which map "vectors" to functions (while

"vectors" map functions to functions). Unlike basis vectors, basis

forms are linear with respect to functions;

(it, u)
v t P \

it u (to , e )
p v

(3.3)

wy(u) P/- v \
W (u e^) u a (e )

v
u (B. 4)

Covariant derivatives V are introduced as follows. Acting on ordinary
P

functions (such as ordinary tensors A^. . PCT''), the covariant deriva¬
tive is just the ordinary derivative. However, acting on basis vectors e^,

(B .5)

where is the connection. The covariant derivative of a "vector"
pv

u is therefore given by

V u
P ~

(B .6)

because V satisfies the Leibniz rule, and also
P
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VJ V / V
y U = ey(u } = y u

By differentiating the orthogonality relation (B.l), it follows

(Vy 6X} = " (a)V' VyeX}

v, ojv = - rv, uk (B.7)

whence

^
^ i . LU

y yX X

and obviously for a form tt_ ,

V 17 = (9 TT. — rV TT )aj^ = IT. CO^ (B .8)
y — y X yX v X;y

(Sometimes it is convenient to employ a "directional derivative"

V = V = uVV .)
U V V

u e
v

Additional vector spaces may be constructed through the use of a

tensor product 8. This tensor product is completely analogous to that

which occurs in the addition of angular momenta. For example, given two

spin systems described by the bases |j^, m^> and |j£» m2>» one builds
eigenstates |j, m> of the operator J = J, + J9 as tensor productsZ J_ z zz

of the eigenstates of J^z and ^z'

(Jlz + J2z)(ljl' V 0 lj2' m2>)

= (JiJjr nLL>) ® |j2> m2> + I j i» m1> 0 ^J2z I j 2' m2>') *

Then, for example, the tensor products 8 ioV and e^ 8 e^ obey the
relation

(wU 8 uV, e 0 e ) = . (B.9)
p pa

The tensor product allows any rank-N tensor to be described as a

coordinate-independent operator. An example is the arbitrary tensor

A p , which may be associated with the operator A:
yv a ~
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A P ojy ® ® e 0 0)°
pv a

Particularly valuable for calculations are the anti-symmetric tensor

products, denoted by x:

to11 x oiV = ^ (wy ® wV - cjV ® a)y) (B.10)

a)y x x WP = (1 /3'.) 6yyp a)a 8 </ Q wY (B.ll)
agy

and so on. The cross-product (sometimes called a "wedge product") of

n differentials is called an n-form; the differentials themselves are

one-forms. In general, if _tt is a p-form, and a'q-form, then

tt_ x is a (p+q)-form. Note however that

ir x 0) (-)Pq u x TT . (B .12)

There is another extremely important method of generating forms of higher

degree from one-forms: Cartan's "exterior differentiation".

Consider the function f(x) = xy. If the new operator "d" is

applied to this function, it becomes the one-form dxy, satisfying

dxy(e^) = Clearly this procedure can be generalised to an

arbitrary function f(x). Given f(x), define the new one-form df_ by

But if elf is regarded as a one-form, it may be expanded as

df = a dxy (B.14)

where ay(x) are some functions to be determined. By linearity,

V = (ay(x)dxP» 3V) = a/dxV'V = av

but by definition (B.13), it follows a^ = whence the classical
formula
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df = 3 f dxV

is rederived. Further, for a constant c, dc_ = 0. The operator d_

may profitably be defined to act on an arbitrary one-form tt_ as

dir_ = dxV) = 3^ 1,1v x dxV . (B.16)

The resultant object is a two-form. In general, the exterior derivative

of a p-form is a (p+l)-form. For an arbitrary p-form
Pi vn

TT = 7T dx x . . ,X dx ,
-

viy2...Pn

ui yv n
dir = 3 tr dx x dx x..,x dx (B.17)
— v yiy2...yn

From (B.17) follows the Poincare lemma: given an arbitrary p-form u_,

then

d2ir = 0. (B .18)

Finally for tt a p-form and uj_ a q-form,

d(n x uj) = dt x + (~)p tt_ x dm . (B.19)

Now consider the action of these p-forms on p-fold tensor products

of "vectors". Inasmuch as inner products were formerly linear with

respect to functions, it should be that for u. a one-form.

(dt, u 8 v) = uP vV(dt, e^ 8 e^) . (B.20)

But

(dt, ey 0 ev) = 3p TTa(dx x dx , ey x ev)
=

5 3 TT 6P°
p a yv

= He ((jl, e )) - e ((tt_, e ))] . (B.21)

Then, if u, v are substituted for e and e ,' —' — y v7
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(drr, u 0 v) = |[u((tt, v)) - v ( (tt_, u))] . (B.22)

However,

u((ir, v)) = uPe (it vp)— —

UP

= u^vp 3 tt + u^tt 3 vp
UP P u

so that as given by (B.22), diT is not linear over functions;

(dir, u 0 v) = uV (drr, e^ 0 e^)

+ HU, ey)u(vy) - (TT_, e^)v(UP) ]
To repair the defect, consider the quantity

[u, v] = u(v) - v(u)

uPvV [e ,e ] + u(vP)e - v(uP)e
u v - u

In the natural basis, of course,

[e , e ] = 0
U v

but in general

r l ' *Le , e J = c e, .
U v uv X

Subtracting the quantity { (tt_, [_u,v]) from the first definition (B.22)

leads to a linear inner product. Therefore the action of a two-form diT

on a bivector x v is defined to be

(dir, u x v) = u_((tt» v)) - v((tt_, u)) - Or, [u,v]) (B.23)

which is obviously linear by construction:

(dr, u x v) = uy vV(dTT, e^ x e^) . (B.24)

The operator d_ may also be applied to vectors, in which case it acts
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like the covariant derivative V. The defining relation is (cf. (B.13))

«V %) ■ Vvep (B .25)
T e by definition (B.5)
vy X

which means that

de - TV, m* ® e . (B. 26)
—y yX v

It will be convenient to define the connection one-forms mV as
y

mV = TV, aX . (B.27)
y Xy

The Bianchi identities arise as consequences of the Poincare lemma applied

to the basis and connection one-forms, as will now be shown.

First, it is necessary to define the torsion and curvature tensors;

2T_(_u, v) = Vu v - Vy _u - [u, v] (B.28a)

2R(u, v) = VV-VV-Vr , . (B.28b)
£ Z Z. H

Using the identities

vy = mV)

Vu v = (u(vV) + vP mV^(u)}e^
and the definition (B.24), it is straightforward to compute that

T_(u»v) = (dm^ + m^ x ooV, u 0 v) .

