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SUMMARY

The purpose of the thesis is to examine* critically*

techniques that have been suggested for estimating

parameters in the CES production function

\l; (D

which relates output of a product, V * to the inputs of

capital, K * and labour, L ,required to produce it. In

particular we concentrate on estimation of (? or the

elasticity of substitution parameter £* 11 +^ ) , since
this is usually regarded as the most interesting parameter

and has received most attention from econometricians. One

of the main conclusions reached is that, with the kind

of data usually available, ^ or ^ are almost impossible
to estimate with the required precision. Accordingly, some

of the reasons why this should be so are investigated, by

means of a simulation study.

After an introductory chapter, chapters two,three

and four contain a critical survey of estimation techniques

suggested in the econometric literature. Chapters two and

three deal with indirect methods of estimating ^ , based
on equations linear in that are derived from (1) using

assumptions additional to those on which (1) is based.

Several such methods exist, the most popular being examined

in chapter two by means of a comparative study of results

obtained by different authors. Theoretical objections and

alternatives to this method are presented and examined in



chapter three. For a variety of reasons such methods are

rejected as means of providing useful estimates of ,

and the conclusion of chapter three is that direct methods

of estimation, based on (1)» are to be preferred. Chapter

four examines such direct methods, again with reference

to the published literature, the chief conclusion being

that satisfactory estimates of £ are almost impossible to
obtain. It is argued that least squares estimation tech¬

niques are to be preferred to Bayeeian or maximum like¬

lihood methods, because they involve fewer and more

justifiable assumptions. Such techniques rarely, if ever,

allow precise estimation of ^ .

Adopting the preferred method of chapter four for

further investigation, chapter five presents a simulation

study designed initially to investigate the sampling

distribution of the estimate of (0 . hesulto are disappointing

for the same reasons that precise estimation of ^ in

practice is almost impossible, consequently the latter

half of the chapter examines these reasons in some detail.

The major problem, is the poor quality of the data, over

which we have no control. A secondary problem is the lack

of scale invariance of & which can influence the estimated

value of ^ in an undesirable fashion. It is concluded
that, for some sets of data it may be possible to over¬

come the problem of lack of scale invariance, but that the

poor quality of the data precludes precise estimation,

either in a practical or simulation context. A consequence



of this is that other potential problems, such as the errors

in variables problem, are of relatively minor importance.

If we cannot obtain useful estimates of ^ under favourable

circumstances, unfavourable circumstances can only make

the problem worse. Chapter six discusses the errors in

variables problem, briefly, in the light of the conclusions

of chapter five. The final chapter summarises the conclus¬

ions of the thesis and presents some evidence to suggest
that production functions of similar or greater complexity

than (1) will provide estimation problems at least as

great as those encountered with (1).

On the whole our conclusions, relating to the

possibility of estimating G or ^ precisely, are pessimistic.
It is suggested that future research would do better to

concentrate on finding circumstances under which (1) or

similar equations would lead to useful results, rather

than producing new theoretical methods which are unlikeljt

to have any genuine practical applications.
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1.1 Production Functions

According to Brown (19b6; p.9) a production function

•expresses the relation between the maximum quantity of

output and the inputs required to produce it, and the

relation between the inputs themselves.1 At an abstract

level this relationship is written as

Y— ;X r)

where I is the output of a product and X^, i « 1, nj
the inputs used to produce it. Ideally the variables should

be .measured in physical terms if, as is usually the case, the

relation is conceived of as a technological one. It is the

purpose of this thesis to investigate estimation techniques

that have been proposed for estimating the parameters in a

particular specialization of (1.1) confining ourselves to

the two input case.

Before it can be used in empirical research (1.1) must

be given a definite functional form, which in its turn should

satisfy the relations

(1.2) Y > o

&
c)Xl

o

fy
I < O



for all values of i, In other words output is positive and

increases at a diminishing rate as an input is increased.

Although relationships of the form (1.1) could be considered

as purely descriptive, it is because of the interpretation

that can be placed on their parameters and the role that

they play in other aspects of economic theory that gives

production functions their theoretical importance, fields

in which the production function can play an important part

are in the theory of technolo -ical change (Brown; 1966) and

in the theory of income distribution (Ferguson; 1969).

ouch uses will not concern us in this thesis, as they lie

in the realm of economic theory, but they are important in

that they justify the attention riven to production function

methodology.

Another problem, 'which 1 am net competent to discuss,

is that of interpretation of production functions. Much

of the theory and interpretation of production functions has

been carried out at the micro-economic level, whereas most

of the practical applications have been at the macro-economic

level. This means that the basic unit of production

considered in theory is usually the firm, parameters being

assigned their meanings at this level. In practice we rarely

have data on firms, the relations we consider being macro-

economic ones, formulated by analogy with the micro-economic

relations. The unit of observation is usually the industry.

Regarding the macro-economic data as an * aggregate1 of the

micro-economic data, the theoretical constructs, valid at

the micro-economic level, only transfer to the macro-economic

2



level under stringent and unrealistic conditions. Adopting

this viewpoint it is clear that if we use aggregate data

the relationships we estimate are purely descriptive and

cannot be assigned the desired economic interpretation. An

alternative position would be to regard production functions

at the macro-economic level, as being independent from,

thou ;;h analogous to, those at the micro-economic level,

interpreting the relation as descriptive of some kind of

•average* economic behaviour. Parameters can then be assigned

a meaning, operative at the level of aggregation of the data.

..e shall not be concerned with the above problem in any

detail, Recognizing that many econometricians have considered

it worthwhile to estimate aggregate production functions

our purpose is to jud -e the usefulness of so doing, on the

basis of the results obtained rather than on any a priori

basis. Much of the published work is, in some degree,

unsatisfactory and we shall attempt to clarify some of the

reasons for this being so. although our emphasis is a

statistical one, conditional on the validity of the underlying

economic theory, it is inevitable and indeed desirable that

much of what will be said is coloured by an awareness of the

fact that the problems we shall examine are neither purely

statistical nor economic, bid" an amalgam of the two.

1 .2 The CivQ production function

It is now time to introduce the specific functional

form to be dealt with in the following pages, ^ith the

3



exception of the final chapter we shall only be dealing with

the two input case, the inputs in question being capital, K,

and labour, L. The first specialisation of 11 • 1) to gain

widespread popularity was the Cobb-Douglas production function,

(1.3) X =/</-?
popularised by Cobb and Douglas (1928), Initially operating

under the constraint ("< ♦ e) ■ 1, this was eventually relaxed

and further "sophistications1 introduced until, by 1961,

most possibilities had been explored and interest in production

function methodology was at a relatively low ebb. At this

point the subject received the proverbial shot in the am with

the introduction of the constant elasticity of substitution

(CCD) production function by Arrow et al. (1961); in its most

general form written as

(1.4) Y ~ [ * K; + ( 1 ) L i ] ,

This 1961 paper stimulated a great deal of research and

since then many alternative functional forms to (1.4) have

been suggested. Apart from its historical importance (1.4)
is the only alternative to the Cobb-Douglas (CD) model that

has received extensive empirical application, well over

ten different methods of estimating some or all of the

parameters being known to me. in addition to this the

problems inherent in the use of (1.4) are present for many

of the alternative functional forms; if (1.4) cannot be

treated in a satisfactory manner it seems likely that other

4



forms cannot. For these reasons we shall devote most of our

attention to (1.4).

its chief theoretical merit lies in the fact that it

generalises (1.3} and is thus less restrictive in its

assumptions. In particular (1.4) reduces to (1.3) if £> * 0.
The parameter (-> is related to a parameter £ , known as
the elasticity of substitution, according to

It can thus be seen that (1.3) assumes ^ to be unity, whereas
(1.4) assumes to be constant, hence its nam®, but does not

impose a particular value upon it. Before discussing the

significance of this generalisation it is instructive to see

what econometricians have said about (1.4) and its merits.

The following quotes are revealing.

'It would be difficult to overstate the importance of

the technical substltutability between capital and labour in

the theories of international trade, employment, and income

distribution.' (Moroney, 1967; p.184)
•hver since the production relation (1.4).....was first

introduced by Arrow et al the problem of estimating the

elasticity of substitution was not given a statistically

satisfactory solution.' (Dhrymes, 1967b; p.209)
'in the investigation of the 3aws of aggregate production,

the time-honoured Cobb-Douglas formula is log linear, and

this has undoubtedly enhanced its simplist attractiveness.

Until recently linearity, log-linearity, or fixed proportions

were the dominant parametric formulations of production

5



functions. The Cs^i function is a notable departure from

assumptions of linearity.1 (Katzner and Klein, 1969; p.344)

•The Cfc& production function has attracted an almost

exaggerated amount of interest as an alternative to the Cobb-

Douglas specification. Since it is a more general

specification (provided the restriction to constant returns

to scale is lifted) we shall not dispute its theoretical

superiority. But there is no evidence that it is a b tter

description of reality.* (Cramer, 1969; p.253)

•The authors pay particular attention to the elasticity

of substitution (surely the red herring of empirical research

of the sixties*)• (Gregory 1973; p.106)

These quotes should be sufficient to reveal the conflict

between the theoretical superiority of the Coo and its

practical usefulness, a conflict which will be highlighted

in all the remaining chapters. Ae have mentioned that the

merit of (1.4) is that it does not pre-suppose a particular

value oi the elasticity of substitution. Given this and

the fact that most studies concentrate on this particular

parameter we shall concentrate on it also, What does the

elasticity of substitution tell us* Brown (1966; p.18)

defines and interprets the elasticity as follows. * The

elasticity of substitution relates the proportional

change in the relative factor inputs to a proportional change

in the marginal rate of substitution between labour and

capital (or the proportional change in the relative factor

price ratio). Intuitively, it can be thought of as a

measure of the ease of substitution of labour for capital;

it can be conceived of as a measure of the * similarity* of

6



factors of production from a technological point of view.1
Much of the published empirical work has only been concerned
with the statistical properties of the estimate of the

elasticity of substitution; nevertheless cases may be cited
to show that situations do exist where determination of the

elasticity of substitution is important. The example we

shall take i3 one given by Layard et al. (1971; p.5).

