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Abstract

Waveguides occur in a number of areas of medical ultrasonics, one

important application being in sonically-sensitive biopsy-needles. The
behaviour of the propagation of ultrasound in waveguides is not widely
understood.

A model of guided sound-wave propagation in the elastic limit, based on
Pochhammer's theory, is described. Characteristic equations for both real and
imaginary arguments are derived for isotropic solid and hollow cylindrical
waveguides and also for transversely-isotropic solid cylindrical waveguides.
These equations, which take the form of determinants, were solved
numerically. The solutions reveal that waveguides are dispersive media and
the group and phase velocities of various modes of propagation are presented.
In addition, the particle displacements of some of these modes are illustrated.

Group velocities of modes in waveguides of different material were
measured experimentally using an ultrasound pulse technique and the
experimental results are compared with theory. Attenuation of the more
dominant modes of propagation was also measured over the frequency range
0.8-5.0 MHz and the phenomenon of selective attenuation is discussed in the
light of a number of attenuation models.

A systematic study of sound conduction in a variety of waveguides of
different diameter and material media was undertaken and the effect of heat
treatment investigated. The changes in conduction introduced by the latter
are explained by changes in the internal grain structure which were observed
using methods of metallurgical analysis.

Finally, sound propagation was examined for conditions similar to those
encountered in biopsy-needle guidance techniques. Other possible
applications of waveguides in the field of medical ultrasonics are also
considered.

These theoretical and experimental studies have provided a fuller
understanding of mode propagation in waveguides used in medical ultrasonics.
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CHAPTER 1

INTRODUCTION

1.1. Waveguides

The term waveguide is used in the most general sense to describe a

medium which has the effect of guiding waves from one particular point to

another. The shape of the medium itself is not important. An electromagnetic

waveguide, for instance, consists of a central core of air or dielectric material

enclosed by a cylindrical or rectangular metallic conducting sleeve.

Electromagnetic waves, being confined to the waveguide, propagate from one

end to the other. An optical fibre is another example of a waveguide where

light waves are directed down the fibre via the process of total internal

reflection. Pipes and air passages that have the property of guiding sound

waves are often referred to as acoustic waveguides whereas solid media that

guide ultrasound are referred to as mechanical waveguides. The latter are

also called elastic waveguides for ultrasound waves that do not cause a

violation of Hooke's Law.

1.2. Uses of waveguides in medical ultrasonics

Mechanical waveguides are important in a number of areas of medical

ultrasonics. Present applications include sonically-sensitive biopsy needles

and catheters (McDicken & Anderson, 1984) and surgical instrumentation where

the transmission of ultrasound to a point is of primary interest. Other possible

uses encompass hydrophones and devices for measuring the attenuation and

velocity of sound in tissue.

1.2,1. Sonically-sensitive biopsy needles

Biopsies are performed in order to diagnose human tissue. A biopsy

needle consists of an outer hollow needle and a stylet. The stylet is a length
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Protective epoxy rosin layer

Stylet

Figure 1.1. Schematic diagram of a sonically-sensitive biopsy needle.

(b)

Figure 1.2. Effect of attenuation dispersion. Figure (a) is the original pulse.
Figure (b) is the pulse at a later time after propagation through a material
which has an attenuation coefficient proportional to the square of the
frequency.
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of stainless steel wire inserted through the centre of the hollow needle to

prevent the entrance into the needle of unwanted tissue. After the biopsy

needle has been inserted into the body at the appropriate region of interest,

the stylet is withdrawn and a sample of tissue is syringed out through the

needle.

A technique developed in Edinburgh is used to guide the biopsy needle in

the body using ultrasound. The technique is based on the fact that the stylet

acts like a waveguide (Nicholson & McDicken, 1988b). In a sonically-sensitive

biopsy needle a transducer is attached to the end of the stylet via a brass

horn (see Figure 1.1). Ultrasound striking the tip of the stylet is guided up to

the other end where it is detected by the transducer and converted into an

electrical signal. This signal, after electronic processing is superimposed back

on the ultrasound-scan image as a flashing spot to indicate the position of

the needle tip (McDicken 8< Anderson, 1984). A sleeve of low

characteristic-impedance material surrounding the body of the stylet ensures

almost perfect reflection of ultrasound waves striking the internal surfaces of

the stylet and so reduces loss of sound through leakage. The sleeve has the

additional benefit of preventing sound waves entering the body of the stylet

and so confusing the signal from the stylet tip.

1.2.2. Surgical instrumentation

An example of a surgical instrument for transmitting ultrasound is the

percurtaneous lithotripter manufactured by the German company Wolf. This

instrument is used to break large kidney stones into smaller fragments more

easily destroyed by an extracorporeal lithotripter.
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1.3. Aims of project and format of thesis

The construction of sonically-sensitive biopsy needles and catheters has

proceeded largely on an empirical basis. It is the aim of this project to fill the

gap that currently exists in the understanding of sound propagation in elastic

waveguides used in medical ultrasonics. A more complete knowledge, which

is not available at present in the literature, will be invaluable for the future

design and subsequent improvement of devices utilizing such waveguides.

The thesis is subdivided into two main sections. The first section,

comprising Chapters 2-4, contains the theoretical treatment of sound travelling

in both solid and hollow waveguides and the derivation of the equations

modelling mode propagation. The last section, comprising Chapters 5-9,

describes the experimental part of the work and includes an experimental

verification of the theory introduced in the earlier chapters, a study of

attenuation of sound in waveguides, a comparison of the relative sound

conduction in various metal waveguides, and an investigation of the changes

observed in sound attenuation in waveguides subjected to heat treatment.

Waveguides used in the experimental work were metal wires and tubes of

external diameter less than 3 mm. Metals were chosen on account of their

ductility and generally good sound conducting properties. Wires of other

materials can not easily be obtained with such small diameters.

The studies in Chapters 7-9 were primarily concerned with trying to

discover conditions giving optimum sound transmission. Greater sensitivity

will improve the signal to noise ratio of devices using waveguides and will be

of particular benefit to the design of sonically-sensitive biopsy catheters

where long lengths of waveguide are involved. Chapter 9 contains a

comparison between a number of coupling horns. The final chapter describes

experiments examining sound propagation in waveguides under conditions
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more usually encountered in medical-ultrasound techniques and discusses the

results in the light of the findings of previous chapters. The conclusions of

the thesis are also presented in this chapter.

Before turning to the theoretical analysis of waveguides it will be of value

to look briefly at the propagation of sound in media in general and certain

factors that influence its behaviour.

1.4. Sound propagation

The stress-strain relationships are central to the formulation of the

equations describing sound propagation in solids. A stress (or force per unit

area) applied to a solid produces a corresponding strain. Strain is defined as

the extension in length of a body in a particular direction divided by the

original length in that direction. In the one-dimensional case the stress-strain

relationships are described in the elastic limit by Hooke's law where stress is

directly proportional to strain, the constant of proportionality being Young's

modulus. In the three-dimensional case the stress-strain relationships are

less straightforward and include all the elastic constants of the material. The

elastic constants, like the density, are absolute quantities and the mathematical

relationships they bear to each other have important consequences on the

physical properties of the material. The stress-strain relationships are

introduced in Chapter 2.

The basic equations describing sound propagation in elastic waveguides

are the same as those used for describing sound-wave propagation in media

of infinite dimension, the difference being the set of boundary conditions that

are necessarily imposed by the surfaces of the waveguide.
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1.4.1. Properties of solid media

Three important terms used for describing solids are: elasticity/anelasticity,

isotropy/anisotropy (or aeolotropy), and homogeneity/inhomogeneity.

i) Elasticity/anelasticity: An elastic material is one that obeys
Hooke's law. When such a material is stressed the resulting
strain bears a linear relationship to the applied stress. Most
solids are elastic for small stresses but after the stress reaches a

certain limit, dependent upon the composition of the solid,
Hooke's law breaks down. Anelasticity introduces nonlinear terms
into the stress-strain relationships

ii) Isotropy/anisotropy (aeolotropy): Many solids have a regular
periodic or crystalline structure and may be thought of as being
constructed from a basic building block called the unit cell.
Examples of such unit cells are the body-centred cube and the
face-centred cube. A consideration of the unit cell reveals that,
in general, directions in lattices constructed from such cells are
not equivalent and it is the resulting dependence of a number of
physical properties upon direction that is known as anisotropy.
Anisotropy is therefore inherent in crystal structures. The fact
that most commercial metal products appear isotropic is due to
their polycrystalline make-up. Polycrystalline materials consist of
a great number of individual randomly-orientated crystals; the
effects of anisotropy in such aggregates are averaged out and
the metal appears isotropic

iii) Homogeneity/inhomogeneity: In a homogeneous medium the
individual physical properties are the same over the whole
volume of the material. If, however, some physical properties
vary from point to point the medium is said to be
inhomogeneous

The simplest medium to deal with is one that is elastic, isotropic, and

homogeneous. This is an ideal situation but many materials approximate

closely to it. Elasticity and homogeneity have been assumed throughout the

theoretical treatment of Chapters 2-4. Both isotropy and transverse-isotropy

are dealt with. Transverse-isotropy is a special kind of anisotropy which

characterizes materials having crystal structures of hexagonal symmetry. It is

the simplest system to deal with after the isotropic case. The mathematics

required to derive equations for waveguides describing the most general

medium would be highly complex and no exhaustive treatment, as yet, exists.
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1.4.2. Dispersion

Dispersion is a phenomenon observed in pulsed-wave propagation which is

responsible for the distortion of a sound pulse as it travels through a medium.

A sound pulse consists of a number of frequency components which

characterize the pulse's bandwidth. A short pulse contains a relatively large

number of frequency components whereas a long pulse contains

correspondingly fewer frequency components. Dispersion arises when these

various frequency components are affected differently by the medium through

which the pulse propagates. Two main mechanisms of dispersion are

attenuation dispersion and velocity dispersion.

1.4.2.1. Attenuation dispersion

When sound passes through a medium it undergoes attenuation. The

exact nature of attenuation is not fully understood and often several processes

are involved at the same time. Attenuation in solids is discussed in further

detail in Chapter 6. Various mechanisms of attenuation in biological tissue are

listed by Evans (1986).

The attenuation of sound in most media is frequency-dependent; higher

frequencies being, in general, attenuated more rapidly than lower frequencies.

The various frequency components constituting the pulse will therefore all

suffer different amounts of attenuation when propagating through a medium

and the shape of the pulse itself will change. Indeed, as the pulse propagates

the higher frequencies will be damped out more rapidly leading to a narrower

frequency bandwidth, a resultant stretching or hardening of the pulse (Hill,

pp. 206-207, 1986), and an effective decrease of frequency (Evans et al., 1988).

Figure 1.2 shows the effect of attenuation dispersion on a pulse of sound, for

a squared frequency dependence of attenuation, after travelling some arbitrary

distance xQ. Figure 1.2a is a typical pulse of the form:
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(AQt2\ A yl I A 2)k "'sin(u;/)

where AQ, Ay A2, and a are arbitrary constants, I is time and w is the angular

frequency. Figure 1.2b was obtained by taking the Fourier Transform of the

pulse, multiplying by an attenuation factor of the form exp(~bw2x) in the

frequency domain, where b is an arbitrary constant and x-x0 is the distance

travelled, and taking the inverse Fourier Transform.

1.4.2.2. Velocity dispersion

Pulse distortion also occurs when the velocity of sound is dependent upon

frequency. Surface waves in water are a classic example of this type of

dispersion. The term group velocity is used to describe the velocity at which

the pulse as a whole travels and is generally equal to the velocity of energy

propagation. In contrast, phase velocity is the term used to describe the

velocity at which points of equal phase travel. If these two velocities are

unequal the system is dispersive. If the phase velocity is greater than the

group velocity the dispersion is called normal, if the contrary is true the

dispersion is called anomalous.

The difference between group and phase velocity may be appreciated by

considering the superposition of two plane waves of slightly different

frequency v-| and v-] and wavelength A1 and A2. If the waves are described by

the functions <}>n and 4>2 such that:

<j>1 - a COS [(k+ Ak)x~(w-\-Aw)t), (j>2 ~aCOS [(k-Ak)x-[w~Aw)t ]

where k I Ak and k~Ak are wave numbers corresponding to 2t\/A^ and 2tt/A2

respectively, w-\ Aw and w~Aw are the angular frequencies 2ttVi and 2ttv2

respectively, a is an arbitrary constant, x is the displacement, and t is time,

then their superposition is:
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(j>1 | <J>2 2ucos[2-n(kz-wL) )cos ( 2tt( Akx-Awl)) (1.1)

The graphic representation of Eq. (1.1) may be seen in Figure (1.3). The

second cosine term in Eq. (1.1) describes the shape of the envelope while the

first cosine term contains information concerning the carrier wave which is

amplitude modulated by the envelope.

The envelope propagates with velocity U, called the group velocity, where:

U = Aw/Ak

In general terms, if Aw and Ak are small, the group velocity may be written:

The velocity with which the carrier wave propagates (V) is called the phase

velocity where:

Using Eqs. (1.2) and (1.3) the group velocity may be written in terms of the

phase velocity:

U = dw/dk = d{Vk)/dk = V+k{dV/dk)

If V is constant, i.e., if w has no functional dependence upon k, then the group

velocity and the phase velocity are equal and there is no dispersion. If there

is a functional dependence of w upon k, dispersion results. Figure 1.4 shows

the effect of velocity dispersion on a pulse of sound. Figure 1.4a is a pulse

constructed from the superposition, at time zero, of a number of sine

waves—of the form sin(fcr)—whose wavelengths differ only slightly from each

other. Figure 1.4b is the pulse some time later constructed from the

superposition of waves of the same wavelength as above but of the form

U — dw/dk (1.2)

V=w/k (1.3)
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Figure 1.3. The superposition of two waves of slightly different frequency.

(b)

Figure 1.4. Effect of velocity dispersion. Figure (a) is the original pulse,
constructed from a number of sine waves of different wavelength. Figure (b)
is the resultant pulse after phase differences have been introduced into the
individual sine waves used in constructing the pulse in Figure (a).
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sin(kx-wt) where w has a dependence upon k such that w sinh(4A:). Each

individual sine wave has therefore travelled a different distance (on account of

their different velocities) and the resultant pulse is distorted.

1.4.3. Effect of the shape of medium

In metals the effects of attenuation dispersion and velocity dispersion are

negligible and a sound pulse can propagate relatively undisturbed. However,

the particular shape of the medium can turn an otherwise nondispersive

medium into a dispersive one. This is the situation arising in waveguides.

Two types of wave may propagate in isotropic materials—longitudinal

waves (also called dilatational waves), and shear waves (also called transverse

waves). Longitudinal/dilatational waves have particle displacements parallel to

the direction of propagation, whereas shear/transverse waves have particle

displacements perpendicular to the direction of propagation. In general,

reflection of either one of these waves at a boundary of the material results in

the generation of an additional wave of the other type. A waveguide has

boundaries situated close together and it is the superposition of these various

waves that causes velocity dispersion. This effect is discussed further in

Chapter 4.
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CHAPTER 2

BASIS OF MECHANICAL WAVEGUIDE THEORY

2.1. Introduction

Problems involving wave transmission are often solved by applying an

appropriate set of boundary conditions to solutions of the wave equation. The

wave equation for a pressure wave is derived from the stress-strain

relationships and the equations of motion, both of which are introduced in this

chapter.

Since an understanding of waves propagating in waveguides draws from a

knowledge of the behaviour of waves in media of infinite extent, this chapter

concludes by studying the effects of substituting a plane wave solution into

the equations of motion for a variety of media.

Before approaching the three-dimensional case, however, it is useful to

recall the analysis of a wave propagating in a two-dimensional solid elastic

bar.

2.2. One-dimensional wave equation

A B

ux | ( lrux+6x(dux/Zx)
" ~~] "* *1

l I
x x \ 6x

Figure 2.1. Pressure wave travelling in a bar.
If AB represents a thin segment of width Sz in the solid bar (Figure 2.1)

and A. originally located at a point x, is displaced by some wave to a position

z+uz at time t, i.e..

f(x.t) - x+ux
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B will be displaced to a position given by f (x | 6z,/,). Using Taylor's theorem

and assuming that 6z is small enough for higher orders to be neglected,

f(x+&x,t) - /(z,f)t6z/ '(x,t)

The new position of B will be, (Blitz, p. 12, 1963):

X+ 6z | ILX1 Sz( Su^/Sz)

The overall extension is therefore (3uz/3z)6z , giving rise to a strain 3tiz/3z.
There will similarly be a net force (S/^/Sz) 6z acting upon the segment, which,

by Newton's second law, must be equal to the inertial force of the segment,

pS&x{d2ux/dt2)

where p and S are the density and cross-sectional area of the segment

respectively. Thus:

(3Fz/3z) = p5(32uz/3f2) (2.1)

Hooke's law states that, in the elastic limit of a material, stress is proportional

to strain, and for a strain 3uz/3z the corresponding stress will be /?(3ux/3z),
where E is Young's modulus of elasticity. The force Fx produced by this

stress is:

Fx = $E( dux/dx)dS = ES ( 3uz/3z)

which, when substituted back into Eq. (2.1), yields the familiar one-dimensional

wave equation:

c2b(Z2ux/dx2) = 32«x/3f2

and cb is the bar velocity equal to (/?/p)1/2. The bar velocity is the velocity of

propagation of a wave which causes a strain only parallel to the central axis of
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the bar.

2.3. Generalized Hooke's law

In reality, a force applied along the central axis of a bar results not only in

a strain parallel to the central axis but also in strains perpendicular to it.

These considerations led Cauchy to a generalized law of elasticity.

For the three-dimensional problem it is helpful to examine the stresses

acting upon the faces of a small cubic element under static equilibrium

(Figure 2.2). The assumptions are made that the stress is homogeneous

throughout the element and that body forces, such as gravity and magnetic

forces, acting on the volume element are negligible.

The stresses may be resolved into two components; a normal stress tZj

perpendicular to the faces of the cube and a shear stress x,j (i j) lying in
the plane of the various faces (where i,j=x,y,z). The latter may be further

resolved into two components lying along the coordinate axes. The first

subscript denotes the coordinate axis normal to the plane on which the stress

acts and the second subscript, the direction of the stress.

It is therefore apparent that nine components of stress are required to

describe the state of stress at a point. However, assuming that the volume

element is small enough to allow negligible change in stress over the faces,

the summation of moments about the various axes provides the relationship

= (i j=j), (Dieter, 1961), and the nine components of stress are reduced

to six1.

'The validity of this relationship is in question (Hearmon, p. 3, 1961), but it is almost invariably
assumed to be true.
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z

X

Figure 2.2. Stresses acting upon the faces of a volume element.

Figure 2.3. The three isonormal waves associated with the common wave
normal n.
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The displacement of a point, originally located at (z, y, z), to a position:

(z-f ux , y+v-y , z+uz) results in a neighbouring point (z | 6z, y I 6y, z I 6z), where
Sz, <Sy, and Sz are small, being displaced to a position

(z+Uj.T Szt 6ux, y I tt + 5y I 6u^, z+u2+Sz+Su2)

and, (Kolsky, 1953),

6ux - ( 9ux/9z) Sz f ( 9ux/9t/) Si/| ( 9ux//9z) Sz

&iLy - (duy/dx)&xj(duy/dy)&yi(duy/dz)&z
Su2 — ( 9u2/9z) Sz+( 9u2/9,y) Sy | ( 9u2/9z) Sz

The partial derivatives in the equations above may be defined such that:

9ux/9z = zxx , (9ux/9z)+(9u2/9z) = 2eX2 = 2e2X

dUy/dy — Zyy , ( dUy/dx) +( 9uz/9j/) — 2 — 2 £yZ (2.2)
9u2/9z - c22 , ( 9u2/9j/) I ( Zuy/2z) =- 2zyz = 2e2y

and it may be shown (Kolsky, 1953; Redwood, 1960) that the quantities zxx ,

zyy, and e22 are extensional strains parallel to the z, y, and z-axes respectively,
and zxz, zxy, and zyz are shear strains.

Written in tensor notation, Eqs. (2.2) take the more elegant form

(Achenbach, p. 50, 1973):

2zzz— u• •+u (2.3)lJ i,] j,i

where the subscripts i,j take the values 1,2,3 corresponding to z, y, z, and the

term uz- • signifies the derivative 9uj/9z • ; xv x2, and z3 refer to z, y, and z

respectively.

According to the generalized Hooke's law, the six components of stress are

related to the six components of strain (Love, 1927) by the equations:
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Txx c 11 exx ' r12£yy ' c 13£Z2 ' 14£yz ' I 2r

Tyy c21£xx' c22£yy ' c23£22 ' 24ey2"'"^c25£2^ ' ^c26exy

Tzz = r31 exx I <732£yj/' c33£22^ ^r34£J/2^"^C35£2Z^ ^r36ext/ (2-4)

Tyz c41£xx' c42£yt/ c43£22 ' ^c44£t/2"^ ^c45£2X+46£xy
T2X c5i exx+c52£yyc53£22 ' ^c54£yz^" 55£2X^ ^c56£xy

Txy ~ C61 £zx+c62£yy "'~c63£22~' ^c64£y2~^^<:65£2a:"' 66£ify

cij (i'j =1-2 6) are the elastic constants of the medium2. In general terms,
this law may be expressed by the statement (Love, p. 97, 1927):

Each of the six components of stress at any point of a body is a
linear function of the six components of strain at the point.

Love shows that for an adiabatic change of state (assumed true for small,

rapid vibrations) a strain energy function W exists. This function represents

the potential energy per unit volume stored up in the body by the strain such

that:

2W — txx£-xx~>r Tyy £yy~'" "^zz^-zz^ Tyzey2+ T,^xezx^ Txyexy

It has the properties:

Tij=dW/dZij. (i,j = x.y.z)

Using Eq. (2.4) and performing the partial derivatives it may be seen that, for

this function to exist, the elastic constants must obey the relations:

cij=cji■ {*•]'= 1'2 6)

and the number of elastic constants is reduced from 36 to 21.

2ln Eqs. (2.2) and (2.4), where 2(i j= j ) appears. Love uses the notation £jj . The
substitution has been made for convenience of future notation.
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2.4. Equations of motion

The equations of motion in a three-dimensional solid are derived by

considering the variation of stress, caused by some wave, across the faces of

a small volume element (Kolsky, Chap. 1, 1953). Assuming homogeneity of

stress throughout the element and absence of body forces acting upon the

element the equations may be written in the form:

p(82«x/3<2) = (9Tzz/9x)+(9Tyz/9j/)+(9T2Z/92)
p (Z2uy/dt2) = (dTxy/dx)-\-(dT:yy/Zy)+(dTzy/dz)
p(92«2/9f2) = (9TX2/9x)+(3xy2/9j,)+(9TZ2/92)

or, as the tensor equation (Achenbach, p. 53, 1973):

p«j = ~ ^ij,j (2-5)

where i,j take the same values as above, ut- signifies 32u /9f2, and the

convention is used in which a repeated subscript implies a summation.

2.5. Anisotropic media

A physical insight into how waves travel in a medium may be obtained by

introducing into the equations of motion (Hearmon, 1961) a plane wave of the

form:

u = Aexp((2t\i/A)(niZ+n2y+n3z - cyt)) (2.6)

where u{ux,uy,u^ is. the particle displacement vector, A_(Ax,Ay,Az) is a
displacement vector, A is the wavelength, nv n2, and n3 are the direction

cosines of the normal of the wavefront, and is the phase velocity.
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The three Christoffel equations:

(ril_Pcp2)/1i+^i2y4y+ri3/1z = 0
ri2^z+( r22_Pcp2)^y+r23^2 = 0

ri3^x+r23y42/+(r33_Pcp2)'42 — 0

(2.7)

are obtained by substituting Eqs. (2.4) and (2.6) into Eq. (2.5); r,y are the
Christoffel stiffnesses, defined by the relations (Musgrave, p. 84, 1970):

rH — c 1 ini+c66n2~'~c55n3+c56^n2n3~'~c15^n3n1~'~c16^n1n2

^22 — c66n1^c22n2^c 44n3~'~c24^n2n3^C46^n3n1^C26^n1n2

r33 = c55nl"'"c44n2^c33n3^"c34^n2n3^"c35^n3nl"'~c45^n1rl2

^23 — c5grr-| Tc24w2 ^ c 34w3^(c23^ c44)'l2fl3^(c36^c45^rl3fl 1 ^(c25^c46^ 1^2

r!3 = c15,l1+c46n2^~c35,l3~'~(C36"'~c45)n2R3~Hc13~'"C55)n3n1~Kc 14+c56)n1n2

^12 = c l6n1~'~c26n2~^c45n3~Kc25~l~c46)n2n3~Hci4~'~c56)rl3n1~Hci2~'~c66)n1n2

(2.8)

and rjj— ^j{•

The set of equations (2.7) may be written as a determinant of the

coefficients Ax. Ay, and Az. The only nontrivial solutions are those for which
the determinant is equal to zero:

r-n-pcl 12 13

'l2 r22 Pcp
13 23

23

33" r--p^33 PC

= 0 (2.9)

Since Eq. (2.9) is a cubic equation in pc^ , c2 can take three distinct values. In
physical terms this means that, for any given direction of the wavefront

normal nv n2, n3, there generally exist three waves. Each of these waves has
a different phase velocity which is dependent upon the density of the medium,

the elastic constants, and the crystallographic direction of the wavefront

normal itself. The three waves are isonorma! since they share the common
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wave normal n,, n2, n3. Their displacement vectors—which will be called AQ,

A-\. A2—although mutually perpendicular, are not necessarily parallel or

perpendicular to the wavefront normal (Figure 2.3). This implies that the

waves are neither purely longitudinal nor purely transverse and so derive the

names quasi-longitudinal and quasi-transverse (Musgrave, 1954a). The wave

which has a displacement vector making the smallest angle with the wavefront

normal nv n2, n3 is called quasi-longitudinal whilst the other two are called

quasi-transverse.

A number of axes and planes of symmetry exist in most crystals and the

number of elastic constants required to define the elastic properties may be

further reduced from 21. Of all the crystal structures the simplest two, apart

from the isotropic system, are the hexagonal and cubic structures.

Conveniently, it transpires that these are the two most important systems for

the study of metals.

2.5.1. Hexagonal system

In the hexagonal system there are five independent elastic constants;

namely, c1l# c12, c13, c33, and c44. The constants c66, c1v and c12 obey the

relationship:

c66 = (cn-ci2)/^ (2.10)
In addition,

c22=c11' c 23=c 13' c55=c44

The remaining elastic constants are all equal to zero:

c 14=c 15=c 16=c 24=c 25~c26=c 34=c 35=c 36=c45=c 46=c 56~® (2.11)

The stress relationships (2.4) become:

Txx ~ c 11 eza:+ci2ej/y"^c 13e^2 ' Tzy = (cii_ci2)£zy
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IV ~~ c12e:EE~'~c11^t/y^c13ezz ' ^yz ^r44et/z

Tzz = ci3(exz^ eyy) ' c33£zz ■ ^ zx ~ ^c44ezz

Love (1927) has shown that if both the conditions of Eqs. (2.10) and (2.11)

are true, the strain energy function—introduced in Section 2.2—is unaltered by

a substitution of the axes used in describing the stress-strain relations which

corresponds to rotation through any angle about the principal or z-axis. For

this reason, hexagonal structures are often called transversely-isotropic. This

property of transverse isotropy makes the hexagonal structure the simplest

structure, next to the isotropic structure, to deal with. Figure 2.4 shows the

direction of the principal axis in relation to a hexagonal structure.

Substituting the relevant elastic constants into Eq. (2.8) the Christoffei

stiffnesses become:

F11 c 11"i~l~c66n2^c44n3 ' ^23 (c 13~'-C44)rl2'l3

r22 = c66n1~'~C11n2~'~c44n3 ' ^13 ~ (c13+c44)n1n3

r33 = c44(n1~'~n2)~'~c33n3 ' ^12 — (cl2^~c66)n1n2

and Eq. (2.9) may be factorized (Musgrave, 1970) into a linear equation:

if-(([cli-c12]/2)-C44)(1-n|) = 0 (2.12)

and a quadratic equation:

H ~//(n3(c33- c44) l (1-n3)(c11~ c44) )
+«3( 1 "113) ((c 1 c44)(c33~ C44)_(C13+C44) ) = 0 (2-13)

where H — p- c44. Since Eqs. (2.12) and (2.13) contain the single direction
cosine n3 the phase velocities of the three individual waves have a directional

dependence only upon the angle that the wave normal makes with the z-axis.

Figure 2.5 illustrates the phase velocities of the waves, calculated from
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z

Figure 2.4. Diagram illustrating the position of the principal axis in a
hexagonal crystal structure.

phase velocity along 2-axis x103 ms 1
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Eqs. (2.12) and (2.13), plotted as a function of the angle a from the z-axis. The

figure describes what have been called wave velocity surfaces —the surfaces

are obtained by rotating the curves about the z-axis.

It may be shown (Musgrave, 1954b) that one of the velocity surfaces,

described by Eq. (2.12) and labelled 5'1 in the figure, is always purely

transverse. Musgrave also proves that, in the x-y plane, the longitudinal

wave (L) is purely longitudinal and by reason of this the other transverse

wave (S2) is purely transverse. In addition, for transmission along the z-axis
the longitudinal wave is again purely longitudinal propagating with a velocity

(c33/p)1/2 and the transverse waves, 51 and S2, have velocity (c44/p)1/2
(Mason, 1958).

2.5.2. Cubic system

The three elastic constants c1v c12, c44 describe the elastic properties of

cubic systems—cll=rc22=C33' c12=c13=c23' C44=C55~C66' 3nC' °ther
constants are equal to zero. The stress relationships (2.4) simplify to:

T-xx = c 11 ez:E~l"ci2(ej/y"^ezz) ' Txy = 2c e*-L
44 xy

= c 11 £yy^ci2( £xx~^~ £zz) •
H

«ci
II 2c E

44 yz

Tzz — c 11 ezz+ci2( ex2fl~ eyt/) ' Tzx = 2c e*-L 44*-ZX

Although the relationship given by Eq. (2.11) is true for these structures,

the condition of Eq. (2.10) is not and expanding Eq. (2.9) reveals that the

equations of motion remain coupled, (Hearmon, 1961):

II ~II (c11~c44)+ //n (C11~C12-2C44)(C11+C12)
_n1n2n3 (c11—c12—2c44) (c1 1+2c12+c44) = 0

where H = pc2 -c44, and n' = n2n3+n3n2+n2n2.
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2.6. Isotropic media

As a consequence of every plane being a plane of symmetry in isotropic

structures, and every axis being an axis of symmetry, only two constants are

required to define the elastic properties. These are known as the Lamd

constants X and p; p is also called the modulus of elasticity in shear or the

modulus of rigidity.

The elastic constants in terms of the Lamd constants are:

c 12 ~ C13 = c23 = ^ ' C44 = c55 = c66 = ^

C11 = c22 = c 33 = ^+^P

The other twelve constants are equal to zero and the stress-strain expressions

(2.4) become:

xx — XA+2pe23. , x2y 2\icXy
T
yy XA-\-2]lCyy , Ty£ 2\i. £.y£ (2.14)
T„ = XA+2pe„ , Tzx = 2\iczx

where A is the dilatation or volume strain since for small strains:

^ ~ ^xx~^~ ^-zz =—(2-15)

V is the gradient operator del'.

V = Tx( 8/8x)+ t (8/8y)+?2( 8/8z)

and tj., iy, and %z are unit vectors in the x, y, and 2 directions.

The Christoffel stiffnesses are, from Eq. (2.8):

T11 = (X+2p)n^+ pn2+ PI3 = (X+pn^)+ p (since n\+n\+n\= 1)

^*22 = Un^+( ^+2p)n|+ Pn3 — ( Mr1!)"!" V
^33 = pri^+pn2+( X-E2p)n3 — (X+pn|)-Tp
r23 — (Xf p)rj2n3 , Ti3 — (X+p^ng , T12 = (X I p)n.,n2
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In isotropic media, one of the three isonormal waves always has a

displacement vector coincident with the wavefront normal (Fedorov, p. 94,

1968) and is therefore a purely longitudinal wave. Owing to the orthogonality

of the displacement vectors of the three waves the other two waves must

necessarily be purely transverse, and the determinant form of Christoffel's

equations (2.9) reduces to:

((\+2p)-pC/2)(p-pc2)(p-pc22) = o

The equations of motion are therefore separable into three wave equations;

one describing a longitudinal wave of velocity C[ = ((A + 2p)/p)1/2, the other
two describing transverse waves of velocity cS]=cS2=(p/p)1/2. The transverse

waves are said to be be orthogonally polarized (Eliot & Mott, 1968) since they

propagate with the same velocity in the same plane and may be considered to

form one independent wave.

The tensor form, (Achenbach, p. 53, 1973), of the stress-strain relations in

isotropic materials, Eq. (2.14), is:

tij = ^ukk&ij+ (i.j = 1,2,3) (2.16)

where 6,;y is the Kronecker delta (equal to 1 for i=j and 0 for i/=j ) and the
subscripts 1,2,3 correspond, as before, to x. y, z.

Following the same procedure used in Section 2.2, Eq. (2.16) may be

differentiated with respect to xj(x, y, and z) and, in conjunction with Eq. (2.3),
Eq. (2.5) becomes:

Xuk,kj6ij+V(ui,jj+uj,ij) = (*= 1'2'3)

Since A: is a dummy variable

l+y(u-^) = Pu{
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which, if expanded, is:

p(92uz/8<2) = (X+p)9A/3x+pV2U;(.
p(32uy/9<2) = ( X+ p) 9A/3t/+ uV2«y
p(92u/9f2) = (X+p) 9A/92+ pV2«z

or, in vector notation:

pv2«+( x+p) v v.u = pu (2.17)

where V2 is the Laplacian,

V2 = ( 32/9Z2)+( 92/9J/2)+( 92/9Z2) (2.18)

Whereas the equivalent analysis for the one-dimensional case provided the

one-dimensional wave equation, the result of extending it to three dimensions

is the equation (2.17) in which all three components of the displacement

vector u are coupled with one another.

In order to obtain uncoupled wave equations it is necessary to express the

displacement vector in terms of derivatives of a scalar function and a vector

function.
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CHAPTER 3

SOLUTION OF WAVE EQUATIONS

3.1. Isotropic conditions

Owing to the greater degree of complexity of the equations for anisotropic

media, only the hexagonal crystal structure will be discussed as an example of

wave propagation in anisotropic waveguides and this is dealt with in

Section 3.2. Until then, however, isotropic media are assumed and the validity

of this assumption will be appreciated in the light of experimental results.

3.1.1. Helmholtz's theorem

Helmholtz's theorem states that any vector field which is finite, uniform,

and continuous, and which vanishes at infinity may also be expressed as the

sum of the gradient of a scalar <t> and the curl of a zero-divergence vector 41

(Morse and Feshbach, pp. 52-54, 1953).

The displacement vector « may therefore be written in the form:

u = V<t>+M (3.1)

where,

M = 0 (3.2)

The scalar <{> and the vector are referred to as the scalar potential and the

vector potential respectively.

Substituting Eq. (3.1) into Eq. (2.17):

uV2(y<HVx4i)+(x+u)vv.(v<HVx4)) = p(92(v<j>+vx4j)/9f2)

or, since V.V<j>=V2<t>, V.Vxi|j=0, and curl commutes with V2 and p(92/9f2),
(Waldron, 1969):

„y((X+2p)V24>-p(92$/9f2))H Vx(pVVp(92V9'2)) = 0
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which is satisfied if the potential functions <J) and ^ are solutions of the

equations:

and Eqs. (3.3) and (3.4) are the uncoupled wave equations. The velocities c^

and c are, as previously, the longitudinal or dilatational and the shear or

transverse wave velocities respectively.

It may be noticed that the same form of the wave equation as Eq. (3.4) is

also obtained by setting V.u=0 in Eq. (2.17) (Miklowitz, pp. 57-58, 1978). Since

the dilatation A is equal to V.u from Eq. (2.15) these waves introduce no

volume strain and are therefore called equivoluminal waves. Waves described

by Eq. (3.3) are, in contrast, called dilatational.