From the identification T_ = 8 e comes Cartan's "first structure

equation ;

^y
_ j.,.p ,.,y „ .ydm + x oj (B. 29)

Similarly the action of the curvature tensor R(u>v) on some basis

vector may be computed:

2R(u,v)e = (V V V V - Vr ,)e , where
— — — y u v v u [u,v] y
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V V e = V uV (v)e
u v p u y — V

= u(wV (v))e + (v)V e
— y — v y — u v

u(toV (v))e + cdV (v)oj^ (u)e
— y— v y— y — v

Using the expansion [u,v] = (o)y, [u_,v] Je^> it follows

V- , = ((/, [u,v])V so that[u,v] y

V[u,v]ev = ((/' [±>Z])Tlv 6 A = (a3\' [ii'^])eA

Then

R(u,v)e = (dcnV + u)V. x ^ , u 8 v)e
— — — y — y A y' — — v

Writing R = Ry 8 e 0 coV leads to Cartan's "second structure
— — v y

equation"

RP = dtoy + o)y, x o)A (B.30)— v — v A v

The tensor Ry is called the curvature two-form. For the natural basis,
— v

it follows after some trivial algebra that

RU iRy dxP x dxCT (B.31)
— v 2 vpo

Ty = ^y[vp] dxV * dxP (B .32)

where the Riemann tensor is defined as usual. The Bianchi identities

are now proved as follows. Differentiating the first Cartan equation

(letting the connection be symmetric, i.e. Ty = 0) leads to

0 = d(dwy + o)P x (jjV) = dcoy x ojV - uy x dcuV
— — v v v

, y v y ✓ v Av
= dw x (o - a) x (-oj x a) )

— v v A

u v i y v p a
= R x(o = -1R ii) x x u whence

— v 2 vpa
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RPr -i = 0, the first identity,[vpa] 3

From the second Cartan equation,

, y _,y y Ado3 = R - 03 , x a)
— v — v A V

Recall the Poincare lemma; d2 on a form vanishes. Then

d(RV - x ) = 0 = d2 (/
v A v v

_ _ y , y A y , A
= dR - dffl , x u + 0) , x dos

— v— A v A— v

,„y ,_y y a . A
= dR - (R - ijj * b , * i)

— v — A a A v

y /t,A A a s
+ 03 , X (R -0) X Ui )A v o v

= dRP - RP x o)a + RX x o)p
— v — A v — v A

= -A RP r , 03P X 03° X 03T so that2 v[pa;x]

RP r , =0, the second identity,v[pa;t]

Finally the Ehresmann formula may be proved easily. By definition,

de = o) O e .
— y y v

Let e -*■ e , = U . X e, under the coordinate group. Because d
y y y A —

is coordinate-independent,

de . = 0) , 8 e , = u> , 8 U . e, ; but also
— y' y' v' y v' A

de , = d(U /e,) = dU / 0 e. + U / de.
— y' — y A — y' A y' — A

(dU / + U / ul) 0 e. ; i.e.
— y' y v A

v' tt A Jtt A l tt v A
03 ,U . = dU , + U . 03 , ory' v' — y' y v

v'
_ /jTT A. /TT-ls v' TT a A . -Is V (B.33)03

yI - (dUv. )(U )x + uu, 03 a(U )x

which is just the Ehresmann formula. In terms of the connection, this

reads
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rivdxi' ■

Recall that

(dxp, ex,) = UT,X(dxP, ex) = Ut,P; so

taking the inner product of (B.33) with e , leads to

r^| , = o , u ,P)(U 1) v + u ,a u p rT (u 1) v'X'p' X' u P P A' pa x

which is the usual law. Consequently as claimed in §12.2, there is no

contradiction between the Ehresmann law and the transformation of fX .

pv

It would be a shame, having gone into the details of this formulation,

not to show its wonderful calculational facility, especially inasmuch

as this is intimately related to one of the "stars" of this thesis,
cc ...

namely the vierbem e . To that end a brief outline of Cartan s
P

method of curvature calculation is given for the exceptionally easy case

of the Kasner metric,

= dt2 - t'^P dx2 - t^q dy2 - t^r dz2

where p, q and r are constants.

Instead of the natural basis it will be more convenient to use the

basis

o
03 dt e 3/3t

o

031 = tPdx ei = t~^ 3/3x
032 = t'qdy e2 = t q 3/3y

(B.34)

0)2 = t'rdz e^ = t 3/3z

. . ct
This basis is related to the natural basis through the vierbem e^ ;

e^a = diag. (1, t P, t q, t X)
and consequently the metric g^v = ^pv' Introducing a dot product
between basis vectors by
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e • e = 2
U v syv

it is not hard to show (from B.5) that

dg = oo -t- to - (B.35)—6yv yv vy v '

Therefore, by choosing the "moving frame" corresponding to (B.34), it

follows that the connection forms U3^v are antisymmetric:

dp = 0 = to + oj
— yv yv vy

These six objects, once found, lead via the second structure equation to

and thence to R^Vpa' There is a systematic approach to finding
the u) but it is usually easier to guess them from the first structure

equation

0 = dm^ + 03^ x U)V.
v

From 03° = dt, it follows

™ p O 1 o 1dzt + 0).xo) = u).x(jj
X

which is most easily satisfied by assuming

0
„ 1

0) . "V 0) .

l

Next, differentiating oi1 leads to

dCt^dx) + u1 x = o
y

= pt^5 ^ dt x dx + a)1 x o)^1
y

//si o 1 y
= -(p/t)(l3 X U) + 03 x 03

which is most easily solved by assuming

= (p/t) cv1 ; a)1 . = 0
o r 1

and this is in harmony with the first assumption. Consequently there

are only three non-vanishing connection one-forms:
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oo1
o = (p/t)^1 ; o)2q = (q/t)o)2; u)3q = (r/t)w3

The second structure equation leads to f°r example

o , o o „ U
'

1 " da) ! + W y u 1

= du)°^ = d(ptR ^dx) = (p (p-1)/t2) dt x

From (B.31) it then follows

R°101 = " p(p-l)/t2

and similarly

R°202 = "

R°303 = - r(r-l)/t 2

For the other components,

R1. = dm* + m1 x wy02 2 y 2

w x 0)°o = (pq/t2)^1 x oj2
o /

and hence

Rl212 ~ ^pq,/t2^

and the only other independent components are

R2323 = ~ ^qr/t2^

r3131 = " (rp/t2) .

If guessing fails, a systematic method exists for calculating the <»> »

for this see Misner et al_. (1973) . The beauty of the vierbein lies in
its reducing the number of these unknowns from sixteen to six.
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APPENDIX C Some Useful Identities

All identities are given in terms of curved space gamma matrices
ci ci

convert to the flat space equivalents, merely let e^ -»■ 6^ ,
t a ,

e = det e -> 1.
y

Two-dimensional identities:

y v pv L -1 pv 5
y y = g + e e y

Y Y = g + ee y5
■ ' p' v &pv pv'

p v ag -1 pv
e ae g£ = e e

e epA = 5 X6 P - 6 P5 X
ap a p a p

pX » X
e e =o
ap a

,5V
y

X -1 Xp 5
Y = e e Y Y

^y5x = - xy5^

7" p — p ,♦y x = - XY 4>

—

y v — v p ,4>y y x = xy y f

YUY5^XUY5Y-X = Yy^XyY*X
— X p Xp — p

w Y XX " " e %V XX
pa— n

e xyyay*x = 0
x'yy y *x = 0

x*yy5y-x = 0

YyYaYy = 0
£Xc[<9xF)YyXa + 0CT")YAXy + 0/>YaXx] = 0

i ag / \ -1 Xv . a -1 Xv
w (e) = -ie cj Q(e) = e e e 3,e, = e e ep^ ' 2 pag pa X v vc
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Four-dimensional identities:

Yyapa 5®ypYa 5®ya^p ^e£ypar^ ^
1 I 1 T 5

ay = A g Y ~ 2S Y ~ ^ee Y Y
pa y ya p yp a 2 ypat'

5 i PT
Y a = ^ee a'

yv ^ yvpt

a, a
Ay vrr 5®Atr®yv 4®Av®yiT 2®yn-aAv + 2®yvGAir

5®AvCTyiT + 2®AirGyv + ?e£AyviTY5

YVa = -(3/2) y
yv y

i v2a a dy = CT oY
vy ag a$ y

-1 Ayvp s Ap v Av p vp A t A v p
e e Y Y = g Y ~ S Y S Y + YYY

y y a. y .. — y
">Xv " "vX " e[v X]ea ' £V *X
x

, ,-yw s, D'
y v Ap

, oa„
Y*R = 4a D x -'

p a

Ap^] " "EP + hPY'E " "YVv
yagY _ ;ca3Y

£ £ — 0
yvpa vpa

, pa<A _

Dr X i = -ie e D Xx[y\>] yvpa k A

D[P*v]y\BE " !D[l.*v]e[A]£ " i^c/VadV
+! e_1 %[aeB]l°° W',5£

"[p^lV^ " iDlp*v] 'IB Ya]£ " ie_l£aBPa WV
•''"Si/,]1'" »pv^

VfBe " !e"lspVP°DpV5Y[Bea]pe + ^£p [6£p] [pYX] Y^e
" KW*X]V

r-abv ■ VeBXn[vxx]YP£ + s"l£«r°pv5v
p _ a

+ e r en1 Dr Y -iY £
y [a g] [p a]
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-1 vpa n — 5* 6 %[aEB] 8pWE
+ D[p\.]Y[ae6]Ue * 6_1 e[aWWV

D[vXX]0pX°aB1'UE " Vs]" D[vxX]V " !%XX]Yv"Vfi]'
"

%[a£g] DpV V
. -1 pa _ — 5+ |e e 0 D X Y Y e4 a3 pa ' 'y
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Poor Man's Gravity.

D. Derbes

University of Edinburgh - Edinburgh EH9 3JZ, Scotland

(ricevuto il 14 Novembre 1977)

Summary. — Einstein's standard matter-free theory of gravitation is
constructed as the synthesis of two Yang-Mills theories, whose gauge
groups are GLiB and SL2tC. In this approach the vierbein is not regarded
as a Yang-Mills held, but rather as a mapping between the two-group
manifolds.

Introduction.

As confidence increases in a Yang-Mills structure for the weak and electro¬
magnetic forces (1), more attempts (2) are being made to cast the two remaining
forces into a similar mold. That gravitation is a gauge theory in this Yang-
Mills sense has become part of the folklore, although the exact details of this
correspondence have been disputed (3). This article presents another attempt

I1) C. N. Yang and R. L. Mills: Phys. Rev., 96, 191 (1954); A. Salam: in Elementary
Particle Theory, edited by N. Svartiiolm (Stockholm, 1968), p. 367; S. Weinberg:
Phys. Rev. Lett., 19, 1264 (1967).
(2) See, for instance, E. S. Abers and B. W. Lee: Phys. Lett., 9 C, 1 (1973); J. Bern¬
stein: Rev. Mod. Phys., 46, 7 (1974); F. W. Hehl, P. von der IItde, G-. D. Kerlick
and J. M. Nester: Rev. Mod. Phys., 48, 393 (1976); H. D. Politzer: Phys. Lett.,
14 C, 129 (1974); J. C. Taylor: Gauge Theories of Wealc Interactions (Cambridge, 1976).
(3) F. W. Hehl, P. von der Hyde, G. D. Kerlick and J. M. Nester: Rev. Mod.
Phys., 48, 393 (1976), and also, for instance, M. Carmeli: Group Theory and General
Relativity, Chap. 9 (New York, N. Y., 1977); A. H. Ciiamseddine and P. C. West:
Imperial College preprint ICTP/75/22 (September 1976); Y. M. CiiO: Journ. Math.
Phys., 16, 2029 (1975); Phys. Rev. D, 14, 2521, 3335, 3341 (1976); S. W. MacDowall
and F. Mansouri: Phys. Rev. Lett., 38, 739 (1977); A. Salam:: in Fundamental Inter¬
actions in Physics, edited by B. Kursunoglu and A. Perlmutter (New York,
N. Y., 1973), p. 55.
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32 D. DERBES

to display Einstein's matter-free theory as a classical Yang-Mills theory, but
in such a way that parallels between the general Yang-Mills characteristics
and the particulars of gravity are manifest. To be sure gravity possesses some

special features not present in more familiar Yang-Mills theories; nevertheless
the defining formulae of these non-Abelian gauge theories may be carried over

virtually without modification in this «poor man's approach». The first
section of this article attempts to define in a general way the Yang-Mills char¬
acteristics. In the next three sections, the invariances of Einstein's theory
are discussed and two groups are gauged. Finally, a gravitational theory iden¬
tical to Einstein's is constructed as a sum of these two gauge theories. As the
two component parts do, the sum satisfies the Yang-Mills characteristics.
This approach has the advantage of trivial simplicity. In no sense, however,
is this article intended to be anything but a synthesis of several well-
known results.

1. — The Yang-Mills characteristics.

Suppose a Lagrangian L(cpA, dn(pA) is invariant under the action of the
group r. Let the fields <pA transform under F as

where d = e> d,- with the set {d,} being the generators of F, TAIS = e' T}AB,
while the set {T}ab\ are matrices which generate a particular representation
Uab of F and eJ' are parameters. The group algebra is

(1) cpA(x) F»cpA(x) = FAB{r)cpB(x) .

The infinitesimal form of this transformation is

(2) 8q>A(x) — (pA(x) — cpA{x) — i[G, cpA(x)] = TABcpB{x) ,

(3) [(?„, Q/] = ifkjl Gt.

The matrix UAB(e) may be defined by the finite transformation

(4) UAB(e)cpB(x) — exp [id]<pAexp [—id] = [exp [ielT^\\ABrpB{x).
If

[G, 0"] = 0

(6) = 0 ,
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then

exp [iG] dftpA exp [— iG] = 3" (exp [iG]cpA exp [— iG]) =
= d"(UAs(e)(pB) = UAB(s) d"(pB ,

so that d"<pA(x) transforms exactly as cpA[x) itself. If L has the form

L = (0"^)(3/i^1)— V{yAcpA) ,

where cpA transforms contragradiently to cpA,

(7) q>A{x) = (U-x)BAcpB{x),
then

Si = i[G, L] = 0 .

If, however, condition (5) does not hold, then Si will not vanish. There are
three separate ways this can happen:

(5a) [eJ, 3"] =0, but 3"] ,

(56) [Gj, 3"] = 0 , but |V, 3"] ^=0 ,

(5c) [Gj, 3^] and [eJ, 0"]^O , but 3"]#— [eJ, 3c]i,-.