Conceiving of output as being determined by the inputs of

capital, trained (educated) workers and untrained (uneducated)
workers we might wish to know what the optimum pattern of

manpower is; this could be important from the point of view
of educational planning. Taking the marginal productivity

of an input to be the gain in output associated with a small
increase in that inputs holding other inputs constant

Layard et al. say fas the number of trained workers rises
relative to untrained the relative marginal productivity of

trained manpower fall off. From the point of view of
educational planning it is obviouslycrucial to know how
rapidly this happens. If the decline is rapid, this makes
it vital to achieve exactly the optimum balance of trained

manpower, no more and no less. For if there are too few
trained people, their productivity will greatly exceed the
cost of producing them, while if there are too many the
reverse applies. If the relative marginal products

are similar over a wide range of factor proportions,..

society can tolerate a variety of manpower patterns without
loss.1 he have quoted extensively here to illustrate a

situation where it is useful to know the elasticity of

substitution. The situation mentioned in the last sentence

7



quoted corresponds to a high elasticity of substitution, that

mentioned earlier to a low.

Clearly the interests of Layard et al. do not carry over

directly to a situation where the only inputs are capital

and labour; their comments are, however, suggestive. Often,

once an estimate of the elasticity of substitution is

obtained, the hypothesis £ « 1, corresponding to the CD model,

is tested against the alternative § + 1• If we are in a

position to manipulate capital and labour then we are in an

analogous position to that described by Layard et al. ouch

being the case it might be more appropriate to test the

hypothesis ^><A against the alternative <^>A; where n is a

pre-determined number, above which ^ can be considered * large*
If the hypothesis was rejected we would not need to concern

ourselves with the factor proportions; if accepted further

investigation would be required to determine the optimum

proportions.

/<hat of the other parameters in (1.4)? The parameter S)

is the 'returns to scale1 parameter, if v > 1, then for a

given proportional increase in all inputs, output is increased

by a greater proportion; and by a lesser proportion if S> < 1.

Theoretically it might be important to know whether or not

increasing returns to scale (v>1) obtain, in order to decide

whether or not a policy of merger is appropriate. In the

earliest uses of (1.4) S> was assumed equal to one, and this

assumption is necessary for several of the indirect methods

to be discussed in chapters 2 and 3. Apart from p or (3
N> is the only parameter in (1.4) to which econometrlcians

a



appear to have devoted any attention. This may be

attributable to its scale invariance, like ^ and unlike
and S , and the fact that methods exist which allow it to

be easily estimated. The parameter j is a scale parameter
which can be regarded as measuring the efficiency of a

technology; c indicates the degree to which a technology is

capital intensive. A discussion of the term * capital

intensive1 is given by Brown (1966; pp.15-17) - briefly it
can be thought of as measuring the importance of capital

in producing the output of a given production unit. These

parameters are subject to the constraints

ft > O , o ^ ^ I
(1'6)

v > u o -| 4 ^ «

and it will be found that these, together with the scale

invariance of S are of some importance in determining the

merits of certain estimation procedures.

1.3 The Data

Having introduced the equation to be examined in this

thesis we now turn to a discussion of the available data.

This will be done with particular reference to a set of

data kindly provided by Professor J.R, Moroney and utilised

in a paper of his (Moroney; 1969 - 70). It is safe to

assume that this data is typical of the kind used in the

majority of studies to be examined. Ideally we require

data, in physical units, on Y^, and for purposes of
direct estimation, and in addition data on p^, the price of
output; rtl, the wage rate and the 'rental' per unit of

9



capital. This ideal is unattainable. Two problems in

particular arise when we try to measure these quantities,

losslbly the most serious of these is the lack of a suitable

definition for some of the variables; there being no

obviously Correct* definition of capital or labour, for

example. Thus, in our set of data, we have two alternative

definitions of capital, one being a 'gross* concept and the

other a 'net' concept. This lack of a 'correct' definition

means that the variables we do use are related to, but not

identical with, the unknown 'true' variables, leading to an

errors-in<-variables problem. Our second problem is the

impossibility of measuring variables, even should we know

their 'correct* definition. An example is the lack of data

on p^ and Y^, In equations involving we need to assume
that it is constant for all observations to justify our

estimation techniques. As for Y^, this is unknown, and we
are forced to use «= p^Y^ the value of the output, as a
measure of output. Likewise w^ and r^ cannot be measured
directly and must be defined in terms of variables that can

be measured. It will be argued that this procedure invalidates

certain fairly widely used estimation techniques.

Another problem posed is that of choosing between cross-

section and time series data. There is some controversy as

to which form the data should take; the problem is unresolved

and this is particularly embarrassing since results obtained

with time series data are usually incompatible with those

obtained using cross-section data. Kerlove (1967) has

compared results obtained using both kinds of data and

suggested possible reasons for the disparity in the estimates

10



obtained, but he admits that these are not convincing. In

this thesis we shall usually confine our attention to results

obtained with cross-section data, several reasons exist

for this decision; most of a practical rather than theoretical

nature. With time series data we have to assume that the

firm or industry operates according to the same production

function over a period of years; in a cross-section study the

assumption is that firms or industries in different areas

operate according to the same production function at a given

point in time. Intuitively the former assumption may seem

the more plausible, but other factors outweigh this advantage.

The first of these is the necessary inclusion of a time

variable, describing the 'technological progress' of an

industry, in any time-series model. This could be done in

several ways, each with a different economic interpretation,

and introduces an extra assumption into the model. A second

complication is the expected lack of variation in time series

data resulting in imprecise estimates, since we do not expect

the conditions 'under which an industry operates to change

drastically from year to year. It is, however, a very

practical consideration which decides us in favour of cross-

section data; namely, we do not usually possess the necessary

time-series data. In particular, U.S. manufacturing data,

by far the most commonly used in empirical studies, is

collected in sufficient detail only once every five years.

Other studies rely on data collected for a specific purpose,

which is nearly always in cross-section form. For this

reason our decision to concentrate on studies using crcss-

11



section data is almost forced upon us.

The data we have at our disposal, which will be used

for the simulations in chapters five and six, is culled

from the Annual Survey of Aianufactures, 1957 and the Census

of i-manufactures 1953, It is data on two-digit industries,

in the U.o.A., and the basic unit of observation is the state.

The term two-digit refers to the standard industrial

classification (3IC) number given to the various industries,

and represents a fairly high level of aggregation. This

classification is given in Table 1; as an example 6IC 27

is the printing and publishing industry. A three-digit

classification, say SIC 261 would represent one of the

component industries which are aggregated to give a two-digit

classification.

For output, V^, we use a value-added concept measured in
terms of thousands of dollars - that is, we use the total

value of output, adjusted for the value of goods consumed in

the production process. Our measure of labour is total man

years of employment of production and non-production workers.

Two measures of capital are available, and it will be made

clear, in the context, which is being used. The first is

the gross book value of capital stock, evaluated at historical

prices; the second, net measure, is the gross book value ,

less depreciation and depletion. Finally, though we have

no direct measure of the wage rate, w^, we do have a measure
of the total wage bill, W^, In thousands of dollars. The
wage rate, which is only used in indirect methods of

estimation, is calculated as (a./L^), This data is not
ideal but, as we shall be employing it in a simulation, this

12



TABLE 1 Standard Industrial Classification

SIC Number Industry

20 Pood and kindred products

22 Textile mill products

23 Apparel and related products

24 Lumber and wood products

25 Furniture and fixtures

26 Paper and allied products

27 Printing and publishing

28 Chemicals and allied products

29 Petroleum and coal products

30 Rubber and plastic products

31 Leather and laether products

32 Stone» clay and glass products

33 Primary metal industries

34 Fabricated metal products

35 Non electrical machinery

36 Electrical machinery

37 Transportation equipment

38 Instruments and related products



fact is unimportant. .Ve shall, in any case, be arguing

that poor results are obtained, whatever estimation technique

is used; and that poor results are a function of the

'design1 of the data. This fault cannot be rectified by

improving the quality of data measurement.

1.4 An outline of the thesis

wince a substantial portion of the thesis consists of

a critical examination of methods that have been suggested

for estimating some, or ail, of the parameters in (1.4),
now is not the time to engage in a survey of the published

literature. The purpose of the thesis is to examine

critically, conditional on the validity of the underlying

economic theory and with particular reference to cross-

section data, methods of estimating the parameters in (1.4).