3.1.2. Wave equations in cylindrical coordinates

For the sake of mathematical simplicity the equations in the preceding

sections were written in terms of a Cartesian coordinate system. However,

owing to the invariance of any physical phenomena under a change of

coordinate system, these equations must similarly hold for cylindrical

coordinates. Cylindrical coordinates are the most useful coordinates for

dealing with cylindrical waveguides. The Laplacian of a vector is defined by

the identity:

V24> - (1/c/2)(32<t)/3f2) , c, = ((X+2p)/p )1/2
V2* = (1/c2)(32V3<2) , ca = (p/p)1/2

(3.3)

(3.4)

V2i! = VV.ife - Vx(M)

which expanded in cylindrical coordinates becomes:

V2^ = i ( V2V(*r/r2M2/r2)( 3^0/36))
+re(v2^e-(ijJe/r2)+(2/r2)(3V3e))+^v2^
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The wave equations in cylindrical coordinates are therefore:

V2^-(^r/r2)-(2/r2)( 9410/30) = (1/c2)( 92iPr/9<2) (3.5)

v2*e-(4Je/r2)+(2/r2)( 34V/36) = (1A2)( 32*0/3f2) (3-6)

V2^ = (1/CJ)(32V^2) (37)

together with Eq. (3.3),

V24> = (1/cf)(92<t)/3f2)

and it is observed that the equations for \|jr and i|)q are coupled.

Love (1927) gives the relationships between strain and the particle

displacements in a general system of orthogonal curvilinear coordinates,

which, for cylindrical coordinates, simplify to:

£rr = 3ur/9r , £zz = 9u2/9r , £ 0 g = («r/r)+( 1/r)( 9u 0/9 0)
2 er0 = 2 £ Qr = (9ue/9r)-(uQ/r)+(1/r)(9ur/9 0)

2£02 = 2e20 = (l/r)(3uz/3 0)+(3u0/3z) (3.8)

2erz = 2zzr = (9ur/9z)+( 9u2/9r)

where 2e,j{i -f= j), (i,j= r.Q.z), again replaces £zy used in Love's notation.

The expressions relating the components of stress to the particle

displacements are found by substituting Eqs. (3.8) into Eq. (2.16):

Trr = XA+2p( 9ur/9r), Tzz = XA+2p( 9u2/9z)

T00 = XA+(2p/r)(ur+9uQ/9r)

Tr0 = T0r = u((3u0/3r)-(u0/r)+(1/r)(9ur/90) )
T0z = Tz0 = P((1/r)(9u2/90)+(9u0/9z) ) (3-9)

^rz~ Tzr = V (( 9ur/9z)+( 9u2/9r) )
where,

A = V.u — ( 9ur/9r)+( 1/r) (( 9uQ/90) +ur ) |(9u2/9z)
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The subscripts for the stresses take on the same convention as previously, the

first subscript being the coordinate axis normal to the plane on which the

stress acts and the second subscript, the direction of stress. Using the

relevant vector identities of cylindrical coordinates, the components of u from

Eq. (3.1) become:

ur = ( 3 <t>/3r)-f-( 1/r)( 8^z/30)-( 3i|jq/3z)

uQ = (1/r)(3<J>/3e)+(3V9zH3V9') (3-10)

uz = ( 3<|>/3*)+( 3i|»0/3r)+(iPe/r)-( 1/r)( 3^/30)

3.1.3. Solution of potential functions

Expressing the scalar and the vector potentials in terms of products of

functions dependent upon the coordinate variables r, 0, z, and time, t,

solutions of Eqs. (3.3) and (3.5)-(3.7) may be derived using the method of

separation of variables (see Appendix A). Thus,

4>(r,0,z,<) 5 R(r)e(Q)Z{z)T(t)

\|)j(r,Q,z,t) = Ri(r)Qi(Q)Zi{z)Ti(t), (j'=r.0,z), (t = 1,2.3)

where R, 0, Z, and T are functions solely dependent upon r, 0, z, and t

respectively. Substitution of these expressions back into Eqs. (3.3) and

(3.5)-(3.7) provides the following solutions for the potential functions:

4) = AOn(pr jei^z-wt + n 0)
i)z = BOn{qr)ei{kz-wt+nQ)
lPr= [C,On_,(qr)+C2On+,(qr))s\n(nQ)ei{kz-wt) (3.11)

^0 = iC^n-M-C20n+M)cos(nQ)el{kz~wt)

The constants A, B, Cy and C2 are arbitrary and n, k, p, q, and w are the

separation constants; k being the propagation constant or wave number (2tr/A,

where A is the wavelength), w being the angular frequency (2ttv, where v
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symbolizes frequency), and n taking integer value in the range 0,1,2,The

quantities p and q are related to k and w through the identities:

where and cs are defined in Eqs. (3.3) and (3.4). The function On is the

general solution of Bessel's differential equation:

where and A2 are arbitrary constants, Zn are Bessel functions of the first

kind, equal to Jn for real arguments and to the modified Bessel function / for

imaginary arguments, and Wn are Bessel functions of the second kind, equal

to Yn (Weber or Neumann functions) for real arguments and to the modified

Neumann functions Kn for imaginary arguments.

The constraint equation (3.2) provides a complicated expression relating the

constants of the components tyz, ipg, and iJj2 of the vector potential. A simpler

expression is provided, however, by recalling that the most general vector field

is specified by only three scalar functions of position (one for each component

of the vector). The displacement vector u , defined by Eq. (3.1), is therefore

specified completely by three constants; consequently, either C1 or C2 in

Eq. (3.11) may be set equal to zero without loss of generality (Mason, p. 131,

1964; Miklowitz, pp. 62-63, 1978). In this analysis C1 will be set to zero.

Eqs. (3.11) are the general solutions, in cylindrical coordinates, for a wave

travelling in a homogeneous, isotropic, elastic material. In order to satisfy the

boundary conditions for an unstressed cylindrical waveguide the solutions take

the form (Mason, 1964):

p2 = (w/ct)2 - k2
q2 = (w/cs)2 ~ k2

(3.12)

(3.13)

°n(x) = AlZn(x)+A2Wn(x) (3.14)
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<}> = f(pr)cos{nQ)e*l,kz~w^
\\iz = gz(qr)s\r\(nQ)e^kz~w^

~ gr{qr)s\r\(nQ)el{kz~wt) (3.15)

ip 0 = -gr(qr)cos{nQ)el^z'wt)
where:

f{pr) = AOn(pr)

g^qr) = BO n[qr) (3.16)

griir) = con+M

and A, B, and C are arbitrary constants. An alternative set of solutions may

be obtained by interchanging the cosine and sine functions in the equations

above (Achenbach, 1973).

Substituting Eqs. (3.15) into Eq. (3.1) gives:

ur = [f'(pr)-\rikgr(qr)+(n/r)gz(qr))cos(nQ)et{kz~wt)
"0= [-{n/r)f{pr)+ikgr(qr)-g,2{qr))sin(nQ)e1{kz~wt) (3.17)

uz = [ikf(pr)-[(n+1)/r]gr(qr)-g'r(qr) )cos(nQ)e^kz~w^

where f\pr)= 9/(pr)/3r, i.e., the partial derivative of f(pr) with respect to r.

3.1.3:1. Solid waveguides

A circular waveguide of infinite length and of radius a is considered, the

surface of which is free from stress. It follows that the components of stress

acting perpendicular to the surface of the waveguide at the radius must be

equal to zero. In this case the particle motions are unrestricted. If the

surface of the waveguide were clamped rigidly along its length the converse

would be true with the particle displacements at the surface being equal to

zero and the stresses being unrestricted (Waldron, 1969). The boundary

conditions for the solid waveguide with free surfaces are therefore:
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Trr I r=a ~ T0rlr=a ~~ Tzr\r=a ~ ® (3-18)

A further condition in the mathematical treatment of solid waveguides is

that the Neumann functions included in Eq. (3.15) must be disregarded if the

solutions are to remain finite at the centre of the waveguide.

Upon substitution of the particle displacements from Eqs. (3.10) and the

potential functions from Eqs. (3.15), the stress relations for xrr, XQr, and x2r

from Eqs. (3.9) become:

Trr = (~Mp2+*2)/(Pr)
+2p[/"(pr)+i%;(<?r)+(n/r2){r^9r)-<?2(9r)}]]cos(n0)el'(^-^» (3.19)

T0r = u((-2n/r2)[r/'(pr)-/(pr)]
-(»V'-)[(»+1)M?O-'-ff;(?OH2(,;'(?r)+92ff2(gr)])sin(n0)el'«^> (3.20)

Tzr = v[2ikf{pr)-(n/r)g'r(qr)
~\{{n2+n}/r2)+kWbr{<ir)+[inkgz{qr)/r])cos{nQ)ei{kz-wt) (3.21)

Inserting the expressions for the functions f{pr), hr(qr), and hj^qr) from

Eqs. (3.16) into (3.19)-(3.21), the boundary conditions take the form:

(^3[(X/2p)(p2+A:2)r2-+-(pr)2-n2+r2,|i(pr)]+51[nZn(gr)-nr^(gr)]
-C3ikr2Z'n+^(qr))cos{nQ)e^z'wt) =0, at r = a

( A 3l2nZn( pr) -2nrZ'n( pr) ]+B^[-{2n2-(qr) 2}Zn(qr)+ 2rZ'n(qr) ]
-C3ikr[(n+1)Zn+^(qr)-rZ'n+^(qr)])s\r\[nQ)e*^z~wt^ =0, at r = a (3.22)

( A 32irkZ'n( pr)+B1 iknZn(qr) ~C3nZ'n+1 (qr)
+C3{'\/r)[{n2+n)+r2{k2-q2)]Zrl+,(qr))cos{ne)eilkz-wt) = 0, at r = a

where Z'n(pa) is the partial derivative of Zn(pr) with respect to r at r—a and

A3, Bv and C3 are arbitrary constants. The quantity (X/y) in the first of the

equations above may be found in terms of the separation constants p and q

using Eqs. (3.12) and (3.13) and the expressions for and cs from Eqs. (3.3)
and (3.4):
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X/p = {<i2-k2-2p2)/(p2 \ k2)

Eqs. (3.22) may be written as a determinant of the coefficients of Bv and

C,. After a number of matrix manipulations (summarized in Appendix B) this

determinant becomes:

Qa~n2+Xn(Pa) -2n+2nXn(qa) n2-{qa)2~Xn[qa)
-n-\-nXn(pa) -2n2-^(qa)2+2Xn(qa) n~nXn(qa) •= 0 (3.23)

~Xn{Pa) n (~Qa/ (ka)2)Xn(la)

where Qa=[(qa)2-(ka)2)/2 and Xn(pa)-aZ'n{pa)/Zn{pa).

3.1.3.2. Hollow waveguides

Whereas the Neumann functions in Eq. (3.14) must be discarded from the

solutions in the case of the solid waveguide in order to retain continuity of

the solutions at the centre of the waveguide, they are required for the case of

the hollow waveguide.

The boundary conditions that apply to the surface of the solid waveguide

Eq. (3.18) now apply to both the internal and external surfaces of the hollow

waveguide (Gazis, 1959a):

Trr I r=a,b = T9rlr=a,6 = Tzr\r=a,b = ®

where a is the internal radius and b is the external radius.

Following exactly the same procedure as that outlined in Section 3.1.3.1, a

set of six homogeneous equations in terms of six arbitrary constants is

obtained. These may again be written in the form of a determinant which is

given by Eq. (3.24) on the following page.



(Qa-n2)Zn{pa)-2nZn{qa)[n2-{qa)2)Zn{qa){Q-n2)Wjpa)-2nWn(qa)(n2-(qa)2)Wn(qa) +aZ'n(pa)+2naZ'n(qa)-aZ'n{qa)+aW^(pa)+2naW'n{qa)~aW'n(qa)
o

pr
CO ten CO

■a
CO NO

-nZn(pa)((9a)2-2n2]Zn(?a) -naZ'n{pa)

+2aZ'n{qa)

nZn{qa) ■naZ'n(qa)

-nWn(pa)((?a)2-2n2)Wn(?a)
+na^'t(pa)+2a^(?a)

nWn(ga)
-naW'n(qa)

-aZ'n{pa)

nZn(qa){-QAka)2^aZrSqa>>~aWn(Pa)
nWn[qa)[-Qa/[ka)2)aW'n(qa)

(Qb-n2)Zn(pb)-2nZn(qb){n2-(qb)2)Zn{qb)(Qh~n2)Wn(pb)~2nWn[qb){n2~(qb)2)Wn{qb) +bZn{pb)+2nbZn[qb)~bZ'n{qb)+bW^{pb)+2nbW^(qb)~bW^qb)
=0(3.24)

X
o o £

-nZn(p6)([qb)2~2n2)Zn(qb)nZn{qb) +nbZ'n{pb)+2bZ'n[qb)-nbZ'n[qb)
~nWn(pb)[[qb)Z-2n2)Wn(qb)nWn{qb)

+nbW'n(pb)+2bWn{qb)~nbW'n(qb)
-bZn(Pb)

nZn(qb){-Qb/(kb)2)bZ^(qb)-bW^pb)
nWn(qb)i-Qb/{kb)2)bW'n{qb)

whereQa=[(qa)2-(ka)2]/2,Qb=[(qb)2-(kb)2]/2,andZ'n{pa)signifiesthevalueofthepartialderivative3Zn(pr)/dratr-a.
OJ CJl
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3.2. Anisotropic waveguides

The derivation of Eqs. (3.23) and (3.24) for isotropic waveguides was a

relatively straightforward process. A set of boundary conditions was imposed

upon the relevant stress equations which were written in terms of the

solutions of the scalar and vector potentials. The solutions of the scalar and

vector potentials were found from the wave equations (3.3) and (3.4).

In anisotropic media, however, it is not possible to obtain such simple

forms of the wave equations. It was shown in Section 2.5 that the three wave

equations are coupled and therefore the task of finding solutions is made

more complex.

A number of papers exist on sound propagation in waveguides having the

simplest forms of anisotropy and a variety of methods are employed to find

solutions.

Nigro (1968, 1969, 1974) undertook a theoretical study of wave propagation

in bars of rectangular cross section having orthotropic, tetragonal, hexagonal,

and cubic structures. He found approximate solutions using the variational

method of Ritz. Solie and Auld (1973) studied elastic waves in

two-dimensional plates of cubic symmetry propagating in various

crystallographic directions and used the method of partial waves to derive

solutions. Anderson (1961) looked at the simpler case of wave propagation in

two-dimensional transversely-isotropic sheets. Morse (1954) seems to have

been the first in deriving solutions for the problem of elastic waves

propagating in a transversely-isotropic cylinder having its central axis colinear

with the unique axis of hexagonal symmetry; however, his study was limited to

longitudinal waves only. Eliot and Mott (1968), using a similar method to

Morse, extended the analysis to flexural waves and found the general solution

for both solid and hollow waveguides, Mirsky (1965a, 1965b), tackling the
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problem in a slightly different way, derived similar solutions which, though

different in form, produce identical final equations. The advantage of looking

at the transversely-isotropic medium is that one of the three wave equations

becomes uncoupled from the remaining two (see Section 2.5.1).

The stress equations of motion in cylindrical coordinates are (Love, p. 90):

pur = (3Trr/3r)+(1/r)(3Tre/30)+(3Tr2/32)+(Trr-T0e)/r

pue = (9Tre/3r)+(1/r)(9T0e/90)+(3T02/82)+(2Tr0/r) (3.25)

pUZ = (9Tr2/9r)+(1/r)(9T02/96)+(9T22/92)+(Tr2/r)

If the principal axis of hexagonal symmetry is aligned with the 2-axis of the

cylindrical coordinate system, the elastic constants (c—) are identical in the

(x.y.z) and (r,Q,z) coordinate systems (Eliot & Mott, 1968) and the sress-strain

relationships are (c.f.. Section 2.5.1):

Trr = cnerr+ci2e06~'~c13e^ ' Tr0 = T0r = 2c66£r0

T00 ~ c i2err~'"ci 1 e 0 0+c i3e22 - T02 = ^20 — 2c44 e02 (3.26)

Tzz ~ c 13! err~^ e 0 0)^*c33e2z ' ~^rz ~ ~^xr 2c44£r2

where c66 = (cn-c12)/2, and the strains in terms of the particle displacements

ur, u q, and uz are given by Eqs. (3.9).

Mirsky (1965a) assumed solutions of the form:

ur = [{d^/dr)+^/r)(d^/dQ))ei^z-wt)
"0 = ((1/r)(B<}>/9 0)-(3V9O)«lUz"Wn (3-27)

uz = s<t>et{kz~wt)

where s is an arbitrary constant. Substituting the particle displacements (3.27)

into the expression resulting from a substitution of Eq. (3.9) into Eq. (3.25)

gives:
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8 Cc 11 V24> ] [pw2~£2c44+isA:(c44+c13)]<t>)+1 9 ( c66V2\|j| ( Qw2~k2c44) \|> ) = 0 (3.28)
9r r 90

1 9 (c11V2(J)+[p«;2-A:2c44+isA:(c44+c13)]({) )-9 (c66V2i)) I (pu;2-A:2c44)\|)) — 0 (3.29)
r 9 0 9r

(sc44+^(c44+ci3) ) V2<t)+( PW2~£2C33)S4> = 0 (3.30)

Eqs. (3.28) and (3.29) are satisfied if:

c11V2<|)+( pw2-^2c44+iAfc(c44+c13) )<j> = 0 (3.31)
and

CggVVtptd2-*2^ = 0 (3-32)

For Eqs. (3.30) and (3.31) to hold, then:

s( pw ~k c33)/(sc44+2^ (c44+ci3)) — ( P^ ^ cqq-\~isk(d44~l~c -j3) J/c-j^ (3.33)

For any given value of frequency and propagation constant Eq. (3.33)

consists purely of constants and both sides of the equation may therefore be

set equal to an arbitrary constant (Mirsky, 1965a), which will be called pq.

Using the left-hand side of the equality (3.33), s may be written in terms of p^,

S = ( 1^Po(c44~Fc 13) ) / (Pw ~c 33^- —c44Po) (3.34)

Substituting for s in the right-hand side of Eq. (3.33) provides a quadratic in p2

c11c44(Po) ~ ((C 11~^C44) PW (C13~'~^C44C 13~ C11C33) )P()
+(pw2-A:2c44)(p«;2-A:2c33) = 0 (3.35)

This is the same equation that Eliot and Mott (1968) and Morse (1954)

obtained. It may be seen that under conditions of isotropy (c66—c44—p,

c13:=c12=X, c33=c11=X+2p) Eq. (3.35) factorizes into the two equations (3.12)
and (3.13).
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If the two roots of Eq. (3.35) are denoted by pv and p2 and the quantity

(pw2-k2c 44)/c66 in Eq. (3.32) is denoted by q, Eqs. (3.31) and (3.32) become:

V2<Pi+p2<Pi = 0

V2<J)2+P2<t>2 = 0 (3.36)

V24)+y2lp = 0

Mirsky (1965a) expressed the functions ip and <p in the forms below:

ip = /(r)sin(n6)

(p, = 51(r)cos(n0)

<t>2 ~ <?2(r)cos(n6)

which, when substituted into Eqs. (3.36), result in Bessel equations. Possible

solutions of /(r), and g2(r) are therefore:

f(r) = B,Zn(qr)+C}Wn(qr) E A ,0n(qr)

9 i(r) = B2Zn(Plr)+C2Wn(Pir) = A2°n(P1r)

g2(r) = B3Zn{p2r)+C3Wn{p2r) E A3On{p2r)

where By B2, By Cv C2, Cy Av A2, and A3 are arbitrary constants, Zn—Jn or

In , and Wn—Yn or Kn for real and imaginary arguments respectively.

The particle displacements (3.27) become:

«r = [A20'n(p:r)+A30'n{p2r)+(n/r)A^0n(qr) )cos(nQ)et[kz~wt]

u0 = -i(n/r)lA2On{p,r)+A3On{p2r)]+A-lO,n{qr))sir\(nQ)el{kz-wl]

uz = iklcu+cu)( Pl^2QW(Plr) + plA3°n(P2r) )CQS(nQ)eUkz-wt)
o o o o *> o

(pw ~c33k ~C44P1) ( Pv —c33^ —C44P2)

which may be substituted back into the stress equations (3.26) for xrr, tQr,

and x2r, using Eqs. (3.8) to give:
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Trr = [2nc6et(rf-f)./r2-2c66(g\+g,2)/r-\2n2c66(gv[g2)/r2
+(c11p124-i'A:c13s1)(/^-(c1lp2+iA:c13A'2)(/2) COs(n0)ez(^z~u''/)

T6r = rc66 i2f'~2ri2f/r +q2rf-2n(g\+g,2)+ 2n(gi+g2)/r)s\n(nQ)el{kz~wL) (3.37)

Tzr — cA4[(s:+ik)g\+(s2+ik)g'2+inkf/r)cos[nQ)el{kz~wL)

where s., and s2 are related to p1 and p2 through Eq. (3.34).

The boundary conditions, as previously, require that xrr, TQr, and xzr

vanish at the surfaces of the waveguide. For solid waveguides the Neumann

functions must be disregarded and Eqs. (3.37) may be written as the

determinant:

2nc66(/'a-/)

ink{

2fa-2n2f+{qa)2f

2ac66<7i+ 2rc c6651

+a2(i*c13s1-c11p2)p1

(s^+ik)ag'^

-2naj'1+ 2n</1

2acg652+2n c66<72
-Ffl (ike ^ 3^2_^ 11

(.s2+ik)ag2

-2nag'?+2ng2

= 0 (3.38)

Eliot and Mott (1968), like Mirsky, assumed forms for the particle

displacements such that:

uf = Ur(r)cos(nQ)e^kz~wt)
uq = ^/0(^)sin(r^0)e^(^z~u;^,
u = U (r)cos(nd)e*(kz~w^

They found the solution for U from the uncoupled wave equation. In contrast

to Mirsky, however, Eliot and Mott derived power series solutions for the

functions U and Uq. Substituting the series expressions for Uf and Uq and
the known solution for U back into the equations of motion they arrived at

the equations:
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U (r) _ _ (cl3+c44)Pl'40n(Plr) _ ik (cl3", c44)P2WOn(P2r) _ n2c°u(tir)
2 2 2 2 2 2( Pu* C44^" ^ 11 ^1) ( —C44^ 11 ^2)

t/QM = *'*" (c13+c44)>10n(Plr) + l*n (c13+c44)WOn(P2r) +naC0-(ar)
OOO OOO ^

r( pu> —c 44^ c 11 f 1) r( pu; ~c44^ c 11P2)

Uz(r) = AOn(pf) + BOn{p2r)

These expressions are noticeably different from those found by Mirsky but

it may be verified that upon substitution into the boundary conditions, they

yield an identical determinant. Morse (1954) found yet another form of the

particle displacements. Since he was looking at longitudinal waves' he found

the following solutions for uf and uz only:

«,= UZ'0(p,r)+BZ0(p2r)),i""-'""
«, = ('/It ^''44)l)(», !>-,/J'/) 1 «2»Z0(p2r]

where H^=pw2-c44k2-c^^p*, and H2=pw2-c4Ak2-c^^p22. However, it may again
be verified that the determinant resulting from application of the boundary

conditions is the same as one of the equations that factorizes out from

Eq. (3.38) when n is set equal to zero.

3.3. The characteristic equation

Equations (3.23), (3.24), and (3.38) are called characteristic or frequency

equations and their instrumentality lies in the fact that they contain virtually all

the information concerning the behaviour of waves propagating in the

respective waveguides.

'As in the case of isotropic waveguides, the longitudinal and torsional families of modes in the
transversely-isotropic waveguide are not coupled with each other (Einspruch & Truell, 1959).
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The variable n, which occurs in each of the three characteristic equations

described above, denotes the order of the Bessel function and may take an

infinite number of positive integer values. Following accepted terminology,

each value of n determines a particular family of waves. A special case arises

for n=0 when the characteristic equations factorize into two simpler equations.

These two equations describe two separate families of waves—the longitudinal

family and the torsional family.

In addition, owing to the fact that the characteristic equations take the

form of determinant equations, there is, for every value of n, an infinite

number of roots. The characteristic equations therefore involve a double

infinity of roots. In physical terms, this means that each family of waves has

an infinite number of modes of propagation associated with it.

For values of n>0 the families are given the general name of flexural

waves. A convenient way of referring to any particular mode uses the

notation T(0,m), L[Q,m), F(n,m) where T, L, F are the initial letters of the

respective family name, n is the Bessel function order, and m refers to the

mode number which may take integer value in the range 1,2,...,<» except in the

case of the torsional modes when it may take the additional value zero; this

will be explained more fully in the following chapter.

The propagation constant k has real, imaginary, and complex values. In

contrast to the real values, which correspond to waves propagating along the

waveguide without loss of amplitude, the imaginary values represent

evanescent waves, the amplitudes of which decrease exponentially with

distance along the waveguide, and are therefore non-propagating. Complex

values of k are considered in greater detail in Section 4.2.2.4. The variables ka

and wa/cs are important quantities which will be used extensively in the

following chapters; owing to their dimensionless units, ka is often called the
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dimension/ess propagation constant and wa/cs, the dimension/ess frequency.

They will be given the symbols £ and ft respectively, following common

notation. The real part of £ will be denoted by £ and the imaginary part, by p.

In the case of hollow waveguides, however, the symbol ft/4 will be used to

describe the quantity wh/cs, where h is the difference between the external

and internal radii or the wall thickness of the guide; similarly will be used

to describe the quantity kh. For the transversely-isotropic waveguide fta will

be used to signify the variable u>a(p/c44)1/2, where c44 is an elastic constant.

The complexity of the characteristic equations makes any analytic solution

impractical and it is therefore necessary to obtain solutions using numerical

techniques. The equations contain the four variables pa (p^a and p2a for the

transversely-isotropic case), qa, £, and ft; however, from a knowledge of any

two of these constants the values of the remaining two may be determined

using the relationships (3.12) and (3.13) for isotropic media and (3.35) for the

transversely-isotropic media. A Fortran program was written to find the roots

of the characteristic equation of the solid isotropic waveguide, and followed

the general procedures listed below (a listing of the program used to find

roots for the longitudinal modes may be seen in Appendix D):

i) A value of £ is set from an outer DCMoop

ii) A value of the product of the separation constant and radius qa is
set from an inner DO loop and assigned to the variable qav A
variable qa2 is created and given the value qa^+Sqa where &qa is
small

iii) The value of the product of the separation constant and radius pa
is calculated and dependent upon whether it is imaginary or real
the appropriate Bessel functions contained in the frequency
equation are selected

iv) The values of qay and qa2 are put into the characteristic
equation F(Z„qa) and the sign of the product F(^>,qa^)F(E>,qa2) is
ascertained. If this sign is positive it is concluded that there is
no root in the interval between qa1 and qa2 and the program
proceeds to step (vi)
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v) If the sign of the product in step (iv) is negative a root-finding
subroutine is called. The value of the dimensionless frequency is
calculated from £ and qa and is written into a file together with
the value of the dimensionless propagation constant. (The
subroutine that was used to locate roots was the /U4G-Library
subroutine C05ADF which is based on a combination of the
methods of linear interpolation, extrapolation, and bisection)

vi) The values of ya1 and qa2 are then considered to be imaginary
and a similar procedure to that involved in steps (iv) and (v) is
followed

vii) Roots are searched, using a similar procedure to that involved in
steps (iii)-(vi), for imaginary values of the propagation constant
(n)

viii) Steps (ii)—(vii) are repeated until qay has reached the maximum
value set in the inner DO loop

ix) Steps (i)-(viii) are repeated until £ has reached the maximum
value set in the outer DO loop

Roots are therefore found by scanning over a range of values of the product

of the separation constant and radius qa for each particular value of

dimensionless propagation constant £. The program used to find the roots of

the frequency equation for the hollow waveguide again followed a similar set

of procedures as above; however, in order to compute the value of the

determinant it is necessary to use a method such as Gauss elimination (Pipes,

Chap. 1, 1963; Faddeeva, Chap. 2, 1959). Gauss' technique reduces the number

of multiplications involved in calculating an ATh-order determinant from

N!(N-1) in the straightforward Laplace expansion to (N-"\)(N2+N+3)/3. For a

sixth-order determinant the number of multiplications is reduced from 3,600 to

75 (the subroutine written for Gauss' elimination technique is included in

Appendix D). The characteristic equation for the transversely-isotropic

waveguide involved three separation constants and it was easier in this case

to find roots by scanning over a dimensionless frequency range for each

particular value of the dimensionless propagation constant.

The most effective way of displaying the roots of the characteristic
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equations is to plot them on axes of £ and ft, where they form a series of

curves plainly revealing the different modes of propagation. From such plots,

which have been called—perhaps a little misleadingly—frequency spectra , the

phase and group velocities of the modes and their cut-off frequencies are

readily obtainable. The phase velocity at any point on a modal curve may be

determined by dividing the ordinate value of the point, ft, by the value of its

abscissa, £. The group velocity is found from the gradient of the curve at the

particular point of interest. The cut-off frequency is defined either as the

frequency at which the propagation constant is zero or as the frequency at

which the group velocity is zero. Usually these values are concurrent but for

those modes for which they are not the group velocity appears to become

negative over the frequencies between the two separate cut-off points. This

phenomenon will be discussed more fully in Section 4.2.2.4. The lowest mode

number (m=0 for torsional modes, or m=1 for longitudinal and flexural modes)

corresponds to the mode having the lowest cut-off frequency (when £=0).

Higher mode numbers have higher cut-off frequencies.
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CHAPTER 4

PHYSICAL PROPERTIES OF MODES

4.1. Synthesis of modes

The modes of propagation that exist in a waveguide may be modelled by a

synthesis of plane waves propagating along the waveguide via reflections

between the walls of the guide (Redwood, 1960; McSkimin, 1956). The angles

at which these waves strike the waveguide boundaries are dependent upon the

frequency and wave number of the waves as well as upon the properties of

the waveguide medium itself.

The fact that waves are restricted to certain modes of propagation may be

appreciated by considering a two-dimensional fluid waveguide with perfectly

elastic walls. The pressure will always be zero at such boundaries and this

mirrors the condition of zero stress at the boundaries of a solid waveguide.

For an ideal fluid the Lamd constant y is equal to zero, and the pressure

(P) will be, from Eq. (2.16):

P = XA

Since A=V2<j) and using Eq. (3.3),

P = p( 82<j>/3f2)

A plane wave striking the boundary of a waveguide at an angle a from the

normal of the boundary (Figure 4.1) may be described by a function

(Redwood, 1960) such that:

<t>j = A exp (t (Ar-jZCOsa+A^zsina-uT))

where the z-axis is taken as being colinear with the waveguide axis and k1 is

the propagation constant equal to (w/c[). The reflected wave will be:
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Figure 4.1. A longitudinal wave (described by the function 4>() striking the
boundary of a fluid waveguide.

Figure 4.2. Frequency spectra of the lowest torsional modes propagating in
solid (figure a) and hollow (figure b) cylindrical, isotropic waveguides (o 0.3).
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4>r — A exp(j (-A^zcosai A^zsina-wf))

The total wave function is the sum of the incident and reflected components:

4>l — 4>i'+4>r = 2z'/lsin(A:1zcosa)exp(t(A:1zsina-*0) (4-1)

and Eq. (4.1) may be written in the form:

<\>[ — 2t/lsin(pz)exp(t (k2z~wt) )

where,

p = k^cosa = (tn/c^)cosa
(4.2)

k2 = A^sina = (w/c^)sina

Eqs. (4.2) combine to give the dispersion relationship:

p2 = (w/cL)2 - k22 (4.3)

The boundary condition of zero pressure must hold and if the boundaries

are situated at z=0 and x—2a, then:

p = ±(mtr/ 2a)

When a—0 the wave normals are reflected perpendicularly to the waveguide

walls. This is the point of cut-off and p=w/ci .

In the case of a solid, isotropic medium it may be shown that, in general,

for an incident wave striking the boundary of the medium, the boundary

conditions can not be satisfied by the potential function of the dilatational

wave alone. They may be satisfied, however, when a second potential

function is introduced corresponding to an equivoluminal wave (Kolsky, 1953).

As in the case of the dilatational wave above, the total wave function of an
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incident equivoluminal wave and its reflection, assuming no other types of

wave are generated, is given by:

4>s = 2t7?sin(yz)exp (i (k^z-wl) ]

where y=(w/c6.)cosB, Ar3=(tii/cJsinB, and B is the angle that the incident wave

makes with the normal of the waveguide surface.

Since an equivoluminal wave and a longitudinal wave are usually both

generated from an incident wave (of either type) striking the boundary of the

waveguide, the phase velocities of the reflected waves along the surface of

the guide must be equal (Redwood, 1960), i.e., k3--k2 and:

q2 = (w/cf - k\ (4.4)

The procedure for synthesizing modes in a cylindrical waveguide is similar

to that followed above, but Bessel functions must replace the trigonometric

functions. However, even with this rudimentary analysis it will be noticed that

Eqs. (4.3) and (4.4) are identical to the dispersion relations (3.12) and (3.13).

4.2. Characteristic equation for n=0

When n=0, Eq. (3.23) factorizes into the two simpler equations:

(qa)2Z0(qa)+ 2aZ'Q(qa) = 0 (4.5)
and,

-[(qa)2-{ka)2)2ZQ(Pa)Z,0{qa)-4(ka)2(qa)2Z0(qa)Z'0(pa)
-2{(qa)2+(ka)2)aZ'0(pa)Z-Q(qa) = 0 (4.6)

where ZQ—JQ or IQ depending upon whether the argument is real or imaginary
and:

J'Q{la)=~1J ) and r0{l<1)=<l[^(la)
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4.2.1. Torsional modes

The torsional family of waves, which have particle displacements

dependent upon 0 alone, is described by Eq. (4.5). It is seen from

Section 3.1.3 that a possible solution for uq is, for n=0:

ue = (ikC+Bq)0 ,(qr)ei{hz~wt)

The first bracketed term is constant for any particular value of h and w. Since

the particle displacements in the radial (uf) and axial (u ) directions are zero

for these modes, the particle displacements involve a twisting motion about

the axis of the waveguide. The magnitude of this displacement is dependent

upon r, the distance from the centre of the waveguide. Furthermore, a

possible solution for uq exists at a value of q~0, such that:

uq = C^rel(kz~wt) (4.7)

This may be seen by substituting Eq. (4.7) into Eq. (2.17) using the expressions

for the Laplacian of a vector and the dilatation, and setting uf and u to zero.

Since C1 is a constant, the particle displacement is directly proportional to the

distance from the centre of the waveguide. The motion is, therefore, a

rotation of each transverse cross section as a whole about the central axis.

This mode is called, by definition, the zeroth torsional mode 7'(0,0) and it

proves to be the only mode that is nondispersive for all frequencies in elastic

waveguides.

Figure 4.2 illustrates the frequency spectra of the torsional modes in both

solid and hollow waveguides for a material having Poisson's ratio (a) equal to

0.3 (stainless steel). The relationship between the Lamd constants and

Poisson's ratio and also Young's modulus is discussed in Appendix C. In the

case of hollow waveguides, different values of external and internal radii

produce identical frequency spectra if the ratio of one to the other is kept



Ch.4, §4.2.1] Torsional modes 51

constant. A ratio of the external radius to the internal radius of 1.25 was

chosen for the construction of Figure 4.2b. The characteristic equation for

transversely-isotropic waveguides is similar to the corresponding isotropic

frequency equation, the only difference being the value of the elastic constant.

For clarity and ease of graph construction, the imaginary axis of the wave

number has been drawn so that it lies in the negative range of the real wave

number axis. This is a practice followed by other authors.

4.2.2. Longitudinal modes

Eq. (4.6) was originally obtained by L. Pochhammer in 1876 and

independently by C. Chree in 1889 and is therefore known as the

Pochhammer-Chree frequency equation for longitudinal modes. The modes

are termed longitudinal owing to the fact that the particle displacements

associated with them have no azimuthal (9) dependence. In fact, Waldron

(1969) showed that when the propagation constant is zero the longitudinal

modes essentially consist of two distinct types of waves. One type he called

longitudinal, which are characterized by particle displacements having

longitudinal motion only and no dilatation. Their cut-off frequencies [k~0) are

given by:

where X 's a zero °f J'0{la)- These waves correspond to the equivoluminal
waves discussed in Section 3.2, also called axially shear waves by some

authors (Onoe et al., 1962). The other type he called radial since they have

non-zero particle displacement ur only. These waves introduce dilatation and

correspond to the dilatational waves discussed earlier.