The standard Yang-Mills theory considers the case (56) where the group par¬
ameters e' are «local», i.e. functions of x. For the particular case of gravity
the relevant parameters will be local, but 3'1 will no longer commute with the
group generators G,. Then (5c) will be appropriate. Concerning situation (56)
there is a well-known remedy available to render Si = 0 even when the
parameters are local. For each generator &it one introduces a «gauge field»
A\[x) whose transformation will compensate for the difference between
TJAB{e)d^cpB and dB(TJAB{R)<pB). With these gauge fields an «extended deriva¬
tive » V may be defined (g is a coupling constant):

(8) Vu(pA= 3n.g>A + ig[Al G,, 9A] = dM<pA + gAj, TABrpB

(this is the non-Abelian generalization of the minimal-coupling prescription
in mechanics to an electromagnetic field; Pu^Pn— ieAB). The transforma¬
tion law for AA is obtained by requiring that this extended derivative be cova-

riant, i.e. that

(9) UAB(e)Vv(pB = V„{UAB(s)<pB) = 3„{UAB(e)(pB) + igZMi, UABcpB].

By the group property, UABcpB satisfies the same algebra as <pA, so that the
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right-hand side of (9) is

(10) UAB(e) 8„<pB + (3„ V\{e)) cpB+ g3M*Tfa U%(s)<pB .

Setting (10) equal to (9) leads to

(11) fMV F AB = TJAcAATfD{TJ~1)DB -f- TJA0dn(TJ~1)CB ,

which is associated with the name of Ehresmann ("). Henceforth (11) will he
referred to as «Ehresmann's formula », and frequently the matrix indices will
he suppressed. The held strength FBV', analogous to the Maxwell tensor
F„v= 8mAv— dvAn= dwAn is defined as

(12) [V„ Vv](pA = gFj„TjAB<pB ,

where

(13) F/iv1 = d[ltAV]' gfki'A/AAvl.

Note that (12) holds only in the case of (56), when G, and 3^ commute. After
these extremely familiar preliminaries, the Yang-Mills characteristics may he
defined hy three not unreasonable requirements:

i) The covariant derivative is bilinear in the gauge fields AA and the
group generators as in (8); a «minimal coupling)) prescription holds.

ii) The Ehresmann formula (11) governs the behaviour of the gauge
fields under a group transformation.

iii) The commutators of two covariant derivatives acting on a field
determine the field strengths which in turn determine gauge fields' dynamics.

2. — Gravitational symmetries.

If we turn now to gravity, there is a couple of points to he emphasized.
The first concerns the invariance groups of Einstein's theory, and the second

(4) C. Ehresmann: Colloque de topologie (Brussels, 1950), p. 29. Strictly speaking
Ehresmann's formula applies to differential forms. See, for instance, Y. M. Ci-io: Joum.
Math. Phys., 16, 2029 (1975); C. W. Misner, K. S. Thorne and J. A. Wheeler:
Gravitation (San Francisco, Cal., 1973), hereafter MTW; M. Spivak: Differential
Geometry, Vol. 2, Chap. 8 (Boston, Mass., 1970). The fancy footwork between (24a)
and (24c) is unnecessary when differential forms are employed. In MTW terminology
(24a) reads (see their eq. (14.40))

d>\ = U*aco«p(U-1)l>x+ U'ad(U~^.
Dotting this with the MTW basis vector e- = 0/6a;a yields (24c) immediately.
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the role of the locally Lorentzian system of co-ordinates, the vierbein e^a(x) (6).
As for the groups themselves, there are two distinct invariances built into the
standard 1916 theory of gravity:

a) freedom to relabel the co-ordinates which form the underlying
manifold, and

b) freedom to perform local homogeneous Lorentz transformations on
the field components directly.

This second invariance deserves some further discussion. After all, it is the
inhomogeneous Lorentz, or Poincare, group which figures so prominently in
particle physics. In fact, the gauge theory of the Poinca.re group has been
successfully presented as the Einstein-Cartan-Sciama-Kibble theory of grav¬

itation, notably by the Warsaw (6) and Princeton-Cologne (7) groups, and in
a slightly different way by Chamseddine and West (8). In as much as an
infinitesimal general co-ordinate transformation

(14) cc" -> = xi1 -)- £v(x)

is indistinguishable from a local translation, it should make no difference whether
the gauge group is regarded as a) and b) taken together (the local groups of
GLin and 8L^C, respectively), or as the Poincare group. Nevertheless, there
are differences. For the Poincare approach, in order to satisfy i) above, it be¬
comes necessary to associate the vierbein with the generators of translations.
There are two possibilities now: regard these generators either as the Abelian
derivatives du. (8), or as the standard Einstein covariant derivatives (°'7).
In the latter case, the group generators no longer satisfy the Poincare algebra
and, as a consequence, the gauge fields do not transform according to the Ehres-
mann formula (11). In the former situation, one must associate the trivial rep¬
resentation to the translations due to their Abelian nature. In each situation
the GLi B invariance is carried only by the vierbein. This leads to the second

(5) H. Weyl: Zeits. Phys., 56, 330 (1929); R. Utiyama: Phys. Rev., 101, 1597 (1956);
T. W. B. Kibble: Journ. Math. Phys., 2, 212 (1961); D. W. Sciama: Joum. Math.
Phys., 2, 472 (1961) and in the Infeld Festschrift (New York, N. Y., 1962); L. D. Landau
and E. M. Lifshitz: The Classical Theory of Fields (Oxford, 1976), p. 291; M. Veltman :
in Methods in Field Theory, edited by D. Balian and J. Zinn-Justin (Amsterdam, 1977),
p. 320; S. Weinberg: Gravitation and Cosmology, subseet. 12.5 (New York, N. Y., 1972).
(6) R. Kerner: Ann. Inst. Henri Poincare, 9, 143 (1968); A. Trautman: Rep. Math.
Phys. (Warsaw), 1, 29 (1970); Ann. N.Y. Acad. Sci., 262, 241 (1975); Bull. Pol. Acad.
Sci., 20, 185, 503, 895 (1972); 21, 345 (1973).
(7) P. W. Heiil, P. von der Hyde, G-. D. Kerlicic and J. M. Nester: Rev. Mod.
Phys., 48, 393 (1976).
(8) A. H. Chamseddine and P. C. West: Imperial College preprint ICTP/75/22
(September 1976).
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point of emphasis: the present approach requires the vierbein to behave not
as a gauge field with its associated inhomogeneous transformation law (11),
but as a bridge between the two symmetries a) and b). Both groups must enter
into the extended derivative for gravity. Without 8L20, there could be no
minimal coupling between gravity and fermions (9); without GLiR, the vierbein
e° required by 8L1<0 loses a large part of its freedom, and all other fields must be
regarded as co-ordinate scalars. The presence of two symmetries suggests a

synthesis of two Tang-Mills theories, one to deal with each gauge group. The
dynamical fields may be conveniently divorced from their co-ordinate-induced
behaviour under GLi R by banishing them to the 8L2 C manifold, where fermions
and bosons are treated on an equal footing. The co-ordinates themselves are
left behind in the manifold of GLiR. To keep the invariances separate, all
8L2 B objects will be labelled by Latin indices a, b,..., while those defined with
respect to GLilt will bear Greek indices v,.... Some quantities, notably the
vierbeins e* themselves, carry both types of indices. At last these two invar¬
iances will be reconciled by the «mediator», the vierbein. For clarity, the
Yang-Mills theory of each group will be considered separately. In the final
section the synthesis of the two will, with one additional compatibility con¬
dition, reproduce Einstein's theory.