Chapters two, three and four constitute a critical examination

of previous work in the field. The second chapter is a

comparative study of results obtained using the most popular,

indirect, method for estimating ^ • Chapter three exaiuines
theoretical objections to this method and proposed alternative

methods of indirect estimation, while chapter four examines

the less popular direct estimation techniques, Cne of the

preferred methods of chapter four is examined in detail in

chapter five, by means of a simulation study. There is a

two-fold purpose in this, npart from an attempted determinatio:

of the sampling properties of £ , we also wish to isolate
some of the reasons for the poor results obtained using

direct estimation techniques. Chapter six contains a brief

look at the errors-in-variables problem, associated with (1.4).



Originally it was intended to devote more space to the

errors-in-variables problem, but one of the conclusions

of the first five chapters is that this is relatively

unimportant so far as (1,4) is concerned, Finally, chapter

seven summarises the conclusions of the thesis and contains

a brief, and partial, survey of alternatives to (1,4),

sssass:
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CHAbTEH. II

2.1 Introduction

This chapter contains a comparative study of results

that have been obtained using the equation most often

employed to estimate the elasticity of substitution. The

equation in question is

(2.1) lo<^ U/ZO — oC 4-j§lo^UTL

where ^ is identified with the elasticity of substitution.

For estimation purposes an additive error term should be

included on the right hand side of (2.1); this error term

will often be omitted in discussion of (2.1) or similar

equations, but is to be understood whenever we are concerned

with estimation. Throughout the thesis the following notation

will be employed

vi output of ith industry observation, in terms
of value added

labour input in ith industry observation

capital input in ith industry observation

*i total wage bill for ith industry

UTi wage rate per unit of labour in ith industry

ri rental value per unit of capital in ith industry

Hi profits in ith industry.

Equation (2.1) was popularised by Arrow et al. (1961), who

observed that it appeared to provide a good fit to inter-

*We assume that the errors are independent, identically distributed
normal random variables, when discussing hypothesis testing or
confidence intervals.

1



country data. Under the assumption of constant returns to

scale, constant prices, perfect competition and profit

maximization they derived the production function

(2.2) Vi = ^[SK^h- 0-sUi

from (2.1). Dickinson (1953) had suggested (2.2) in a

footnote, but did not employ it, while Brown and De Cani

(1963) derived (2.2) independently of Arrow et al. and

placed (2.1) on a sounder theoretical basis. They derive

(2.2) from first principles and show that (2.1) results if

perfect competition and profit maximization are assumed,

reversing the procedure adopted by Arrow et al. Brown (1966,

pp. 192-196) gives this derivation

Profits are defined as

(2.3) l \L— Vi - nKi—oiLi

where the perfect competition assumption implies that ^
and are independent of and L^, how assuming that an
entrepreneur maximises his profits with respect to the labour

input we have

(2.4) = O
D u

and, using (2.2), this can be shown to imply (2.1) with

(2.5) ? (i+el

2



It would also be possible to maximise profits with respect

to capital, obtaining

(2.6) lo^ (Vi/'K-) ~ oc + ^ •

There is no good reason for preferring (2.1) to (2.6); but

lack of capital data has meant that (2.1) has been, by far,

the most extensively used. Assuming, provisionally, the

validity of (2.1), we shall examine and compare the results

that have arisen in the different studies involving its use.

It will be argued that results are often indeterminate, in

the sense that conclusions based on these results are

sensitive to onefs initial hypotheses concerning the true

state of 'reality*, htated otherwise, it would appear that,

often, an investigator's prior beliefs have an undue influence

on his interpretation of the data. After comparing the

various studies, some of them will be examined individually

in an attempt to justify this last statement.

2.2 Comparison of studies usin;7. (2.1)

with the exception of studies by katz (1969), uriliches
and itingstad (1971) and Hyan (1973) all of the papers to be

examined in this section have utilised U.S. raanufacturing data

similar to that described in the introduction, we shall

consider twelve different sets of results in this category,

bix of these sets of results apply to the year (1956) and

are given In Table 2h, while the remaining sets apply to

years between 1954 and 1963 or else attempt to amalgamate



TABLE 2A.

Resulta for (2.1) using data from the U.S. Census of Manufactures

1958, giving the estimated value of the elasticity of substitution
and Its standard error (in brackets).

S«I.C. No Bell Grillchea O'Neill Dhrynes Moroney Zarembka

20 O.65 0.91 0.92 0.82 0.61* 1.01

(0.12) (0.10) (0.10) (0.16) (0.19) (0.14)

22 O.98 0.94 1.08 0.97 1.50* 0.91

(0.19) (0.17) (0.14) (0.15) (O.11) (O.18)

23 1.37 1.06 1.24 1.21 1.35* 0.86

(O.36) (O.19) (0.13) (0.20) (0.09) (0.18)

24 0.94 1.07 1.02 O.87 1.05

(G.05) (0.06) (0.06) (0.07) (O.ll)

25 1.03 1.04 O.98 1.17 0.95 1.07

(O.ll) (0.07) (0.08) (0.13) (0.07) (0.11)

26 1.53 1.67 1.59 1.43 2.48 0.72

(0.31) (0.30) (0.27) (O.45) (0.56) (0.25)

27 1.16 O.83 0.96 l.OO 1.12

(0.22) (0.18) (O.IO) (0.21) (0.28)

28 0.69 0.71 0.94 0.87 1.84 0.92

(0.25) (0.22) (0.23) (0.27) (0.63) (0.27)

29 1.32

(0.43)

1.15 O.89 1.50 0.31

(O.33) (0.55) (1.39) (0.58)

30 1.35 1.28 0.87 1.56 1.52

(0.31) (0.42) (0.22) (0.35) (0.55)



TABLE 2A (cont.)

SIC No Bell Grlllchas 0'Nell1 Dhrymes Horoney Zarembka

31 0.90 O.84 0.90 0.86 1.02

(0.25) (O.26) (0.17) (0.26) (0.37)

32 0.86 0.91 0.77 1.03 0.68 0.64

(0.18) (0.19) (O.16) (0.19) (0.47) (0.23)

33 1.07 1.41 1.34 0.77 1.07 1.81

(0.25) (0.42) (0.26) (0.40) (0.47) (0.26)

34 0.80 0.85 0.78 0.56 0.93 0.67

(0.21) (0.14) (O.15) (0.20) (0.30) (0.15)

35 0.54 1.24 0.71 0.75 0.57 1.13

(0.27) (0.38) (O.17) (0.47) (0.28) (0.28)

36 0.78 0.66 0.64 0.59 -O.03 0.21

(0.23) (0.31) (0.18) (O.36) (0.44) (0.21)

37 1.89 0.96 O.67 1.24 2.17 1.47

(0.50) (0.55) (0.21) (0.64) (0.64) (0.33)

38 0.74 O.75 1.19

(0.33) (0.42) (0.14)

1.42

(0.45)

NOTES (1) An asterisk Indicates that the point estimate is
more than two standard errors from unity. If a t-test is deemet!
valid this will usually imply that the estimate is significantly
different from unity at the 5% level of significance.

(2) The standard errors of the estimates are the
bracketed quantities.



TABLE 2B.

Results for (2.1) using U.S. data from sources other than 1958

Census of Manufactures, giving the estimated value of the

elasticity of substitution and Its standard error (In brackets).
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26 1.70 1.77 O.88 1.59 0.77

(O.86) (1.00) (O.34) (O.14) (0.26)

27 1.04
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1.02

(0.21)

O. 82
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28 1.70

(0.73)

0.14
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NOTES (1) An asterisk serves the same function as in Table

(2) In the text results in the final two columns
are usually treated separately from the remaining results.

(3) Moroney 54 indicates Moroney's results using
data for 1954 etc.



the data from more than one year (Table 2b). The manner in

which vie intend to examine the results will not always be

co-incident with the way in which individual authors have

treated their results. It must also be said that several

of the papers under consideration contain much besides the

use of (2.1) which is not relevant to this thesis end which

will not be discussed.

•Having qualified ourselves in this manner it is now time

to list the papers concerned, lesults for 1958 are presented

in Bell (1965), Griliches (1967), Moroney (1967), O'Neill

(1967), Bhrymes and aarembka (1970) and uarembka (1970), the

paper by Dhrymes and aarembka correcting results given in

Dhrymes (1965). Moroney (1967), bolow (1964), Darembka

(1970) and aarembka and Chernicoff (1971) present results for

the years 1954, 1956, 1957 and 1963 respectively. The last

two papers named also present results which attempt to

amalgamate the data from 1957-58, and 1957-58-63. These

two sets of results will not be considered until we discuss

Darembka's work in the next section.