Other variations in the names of the waves described by the

Pochhammer-Chree equation include axially-symmetric and extensional waves.

0= X

/
\
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However, from this point onwards they will be referred to as longitudinal

waves.

4.2.2.1. Bounds of frequency-spectrum curves

The frequency-spectrum curves for the longitudinal modes are not so

self-explanatory as those for the torsional modes. This is due to wave

coupling occurring at the surface of the waveguide.

Mindlin (1960) observed that, in the case of a plate, waves could be

uncoupled under certain boundary conditions. The equivalent conditions for

the cylinder are:

^rz I r=a — ® and ur | r=a — 0 (4.8)

which can not be realized in practice but may be simulated by a theoretical

waveguide that has lubricated rigid walls' (Solie & Auld, 1973). For the

isotropic waveguide, these conditions result in the equation:

9uz/dr — 0 at r—a

or:

AZn(PT)\r=a- qCZn(qr)\r-_a= 0 (4.9)

When n=0, Eq. (4.9) is satisfied if:

Z-^(pa) = 0 and Z^(qa) = 0 (4.10)

The first expression of Eq. (4.10) signifies uncoupled dilatational waves

described by the dispersion relation (3.12) whereas the second expression

'in this ideal waveguide the particle displacements at the surface of the waveguide in a direction
perpendicular to the surface are zero (condition imposed by rigid walls). However, there is no
stress parallel to the central axis of the waveguide at the surface (friction-free motion).
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signifies uncoupled equivoluminal waves described by the dispersion relation

(3.13).

The dispersion curves for the uncoupled dilatational and equivoluminal

waves are indicated in Figure 4.3 by broken and solid curves respectively for a

material having Poisson's ratio equal to 0.3 (corresponding to stainless steel).

For real values of the propagation constant the curves describe hyperbolae

which are centred upon the origin whereas for imaginary values they describe

ellipses and circles. Solutions of Eq. (4.9) occur at points of intersection of

the two sets of curves.

The ideal boundary conditions (4.8), when applied to transversely-isotropic

waveguides, result in the equations (for the longitudinal modes):

■^i(Pir) = 0 anc' ^i(P2r) = ®

and Figure 4.4 illustrates the resulting dispersion curves for zinc2. The fact

that wave coupling is inherent in anisotropic media may be seen from the

merging of the two types of waves (indicated by broken and solid curves

corresponding to p1 and p2) in the imaginary axis of the propagation constant

(r|). The dispersion curves are very similar to those found by Solie and Auld

(1973) for anisotropic plates of cubic structure.

The bounds of the frequency spectrum curves are outlined in greater detail

by a number of authors (Onoe et al., 1962; Pao & Mindlin, 1960; Pao, 1962;

Miklowitz, 1978). Mindlin (1960), however, seems to be the only one who has

discussed the bounds in the light of certain idealized boundary conditions and

2The elastic constants (x10^" Nbi^I for zinc are: c^= 14.3, c^2=1.7, r^2=3.3, C44=4.0,
and the density (p) is 7.1 g/cm .
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Figure 4.3. Dispersion curves of uncoupled dilatational and equivoluminal
waves signified by broken and unbroken curves respectively.

Figure 4.4. Dispersion curves resulting from ideal boundary conditions in a
solid, cylindrical, transversely-isotropic zinc waveguide.
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his model helps to clarify the behaviour of the frequency-spectrum curves of

the longitudinal modes, which will be discussed in the following section, and

the flexural modes (see Section 4.3).

4.2.2.2. Frequency spectrum curves

The dotted curves in Figure 4.5 illustrate the frequency spectrum for the

longitudinal modes propagating in solid, isotropic, stainless steel waveguides

(a=0.3); the broken and the unbroken curves are the dispersion curves of the

uncoupled waves. Coupling between the two types of waves (shear and

longitudinal) gives rise to the more intricate behaviour of the dispersion

curves—the dispersion curves being particularly affected near points of

intersection between the curves of the two types of uncoupled waves. The

frequency spectrum of the longitudinal family of modes for larger values of

the dimensionless frequency and dimensionless propagation constant may be

seen in the article by Nicholson and McDicken (1988a).

Figure 4.6 shows the frequency spectrum for zinc, which is one example of

a transversely-isotropic material. The curves arising from the ideal boundary

conditions (4.8) are again included. The computer program written for the zinc

waveguide had difficulty in locating the roots of the lowest longitudinal mode

for values of Z, greater than approximately six. At these values of £ the

lowest longitudinal mode travels with a velocity close to the Ray/eigh surface

wave velocity (Morse, 1954) and both the arguments p1 and p2 are imaginary.

The modified Bessel functions become large for relatively small arguments and

the number of multiplications involved in calculating the frequency equation

for this type of waveguide may possibly lead to an overall loss of accuracy.

Wave coupling is likewise present in hollow cylinders and Figure 4.7

illustrates the dispersion curves of the longitudinal modes in a number of

isotropic waveguides (a—0.3) with various ratios of external to internal radii.
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Figure 4.5. Frequency spectrum of longitudinal modes in a solid, cylindrical,
isotropic waveguide (o 0.3).
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Figure 4.6. Frequency spectrum of longitudinal modes in a solid,
transversely-isotropic zinc waveguide.
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Figure 4.7. Frequency spectra of longitudinal modes in hollow, isotropic,
waveguides (o 0.3) of various ratios of external radius b to internal radius a.
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As this ratio increases the frequency spectra become progressively more like

the spectrum for the solid waveguide.

4.2.2.3. Phase and group velocities

The group- and phase-velocity curves for the first four longitudinal modes

in a solid, isotropic waveguide (o=0.3), found from the dispersion curves in the

way outlined in Section 3.3, are shown in Figure 4.8a. The phase-velocity

curves have been drawn as broken lines to distinguish them from the

group-velocity curves. The group velocity is, in general, equal to the velocity

of energy transfer (Brillouin, 1960; Biot, 1957; Achenbach, pp. 208-210, 1973;

Miklowitz, pp. 192-193, 1978).

The cut-off frequencies for these modes have been taken as the frequency

at which the group velocity is zero. In some cases this frequency is different

from the frequency at which the wave number is zero and the group velocity

in the intermediate range of wave numbers appears to become negative. This

is explained by the presence of complex roots which will be discussed in

Section 4.2.2.4.

It is possible to solve Eq. (4.6) analytically for both small and large values

of the wave number for the first longitudinal mode. When the dimensionless

wave number and frequency are small the values of the arguments pa and qa

will be small3 and the Bessel functions may be replaced by a limiting form,

such that:

7o(Pa) ~ Jo(H ~ 1
7 l(Pa) ~ Pa/2' J i(?a) ~ 1a/2

3The argument p is always imaginary for the L(0,1) mode.
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Figure 4.8. Group velocity (c ) and phase velocity (c—indicated by solid and
broken curves respectively—of modes normalized with respect to the shear
wave velocity (cs) for the lowest longitudinal modes propagating in solid
(figure a) and hoilow (figure b) cylindrical, isotropic waveguides (o 0.3). The
ratio of internal to external radius of the hollow waveguide is 1.0 : 1.25.

na
Figure 4.9. Group velocities of the lowest longitudinal modes normalized with
respect to (c44/p)1/2 in solid, transversely-isotropic and isotropic zinc
waveguides indicated by unbroken and broken curves respectively.
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Neglecting powers of ka greater than two, Eq. (4.6) becomes:

(H2((3/cs2)-(4/cf)) = (tua)2(( 1/c4 )-(1/c2 cf) )

or, using the expressions for and cs from Eqs. (3.3) and (3.4):

w2 = *2u(3X+2y)/(p(X+p))

The relationship between Young's modulus and the lamd constants may be

found in Appendix C, and:

cp=w/k=(E/p)1/2
cg = dw/dk = {E/p)1/2

where E is Young's modulus. At low frequencies the Z,(0,1) mode travels at

the bar velocity—the result of the one-dimensional analysis (see

Section 2.1)—and since the phase velocity (cp is independent of the wave
number the L(0,1) mode is nondispersive. This may be seen from Figure 4.8a

when the group and phase velocities converge at small values of ft.

At large values of £ both the arguments pa and qa are imaginary. The

modified Bessel functions have the asymptotic expansion such that, for large

£, Iq(Q=I^{Q and Eq. (4.6) reduces to:

-2paft2-(ft2-2£2)2+4£2(£2-ft2)1/2(£2-tc2ft2)1/2 = 0 (4.11)

where k=(ca./c^). Dividing through by -ft4 and ignoring the first term since £,
and therefore ft, is large, Eq. (4.11) takes the form:

i^~icp/cs ) )2~4(l~(cp/cs )) 1/2( 1~(c2p/cf))1/2 = 0 (4.12)

where cp=w/k. Eq. (4.12) is the frequency equation for Rayleigh surface waves
(Achenbach, p. 189, 1973) which are also nondispersive. The one real root of

Eq. (4.12), for a material of Poisson's ratio 0.3, occurs at a value c„~ 0.92701c .
p
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Figure 4.8b suggests that the L(0,1) mode in hollow waveguides also

behaves in a similar way to its counterpart in the solid waveguide at both

small and large values of £, and Morse (1954) has shown that these

characteristics are retained in the transversely-isotropic waveguide.

Figure 4.9 compares the group velocities of modes in zinc for both the

transversely-isotropic case indicated by unbroken curves and the isotropic

case (o=0.25) indicated by broken curves.

4.2.2.4. Complex roots

As well as having real and imaginary roots, the characteristic equations

contain complex roots which introduce a further set of curves into the

longitudinal and flexural families of waves. Pochhammer's equation (4.6), in

terms of the dimensionless propagation constant £ (C=£+*'h) and the

dimensionless frequency ft, is (Onoe et al., 1962):

The points of intersection of the complex curves with the plane ft=0 may

be found by writing the quantities pa and qa in terms of £ and ft using the

dispersion relations (3.12) and (3.13) and expanding them, together with the

Bessel functions JQ[pa), JQ{qa), J^[pa), and J^{qa) in Taylor series for small ft

(Zemanek, 1972). Substituting the expansions into /^C.fl) in Eq. (4.13) and

setting ft to zero yields the equation:

McNiven et al. (1966) have shown that these curves intersect the ft=0 plane

perpendicularly.

P(C.ft) E (2z2-n2)2J^pa)J,(qa)
+4(pa)(9a)C2i0(?a)i1(pa)-2(pa)ft2J1(pa)J1(9a) = 0 (4.13)

= 2(a-1) (4.14)

For large arguments, Bessel functions of the first kind may be
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approximated in terms of trigonometric functions such that (Abramowitz &

Stegun, 1965):

Jn(x) = (2/ni)cos(z-(7iir/2)—(tt/4))

and, hence for large values of £, Eq. (4.14) becomes:

sin(i'C-ti/4) = -lC/( 2( 1 ~o))1/2

Equating real and imaginary parts in the above equation:

-cosh( £)sin( q | tt/4) = ±2q/(2( 1-a) )1/2 (4.15)

and,

sinh( £)cos( q | iv/4) = ±2£/( 2( 1-a) )1/2 (4.16)

If £ is large, £/sinh(£)=0 and Eq. (4.16) results in the expression:

n = (/- 1)tt/4, / = 0,± 1,±3,±5,... (4.17)

Substituting Eq. (4.17) into Eq. (4.15) and using the approximation that, for

large x, arccosh(z) =dn(2x):

£ = In ((/-1) tt/[2( 1 -o)]1/2)

The roots (for large values of £) are therefore situated at the points:

C = In((/-1)tt/[2( 1-o)]1/2) I i(/-1)it/4

It is of interest to look at the behaviour of the modal curves in the

neighbourhood of the plane q 0. By expanding Eq. (4.13) in powers of q and

discarding powers higher than the first Onoe et al. (1962) found, on equating

the real and imaginary parts of the resulting equation, that:
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l\K,n) = 0 (4.18)

and,

r|9PU'")/H = 0

These two relations have the roots 0 for n = 0 which correspond to the

real roots discussed in the beginning of this chapter, and also the roots

/>(£,£2)=0 and 9/^£,fl)/9£=0 for p/t 0. The latter represent the complex

segments of the curves. Differentiating Eq. (4.18) with respect to £, and using

the fact that dti/dZ, = 9£2/9£ :

dP{^M)/d^ = (9P(S,n)/9n)(9n/90+ 9PU,ft)/9S - o

Normally, the quantity 9P(^,fi)/9fi is not equal to zero except at points of

coincidence of dilatational and equivoluminal modes (Onoe et al., 1962); hence

9f2/9£=0 and the complex segments intersect the real segments at points

where the curves of the real segments have zero gradient (and therefore zero

group velocity). The minimum of the L(0,2) mode is one such point where a

complex branch intersects a real branch. When £=0, purely imaginary

segments intersect the real segments.

Using a similar procedure to look at the roots near the plane £=0 it may

further be shown that complex segments intersect curves of imaginary

segments also at points at which the gradients of the imaginary segments are

zero (Onoe et al., 1962).

Since the wave number in Pochhammer's equation appears only in squared

form, the complex and pure imaginary branches have mirror images in the

q=0 plane and the real branches have mirror images in the £=0 plane. In

addition, each complex branch has a conjugate which is a reflection in the

plane £ = 0. This gives rise to two sets of curves, one set having curves with

positive gradient and the other having curves with negative gradient. Each
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curve extends infinitely from zero frequency and is single-valued over the

whole of its wave number range.

Mindlin (1960) calculated these dual sets of curves for the first three

longitudinal modes in a plate4 of infinite length and breadth and with Poisson's

ratio of 0.31; his results are reproduced in Figure 4.10. The thickness of the

plate is 2b, Vs is the shear wave velocity and y is the propagation constant.

The unbroken curves denote those with positive gradient and the broken

curves, those with negative gradient. The broken curves are included merely

for completeness. It may be seen from this figure that the part of the £(2)

curve (the counterpart of which is £(0,2) in the cylinder) that seems to

introduce a negative group velocity is in reality associated with the second set

of curves; the continuation of the mode to the zero-frequency plane is via a

complex branch. Moreover, the £(3) curve—similar to the £(0,3) curve in the

cylinder— extends from the zero-frequency plane via a complex branch until it

meets the minimum of the £(2) curve in the negative axis of the real wave

number. From this point on, until it next meets the (twfc/pj-axis, the curve is

real, having a positive group velocity but a negative phase velocity. The wave

number then becomes purely imaginary and propagation ceases until the curve

meets the (wb/cg)-axis for the second time. Waves having negative phase

velocities are also encountered in electromagnetic waveguides and are called

backward waves (Ramo et al., pp. 51-53, 1965). They have the property that

their phase becomes increasingly negative or lagging in the direction of

propagation. Meitzler (1965) studied the properties of backward-wave

transmission for the £(0,3) mode in a cylindrical waveguide and found

4
The longitudinal modes in a plate are closely analogous to longitudinal modes in a cylinder and
have similar frequency spectra.
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Figure 4.10. Frequency spectrum of longitudinal modes in a solid, isotropic
plate (o^0.31) showing dual sets of curves of real, imaginary, and complex
roots (after Mindlin).

Figure 4.11. Frequency spectrum of longitudinal modes in a solid, isotropic
cylinder (o 0.31) showing real, imaginary, and complex roots (after Onoe et
al.).
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experimental verification for the behaviour of certain parts of the dispersion

curves in the ways outlined above.

Onoe et al. (1962) constructed the frequency spectrum for the real,

imaginary, and complex roots for the longitudinal modes in a cylinder with

Poisson's ratio 0.31 and this is shown in Figure 4.11. The set of curves with

positive gradient only is displayed. The broken curves indicate the complex

branches which have been sketched approximately, apart from points near the

coordinate planes where their behaviour is accurately known. The numbers

beside the branches signify the mode number of the curves and a bar over the

number indicates that the segment corresponding to that particular number

has been reflected in the £=0 plane. Thus, for example, the segment labelled

2,3 consists of two segments mapped on top of each other—the segment

corresponding to the £(0,2) mode and the segment corresponding to the

£(0,3) mode. The latter has been reflected in the £=0 plane.

In physical terms, waves with complex wave numbers have displacement

distributions with decreasing amplitudes along the waveguide (McNiven 1961).

By studying the relevant stress equations, McNiven found that a train of

longitudinal waves travelling along a waveguide of finite length with a

stress-free end will be reflected at the end as three types of waves, one type

having a real wave number and the other two having complex conjugate wave

numbers. The waves with complex wave numbers McNiven found to have

equal amplitude and magnitude of phase velocity but opposite directions of

propagation; they combine to form a standing wave the amplitude of which

decreases along the waveguide from the waveguide end. McNiven further

proved that such waves can not exist alone but are always coupled with the

reflected longitudinal waves. Since the reflections from the ends of the wires

studied in this investigation were generally small no further consideration is
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given to these types of waves. A fuller account of waves of complex wave

number may be found in the references cited above.

4.2.2.5. Particle displacements

The particle displacements of the longitudinal modes may be obtained from

either the first or the last equation in Eq. (3.22). Using the last equation:

A3/C3 = (k2-q2)Z,(qa)/2ikZ0(pa)

Substituting this quantity back into Eqs. (3.17):

Ur = tCf (g2-k2)Z,(qa)Z,(pr) + kZ^qr]ykz-wt)
2kZ^pa)

u = C [ ^2-12)Zya)Z0(pr) _ qZo(qrj }ei(kz-wt)
2Z'Q{pa)

The amplitudes of these displacements—corresponding to the terms inside the

large brackets in the equations above—normalized with respect to the

maximum amplitude of uz for the first three longitudinal modes over a range

of Q are illustrated in Figure 4.12 (a=0.3). The broken curves indicate the

radial particle displacements uf and the unbroken curves the axial

displacements uz.

Figure 4.12a for the £(0,1) mode shows the type of displacement that was

assumed in the derivation of the wave equation in the one-dimensional theory.

At small values of dimensionless frequency this mode travels with a velocity

close to the bar velocity c^. The same mode for higher values of £2, however,
has particle displacements which are most significant at the surface of the

waveguide and therefore behaves like a surface wave. Figure 4.12a for the

L(0,4) mode is interesting since it clearly demonstrates an equivoluminal-type

wave, having negligible radial displacement and propagating without
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introducing a volume strain. Figure 4.5 reveals that at this value of £2 the

L(0,4) mode closely follows the curve of an equivoluminal wave. The

quantities ip and iq in Figure 4.12 signify points at which the values of p and q

become imaginary; when they are not indicated, the values of p and q are real.

4.3. Frequency spectra of flexural waves

For values of n>0 Eq. (3.23) describes the flexural families of waves. There

is an infinite number of orders of these types of waves, each order

corresponding to a particular value of n. The analysis for the flexural waves

follows closely that for the longitudinal waves and will not therefore be

repeated. Coupling also occurs at the boundaries of the waveguide for these

waves and this may be appreciated from Figures 4.13a and 4.13b which show

the frequency spectra (o=0.3) of the first two flexural families F('\,m) and

F(2,m). The similarity between the frequency spectra for the flexural families

and the combined frequency spectra of the longitudinal and torsional modes

may be observed by comparing Figure 4.13a with Figures 4.2a and 4.5. This is

due to the fact that the flexural waves involve all three particle displacements

and may therefore be thought of as sharing the properties of both the

longitudinal and torsional modes5.

The frequency spectra for the higher orders of flexural waves (o=0.3) are

illustrated in Figure 4.14 from which it may be noticed that the cut-off

frequency for each mode increases with increasing family-order number.

Figure 4.15 shows the frequency spectra for the F(1,m) modes in hollow

waveguides for a number of ratios of external to internal radius. As this ratio

5
The radial and axial particle displacements appearing in the longitudinal modes and the angular
particle displacements appearing in the torsional modes are combined in the case of the flexural
modes.
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Figure 4.13. Frequency spectra of the flexural families of modes: F(1,m
(figure a) and F(2,m) (figure b).
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5^ o £ ^ ^ q ® £ 5
tc) n = 5 (d) n - 6

Figure 4.14. Frequency spectra of the higher-order flexural families of waves.
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Figure 4.15. Frequency spectra of flexural modes in hollow, cylindrical,
isotropic waveguides (o 0.3) for a number of ratios of external to internal
radius [b/a).



Figure 4.16. Frequency spectra of higher-order flexural families of modes
propagating in a hollow, cylindrical, isotropic waveguide (a 0.3) of external
radius to internal radius ratio of 1.25.
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increases the spectra become more like that of the solid waveguide. The

higher order families in hollow waveguides share the same characteristics as

their solid-waveguide counterparts, the cut-off frequency increasing with

increasing family-order number (Figure 4.16). Although it is not particularly

clear from Figures 4.15 and 4.16 the dispersion curves do not cross. For

example, in Figure 4.16e at a value of fth=7.3 and 5h~3.9 the two

curves—corresponding to the modes: /(1(6,6) and F(6,7)—do not cross but

sharply deflect from each other. Consequently, the group velocity of the

F(6,7) mode increases suddenly and the group velocity of the F(6,6) mode

decreases suddenly as increases.

The frequency spectra of flexural waves in transversely-isotropic cylindrical

waveguides show behaviour very similar to that of flexural waves in

two-dimensional plates of cubic anisotropy (Solie & Auld, 1973). Figure 4.17

illustrates the frequency spectrum of the second-order family of flexural

modes (n~2) in a transversely-isotropic waveguide (corresponding to zinc).

Again, the dispersion curves in the real axis of the propagation constant do

not cross each other and therefore undergo a series of sharp deflections

giving rise to an oscillatory behaviour of the group velocities of the modes

(Solie & Auld, 1973).

4.3.1. Phase and group velocities

The phase and group velocities are again found from the frequency

spectra. All the modes, apart from /<"( 1,1), have phase velocities greater than

their group velocities and therefore exhibit normal dispersion. The ^(1,1)

mode has a phase velocity less than its group velocity and is characterized by

anomalous dispersion.

The limiting velocity for large values of wave number for the lowest mode

in each flexural family is equal to the Rayleigh wave velocity; the higher order
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10
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Figure 4.17. Frequency spectrum of the second-order flexural family of waves
propagating in a solid, cylindrical, transversely-isotropic zinc waveguide.
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(a) n = 1 C b J n = 2

Figure 4.18. Group velocity (c ) and phase velocity (c—indicated by solid and
broken curves respectively--of modes normalized with respect to the shear
wave velocity (r ) for the first two flexural families of waves (n 1 and n 2)
propagating in solid, cylindrical, isotropic waveguides (o 0.3).
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(a) n = 1 (bO n - 2

Figure 4.19. Group velocity (c ) and phase velocity (c )—indicated by solid and
broken curves respectively--of modes normalized with respect to the shear
wave velocity (cs.) for the first two flexural families of waves (n 1 and n 2)
propagating in hollow, cylindrical, isotropic waveguides of internal to external
radius ratio of 1.0 : 1.25 (o 0.3).

na
Figure 4.20. Group velocities of the second-order flexural family of waves
normalized with respect to (r44,/p)1/2 propagating in a solid, cylindrical,
transversely-isotropic zinc waveguide.
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modes have a limiting velocity equal to the equivoluminal wave velocity

(Thurston, 1978). The phase and group velocities for the first- and

second-order families in solid waveguides are shown in Figure 4.18.

Figure 4.19 illustrates the phase and group velocities for the equivalent modes

in a hollow waveguide of wall ratio 1.25 and Poisson's ratio 0.3.

The oscillatory behaviour of the group velocities of the flexural modes in

transversely-isotropic waveguides may be seen more effectively from

Figure 4.20 which shows the group velocities of the flexural modes {n—2) in

zinc.

4.3.2. Particle displacements

The particle displacements of the flexural modes may be obtained from the

three equations (3.22) by writing any two of the constants Ay Bv and C3 in
terms of the remaining one. The amplitudes of these displacements,

normalized with respect to the maximum amplitude of uz , for the first four

modes of the F(1,m) flexural family (o=0.3) are shown in Figure 4.21. The

normalized particle displacements of the first three modes of the second-order

flexural family f(2,m) and the first mode of the third-order family F(3,rn) may

be seen in Figure 4.22 (a=0.3). The quantities ip and iq again represent

imaginary values of p and q. It may be noticed that the lowest mode of each

of the flexural families becomes progressively more like a surface wave with

increasing dimensionless frequency. It may also be observed that the /'""(1,3)

and F(2,3) modes have zero axial particle displacements close to their cut-off

frequencies.
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CHAPTER 5

THEORY AND EXPERIMENT COMPARED

5.1. Limitations and assumptions of theory

The theoretical treatment of waves propagating in elastic waveguides

described in the preceding chapters was subject to a number of conditions.

The waveguide was considered to be of infinite length, perfectly

homogeneous, and isotropic (or transversely-isotropic) with perfectly circular

walls. These assumptions will not be matched in practice and some

discrepancy between theory and experiment must be expected. In addition, a

pulse of ultrasound is not monochromatic but contains a number of different

frequency components characterized by the frequency bandwidth of the pulse.

In dispersive media these frequency components will all travel at different

velocities causing pulse distortion. The next section describes the

experimental procedure of investigating wave propagation in waveguides and a

description of the type of sound pulse that was used in order to minimize

signal distortion.

5.2. Experimental procedure

The instrumentation used for transmitting and receiving pulses of

ultrasound is similar to that of MeitzleTs (1961) and is illustrated in Figure 5.1.

The receiving amplifier had four frequency settings tuned about the central

frequencies 1.5, 2.5, 3.5, and 5.0 MHz. The gain characteristics may be seen in

Figure 5.2. The benefit of using a tuned amplifier is that unwanted frequency

components away from the tuned frequency values are suppressed.

The wave-shaper was set up to supply a half sine-wave envelope which

was used to amplitude modulate a continuous RF waveform output from the

frequency-generator. The width of the resultant envelope could be varied

using the frequency dial of the wave-shaper, but was set to approximately
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Figure 5.1. Apparatus for the transmission and reception of sound pulses in a
waveguide.

Figure 5.2. Gain characteristics of each of the four frequency settings of the
tuned amplifier.
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20 ys and kept constant throughout the investigation. The carrier frequency

could be altered using the frequency control of the frequency-generator and

was varied over the range 80 KHz to 5 MHz. A frequency-counter was used to

check the frequency setting of the frequency-generator. Figure 5.3 illustrates

the amplitude-modulated pulse with a carrier frequency of 1 MHz. This

photograph was taken using a digital oscilloscope which had a sampling rate

of 100 points per time division, giving a digitizing frequency of 20 MHz at a

time setting of 5 ys/div.

The advantage of using a pulse such as that described above is that it has

a relatively narrow frequency bandwidth and consequently reduces the amount

of pulse distortion due to the effects of dispersion. Figure 5.4 is the frequency

spectrum of an ultrasound pulse transmitted from one of the types of

transducer used in the investigation of nominal central frequency 3.5 MHz after

being excited by the input electrical pulse with carrier frequency 3.5 MHz. The

photograph was obtained from a spectrum analyser used in conjunction with a

hydrophone; the latter being separated by a few centimeters of water from the

transducer face. The first narrow peak signifies zero frequency and the

frequency scale is 1 MHz/div. It may be appreciated from this photograph that

the bandwidth of the pulse is relatively narrow and includes no significant

frequency components greater than about 1.2 MHz on either side of the

central frequency.

The transducers were PZT ceramic discs of diameter 5 mm, which were

air-backed, unmatched to the load, without wave-plating, and operated in the

extensional mode. They were housed in brass containers for shielding

purposes in the way outlined in Wells (pp. 62-63, 1977). Nine pairs of such

transducers were used, having nominal resonant frequencies of 1.0, 1.5, 2.0,

2.5, 3.0, 3.5, 4.0, and 5.0 MHz.
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Figure 5.3. Electrical excitation pulse applied to the transmitting transducer.

0 1.0 2.0 3.0 4.0 5.0 G.O

Frequency (MHz)

Figure 5.4. Frequency spectrum of the excitation pulse shown in Figure 5.3
with a carrier frequency of 3.5 MHz.
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Wires of stainless steel (type 302/304), aluminium, brass, and copper of

various diameters were used having lengths ranging from 1.0 m to 2.0 m.

Specimens of stainless steel wires had diameters of 0.25 mm, 0.64 mm,

0.93 mm, and 1.21 mm, and those of brass, copper, aluminium had diameters

0.25 mm, 0.5 mm, and 1.0 mm. The stainless steel, aluminium, and brass wires

came from the manufacturer in the cold-drawn state whereas the copper

wires came in the annealed state. The wires were cleaned with methylated

spirit to free their surfaces from grease and the ends of the wires were

ground flat. A fine layer of gel coupled them to the faces of the transducers.

The wires generally came from manufacture in coiled form; however, all but

the stainless steel wires could be uncoiled and it was found that since the

wires acted like waveguides sound transmission was unaffected by the degree

of tightness of the coil so long as no sharp kinks were introduced. Mason and

McSkimin (1947) also commented on the independence of sound transmission

on radius of curvature of a coil of wire.

The time of propagation of the modes set up in the wire samples was

determined by measuring the time difference between the peaks of the

transmitted and received pulses using the delay mechanism of the

oscilloscope. The modal group velocities are then easily calculated knowing

the length of the wire under investigation. Measurements were taken at

intervals of every 50 or 100 KHz.

The amplitude of the modes is strongly dependent upon the position of the

transducers against the wire; altering the position of the transducers has the

effect of changing the distribution of energy into the various modes.

Figure 5.5 shows the signals received from a 1.5 m long stainless steel wire of

diameter 0.64 mm at a frequency of 5.0 MHz for two different transducer

positions. The upper trace (corresponding to channel 1) is the input electrical
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(b)

Figure 5.5. Mode signals after propagation through a 15 m length of stainless
steel wire (diameter 0.64 mm) for different positions of the transducer against
the ends of the wire at a frequency of 5.0 MHz. The modes are (from left to
right): ^(1,1), /-'(1,3) + ^(2,1) superimposed, /,'(1-2), ^(1,2), and /-(0,1).
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A .ImS

(b)

Figure 5.6. Mode signals after propagation through a 1.5 m length of stainless
steel wire (diameter 1.21 mm) for different positions of the transducers against
the ends of the wire at a frequency of 3.0 MHz. Modes are (from left to right):
F(1,1) + A'( 1,3) superimposed, f''(2,l), FC\,2) i Z,(0,1) | ^(0,2) superimposed.
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signal to the transmitting transducer. The lower trace (corresponding to

channel 2) is the received signal; the modes are (from left to right) /''(1,1),

f(l,3) and 7<'(2,1) superimposed, F( 1,2), and 7,(0,1). Figure 5.6 shows the same

effect for a 1.5 m long stainless steel wire of diameter 1.21 mm at a frequency

of 3.0 MHz. The modes are (from left to right) 7^(1,1) and 7^ 1,3) superimposed,

7^2,1), and the three modes 7^(1,2), 7,(0,1), and 7,(0,2) all superimposed. There

appears to be no general relation between the position of the transducers and

the particular modes more favourably excited. The higher-order flexural

modes were generally weak in signal amplitude and often were only seen by

increasing the energy of the transmission pulse to near maximum.

Whereas the peak-to-peak time measurements were accurate over most

frequencies on account of the relative sharpness of the modal peaks,

measurements for modes near their cut-off frequencies were less accurate.

Near cut-off there is a rapid change of group velocity with small changes in

frequency; the mode therefore undergoes greater distortion and it is not

always possible to ascertain where the peak of the mode occurs. Figure 5.7 is

an example of a mode—7<n(1,2)—near cut-off for a 1.5 m length of stainless

steel wire of diameter 0.92 mm at a frequency of 2.0 MHz.

5.3. Mode coupling

At certain other values of dimensionless frequency, distinction between

modes became difficult due to a phenomenon known as mode coupling. Mode

coupling involves the sharing of energy between two or more modes.

Figure 5.8 is a photograph of the modes propagating in the same wire as that

used in Figure 5.7 but at a frequency of 2.56 MHz. The effect of mode

coupling in elastic waveguides was first described by Meitzler (1961) who was

experimenting with aluminium and Isoelastic alloy wires of diameters ranging

between 1.0 mm and 2.0 mm. Meitzler found that for frequencies at which the
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Figure 5.7. Modes propagating in a 1.5 m length of stainless steel wire
(0.92 mm diameter) at a frequency of 2.0 MHz. Modes are (from left to right):
/,(0,1), F(1,1), F( 1,2). The flexural F( 1,2) mode is near its cut-off frequency.

Figure 5.8. Mode coupling in a 1.5 m length of stainless steel wire (0.92 mm
diameter) at a frequency of 2.56 MHz.
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phase velocities of any two modes were equal, which he called critical

frequencies, a type of beat pattern resulted with a subsequent loss of signal

amplitude.

Speculation differs as to the cause of mode coupling. In a perfectly

homogeneous, elastic, isotropic, and circular waveguide the modes propagate

independently of each other and no coupling is predicted. Meitzler found that

the degree to which the distortion was present depended upon the length of

the wire but similarly found that different samples of wire of the same length

and made from the same material gave rise to mode coupling with varying

degrees of pulse distortion. After observing a much greater pulse distortion

from an aluminium wire whose surface had been purposefully etched with

hydrochloric acid, Meitzler concluded that surface irregularities are the main

cause of mode coupling. Toda et al. (1976), however, were of the opinion that

inhomogeneities in the medium itself are more responsible than surface

irregularities.

A comprehensive explanation is difficult owing to the large number of

variables involved and it is probable that a number of factors are responsible

for the coupling. Toda et al. were experimenting with rods of diameter

8.0 mm and 10.0 mm; Meitzler, with wires. The former used sandpaper to

roughen the surface of the rods and it is therefore likely that the amount of

surface-roughening was negligible compared with the diameter of the rods; no

indication is given to the extent of the roughening and it may not be fair

under such circumstances to dismiss surface effects altogether. In addition,

the manufacturing process of rods and wires is radically different. Rods are

normally hot-rolled whereas wires are cold-drawn (Dieter, 1961) and the

resulting internal structures are quite different. Indeed, Toda et al. found that

distortion diminished at the critical frequencies when the rod was
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annealed—which has the effect of reducing the inhomogeneity of the

medium—but it was found in the course of this investigation that wires

subjected to similar treatment gave rise to greater distortion (see Chapter 8).

Theoretical models attempting to explain the phenomenon of mode

coupling have been put forward by Sugimoto & Hirao (1977) and Hirao (1980).

Sugimoto and Hirao (1977) extended the stress-strain relations to include

nonlinear terms and found that the nonlinearity of the medium would give rise

to modes exchanging energy at the critical frequencies. Hirao (1980) found

that mode coupling could also occur as a consequence of surface

irregularities. Hirao used a perturbation method in the first-order

approximation to model a weakly corrugated surface of the form r+eri(0,z)

where r is the radius of the waveguide, q is an at-least-once continuously-

differentiable function of 0 and z, and e (which is much less than unity) is a

nondimensional parameter indicating the magnitude of corrugation. Hirao took,

as a solution for the displacement vector, the superposition of the particle

displacements of the L(0,1) and ^(1,2) modes and substituted the resulting

expression back into the stress equations. From the boundary conditions,

Hirao derived three equations which demonstrate coupling occurring between

the L(0,1) and F( 1,2) modes at the frequency for which their phase velocities

are equal. Away from the critical frequency the coupled-mode equations

degenerate into one single equation predicted by the perfect waveguide

theory. Hirao further found a variation in amplitude occurring at the critical

frequency, an increase in pulse duration, and the formation of a sub-peak.

The experimentally-observed beat pattern characterizing mode coupling,

however, was not predicted.
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Figure 5.9. Frequency spectra of the modes of propagation in a solid,
cylindrical, isotropic waveguide (o 0.3). Points of intersection of the curves
signify mode coupling frequencies.

Mode coupling is not peculiar to elastic waveguides alone; Miller (1954)

proved theoretically that mode coupling is present in electromagnetic

waveguides and also showed that coupling would occur to a greater extent if

the phase velocity and attenuation coefficients of the interacting modes are

nearly equal.