3. - GLitR (»).

The generators Q, are the sixteen operators CrA„ whose structure con¬
stants fjk are

(15) /VA = [dXedepdVo~ dv0d«odse) .

Because the transformations on the fields are induced by the co-ordinate trans¬
formations, (1) must be modified to (r:x"-^x")

(16) <p(x) <p(x) = TJ{T)(p{x).

For example, if <p is a contravariant vector field B'-',

(17) Bv(x) Bf[x) = UfzB*(x),
where

(18) = 0x"/0rA.

(9) S. Deser and P. van Nieuwenhuizen: Phys. Bev. D, 10, 411 (1974).
(10) B. S. De Witt: Dynamical Theory of Groups and Fields (London, 1965), p. 95;
M. H. Friedman: Phys. Bev. D, 12, 2528 (1975); K. Hayashi and T. Shiraeuji: Prog.
Theor. Phys., 58, 353 (1977).
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Similarly for a covariant vector field G/x,

(19) C»(x) ->C,(x) = (U-iy-vC\{x).

Prom (14), tire infinitesimal form of (17) is

(20) B"(x) — = SB"(x) = i[G, £"],
where

(21) G=eapGlia and eap= dl;a/dx0.

Prom (17), (20) and (21) it follows that

(22a) [G«p,Bf] — —id»pBa ,

(226) [§«„, G„] = id%G^,

(22o) [§«„,£*Cy = 0 .

Similarly the formula for a rank-A7 tensor A ^ar may be found by considering
the special case

Allv<*>r... = Bp:GvDe 'EaFx... .

To construct an extended derivative, introduce sixteen fields A^— A^p.
one for each generator (Pa. Then, for example,

(23a) = d^B" + ix[Afy Gt>«, B"] =d„B'+ xA/pBe
and

(236) V# Gv = 0„ Gv — xA^v Cp

and so forth for an arbitrary field A f0"'-. The requirement of covariance
again leads to the Ehresmann law (by suppressing the indices)

(24a) xA/ii TAV= xTJATxv TJ-1 +273^ P_1.

By taking Txv to be the vector representation,

(T*v)ap= d*pdav

with U as before, the transformation of Afy becomes

-i- 8xa . dxe , dxa . /dx"\( * """ ~k8X° + 8x° " (ep)'
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For future comparisons, note that the Ehresmann law is tensorial in the /i-index.
The freedom to transform this index remains. If va means the components of
the vector va with respect to the co-ordinate system xP, then

(25) Afy = .

To rewrite (246) in terms of A-"j, it is sufficient to note

(26) ^ =

whence multiplying both sides of (246) by dxeldxt',

- dxs dxa dx* .
, dxa d2xa

(24°) *Au B = f 5=7. 5=S ■A»'*+^ ^ dx" dxa dx@ dx" dx" dxP

Thus far everything for the GLiR gauge theory has followed the standard Yang-
Mills description precisely, with the slight generalization noted in (24c). Yow,
however, case (56) is no longer appropriate, because

[Cra|3, 0"] = —idfpdx^ 0 .

The commutation of two covariant derivatives leads in this case to an addi¬

tional term besides the usual F^Tj contribution. Because V„ obeys the
same algebra as d^,

(27) [Gxp, V„] = idanVp .

By explicit calculation, by using (15) and (27),

(28) [V„, V,] = xF^xp{T^YnB^— xAlfl% Va£* ,

where as before

(29) Fur",3 = dlltAvfp+ xpreaapA^yAv% = d^Avfp + xA„«aAvae— xAv%A^p .

If the fields and field strengths are redefined as

(30«)

(306)

xA„av =

xFupap —

rxA
ixv 1

Ra(3fj,V J
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then (24c) and (29) become, respectively, the standard formulae (") for the
transformation of the affine connection and the definition of the Eiemann
tensor. The antisymmetric tensor Faim is called the torsion. In Einstein's
original theory the affine connection is postulated to be symmetric, so that the
torsion vanishes identically. Most textbooks follow suit (12). In the first in¬
stance, its presence in (28) derives from (27), but dynamics may constrain
it to vanish.

4. — SL2>„.

The generators G{ are the six operators sab = — §ha, whose algebra is

(31) [®a& J ®ctij ^ (^]ac'^bd ^ad%bc t]bc®ad t]bd^ac) ^ fabcd6^Sef 1

where the factor of \ is to avoid double counting and rj„b is the Minkowski
metric with signature (-| ). In general, for a field <p(s) of spin s, the
transformation law under 8L20 is

(32) i[Sabt = Tat(s)AB(pB(s),

where (A, B) is the appropriate kind of indices, e.g.

scalar: epA=cp, (Tab)AB= 0,
spinor: rpA = <f , (TJ°- = (f/4)[y0, yjd ,

vector: <pA= <pa , {Tab)cd = i{r)adScb— riMdca)

and so on. The extended derivative becomes for an arbitrary field of spin s

(33) V„(p(iv; s) = p(as; s) + ligA^ [sat, q>{x-, s)] =
== dM<p(x-, s) + %gA^Tab{s)<p{x] s) ,

where again the factor of J allows for double counting. Without loss of generality
it may be assumed

Av!* =—An*".

(n) S. Weinberg: Gravitation and Cosmology (New York, N. Y., 1972), p. 100, 133;
L. D. Landau and E. M. Lifshitz: The Classical Theory of Fields (Oxford, 1976),
p. 241, 260; C. W. Misner, Iv. S. Thorne and J. A. Wi-ieeler: Gravitation (San Fran¬
cisco, Cal., 1973), p. 262, 219.
(12) An exception is E. Schrodinger: Space-Time Structure (Cambridge, 1950).
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The Ehresmann law required by covariance leads to

(34) igA,~T»(8) = i U(s)gA?Tat(s) U-^s) + U(s) U^(s),

where JJ may be parametrized as

U{s) = exp [\X<ib{x)Tai(s)']

with 2,ab(x) being the local Lorentz parameters. Then, for an infinitesimal
transformation,

(35) Sgl„ab = igXea[scd, J./6] — A"6 =
= ffA"4— = gX\A^— gX\Ar— d^ai.

As far as the SL2a generators sah are concerned, is a scalar:

[sa„ 0"] = 0,

so that now case (56) obtains, and

5. — Gravitation: a table of two manifolds.

In order to unite the two Tang-Mills theories, it is necessary to interpret
the vierbein eua(a) not as a gauge field AA, but as a map between the integral
spin representations of $i2>0 and GL1I: tensors:

Aa(x) is a Lorentz vector and a co-ordinate scalar,

An{x) is a Lorentz scalar and a co-ordinate vector, and

(36) [V„, Vr]9?(a?; s) = yF„vaiTab{s)q>{x-, s),

where, as usual (modulo the ubiquitous §),

(37) F„°* = d^AvA" + lgf^A^As* = d^A^" + gAtlt<"An*.