A casual glance at Table 2A and the first four columns

of Table 2B reveals several points which may bear further

investigation. The two most obvious are the differences which

exist in point estimates across studies, and the prevalence

of 'large' standard errors, where we take this, arbitrarily,

to mean greater than 0.30. Differences across studies,

where they exist, are attributable to one or more of four

causes, namely differences in the year of observation, the

unit of observation, the definitions of the variables used

or the estimation technique used, bolow ana i-x>roney take



census regions as their basic unit of observation; everyone

else takes state data except for Zarembka and Chernicoff

who use state data and 1 standard metropolitan statistical

area* data. This means that we have less than ten, between

ten and forty and greater than forty observations respectively

partially accounting for the fact that Solow's and inoroney's

results exhibit larger standard errors, and aarembka and

Chernicoff's, smaller standard errors than is typical. As

all authors except Zarembka (1970) estimate (3 using ordinary
least squares it is in the definition of variables that

studies differ the most. Measures employed for labour input

vary from the relatively crude 'total number of employees'

of Dhrymes and Solow, through those measures expressed in

terms of production worker time such as 'man hours of

production workers', to the more sophisticated 'labour

input adjusted for labour quality' used by aarembka (1970).
Of those authors using measures of labour involving production

workers only, Moroney adjusts his measure of so that it

is value added by production workers; he appears to be the

only author to do this. Aiage rate is usually calculated as

total wage bill divided by the measure of used and is,

for example, 'average wage per employee' or 'hourly wage

rate of production workers'. This process is inverted by

Griliches, and Zarembka and Chernicoff who evaluate the wage

rate per production worker first and then obtain a measure

of in terms of 'production worker equivalents' by

dividing by Notice that in effect we estimate

using

12.7) lo^(V;//j)= ,£ + |3lo1(w./L)



rather than (2.1). None of the definitions suggested above

are obviously 'correct1, though presumably the more sophis¬

ticated measures are preferable.

In order to determine whether or not the above differences

are important we now turn to the results in Tables 2A and

2B, beginning with the point estimates. Taking all ten

sets of data, the variation in the parameter estimates across

studies ranges from Q.23 (industry 24) to 1.96 (industry 29);

the corresponding figures for the 1956 results being 0.16

(industry 31) and 1,76 (industry 26). Even if we exclude

the highest and lowest estimates the majority of industries

exhibit a variation between 0.20 and 0.70. Of the 36 extreme

estimates, 17 are accounted for by the results of Moroney

or Solow; probably a consequence of the fact that these

studies use fewer observations than the others. Industries

20, 34 and 36 have all or all but one estimate less than

unity, while 30 and 33 have all or all but one estimate

greater than unity. Earembka's 1957 and 1956 estimates are

occasionally incompatible with the remaining estimates,

probably as a result of the different estimation technique

used. Excluding his results industries 23 and 26 may be

included in this latter group. Of the remaining industries

24 and 31 exhibit the least dispersion and have values

which tend to cluster about unity, and it might be possible

to include 25 and 27 in this category. Lacking an agreed

definition of the variables in (2.7), we cannot judge which

of the studies under discussion gives the 'best* results.

On this basis the above analysis suggests that we may be

able to determine whether ^ is less than, greater than or

6



equal to unity in a given situation, but cannot be very

certain about its true value.

Analysis of the point estimates can only be suggestive,

as we are ignoring the information contained in the standard

errors. In taking account of these, two alternative approaches

are available, the unthinking application of which could

lead to diametrically opposed conclusions. The hypothesis-

testing approach is by far the most popular. Assuming the

validity of the t-test, the hypothesis HQ ; £ «« £ is
tested against.the alternative H^: ^ 7^ £ • Usually ^
is taken equal to unity, for which value the Oho reduces to

the Cobb-Douglas production function, Aeasons for this vary,

moroney wishes to separate industries into those with §
less than one, those with ^ greater than one and those with

^ equal to one, in order to perform further tests on

hypotheses about the distribution of income, Oriliches is

concerned to justify the use of the Cobb-Douglas function in

a larger study, while aarembka is specifically concerned with

the empirical relevance of the Cxw as opposed to the CD

function. Of the results under consideration 23 out of 169

differ from unity at the 5/» level of significance; while

for 1958 the figures are 11 out of 102. Industries 20, 26
and 34 show the strongest evidence for a value of ^ different
from unity, with three or more of the ten estimates being

significantly different from this value. Aesuits similar to

these have led Oriiiches (19t>7a; p. 286) to claim that
1 the general impression accepting the ACfAi model

our (2.1) as correct, is that there is no strong evidence

that £ is significantly different from unity.* This

9



conclusion could be said to apply to our results, never¬

theless there are objections which can be raised against it.

Initially we assumed that (2,1) was valid for all

industries, however the results cast some doubt on this

assumption. One third (56) of these results have standard

errors greater than 0,3 while less than one in eight have

standard errors less than 0.1. of the individual industries

20,22,23,24 and 25 typically have relatively small standard

errors (less than 0.20) while 26,29,30,35,37,38 have

relatively large standard errors (greater than 0.30). in those

industries where large standard errors are prevalent it is

possible either that we do not have enough observations

to detect the underlying linear relationship, or else that

no such relationship exists. If the latter is the case it

may be that (2.2) is valid, but that the simplifying

assumptions necessary to obtain (2.1) are not. In such

circumstances £ cannot be regarded as an estimate of the
elasticity of substitution and should not be treated as

such. This would have the effect of weakening Jriliches

conclusion, since the situations where large standard errors

exist are usually those for which HQ; £ » 1 will not be
rejected. Similarly an examination of the coefficients

of determination in Table 3, regarding these as measures of

goodness of fit, leads to the conclusion that (2,1) may well

be invalid for certain industries. Here, industries 20,22,23,

24,25,27 and 31 provide the best results with a coefficient

of determination greater than 0.5 in most instances. In

his 1965 paper Dhrymes distinguishes between consumer oriented

10



TABLE 3.

Values of R obtained in studies using (2.1)

Data source as in Table 2A
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SIC No.

20
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25
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27

23

2 9

30
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35

36

37

3B

0.69

0.62

0.57

0.95

0.91

0.52

0.59

0.27

0.42

0.47

O. 50

O. 30

0.53
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0.23
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0.57
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0.26

0.08

0.25

O. 39



and investment oriented industries, the former group

consisting of industries 20,22,23,24,25,26,27,30,31 and 32.

It is worth noting that this group corresponds roughly with

those industries providing the best results, as judged by

the size of the standard error and coefficient of determination.

It is possible that the assumptions necessary to justify

(2.1) are more valid for these industries than for the

investment oriented industries.

while it is easy to say that the results tabulated in

Tables 2A and 213 indicate that (2.1) is invalid for certain

industries, it is less easy to discriminate between these

and industries for which (2.1) is valid, bolow is the only

author to attempt such a discrimination, testing the correlation

between log(V^/L^) and log uj^ to see if it is significantly
different from zero. This is one possibility; another

would be to examine a scatter diagram relating these two

variables. Two such diagrams are shown in Figures 1 and 2;

this procedure will often be sufficient to reveal the

futility of attempting to fit a linear relation to the data.

Apart from being invalid when no linear relationship

exists, the hypothesis testing approach could also be

questioned on more general grounds, with the kind of data

available such tests are not (powerful*, since the size of

the standard errors means that fairly large departures from

the specified null hypothesis will often remain undetected.

Ideally one should have prior knowledge of the true value

of ^ , and in specifying this as £ in the null hypothesis
we are requiring strong evidence against HQ, before conceding
that our original beliefs were wrong. The big danger is that

12



FIGURE 1 Scatter diagram for Industry 35;
- a situation where no obvious linear
relationship exists

log (V/L)
1. 12

O. 98

0%84

• •

•:

••

•• ••

• ••

• •

0. 70
log(w/L)

0. 58 0.76 0.94

NOTE The data used is that described in Chapter 1.3 and used
in Moroney (1969-70).



FIGURE 2; Scatter diagram for industry 36;
- a situation where no obvious linear
relationship exists.
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NOTE The data used is that described in Chapter 1.3 and used
in Moroney (1969-70).



in choosing & arbitrarily or for convenience, as in the

case £ » 1, we may be misled into thinking that acceptance
of the null hypothesis constitutes strong evidence in favour

of this hypothesis. Sometimes it does not seem to be realised

that, unless a test is powerful, all we can say is that our

null hypothesis is not rejected at the chosen level of

significance and a large number of other hypotheses would

be equally acceptable. Of course the fact that the hypothesis

testing approach may be abused does not constitute an

argument against this approach, Nevertheless it remains true

that, in a certain sense, such an approach biases the evidence

in favour of our prior beliefs or prejudices and gives no

indication of the acceptable range of hypotheses. A .ore

neutral approach to the interpretation of evidence is,

perhaps desirable.

One alternative approach would be the presentation of

confidence intervals for the true parameter value. This is

neutral in the sense that it implies nothing about one's prior

beliefs, and has the advantage of making explicit the

uncertainty involved in determination of the true parameter

value. If desired a confidence interval could be interpreted

as showing the range of simple null hypotheses acceptable at

the chosen level of significance. Such intervals are not

of immediate use if one wishes to adopt a particular value

of (3 for further investigation, but guard against the folly
of doing thi3 when one is unjustified. Turning to Tables

2A and 2B we shall discuss intervals containing points

within two standard errors of the estimated value of ^ .

Such intervals correspond closely to 95,' confidence intervals

for most estimates, except Zarembka's, and are contained

in the 95% confidence intervals

15



for the estimates of Moroney and Solow. It is interesting to note

that in 13 out of 18 industries there exists a range of values

(&i# ^2^ included in the appropriate interval for each study. In
four of the remaining five industries, 24,25,26 and 37 the above

is true for all but one estimate. In 8 cases the range (8^, &2)
does not include unity. Lack of independence between studies, caused

by their being based on similar sets of data, renders construction

of a formal test for the similarity of different results difficult.

Considering the values common to the approximate 95% confidence

intervals for all studies is a necessarily informal approach giving

a rough indication of the extent to which results from different

studies are compatible. If authors regarded as acceptable any value

of 8 lying within their 95% confidence interval the ranges given in

Table 4 could be interpreted as the ranges which nearly all authors

would find acceptable. Were such a consensus reached it would involve

accepting that in at least 8 cases the evidence suggests that 8 is

not equal to unity. This conclusion contradicts that arrived at on

the basis of an hypothesis testing approach.