An interesting aspect of mode coupling in elastic waveguides is that even

when one of the modes responsible for the coupling is very small in amplitude

the distortion of the resulting signal is still large (Meitzler, 1961; Nicholson et

al„ 1989). At the critical frequencies it became extremely difficult to

distinguish the modes; however, by careful manipulation of the transducers at

the ends of the wires it was sometimes possible to identify the peaks of the

modes not involved in the mode coupling. Figure 5.9 illustrates the frequency
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spectra of all the modes in stainless steel waveguides up to a value of

dimensionless frequency equal to 6.0. Intersections of curves occur at places

of equal phase velocity and therefore indicate points of mode coupling.

5.4. Experimental group-velocity curves

The group velocities of the various modes propagating in solid and hollow

waveguides were found experimentally in the way described in Section 5.2 and

are compared with the theoretical results in the respective sections below.

5.4.1. Solid waveguides

The group velocities of the modes for the various wires under investigation

normalized with respect to the shear wave velocity and plotted against the

dimensionless frequency may be seen in Figures 5.10-5.15. The experimental

points in each case have been overlaid by theoretical curves.

Figures 5.10 and 5.11 are the plots for the stainless steel wires.

Figure 5.10 is the graph for the 1.21 mm wire, while Figure 5.11 shows the

experimental points for the 0.92, 0.64, and 0.25 mm diameter wires. The

results for the aluminium wire of diameter 1.0 mm and the aluminium wires of

diameter 0.5 and 0.25 mm may be seen in Figures 5.12 and 5.13. Figures 5.14

and 5.15 illustrate the results for the brass and copper wires.

The errors involved in the measurements are generally small. The length

of the wires was measured using a meter rule and the radius was measured

using a micrometer. Whereas a systematic error was introduced in measuring

the length, the radius of the wires varied along the length within the

approximate bounds of ±2.0% of the value specified by the manufacturer. The

errors in the time measurements themselves, in the worst cases of pulse

distortion, were less than approximately ±7% and were typically of the order

of ±2%. The frequency was monitored by a frequency-counter to give precise
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fi
Figure 5.10. Group velocities of modes {normalized with respect to the shear
wave velocity) propagating in stainless steel wire of 1.21 mm diameter. The
experimental points are indicated by circles.

0

Figure 5.11. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in stainless steel wires of diameter 0.92 mm,
0.64 mm, and 0.25 mm.
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0
Figure 5.12. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in aluminium wire of 1.0 mm diameter. The
experimental points are indicated by circles.

Q

Figure 5.13. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in aluminium wires of diameter 0.5 mm and
0.25 mm.
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n
Figure 5.14. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in brass wires of diameter 1.0 mm, 0.5 mm, and
0.25 mm.

Q
Figure 5.15. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in copper wires of diameter 1.0 mm, 0.5 mm, and
0.25 mm.
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information as to the value of the carrier frequency and the error involved

here may be considered negligible.

The modes were generally easy to identify on the oscilloscope, especially

in the stainless steel wires. Figure 5.16 shows the modes propagating in a

stainless steel wire of diameter 1.21 mm and length 1.5 m at a frequency of

4.5 MHz. The modes, which may be classified from the theoretical

group-velocity curves, are (from left to right): £(0,2), £(0,3), £(1,1), £(2,1),

£(0,1) and £( 1,2) superimposed, F(2,3), £(3,1), £(2,2) and £(1,3) superimposed,

and F(3,2). Figure 5.17 shows the £(0,1) and £(1, 1) modes in a stainless steel

wire of diameter 0.25 mm and length 1.5 m at a frequency of 3.0 MHz. The

third peak is the reflection of the £(0,1) mode. The modes in the aluminium,

brass, and copper wires are not so dean as those in stainless steel wires.

The largest peaks in Figure 5.18 are the modes (from left to right): £(1,1),

.£(1,3), £(2,1), £(1,2), £(0,1), and F(2,2) in a 2.0 m long aluminium wire of

diameter 1.0 mm at a frequency of 3.54 MHz, and Figure 5.19 shows the

modes: £*(1,1), .£(1,3), £(2,1), £(0,1) and £(1,2) superimposed in a 1.5 m length

of brass wire of 1.0 mm diameter at a frequency of 2.49 MHz.

There is excellent agreement between the theoretical and experimental

results for both stainless steel and aluminium. The presence of the extra

experimental points at larger values of dimensionless frequency is possibly

due to the more frequent occurrences of mode coupling. Discrepancies in the

values of group velocity at the same values of dimensionless frequency for the

different diameter wires may be explained by slight variations in composition

or purity of the metals from which the wires are drawn. Such variations

would result in small differences in Poisson's ratio which is one of the

variables used in constructing the theoretical group-velocity curves.

Brass also shows relatively good agreement though it is noticed that the
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Figure 5.16, Modes propagating in a 1.5 m length of stainless steel wire
(diameter 1.21 mm) at a frequency of 4.5 MHz. Modes are (from left to right):
£(0,2), £(0,3), F(1,1), F(2,1), £(0,1) + F{ 1,2) superimposed, F(2,3), F(3,1),
F(2,2) and F(1,3) superimposed, F(3,2).

.ln>S

Figure 5.17. Modes propagating in a 1.5 m length of stainless steel wire
(diameter 0.25 mm) at a frequency of 3.0 MHz. Modes are (from left to right):
£(0,1), £'(1,1).
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Figure 5.18. Modes propagating in a 2.0 m length of aluminium wire (diameter
1.0 mm) at a frequency of 3.54 MHz. Modes are (from left to right): 1,1),
F( 1,3), F( 2,1), F( 1,2), 7,(0,1), F{ 2,2).

Figure 5.19. Modes propagating in a 1.0 m length of brass wire (diameter
1.0 mm) at a frequency of 2.49 MHz. Modes are (from left to right): AY 1,1),
A'(1,3), A'(2,1), 7,(0,1) + A'(1,2) superimposed.
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experimental values of the group velocities of the longitudinal modes L(0,2)

and L(0,3) are a little higher than the corresponding theoretical values,

whereas the group velocities of the flexural modes /"(1,1) and f<\2,1) are lower

than predicted.

Copper gives the poorest agreement and it was thought at first that the

annealing process the copper wires were subjected to during manufacture

might have had something to do with the larger variance of the experimental

data from theory. A length of cold-drawn copper wire was eventually

procured and the group velocities of the modes propagating in it were

measured. The results may be seen in Figure 5.20. There are many less

spurious experimental points in the cold-drawn sample than in the annealed

sample, but agreement with theory is just as poor. It is interesting to observe

that the L(0,1), L{0,2), L{0,3), and F( 1,2) modes travel with a substantially

greater velocity in the annealed wire, whereas the F(1,1) mode experiences a

decrease in velocity.

Wires of other materials were investigated in order to try and understand

more fully why agreement with theory varied so much for the various wires.

Only cold-drawn wires were used and the results for nickel, monel (a

nickel-copper alloy), iron, and zinc may be seen in Figures 5.21-5.24

respectively. Unfortunately, the maximum diameter of cold-drawn iron wire

that could be obtained was 0.5 mm and this limited observation to the first

three modes only. It would appear that nickel, monel, and iron all give good

agreement with theory, whereas zinc shows greater divergence.
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Figure 5.20. Group velocities of modes normalized with respect to the shear
wave velocity in a cold-drawn copper wire of diameter 1.0 mm.

When a metal is rolled the grains take on an alignment such that the

rolling direction is a unique axis and the structure becomes

transversely-isotropic (American Inst, of Physics Handbook, p. 3-99, 1972). It

was considered that if the same effect occurs for cold-drawn metal wires the

cause of discrepancy between the theoretical and experimental group

velocities might be due to the increase in anisotropy. Zinc in particular was

chosen to test this hypothesis since it has a single crystal that is transversely

isotropic. If it is assumed that the elastic constants of the cold-drawn wire

take the same values as those of the single crystal, comparison of Figures 4.9

and 4.20 with Figure 5.24 reveal that there is in fact closer agreement between

the experimental group velocities and the theoretical group velocities derived

from the isotropic theory than the theoretical group velocities derived from

the transversely-isotropic theory—the normalization factor (c44/p)1/2 used in
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Figure 5.21. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in nickel wires of diameter 1.0 mm and 0.5 mm.

Q

Figure 5.22. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in monel wires of diameter 1.0 mm and 0.5 mm.
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Q

Figure 5.23. Group velocities of modes normalized with respect to the shear
wave velocity propagating in an iron wire of diameter 0.5 mm.

Q
Figure 5.24. Group velocities of modes normalized with respect to the shear
wave velocity propagating in a zinc wire of diameter 1.0 mm.
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the anisotropic plots is virtually identical to the normalization factor of c used

in the isotropic plot. However, without a knowledge of the actual values of

the elastic constants it may not be entirely justifiable to pass off the effects of

transverse-isotropy altogether. Indeed, there is very good reason to believe

the existence of a certain correlation between the magnitude of divergence of

the group velocities of the modes from the respective theoretical curves and

the anisotropy of the medium; this will be further discussed in Chapter 7.

5.4.2. Hollow waveguides

Mode propagation was also investigated in a number of stainless steel

tubes having external diameter less than 3 mm. The tubes were all received

in the cold-drawn state and had wall-thicknesses ranging from approximately

0.1 mm to 0.4 mm, with values of external to internal radii ratio of: 2.0, 1.8,

1.56, 1.28, 1.16, and 1.14. The experimental group-velocity points may be seen

in Figures 5.25-5.30; the theoretical curves are also shown. Agreement is

generally very good although the occurrence of spurious points at larger

values of dimensionless frequency is again observed. The modes are clear

and sharp over most of their frequency range, as were their counterparts in

the solid waveguides, although at points of equal phase velocity of two or

more modes the signal suffered significant distortion due to coupling between

the modes. Figures 5.31-5.35 are photographs of modes in a number of these

tubes.
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Figure 5.25. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in a stainless steel tube of external diameter
1.78 mm and internal diameter 1.14 mm (b/a 1.56).

Figure 5.26. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in a stainless steel tube of external diameter
1.91 mm and internal diameter 1.65 mm (i/a 1.16).
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fih
Figure 5.27. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in a stainless steel tube of external diameter
2.08 mm and internal diameter 1.82 mm (b/a- 1.14).

Figure 5.28. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in hollow stainless steel tubes of external diameter
to internal diameter: 2.95 mm : 2.30 mm and 1.06 mm : 0.825 mm (b/a 1.28).
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nh
Figure 5.29. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in a stainless steel tube of external diameter
0.46 mm and internal diameter 0.255 mm (b/a 1.8).

nh
Figure 5.30. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in stainless steel tubes of external diameter to
internal diameter: 1.58 mm : 0.79 mm and 0.51 mm : 0.255 mm) (b/a 2.0).
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(a) 3.13 MHz

(b) 3.3 MHz

Figure 5.31. Modes propagating in a 2.0 m length of stainless steel tubing
(external diameter 1.58 mm, internal diameter 0.79 mm) at frequencies:
(a) 3.13 MHz (corresponding to a mode-coupling frequency) (b) 3.3 MHz



Ch.5, §5-4.2 ] Hollow waveguides 108

Figure 5.32. Modes propagating in a 2.0 m length of stainless steel tubing
(external diameter 2.95 mm, internal diameter 2.30 mm) at a frequency of
1.1 MHz.

Figure 5.33. Modes propagating in a 2.0 m length of stainless steel tubing
(external diameter 1.91 mm, internal diameter 1.65 mm) at a frequency of
2.0 MHz.
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Figure 5.34. Modes propagating in a 2,0 m length of stainless steel tubing
(external diameter 2.08 mm, internal diameter 1.82 mm) at a frequency of
2.0 MHz.

Figure 5.35. Modes propagating in a 2.0 m length of stainless steel tubing
(external diameter 0.46 mm, internal diameter 0.25 mm) at a frequency of
2.6 MHz.
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CHAPTER 6

MODAL ATTENUATION

6.1. Introduction

It became apparent from the group-velocity measurements that the

amplitude and signal sharpness of the various modes are dependent upon a

number of variables. A more detailed analysis of some of the factors

influencing modal attenuation was considered of potential benefit to help find

out the optimum conditions of mode propagation. Chapters 6-8 are devoted

to this analysis. The present chapter is concerned with a comparison of the

attenuation of the various modes over a range of dimensionless frequency,

Chapter 7 compares the conduction of sound in different media, and Chapter 8

looks at the changes in conduction of certain materials when subjected to

various amounts of heat treatment. It will be useful, however, first of all to

summarize what has previously been learnt concerning ultrasonic attenuation

in polycrystalline solids.

6.2. Attenuation of ultrasound in polycrystalline solids

An extensive amount of literature exists concerning the attenuation of

ultrasound in solids and experimental results have not always been in

harmony. The reasons for this are manifold. Commercial metal products are

polycrystalline aggregates made up of a large number of individual grains or

crystallites. Each grain, though containing a great many dislocations and

impurities, may be thought of as being equivalent to a single crystal. Many

physical properties of a solid are highly dependent upon the size of these

grains and attenuation would appear to be one such property. The grains in

any given metal sample may, additionally, vary considerably in size and this

makes it difficult to obtain an accurate average value of the grain size.

Reynolds and Smith (1985) show how the attenuation can be affected by the
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width of the grain-size distribution, as well as by the mean value. Moreover,

two metal samples having identical grain structures may contain different

amounts of internal strain which also dramatically affects the physical

properties (Papadakis & Reed, 1961). A further possible source of variance in

the experimental data lies in the particular method used to measure the

attenuation. Different techniques introduce different types of error, some of

which have been discussed by Roderick and Truell (1952).

However, a general theory has emerged over the years which has come to

be quite widely accepted, and it will be of value to review some of the

literature leading to its inception.

Mason and McSkimin (1947) appear to be the first authors to have

published experimental data for attenuation in metals in the MHz region. They

conducted their investigation using aluminium and glass rods over the

frequency range 2-15 MHz, and determined the attenuation by measuring the

relative amplitudes of reflected pulses of ultrasound from the ends of the rods.

The losses at the ends of the rods were evaluated by changing the length of

the rod specimen and repeating the measurements. The relationship:

a =51v+52v4 (6.1)

where a is the attenuation coefficient, 51 and B2 are constants, and v is the

frequency was found to fit the experimental points successfully. The

component in Eq. (6.1) proportional to frequency was attributed by Mason and

McSkimin to elastic hysteresis losses—concluded to be the major cause of

attenuation in metals in the KHz range (Wegel & Walther, 1935). A possible

cause for these hysteresis losses may be the movement of dislocations in the

individual grains (Granato & Lucke, 1956). The second term in Eq. (6.1),

proportional to the fourth-power of the frequency, was explained on the basis
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of Rayleigh scattering from small particles. In their theoretical treatment to

find the value of the constant B2. Mason and McSkimin neglected any change

in density between the individual grains and assumed that scattering from the

grains was random and that multiple scattering did not occur. The agreement

between the theoretical and experimental values of B2 was relatively close for

shear waves, but less so for longitudinal waves. Using two samples of

aluminium of different internal grain size, Mason and McSkimin further found

that the fourth-power law was valid up to the frequency for which the grain

size was about a third of the wavelength, after which a square-law variation

resulted. The attenuation was greater in the larger-grained sample and it was

shown that B2 was directly proportional to the grain volume.

Roth (1948) using a different method, restricted to longitudinal waves only,

for finding the attenuation in aluminium and magnesium questioned Mason

and McSkimin's theory and suggested the formula:

a =B (v/D)+K

where B is a constant, D is the average grain diameter, and K is a function

independent of frequency but possibly dependent upon the reciprocal of D.

Mason and McSkimin (1948) extended the frequency range of their previous

measurements to 30 MHz using the water-bath method of Roth and found, as

Roth had done, that at higher frequencies the attenuation takes on an almost

inverse proportionality relationship to the grain size. They concluded that a

diffusion type of wave propagation, similar to the mechanism of heat transfer,

in which the attenuation is controlled by the mean free path (corresponding to

the average grain diameter) was triggered at these higher frequencies, and

they derived the expression:

a =2/2/0
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where R is the reflection coefficient dependent upon the anisotropy of the

grains and D is the average grain diameter.

Huntington (1950) suggested a theory to explain the frequency square-law

behaviour found experimentally by Mason and McSkimin (1947) in the

intermediate region between the Rayleigh scattering and diffusion limits. This

region has been called the stochastic region (Stanke & Kino, 1984).

Huntington's random phase model is based on the diffraction pattern emergent

from a plane wave incident on a region composed of many small volume

elements characterized by different elastic properties. Although this theory

does predict the square-law dependence of the frequency, the absolute value

of the attenuation coefficient turns out to be about five times lower than the

measured value for longitudinal waves although agreement for shear waves is

a little better. The assumptions made in the random-phase model are that the

grains are isotropic, spherical, and of equal size. In addition, mode conversion

occurring at the grain boundaries is not considered. Huntington cites this

latter simplification as being the most likely cause of disagreement since

longitudinal waves are affected by mode conversion to a far greater extent

than shear waves, as later papers on the subject demonstrate (Lifshits &

Parkhomovskii, 1950; Bhatia, 1959).

Merkulov (1957a) strongly contended Mason and McSkimin's theory of

Rayleigh scattering and supported instead the theory presented by Lifshits and

Parkhomovskii (1950). The two theories produce quantitative results for the

attenuation coefficient constant B2 in Eq. (6.1) which differ by a factor of

approximately 30 times for longitudinal waves, although agreement is much

better for shear waves. Moreover, Merkulov reported that investigations of

sound attenuation in copper and iron showed considerable divergence of the

experimental values of the attenuation coefficient of longitudinal waves from
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those calculated by Mason and McSkimin's theory.

Merkulov disagreed with the basis of Mason and McSkimin's theory which

considered a single scattering of an elastic wave by an individual

inhomogeneity and pointed out that the Rayleigh scattering formula is strictly

only true for the case in which the ratio of the distance between scattering

centres to the diameter of the scattering centres is upwards of 100:1. This is

far from true in polycrystalline media where the grains are packed tightly

together. Lifshits and Parkhomovskii used an approximate solution of the

equations describing sound propagation, which Merkulov does not transcribe,

and assumed a small elastic anisotropy in the individual crystallites of the

metal. The resulting expressions are found to bear a Rayleigh-scattering

character but also include a term associated with mode conversion.

Merkulov extended Lifshits and Parkhomovskii's analysis for a cubic system

to a hexagonal lattice system. The expressions are dependent upon the

relationship between the ultrasonic wavelength and the average dimensions of

the crystallites. For a wavelength A>2ttD the attenuation coefficient is

proportional to Z)3v4, as in Mason and McSkimin's theory; for A<2i\D the

attenuation coefficient is proportional to Dv as was observed experimentally

by Mason and McSkimin (1947). Merkulov explained the Dv2 relationship as

being caused by the coherent nature of the scattering process. He argued

that a phase shift is introduced into the ultrasonic wave over the distance

which is equal to the average dimension of the crystallite; Huntington (1950),

however, gives a more rigorous treatment of the behaviour of sound waves in

this particular frequency-grain diameter region.

Merkulov investigated sound propagation in magnesium, iron, and copper

over the frequency range 0.5-110 MHz for values of average grain size ranging

from 0.05-0.25 mm, and found the experimental results to be generally in good



Ch.6. §6.2] Attenuation of ultrasound in polycrystalline solids 115

agreement with theory. The attenuation measurements for copper and iron,

however, increased slightly more rapidly in the stochastic region (intermediate

region between the Rayleigh scattering and diffusion limits) than a square-law

relationship of frequency would allow. The cause of this was attributed to the

larger non-uniformity of grain size in these metals. Merkulov further found

the £)3v4 law to be valid only for values of A//)>10; Mason and McSkimin

(1947), in contrast, found the Rayleigh scattering region to be valid for A/D>3.

Upon increasing the value of A/D, the scattering process approached a

diffusion-type process, also observed by Roth (1948) and Mason and McSkimin

(1948).

In an ensuing paper, Merkulov (1957b) dealt with the diffusion process in

slightly greater detail and assumed that, since the ultrasonic wavelength is

small in comparison with the linear dimensions of the grains, the propagation

of elastic waves in individual crystallites would be equivalent to their

propagation in single crystals of the metal. Using a frequency range of

5-180 MHz and values of grain size up to 2 mm for aluminium, magnesium,

and iron, Merkulov found that the expression:

a =A,v+A2\)2+R/D (6.2)

where A1 and A2 are constants, and R is the average reflection coefficient of

an elastic wave at the inter-crystalline boundary, modelled the attenuation

agreeably for wavelengths of A<<D. The term proportional to frequency,

Merkulov attributed to hysteresis losses whereas the term proportional to the

squared power of the frequency he attributed to losses due to thermal

conductivity. The latter occur because the propagation of ultrasonic waves at

very high frequencies is not perfectly adiabatic and an appreciable heat

exchange consequently takes place between regions of high deformation and

regions of low deformation. However, the reason as to why these losses
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should be proportional to the square of the frequency, Merkulov does not give

and another explanation is that they are caused through absorption by

dislocations in the individual grains (Reynolds & Smith, 1985). The agreement

between the attenuation calculated by Eq. (6.2) and experiment was considered

good for materials with low crystallite anisotropy, such as aluminium and

magnesium. Iron which is more anisotropic gave rise to poorer agreement

and this was explained on the basis of a greater amount of mode conversion

taking place at the grain boundaries.

Bhatia (1959), independently of Merkulov, found expressions of the

scattering coefficient B2 of Eq. (6.1). By treating the changes in the elastic

constants and density of the medium from grain to grain, which he assumed

small, as a perturbation, Bhatia derived his expressions using the stress-strain

relationships and the equations of motion. The other assumptions he made

were that the grain size was small compared to the wavelength, that the

grains were randomly orientated so that each grain scattered independently of

others, and that the material was elastically isotropic. The theoretical

coefficients calculated by Bhatia for incident shear and longitudinal waves are

similar in form to those of Merkulov, and reveal that most of the scattered

energy in both cases of incident shear and longitudinal waves is contained in

the secondary shear waves. The expressions further show that the incident

shear waves suffer greater attenuation than incident dilatational waves, and

this was verified experimentally for aluminium (Mason & McSkimin, 1947), and

for iron and copper (Merkulov, 1957a). For magnesium, Mason and McSkimin

(1948) found that the attenuation for shear waves was less than that for

longitudinal waves and attributed it to the very nearly isotropic modulus for

shear in this metal. Merkulov (1957a) also found a lower overall magnitude of

the ultrasonic attenuation coefficient for shear waves in magnesium but found

that the transition to the square-law frequency dependency occurred at a
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lower frequency and that the scattering coefficient in the Rayleigh region

remained higher for shear waves in accordance with theory.

Agreement between experiment and values of the scattering coefficient

calculated from Bhatia's expressions was better than that obtained from Mason

and McSkimin's theory. In a following letter, Bhatia and Moore (1959)

generalized Bhatia's former expressions to an elastically anisotropic medium of

orthorhombic symmetry. These reduce to Merkulov's equations for the simpler

conditions of cubic and hexagonal crystal structures (Papadakis, 1965a).

However, the agreement with theory when anisotropy is taken into account is

somewhat worse than assuming conditions of isotropy and the authors

reserve comment as to the reasons why.

Stanke and Kino (1983) put forward a unified theory and derived an

expression to encompass all the different scattering regions. For isotropic

media their equation reduces to the expressions of the respective regions

discussed above for the various ranges of the wavelength to grain-size ratio.

The authors solved their expression numerically for aluminium which is

characteristic of a metal of low anisotropy and iron, characteristic of a metal

of relatively high anisotropy. The solution of shear waves in aluminium

follows the asymptotes of all the regions very closely. For longitudinal waves

the only variance occurs over the Rayleigh-stochastic transition where a hump

appears and the frequency dependence of the attenuation is noticeably less

than second-order. Stanke and Kino used this feature to explain the

divergence from the theoretical limits near the Rayleigh-stochastic region that

Papadakis (1965b) found for longitudinal waves in brass, nickel, and two

different types of stainless steel. Theoretical results for iron show similar

behaviour to those for aluminium for shear waves, but for longitudinal waves

there is no stochastic region—the hump extending very nearly up to the
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beginning of the diffusion region. Stanke and Kino's theory, however, does not

seem to predict the lower attenuation for longitudinal waves than for shear

waves, in the Rayleigh scattering region, found from experimental

investigations without exception.

Plotting the dependence of the attenuation on grain size, Stanke and Kino

found the attenuation coefficient to be proportional to D3 in the Rayleigh

region, to D in the stochastic region, and to 1 /D in the diffusion region and

passing through a maximum between the stochastic and diffusion regions at a

value of D='\/ekQ, where kQ is the propagation constant and e is the relative

inhomogeneity of the propagation constant—larger for more anisotropic

materials. This behaviour was observed experimentally by Merkulov (1957a)

who plotted the attenuation against D for a number of frequencies. He found

that in iron the maxima of the curves occurred at a value of A/D-3.0 whilst it

was less for the more isotropic media—aluminium and magnesium

(A/D= 1.5-2.0).

Agreement between theory and experiment for alloys is not as close as it

is with single-phase metals (Papadakis, 1959; Papadakis & Reed, 1961),

although the nature of the attenuation dependence is analogous (Merkulov,

1957c). Stanke and Kino abrogated their unified theory from applying to most

multi-phase materials because of the increased size of the inhomogeneity,

which one of their basic assumptions required to be small.

A general picture therefore emerges of attenuation in polycrystalline

materials. For frequencies in the KHz region, which have not yet been

discussed, attenuation is caused to a certain extent by thermoelastic relaxation

(Blitz, 1963; Hill, 1986) which arises from the anisotropy of the grains within

the medium. A stress applied to a polycrystalline solid will result in a

variation of strain across the grains and consequently the temperature
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difference caused by the compression and rarefaction cycles will not result in

a uniform temperature distribution. Thermal damping losses occur by heat

transfer across the grains. The attenuation is proportional to v0v2/( Vq t-v2)
(Blitz, 1963) where v0 is the relaxation frequency (greater than 100 KHz for

most metals). Shear waves are not affected by this type of attenuation which

is caused solely by compressional strains. Hysteresis losses, however, appear

to be the predominant cause of attenuation at these frequencies. The

wavelength/grain-size regions causing changes in the behaviour of attenuation

in the MHz range are summarized in Table 6.1.

A>10A> A<2ttD A«D

£>3v4 attenuation Dv2 attenuation 1/D attenuation
dependence dependence dependence

Rayleigh-scattering Stochastic Diffusive
region region region

Table 6.1 Attenuation dependence in various wavelength/grain-size regions.

6.3. Methods of measuring attenuation in solids

A number of methods are employed for measuring the attenuation in solids

and some of these are summarized by Blitz (1963). The methods used in the

investigations mentioned above were basically one of two techniques.

The first is the pulse-reflection method of Mason and McSkimin (1947). A

simplified description of this method is that two transducers, one to transmit

and one to receive, are attached to the ends of a rod of the metal sample,

usually by a wax compound that is capable of supporting shear waves. The

transmitting transducer sends a pulse of sound along the rod which is

detected by the receiving transducer as are the subsequent reflections. The

losses occurring at the wax joints are evaluated by using another sample of
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the same metal but of different length. Knowing these losses, the attenuation

in the metal can be calculated from the decrease in amplitude of the reflected

pulses.

The second method involves a water-bath (Roth, 1948) and has the

disadvantage of being restricted to longitudinal waves only on account of the

inability of water to support shear waves. The metal sample under

investigation is placed in a bath of water and a sound pulse is transmitted

from the transducer through the water into the sample. The transducer

behaves as both transmitter and receiver, and the multiple reflections between

the parallel faces of the metal sample are recorded. The reflections from the

faces of the metal sample may be separated from the various other reflections

by varying the distance of the water path. The loss incurred by a

metal-to-water interface may be calculated using the power reflection

coefficient (Roth, 1948) or measured by taking the difference in attenuation of

signals received from the sample with only one end face totally immersed.

Perfect reflection at an air-to-metal interface may be assumed and the

difference in attenuation is therefore equal simply to the loss at one

metal-to-water interface. Roth found close agreement between calculated and

measured losses.

For both these methods, inaccuracies due to beam spreading and

nonparallelism of the end faces must be taken into account and this is

discussed in detail by Roderick and Truell (1952).

Various attenuation measurements were made in the course of this

investigation for wires of different metals and also for wires subjected to

various degrees of heat treatment. The results of these measurements will be

presented in this and the following two chapters. The first set of

measurements, discussed in this chapter, is concerned with the attenuation of
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the various longitudinal and flexural modes of propagation in solid stainless

steel waveguides for a variety of radii. The wires were of type 302 stainless

steel (the most usual type for wires and tubes) and were received in the

cold-drawn state from the manufacturer.

Neither of the methods for measuring attenuation outlined briefly above

are possible for the values of radii of the waveguides under investigation. The

losses at the ends of the wires were so great that it was not possible to

obtain a satisfactory set of reflected pulses even for short lengths of wire

(less than about 10 cm). In addition, as the frequency increased the number

of modes of propagation increased and it became virtually impossible using

such short lengths to determine which reflections belonged to which mode.

6.4. Technique for measuring attenuation in waveguides

A slightly cruder method had therefore to be used. The maximum

obtainable signal of a particular mode under study after propagating along a

1.5 m length of wire was found by careful manipulation of the transmitting and

receiving transducers at the ends of the wires. The same circuitry was used

for these measurements as that described in Section 5.2 and the transducers

were again coupled to the ends of the wires by a thin layer of gel. The

individual modes were singled out using the theoretical group velocity curves

and the maximum signal for a particular mode under study was recorded along

with the transmitting voltage. This procedure was repeated for the whole

frequency range over which the mode was discernible up to a maximum

frequency of 5 MHz. The 1.5 m length of wire was then replaced by a 2.5 m

length of wire from the same manufactured batch and the measurements were

repeated keeping the transmission voltage the same, at each frequency, to the

values previously used in the measurements for the 1.5 m length of wire.

The loss in decibels per meter was determined using the formula:
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Loss=20(log10(l//2/VT)-log10(Vh/VT))

where Vy is the transmission voltage, and V^ and Vare the maximum

voltage signals of the same mode in the 1.5 m and 2.5 m lengths of wire

respectively. A necessary assumption that this method makes is that the

conditions of the end faces of the two lengths of wire are identical and in

order to achieve similar end surfaces the ends of the wires were polished flat,

where possible. Other assumptions that have tacitly been made are that the

internal structures of the two wires are identical and that the output of the

receiving transducer bears a linear relationship with the stress applied by the

mode. All these assumptions, however, are made by the pulse-reflection

technique of Mason and McSkimin, and the last of the assumptions is made by

the water-bath technique of Roth. The transmission and reflection coefficients

at the end of the wire with the receiving transducer will be different for the

different modes, as indeed they will be for the same mode at different

frequencies, owing to the changing nature of the phase velocities; however,

these considerations may be neglected since their effects upon the attenuation

values will be cancelled out in the process of the calculation above.

This particular method has an advantage over the one used by Meitzler

(1962) who investigated the attenuations of the modes propagating in

aluminium strips. Meitzler simply assumed that the insertion loss, which is a

measure of the output pulse to the input pulse, was characteristic of the

modal attenuation. In fact, the attenuation measurements taken in this manner

are dependent to a large extent upon the variable behaviour of the transducers

at different frequencies. To justify his technique, however, Meitzler repeated

his measurements using other transducers which had widely differing

characteristics to the ones he originally used and found the results followed

the same general trend.
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The attenuations of the observable modes of propagation are shown in

Figures 6.1-6.7 for waveguides of diameter 1.21 mm, 0.92 mm, 0.64 mm, and

0.25 mm. The symbols depict the experimental points and the curves are

polynomial or cubic spline fits through them. The error of the measurements

is difficult to ascertain. Owing to the time involved in making each individual

measurement it was not considered worthwhile repeating the experiment a

second time. Each measurement was taken with great care to ensure that the

maximum amplitude was recorded. The consistency shown in the behaviour of

the modal attenuations in the various wires testifies to the reasonable

accuracy of the measurements. The errors in determining the frequency,

radius of the waveguide, and the length of the samples can be considered

negligible compared with those involved in finding the maximum amplitude of

the mode signal.

fi

Figure 6.1. Attenuation of the first three longitudinal modes in a stainless
steel wire of diameter 1.21 mm.
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Q

Figure 6.2. Attenuation of the first three modes of the first-order family of
flexural waves in a stainless steel wire of diameter 1.21 mm.

Figure 6.3. Attenuation of the first mode of the second-order family of flexural
waves in a stainless steel wire of diameter 1.21 mm.
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Q

Figure 6.4. Attenuation of modes in a stainless steel wire of diameter
0.92 mm.
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°\°L(0,1)
h 1 ^ L~

Figure 6.6. Attenuation of modes in a stainless steel wire of diameter
0.64 mm.

Figure 6.7. Attenuation of modes in a stainless steel wire of diameter
0.25 mm.
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6.5. Theories concerning modal attenuations

In the literature there appear to be three theories that would seem to

suggest possible ways of modelling the attenuation of modes in waveguides

and these will be discussed briefly in the next three sections.

6.5.1. Character

In seeking to understand the frequency-dependent behaviour of the

attenuations of modes in thin strip waveguides (selective attenuation), Meitzler

(1962) introduced the concept of character. Meitzler argued that, since a

mode is essentially made up of a mixture between longitudinal- and

shear-wave components (see Sections 4.2.2.1 and 4.2.2.2), some distinctive

behaviour of the attenuation might be expected depending upon which of the

shear or longitudinal components were dominant at any one frequency.

The theoretical analysis for thin strip waveguides or plates is somewhat

simpler than that for cylindrical waveguides, and it turns out that only two

amplitude coefficients (.4 and B) are required in the solutions of the potential

functions which take the form (Meitzler, 1962):

^Bei [kz-wt) | sin(^)1 COS{qy)

for a waveguide of infinite width and whose thickness and length directions

are positioned in the y- and z-axes respectively. The expressions for the

particle displacements are:

The longitudinal modes have symmetric particle displacements about the

u2=( 3<t>/9z)-( 8i>/dy), Uy^( 3<j>/3t/)+( 3VM
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median plane of the strip, in much the same way as in cylindrical waveguides,

and the potential functions must therefore take the form:

^=Acos{Py)ei{kz~wt)
ty=Bsin{qy)ei{kz-wt)

The flexural modes, in contrast, have antisymmetric particle displacements

about the median plane of the strip and are described by the potential

functions:

b=As\n(py)ei[kz-wt)
^Bcos(qy)el{kz-wt)

Since A and B are the amplitude coefficients of the potential functions

describing the elementary wave motions (longitudinal and shear) the ratio of A

to B gives an indication of the relative strengths of these two wave motions

present in a mode at any frequency. This ratio may be found from the

boundary conditions; for the longitudinal modes (Meitzler, 1962):

A
_ £ (qb)2-{hb)2 j sin(9&)

B 2ikbpb sin(pA)

where b is the thickness of the waveguide, and for the flexural modes:

A
_ f (^)2~(9^)2] cos(qb)

B 2ikbpb cos(pb)

Owing to the fact that the ratio A/B is, in general, complex, Meitzler

introduced the quantity he called character (Ch), equal to the ratio A/B

multiplied by its complex conjugate:

Ch =(A/B)(A/B)*

Meitzler next considered the expression:
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«a/a/ = (3/4)(«z/«s)3 (6.3)

derived by Bhatia (1959) for the ratio of the attenuation coefficient of shear

waves (as) to that of longitudinal waves (a/) in the Rayleigh scattering region.

Since the longitudinal wave velocity (v,) is approximately twice as large as the

shear wave velocity (vg) the attenuation coefficient for shear waves is

approximately six times as large as that for longitudinal waves and Meitzler

reasoned that there should consequently be a rise in attenuation for modes at

frequencies for which the shear wave component is more predominant than

the longitudinal wave component.

Plotting character for the various modes against dimensionless frequency

reveals that the correlation between low attenuations, found from experiment,

and high values of character is quite good, and Meitzler concluded that the

concept of character was useful in understanding the behaviour of selective

attenuation of modes propagating in elastic waveguides.

A similar analysis may be extended to cylindrical waveguides; however, it

is no longer possible to assume an independency of the potential functions on

one of the coordinate axes as was done in the case of the strip waveguide.

Consequently three amplitude coefficients A, B, and C—c.f., Eqs. (3.15)—(3.16)—

are required for the cylindrical case.