(38a) AAx) = eu"{x)Aa(x) .

If the vierbein is defined such that

(39a.)

(396)

eA{x)e\{x) = 8\ ,

eA(x)eva{x) = 8/ ,
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then

(386) A»(x) = e"a(x)Aa(x),

(39c) Aa(x) = eau(x)A"(x)

and, in general,

(40) AUVJ°- = e^ev"... eecead... Aatj*.

In particular, the invariant interval ds2 leads to a link between the vierbein
and the metric g„v-.
If we let da?a = e^&x" (in general &xa is not an exact differential of any

function, see Landau and Lifshitz (5)), the interval may be expressed as

ds2 = rjai &xa da?6 = rjai(eafl d®")^6,, da;") = gMV(x) da;" da;",
whence

(41) g„v{x) = r]aieall(%)e\{x) .

Because the two manifolds are related only through the mediator e»a,

(42) [G«P,sab\ = 0.

Indeed, if cp has only Latin or Greek indices, it commutes with (ja^ or sab,
respectively. On the other hand,

[Grap, V] = — ,

[<s„j, &u.c] = i()padcb — i6pidca .

For an arbitrary field <p, define the covariant derivative (compare Veltman (6))

(43) Vptp = dpcp + igtAfalfy, qv] + ^ig^A^s^, cp] = d„<p + i[A/Glf cp] ,

where

"V Gi = g1Al/^ G\ + yiAn,">Sait.

As before, the coupling constants may be absorbed into a definition of the
gauge fields;

(44) giAj/x = , g2Apab = w^6.

Because Jy'= {Fja, w^) transforms as a co-ordinate vector, again the com¬
mutator of two covariant derivatives gives analogously to (28) (compare
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Kibble (6))
(45) [V„, V„]<p = R^puvTVacp + G^Tai<p~r\mVxcp ,

where

(46) Gnvab=: d[n(Dv]ab 0)[nacWv]cb •

Physically the manifolds may be reconciled by the requirement

VnAa= ev-V^JL",
or its equivalent

(47) Vu&va = ^uGva — r^vGxa -}- COfjac6vc = 0 .

Note that from

["5a& > t]cd] ahcd 'b ^jeh == 6

it follows immediately from (47) that

(48) V/jgfgff = 0 .

Equation (48), together with the assumption of vanishing torsion, leads uniquely
to the Christoffel relations for r*x (12). If <p in (45) is allowed to be the vierbein
itself, the last term vanishes identically, while the commutator itself is zero.
This leads to

—• RaPtiv6ixa G[ivab 6(Jb = 0 ,

or

— R°biJ.v — Giiv'L}j .

Consequently the covariant commutator may be rewritten solely in terms of
RaPnv and the torsion; from the two Yang-Mills symmetries there is effectively
one Fuv* field strength. The Ehresmann formula for the (Lie-algebrar-valued)
connection

A^T, = r*„ T'x + \o)fb Tah
with

U = exp [eap T0a -)- \ lab Tab]

takes the same old form and merely reproduces the earlier results (246) and (34).
However, by recalling the discussion leading to (24c), the freedom to relabel
the //-index remains. By performing such a change, (246) goes over into (24c),
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while (35) goes over to

(49) Sco-"" — Aacco " ^-/Lbcco " ^Xe 3 Fh(iy> 6ft)" ~dx» Qc dx» Wec dx»eA '

The rest of the argument is due entirely to Kibble (6). The Lagrangian of
lowest degree invariant under both groups is

(50) L=eR,
where

e = det 6^= V— det gm
and

B = efeJ>R»\h{w) = E"V(-0.

Variation with respect to the vierbein leads to

(51) Rixv — R*n/v — 0

and with respect to the spin connection wflab leads to

(52) F\m = 0 .

Equations (51) and (52) are the fundamental equations of Einstein's 1916
theory (although strictly speaking (52) enters the original as a postulate).
In this approach, the postulate is a compatibility condition (47), from which (48)
necessarily follows. From (52) and (48) the connection is the usual Christoffel
symbol. For the matter-free theory, both connections F^ and coare dependent
only on the vierbein, so that all the gauge fields are obtained from the poten¬
tial eMa; nevertheless it is not a gauge field in the Yang-Mills sense given above.
As promised, this version of gravity reproduces the original Einstein theory
and satisfies the three characteristics of Yang-Mills structure; (43) embodies
condition i), (49) and (24c) guarantee that ii) is satisfied and (45) is a state¬
ment of condition iii).

* * *

Illuminating discussions with Drs. P. W. Higgs, W. E. Leithead, D.
M. Eeadkin and P. K. Townsend are gratefully acknowledged.

• RIASSUNTO (*)

La teoria gravitazionale normale di Einstein in assenza di materia si costruisce come
la sintesi di due teorie di Yang-Mills, i cui gruppi di gauge sono GLitIt e SL% 0. In questo
approoeio il vierbein non h oonsiderato eome un oampo di Yang-Mills, ma piuttosto
come una mappatura tra le molteplicita a due gruppi.

(*) Traduzione a eura delta Redazione.
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chjia THJKeCTH.

pe3ioivie (*). — KoiiCTpynpyeTca CTanaapTHaa Teopua rpaBirrapHH siranitehha b oTcy-
tctbhh BemecTBa, KaK chhtg3 flByx Teopufi .fljHra-MHJiJTca, rpynnbi KaJin6poBKH KOTopwx
npeflctabjmiot GLi R h SL2 C.

(*) IlepeeedeHO pedaKi/ueu.
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New matter couplings are added to a superfield lagrangian related to the spinning string, resulting in a simple model for
spontaneous local supersymmetry breaking. The Higgs mechanism eliminates a Goldstone spinor, but a "cosmological term"
is induced.

Recently, Howe [1] has given a new ansatz for a
superfield formulation of supergravity in two space-
time dimensions. This formulation as pioneered by
Wess and Zumino incorporates a vierbein which is
itself a superfield [2], and provides an extremely ele¬
gant demonstration that the spinning string lagrangian
[3] is locally supersymmetric. Further, the addition of
other supergravity-matter couplings is greatly facilitated
in the supervierbein formulation. In this letter, new
terms are added to Howe's original lagrangian in order
to obtain a simple model for spontaneous breaking of
local supersymmetry. The conclusions reached from
studying this model are in accord with other studies
of the Higgs mechanism in supergravity [4]. The new
features of this model are that both a linear represen¬
tation of the group algebra and a polynomial interac¬
tion of the fields are employed.