Contradictions of this nature arise if we consider all sets of

results simultaneously; they will not be apparent for individual

parameter estimates. Nevertheless it is clear that the interpretation

of results is, or can be, unduly influenced by the manner in which we

treat them. This is because the size of the standard errors encountered

means that the estimated value of 8 is usually compatible with a

wide range of true 8 • Of the 169 estimates, 78 have a 95%

confidence interval of width greater than l.OO and 149 have a width

greater than 0.4. It is important that standard errors should be used

intelligently in assessing the value of results. Thus industries should

be given individual consideration to see if the use of (2.1) is

16



TABLE 4.

Intervals, baaed on results in Tables 2a and 2b, consisting

of points within two standard errors_ of all the estimates of

SIC No. Interval Remarks

20 (0.75,0.89)

22 - No interval exists.

23 (1.17,1.22)

24 (0.95,1.01) Excluding Moroney's estimate
for 1954.

25 (o.91,1.07) Excluding Zarembka and
Chernicoff's estimate.

26 (1.36,1.56)

27 (0.76,1.00)

28 (0.87,1.15)

29 (0.54,1.47)

30 (0.86,1.30)

31 (0.72,1.24)

32 (0.96,1.09)

33 (1.29,1.57)

34 (0.67,0.87)



TABLE 4 (cont.)

SIC No. Interval Remarks

35 (O.72,0.98)

36 (0.28,0.63)

37 (0.89,1.09) Excluding Zaranbka and Chernicoff'
estimate

38 (1.29,1.40)

NOTES (1) Intervals are based on all results in Table 2A
and the first few columns of Table 2B.

(2) Zarembka1s results for 1957 and for 1956 are

based on a different estimation technique from
that used by other authors. Consequently the
intervals associated with these results do not

approximate 95% confidence intervals.



justified, careful consideration should be given to the

formulation, purpose and justification of hypotheses and

final conclusions should be based solely on the evidence of

the data and presented in a neutral manner, where possible.

Although elementary these points are sometimes ignored,

occasionally leading to contrary interpretations being placed

on essentially similar sets of data. So far as our

comparative study is concerned we have seen that the

conclusions

(a) 'The majority of industries show no evidence against
the hypothesis (3 » 1. and

(b) 'dlght of the industries provide some evidence that
^ I , the remaining industries being inconclusive.'

can both, after a fashion, be justified, depending on the

approach adopted. In fact it is probably truer to say

that in the majority of cases the standard error is such

that little or nothing of any value can be said about ^ •

2.3 An evaluation of .individual studies

The above conclusion, is based on the assumption that

all the sets of results considered are of equal merit. This

is justified because, except for aarembka (1970), the

method of estimation is identical in each case while the

data employed is similar. In order to justify some of the

comments made in the last section we shall now consider

some of the individual studies to see how authors have

interpreted their own data. Because of the methodological

similarity of many of the papers to be discussed X have

18



concentrated mainly on the manner of interpretation of the

data relevant to the previous section. This approach is

necessarily subjective, relying to a certain extent on

quotation from the papers concerned and ignoring much that

is not relevant to this study.

Taking the papers in chronological order we begin with

5olow (1964). This is a relatively long paper, the stated

purpose of which is to 'estimate production functions,

elasticities of substitution between labour and capital,

rates of technical progress, and perhaps some other interesting

parameters descriptive of technical conditions in some

branches of manufacturing.' (p. 102) The presentation

and interpretation of cross section estimates of ^ , which
is what concerns us here, forms only a fraction of the

paper. Nineteen estimates are obtained, the hypothesis of

zero correlation between the variables being tested to see

how good the 'fit* obtained is. Four industries are

rejected as they show no significant relationship between

the variables, another five being 'on the borderline of

statistical significance.* (p. 114)

Apart from this attempt to isolate the statistically

'significant* results Solow differs from many other authors

in that he allows the data to speak for itself. By this

I mean that, rather than testing pre-conceived hypotheses

3uch as the Cobb-Douglas hypothesis, the results are

allowed to suggest hypotheses worthy of further investigation.
o

For example low values of R , say less than 0.35, could be

explained by a lack of variation in the wage rate. This

suggests that a fruitful topic for further research would
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be an investigation of the reasons for this lack of wage

variation in some industries and not in others. In this

sense the study is exploratory - allowing the results to

indicate flaws in the underlying theory, rather than assuming

the truth of the theory and proceeding from there. Indeed

throughout the paper it is emphasised that the interpretation

of the results depends very much on the truth of the

underlying theory. This, together with the neutral approach

bolow adopts in analysing his results, make this one of the

better papers we shall have to consider in this section.

Griliches (1967) presents estimates based on (2,1) as

a small part of a much larger study. In the bulk of the

paper the Cobb-Douglas function is used, but is recognized

as a potential specification error if the elasticity of

substitution is not equal to unity. His purpose in using

(2.1) is to 'review the previous evidence on this point

and to conduct some additional tests with the data used in

this study'. In addition to (2,1) serial correlation and

distributed log models, using 1957 and 1958 data, are also

considered. Zarerabka (1970; p.48) has pointed out that

between these two years the manner in which the variables

were measured underwent changes 'too important to be ignored.'

This invalidates the results obtained with the last two

models and they will not be considered. Estimates are

presented for total manufacturing, with and without dummy

variables for states and industries, as well as for 17

industries separately. These estimates are tested under the

null hypothesis (s « 1 and it is found that this hypothesis
is rejected, at the 95/^ level of significance, in only one case.
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un this basis, and in conjunction with the general impression

gained from other studies Griliches says that 'i do not

intend to argue that these results prove that the Cobb-

Douglas is the right form for the manufacturing production

function, only that there is no strong evidence against it.

Until better evidence appears, there is no reason to give

it up as the maintained hypothesis.' (p. 287)

This is a restrained conclusion, which correctly

interprets the results of the hypothesis testing approach.

The choice of £ » 1 as the null hypothesis is justified

by his desire to use this value in the remainder of the study

and throughout the paper an awareness is shown of the

assumptions which lie behind this conclusion. Together with

the fact that all sources of evidence bearing on the true

value of @ are considered, this makes Griliches1 paper one

of the better ones dealing with the estimation of (2.1).

Terhaps it's chief merit, like below*s paper, is that it

never goes beyond the limits set by the quality of the data.

'The relative share of a productive factor varies directly

with its relative price across regions if the elasticity of

substitution is less than one, inversely with its relative

price if the elasticity is greater than one, and is invariant

to its relative price if the elasticity of substitution

equals one' under the neo-classical hypothesis. A*Oroney's

(1967; p.166) purpose was to test this hypothesis, in order

to do which, it was necessary to determine which industries

had (3 less than one, which greater than one and which equal

to one. This classification was performed on the basis of
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estimates of £ from (2.1) using 1954 and 1953 data. Of

the 33 results (two of these, for SIC 21 are not included

in Tables 2A or 2B) Moroney says that *of the 29 significant

regression coefficients (greater than zero), it should be

noted that 23 fall In the * $ not significantly different

from one* category, statistically speaking these coefficients

are not significantly different from the Cobb-Douglas unitary

elasticity of substitution. Yet these coefficients range

from a low of 0.57 to a high of 2.27. Surely one should

not infer funitary elasticity of substitution* for these

industries. The reason that values numerically different

from one are not statistically different is that the standard

errors are so high Actually only 11 significant

regression coefficients fall in the range (0.9 - 1.1), a

range that might be considered as * numerically* consistent

with the Cobb-Douglas hypothesis.* (pp. 191 - 193). These

*11 significant regression coefficients* together with

eight other's significantly different from zero and one are

used in the remainder of the study, which does not concern

us here.

Moroney is right to distinguish between estimates of |5

genuinely close to unity and those which are only statistically,

insignificantly different from unity but his purely numerical

criterion for making this distinction leads to certain

inconsistencies. Of the eleven estimates in the range (0.9»

1.1), five have large standard errors, greater than 0.35,

while several of the estimates excluded have much smaller

standard errors. It would be preferable, in addition to

the numerical constraint, to insist on * small* standard
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errors if we wish to isolate those estimates genuinely

close to one. Failing this it is likely that we will

include, in the category ^ = 1, estimates that do not

really reflect on an underlying linear relationship. This

apart, there is little to object to in Moroney's paper;

it does, however, serve as an indication of the inconsistencies

which may arise if we consider point estimates to the

exclusion of standard errors.

Next we discuss the work of 2arembka (1970) and 2arembka

and Chemicoff (1971) on the 'empirical relevance' of the

CSS production function. These will be dealt with at some

length, partly because the approach adopted differs from

that used in other studies and partly because the conclusions

are, as is 3tated in the 1971 paper, controversial. Using

1957 and 1953 data the error in (2.1) for a particular

observation in 1957 is assumed to be correlated with the

corresponding error for 1953. Rather than using ordinary

least squares, Sellner's efficient estimation technique is

used to obtain estimates for 13 industries for both these

years. This particular method utilises the information,

ignored by ordinary least squares, about the correlation

of error term3, thus providing more efficient estimates.