Either the ratio A/B or A/C may be considered analogous to the ratio A/B

for the strip waveguide, but because the coefficients of B vanish for

longitudinal modes (when n=0), the value of A/C is chosen as the most

appropriate quantity. This ratio may be found from the boundary conditions.

The boundary conditions provide three equations in terms of the three

amplitude coefficients which may be solved simultaneously to give A in terms

of C (see Section 4.3.2) and:
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A _[2n2+(lca)2-(qa)2)(qa)2Jn(qa)aJ,ri(qa)-2n2(ka)2J*{qa)-2[(qa)2-(ka)2)a2j£(qa)
C 2i(ka)(qa)[[n2-(qa)2lJn(qa)aJ'ri(pa)+nZJn{qa)Jn(pa)-2aJ,n(qa)a.J'ri(pa) )

Figures 6.8-6.10 illustrate the behaviour of A/C multiplied by its complex

conjugate for the various modes as a function of the dimensionless frequency.

There are certain similarities between these curves and those of Meitzler's as

might be expected. The £(0,2) curve stops abruptly near cut-off because

beyond this point the mode becomes complex (see Section 4.2.2.4).

Comparison of Figures 6.1-6.7 with 6.8-6.10 reveals that the concept of

character is not so useful for cylindrical waveguides as it appears to be for

strip waveguides. It was seen from Figure 4.4 how certain modes closely

follow dilatational-wave characteristics and certain others follow

equivoluminal-wave characteristics near their cut-off frequencies. The

longitudinal £(0,3) mode is one such mode that follows a dilatational-wave

characteristic and this fact explains the character curve in Figure 6.5 of the

respective mode tending towards infinity near cut-off. The flexural £"(1,3) and

^(2,1) modes are other examples. Following Meitzler's argument the

attenuation should be least for these modes near their cut-off frequencies,

however Figures 6.1-6.4 show otherwise. The greater attenuation of modes

near cut-off may possibly be explained by the fact that dispersion is much

greater at these points (for a relatively small change in frequency there is a

correspondingly large change in group velocity). The amount of dispersion

will be dependent upon the length of the waveguide.
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Q
Figure 6.8. Character curves for longitudinal modes in a solid, cylindrical,
isotropic waveguide ( o 0.3).

Q
Figure 6.9. Character curves for the first-order flexural family of waves in a
solid, cylindrical, isotropic waveguide (a 0.3).
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Q
Figure 6.10. Character curves for the second-order flexural families of waves
in a solid, cylindrical, isotropic waveguide (a- 0.3).

Even for strip waveguides the concept of character fails to explain the

relatively low experimental attenuation of the F( 1) mode whose value of

character s less than 1.0 over its whole frequency range. In addition, it can

offer no explanation of the sudden rise and drop in attenuation of the L{3)

mode in the 2024 aluminium sample, nor does it model at all well the

attenuation of the L( 1) mode.

Meitzler's assumption that the attenuation was caused predominantly by

Rayleigh scattering, c.f., Eq. (6.3), appears reasonable. The wavelength of the

first three longitudinal modes and the first few modes of the first- and

second-order flexural families are shown in Figures 6.11-6.13 for stainless

steel waveguides. The Z,(0,2) curve ends abruptly on account of the mode

becoming complex at lower values of the dimensionless frequency. The

maximum value of the dimensionless frequency that was used in this
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n
Figure 6.11. Wavelength versus dimensionless frequency for the first three
longitudinal modes propagating in a solid, cylindrical, isotropic waveguide
(o 0.3).

n
Figure 6.12. Wavelength versus dimensionless frequency for the first six
modes of the first-order flexural family of waves propagating in a solid,
cylindrical, isotropic waveguide (o 0.3).
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Q
Figure 6.13. Wavelength versus dimensionless frequency for the first two
modes of the second-order flexural family of waves propagating in a solid,
cylindrical, isotropic waveguide (a 0.3).

Figure 6.14. Dimensionless attenuation of the first three longitudinal modes in
a solid, cylindrical, isotropic waveguide (a=0.35, a'=-1.0) (after Coquin).
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experimental study was approximately 6.1. The smallest wavelength of any

mode at this value of dimensionless frequency is not much less than 1.0 mm.

Judging by the dimensions of the grains in Figure 8.1a, which is a photograph

showing the typical internal grain structure of a cold-drawn wire, the condition

A<<10/J holds true (see Table 6.1).

It must consequently be concluded that modal attenuation is not such a

simple process that it can be explained purely on the basis of the attenuation

of the elementary wave components of which a mode consists.

6.5.2. Viscoelastic model

Coquin (1964) suggested another model to explain the phenomenon of

selective attenuation in waveguides in which he considered the waveguide to

be made of a viscoelastic material. Viscoelasticity is the property exhibited by

liquids with such high viscosity that they may withstand shear stresses for a

limited time. Solids, in reality, are not perfect solids and may be considered

as being viscoelastic in nature.

In a viscoelastic substance the propagation constant is complex, the

imaginary part being the attenuation constant. In addition, the elastic

constants describing the metal are complex functions of frequency; for

isotropic conditions these may be written (Coquin, 1964) in the form:

G [w)— X'(u;)+ 2y'(u>)+zX"(u;) + 2z'y"(u;)

M (ti/)= y'(u;)-|-ty"(ui)

where X', y' and X", y" correspond to the respective real and imaginary parts

of the Lamd constants. Coquin assumed low-loss materials, such that y"/u'

and (X"+2y")/(X,+2y') are much less than unity. His method involved

approximating the characteristic equation for plates and Pochhammer's

equation for cylinders by the first few terms of a Taylor expansion, which
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provided an expression for the attenuation constant (a) (for cylindrical

waveguides) such that:

a « (/get, + (Ks)<xs

The coefficients and K are given by the expressions:

Kt =(9/yac)/(9P/9/t)

Ks =(9P/9A7)/(9P/9A:)

where P denotes Pochhammer's equation (see Eq. 4.6) and k is the wave

number. The symbols a/ and as are the attenuation constants of shear and

dilatational waves respectively. They are defined by the equations:

<*l = ((X"+2n")/(X'+2V))(w/A/)

as =(U"/U')VAS

where A/ and As are the wavelengths of the respective shear and dilatational

plane waves.

Two of the most common ways of describing viscoelastic materials are the

Voigt and Maxwell models. They differ in that in the Maxwell model the total

stress is assumed to be shared equally by all the elastic and viscous

components whereas in the Voigt model it is assumed that the total stress is

shared by all the elastic and viscous components with each component

experiencing the same strain (Hill, Chap. 4, 1986).

The generalized Hooke's law, Eq. (2.4), may be written in tensor notation

(Miklowitz, 1978), such that:

Tij ~ cijklekl

where c-y are the elastic constants. The stress-strain relations in a Voigt
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solid (Coquin, 1964) are:

T ij ~ cijklCkl+c ijkli ^ekl/^1) (6.4)

and it is seen from here that the stress is not solely dependent upon the

strain but also upon the rate of change of strain (Hill, Chap. 4, 1986).

Eq. (6.4) is essentially the same as the equation of motion describing a

body under the influence of an external periodic force:

where m is the mass of the body, Rm is the mechanical resistance, and cm is
the compliance or displacement per unit restoring force. If the mass is

assumed negligible Eq. (6.5) takes on the same form as Eq. (6.4).

Coquin considered an isotropic Voigt solid which may be specified by four

independent material constants, such that:

G (w)= X+2p+iw( X'+2y')

M [w)= ]l-\riw'\l'

In terms of X, y, X', and y', o and a' may be written in the form:

where a is Poisson's ratio and o' is a similar parameter which determines the

dissipative properties of the material—o=-1.0 corresponds to a material in

which all losses are due to shear deformations (Coquin, 1964). Coquin

calculated the attenuation coefficient for a material having Poisson's ratio

equal to 0.35 with a value of o' equal to -1.0 and found values of the

dimensionless attenuation, equal to (2a2/y')(py)1/2a, for the first three

longitudinal modes in a cylindrical waveguide of radius a (see Figure 6.14).

m( d2z/dRm( dx/dl)+z/cm= FQsin(wt) (6.5)

a—X/2(X+y) , o—X/2(X+y)
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Coquin's results for a plate indicate, however, that there is no great difference

in the behaviour of the attenuation with frequency between a material having

o'=-1.0 and one having o'=0.44 (corresponding to a material in which very

few losses are associated with shear deformations).

Qualitatively, Coquin's results do seem to model the general increase in

attenuation of the 7,(0,1) mode with increasing values of dimensionless

frequency (for all wires). They would also appear to explain the variation of

attenuation with dimensionless frequency for the 7,(0,2) and 7,(0,3) modes in

the 1.21 mm diameter wire and the 7,(0,2) mode in the 0.92 mm diameter wire,

though the low attenuation of the 7,(0,3) mode in the latter wire below a value

of dimensionless frequency approximately equal to 4.5 is not predicted.

It should be interesting to extend Coquin's method to the flexural modes

although this would entail differentiating a Taylor expansion of a

three-by-three determinant. Coquin's results for the flexural waves in a plate

indicate that the attenuation increases quite sharply with increasing mode

number which was observed experimentally for cylindrical waveguides.

6.5.3. Generalized dispersion relationships

The third model concerning attenuation is provided by O'Donnel et al.

(1978, 1981). The authors do not seek to discover the specific loss

mechanism responsible for the attenuation in media, but rather provide general

relationships for the attenuation in terms of the phase velocity based on the

generalized dispersion (or Kramers-Kronig) relationships. O'Donnel et al. derive

approximate equations from these relationships in a form suitable for sound

waves. The exact form of their equations are analogous to the dispersion

relationships in electromagnetic wave propagation (Hill, Chap. 4, 1986), and

prove useful in a number of areas of physics (Arfken, p. 421, 1985). The

derivation of the approximate relationships is based on the assumptions that
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Figure 6.16. Attenuation coefficient derived from the generalized dispersion
relationships versus dimensionless frequency for the first three modes of the
first-order flexural family of waves propagating in a solid, cylindrical, isotropic
waveguide (o 0.3).

Figure 6.15. Attenuation coefficient derived from the generalized dispersion
relationships versus dimensionless frequency for the first three longitudinal
waves propagating in a solid, cylindrical, isotropic waveguide (o 0.3).
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the attenuation and dispersion are sufficiently small and do not change rapidly

with frequency. The expression linking the attenuation coefficient to the phase

velocity may be written in the form (O'Donnel et al„ 1980):

a=(7Tw2/2cty(dCp/dw) (6.6)

where c is the phase velocity, w is the angular frequency, and a is the

attenuation coefficient in m 1. The authors found this expression gave

excellent agreement with the experimental results obtained from

measurements made on soft tissue.

Q
Figure 6.17. Attenuation coefficient derived from the generalized dispersion
relationships versus dimensionless frequency for the first two modes of the
second-order flexural family of waves propagating in a solid, cylindrical,
isotropic waveguide (a 0.3).

The attenuation may be computed from Eq. (6.6) once the variation of the

phase velocity with frequency is known. The attenuation coefficients for the

relevant longitudinal and flexural modes were accordingly calculated and are
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illustrated in Figures 6.15-6.17. In order to obtain non-negative values of the

attenuation coefficient, the absolute value of dcp/dw was used in the
calculations.

The curves successfully predict the large values of attenuation near cut-off

for each mode and the initial low attenuations of the £(0,1) and £1(1,1) modes,

but fail to model the higher attenuations observed experimentally towards

higher values of the dimensionless frequency.

6.6. Conclusion

The attenuation of the modes propagating in waveguides varies depending

upon the dimensionless frequency and this phenomenon has been referred to

as selective attenuation (Meitzler, 1962). The dimensionless-frequency range

over which each mode shows least attenuation is generally consistent for

stainless steel wires of a variety of diameters, although it does tend to

become narrower with the value of minimum attenuation increasing as the

waveguide radius decreases. Of the three models of attenuation outlined in

this chapter, the viscoelastic model appears to be the most appropriate. It

would seem, however, that a comprehensive model would need to take into

account the radius of the waveguide itself. As a general rule, the attenuation

is least for ranges of dimensionless frequency over which the group-velocity

curves pass through a peak. For those modes which do not show a peak, e.g.,

£(0,1), ^(Tl), and F(2,1), the attenuation is least, in the case of the £(0,1) and

£"(1,1) modes, at points of maximum group velocity; and, in the case of the

F(2,1) mode, over the range where the group-velocity curve has greatest

curvature just before starting to approach its maximum group velocity

asymptotically.
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CHAPTER 7

SOUND CONDUCTING PROPERTIES OF WAVEGUIDES

7.1. Introduction

Of primary interest in the whole area of elastic propagation is the question

concerning which physical properties determine whether a material will exhibit

good or poor sound conduction. Sound transmission in a number of

waveguides of various metals was studied in order to find which metal proved

to be the most efficient conductor of sound. In addition, sound transmission

in stainless steel wires and tubes of various diameters was studied to try and

find the optimum lateral dimensions for a waveguide. The results of both

these studies will be presented in this chapter.

7.2. Sound conduction in a variety of metals

As a preliminary investigation sound conduction in 1.5 m lengths of

aluminium, stainless steel, brass, and copper wires was compared. Unlike the

experimental attenuation measurements made in Chapter 6, the technique in

this particular study took the insertion loss in dBs as a measure of the sound

attenuation. This loss is calculated by dividing the maximum received signal

by the input signal, taking the logarithm to base 10 and multiplying by 20.

The advantage of this method is that only one measurement had to be made

at each frequency (rather than two in the previous method which proved to be

highly time-consuming). The disadvantage is, as was explained before, that

the measurements are very much dependent upon the frequency-response of

the transducers. In addition, the insertion-loss method makes no allowance

for the different reflection and transmission coefficients of the modes at the

wire-transducer interfaces. Figure 7.1 shows the typical variation of insertion

loss with frequency for 1.5 m lengths of stainless steel wires of diameter

1.0 mm and 0.5 mm. The major peaks and troughs in the insertion-loss
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Frequency (MHz)
(a) 1.0 mm diameter stainless steel wire
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Frequency (MHz)
(b) 0.5 mm diameter stainless steel wire

Figure 7.1. Attenuation measurements of ultrasound propagating in 1.5 m
lengths of stainless steel wire of: (a) 1.0 mm diameter, and (b) 0.5 mm
diameter.



Ch.7, §7.2.] Sound conduction in a variety of metals 144

curves, which are caused by the frequency-response of the transducers, can

be removed to a large extent by measuring the insertion losses in the various

relative to one particular wire used as a reference. Insertion loss

measurements are shown in Figures 7.2 and 7.3 for a number of wires;

aluminium was chosen as the reference wire and is therefore indicated by the

horizontal line at zero dB. The attenuation measurements shown are per

1.5 m. The points are the average of two sets of measurements and the error

bars indicate the difference between the averaged values and the values of

one of the sets of measurements. Points above the reference line at zero dB,

i.e., points for which the attenuation is positive, correspond to instances of

better sound conduction than the reference waveguide; conversely, negative

values correspond to instances of worse sound conduction.

It may be concluded that copper and brass are, in general, much poorer

conductors of sound than aluminium and stainless steel. The sudden drop in

attenuation in both the brass and copper wires of diameter 1.0 mm between

the frequencies 3.5 and 4.5 MHz is caused by the appearance of the L{0,3)

mode. Over these frequencies the group velocity of the L(0,3) mode for

copper and brass passes through its peak and the mode is dominant. Since

the shear-wave velocities for both aluminium and stainless steel are greater

than those for brass and copper (giving rise to smaller values of the

dimensionless frequency), the peak group velocities of the L{0,3) mode in the

former metals occurs outside the frequency range under investigation.

Attenuation of sound in 1.0 m lengths of 1.0 mm diameter cold-drawn

copper wire, manufacturer-annealed copper wire, and zinc wire was compared

(see Figure 7.4) and it was found that the cold-drawn copper was, if anything,

a poorer conductor than the annealed copper. Zinc also proved to be a poor

conductor of sound as Figure 7.4 illustrates; in this figure the annealed copper
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Figure 7.3. Relative attenuation measurements of ultrasound propagating in
1.5 m lengths of aluminium, stainless steel, brass, and copper wires of
diameter 0.5 mm.
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Figure 7.2. Relative attenuation measurements of ultrasound propagating in
1.5 m lengths of aluminium, stainless steel, brass, and copper wires of
diameter 1.0 mm.
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wire has been taken as the reference, and the attenuation measurements are

per meter length. A rough estimate of the errors involved may be appreciated

from Figure 7.2. The measurements were not repeated owing to the time

involved in making one individual measurement and therefore error bars have

not been included.
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Frequency (MHz)
Figure 7.4. Relative attenuation measurements of ultrasound propagating in
1.0 m lengths of 1.0 mm diameter manufacturer-annealed copper wire (a),
cold-drawn copper wire (b), and zinc wire (c).

Other materials were investigated for wires of diameter 0.5 mm and length

1.5 m (all in the cold-drawn state) and the results are displayed in Figure 7.5.

The attenuation is the value calculated for the 1.5 m lengths and the reference

wire is the same stainless steel wire that was used in Figures 7.1 and 7.2. The

stainless steel wire marked st. steel (2) was taken from a different batch of the

same specification wire as the reference wire—st. steel (1). There is some

divergence between the conductivities of the two wires at higher frequencies.
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Figure 7.5. Relative attenuation measurements of ultrasound propagating in
1.5 m lengths of a number of cold-drawn wires of 0.5 mm diameter.
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A hardness test performed upon the two stainless steel samples revealed that

the reference wire was slightly harder than the st. steel (2) wire. Hardness will

be discussed in a little more detail in Chapter 8; it is a quantity that is related

to the resistance of a material to deformation. A harder metal is one that has

been more severely cold-worked.

Copper and brass proved to be the poorest sound conductors of all the

0.5 mm wires; stainless steel, monel, aluminium, and iron have similar

sound-conducting properties. The difference in attenuation between the good

and bad conductors increases quite sharply with frequency (see Figure 7.5).

It would appear that there is some sort of relation between the amount of

deviation of the experimental modal group velocities from the theoretical

curves and the poorer quality of sound conduction. Whereas aluminium,

stainless steel, nickel, monel, and iron all show extremely good agreement

between the experimental and theoretical modal group velocities, brass,

copper, and zinc show less close agreement; these latter metals are much

poorer conductors of sound. Roth (1948) also observed poor sound

transmission in rods of copper and brass and concluded that anisotropy was

the cause. In polycrystalline materials, the crystallographic orientation

changes abruptly in passing from one grain to another and the greater the

anisotropy of the individual grains, the greater will be the mismatch of the

elastic constants between the grains resulting in greater scattering at the

grain boundaries.

Roth took the departure from unity of the quantity «44/2(s 11 -s 12), where

slv s12, and s44 are the elastic compliances of a material (related to the elastic

constants), as being indicative of the anisotropy of a material of cubic

structure. For hexagonal lattices the additional quantities s13/si2 anc' s33/sn
give measures of how anisotropic the material is. Using this technique, Roth
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predicted that zinc would be a poor conductor of sound and this has been

verified in this study. However, what is not clear is why iron, predicted to be

only a fair sound conductor, proves to be a good conductor. What also is not

clear is why the more anisotropic materials, with the exception of iron, show a

much more rapid increase in attenuation with frequency than the more

isotropic materials (see Figure 7.5).

A comprehensive comparison of sound attenuation in the various metal

wires is difficult owing to the fact that the same frequency corresponds to a

different dimensionless frequency for each particular metal. A comparison of

the attenuations at the same values of the dimensionless frequency would

require a detailed knowledge of the transducer characteristics on account of

the frequency-response of the transducers being far from flat.

7.3. Comparison of sound conduction in waveguides of various diameter

Since the longitudinal modes, in general, seem to give rise to the largest

modal signals when passing through their group velocity peaks, it was

conjectured that hollow waveguides might, at those frequencies over which

the longitudinal modes have maximum group velocities, prove to be most

efficient conductors of sound. The cut-off of the L[0,2) mode occurs at

dimensionless frequencies in hollow waveguides much below its value in the

solid waveguide of the same external diameter. Sound conduction in a

number of stainless steel wires and tubes (all of length 1.5 m) was therefore

investigated and the results may be seen in Figures 7.6 and 7.7. The solid and

hollow waveguides shown in each respective figure have similar external

diameters apart from the reference wire (1.21 mm diameter) in all but the top

figure in Figure 7.6.

These figures clearly reveal the frequency dependence of the quality of

sound conduction in waveguides. The thickest wire (1.21 mm diameter) is not



Ch.7, §7.3.] Comparison of sound conduction in waveguides of various diameter 150

m

C
o
'-r-1
D
ZD
C
CD
-M

<

-20 -

-30 -

-40 -

Frequency (MHz)

(a) 1.21mm diameter
(b) 1.22 x 1.02 mm (Ext.: Int. diameter)
(c) 1.24 x 0.855 mm (Ext.: Int. diameter)

(a) 1.21 mm diameter
(b) 0.92 mm diameter
(c) 0.89 x 0.85 mm (Ext.: Int. diameter)
(d) 0.895 x 0.595 mm (Ext.: Int. diameter)

0.5 1.5 2.5 3.5 4.5 5.5

Frequency (MHz)

Figure 7.6. Relative attenuation measurements of ultrasound propagating in
1.5 m lengths of stainless steel wires and tubes.
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(a) 1.21 mm diameter
(b) 0.64 x 0.325 mm (Ext.: Int. diameter)
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Figure 7.7. Relative attenuation measurements of ultrasound propagating in
1.5 m lengths of stainless steel wires and tubes.
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necessarily the best conductor at all frequencies and is surpassed by wires of

diameter 0.64 mm and 0.92 mm over certain frequency ranges. It is also

interesting to notice that, at higher frequencies, wire of diameter 0.25 mm is

practically as efficient a conductor as the 1.21 mm diameter wire (see bottom

figure in Figure 7.7) and a better conductor than many of the other wires. The

hollow waveguides were essentially poorer conductors at all frequencies than

the solid waveguides of similar external diameter.
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CHAPTER 8

EFFECT OF HEAT TREATMENT UPON ATTENUATION

8.1. Introduction

It was seen in Chapter 7 that the copper wire received from the

manufacturer in the annealed state was, over most frequencies, a more

efficient conductor of sound than the cold-drawn wire (see Figure 7.4). In

order to vary the grain size in the metal specimens used in the investigations

summarized in Section 6.2, the samples were usually heat treated. Grain size

was seen to have a significant effect upon the attenuation of ultrasound

transmitted through the samples. In the search for a waveguide having

optimum sound transmission properties, the relative sound conductivities of a

number of metal wires subjected to various amounts of heat treatment were

compared.

8.2. Internal structure of polycrystalline solids and effect of heat treatment

Polycrystalline solids were introduced in Chapter 6 as containing a large

number of individual grains or crystallites which are similar to single crystals.

The boundaries separating these grains are only a few atomic diameters wide

and the atomic arrangement in these boundaries is irregular. The

crystallographic orientations of the grains are generally very different from one

another.

In the manufacture of wires, the grains are crushed together as the wire is

drawn through a series of dies (Dieter, 1961). The resulting grain structure

looks fibrous and the material is said to be severely cold worked. A

cold-worked material is characterized by a great many internal strains and the

grains contain a high density of dislocations. When a cold-worked metal is

annealed, the strains are released. Flowever, if the temperature exceeds the

material's recrystal/ization temperature the density of the dislocations is
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considerably reduced and the grains become more spherical in shape due to

the process of grain growth. The recrystallization temperature is not an

absolute temperature as, for example, the melting point of a metal but is

dependent upon the amount of cold work that a metal has undergone. For

practical considerations, it may be defined as the temperature at which a given

material in a highly cold-worked state completely recrystallizes in one hour

(Dieter, 1961).

It is possible to examine the grain structures of metals using an ordinary

microscope. In order to prepare a sample as small as a piece of wire for

examination, the sample is first of all set lengthwise in a bakelite cast such

that it is embedded into the top layer of the cast. The top few layers of the

cast are ground away using emery paper until sufficient of the cross section

of the wire is exposed. This process is repeated using several grades of finer

emery paper and the mounted sample is afterwards polished by finely-graded

diamond paper until the surface of the wire is free of scratches. The face of

the sample is then rubbed over by a piece of cotton wool previously dipped in

an acid solution appropriate to etch the metal under examination. The sample

is finally washed and dried and is ready to be viewed under the microscope.

The atoms in the grain boundaries have a higher free energy than those

within the grains (Smallman, 1963) and the grain boundaries are consequently

areas of high surface energy. The rate at which the acid attacks the grains

and grain boundaries is dependent upon the surface energy. In addition, since

the crystallographic planes in the individual grains are orientated differently

they will scatter light in various directions, some scattering more light through

the objective lens of the microscope than others. The result is that the grains

are easily seen as regions of different shades. Figure 8.1 is typical of the

grain structures so observed. Figure 8.1a is a photograph taken through a
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-

(a) Cold-drawn state

(b) 550°C for 30 minutes

(c) 500°C for 3 hours

Figure 8.1. Photomicrographs of samples of 1.0 mm diameter brass wire. The
photographs are longitudinal cross sections, the wire running from the
left-hand side to the right-hand side of the page. The dimensions of the
photographs are approximately 10 mm (j-direction) by 0.5 mm (y-direction)
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microscope (photomicrograph) of a cold-drawn sample of brass wire (1.0 mm

diameter), Figure 8.1b is a photomicrograph of a cold-drawn sample of brass

wire annealed for 30 minutes at a temperature of 550°C, showing

recrystallization, and Figure 8.1c is a photomicrograph of a sample of

cold-drawn brass wire annealed at a temperature of 500°C for 3 hours

showing the result of grain growth. All these photomicrographs have the

approximate dimensions 1.0 mm by 0.5 mm.

8.3. Experimental procedure

Initially, 1.5 m lengths of brass, copper, aluminium, and stainless steel

wires of diameter 1.0 mm and 0.5 mm were heated to the temperatures:

555°C for 30 minutes (for the brass and copper wires), 550°C for 30 minutes

(for the aluminium wires), and 700°C for 30 minutes (for the stainless steel

wires). The wires were all left to cool at room temperature after extraction

from the furnace1.

Attenuation results were repeated upon the heat-treated samples and

compared with those of the wires (taken from the same batch) in the

condition received from the manufacturer. The results are shown in

Figures 8.2-8.7 (attenuation is per 1.5 m). In all these figures, the reference

line is the cold-drawn wire, apart from Figure 8.3 for the copper wires where

the reference is the wire received from the manufacturer in the annealed

state—it was not possible to obtain copper wire of diameter 0.5 mm in the

cold-drawn state except at great financial expense. The graphs were

constructed in exactly the same way as those shown in Chapter 7

(Figures 7.2-7.7) where it was noted that any point below the zero reference

'Quenching in all these metals does not result in any change of the internal structure. The
method of cooling was therefore immaterial.
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Figure 8.2. Relative attenuation measurements of ultrasound propagating in
1.5 m lengths of aluminium wire after heat treatment.

Figure 8.3. Relative attenuation measurements of ultrasound propagating in
1.5 m lengths of copper wire after heat treatment.
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Figure 8.4. Relative attenuation measurements of ultrasound propagating in
1.5 m lengths of 0.5 mm diameter brass wire after heat treatment.
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Figure 8.5. Relative attenuation measurements of ultrasound propagating in
1.5 m lengths of 0.5 mm stainless steel wire after heat treatment.
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Figure 8.6. Relative attenuation measurements of ultrasound propagating in
1.5 m lengths of 1.0 mm diameter brass wire after heat treatment.
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Figure 8.7. Relative attenuation measurements of ultrasound propagating in
1.5 m lengths of 1.0 mm diameter stainless steel wire after heat treatment.



Ch.8. §8.3.] Experimental procedure 160

line signifies an instance of poorer sound conduction and any point above the

zero dB line, an instance of better sound conduction.

8.3.1. Discussion

Figures 8.2 and 8.3 show the relative attenuations for the aluminium and

copper wires respectively. The relative attenuations for the 0.5 mm and

1.0 mm diameter wires should not be compared with each other in either

figure. The results for both diameters of wire have been plotted in the same

figure merely for convenience and conservation of space; the reference line

(marked (a) in the figures) is to be taken as the 1.0 mm diameter reference

wire in the case where the 1.0 mm wire is under consideration and as the

0.5 mm diameter wire in the case where the 0.5 mm diameter heat-treated

wire is under consideration.

Figures 8.4 and 8.5 illustrate the results for the 0.5 mm diameter brass and

stainless steel wires respectively. Figures 8.6 and 8.7 are the results of the

1.0 mm diameter brass and stainless steel wires. Of all the wires in this initial

study the heat-treated brass wires were the only ones that demonstrated any

significant decrease in attenuation. The other wires, apart from the 0.5 mm

diameter aluminium wire, all showed an increase in attenuation after heat

treatment.

The results for the aluminium wires are rather surprising. The 1.0 mm

diameter wire shows a significant increase in attenuation starting at a

frequency of about 2.2 MFIz, whereas the 0.5 mm diameter wire shows no

similar increase in attenuation even at a frequency corresponding to the

dimensionless frequency at 2.2 MFIz in the larger diameter wire. On account

of the very high purity of the aluminium wire it was not possible to see the

grain structure using the etching reagents available. A possible reason may

be that the 0.5 mm diameter wire was cold-worked to a much greater extent
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than the 1.0 mm diameter wire and this would have the effect of producing

much smaller grains upon recrystallization (Dieter, Chap. 5, 1961). A hardness

test performed upon samples of the two wires revealed that the smaller

diameter wire did in fact have a greater hardness than the larger diameter

wire2. However, without knowledge of the grain sizes of the respective

samples this must remain as speculation only.

Analysis of the grain structures in the stainless steel wires revealed that

recrystallization had not occurred; the grains in the heat-treated samples were

no different in shape to those in the cold-drawn sample. It is interesting to

notice that although there was no noticeable change in the microstructure or

in the hardness the effect on attenuation is quite marked. The process in

annealing that occurs before recrystallization is called recovery. During

recovery the lattice strain is appreciably reduced by a rearrangement of the

dislocations within the grains (Smallman, p. 230, 1963). It is not clear why

there should be a rise in attenuation at this stage but it may possibly be due

to the formation of subgrain boundaries (Smallman, 1963). The subgrains

make very small crystallographic orientation differences with each other and

therefore will not be observable using simple etching methods; instead, x-ray

techniques are required for their detection (Dieter, p. 123, 1961). These

subgrain boundaries may be responsible for causing additional resistance to

the propagation of elastic disturbances. Other lengths taken from the same

batch of the cold-drawn stainless steel wires were annealed at 1050°C for

2
The hardness test performed was a Vicker's micro-hardness test. In this test, the size of
indentation that the point of a diamond under a known load makes in the sample gives
information concerning the degree of hardness of the sample. The size of the indentation is
measured through a microscope. Five such indentation measurements were made for each
sample and the average was calculated. On the Vicker's hardness scale the 1.0 mm diameter
wire had an average value of 22.1, whereas the 0.5 mm diameter wire had an average value of
39.0.
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2 minutes and these proved to be better sound conductors than the original

cold-drawn wires at all frequencies (see curves marked (b) in Figures 8.5 and

8.7).

The results for the copper wires seemed to suggest that there was an

optimum grain size for minimum attenuation (compare Figure 7.4 with

Figure 8.3)—the annealed state of the wire as it came from the manufacturer

was a better sound conductor than either the cold-drawn state (with fibre-like

grains) or the heat-treated state (with larger grains). In order to test this

hypothesis, fresh lengths of 1.0 mm diameter wires of brass and stainless

steel of 1.5 m length were heated for longer times and the attenuations were

once again measured. The brass wire was left in the furnace for 3 hours at a

temperature of 550°C and the stainless steel wire was heated at 1050°C for

4 hours. The relative attenuations for these wires compared with their

cold-drawn states may be seen in Figures 8.6 and 8.7. The attenuation in both

cases is much greater than that shown by the wires heated to the

corresponding temperatures for shorter times, especially at higher frequencies.

8.3.2. Dependence of attenuation upon degree of heat treatment

Since the attenuation of sound in a wire showed such a dependence upon

the degree of heat treatment that the wire was subjected to, it was considered

worthwhile to investigate more fully the nature of this dependence.

A long coil of 0.95 mm diameter stainless steel wire was obtained from the

manufacturer in the cold-drawn state. Eight separate lengths of wire (each

1.5 m long) were cut from the coil and the ends of these lengths were

carefully polished flat. The homogeneity of the stainless steel throughout the

coil was checked by making attenuation measurements over the 0.8-5.0 MFIz

frequency range on the eight lengths—no significant variation in the

sound-conducting properties of any of the lengths was found. Once this had
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been verified, seven of the eight lengths were heat treated by various

amounts.

Two lengths were heated at 700°C; one for 10 minutes, and the other for

30 minutes. The remaining five lengths were heated at 1000°C for times of

3 minutes, 10 minutes, 20 minutes, 30 minutes, and 2 hours. The attenuation

measurements were repeated for the wires and, in order to check that nothing

had changed in the instrumentation over the course of the study, the

attenuation of the remaining cold-drawn length of wire was measured again.

The results of the latter proved to be consistent with the original

measurements. The attenuation readings for the various heat-treated

specimens may be seen in Figure 8.8. The reference wire corresponds to one

of the cold-drawn samples.

Metallurgical analysis was conducted on the samples and their grain

structures may be seen in Figures 8.9 and 8.10. Each photomicrograph has the

approximate dimensions 0.5 mm (horizontal length) by 1.0 mm (vertical length).

The attenuation results together with the grain-structure analysis effectively

reinforce the speculation that there is an optimum grain size for most efficient

transmission of sound. A wire having an internal grain structure that has just

recrystallized appears to be the best conductor of sound over the frequencies

used in this investigation. There is a marked increase in attenuation with

increasing grain size for frequencies above approximately 3.0 MFIz. The

difference in attenuation below this frequency is, however, marginal for all but

the wires heated at 700°C and the wire heated at 1000°C for 2 hours.

The wires heated at 700°C show a similar rise in attenuation to the

1.0 mm diameter stainless steel wire in Figure 8.7 heated to the same

temperature. Sound experienced greater attenuation in the wire left in the

furnace at this temperature for the shorter time. The wire left in for
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Figure 8.8. Relative attenuation measurements of ultrasound propagating in
1.5 m lengths of 0.95 mm diameter stainless steel wire subjected to various
amounts of heat treatment.
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(a) Cold-drawn (b) 700°C for 10 minutes

(c) 700°C for 30 minutes (d) 1000°C for 3 minutes

Figure 8.9. Photomicrographs showing the internal grain structures in samples
of stainless steel wire (diameter 0.95 mm) The photographs have the
approximate dimensions: 0.5 mm (/-direction) by 1.0 mm (y-direction).
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(a) 1000°C for 10 minutes (b) 1000°C for 20 minutes

(c) 1000°C for 30 minutes (d) 1000°C for 2 hours

Figure 8.10. Photomicrographs showing the internal grain structures in
samples of stainless steel wire (diameter 0.95 mm). The photographs have the
approximate dimensions: 0.5 mm (z-direction) by 1.0 mm (y-direction).
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30 minutes showed some evidence, upon greater magnification, of partial

recrystallization close to the surface of the wire which might possibly account

for the better sound-conducting properties than those exhibited by the wire

heated for 10 minutes.

An attempt to explain the behaviour of attenuation in the various wires on

the basis of the theory summarized in Section 6.2 is not easy. It was pointed

out earlier on that only the maximum signal was recorded at each frequency,
*

regardless of the mode responsible. Determining the individual modes is a

time-consuming process and the initial aim of the study was to find out which

wire would give optimum sound-transmission properties. Consequently,

different modes may have been responsible for giving the maximum signals in

the various wires at any given frequency, and knowledge concerning the

wavelength of sound for the individual attenuation measurements is therefore

not available. Indeed, an effort to distinguish the modes becomes increasingly

difficult for the recrystallized specimens. This is because the mode signals

become lost in a profusion of other signals, most probably arising from

reflections at the grain boundaries. This phenomenon is particularly bad for

brass, aluminium, and copper, which may be appreciated from Figures 8.11 and

8.12. Figure 8.11 shows the modes propagating in 1.0 m lengths of 1.0 mm

diameter brass wire at a frequency of 2.5 MFIz in the cold-drawn state

(Figure 8.1 la) and after heat treatment at 500°C for 3 hours (Figure 8.11 b).