Our starting point is Howe's lagrangian

£Q = \EEaMdMVEaNdNV=ddLQ + ..., (1)
where V= 0 + id \p + \ 66F, the dots indicate terms
linear and zeroth in 6, and otherwise the notation fol¬
lows that of ref. [1 ] (note that there is a typographical
error in the sign ofEma). For completeness we give
the expressions for the fermionic part of the inverse
of the supervierbein EMA and its determinant:
E/ = i(07M)fl + 4 dd (xx7M7x)a ,

Eam=Sa">-±i(67")aXMm
+ 4 100 [(757M)ma+ 5 i(X\7M7%XMm ] ,

E = detEA/1=e+iiedyx-le'"'xM75xj0 ■

The lagrangian (1) differs from that given for the
spinning string by inclusion of the term eF2, but the
equation of motion for F is trivial and we may elimi¬
nate it entirely. However, invariance under supersym¬
metry is no longer manifest. Nevertheless, the transfor¬
mation law for F,

8F=ayD\l/-\ayxFayPy^Xp
+ |iayfyPXpXfji^ > (2)

guarantees that 1 = fLQ(F=0)d2x remains invariant,
for

5/^0= -(ia/e){SI0/5i£- 9M(SZ,0/5^,/z)} = 0 , (3)
as may be easily verified (see below). In order to study
spontaneous supersymmetry breaking we add the
Fayet—Higgs terms *1 [5]

£1 =H-^V+^gV2)E = ddL1 + .... (4)
It may be assumed that g > 0 without loss of generality.
Upon elimination of the auxiliary field F, the lagrangian
becomes (performing the integration over 6):

Fayet's additional terms were of the form aV+bf(V). In
order not to spoil renormalizability in (3 + 1) dimensions
/(F) was restricted to be either a linear or an exponential
function. In two dimensions,/(F) may be polynomial and
the case/(F) = F3 is sufficient to trigger spontaneous
supersymmetry breakdown. Note that unlike the string
model, the fields here do not carry an internal Minkowski
index, so that addition of odd functions of F is permitted.

59
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L=L0(F=0) + L1(F=t-5^2)
= { e[rfbe>iaevbdll(l)dv(t>+ i\pyd\p
~ iXx7M7X<MM0 + IXjaVXu'/"/']
+ [\eg^ty(j>-\e$j-x+\$,e»vXilySXv<t>
+1 egcp2\py-x - i§ ge^x^X^3
-|e(|-^02)2] . (5)

Again we verify the invariance of the "reduced" '
lagrangian. Now we require, instead of eq. (3), the
new condition

8F|^=£_ (1/4)^02 _ 2g<t>&<l>- 2 ^g<t>a^ • (6)
and again salvation comes from the 0 equation of mo¬
tion; for now

[5Z,o/50 9M(SZ,o/S0,q)]^.=o- (1/4)^02

= \e^-\g<t>2)-yx + \eg^<j), (7)

which is just the right form to guarantee eq. (6).
Next we investigate the effective potential

ve[{(<p) = l2(i-\g<p2)2 ■

Analogously to Fayet's model [5], there are two dis¬
tinguished cases:

(i) % > 0: <Fef]f> is minimised for non-vanishing <0>.
Both 0 and 0 become massive, where = \/fg;
supersymmetry is unbroken.
00 % < 0: <Fcff> is minimized for vanishing (0>. The

scalar field becomes massive with m^ = \/—%gl2, while
i// is a would-be Goldstone spinor associated with spon¬
taneous supersymmetry breakdown. It is eliminated by
a choice of gauge for the field xM, except that now
all Fermi degrees of freedom are eliminated, and a

"cosmological term" — e£2 arises.
In the former situation, we translate the field 0 by

writing

0 = -2VI7F+ o , (8)
where now (a) = 0 and <50> = <F)a = 0. The lagrangian
becomes

Lf,(i) ^e[rfbe^aevbc)^adva- g^a2
+i07*90 — v£|00 + ...] , (9)

where the dots indicate terms of cubic and higher
order in the fields. When case (ii) holds, however, there
is no need to translate 0 and
60

L(ii) = \ e [Vabe^ae"bc)tl<p8vct> + \g&2 - %2
+ i07*90 — £07*x + •••] • (10)

Further, <50> = <F)a = |a, which is characteristic of a
Goldstone mode. If we use the gauge freedom to elimi¬
nate 0, corresponding to the unitary gauge, the
lagrangian becomes

%),unitary = Te [r?fl6e + ~ &
-kg2<t>4] + 5 efivXtlH5Xv [£0 ~ -fig^2] ■

In two dimensions, neither etla nor xM are dynamical
fields, but merely Lagrange multipliers. Variation with
respect to them leads to the two constraints:

F"fl = 8L/5e/ = 0, J» = 8L/5xM = 0,
where T^a and /M are the energy tensor and the super-
current, respectively. Before choosing a gauge we have

•Fin = + ^HiiJ = (TV* 9x0 + I i7Vxx<W'(ii) 0(ii) l(ii)
+ i(? -\g<t>2)yu^ -i(l - ^ g"02)0eM"75x„ ,

which may in principle be solved for xM- On the other
hand, in the unitary gauge, we have

unitary ~ 0 = _i(l " Tz g<t>2)<t>e»vy5xv ,

so that a nontrivial solution for 0 demands xM = 0;
and the unitary gauge corresponds to a vanishing
Rarita—Schwinger field. The Higgs mechanism works
to eliminate the spinor Goldstone mode, but via a gauge
field which is forced to be trivial in two dimensions.

I wish to thank Dr. P.W. Higgs for suggesting the
original problem, for guidance and for a careful reading
of the manuscript; and Drs. P.S. Howe and W.E.Leitheai
for valuable discussions.
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A systematic method of deriving a superfield covariant derivative is heuristically presented. The example chosen is two-
dimensional, but the method generalises easily. Agreement with an earlier ansatz is obtained.

One of the outstanding problems in supergravity [1]
is to construct a unified form of covariant derivative

acting on supersymmetric matter. Perhaps the most en¬
couraging progress has been made through the use of
superfield [2] techniques. In particular, one may intro¬
duce a generalised vierbein, or "vielbein" [3], which
is itself a superfield, containing the usual spin 2 vierbein
eand its supersymmetric spin-f partner, a Rarita—
Schwinger "gravitino" field Xp- From this vielbein one
may construct a super connection [4] which provides
a covariant derivative for superfields (either matter or
gravity) which behave as "vectors" under a particular
type of local Lorentz rotations (so that the superspace
geometry is non-riemannian in this approach). Recent¬
ly the equations of supergravity [1] have been recast
into superfield equations [5], and lagrangians have
been presented whose variations lead to these equations
even in the presence of coupling to a massless vector
multiplet [6]. In the less ambitious framework of two
space—time dimensions, a vielbein ansatz has been pres¬
ented which provides a covariant derivative for a scalar
superfield [7]. This ansatz greatly simplifies both the
verification of local supersymmetric invariance of a
lagrangian related to that of the spinning string, and
also the construction of additional supergravity—matter
couplings [8]. In this letter, we demonstrate how to
derive the form of the ansatz in two dimensions by ex¬

plicitly constructing a superfield covariant derivative.
The method presented generalises easily to any num¬
ber of dimensions which admits global supersymmetry.
En passant, we discover precisely why a locally super-
symmetric theory must be a supergravity theory; that

is, why introduction of a Rarita—Schwinger gauge
field Xp must necessarily be accompanied by the intro¬
duction of a gravitational potential, the vierbein .