Taking (3 and to represent the elasticity of

substitution characterising all industries for the respective

years, a test of the hypothesis ^ based on
all the coefficient estimates, is performed. This is

accepted and the parameters are recalculated under the

restriction @^7 " ^53* the re9u^red methodology for
this and the previous calculations being found in 2ellner
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(1962; pp. 343-356), Next a tost of the hypothesis « 1,

based on all these recalculated estimates, given in column 5

of Table 2B, is performed. In this instance appears to

be the elasticity of substitution characterising all 13

industries for 1957 and 1953.

The hypothesis ^57 K ^53 ^-s accepted .if we ignore
industry 33 and the hypothesis = 1 is accepted, at the 5/»

level of significance, if we ignore industry 34 or 36. On the

basis of this latter result Darembka 3ays that fit can be

concluded, on the basis of the labour factor demand equation,

that the elasticity of substitution does not in general depart

significantly from unity. Therefore, the more complicated

CIS production function simplifies to the Cobb-Douglas* (p.51)
This conclusion is, perhaps, phrased in too definite a

manner and can be questioned. In particular the logic behind

the tests employed is unclear. If the parameters ^ ^ and
^ ^ are descriptive of total manufacturing, then data on

total manufacturing should be used, and results should not be

taken to imply anythin : about individual industries. Cn the

other hand if, as seems to be the case, HQ : » (2
is meant to imply the truth of this statement for each individual

industry then it would have been preferable to treat each

industry separately. These comments also apply to the hypothesis
= 1, tested after Q is recalculated for each industry,

under the assumption' ^In fart acceptance of

H0 : ^ 27 * ^ 53 does not imply that this Is true for each
industry. A possible consequence of this is that the test on

(g Q may be invalid, since it is based on (5 , calculated
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under the assumption ^ ^7 * ^ 53» where this may not be
true. I am also unhappy about the manner in which the null

hypotheses are accepted only after ignoring certain

industries. This is a dangerous procedure which can allow

one*s opinions or prejudices to have an undue influence on

the conclusions reached. Had industries been given

individual consideration it might have been possible to

conclude that in a majority of cates there was no evidence

against the Cobb-Douglas hypothesis. This is not the same

as saying that * the CDC simplifies to the Cobb-Douglas*,

a conclusion which must be rejected as too definite, given the

nature of the methodology.

Ziarembka and Cheroicoff(1971), recognising that the

conclusions of the 1970 paper are controversial, present

estimates based on 1963 data, and on an amalgamation of

the results for 1957, 195$ and 1963. Two reasons are given

for regarding barembka*s previous conclusion as controversial;

the first, that the power of their tests are not high has

been rru:de, generally, in our section 2.2; the second, that

the two digit industry classification is too aggregate,

does not concern us here, /.e had to reject the conclusion

of the 1970 paper on grounds other than these, and it will

be seen that the conclusion reached in the 1971 paper that

*new and more powerful tests for a unitary elasticity

conclude the first section with the Cobb-Douglas function

again accepted*, Must also be rejected.

Using 1963 data estimates of ^ are calculated for 19
separate industries. These results are given in column 4

of Table 2B, omitting industry 39t miscellaneous manufacturing,
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and were obtained using ordinary least squares with

dummy variables, to allow for differences in labour

quality. One of the assumptions of COS production functions

is that output is homogeneous. A test is performed of

this assumption, on the basis of which industries 24 and

37 are rejected as not. satisfying the assumption. liext,

a statistic of the form

A A

g. - g*
(0 + O4

is used, to test for the equality of the parameter S ,

between 1957-58 and 1963, for those industries for which

estimates were available for both years. The quantities

and (k are the estimates of £ ; and S, and "k

estimates of their variance for the years 1957-58 and 1963

respectively. In retrospect 1957-58 estimates for industries

33 and 36 are omitted, since 'the previous paper provided

evidence that the elasticity estimate for 1957 differed

significantly from that of 1958.' (p.109)

Using (2.8) it is found that industries 26 and 32 have

significantly different estimates at the level, the

opposite being true for industries 20,22,23,25,28,29,34,35.
Final estimates for these eight industries, presented in

column six of Table 28, are calculated using a weighted

mean of the 1957-58 and 1963 estimates. These and the 1963

estimates for industries 27,30,31,38,39 are then tested to

see if they differ significantly from unity at the 5a> level

of significance. Three of the thirteen estimates do so,

on which basis it is concluded that 'the Cobb-Douglas is
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again accepted.1

Even accepting the validity of the methodology we must

reject this conclusion, on the basis of Zarembka and

Chernicoff's own results. Of the six industries for which

final estimates are not given two, 26 and 32, provide

evidence against the hypothesis ^ = 1, while the remaining
four are, at best, inconclusive. Thus, depending on

whether or not we ignore these industries one third, or

almost a half of the industries considered provide * empirical

evidence1 against the Cobb-Douglas hypothesis. On this

basis I do not consider the conclusion drawn by Zarembka

and Chernicoff to be justified; the case against the

'empirical relevance' of the CES production function is by

no means proven.

This examination of individual studies has produced

examples of the justifiably cautious use of statistics,

inconsistencies arising from lack of attention to standard

errors, and apparently unjustifiable conclusions, possibly

influenced by the investigator's prior beliefs. Results

and interpretations vary, to a certain extent depending on

the methodology employed and hypotheses tested. Our

general conclusion, based on a comparison of results and

examination of individual papers is that, even when (2.1)
is valid, precise estimates of ^ are difficult to obtain
if we use industry data of the kind described in chapter 1.

Occasionally it may be possible to detect whether or not ^
is greater or less than unity, so unjustified use of the

Cobb-Douglas function is not warranted, though even here

results vary from study to study. Chapter 3 will examine
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theoretical objections to, and alternatives to (2.1) and

we will draw our final conclusions as to its usefulness

then; meanwhile we conclude this chapter with a brief

section on studies using (2.1) on data other than U.S.

manufacturing data.

2.4 studios not involving U.^. data

Here we shall examine, briefly, the work of watz (1969)»
Griliches and hingatad (1971) end dyan (1973) on

Argentinian, Norwegian and British data respectively. The

first two studies mentioned contain much which is not

relevant to this thesis and we shall only be commenting on

the use of (2.1) where this throws light on what has been

said earlier. Using industry data, with the unit of

observation being the province, natz presents cross-section

estimates of (3 for 15 industries in 1946 and ten industries
in 1954. The estimated values are tested to see if they

are significantly different from zero at the 1, level,

which all but three are; or from unity at the 20/- level,

night of the 1940 estimates and six of the 1954 estimates

are found to differ significantly from unity at this level,

the respective figures being four and four if a 5p

significance level is used, natz concludes that 'these

results cast some doubts upon the validity of production

functions in which the elasticity of factor substitution

takes values of zero or unity a priority specified.' (p.49)
un the basis of the tests described industries are assigned

to one of three categories, S greater than zero and less
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than one, ^ greater than zero but not significantly
different from one and ^ greater than one. It is found
that, of the ten industries for which estimates are

available for both years, only four remain in the same

category. This is adducsd as evidence that the elasticity

of substitution is unstable over time.

The above classification is arbitrary, as is the choice

of significance level. This is unavoidable, nevertheless

it must be emphasised that such arbitrary decisions do

unduly influence our conclusions where large standard

errors are present. In particular if, instead of assigning

the industries to various categories, we had devised a

test of the hypothesis ^ 1946 "^1954 we wou^ almost
certainly have accepted this hypothesis in nine of the ten

cases, since one of the estimates lies within two standard

errors of the other in these nine cases. This could then

be put forward as evidence, that the hypothesis that the

elasticity of substitution remains stable over time

cannot be rejected; conflicting to a certain extent with

Katz* conclusion, /.here such conflicts arise and are

equally justifiable it is, perhaps, best to conclude

nothing at all, except that the data is uninformative.

Griliches and Ringstad' s study deserves more mention

than it shall receive here, Suffice it to say that I

agree with the conclusion of ads (1973; p.233) that the

book is 'a model of how econometric research ought to

be carried out and reported.' Their conclusion, relevant

to the use of (2.1) is that 'the data examined do not
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produce any strong evidence against the maintained

hypothesis of a simple Cobb-Douglas form for the production

function, both at the total manufacturing and more

homogeneous industry level. This may be the result

of either the Cobb-Douglas assumption being really correct

or of our data being too poor to allow us to make such

fine distinctions. The possibility of serious errors

in our data leads us to favour the second interpretation

and to a verdict of 'not-proven' rather than *not -guilty*.*

(p»9D The data in question is at the firm level, with

between 37 and 556 observations per industry, usually

more than a hundred. Twenty seven industries are considered,

twenty of these providing estimates within two standard

errors of unity. Standard errors are usually in the range

0.1 to 0.3, and the coefficient of determination is usually

less than 0,5. 1 do not wish to comment on the relation

of these results to Griliches and dingstad* s conclusion,

as other results were taken into consideration in reaching

this conclusion; one point of interest can, however, be

made. The point in question is that, although far more

observations per industry are available than is usually

the case, the reduction in the size of the standard errors,

relative to other studies, is slight. This is important

in showing that an increase in the number of observations

is not sufficient, in itself, to produce *good* estimates,

iiore evidence can be brought to bear on this question

if we look at the study by iyan (1973) of the British

manufacturing industry. Estimates are pre3 nted for
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seven industries, for the years 1968 and 1969, making

fourteen estimates in all. Between 18 and 78 observations

are available per industry, typically about 40, the level

of aggregation being that of the firm or company. In terms

of the data used Ryan's study is similar to that of Griliches

and Ringstad, though at least one aspect of his results is

markedly different. This is in the size of the standard

errors, all but three of which are less than or equal to

0.10. In this sense the results are of a much better

quality than that of any comparable study. Taken in

conjunction with the work of Garembka and Chernicoff (1971)

and Griliches and Ringstad (1971) this suggests that while

an increase in the number of observations or disaggregation

of the data is not always sufficient to produce a large

improvement in the quality of the results, use of such data

is potentially rewarding.