The received signals for the modes propagating in 1.5 m lengths of 1.0 mm

diameter aluminium wire at a frequency of 3.5 MFIz may be seen in Figure 8.12

for wire in the cold-drawn state (Figure 8.12a) and for wire subjected to heat

treatment of 500°C for 30 minutes (Figure 8.12b).

The modes in the heat-treated stainless steel wires are generally easier to

distinguish than they are in the heat-treated wires of the other metals.
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(a) cold-drawn state

(b) 500 °C for 3 hours

Figure 8.11. Modes propagating in 1.0 m lengths of brass wire (diameter
1.0 mm) at a frequency of 2.5 MHz: (a) in the cold-drawn state, (b) after heat
treatment at 500°C for 3 hours.
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(a) Cold-drawn state

(b) 500°C for 30 minutes

Figure 8.12. Modes propagating in 15 m lengths of aluminium wire (diameter
1.0 mm at a frequency of 3.5 MHz: (a) in the cold-drawn state, (b) after heat
treatment at 500°C for 30 minutes.
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(a) Cold-drawn state.

(b) 1000°C for 10 minutes.

Figure 8.13. Modes propagating in 1.5 m lengths of stainless steel wire
(diameter 0.95 mm) at a frequency of 3.5 MHz: (a) in the cold-drawn state,
(b) after heat treatment at 1000°C for 10 minutes.
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Photographs of the signals resulting from mode propagation at a frequency of

3.5 MHz in 1.5 m lengths of 0.95 mm diameter stainless steel wire are shown

in Figure 8.13 (Figure 8.13a illustrates sound propagation in wire in the

cold-drawn state and Figure 8.13b, sound propagation in wire heat-treated at

1000°C for 10 minutes). However, a complication of a different nature is

introduced by the stainless steel wires and this will be discussed in the next

section.

8.3.3. Variation of group velocity with heat treatment

It had been assumed up until this point that the group velocities of the

modes in the various wires would show no variation in behaviour after heat

treatment; no change in the velocity of elastic waves had been reported in the

literature of those studying the effects of heat treatment upon the attenuation

of ultrasound in blocks of polycrystalline metals (see Section 6.2). Indeed,

Merkulov (1957c) found that the propagation velocity of longitudinal and

transverse waves in steel subjected to various amounts of heat treatment

proved to be practically identical. Roth (1948) who also measured propagation

velocities in number of metals subjected to various amounts of heat treatment

gave no indication of finding a change in propagation velocity.

The difference in the velocities of the modes observed in the cold-drawn

and the annealed copper wires (see Figures 5.15 and 5.20) was attributed to

differences in composition in much the same way as were the slight

differences in the velocities of the modes in wires of the same material but of

different diameter. The cold-drawn copper wire was 99.98% pure whereas the

annealed wire was 99.90% pure and contained different trace elements.

A precursory study of the group velocities of some of the modes in the

heat-treated stainless steel wires, however, revealed that the group velocities

were not independent of the heat-treatment process. Figure 8.14b shows
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(a) Cold-drawn state

(b) 1000°C for 10 minutes

Figure 8.14. Modes propagating in 1.5 m lengths of stainless steel wire
(diameter 0.95 mm) at a frequency of 2.5 MHz: (a) in the cold-drawn state,
(b) after heat treatment at 1000°C for 10 minutes.



Ch.8. §8.3.3.] Variation of group velocity with heat treatment 173

quite clearly an increase in the velocity of the leading mode when compared

with Figure 8.14a. Both photographs illustrate mode propagation in 1.5 m

lengths of stainless steel wires at a frequency of 2.5 MHz, the only difference

being the degree of heat treatment—the wire in Figure 8.14a was cold-drawn

whereas the wire in Figure 8.14b had been heat-treated at 1000°C for

10 minutes.

A more meticulous study was carried out to examine in greater detail the

changing nature of the modal group velocities with the degree of heat

treatment. By varying the carrier frequency of the input pulse and observing

the behaviour of the various received signals in the recrystallized wires it was

possible, in general, to ascertain which were genuine modes. The modes were

characterized by smooth variations in velocity over frequency unlike other

signals—attributed to grain-boundary reflections—which quickly appeared and

died away over relatively short ranges of frequency. In a few of the samples

the sound conduction was so bad that shorter lengths had to be used in order

to observe some of the higher-order flexural modes. The results of the study

may be seen in Figures 8.15 and 8.16. There is a steady rise in group velocity

of the £(0,1), £(0,2), £( 1,2), £(1,3), and F{2,2) modes. In addition, there

appears to be a stretching of the group-velocity curves to the right along the

dimensionless-frequency axis. The £(1,1) mode shows singular behaviour in

that no significant change in its group velocity is observed until a time of heat

treatment at 1000°C between 3 and 10 minutes, after which a small decrease

in velocity is apparent. After longer periods of heat treatment (1000°C for

2 hours) the velocity again approaches the velocity in the cold-drawn wire.

The £(2,1) mode shows evidence of a decrease in velocity with heat treatment

(compare Figures 8.15a, 8.15b, 8.15d, and 8.16a).

Group velocities of modes propagating in stainless steel wires of different
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Figure 8.15. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in 0.95 mm diameter stainless steel wires subjected
to various amounts of heat treatment.
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(c) 1000°C for 30 mins. (d) 1000°C for 2 hours

Figure 8.16. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in 0.95 mm diameter stainless steel wires subjected
to various amounts of heat treatment.
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diameter were also investigated and the same variation in behaviour of the

respective modes was observed. Figure 8.17a shows the group velocities of

the L(0,1), /''(I.I), and F( 1,2) modes in wire of diameter 0.5 mm for

cold-drawn wire, wire heated at 700°C for 30 minutes, and wire heated at

1050°C for 2 minutes. Figure 8.17b shows the group velocities of the £(0,1)

and 1,1) modes in wire of diameter 0.25 mm for cold-drawn wire and wire

heated at 1050°C for 2 minutes.

Q Q

(a) (b)

Figure 8.17. Group velocities of modes normalized with respect to the shear
wave velocity propagating in stainless steel wires, subjected to various
amounts of heat treatment, of: (a) diameter 0.5 mm, (b) diameter 0.25 mm.

This discovery raised the question as to whether similar behaviour would

be shown for other metal waveguides. The group velocities of the modes

propagating in heat-treated 1.0 mm diameter wires of aluminium, copper, and

brass were measured and compared with those in the wires in their original

manufactured state. Owing to the greater difficulty in distinguishing the

modes in these heat-treated metals, the group velocities of all the major
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signals present were recorded. The results may be seen in Figures 8.18-8.20.

Although most of the individual modes are lost in the mass of points a

number of interesting observations can be made. There is no apparent change

in velocity of the modes propagating in the aluminium wire (compare

Figure 8.18 with Figure 5.12). The variation in group velocity of the modes in

copper is slight; the points for the wire heated at 600°C for 2 hours have a

greater degree of inaccuracy because of the short length of wire that had to

be used (approximately 25 cm) on account of the poor quality of sound

conduction. The F( 1,2) mode, however, does show a noticeable increase in

velocity in the heat-treated samples when compared with the

manufacturer-annealed wire (see Figure 5.15). The modes in the heat-treated

brass wire show a marked increase in velocity (c.f.. Figure 5.14 for the

cold-drawn wire), and the nature of this variation is similar to that observed in

the stainless steel wires. The fact that brass and stainless steel wires showed

such a pronounced variation of modal group velocity with heat treatment,

whereas copper and aluminium wires did not, suggested that this behaviour

was only associated with metal alloys. Mode propagation in wires of zinc and

monel3, heat-treated to temperatures above their respective recrystallization

temperatures, was investigated as a means of testing this conjecture. Two

lengths of zinc were heat-treated, one at 150°C for 15 minutes and the other

at 100°C for 3 hours. No difference in the group velocities of the modes was

found (compare Figure 8.21 with Figure 5.24). A length of monel wire was

heated at 600°C for 30 minutes but no increase in the modal group velocities

was observed (compare Figure 8.22 with Figure 5.22).

3
Monel is a nickel-copper alloy having composition: 65% nickel, 33% copper, 2% iron.
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n
Figure 8.18. Group velocities of modes (normalized with respect to the shear
wave velocity) in aluminium wire of diameter 1.0 mm subjected to various
amounts of heat treatment.

Q
Figure 8.19. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in copper wire of diameter 1.0 mm subjected to
various amounts of heat treatment.
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Q
Figure 8.20. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in brass wire of diameter 1.0 mm subjected to
various amounts of heat treatment.

Q
Figure 8.21. Group velocities of modes (normalized with respect to the shear
wave velocity) propagating in zinc wire of diameter 1.0 mm subjected to
various degrees of heat treatment.
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Figure 8.22. Group velocities of modes normalized with respect to the shear
wave velocity propagating in monel wire of diameter 1.0 mm heat treated at
600°C for 30 minutes.

The results of monel are rather puzzling. Metallurgical analysis showed

that recrystallization had in fact occurred, but without a detailed understanding

of the composition and internal stuctures of the various alloys it is not

possible to comment realistically upon the differences in behaviour of the

modes in the various alloy wires. Incidentally, this increase in group velocity

of the modes in certain alloy wires upon recrystallization would explain the

anomaly observed by Meitzler (1961) concerning the ^(1,2) mode in the

Isoelastic alloy wire he was using. Meitzler found that the group-velocity

curve of the F\\,2) mode crossed that of the ^(1,1) mode—a phenomenon not

predicted by theory. It is probable that the alloy wire had been annealed by

the manufacturer in the same way as the copper wire used previously in this

investigation had been. The fact that the F( 1,2) modal group-velocity curve

just crossed the ^(1,1) modal group-velocity curve in the Isoelastic wire used
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by Meitzler indicates, from comparison with Figure 8.15 (c) and (d), that the

alloy wire had been heat-treated to the point where complete recrystallization

had just occurred.

Heat treatment radically affects the properties of metals and it was

considered possible that a change in Poisson's ratio had resulted in the case

of the stainless steel and brass wires. Varying the value of Poisson's ratio,

however, failed to model the changes in the group-velocity curves

characterized by these heat-treated wires. This may be appreciated to some

extent by comparing the various theoretical curves of the modes in the

different metal wires. Although the curves show different behaviour, in no

case does the F( 1,2) modal group-velocity curve cross the group-velocity

curve of the ^"(1,1) mode. Furthermore, the maximum value of the group

velocity of the L(0,1) mode is, in all cases, approximately equal to 16cA

corresponding to the bar velocity, whereas in the heat-treated wires the

maximum velocity rises to a value approaching 1-85cs which is characteristic
of the dilatational-wave velocity. A superficial analysis would suggest that a

decrease in the value of the shear wave velocity might possibly explain both

the increase of the group velocity of the modal curves and the stretching of

the curves along the dimensionless axis. A decrease in the shear wave

velocity, however, would not account for the decrease in the group velocities

of the ^(1,1) and F(2,1) modes and, in fact, decreasing the shear wave

velocity whilst keeping the value of Poisson's ratio equal to 0.3 does not affect

the theoretical modal group velocity curves to any great extent.

8.4. Conclusion

An attempt to carry out an exhaustive study upon the behaviour of the

individual modes in the various heat-treated stainless steel wires with the aim

of investigating the behaviour of wavelength and grain size upon the
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attenuation will be further complicated by the variation of the modal group

velocities. The fact that the group velocities do vary necessarily means that

the phase velocities, and hence the wavelengths, of the modes vary as well.

Without a model to predict this variation in wavelength with heat treatment,

the wavelength must remain an unknown variable.

However, it has been established that heat treatment does have a marked

effect upon sound conduction in waveguides. It has also been shown that,

although the modes in certain alloy waveguides have velocities which are

dependent upon the amount of heat treatment, the general trends in

attenuation with increasing grain size are shared by alloy and single-phase

metal waveguides alike. The structure providing most efficient sound

conduction would appear to be that which has just completely recrystallized,

having the smallest grain size in an unstrained lattice. Loss of mode

recognition is the penalty that has to be paid for increased sound conduction.

Improvements in sound conduction, arising from recrystallization, are not

appreciable for wires of diameter less than approximately 0.3 mm. Annealing

causes a resultant softening of a metal and annealed wires of such small

diameter are therefore easily kinked resulting in greater sound loss.

Other processes occurring when a metal is heat treated are recovery and

grain growth. Both these processes give rise to increased attenuation of

sound propagating in wires (over the frequency range 0.8-5.0 MHz). Thus,

when a cold-drawn metal wire is subjected to heat treatment the attenuation

of sound in that wire will first increase through the process of recovery. Upon

further amounts of heat treatment, the attenuation will drop as the grains in

the wire recrystallize and will reach a minimum when the grains have

completely recrystallized. Upon yet further amounts of heat treatment the

attenuation will steadily rise as the grains begin to grow in size.
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CHAPTER 9

THE COUPLING HORN

9.1. Introduction

Although the attenuation of certain modes was low (see Chapter 5), the

losses involved at the transducer/wire interfaces were very large. The wires in

the studies described in previous chapters were coupled directly to the

transducer face by a thin layer of gel. In the construction of

sonically-sensitive biopsy needles a brass horn of semi-spherical shape is

used to mechanically couple the stylet to the transducer face (Nicholson &

McDicken, 1988b). No systematic study previous to this work had been carried

out to determine the optimum shape or material of the horn.

No rigorous solution exists for the propagation of sound waves in horns

but a highly simplified analysis of the problem does yield some information as

to the best shape and material for an acoustic horn under certain conditions.

The assumptions introduced by such an analysis are, however, extremely

restrictive.

The usefulness of acoustic horns lies in the fact that they provide a more

efficient means of energy transfer. Since the large end of an acoustic horn

has a much lower impedance than the metal diaphragm at the throat of the

horn, the large end is much more effectively matched to the external medium

of air into which the sound is propagated (Stephens & Bate, 1966). Solid

horns are mainly used in ultrasonics as velocity transformers and the theory

describing these transformers is outlined below.

9.2. Velocity transformers

The assumptions that are made in the analysis of sound propagation in

horns are: firstly, that the horn is considered to be two-dimensional and lastly,
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that the wavelength of the sound wave propagating in the horn is large with

respect to the diameter of the horn at any point (Stephens 8< Bate, 1966). For

frequencies at which the wavelength is not greater than the largest diameter

of the horn it has been commented that the behaviour of all horns is very

nearly the same (Mawardi, 1949).

The analysis for the acoustic horn may be extended to the solid horn by

analogy (Mason 8t Wick, 1951; Neppiras, 1953) and the horn equation may be

expressed in terms of the particle velocity (Stephens 8< Bate, 1966):

where A is the varying cross-sectional area of the horn, c is the velocity of

sound in the medium of the horn and v is the particle velocity in the

x-direction. For a horn having an exponential taper:

A=A0exp(-yx)

where AQ is the cross sectional area of the large end of the horn (see

Figure 9.1) and y defines the flare of the taper.

The condition of having the wavelength greater than the diameter of the

horn at any point validates the assumption that there is no significant variation

in phase over the cross section of the horn (Stephens & Bate, 1966). The

solution of Eq. (9.1) for an exponential horn is (Neppiras, 1953; Stephens 8«

Bate, 1966):

(1 /c2)( a2v/Zt2)={ d2v/dx2)+{ 1 /A)( dv/dx)( 3,4/ax) (9.1)

Figure 9.1. Exponential horn, .4Q is the cross
sectional area of the large end of the horn.
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v= [ B^cos(k'x)+B2s\n(k'x)) exp(iwl \-yx/2) (9.2)

where Ar'=(£2-Y2/4)1/2, B} and B2 are constants, and the phase velocity c is

given by:

Cp = w/k' = w/[k2-y2/4)^/2— c/(T-y2/4k2)U2

The phase velocity is seen to vary with frequency and the horn, as may have

been expected, is a dispersive medium. At a value of k2=y2/4 the phase

velocity becomes infinite and transmission ceases. This is similar to the

situation in waveguides and gives rise to a cut-off frequency v0— yc/4i\. The

constants and B2 in Eq. (9.2) are determined from the boundary conditions

of the problem (Neppiras, 1953). For fundamental resonance x—A/2 or t=cp/w,
and the ratio of the particle velocity at the small end (i>6) to that at the large

end (vQ) becomes:

V% = -("o M,)"2

where .4 is the cross sectional area of the horn at the small end. Thus, the

particle velocities are increased in the ratio of the square root of the inverse

area ratio or in the ratio of the diameters. By differentiating Eq. (9.2) and

equating to zero it may be shown (Stephens & Bate, 1966) that the sections of

maximum particle velocity are at the ends of the horn.

Neppiras (1963) found that the maximum particle velocity could be

expressed as:

vmax = (tzx/Pc)T ~ (cTxz/^)^

where txx is the axial stress and T is a shape factor depending upon the

shape of the horn. The quantity vmax/c is known as the Vibrational Mach
Number. The limiting value of the axial stress, rxx, is the fatigue strength of
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the material which is highest for Titanium in the KHz region. The shape of

horn giving rise to maximum velocity is Gaussian (Neppiras, 1963).

9.3. Experimental procedure

The horns were, in the first instance, machined from brass and were made

in the shapes illustrated in Figure 9.2. Three horns, all of different flare, were

constructed for each shape. Each horn had a diameter of approximately 9 mm

at the large end and approximately 1 mm at the small end (for those shapes

of horn that tapered to a point) and were of lengths 5 mm, 10 mm, and

20 mm for each shape. In addition, two other horns were constructed, one in

the shape of one half of an ellipse of length 2 mm (equal to half of the length

of the major axis), the other was machined such that a boss 4 mm wide and

2 mm high remained at the centre of a 9 mm diameter circular plate (see

Figures 9.2f and 9.2g).

Three stainless steel wires were used of diameter: 0.12 mm, 0.26 mm, and

0.41 mm. One end of a particular wire was soldered to the end of the horn

under investigation using solder and flux designed for stainless steel. The

horn was in turn coupled to the receiving transducer using a fine layer of gel;

the transducers had similar characteristics to the ones used in the previous

investigations but were of diameter 10 mm in order to cover completely the

large end of the horns. The other end of the wire was coupled directly to the

transmitting transducer. The results for the 0.41 mm diameter wire of length

1.5 m for the various horns may be seen in Figure 9.3. The maximum signal

was recorded for the frequency range 1.0-5.0 MHz and the insertion loss (per

1.5 m) was calculated relative to the insertion loss found using the wire in

conjunction with the 5 mm long conic horn; the latter is shown as the

reference line at zero dB in each of the individual figures. The circles, crosses,

and triangles correspond in Figures 9.3a-9.3e to the horns of length 5 mm,
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(a) Conic horns

(b) Exponential horns

(c) Hyperbolic (cosech) horns

JL
(d) Gaussian horns

(e) Elliptical horns

(f) Circular horn (g) Horn with boss

Figure 9.2. Horn shapes.
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Figure 9.4. Relative attenuation measurements of ultrasound propagating in a
1.5 m length of 0.26 mm diameter stainless steel wire coupled to brass horns
of various shapes. The zero dB reference line corresponds to the values
measured using the conic horn of 5 mm length
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10 mm, and 20 mm respectively In Figure 9.3f the circles refer to the

elliptical horn and the crosses to the horn with the boss. The latter seems to

be the most efficient horn over most frequencies and a generally better

conductor of sound than the similar-sized elliptical horn of 2 mm length.

The 0.41 mm diameter wire was exchanged with a 1.5 m length of 0.26 mm

diameter wire and the measurements were repeated. Figure 9.4 illustrates the

results--the zero dB line refers to the 5 mm long conic horn, and the circles,

crosses, and triangles refer to the same horns as they did in Figure 9.3. The

horn with the boss again proves to be the most efficient conductor at most

frequencies; however, the 10 mm long Gaussian and elliptical horns prove to

be good conductors over the higher range of frequencies. The measurements

were repeated once more for a 0.75 m length of 0.12 mm diameter wire and

the results are given in Figure 9.5. It would appear that for low values of the

dimensionless frequency, corresponding to larger wavelengths, there is a less

marked variation in insertion loss between the different horns.

9.3.1. Discussion of results

Any detailed comparison of the various horns is complicated by the fact

that it was difficult to ensure a consistency in the solder joints between the

wire and the horns; it was particularly difficult to solder the wires on to the

tips of the longest exponential, hyperbolic, and Gaussian horns since the

solder tended to flow down the sides of the horns. There does not, however,

appear to be a significant difference at an operating frequency of 3.5 MHz

between the horns for any of the wires studied.

In order to find the optimum conditions for matching between the

transducer and wire using a horn, a knowledge of the behaviour of a mode as

it passes from the wire into the horn is required. The specific acoustic

impedance (ratio of acoustic pressure to particle velocity) for the wire may be
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calculated once the particle velocities and also the resultant stress introduced

by the particle displacements is known. The resultant particle velocities in the

axial direction may be found by differentiating the particle displacements of

Eq. (3.17) with respect to time and resolving the resulting velocities in the

axial direction. The resultant axial stress may be found using the relevant

stress relations involving xrz, tzz, and xqz from Eq. (3.9). Neither the resultant

stress nor the particle velocity, however, will be constant over the face of the

wire, as for a plane wave for instance, and certain approximations will

therefore have to be made. Thus a considerable effort will be required to

determine the impedance for one particular wire at one particular frequency.

9.3.2. Acoustic properties of horns and internal grain size

Two identically-shaped semi-spherical brass horns of diameter 9 mm were

compared—one of which had been heat-treated to a temperature above the

recrystallization temperature of brass. No appreciable difference was observed

in the sound-conducting properties of the two horns. Metallurgical analysis

revealed that the grains were already quite large prior to heat treatment

indicating that the rods from which the horns were machined had been

hot-rolled.

A conic horn 10 mm in length was constructed from the hot-rolled brass

rod and also from a stainless steel rod that had been cold-drawn. The

insertion losses of these horns were compared using the three different

diameter wires used in the study above. The results may be seen in

Figure 9.6. Figures 9.6a, 9.6b, and 9.6c correspond to the wires of diameter

0.41 mm, 0.26 mm, and 0.12 mm respectively and the relative insertion loss

measurements are for 1.5 m lengths for the first two wires and for a 0.75 m

length for the more attenuating thinner wire. The reference line of zero dB

corresponds to the brass horn in each figure. No significant variation is
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Figure 9.6. Comparison of attenuation of ultrasound propagating in two
similarly shaped horns of brass and stainless steel coupled to stainless steel
wires of various diameter. The zero dB reference line corresponds to the
measurements made with the brass horn.
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observed for any of the wires probably on account of the relatively short

lengths of the horns involved.

9.4. Conclusion

The studies of this chapter would seem to suggest that the grain size and

the particular medium of the horn are not of fundamental importance to the

amplitude of the sound pulse transmitted through wires over the frequency

range 1.0-5.0 MHz.

The individual modes may generally be identified after propagation through

the horns. Figures 9.7 and 9.8 show the effect of a semi-spherical horn of

diameter approximately equal to 9 mm on the modes propagating in a

0.95 mm diameter stainless steel wire at frequencies of 2.2 MHz and 3.8 MHz

respectively. The top photographs of each figure are the signals received

from a 1.5 m length of this wire coupled directly to the receiving and

transmitting transducers via a fine layer of gel. The bottom photographs are

the signals received after the wire had been soldered to the horn at the

receiving-transducer end. The distortion introduced into the modal signals by

the longer horns is significantly greater.

The insertion losses for a wire coupled directly to the receiving transducer

and via a horn were similar and no significant loss was introduced by the

horn. Indeed, at some frequencies the wire coupled via the horn gave rise to

a slightly decreased insertion loss. Concerning the two modes of propagation

present in the wires used in the investigation described in this chapter, the

wavelength of the ^(1,1) is always less than the largest diameter of the horn

over the frequencies 1.0-5.0 MHz (see Figure 6.12). The wavelength of the

L(0,1) mode is greater than the largest diameter of the horn over most of the

frequency range for the smallest diameter wire but only up until about 1.5 MHz

for the 0.21 mm diameter wire (see Figure 6.11).
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(a) Mode signals without coupling horn

(b) Mode signals with coupling horn

Figure 9.7. Mode propagation in
(diameter 0 95 mm) at a frequency of
the faces of the transducers, (b) with
horn to the receiving transducer.

1.5 m lengths of stainless steel wire
2.2 MHz: (a) with wire coupled directly to
one end of the wire coupled via a brass
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(a) Mode signals without coupling horn.

(b) Mode signals with coupling horn

Figure 9.8. Mode propagation in 1.5 m lengths of stainless steel wire
(diameter 0.95 mm) at a frequency of 3.8 MHz: (a) with wire coupled directly to
the faces of the transducers, (b) with one end of the wire coupled via a brass
horn to the receiving transducer
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CHAPTER 10

PRACTICAL ASPECTS AND CONCLUSIONS

10.1. Mode propagation under more general conditions

Preceding chapters have testified to the fact that, under certain conditions,

theory and experiment are in good agreement. An investigation was

undertaken to test whether slight variations in the experimental set-up caused

any significant changes.

10.1.1. Introduction of water-bath

In order to approximate the conditions used in a biopsy, a water-bath was

introduced into the experimental apparatus described in Section 5.2. The

transmitting transducer was separated from the tip of the waveguide by a

short path of water (Figure 10.1). The receiving transducer was coupled

directly to the other end of the waveguide via a thin layer of gel. No other

changes in the experimental procedure were made.

Receiving
transducer

Figure 10.1. Schematic diagram of apparatus used when the transmitting
transducer and one end of a stainless steel wire are separated by a short path
of water.
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Although it is not possible to make a detailed comparison between the

kinds of signals received with and without the water-bath, owing to the

difficulties in keeping the experimental conditions the same, no major

differences were found. Figures 10.2a and 10.2b show signals of modes at a

frequency of 3.5 MHz propagating in a 1.2 m length of 1.21 mm diameter

stainless steel wire. Figure 10.2a was taken with transducers coupled directly

to the ends of the wire. The modes are (from left to right): 7,(0,2), 7'(1,3),

7^2,1), and 7,(0,1) together with 7^ 1,2) and 7,(0,3) superimposed. Figure 10.2b

was taken with the transmitting transducer separated from the end of the wire

by approximately 1 cm of water. The relative strengths of the modes, in the

water-bath case, are again dependent upon the position of the transducers in

relation to the ends of the wire though to a lesser extent than when the

transmitting transducer is coupled directly to the end of the wire. In addition

there will be a certain loss incurred in the partly-submerged waveguide by

leakage of sound into the water. In the construction of a sonically-sensitive

biopsy needle this loss is reduced by surrounding the stylet with a sleeve of

low-impedance material. This sleeve has the additional advantage of

preventing sound reaching the body of the stylet via transmission through the

outer biopsy needle and so confusing the signal from the stylet tip.

Bevelling one end of the wire had no significant effect. Figure 10.3

compares mode propagation in a 0.515 m length of stainless steel wire of

0.91 mm diameter at a frequency of 2.0 MHz with and without bevel.

Figure 10.3a shows the signal received from the unbevelled length of wire.

Modes are (from left to right): 7,(0,1), 7^(1,1), and 7^ 1,2). Figure 10.3b is the

signal received from the wire after the end submerged in water had been

bevelled from the tip to a point approximately 0.5 cm up the shaft. The

transfer of energy into the different modes of propagation is possibly altered

by the introduction of the bevel but this transfer is also highly dependent
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(a) Transmitting transducer coupled directly to end of the wire

(b) Transmitting transducer separated from end of wire by approximately 1 cm
of water

Figure 10.2. Modes propagating in a 1.2 m length of 1.21 mm diameter
stainless steel wire at a frequency of 3.5 MHz. Modes are (from left to right):
L{0,2), F( 1,3), /'X2,1), and L(0,1) + /•'(1-2) * M0-3) superimposed.
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(a) Wire without bevelled end

(b) Wire with bevelled end

Figure 10.3. Modes propagating in 0.515 m lengths of 0.91 mm diameter
stainless steel wire at a frequency of 2.0 MHz: (a) without bevel, (b) with bevel.
Modes are (from left to right): 1(0,1), /♦"( 1,1), and F( 1,2).
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upon the positions of the transducers themselves in relation to the wire. It is

virtually impossible to reproduce these positions exactly to carry out a direct

comparison between the case of a rounded wire and the case of a bevelled

wire. However, it may be concluded that the bevel, necessarily imposed upon

a biopsy-needle stylet to shape it to the tip of the needle, has no major

influence upon the general behaviour of the modes.

10.1.2. Wide frequency-bandwidth pulse

A typical ultrasound pulse used in clinical applications is characterized by a

wide frequency-bandwidth. The pulse used in the investigations up to this

point had frequency-bandwidths that were relatively narrow. Experiments

using the apparatus described in Figure 10.1 were therefore repeated with a

commercial transducer of nominal centre frequency 3.5 MHz excited by a

high-voltage spike with a rise time of 200 ns, output from an A-scan imaging

machine.

Figure 10.4 compares the signals received after the two different types of

pulse had propagated along a 0.515 m length of 1.21 mm diameter stainless

steel wire. Figure 10.4a shows the signal received when the transmitting

transducer is excited by the narrow frequency-bandwidth pulse with carrier

frequency 3.3 MHz. The main signals correspond to the modes (from left to

right): 1(0,1), F( 1,2), and L(0,3). Figure 10.4b is the signal received from the

commercial transducer excited by the high-voltage spike. It may be

appreciated from these photographs that the main modes of propagation are

preserved. The noisier signal in Figure 10.4b is due to the dispersion of other

frequency components which constitute the wide frequency-bandwidth pulse.

A significant amount of the dispersed signal may be removed by filtering.
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(a) Narrow frequency-bandwidth pulse

A 50>>S

(b) Wide frequency-bandwidth pulse

Figure 10.4. Modes resulting from an initial excitation pulse of narrow
frequency-bandwidth (figure a) and wide frequency-bandwidth (figure b) in a
0.515 m length of 1.21 mm diameter stainless steel wire. The modes are (from
left to right): />(0,1), F(1,1), and F{ 1,2).
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10.1.2.1. Signal filtering

The signal shown in Figure 10.4b was digitized using a Kikusui COM7101A

digital oscilloscope. In order to obtain a high enough sampling rate the delay

mode mechanism of the oscilloscope had to be used. In the digital mode the

oscilloscope displays a waveform with 100 data points/div on the horizontal

axis, each point having a vertical resolution of 8 bits. The time-base of the

B-mode was set to 5 ps/div to give a sampling rate of 20 MHz. The whole

waveform of Figure 10.4b fitted on the oscilloscope display for the A-mode

using a time-base of 50 ys/div, and the waveform on the B-mode was

consequently a magnification xlO of the waveform on the A-mode.

An Acorn Archimedes microcomputer, acting as controller, was

programmed to read the entire digitized waveform into an array in the

computer's memory. This was executed in the following way: the waveform

displayed on the oscilloscope screen in the B-mode (corresponding to the first

tenth of the whole waveform contained on the A-mode) was digitized and

stored by the microcomputer in an array. A command from the

microcomputer then shifted the delay on the oscilloscope so that the next

tenth section of the waveform was displayed on the screen. This also was

digitized and read into the next part of the array. This procedure was

repeated until the whole waveform had been digitized and transferred into the

array. The instructions that were written for this task may be found in the

program listed in Appendix D. This program also contains instructions for the

filtering that was performed, which is described more fully below, and

instructions for displaying the filtered signal back on the oscilloscope screen.

The signal of Figure 10.4b was filtered by taking the Fast Fourier Transform

of the waveform contained in the microcomputer's array, multiplying the

Fourier Transform and the transfer function of the filter in the frequency
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(a) Original waveform, digitized

(b) Filtered waveform

Figure 10.5. Effect of digital filtering. Figure (a) is the original waveform of
Figure 10.4b digitized. Figure (b) is the resultant waveform after filtering.
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domain, and taking the inverse Fourier Transform. The filter was a band-pass

Butterworth filter having a frequency response given by:

(WHwL/(wH+U;)(U;+W;L) )2N

where w denotes the angular normalized frequency (taking values in the range

from -0.5 to 0.5) and wL, wH are the low and high cut-off frequencies

respectively. The order of the filter is given by N.

The result of using this filter with values of iol=0.15, u;H=0.2, and N 6 may

be seen in Figure 10.5. Figure 10.5a is the signal shown in Figure 10.4b after

it has been digitized. Figure 10.5b is the signal after filtering has been

performed. In order to fit the entire filtered waveform back on to the

oscilloscope screen only every tenth data point of the processed array was

sent back (since the waveform had been magnified ten times). A slight shift

along the horizontal axis has occurred in the process of sending the waveform

back to the oscilloscope. This shift was introduced by the oscilloscope itself.

The major peaks in Figure 10.4b have been preserved and occur in the

same position as those in Figure 10.4a for the narrow frequency-bandwidth

excitation pulse. A comparison of Figure 10.5b with Figure 10.4a shows how

successfully other frequency components have been filtered out and

demonstrates once more the excellent agreement between theory and

experiment.

10.1.2.2. Amplification of low frequencies

The effect of other frequency components excited by the commercial

transducer may be clearly observed by changing the receiving transducer for

one of different central frequency and switching the tuned amplifier frequency

setting to the appropriate position. Figure 10.6 and 10.7 show the differences

in signals received for 0.515 m lengths of stainless steel wires (diameters
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(a) Amplification of 3.5 MHz frequency components

ft 50>fS

(b) Amplification of 1.5 MHz frequency components

Figure 10.6. Comparison of signals resulting from amplification of different
frequency components in a 0.515 m length of 0 92 mm diameter stainless steel
wire.
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(a) Amplification of 3.5 MHz frequency components

(b) Amplification of 1.5 MHz frequency components

Figure 10.7 Comparison of signals resulting from amplification of different
frequency components in a 0.515 m length of 0.64 mm diameter stainless steel
wire.
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(a) Amplification of 3.5 MHz frequency components

A 58>fS

(b) Amplification of 1.5 MHz frequency components

Figure 10.8. Comparison of signals resulting from amplification of different
frequency components in a 0 515 m length of 0.25 mm diameter stainless steel
wire.



Ch.10, §10.1.2.2.] Amplification of low frequencies 209

0.92 mm and 0.64 mm respectively) when the receiving transducer of nominal

centre frequency 3.5 MHz (Figures 10.6a and 10.7a) is replaced by a receiving

transducer of nominal centre frequency 1.5 MHz, and the tuned amplifier is

switched from the 3.5 MHz setting to the 1.5 MHz setting (Figures 10.6b and

10.7b).

The fact that low frequencies are generally attenuated less than higher

frequencies (see Chapter 6) is partly responsible for the certain increase in

received signal strength in switching from amplification of 3.5 MHz frequency

components to amplification of 1.5 MHz components. It may be possible to

exploit these low frequency components if sensitivity were a problem. Indeed,

in biological tissue the higher frequency components of a pulse of ultrasound

are attenuated more rapidly than the lower frequency components leading to a

lower effective pulse frequency (Evans et al., 1988). Consequently, the

difference in signal strengths received at the transducer end of a

sonically-sensitive biopsy needle between the lower and higher frequency

components will be even more marked. However, as the waveguide diameter

decreases there is not much apparent difference in signal strength between

3.5 MHz amplification and 1.5 MHz amplification. Figure 10.8 shows the signals

from a 0.515 m length of stainless steel wire of diameter 0.25 mm.

Figure 10.8a was taken with a 3.5 MHz receiving transducer and tuned

amplifier setting of 3.5 MHz. Figure 10.8b was taken with a 1.5 MHz receiving

transducer and tuned amplifier setting of 1.5 MHz. Decreasing the frequency

by this amount for waveguides of such thickness does not result in a great

change in the value of the dimensionless frequency nor, as a consequence, in

a great change in attenuation.
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10.2. Summary

Equations modelling the behaviour of sound propagation in elastic

waveguides are derived by applying appropriate boundary conditions to the

equations of motion in a three-dimensional solid. The equations of motion

were introduced in Chapter 2 and it was shown that the simplest crystal

structures to deal with are the isotropic and hexagonal (transversely-isotropic)

systems. In all other crystal structures the equations of motion remain

coupled and further analysis is frustrated by the greater degree of

mathematical complexity.