The fundamental operators in flat-space supersym¬
metry are the ordinary derivatives 9M and the linear
combinations [2]

5m=9/9dm-i(7^)m9M
(the supersymmetry generator),

Dm = bibem + i(-Ylld)mdll
(the invariant derivative), which obey the familiar alge¬
bra (S1, S} = 2i7 • 9, {S, D] = 0. Now let V = <p + id \p +
\ddFbe a scalar superfield. For/(x) an arbitrary func¬
tion, the action

I=\ J(f(V) + DVDV) d20d2x (1)
is invariant under a global supersymmetry transforma¬
tion, where 8V= [eS, V]. For the moment, we suppose
that only one gauge field need be introduced in
order to compensate for local parameters e(x). If the
locally invariant lagrangian and transformations were
known, it would be an easy matter to recover the
(equivalent) globally invariant theory: set Xm = 0
everywhere. We expect, then, that the covariant deriva¬
tive Va should collapse to the globally invariant deriva¬
tive Da = 8amDm, and that the action should reduce
to (1). It is not so clear how to effect the passage the
other way, from global to local invariance, in this par¬
ticular instance. Unlike familiar Yang—Mills theories
[9], the supersymmetry transformations mix fields
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with derivatives of other fields. For example,

5F = iei// + edF — ieyM09jU$ + ey^dOd^ip ,

or

50 = iei//, 5i//= —ieF +7Me9M0, 8F=—eyd\p.
As a first step towards construction of a covariant

derivative, we introduce the supervierbein EMA as fol¬
lows [3]:

\=EaMbM = E/dti+Eambm. (2)
Let EAM(f) denote a "flat" space, when it is possible
to set xM equal to zero everywhere. Then
W) = EaM{f)8M = Da = 5amDm . (3)
With the assumptionE^a(f) = 8^, it is possible to
read off the forms ofEM (/) and its inverse EAN( f).
In the spirit of ref. [7], we postulate a "flat" 8-space,
but leave the x-geometry undetermined:

EmA(x,6) = EmA(f). (4)
If we now consider the variation of terms such as 9 0,
it is clear that these will involve derivatives on e. For a

"covariant" derivative, it is a necessary (but alas not a
sufficient) condition that the variation of VM/4 for an
arbitrary field A does not contain these 9Me terms. As
a first guess we try the usual prescription

9p ^ dju ~~ >

where §xM = 9Me + ... , the dots indicating terms which
may become necessary. Then

? _ ?

VM</> = 9m0 - ixM^, VMl// = 9Mi// + ixMF - .

VPF = 3mf+XmT,9I/' •

Denote the part of 5 which depends on 9Me by
5 Vm^4 . Then although 5 VM0 = 0, this is not true for
the other two fields. Instead, try

VMi// = 9m \p + ixmF - 7PXMVp0
= + iXpT7— 7PXp3p0 + iyp XnXp^P ■

Unfortunately, even now

=i7p9Mexpt// .

To make 6VM\/> = 0, there would seem to be only two
available remedies:

(i) introduce new gauge fields,
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(ii) modify the original transformation laws. We
follow the second approach, and write

8'\p = 8\p + 8G\p = 8\p -iy^ex^ ;

then = 0, as desired. Thus the covariant deriva¬
tive determines the transformation law for the matter

fields, rather than vice versa. This method is strange, a
little ugly, and successful.

In order to find 8 'F, we need to consider VMF,
and guess

VmF= 9mF + xM7*V^
= 9mf + Xnt'^ +iXM7'XF
- XmtVxjA0 + ixflyxyvX\Xv>P ■

Indeed, 5'VMF = 0, so long as we adopt
8 'F— 8F + 8qF ,

where

8gF= —iey • xF + eyVx* 9v<t> - ieyXyvX\Xv\p ■

The new transformation laws may be written compact¬
ly as

8'V= [e2, V]
where

z = s + iy"exnS-hWdxvs. (5)
This demonstrates what may be termed "the failure of
minimal coupling": the passage from global to local
supersymmetry is made not by the mere replacement
of a local group parameter in place of a constant, but
an entirely new transformation law which is at least
linear in the gauge field. The resulting covariant deriva¬
tives are thus of quadratic and higher order in the
gauge field.

Apparently we can now follow the standard prescrip¬
tion, but with 2 replacing S. That is, for Da -> Va it
should be

Va = 9/90* + i(7M0)fl(9M - Xp 2) = EaMdM .

But is this derivative really covariant? For that we re¬

quire ("sufficient" condition) that the operator Va
transform according to the usual law [9] (with allow¬
ances for Fermi statistics),
5Va = (8EaM)dM = -e {2, Vfl} + (VQe)2 . (6)
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One readily discovers that the abelian law 5xM = 3Me
fails completely. If it were to succeed, we would need
{2, Va} = 0 which does not occur. Appearances are
deceiving! Equating the coefficients of 9M which are
linear in 0 leads to the requirement

5(i7M0)a =2(y"6)aey>1xv >

which clearly implies 7M = 7M(x); and hence {7M, 7"}
= 2gfJ'v(x). Thus the introduction of local supersym-
metry forces the introduction of a curved jc-space. This
well-known fact is brought out very forcefully in the
present approach. Consequently we must retrace our

steps and replace 9Mip in 5Fby D^\p = 9M — \oo^y5\p,
where coM must be taken to be

con=e~lenaepadpeaa+2iXfJ,y5yx, (7)
in order to get 5 = 0. Hence both 2 and V must be
modified, to

2a = ,Sa + i(7M9)aXMS - 500(7VXAXMS
- ii00(7w75<Va > (8)

Va = 9/90a + i(7M0) (9m - Xm2 - |com075£) (9a)

= 9/90fl+i(7M0)a(9M~V%) (9b)

= EaMdM, (9c)
where now

£-/=i(7M0)a-500(rVxa, OOa)

Eam=&am- i(7M0)uXMm
+ 500 [(7VxAx/ + SKTVWl . (10b)

which agrees with the ansatz of ref. [7] modulo differ¬
ent conventions for x^- The variation of Va is now given
consistently by eq. (6): performing the lengthy calcula¬
tion we find with 7M(x) = e^a(x)ya, that

Se/= 2ieyaxti, 5xM = 9Me - \ oyy5e , (lla,b)

5wM = 2ie_1eXpe7MZ)^Xp =0 . (11c)
Note from eq. (9) it follows that neither nor E *
contain powers of 0 higher than the first. Using the
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orthogonality properties we obtain

V =< + 2107% , V = X/ - \ coM(750)a •
(12a,b)

The action is given by

1= JEV WVd29d2x , (13)

where

E=(detEMa)(detEam)
= e + i07-Xe-56MyxM75xv00 i

or

l=^f [g^d^(pdv(p + i\pyD\p +F2

-2ixM7X7M9^0 + 5Xx7M7^XM^>/']ed2ic , (14)
which is that of ref. [7], as all the transformation laws
embodied in eq. (5) with 2 given by eq. (8).

After this letter was substantially completed, I
learned of similar results obtained in slightly different
fashions by Brink et al. [10] and Gates Shapiro [11].
I wish to thank Drs. Gates and Shapiro for communi¬
cating their results to me prior to publication and Dr.
P.W. Higgs for many valuable discussions.
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