The main thesis of this chapter has been that, conditional

on the validity of (2.1), results relating to the determ¬

ination of the elasticity of substitution are poor. By

this we mean that the standard errors involved are usually

so large that a wide range of hypotheses, having contradictory

economic implications, can be maintained with equal

justification. Ryan's work suggests that, given the right kind

of data this state of affairs could be remedied, but this

topic awaits further investigation. In fact the assumption

that (2.1) is valid can be, and has been,, queried. The

next chapter examines some of the objections and alternatives

to (2.1), after which we will draw our final conclusions

as to its usefulness.
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CHiil i.Uii XXX

3.1 .introduction

i-mny assumptions are necessary to justify the use of

(2,1) wnich, if invalid, may require us to abandon or else

modify the equation, uiven that the Uiw production function

(3,1) V-. — ^ SKl + (i-s)L
±
e

is the correct description of 'reality*, two kinds of

assumptions are necessary to justify the use of (2,1).

The first kind of assumptions are those necessary to derive

(2.1) from (3.1) and will be examined in the next section.

The second kind of assumptions are those about the data used

in (2.1)} these shall be examined in section 3.3. «>e shall

be concentrating mainly on empirical studies relating to

the truth or otherwise of the assumptions, though interesting

theoretical work will be mentioned, after a section on

simultaneous equation estimation, alternative indirect methods

of estimating ^ will be considered and the chapter concludes
with an assessment of the value of (2.1) for empirical work.

3.2 An examination of the assumptions neqqed to derivq Uff1)

As was mentioned in the previous chapter three assumptions

are necessary to derive (2.1) from (3.1). These are the

assumptions of constant returns to scale, V » 1, perfect
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competition and profit maximization. Many authors discuss

the consequences of these assumptions being violated,

convenient references being Sisner (1964), Feldstein (1967),

Mayor (1969), Katz (1969) and Moroney (1969-70). The general

consensus of opinion is that the estimate of $ is biased

upwards or towards unity. In fact what is important is not

whether the assumptions involved are exactly time, it is

often conceded that this is unlikely, but whether or not the

magnitude of the bias caused by their violation is large

enough to produce misleading interpretations of the results.

To attempt an answer to this question we examine the work

of Dhrymes (1965) and Katz (1969).

Beginning with the assumption that a relation of the form

holds, assuming that a homogeneous production function

underlies this and assuming profit maximization with respect

to labour, Dhryraes derived a production function of the form

Thus constant returns to scale are not assumed, while ftf is

an index allowing market imperfections to be described,

relaxing two of the assumptions implicit in (2.1). It is

shown that, in terms of the parameters of (3,2) we have

the elasticity of substitution

, 0
(3.2) up U

e

(3.4)
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and (3.5) S>= nti
I - e

loint estimates of (3 and V can be obtained once we have

point estimates of 9> and e , Defining ^ and £ as the
inverses of the elasticities of demand for output and supply

of labour respectively we have

expression (3.6) describes the imperfections in the market,

and must be given a specific functional form if we wish to

test for market imperfections. Dhrymes chooses the form

taking 'tf to be an index measuring the proportion of a

state's labour force employed in the industry under investigation

This is rationalised, (p.365), as implying that elasticity

of demand for output is constant across states, but the supply

of labour is inelastic and variable - both of these assump¬

tions being reasonable,

how defining

(3.6) D(t)=

(3.7) blt)=ao+a,t

it is shown that (3.3) and (3.7) together imply that a

relation of the form

A A

(3.9)
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holds. The parameter d^ is of the form

(3.10) cL-d^a,

so it is maintained that, using (3.9) a test of the

hypothesis d^ * 0 is equivalent to a test of the hypothesis
a-| =0 and hence of the hypothesis that there are no market
imperfections.

Turning now to the empirical implementation of the method,

it is suggested that^and Xbe estimated from the logarithmic

form of (3.2) while ^ be estimated from

which is the logarithmic form of (3.2), rewritten. iesults

on , using (3.11) are given in T ible 5, and can be compared

with Dhrymes results using (2.1) in Table 2a. For (3.11)

only, estimates are on the whole poorly determined, 13 out

of 17 estimates having standard errors greater than 0.2,

though six of the industries provide estimates more than

two standard errors from unity. Compared with the estimates

from (2.1), of the 17 pairs, ten pairs provide an estimate

within one standard error of the other estimate, four provide

estimates within two standard errors of each other and the

remaining three, 20, 24 and 27 provide 95/« confidence

intervals for the two estimates which overlap over a fairly

wide range of points. On this basis it might well be

concluded that, statistically, the results are similar,

the size of the standard errors preventing us from drawing
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TABLE 5.

Alternative estimates, of Dhrymea and O'Neill, of the

elasticity of substitution.

SIC No. Dhrymes 1953 O'Neill 1958 O'Neill: Aggregation
bound

20 0.468 0.85 1.03

(0.142) (.19)

22 O.936 1.16 O.95

(0.167) (.41)

23 1.169 1.41 1.15

(0.207) (.34)

24 1.108 1.02 1.03

(O.116) (.18)

25 l.OOl 0.96 l.Ol

(O.159) (.22)

26 1.470 2.09

(0.488) (.51)

27 0.562 0.90 0.87

(0.199) (.22)

28 0.506 0.94 1.24

(O.266) (.36)

29 0.334 1.15 -0.06

(O.870) (.59)



SIC

30

31

32

33

34

35

36

37

38

(cont.)

Dhrymes 1958 o'Neill 1958 O'Neill: Aggregation
bound

1.984 0.68

(0.290) (.42)

0.853 0.89

(0.262) (.40)

1.062 0.57 O.67

(0.232) (.31)

0.944 1.88 1.65

(0.600) (.57)

0.401 0.51 O.92

(0.206) (.39)

0.050 0.27 0.74

(O.358) (.51)

0.195 0.22 0.43

(O.391) (.36)

1.775 0.02 0.87

(O.887) (.64)

1.52

(.33)

(1) Dhrymes' results are based on (3.11), O'Neill's
on (3.181

(2) The final column presents an upper bound for
the elasticity of substitution based on O'Neill's
analysis of the effects of aggregation.



any conclusions about the true value of ^ in most cases. An
hypothesis testing approach might, of course, lead to slightly

different conclusions, but we have already argued for a more

neutral presentation of results than is implied by this

approach, particularly for comparative purposes. Dhrymes

himself concludes that fthe elasticity of substitution falls

naturally into two groups. Group I consists of industries

2G,29,33,34,35,36,37 for which the elasticity of substitution

appears to be insignificantly different from zero. Thus

it appears that this group is characterised by low elasticities

of substitution.

Group II consists of industries 20,22,23,24,25,26,27,30,

31,32 for which the elasticity of substitution parameter

appears to be significantly greater than zero'. lp. 364}

This grouping corresponds roughly to the grouping arrived

at, on an analysis of all the results in Tables 2A and 2B,

The conclusions about the elasticity of substitution must be

regarded as more tentative, in view of the size of the

standard errors. In particular Group I is characterised by

relatively large standard errors, whether we use (2.1) or

(3.11), and I would prefer to take this as an indication that

these equations may not be valid when applied to these

industries.

Of the other parameters, V is estimated to be greater than

unity, though only marginally so, in 1o cases, bince ^ is

a composite parameter, based on two other estimates, exact

standard errors are unavailable so we are unable to say

whether or not these results are significant. The estimates

of d^ produce four cases, industries 22,35,36 and 37, of
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values more than two standard errors from zero. Dhrymes

tentatively concludes that Group 1 industries *operate in

a market environment which is not free of Imperfections.*

Griliches (1967b) and Dhrymes (1967a) have engaged in some

discussion about the true import of Dhrymes* results, but

this is confused by the fact that the 1965 results using

(2.1) are incorrect. Differences in interpretation arise

because no adequate statistical apparatus exists for testing
^ A

the significance of 1? and d^, and because standard errors
of are generally large. In such circumstances it is,

perhaps, best to conclude that results are uninformative or,

to put it another way, that (3.11) is not demonstrably

superior to (2.1) in an empirical context.

The impossibility of a satisfactory statistical treatment

of his results, in those areas where they are theoretically

superior to results from (2.1), is the major drawback of

Dhrymes* method. This apart, the need to assume a specific

form for D( + ) and the need to if^nore the fact that V and A

are estimates, in (3.9) constitute minor drawbacks of the
1 A

method. Another possible anomaly is that V and @ are

obtained from different regressions, on the same data,
/\

implying different values of 0 in each case. Theoretically

interesting as Dhrymes method is, it produces results which

are very inconclusive as regards the truth of the assumptions

implicit in (2.1). Coupled with the statistical inadequacies

of the model, this leads to the conclusion that (3.11)
cannot be recommended as a superior alternative to (2.1).