Isotropic waveguides were considered in the initial part of Chapter 3.

Using Helmholtz's theorem to write the particle displacements in terms of a

scalar and a vector potential function the wave equations are conveniently

uncoupled. The potential functions are themselves solved by the separation of

variables method. Substitution of the potential functions and the strain

relations into the relevant stress equations yields a set of three linear,

homogeneous, differential equations for the solid waveguide problem and a set

of six linear, homogeneous, differential equations for the hollow waveguide

problem. The only nontrivial solutions of these equations are those for which

the determinants of the coefficients vanish. The determinants are called

characteristic equations. Transversely-isotropic waveguides were also

discussed in Chapter 3 and a determinant equation again results from the

analysis.

The characteristic equations reveal that sound may propagate in

waveguides in a number of possible modes. In addition, they show that

waveguides are dispersive media—the velocities of the modes having a

dependence upon frequency. The modes are classified into three families:

torsional, longitudinal, and flexural. There is one family of torsional modes and
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one family of longitudinal modes. Both these families are a special case of

the flexural families of which there is an infinite number. Moreover, each

family has an infinite number of modes of propagation associated with it.

Roots of the characteristic equations were calculated and plotted on axes

related to the frequency and propagation constant. These frequency spectra

are shown in Chapter 4. Real roots correspond to modes of propagation that

are not attenuated along the waveguide. Imaginary and complex roots signify

non-propagating modes whose amplitudes decrease rapidly along the

waveguide. Group and phase velocities of a number of modes were calculated

from the frequency spectra. Particle displacements of a variety of modes for a

number of values of frequency were also calculated and may be seen in

Chapter 4.

Group velocities of the modes propagating in a selection of wires of

different material and diameter were measured experimentally over the

frequency range 0.8-5.0 MHz. A transmission pulse of ultrasound of relatively

narrow frequency-bandwidth was used in order to reduce pulse distortion

arising from dispersion. The measured group velocities were compared with

the theoretical values and were found, in general, to be in excellent agreement.

The poorer agreement for certain materials such as brass, copper, and zinc

was attributed to the greater degree of anisotropy of these particular metals.

Experiment and theory were also compared for a number of stainless steel

tubes of various thickness and agreement was again seen to be very close.

Attenuation for the stronger modes of propagation over the 0.8-5.0 MHz

frequency range in stainless steel wires of different diameter was measured

experimentally and observed to vary considerably with frequency. Attenuation

in polycrystalline solids is dependent upon wavelength, the size of the

individual crystallites, and the type of sound wave (whether longitudinal or
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shear). The phenomenon of selective attenuation in waveguides was

discussed in the light of a number of attenuation models. Although no firm

conclusions could be drawn, it appears that attenuation is generally least over

the frequencies where the group velocity of the mode passes through a

maximum.

An investigation was undertaken to determine the optimum conditions of

sound conduction. The investigation was divided into two parts. In the first

part, sound conduction in a variety of metal waveguides of the same diameter

was compared in order to find out the best medium; in the last part, sound

conduction in stainless steel wires and tubes was compared in order to

evaluate the best dimensions of a waveguide. It was concluded that wires of

more anisotropic metals are, in most cases, poorer sound conductors than

those of more isotropic metals. Brass, copper, and zinc were all found to

attenuate sound to a much greater degree than other materials. No individual

waveguide, however, could be described as having the best sound-conducting

properties over all frequencies. The efficiency of sound transmission in a

waveguide is dependent upon which modes are present; this in turn is

dependent upon the dimensionless frequency which is itself related to the

product of waveguide diameter, frequency of sound, and the inverse of the

shear wave velocity of the medium. For example, cold-drawn aluminium

which is a better sound conductor than cold-drawn brass for a waveguide of

diameter 0.5 mm over all frequencies in the 0.8-5.0 MHz range is a poorer

conductor for waveguides of diameter 1.0 mm between the frequencies

3.6-4.3 MHz (see Figures 7.2 and 7.3). Over these frequencies the 7,(0,3) mode

in a 1.0 mm diameter brass wire passes through its group velocity maximum.

Solid waveguides in general appeared to be better conductors of sound than

hollow waveguides of similar external diameter.
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Waveguides subjected to various amounts of heat treatment were seen to

change their sound-conducting properties dramatically- Metallurgical analysis

revealed the change in internal grain structure of the heat-treated wires and,

after a systematic study involving stainless steel wires heat treated for

different lengths of time, it was found that the structure giving rise to least

attenuation was one that had just completely recrystallized. Heating a wire

from its cold-drawn state resulted in an initial rise in attenuation which then

dropped steadily reaching a minimum when the structure had completely

recrystallized and continued once more to rise upon further heat treatment.

The change in attenuation was much more marked for higher frequencies than

for lower frequencies and for thicker wires than for thinner wires. For wires of

diameter less than approximately 0.3 mm no significant change in attenuation

was observed. The disadvantage of annealing wires is that they become

softer and consequently more malleable. Annealed wires of diameter less than

approximately 0.3 mm become kinked very easily, leading to sound

transmission losses. The practical disadvantages introduced by annealing

wires of diameter less than 0.5 mm would seem outweigh any small

advantages possibly gained.

Coupling between the receiving transducer and stainless steel wires was

studied for a number of horns. Brass horns of various shapes were

constructed and their sound-conducting properties compared. In addition,

sound transmission in conic horns machined from hot-rolled brass and

cold-drawn stainless steel was also compared. Neither shape nor material of

the coupling horn had a significant effect upon sound conduction over the

frequency range 0.8-5.0 MHz. Horns of longer length introduced a greater

measure of dispersion and for this reason shorter horns were considered

preferable.
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Finally, mode propagation was investigated under conditions more relevant

to clinical applications. Agreement between theory and experiment was not

violated. Increased dispersion arising from a transmission ultrasound pulse of

wide frequency-bandwidth distorted the mode signal to a certain extent, but it

was demonstrated that the mode signals could be successfully sharpened by

filtering out the dispersed components. The possibility of making use of the

low-frequency components was also considered.

10.3. Conclusion

The theoretical and experimental studies contained in this thesis will be of

particular benefit to those working with waveguides in medical ultrasonics who

require a fuller understanding of mode propagation in waveguides. The theory

of Chapters 2-4 provides a comprehensive overview of the physics of sound

in waveguides and will serve as a useful introduction to any wishing to further

their knowledge in this field without having to undertake an extensive

literature search to acquire the relevant information. The main results derived

from the theory have been specifically tailored to values of ultrasound

frequency and waveguide diameter typically encountered in medical

ultrasonics. These results have not previously been available.

The excellent agreement between the group velocities measured

experimentally and those calculated from theory both for solid and hollow

isotropic waveguides testifies to the accuracy of the theoretical model. Even

under more general conditions, arising from the introduction of a water-bath

and sound transmission of a short pulse characterized by a wide

frequency-bandwidth, the accuracy of the model is retained.

It has been shown experimentally that no individual waveguide may be

described as having the best overall sound-conducting properties. Signal

strength is dependent upon a number of factors. At certain frequencies the
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phase velocities of two or more modes are equal and mode coupling results

with a subsequent loss in signal amplitude. In addition, attenuation of the

modes varies significantly over the 0.8-5.0 MHz frequency range. Attenuation

is itself strongly dependent upon the dimensionless frequency and internal

grain structure. The factors influencing a choice of waveguide for a particular

task are not immediately obvious and the experimental investigations carried

out to examine modal attenuation and sound conduction in a number of

waveguides, under a variety of conditions, will provide useful information

concerning which material and diameter of waveguide are best for optimum

sound conduction at any given frequency. The experiments have also revealed

that increased sound conduction brought about by recrystallization is balanced

by loss of mode recognition. Recrystallization of a waveguide is not beneficial

in the case where information is required concerning the individual modes.

The change in velocity of the modes in waveguides for certain metal alloys

subjected to heat treatment has nowhere else been reported to the author's

knowledge and explains the anomaly observed by Meitzler (1961) in Isoelastic

wires.

Sound conduction in horns for frequencies such that the wavelength is

less than the diameter of the horn at any point was found to be largely

independent of shape or material of the horn. However, horns of shorter

length introduce less pulse distortion. These considerations will be of interest

for the future design of sonically-sensitive biopsy needles.

The section of the thesis concerned with digital filtering of the received

mode signals has demonstrated the potential of separating out the true modes

from the dispersed signal caused by other frequency components inherent in a

pulse of wide frequency-bandwidth. Digital filtering techniques therefore

provide a way of removing unwanted signals from being detected by the
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receiving transducer. These dispersed signals may, in biopsy-needle guidance

applications, cause an error in determining the position of the needle tip.

It is important, however, to point out certain limitations of the thesis. The

theoretical model is most successful for materials that are not characterized

by a high degree of anisotropy. Brass, copper, and zinc all show poorer

agreement between theory and experiment than the other metals studied. In

the case of zinc, which is an example of a crystal structure of hexagonal

symmetry, the agreement is worse for a model extended to allow for the

simplest form of anisotropy. Modelling mode propagation in polycrystalline

anisotropic media is not therefore as straightforward as modelling mode

propagation in the single crystal. The changing group velocity of the modes

in certain alloy wires upon heat treatment is not predicted by theory either.

Even varying the values of the Lamd constants fails to explain the significant

velocity increase experienced by most modes. Furthermore, a model

accurately describing the nature of the attenuation of the various modes of

propagation is still lacking. The three models described in Chapter 6 all go

some way towards explaining certain characteristics of the experimental

attenuation curves but fail to model their overall behaviour. The investigations

concerned with heat treatment of the wires reveal that a general model of

attenuation must include a term dependent upon the grain size of the wire.

Flowever, the task of formulating a model of mode propagation in waveguides

successfully incorporating all these features would be formidable.

The work contained in this thesis has provided a greater understanding of

the behaviour of sound in waveguides used in medical ultrasonics and it is

hoped that it will be useful source of reference for the future design of

sonically-sensitive biopsy needles and catheters, surgical instruments, and

other devices utilizing waveguides.
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APPENDIX A

SOLUTION OF POTENTIAL FUNCTIONS USING SEPARATION OF VARIABLES

(i) Solution of scalar potential <{>

It is assumed first of all that the axial dependence of the scalar potential 4>

is described entirely by the function Z(z) and the radial, angular, and temporal

dependence is given by the function A(r,Q,t):

4>(r,9,2,f) = A(r,Q,l)Z(z) (A.1)

The Laplacian V2 in cylindrical coordinates is defined by the identity:

V2 = (32/3r2)+(1/r)(3/3r)+(1/r2)( 32/3 92)+( 32/3z2) (A.2)

Substituting Eqs. (A.I) and (A.2) into Eq. 3.3 gives:

(1 /A){ 32A/3r2)+( 1A4r)( 34/3r)
+(1 /Arz)( 324/3 02)-( 1 /cfA){ 32A/312)= - {1 /Z(z)) ( 32Z(z)/dz ) (A.3)

where A has been written instead of 4(r,9,t) for convenience. If the two sides

of Eq. (A.3) are to be equal for all values of r, 0, t, and z, they must be equal

to some constant. This separation constant will be called k2. Eq. (A.3) is

consequently separated into the two differential equations:

-(:/Z(z)){Z2Z(z)/dz)]=k2 (A.4)

and

(1 /A){ 324/3r2)+( 1/4r)( 3A/3r)+( 1 /Ar2)( 3ZA/302)-( 1 /c24)( 3ZA/dt2)^k2 (A.5)

The solution of Eq. (A.4) is Z(z)=e±^z. It is next assumed that the function

A(r,Q,t) may be written such that:

A{r,Q,l) =B{r,Q)T{t)

Eq. (A.5) may then be separated into the two equations:

(1 /T{t)cf) [ d2T(t)/dt2)=-(w/cl)2 (A.6)
and

( 32/?/3r2)+( 1 /r)( 3B/3r) + ( l/r)( 32/?/3 QZ)-kZ+(w/ct)2=0 (A.7)
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where ~{w/cj)2 is the separation constant, and B has been written for B[r,9).

Eq. (A.6) has the solution: T(<)e±zu;'.

Repeating the procedure once more, the function B{r,9) is written as the

product of the functions R(r) and 0(9). Eq. (A.7) separates into the two

equations:

-(1/e(e)) ( 320(0)/ae2)=«2 (A.8)

and

{r2/R{r) ) ( 92R{r)/Zr2)+ {r/R{r) ) ( 3«(r)/3r )-r2k2+r2{w/Cl)2-n2^0 (A.9)

Eq. (A.8) has the solution: 0(8)=e±m® and since the scalar potential 4> has

physically to be single valued, the function 0(0) must have only one value for

any particular 0. An increase of 0 by 2i\ must give the same value of <j> and

this is only true if n is an integer (Evans, p. 862, 1955). Eq. (A.9) is Bessel's

equation of order n which has the solution:

R{r)=°n(Pr)
where

°n(Pr)=zn{pr) +Wn{pT)

and p= {{w/cj)2-k2)1/2. The functions Zn and W are Bessel functions of the
first and second kind respectively.

The general solution of the scalar potential function is therefore:

4>{r,Q,z,t)=On{pr)ei{±kz±wt±nQ)
and for a wave travelling in the positive z-direction:

<b{rlQ,z,t)=On(pr)e±inQei{kz-wt)

(ii) Solution of vector potential ip

The derivation of the solution of the vector potential component is

similar to that of the scalar potential and will not be repeated. In order to

uncouple the components ijfr and \pQ from Eqs. (3.5) and (3.6) the following
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solutions are assumed (Achenbach, pp. 238-239, 1973):

i)Jr=,i'rsin(n0)et'^2_u'" (A.10)

i\)q=VQCOs(n&)el{kz~wt) (A. 1 1)

Substitution of Eqs. (A.10) and (A.11) into Eqs. (3.5) and (3.6) yields the

equations:

(32Yr/3r2)+(1/r)(9¥r/3r)+(1/r2)(-n2Yr+2n4'e-4'r)-A2¥r+(«;/cA.)2,i'r=0 (A. 12)

(32f0/3r2)-|(1/r)(3¥e/3r)l(1/r2)(-n2¥e+2nYe-1'e)-^>i'0f(u;/CJ2¥0-O (A.13)

where ¥r and ^0 have been written for ¥r(r) and ^0(r) respectively. Addition

of Eq. (A.12) and (A.13) results in the following Bessel equation:

((32/3r2)+(1/r)(3/3r)-([n-l]2/r2)+(td/cs)2-i2)(fr+^e)= 0

which has the solution:

yr+ *0=2C,On_,(qr) (A.14)

where C1 is an arbitrary constant and q= [(w/c^-k2)1/2. Subtraction of

Eq. (A.13) from (A.12) yields the Bessel equation:

((32/3r2)+(1/r)(3/3r)-([n+1]2/r2)t92)(¥r-¥0) = O

which has the solution:

V*0=2C2On+,(qr) (A. 15)

where C2 is an arbitrary constant. Eqs. (A.14) and (A.15) may be solved

simultaneously to find ^0 and in terms of C^O }(qr) and C2Pn+1(yr). The

resulting solutions of the radial and angular components of the vector

potential are:

^r = (^1On_1(yr)+C2On+1(?r))sin(n0)el<^-w<)
^0 = iC:°n-M-C20n+M)cos(nQy{kZ~Wl)
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APPENDIX B

DERIVATION OF CHARACTERISTIC EQUATION

Eqs. (3.22) may be written as a determinant of the coefficients Ay Bv and

Cy The elements of this determinant are:

Mu=([q2-k2]/2)-n2-\-rZ'n{pr)
M12=nZn(lr)~nrZ'n(<ir)

M-\ 3—~iltr^Z'n+^< q r)

M2^=2nZn{pr)-2nrZ'n[pr)
M22=-[2n2-(qr)2)Zn(qr)+2rZ'n(qr)
M23=-(n+1)Zn+i(9r)-r^+1(9r)
M2i=2irkZ'n(pr)
M n(qr)

M33=-n^+1(9r)+(1/r)[(n2+n)+r2(A:2-92)]^n+1(9r)
where M- signifies the element of the tth column and the jth row. The

V

quantity X/p has been written in terms of q, k, and p in the element A/ir One

of the properties of a determinant is that its value is unchanged if a

row/column (or a multiple of a row/column) is added to another row/column

element by element. Another property of determinants is that if each element

in a row or column is multiplied by a constant the determinant itself is

multiplied by that constant. Using these two properties Eq. (3.23) may be

obtained by performing the following operations sequentially starting from the

original determinant whose elements are listed above:

i) Multiply column 3 by q/ik
ii) Subtract column 2 from column 3

iii) Multiply row 2 by -1/2

iv) Multiply column 2 by -2

v) Multiply row 3 by -1/2ik

vi) Divide column 1 by Zn(pa)
vii) Divide columns 2 and 3 by Zn(qa)
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APPENDIX C

RELATION OF MATERIAL CONSTANTS IN AN ISOTROPIC MEDIUM

Poisson's ratio is defined as the ratio of the strain in the transverse

direction to the strain in the longitudinal direction. Useful expressions relating

Poisson's ratio (a), the Lamd constants (X,y), and Young's modulus (E) are

(Achenbach, p. 54, 1973):

o=X/2(X+y) , \=oE/[ 1fo)(1-2o)

\i—E/2( 1+o) , E— y(3X+2y)/( X+y)

In terms of velocities the longitudinal wave velocity is related to the shear

wave velocity and Poisson's ratio through the expressions:

ci = cs[(2a-2)/(2o-:)y/2
Values of Poisson's ratio and the shear wave velocity used in constructing the

theoretical group velocity curves for the various metals are (American Inst, of

Physics Handbook, 1972):

a cs (ms 1)
Aluminium 0.355 3040
Brass 0.374 21 10

Copper 0.379 2270
Iron 0.290 3240
Nickel 0.336 3000
Stainless steel 0.300 3100
Zinc 0.250 2440
Monel 0.327 2720
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APPENDIX D : PROGRAM LISTINGS

PROGRAM LONGMOD

The following program finds the real and imaginary roots of the
longitudinal modes propagating in solid, cylindrical, elastic,
isotropic waveguides (o 0.3). The code is written in
FORTRAN 77.

IMPLICIT DOUBLE PRECISION (A-G,K-Z)
EXTERNAL FN1,FN2,FN3,FN4
COMMON VR,KA

C CREATE FILE IN WHICH TO WRITE ROOTS
CALL EMAS3('DEFINE', '30,RESULTS,,C',I FLAG)

C

10

20

C

C

SET ACCURACY FOR NAG-LIBRARY ROOT-FINDING

SUBROUTINE

EPS=1.0D-4

ETA=0.0

IFAIL=0

ENTER VARIABLES

WRITE(6,10)
FORMAT(' ENTER: SHEAR WAVE VEL.,
READ(5,20) CS,P
FORMAT(2F10.3)

C DISREGARD IMAGINARY VALUES OF D1 MENS I ONI.ESS
C FREQUENCY AND ALSO TRIVIAL ROOTS

IF(KA* *2.LT.QA* * 2) GO TO 80
IF(QA.EQ.0.AND.KA.NE.0) GO TO 80
WR=SQRT(KA* * 2-QA* * 2)
IF(KA.NE.0.AND.WR.EQ.0) GO TO 80
WRITE(30,70) KA,WR

70 FORMAT(2F10.3)

C FIND ROOTS FOR IMAGINARY VALUES OF KA AND

C REAL VALUES OF QA,PA
80 FNR=FN4(QA1)*FN4(QA2)

IF(FNR.GT.O) GO TO 100
CALL C05ADF(QA1,QA2,EPS,ETA,FN4,QA,I FAIL)
IF(QA* *2-KA* *2.LT.0) GO TO 100
WR =SQRT(QA * * 2-KA * * 2)

C TAKE OUT TRIVIAL ROOTS

IF(WR.EQ.O) GO TO 100
WRITE(30,90) -KA,WR
FORMAT(2F10.3)
CONTINUE

CONTINUE

STOP
END

90

100

110

POISSONS RATIO')

C

C

30

C

40

C

C

50

C

C

60

CALCULATE LONGITUDINAL WAVE VELOCITY (CL) FROM
SHEAR WAVE VELOCITY AND POISSON'S RATIO

CL=CS*SQRT((2*P-2)/(2*P-l))
VR=CS/CL

IK1=100
IROOT=500

ISTEP=1
PT = 4.0*ATAN(1.0)

SET VALUE OF DIMENSIONLESS PROPAGATION

CONSTANT (KA)

DO 110 IKA =0,1K1,1 STEP

KA=IKA/10.0

SET VALUE OF PRODUCT OF SEPARATION CONSTANT AND
RADIUS (QA)
DO 100 IQA =0,1 ROOT,I STEP
QAl=IQA/50.0
QA2=(lQA+ISTEP)/50.0

CHECK TO SEE WHETHER VALUE OF PROPAGATION
CONSTANT (P) IS IMAGINARY AND FIND ROOTS
FOR REAL VALUES OF KA,QA,PA

IF((VR *QA1)* *2 +KA* *2*(VR**2-1).LT.0) GO TO 30
DETERMINE WHETHER A ROOT EXISTS IN
INTERVAL BETWEEN QA1 AND QA2
FNR=FN1(QA1)*FN1(QA2)
IF(FNR.GT.O) GO TO 60

CALL NAG-LIBRARY SUBROUTINE FOR FINDING
ROOTS. ROOT IS RETURNED IN VARIABLE QA
CALL C05ADF(QA1,QA2,EPS,ETA,FN1,QA,I FAIL)
GO TO 40

FIND ROOTS FOR REAL VALUES OF KA,QA, AND
IMAGINARY VALUES OF PA

FNR=FN2(QA1)*FN2(QA2)
IF(FNR.GT.O) GO TO 60
CALL C05ADF(QA1,QA2,EPS,ETA,FN2,QA,IFAIL)
DISREGARD TRIVIAL ROOTS

IF(QA.EQ.0.AND.KA.NE.0) GO TO 60
CALCULATE DIMENSIONLESS FREQUENCY (WR)
WR =SQRT(QA* * 2 + KA* * 2)
WRITE VALUES OF WR AND KA INTO FILE 'RESULTS'
WRITE(30,50) KA,WR
FORMAT(2F10.3)

FIND ROOTS FOR REAL VALUES OF KA AND IMAGINARY
VALUES OF QA,PA
FNR=FN3(QA1)*FN3(QA2)
IF(FNR.GT.O) GO TO 80
CALL C05ADF(QA1,QA2,EPS,ETA,FN3,QA,I FAIL)

C FUNCTION FN1 - CHARACTERISTIC EQ. FOR REAL
C VALUES OF KA,QA,PA

DOUBLE PRECISION FUNCTION FNl(QA)
IMPLICIT DOUBLE PRECISION (A-Z)
INTEGER IFAIL

COMMON VR,KA

IFAIL=0
C CALCULATE VALUE OF SEPARATION CONSTANT (PA)

PA =SQRT(VR * * 2 *QA* * 2 + KA* * 2 *(VR* *2-1))
C CALCULATE BESSEL FUNCTIONS USING NAG-LIBRARY

C FUNCTIONS

JQA0=S17AEF(QA,IFAIL)
JQA1=S17AFF(QA,IFAIL)
JPA0=S17AEF(PA,I FAIL)
JPA1=S17AFF(PA,IFAIL)

FN1 = 2 * PA*(QA* * 2 + KA* * 2)*JPA1 * JQA1
* -(QA* *2-KA**2)**2 *JPA0*JQA1
* -4*(KA**2)*PA*QA*JPA1*JQA0

RETURN

END

C FUNCTION FN2 - CHARACTERISTIC EQ. FOR REAL
C VALUES OF KA,QA AND IMAGINARY VALUES OF PA

DOUBLE PRECISION FUNCTION FN2(QA)
IMPLICIT DOUBLE PRECISION (A-Z)
INTEGER IFAIL

COMMON VR,KA

IFAIL=0
C CALCULATE VALUE OF SEPARATION CONSTANT (PA)

PA =SQRT(ABS(VR * * 2 *QA* * 2 + KA* *2*(VR**2-1)) )
C CALCULATE BESSEL FUNCTIONS USING NAG-LIBRARY
C FUNCTIONS

JQA0=S17AEF(QA,IFAIL)
JQA1=S17AFF(QA,IFAIL)
IPA0=S18AEF(PA,IFAIL)
IPA1 = S 1 8AFF( PA , I FA 11,)

FN2 = -2*PA*(QA* *2 +KA**2)*IPA1*JQA1
* -(QA* *2-KA**2)**2*lPA0*JQA1
* +4*(KA**2)*PA*QA*IPA1*JQA0

RETURN

END

C FUNCTION FN3 - CHARACTERISTIC EQ. FOR REAL
C VALUES OF KA AND IMAGINARY VALUES OF QA,PA

DOUBLE PRECISION FUNCTION FN3(QA)
IMPLICIT DOUBLE PRECISION (A-Z)
INTEGER IFAIL

COMMON VR,KA

IFAIL=0
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CALCULATE VALUE OF SEPARATION CONSTANT (PA)
PA =SQRT(ABS(-VR* * 2 *QA* *2+KA**2*(VR**2-l)))
CALCULATE BESSEL FUNCTIONS USING NAG-LIBRARY
FUNCTIONS

IQA0=S18AEF(QA,I FAIL)
1QA1=S18AFF(QA,IFAIL)
IPA0 = S 1 8AEF( PA , I FA II.)
IPA1=S18AFF(PA,I FAIL)

FN 3 = -2 * PA*(-QA **2+KA**2)*IPA 1 *IQA1
* -(-QA* *2~KA**2)**2*IPAO * IQAI
* +4*(KA**2)*PA*QA*IPA1 MQAO

RETURN

END

FUNCTION FN4 - CHARACTERISTIC EQ. FOR IMAGINARY
VALUES OF KA AND REAL VALUES OF QA,PA. THERE
ARE NO ROOTS FOR IMAGINARY KA,QA AND PA NOR
ARE THERE ROOTS FOR IMAGINARY KA,PA AND REAL QA
DOUBLE PRECISION FUNCTION FN4(QA)
IMPLICIT DOUBLE PRECISION (A-Z)
INTEGER IF/ML

COMMON VR, KA

IFAIL=0

CALCULATE VALUE OF SEPARATION CONSTANT (PA)
PA =SQRT(VR * * 2*QA* *2-KA**2*(VR**2-1))
CALCULATE BESSEL FUNCTIONS USING NAG-LIBRARY
FUNCTIONS

JQAO =S17AEF(QA,IFAIL)
JQA1=S17AFF(QA,I FAIL)
JPAO =S17AEF(PA,I FAIL)
JPA1=S17AFF(PA,I FAIL)

FN4 = 2 * PA*(QA* * 2-KA* * 2)*JPA1 *JQA1
* -(QA* *2+KA**2)**2 *JPA0*JQAl
* +4*(KA**2)*PA*QA*JPA1*JQAO

RETURN

END

C IF MAXIMUM ELEMENT IS IN FIRST ROW OF

C MATRIX BUT NOT IN FIRST COLUMN, CHANGE
C COLUMNS

IF(I ROW.EQ.1.AND.1COL.NE. 1 ) THEN
CALL CHANGECOL(ICOL,!ORD,M)
DET=-DET*M(1,1)
END IF

C IF MAXIMUM ELEMENT IS IN FIRST COLUMN BUT

C NOT IN FIRST ROW, CHANGE ROWS

IF(1ROW.NE.1.AND.ICOL.EQ.I) THEN
CALL CHANGEROW(I ROW,IORD,M)
DET=-DET*M(1,1)
END IF

C IF MAXIMUM ELEMENT IS NOT IN EITHER FIRST

C COLUMN OR IN FIRST ROW, CHANGE ROWS AND
C COLUMNS

IF(I ROW.NE.1.AND.ICOL.NE.1) THEN
CALL CHANGEROW(ICOL,IORD,M)
CALL CHANGECOL(ICOL,IORD,M)
DET=DET*M(1,1)
END IF

C SUBTRACT FROM SUCCESSIVE ELEMENTS OF EACH
C ROW THE CORRESPONDING ELEMENTS OF THE FIRST

C ROW DIVIDED BY THE MAXIMUM ELEMENT AND

C MULTIPLIED BY FIRST ELEMENT OF THE PARTICULAR
C ROW UNDER CONSIDERATION AND REORDER ELEMENTS

CALL ARRANGE(IORD,M)
IORD=IORD-l

C IF MATRIX CONTAINS ONE ELEMENT ONLY, MULTIPLY
C THIS ELEMENT BY THE PRESENT VALUE OF THE

C DETERMINANT AND RETURN FINAL VALUE OF DET TO
C MAIN PROGRAM

IF(IORD.EQ.1) THEN
DET=DET*M(1,1)
GO TO 700
END IF

C REPEAT MATRIX REDUCTION PROCESS

GO TO 500

SUBROUTINE GAUSSELIM
RETURN

END

The following subroutine finds the determinant of a six-by-six
matrix using the technique of Gauss elimination. In this
technique the value of a determinant becomes equal simply to
the product of the leading elements and the number of
computations that would otherwise have to be made is greatly
reduced. Gauss elimination is most reliable when the matrix is
so ordered that the leading element at each step of the process
is the element having the largest absolute value The method is
summarized clearly by Faddeeva (1959) and Pipes (1963).

IMPLICIT DOUBLE PRECISION (A-G,K-Z)

IORD=6

C INITIALIZE VALUE OF MAXIMUM ELEMENT

MAXEL=0
C DET IS DETERMINANT OF MATRIX, SET TO 1.0

DET=1.0

C DETERMINE WHICH ELEMENT OF MATRIX HAS LARGEST

C ABSOLUTE VALUE. THE ELEMENTS OF THE ORIGINAL

C MATRIX ARE CONTAINED IN THE ARRAY M

500 DO 600 1=1,IORD
DO 610 J=1,IORD

MIJ=ABS(M(I,J))
IF(MAXEL.LT.MIJ) THEN
MAXEL=MIJ

IROW=I

ICOL=J
END IF

600 CONTINUE

610 CONTINUE

C IF MAXIMUM ELEMENT IS LEADING ELEMENT NO

C ORDERING OF THE MATRIX IS REQUIRED AND
C DETERMINANT IS MULTIPLIED BY LEADING ELEMENT

IF(IROW.EQ.1.AND.ICOL.EQ.1) DET=DET*M(1,1)

740

750

760

770

SUBROUTINE CHANGECOL(ICOL,IORD,M)
DOUBLE PRECISION TEMP(6,1),M(6,6)
DO 720 1=1,IORD

TEMP(1,1)=M(I,1)
M(I,1)=M(I,ICOL)
M(I,ICOL)=TEMP(I,1)
CONTINUE

RETURN

END

SUBROUTINE CHANGEROW(IROW,IORD,M)
DOUBLE PRECISION TEMP(1,6),M(6,6)
DO 730 J = 1,1ORP
TEMP(1, J ) =M(1,J)
M( 1 ,J)=M(IROW,J)
M(IROW,J)=TEMP(1,J)
CONTINUE

RETURN

END

SUBROUTINE ARRANGE(IORD,M)
DOUBLE PRECISION M(6,6),MN(6,6)
DO 750 1=1,IORD-1
DO 740 J=l,IORD-1
MN(I,J)=M(1+1,J+l)-((M(1 + 1)*M(1,J+l))/M(1,1)
CONTINUE

CONTINUE

DO 770 1=1,IORD-1
DO 760 J = 1,IORD-1
M(I,J)=MN(I,J)
CONTINUE

CONTINUE

RETURN

END
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PROGRAM WAVEFILT

This program is written in BASIC for an Acorn Archimedes
microcomputer acting as controller of a digital oscilloscope
(Kikusui COM7101 A). Data is transmitted from the oscilloscope
to the computer via an IEEE-488 interface. The interface
software is for the IEEE-488 interface expansion card designed
specifically by Intelligent Interfaces Ltd for the Acorn Archimedes
computer system Waveform data after being transferred to the
computer is filtered using a band-pass Butterworth filter and is
then sent back to the oscilloscope.

10 REM INSTALL LIBRARY PROCEDURES FOR IEEE-488
20 REM INTERFACE EXPANSION CARD
30 INSTALL"$.BASICProcs.XBAS488"
40 DIM FDATR(16384),FDATI(16384),BIG(16384)
50 DIM display* 1024,deldat% 1024
60 DIM BUF1 ( 16384 ) ,BUF2( 16384) ,11( 16385 )
65
70 LS=14

80 N=2~LS
90 PRINT"INPUT FILTER VALUES FOR WL, WH, AND ORDER"

100 INPUT WL, WH ,NORDF,R
110

120 REM TRANSFER WAVEFORM DATA FROM SCOPE TO

130 REM COMPUTER

140 PROCpulse(BIG f N)
150

160 FOR 1=1 TO N

165 REM WRITE WAVEFORM INTO REAL ARRAY

170 FDATR(I) =bi G (I—1)
175 REM INITIALIZE IMAGINARY ARRAY

180 FDATI(I)=0
190 NEXT I

200

210 REM TAKE FAST FOURIER TRANSFORM OF

220 REM WAVEFORM

230 PROCfft(FDATR(),FDATI())
240
250 REM SHIFT FFT ALONG FREQ AXIS
260 PROCshmult(FDATR,FDATI,N)
2 70

280 NORD2 = 2 *NORDER

290 WLP=WL*N

300 WHP=WH*N

310 H(1)=0
320

330 REM BUTTERWORTH FILTER

340 TEMP2=32/NORD2
350 FOR 1=2 TO N/2+1
360 IM=I-1

370 CONST =SQR(2)- 1
380 TEMPI=NORD2 *LOG(WLP/1M)
390 REM TO PREVENT PROBLEM OF REAL

400 REM NUMBER OVERFLOW:

410 IF TEMPI>=TEMP2 TEMPI=TEMP2

420 II(I ) = (1+CONST* ( (IM/W1IP) ~NORD2 ) )*
(1+CONST*10 ~TEMP1))

430 H(I)=1/H(I)
450 NEXT I

460

470 REM SHIFT FILTER ALONG AXIS
480 FOR 1=1 TO N/2+1
490 H(I+N/2)=H(I)
500 NEXT I

510 FOR 1=1 TO N/2+1.
520 H(I)=H(N+2-1)
530 NEXT I

540
550 REM MULTIPLY WAVEFORM AND FILTER IN

560 REM FREQ DOMAIN
570 FOR 1=1 TO N

5 80 FDATR(I) =FDATR(I)*H(I)
590 FDATI(I)=FDATI(I)*H(I)
600 NEXT I

610

620 REM TAKE COMPLEX CONJUGATE FOR INVERSE FFT

630 FOR 1=1 TO N

640 FDATI(I)=-FDATI(I)
650 NEXT I

660 REM TAKE FOURIER TRANSFORM

670 PROCfft(FDATR(),FDATI())

680 REM SHIFT WAVEFORM BACK ALONG AXIS
6 90 PROCshmu1 I (FDATR,FDATT,N)
700

710 REM SEND WAVEFORM BACK TO SCOPE
720 PROC send(FDATR)
730

740 STOP

750 END

760

7 70

7 80 DEF PROCf ft(FDATR(),FDATI() )
790

800 N = 2 ~LS
810 NV2 =N/2
820 NM1=N-1

830 J=1

840 FOR 1=1 TO NM1

850 IF I>=J GOTO 920

860 TR=FDATR(J)
870 TI=FDATI(J)
8 80 FDATR(J) = FDATR(I)
890 FDATI(J)=FDATI(I)
900 FDATR(I)=TR
910 FDATI(I)=TI
920 K=NV2

9 30 IF K> =J GOTO 97 0

940 J =J-K

950 K =K/2
960 GOTO 930

970 J=J+K

980 NEXT I

990 FOR L=1 TO LS

1000 LE=2~L
1010 LEI=LE/2
1020 VR=1

1030 VI=0

1040 WR=COS(PI/LEI)
1050 WI=-SIN(PI/LEI)
1060 FOR J=1 TO LEI
1070 FOR I=J TO N STEP LE
1080 IP=I + LEI
1090 TR=FDATR(IP)*VR-FDATI(IP)*VI
1100 TI=FDATI(IP)*VR+FDATR(IP)*VT
1110 FDATR(IP)=FDATR(1)-TR
1120 FDATI(IP)=FDATI(I)-TI
1130 FDATR(I)=FDATR(I)+TR
1140 FDATI(I)=FDATI(I)+TI
1150 NEXT I

1160

1170 VTR=VR*WR-VI*W1

1180 VTI=VI*WR+VR*WI

1190 VR=VTR

1200 V1 =VT1

1210 NEXT J

12 20 NEXT I.

1230

1240 FOR 1=1 TO N

1250 FDATR(I)=FDATR(I)/SQR(N)
1260 FDATI(I)=FDATI(I)/SQR(N)
1270 NEXT I
12 80

1290 ENDPROC

1300

1310

1320 DEF PROCshmuIt(FDATR,FDATI,N)
1330 10=-1

1340 REM CORRECT FOR PHASE SHIFT
1350 FOR 1=1 TO N
1360 IO=IO*(-l)
1370 FDATR(I)=FDATR(I)*10
1380 FDATI(I)=FDATI(I)*10
1390 BUF1(1)=FDATR(I)
1400 BUF2(I)=FDATI(I)
1410 NEXT I

1420

1430 FOR 1=1 TO N

1440 IM=l+(I+(N/2)/2)MODN
1450 FDATR(IM)=BUF1(1)
1460 FDATI(IM)=BUF2(I)
1470 NEXT I

1480
1490 ENDPROC
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1520 DEF PROCpulse(BIG,N)
1530
1540 REM PRINT "ENTER TIMEBASE A VALUE &

1550 RFJM TIMEBASE B VALUE (MICROSECS)
1560 INPUT TA,TB
1570 status%=FNXtimeout_on
1580 status%=FNXinit
1590 status%=FNXeos in_2chr(13,10)
1600 REM INITIALIZE ARRAYS
1610 FOR 1=0 TO 2~LS-1
1620 BIG(1)=0
1630 NEXT I

1640 FOR 1=0 TO 1023
1650 deldat%?I=0
1660 NEXT I

1670
1680

1685 REM ADDRESS OF SCOPE IS 12
1690 status%=FNXadrandoutput(1,12,"IIOR MOD B")
1700 ISTEP = INT(2 56 *TB/TA)
1710 NS=INT(256/ISTEP)
1720 FOR NC=1 TO NS

1725 REM SET DELAY POSITION OF SCOPE &

1726 REM LEAVE OFF LAST PART OF DATA
1730 X% = -128+(NC-1)* ISTEP
1740 A%="DEL "+STR$(X%)
1750 status%=FNXadrandoutput(1,12,"DEL MOD DEL")
1760 status%=FNXadrandoutput(1,12,A$)
1770 status%=FNXadrandoutput(1,12,"MOD STO")
1775 status%=FNXadrandoutput(1,12,"EOI ONLY")
1780 status%=FNXadrandoutput(l,12,"WAVE CODE BINARY")
1790 status% =FNXadrandoutput(1,12,"PAU ON")
1800 status%=FNXadrandoutput(1,12,"WAV STA 0")
1810 status%=FNXadrandoutput(1,12,"WAV END 7")
1820 status%=FNXadrandoutput(1,12,"WAV OUT CH2")
1830 REM READ WAVEFORM FROM SCOPE INTO ARRAY
18 40 sta tus%=FNXadrandinputmem(1,12,display%,1024)
1850 REM COPY SUCCESSIVE CHUNKS OF WAVE DATA
1855 REM FROM SCOPE INTO ARRAY - BIG
1860 ST=(X%+128)*TA*1024/(256*TB)
1870 FOR 1=0 TO 1023
1880 JC= ST+1
1890 BIG(JC)=display%?I
1900 NEXT I

1910

1920 status%=FNXadrandoutput(1,12,"MOD REA")
1930 status%=FNXadrandoutput(1,12,"DEL MOD DEL")
1940 NEXT NC

1950

1960 JS=INT(JC/1024) +1
1970 ENDPROC
1980

1990
2000 DEF PROCsend(FDATR)
2010 FOR 1=0 TO JC STEP JS
2020 J=INT(I/JS)
2030 deldat%?J=FDATR(I)+137
2040 NEXT I

2050
2060 status%=FNXinit
2070 s ta tu s% = FNXad randou tput(1,12,"MOD STO")
2080 status%=FNXadrandoutput(1,12,"PAU ON")
2090 status%=FNXadrandoutput(1,12,"WAV STA 0")
2100 status%=FNXadrandoutput(1,12,"WAV END 7")
2110 status%=FNXadrandoutput(1,12,"REF2 ON")
2120 status%=FNXadrandoutput(1,12,"WAV IN REF 2")
2130 status%=FNXadrandoutput(1,12,deldat%,1024)
2140 ENDPROC
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APPENDIX E

ERRORS INVOLVED IN EXPERIMENTAL GROUP VELOCITY MEASUREMENTS

(i) Horizontal axis (£2)

The variation in the radius of the waveguide, measured using a micrometer,

along its length was found to be small—typically ±2.0% of the nominal

waveguide radius specified by the manufacturer. Assuming negligible

inaccuracy in determining the carrier frequency (accomplished using a digital

frequency counter), the error of the dimensionless frequency is determined

solely by the error in measuring the waveguide radius (±2%). For values of

£2 = 1, the magnitude of the error is approximately ±0.02, and for values of £2 = 5

this error increases to ±0.1.

The variation in internal radius along waveguide length for hollow

waveguides is more difficult to ascertain, but it may be assumed to be similar

to the variation of external radius according to the specifications of the

manufacturer.

(ii) Vertical axis (c /cs)
The error in measuring time intervals using the delayed B sweep

mechanism of the oscilloscope was specified as ±2% by the manufacturer.

This figure was checked using a delay line with an echo separation time of

63.943 ys ±0.0005 ys. For a 50 ys/div time-base setting on the A-mode of

the scope the error was found to be ±1.3% regardless of the time-base

setting of the B-mode. However, for a time-base setting on the A-mode of

0.1 ms/div which was the scale used for the majority of measurements the

error increased to ±3.0%.

The error involved in determining the time of propagation of the modes by

matching the peak of the input pulse to the peaks of the various modes (using
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the B-mode facility on the oscilloscope) was dependent upon the signal

sharpness of the modes. The worst case, occurring over frequencies at which

a mode is near its cut-off frequency when the mode undergoes considerable

distortion, can result in an inaccuracy of determining the position of the modal

peak as high as ±80 ps from a typical propagation time of 1200 ps (for a

1.5 m length of wire). This gives rise to a percentage error of approximately

±7% and a total percentage error (using the figure above for the inaccuracy of

the oscilloscope) of ±10% corresponding to an error in c /ca of ±0.04. Over
most frequency ranges, where the modal peaks were sharp, the inaccuracy is

of the order of ±5 ps which for a propagation time of 400 ps produces a

percentage error of approximately ±1% and a total percentage error of ±4%

corresponding to an error in c./c . of ±0.05.
y' 6

Determining the length of the waveguide provides an additional source of

error. It was possible to measure the waveguide length using a meter rule to

an accuracy of within ±5 mm which for a length of 1.5 m yields a percentage

error of ±0.3%. This error, however, is a systematic error and will therefore

affect each point identically with the result of shifting the experimental group

velocity curves either upwards or downwards in the vertical axis. The

magnitude of this particular error may be considered negligible.



233

APPENDIX F

PUBLISHED PAPERS

Nicholson, N.C. and McDicken, W.N. Modelling of ultrasonic wave propagation
in waveguides Physics in Medical Ultrasound II (Ed. Evans, D.H. and Martin, K.)
iPSM Report No. 57 (1988)

Nicholson, N.C. and McDicken, W.N. Waveguides in medical ultrasonics
Ultrasonics 26 27-30 (1988)

Nicholson, N.C., McDicken, W.N. and Anderson, T. Waveguides in medical
ultrasonics: an experimental study of mode propagation Ultrasonics TJ
101-106 (1989)



lodelling ofUltrasonic Wave Propagation inWaveguides

1 C Nicholson and W N McDicken

department ofMedical Physics and Medical Engineering, Royal Infirmary,
Edinburgh

8.1 Introduction

die development of sonically-active stylets used in the guidance of biopsy needles
nd catheters1 has so far been very much on an empirical basis. Figure 18.1 shows
le shape of a short pulse after it has propagated along a needle-stylet. The
;asons for the considerable alteration in the pulse shape are not immediately
bvious. A more complete knowledge of the physics of wave propagation in
'aveguides may permit greater flexibility in the design of needles and catheters
nd will also be of interest in the design of surgical devices. In addition the
ropagation of ultrasound in fine wires may be utilised in the design of very small
ydrophones.
The theory that will be described is derived from the Pochhammer theory and
dIIows closely the work of researchers experimenting in delay lines in the 1950s
nd early 60s.

igure 18.1 The dispersion of a short pulse after propagating along a needle stylet.

3.2 Three-dimensional wave equation
l the linear three-dimensional theory of elasticity the equations of motion
3verning an isotropic elastic medium free from external forces may be expressed
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by the vector differential equation2.
/iV2u + (k+p)VV.u = p_u (1)

where u is the displacement vector, p is the density, X and p, are the lame constants
andV 2 is the Laplacian.
According to Helmholtz's theorem3 the displacement vector u may be defined

by the sum of the sradient of a scalar potential and the curl of a vector potential

u = y<£ + v x± (2)
Substitution of equation (2) into equation (1) yields an expression having the two
solutions:

1
..

V2cb = — (3)
c?

and

V2i//=-<i/ (4)
q

where q = V(A+2p,)/p is the dilatational wave velocity and
q. = VpTp is the shear wave velocity.

This has the important consequence that in an unbounded medium plane wave
transmission takes place via two types of waves; namely, longitudinal waves with
particle displacements in the direction of propagation and shear waves with
particle displacements transverse to the direction of propagation. When the
medium is of finite dimensions reflection will occur at the surfaces with each
reflected wave setting up both a longitudinal and a shear wave. If these surfaces
are very close together, as in a waveguide, the interaction of these waves becomes
highly complex.

18.3 Pochhammer theory
The propagation of waves in a solid elastic circular cylinder is described by the
Pochhammer theory in which the wave equations (3) and (4) are written in
cylindrical coordinates.

1 d2<b
V2<£

'Tc2 at2

l a2ii/z
V2i[/Z =

ct at2
i/e 2 dxfjg 1 a2ii/r

V2iffr =
r2 r2 86 c2 at2

*l>e 2 dipT 1 a2ibg
(- —

r2 r2 86 c2 at2
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jse equations have the solutions4
4> — AXn (pr) cos (n0) exp [i(kz -wt)]
ifjz = BXn (qr) sin (n0) exp [i(kz -wt)]
ifjT = CXn_t (qr) sin (n(9) exp [i(kz-wt)]
ifj9 = -CXn+1 (qr) cos (nO) exp [i(kz-wt)]

sre k is the propagation constant, w is the angular frequency, Xn is the nth order
;sel function Jn or modified Bessel function In for imaginary arguments (n is
iger taking the values from zero to infinity); r 0 and z are the radial, angular
I axial coordinates, q = V(w/cs)2-k2, p = V(w/cj)2-k2 and A, B and C are
igration constants.
lie boundary conditions for an infinitely long cylinder of radius awith a surface
i from tractions are that the radial components of stress all equal zero at r = a.
'

a finitely long cylinder these conditions are approximately true if the radius is
lificantly less than the length as, for example, in a waveguide. These
ditions, when expressed in terms of the scalar and vector potentials, yield three
lations which may be written in the form of a three-by-three determinant often
irred to as the frequency or characteristic equation5.
file simplest case arises for n = 0 when the frequency equation reduces to the
»shorter equations5.

VnMpXo(-v^) - 2X1(-Vo^2) = o (5)

2pa [fl2T£2(& ~ l)]X1(pa)X1(Vn2-^2)
- [82n2-^(i+s2")][a2-^2(i+52)]xfl(pa)x1(\/n2^)
-4^25182pav/n2-^X1(pa)X0(v/n:-{2) = 0 (6)

ire a is the radius, CI = (w.a)/cs, £ = k.a

( 1 for p2 > 0 ( 1 for q2 > 0
= < > S2 = < and q2 = H2-£2

1 for p2 < 0 " I -1 for q2 < 0
t may be shown that equation (5) describes waves having torsional properties4
he particles undergoing circumferential displacement only and independent of
angular coordinate 6.
1.1 Torsional waves

orsional wave propagation the central axis of the cylinder remains undisturbed
particles rotate about it by an amount dependent solely upon their distance
n the axis.
a the equations above D and £ are dimensionless quantities; I) is consequently
ed the dimensionless frequency and £ the dimensionless propagation constant,
ereas CI is proportional to the frequency since cs— the shearwave velocity— is
stant, £ is proportional to the inverse of the wavelength and so is dependent
n the ratio of the frequency to the phase velocity.
igure 18.2 shows the numerical solution of equation (5) plotted on axes and
k term frequently employed to describe this sort of plot is the 'frequency
:trum' since it identifies all the modes present for a particular wave at any
[uency. Each curve corresponds to a different mode of propagation and, as is
itrated in figure 18.2, there is an infinite number ofmodes. Imaginary values of
:scribe evanescent waves and are therefore non-propagating. The number of
les that do propagate in a solid waveguide of any particular radius at any given
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Figure 18.2 Frequency spectrum of the Torsional Family of Modes.

frequency is equal to the number of curves on the real £ coordinate that are
intersected by the horizontal line drawn through the relevant value of H. The
number of these modes increases with increasing frequency or radius. The
advantage of using a set of coordinate axes f1 and £ (corresponding to the y- and x-
axes respectively) is that the phase and group velocities for any curve plotted on
them may be easily found. The phase velocity at any particular point is obtained by
dividing the value of the ordinate of that point by the value of the abscissa and
multiplying by the constant shear wave velocity, cs. The group velocity, which is
the same as the velocity of propagation of energy, may be found by taking the
curve's gradient at that particular point and multiplying by cs.
A medium is said to be dispersive when the group and phase velocities of a wave

vary with frequency. The lowest torsional mode, characterised by the straight line
on the frequency spectrum and called by definition the 'zeroth' torsional mode, is
therefore the only non-dispersive mode having constant values of phase and group
velocity equal to the shear wave velocity. All other modes are dispersive having
limiting velocities at large values of £ tending to the shear wave velocity.
18.3.2 Longitudinal waves
Equation (6) is commonly referred to as Pochhammer's equation for longitudinal
waves because of their zero angular displacement. Figure 18.3 shows the
frequency spectrum of the longitudinal modes, obtained by plotting equation (6)
on axes fl and £. In contrast to the torsional waves there are no purely non-
dispersive modes though a number of interesting characteristics may be drawn
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jure 18.3 Frequency spectrum of the Longitudinal Family ofModes.

3m the frequency spectrum. The lowest or first longitudinal mode at very low
lues of I has a group and phase velocity equal to the 'bar' velocity. The bar
locitv is the velocity that is derived from the one dimensional wave equation and
equal to \'E/p where E is Young's modulus and p is the density. For large values
£ the group and phase velocities of the first longitudinal mode tends to the
ayleigh surface wave velocity. All other modes have limiting velocities equal to
e shear wave velocity6 for large values of £. As the dimensionless frequency H
creases the higher modes tend towards the solid line (shown in figure 18.3)
:fore falling off to their limiting values of the shear wave velocity. This solid line
the curve that would be produced by a non-dispersive wave propagating with a
lase and group velocity equal to the dilatational wave velocity (c.f. equation
))-
.3.3 Flexural waves

>r n = 0 the frequency equation describes two kinds of 'families' ofwaves— the
rsional family and the longitudinal family. It is observed that these two families
s a special case of a third general family known as the 'flexural' family. Each
lue of n (for n > 1) determines a different order flexural family and there is
erefore an infinite number of flexural families each having an infinite number of
ades associated with it. Flexural waves are dependent upon all three
mponents of the cylindrical coordinates and so display both torsional and
agitudinal wave behaviour. For even values of n the waves are symmetric about
s central axis but antisymmetric for odd values; otherwise there are no
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Figure 18.4 Frequency spectrum of the First-order Flexural Family of Modes.

outstanding differences between the particle displacements for the various
families.
The equations for the flexural waves are considerably more complicated than

those for the torsional and longitudinal waves and will not be written down for
reason of space. However the frequency spectrum for the first order (n = 1)
flexural family may be seen in figure 18.4 and a comparison of this with figures 18.2
and 18.3 reveals the similarity between the nature of the flexural modes and the
longitudinal and torsional modes combined. The limiting velocities of the
different modes at large £ are identical to those of the longitudinal family with the
first mode tending to the Rayleigh surface wave velocity and the higher ones to the
shear wave velocity.
All higher order flexural families have frequency spectra similar to the spectrum

of the first-order family. Figure 18.5 shows the frequency spectrum of the second
order (n = 2) family. The one noticeable difference between the various flexural
families is the increasing cut-off frequency of each mode with increasing value of
n. The cut-off frequency is defined as the frequency at which the propagation
constant k is equal to zero. The limiting velocities at large £ however are all the
same as those for the longitudinal and first-order flexural families6.

18.4 Biopsy system
For a biopsy a typical value for the radius of a stainless steel stylet may be about
0.5 mm and for ultrasound of frequency 3 MHz this gives Cl — the dimensionless
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igure 18.5 Frequency spectrum of the Second-order Flexural Familv of Modes.

'equencv— a value of 3.0 (the shear wave velocity for stainless steel is 3100 ms"1).
"he modes that will be present in the stylet may be deduced from the frequency
oectra of the different families of waves.
It is convenient to have a system for designating each mode of propagation and
te notation that has most frequently been used7 is to label the different modes in
te form € (n. j) where ( = T. L or F for the torsional, longitudinal or flexural
imilies: n is. as before, the order of the family (n = 0 for the torsional and
mgitudinal families and 1.2 for the flexural families) and j is the mode
umber itself.
The modes that have real values of propagation constant at this value of the
imensionless frequency are: from figure 18.2 the T(0, 0) mode, from figure 18.3
te L(0. 1) mode, from figure 18.4 the F(1, 1), F( 1. 2) and F( 1.3) modes and from
gure 18.5 the F(2. 1) and F(2. 2) modes. The lowest mode for the third-order
exural family. F(3. 1). has a value of 0 for its cut-off frequency greater than 3.0
nd so no other modes will be present. Since the torsional modes require a special
}rm of excitation" the T(0.0) mode may be neglected and there will therefore be a
Dtal of six possible modes of propagation. The relative strengths of these different
lodes are dependent upon the way in which the transducer is mounted on to the
'aveguide7.
The ratios of the group velocity (ca) to the shear wave velocity (cs) of these six

■lodes as a function of frequency may be seen in figure 18.6. At an operating
"equency of about 3 MHz the F(l. 1) mode would be the most clearly observed
nee it travels at a substantially greater velocity than the other five modes which
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all have similar velocities. The crosses indicate frequencies at which modal
coupling would be expected. Modal coupling which significantly distorts the
output signal is a phenomenon that occurs at values of equal phase velocities of
two modes7. One possible reason to explain this phenomenon is the fact that a
waveguide is not purely cylindrical but contains many surface irregularities. It has
been shown that two modes of the same phase velocity propagating in a wire with a
weak surface corrugation will transfer energy between themselves to a degree
dependent upon the particular modes involved9. This has the effect of increasing
the duration of the pulse and reducing its peak. A second possible explanation
comes from a third-order non-linear treatment of the problem which results in
equations having terms contributing to amplitude variations, and hence energy
exchange, between two modes propagating at equal phase velocities10.
At values of dimensionless frequency less than 1.8 only two modes of

propagation— L(0, 1) andF(l, 1)—will be involved in sound transmission (if the
torsional modes are neglected). Very thin wires or low frequency ultrasound are
necessary for limited mode excitation.

18.6 Conclusion

Sonic waveguides are similar to electromagnetic waveguides in that they cause
waves to propagate in a number of different modes. The Pochhammer theory
predicts the presence of three main types of wave — torsional, longitudinal and
flexural. There is one family for both the torsional and longitudinal waves but an
infinite number for the flexural waves. Each family has an infinite number of
modes associated with it. The number of modes that propagate at any particular
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frequency increases as the frequency-radius product increases. The phase and
group velocities of all the modes are dependent upon the frequency and radius
apart from the zeroth torsional mode which is non-dispersive. Anomalies to the
predicted behaviour of the modes at certain frequencies occur at equal phase
velocities of modes and may be explained by modal coupling. Although the
Pochhammer theory strictly describes continuous wave propagation,
experimental evidence8 reveals that it is a good model for pulsed wave
propagation.

References

1 McDicken W N and Anderson T 1984 Ultrasonic Stylets for Needles and Catheters
Ultrasound Med Biol 10 499-507

2 Love A E H 1944 .4 Treatise on the Mathematical Theory of Elasticity (Dover
Publications. New York)

3 Morse P M and Feshbach H 1953 Methods of Theoretical Physics Part 1 pp 52-54
(McGraw Hill Book Company. London)

4 Achenbach J D 1973 Wave Propagation in elastic Solids pp 237-249 (American
Elsevier. New York)

5 Meeker T R and Meitzler A H 1964 Guided Wave Propagation in Elongated Cylinders
and Plates, in Physical Acoustics — Principles and Methods (ed W P Mason)
(Academic Press. London)

6 Thurston R N 1978 Elastic Waves in Rods and Clad Rods Journal of the Acoustical
Society ofAmerica 64 1-37

7 Meitzler A H 1961 Mode Coupling Occurring in the Propagation of Elastic Pulses in
Wires Journal of the Acoustical Society ofAmerica 33 435-445

8 Redwood M R 1960 Mechanical Waveguides (Pergamon. New York)
9 Hirao M 1980 Mode Coupling of Guided Elastic Waves in Wire with Weak Surface

Corrugation Journal of the Acoustical Society ofAmerica 67 1-5
10 Sugimoto N and Hirao M 1977 Nonlinear Mode Coupling of Elastic Waves Journal of

the Acoustical Socien• ofAmerica 62 23-32

143



Waveguides in medical ultrasonics
N.C. Nicholson and W.N. McDicken

Department of Medical Physics and Medical Engineering, Royal Infirmary, Edinburgh
EH3 9YW, UK

Received 8 September 1987

Propagation of ultrasound in a number of thin solid elastic waveguides is described from
the Pochhammer theory. The waveguides discussed have radii equal to the radii of stylets
of the most frequently used biopsy needles. The group velocities of the modes and the form
of the particle amplitudes of the lowest longitudinal and flexural modes in each of the styles
at a frequency of 3.5 MHz are presented.

Keywords: medical ultrasound; waveguides; tissue biopsy

ly of sound propagation in thin cylindrical acoustic
eguides is relevant in medical ultrasonics. A theoreti-
description of the operation of a number of wave-
les of differing diameter is provided in this article,
re are principally three areas in which acoustic
eguide theory finds application in medical ultra-
cs, namely, in the study and design of:

;onically sensitive needles and catheters used in tissue
biopsy;
iurgical instrumentation, where the transmission of
dtrasound along waveguides is of primary interest;
ind

/ery small hydrophones necessary for the plotting of
figh frequency beams.

Paper, although limited to a consideration of the
iviour of sound pulses in the stylets used in biopsy
lies, will nevertheless illustrate the method for looking
le other two applications. An example of the surgical
ications of waveguides is to be found in the articles
■Voodward and Allen1'2 and Chivers et al.3.

■tically sensitive biopsy needles
mically sensitive biopsy needle consists of the hollow
r biopsy needle and a solid inner length of stainless
wire, called the stylet, which is clamped at its top
to a transducer (see Figure /). The stylet is wrapped
very low impedance material except for its tip thereby
cing the amount of sound lost by leakage into
surrounding medium. Ultrasound from a real-time
ner strikes the tip of the stylet which acts like a
eguide sending part of the sound pulse to the trans-
■r where it is converted to an electrical signal. This
al after being processed electronically is then super-
ased on the real-time image as a flashing spot to
eate the position of the needle tip inside the patient4,
aupling between the stylet and the transducer is via
ass horn. The stylet is glued into the top of the horn
the horn is clamped mechanically onto the trans-
r. The transducer is electrically insulated from the

-624X/88/010027-04 $03.00
88 Butterworth & Co (Publishers) Ltd

Trancrti 'CGT

Stylet

Figure 1 Schematic diagram of a sonically sensitive biopsy needle

patient's body by means of an epoxy resin layer between
the transducer and the brass horn and can be used with
any stylet. The stylet may, therefore, be disposable.
Propagation of sound in waveguides is described by

the Pochhammer theory. Solutions of the equations
derived from this theory can only be solved numerically
owing to their complexity and work was done on them
by researchers experimenting in delay lines in the 1950s
and 1960s5 8. In this study, the solutions have been
recomputed and will be applied directly to the investi¬
gation of sound in a number of stylets.
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oplication of theory to biopsy needles
opsy needles most frequently used have gauge sizes 26,
,20, 18 and 16 with solid stainless steel stylets of radii
2, 0.19, 0.25, 0.40 and 0.55 mm, respectively. For
rasound of frequency 3.5 MHz these five stylets have
lues of CI equal to 0.82, 1.31, 1.79, 2.82 and 3.90.
The Pochhammer theory is strictly only true for a
weguide of infinite length surrounded by an infinitely
tending medium. However, it is not unreasonable to
;ume that the boundary conditions will be valid for a
itely long waveguide so long as its length is much
sater than its diameter as, for example, a needle stylet,
addition the fact that the surrounding medium is not
inite in dimension is of little importance if sound
dergoes total reflection at the surface of the waveguide,
.e characteristic impedance of steel is significantly
later than it is for the material immediately surround-
; the stylet and, therefore, it may be expected that there
11 be almost total reflection at the surface of the stylet.
At 3.5 MHz the Pochhammer theory predicts the
;sence of two modes, L(0,1) and F( 1,1), for the thinnest
ee stylets, five modes, L(0,1), F(l,l), F(l,2), F(l,3)
d F(2,1), for the 0.40 mm radius stylet and eight modes
the thickest stylet, the additional three modes being
3,2), F(2,2) and F(3,1). Owing to the dispersive nature
waveguides these modes will have different group
ocities in each stylet. The group velocities are obtained
m the gradients of the curves in Figure 2 and these
1 plotted as a ratio of the constant shear wave velocity
linst the radius of the waveguide at a frequency of 3.5
\z in Figure 3. The dotted vertical lines indicate the
lii of the stylets under discussion. The velocities of the
;vant modes in terms of the shear wave velocity, cs,

Table 1 Group velocities of the modes present in the various

stylets (cs = 3100 m s~1)

Stylet

Modes Gauge 26 Gauge 22 Gauge 20 Gauge 18 Gauge 16

t-(0.1) 1.58cs 1.52cs 1.40cs 0.75cs 0.71 cs
A( 1,1) 0.98cs 1.01 cs 1.02cs 1.01 cs 0.99cs
F( 1,2) 0.75cs 0.73cs
F( 2,1) 0.60cs 0.82cs
Ad,3) 0.99cs
F{ 2,2) 0.61 cs
F( 3,1) 0.40cs
L( 0,2) 0.87cs

Figure 4 Amplitudes of the axial and radial particle displacements,
uz and ux, respectively, across the radius of the five stylets for the
Z. (0,1 ) mode at 3.5 MHz. The value of the stylet radius increases
from left to right

2 d"

2
Amplitude

-Amplitude

Frequency x radius (MHz mm)

ure 3 Ratio of the group velocity, cg, to the shear wave
rcity, cs, for the lowest nine modes against the radius of
'eguide at a frequency of 3.5 MHz, and the frequency (MHz) x
us of waveguide (mm). L and F indicate longitudinal and flexural
'es, respectively. , Values of radii equal to the radii of the
ets (waveguide radius axis only)

Amplitude

Figure 5 Amplitudes of the axial, radial and angular displace¬
ments, uz, ur and ug, respectively, across the radius of the five stylets
for the F( 1,1 ) mode at 3.5 MHz. The value of the stylet radius
increases from left to right

for each of the five stylets are given in Table 1 (cs for
stainless steel is «3100 m s-1).

Since a sound pulse consists of many components of
frequency it may be useful to know what the group
velocities of the various modes are at different frequencies.
The lower abscissa in Figure 3 has the variable (frequency)
x (radius) and using this scale the required information
is readily obtainable.
The changing nature of the maximum particle displace¬

ments for the first longitudinal mode and the lower
first-order flexural mode with increasing stylet radius at
3.5 MHz may be seen in Figures 4 and 5. Particles
travelling in the longitudinal mode seem to experience
more axial resistance in the thicker stylets, especially at
the edges of the waveguide, since they propagate at lower
velocities and their displacements become more parabolic
over the cross-section of the stylet.
The particle displacements in the lowest flexural mode,

unlike those in the longitudinal mode, are antisymmetric.
In addition, the velocity of energy propagation is similar

r
ue ~

a

-1

1L U
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Experimental results of ultrasound of varying frequency (0.8-5.0 MHz) propagating in cold
drawn wires of stainless steel and aluminium ranging in diameter from 0.25 to 1.21 mm are
in close agreement with theoretical predictions. This agreement is maintained when the
coupling medium between the wire and the ultrasound source is a short distance of water.
Similar measurements for brass and copper wires are in less close agreement with theory
due, probably, to the effect of greater anisotropy.

Keywords: waveguides; ultrasound propagation; tissue biopsy

i recent publication1 the Pochhammer theory, which
cribes the behaviour of sound in solid elastic
eguides, was applied to a study of sound propagating
■tylets most commonly used in biopsy needle guidance
iniques. The design of sonically-sensitive biopsy
dies has proceeded without a detailed understanding
the nature of sound in waveguides. A thorough
erstanding of ultrasonic waveguides, operating in the
4z frequency range, will assist the design of these
ically-sensitive biopsy needles and catheters. Ultra-
ic waveguides are also of interest in the delivery of
asonic energy to specific sites for tissue destruction
ing surgery. Finally, waveguides offer the possibility
eveloping in vivo ultrasonic field measurement devices
ch have no electrical connections within the body of
patient.
his paper gives the experimental results of a study in
ch pulses of ultrasound over a frequency range of
-5.0 MHz were transmitted along wires of four
:rent metals - stainless steel (type 302), aluminium,
;s, and copper.
he theoretical treatment of mechanical waveguides
licts that sound travelling in waveguides is dispersive;
is, sound waves will separate into a number of

:rent modes of propagation1. The number of these
les is dependent upon the frequency of sound and the
us of the waveguide. Each of the modes has a different
tp velocity which is in turn dependent upon the
uency of sound.
xperiments previously carried out into the group
cities of these modes have been described by Hudson2,
et al.3, Toda et al.A, and Meitzler5. The first three
lors used metal cylinders of diameter >5 mm.
tzler investigated wires of aluminium and of an
lastic alloy of diameter <1.5 mm but his study
concerned mainly with the phenomenon of mode
ding.

-624X/89/020101 -06 $03.00
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The behaviour of the modal group velocities as a
function of frequency was studied for these four metals
in wires of diameter ranging from 0.25 to 1.21 mm, as
found in medical applications. The transducers used for
transmitting and receiving the sound pulses were coupled
directly to the end of the wires in the first instance, and
then for the stainless steel wires the transmitting trans¬
ducer was separated from one end of the wire by
approximately 1 cm of water.

Experimental determination of group
velocity
The experimental technique for transmitting sound pulses
was similar to that of Meitzler's. Figure 1 illustrates the

Figure 1 Apparatus for the transmission and reception of sound
pulses in a waveguide
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Wa/cs

ire 4 Group velocity curves for modes propagating in stainless
wires (type 302) of radii: O, 0.46 mm; X, 0.32 mm;
1.125 mm

ire 5 Group velocity curves for modes propagating in 0.5 mm
is aluminium wire

presence of the extra experimental points at larger
les of dimensionless frequency is due to the more
uent occurrences of the phenomenon ofmode coupling,
de coupling was investigated by Meitzler who found
at values of dimensionless frequency at which the

se velocities of two or more modes were equal energy
aed to be shared between the modes. At these
uencies he also noted a marked drop in signal
ilitude. This phenomenon has since been explained
iretically to a certain degree as being caused by surface
ugations on the wire6. Over frequencies at which
le coupling occurs it becomes extremely difficult
distinguish between modes. This may readily be
reciated by comparing Figure 9 with Figure 10.

Figure 6 Group velocity curves for modes propagating in aluminium
wires of radii: X, 0.25 mm; A, 0.125 mm

Wa!c%

Figure 7 Group velocity curves for modes propagating in brass
wires (63% Cu, 37% Zn) of radii: O, 0.5 mm; X, 0.25 mm;
A, 0.125 mm

Figure 9 is the signal received from a pulse of sound of
frequency 4.0 MHz transmitted along a steel wire of
radius 0.605 mm and length 1.5 m. The modes present
are (from left to right) L(0, 2); F(l, 1) and L(0, 3)
superimposed; F(2,1); L(0,1) and F(l, 2) superimposed;
and F(l, 3). The upper trace (channel 1) in the figure is
the electrical pulse applied to the transmitting transducer.
Figure 10 is the received signal when the frequency is
increased to 4.37 MHz. At this frequency the phase
velocities of the L(0, 2) and F(3, 2) modes are equal. It
would seem mode coupling still occurs even when one of
the modes responsible has a negligible amplitude.
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ft .1*5

ure 12 Modes propagating in 0.605 mm radius stainless steel
e (1.2 m long) at frequency 3.5 MHz with transducers coupled
ictly to the ends of the wire. Modes are from left to right Lf 0, 2);

, 1); F(2, 1 ); L(0, 1) + F(1, 2) + L(0, 3)

PxtO

M 10V CH2 .5V

ure 13 Modes propagating in 0.605 mm radius stainless steel
3 (1.2 m long) at frequency of 3.5 MHz with the transmitting
isducer separated from end of wire by «1 cm of water. Modes
from left to right L(0, 2); F(1, 1); F(2, 1); L(0, 1) +

, 2) + L(0, 3)

water. The relative strength of the modes is again
rendent upon the position of the transducers in relation
the ends of the wire, though to a lesser extent than
en the transmitting transducer is coupled directly to
end of the wire. It would appear that the modes giving

: to the largest amplitudes at frequencies for which
ir group velocities are at or near their maximum values
those which are characterized by a narrow group
acity peak; i.e. modes F(l, 3), L(0, 2), F(2, 3) and
[, 4). The L(0, 1) mode also has large amplitude at
juencies for which its group velocity is maximum.
:re was no substantial difference in the form of the
fived signal when the end of the wire submerged in
:er was bevelled, apart from perhaps a loss in overall
plitude with the longitudinal modes losing a certain
ount of energy to the flexural modes,
lince the velocity of sound in wires is dependent upon
frequency it might be expected that a pulse containing
ny frequency components would undergo considerable
:ortion and behave very differently from predictions
de by the Pochhammer theory with its ideal conditions.
; excitation pulse used in ultrasonic imaging machines

is one example of a pulse having a broad frequency
spectrum. A commercial transducer of nominal frequency
3.5 MHz was used to transmit pulses of ultrasound
through water to one end of the 1.2 m length of 1.21 mm
diameter stainless steel wire. The transducer was excited

by a high voltage spike having a rise time of approximately
200 ns output by an A-scan imaging machine. Figure 14
records the signal that was received by a 3.5 MHz
transducer at the other end of the wire. Although the
signal is appreciably noisier than before, comparison with
Figure 13 shows that the modes of propagation are
preserved. The noisy signal following these modes is due
to dispersion of a whole range of frequency components
excited by the input electrical spike. It is of interest to
see the shape of the signal using conditions more
favourable to the amplification of the lower frequency
components. Figure 15 shows the same signal as Figure 14
but with the 3.5 MHz receiving transducer replaced by
a 1.5 MHz transducer and the amplifier switch set to the
1.5 MHz amplification position. The largest signal is due
to the L(0, 1) mode and since low frequencies are
generally attenuated less than higher frequencies this
mode carries more energy than do the modes observed
in Figure 14.

ft . 1*S

PxtO

CHI IV CH2 .5V

Figure 14 Modes of propagation under the same conditions as
those in Figure 13 but with the transmitting transducer excited by
a wide bandwidth electrical pulse

ft .1*S

PHK>

CHI IV CH2 IV

Figure 15 Modes of propagation as for Figure 14 but with a

receiving transducer replaced by a 1.5 MHz transducer and the
amplifier setting switched to the 1.5 MHz amplification position
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