Similar conclusions follow from an examination of katz

method, though this is not illustrated on cross-sectional data.
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assuming profit maximization with respect to labour and

constant output prices a relation of the form

(3.12) lo<J (Vl L) — 4" P lo^UJi -j- RIo^V:

is derived from (3.1), ..e have

(3.13) p _ C \ ~/3) C\ -S>)

(3.14)
(l + E^l)
0 +

where aw-j, is the elasticity of wages with respect to the

the industry's price with respect to the quantity of output.

Thus is a measure of the market imperfections while u

taxe account of non-constant returns to scale. The suggested

estimation techniques do not allow the perfect competition

and constant returns to scale to scale assumptions to be

relaxed at the same time, either we must assume that N) « 1

and is constant between years, estimating the parameters

using time-series data and a 1 first-difference' technique, or

else must assume perfect competition and estimate V from

In this instance ^ will be a rational function of (3 ; thus
it will not be easy to assign standard errors to V. fro

cross-section estimates are available using katz1 method,

but it seems likely that his results would suffer from the

quantity of labour employed and is the elasticity of

A
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same defect as Dhrymes results, namely lack of an adequate

statistical treatment. Given that only one assumption is

relaxed at a time and given the conclusions based on the

more general method of Dhrymes we conclude that Katz suggested

methods do not represent a suitable practical alternative to

(2,1). Katz' analysis (pp. 70-73) is useful in allowing the

probable direction of the bias in ^ , given the violation of
certain assumptions, to be ascertained; if however we are

not prepared to accept these assumptions it seems best to

search for alternatives to, rather than modifications of

(2.1).

3.3 An examination of the assumptions about the data in (2.1)

The last section examined some of the assumptions needed

to derive (2,1), suggesting that these were not of demonst¬

rable practical importance and that modifications of (2.1)
were not warranted. These conclusions are conditional on

the use of the kind of data normally available, use of

such data embodying certain assumptions which will now be

discussed relative to the use of (2.1). Two such assumptions,

almost certainly violated, are that labour quality and output

price are invariant. It is easily shown that the probable

direction of bias in ^ , given violation of these assumptions,
is towards unity, a convenient reference being i-iayor (1969;

pp. 155-156). This fact has occasionally been advanced as

a possible cause of the phenomena, noted earlier, that the

hypothesis ^ « 1 is difficult to reject. In this section
we shall examine the relevant studies and results in order

to see if these assumptions are of practical importance.

9



Taking the 'invariant quality of labour' assumption

first, we turn to the results in tables 2a and 2b, These

were obtained using different definitions of labour in

nearly every case, ranging from the crude 'total number

of employees' to harembka (1970J who attempts to correct

his measure of labour for educational attainment, we

argued then that, if a 'hypothesis testing' appx^oach is

applied to ail studies or if a 'confidence interval' approach

is applied, similar conclusions about the true value of ^
may be reached, rhrased differently, results from different

studies are not incompatible. General conclusions about

the true value of ^ might, of course, differ, out this is
relative to the interpretative approach adopted, rather

than she different variable definitions employed, if we

consider uarembka's results for 1957 or 195d, we might

expect that these are, in some sense, 'better' estimates

taan other definitions, since the measure of labour employed

is 'better', where his results differ from other results,

however, the difference is not always in the direction

predicted by theory. Thus, although we ought to use the

best measure of labour available to us, we must conclude on

the basis of what has been said that violation of the 'invariant

quality of labour* assumption, is not of demonstrable

practical importance.

as regards the 'constant output price' assumption, the

theoretically correct relation to use, rather than (2,1),
is

10



(3.16) \o<j (Yi/LL) — c<. + ^ lo^

where Y. is a physical measure of output and p. its price.X Jm

We use (2.1) rather than (3.16) because data on Y^ and
p. arewivailable. To see if the use of (2.1) leads to

serious bias in our estimate of ^ we shall examine the work
of O'Neill (1967). He starts from his result that the

relation

provides an unbiased estimate of ^ , if is uncorrelated
with w^. The relation used for estimation purposes is not

wn estimate of ^ is obtained from (3.18). L/enoting this by
/v A A

^ and the estimate from (2.1) as R , ^ is treated as the
true, unbiased value of ^ , an expression for the 'bias*

, A /\ A
using (2.1) being obtained as ( - ax) m results on ^
are given in Table 5. This 'bias1 is greater than 0.2 for

industries 2o,32,33,34,35,36,37 and 36, being fairly small

for the remaining industries, and is always in the direction

predicted by theory. Here again we note that the 'investment

oriented' industries produce the worst results, possibly

lending weight to the conclusion that (2.1) is invalid, if

applied to these industries. * correction factor for £,

based on

(3.17)

(3.17) but

A

11



(3.19) iMl
(i-W

is evaluated for all industries, the results suggesting that

the formula

13.20) £ = 2^,-1

should I. used to obtain an upper (lower) bound for the
,A

true ^> , if , is greater (less) than unity.
O'Neill concludes that 'in the absence of product price

data, an adjustment of 0.5 (1 -^>) will provide a useful
correction factor for bias toward unity,' if (2.1) is used.

This conclusion suggests that the 'bias' caused by lack of

product price data is demonstrably important, but can be

usefully corrected for and is a conclusion with which 1
/N

must disagree. Firstly 14 out of 18 estimates of (3X have

a standard error greater than 0.3 while 11 have a value of

R less than 0.2, This suggests that (3.17) describes a

relation which does not, in reality, exist; tnus little
A

reliance can be placed on ^ as a 'good* estimate of the
elasticity of substitution, given the uncertainty which

surrounds its estimation. This uncertainty is not accounted

for in the bias or correction factor results, which are thus

unreliable. Secondly, given the results as presented by

O'Neill, 8 industries have 'biases' of less than 0.1, which

might be considered as evidence that bias is unimportant.

Of the remaining ten industries, the eight mentioned earlier

with 'biases' of more than 0.2 are, for the most part, those

which produce the 'worst' results, whether (2.1) or (3.18)

12



is used. Apart from the uncertainty involved in the

determination of the 'bias', I would prefer to conclude on

this basis and comparative study in the previous chapter,

that (2.1) ought not to be applied to these industries.

Finally, the correction factor is based on the assumption

that (3.18) provides an unbiased estimate of ^> . If this
assumption is believed and an unbiased point estimate is all

that is required (3.18) rather than (2.1) should be used,

the correction factor being unnecessary. If an interval

estimate is required use of the correction factor is mis¬

leading as it takes no account of the uncertainty involved

in its determination. Our conclusion is that O'Neill's

results tell us little about the existence, or otherwise,

of 'product price bias', at best they reinforce earlier,

tentative conclusions about the inapplicability of (2.1)
to certain industries.

Another possible source of 'bias' arises through the use

of aggregated data. Disaggregation may occur in two ways,

we may either diaggregate the variables involved and consider ,

for example, production and non-production labour instead of

just 'labour', or else we may consider data at the three or

four digit level, instead of the two digit level. The

former kind of disaggregation involves the use of multi-

factor production functions, and will be discussed in the

final chapter, the latter kind will be discussed here.

When discussing aggregation 'bias' there is a tacit assumption

that, at one particular level of aggregation, we obtain

'unbiased' estimates of the elasticity of substitution. The

problem which then concerns us is the relation between this

13



value and the estimates obtained when a non-optimal level

of aggregation is used. In particular we shall look at the

relation between the estimates of for two digit industries,

and the three digit industries which comprise them.

Ferguson (1963) has presented work, based on four digit

estimates, which is not given in sufficient detail for

discussion here; instead we shall concentrate on the work

of O'Neill (1967) and Dhrymes and Chernicoff (1971).

Treating a two digit industry, characterised by an

elasticity of substitution ^ , as being composed of p

component industries characterised by elasticities of

substitution |3. ; i = 1,....,p O'Neill states that the
true 'aggregate industry production function' lies between

» = / i = /

where is the relative share of the component industry

in the aggregate labour bill, and oc its relative share in
/

the aggregate capital bill. To determine whether or not

aggregation bias is serious, O'Neill compares the observed p
based on (2.1) with the expected value, based on one of the

limits in (3.21). These limits are calculated using estimates

of the ft. and are given in Table 5; it being claimed that

choice of limit has little effect on the 'expected' value of

^ . Treating the differences between observed and expected
values as an estimate of the aggregation bias, in 10 out of

15 cases this bias is less than 0.2; bias being either positive

or negative. In two cases the estimated bias is greater than

0.3. On this basis O'Neill's conclusion is that 'that the

11



effects of aggregation bias, in estimating ^ for ' two-digit*
manufacturing industries are probably empirically important,

especially as they tend to work in different directions for

different industry categories because of the a priori

unpredictability of the direction of aggregation bias, it

would appear that investment of additional research resources

in securing data at low levels of industry aggregation would

earn a fairly high return.' (pp. 270-271)

Again, on the basis of the evidence presented, I have

to disagree with this conclusion, in only 4 out of 15 cases

is the 'observed' value significantly different from the

expected value at the 25a level of significance and in only

one case at the 10,* level. This, it should be added, is

so if we treat the estimates of ^ as exact values. Given
these results one can argue that the statistical import of

the results is that aggregation bias is not serious;

contradicting O'Neill who bases his conclusion on point

estimates only. This is not to say that investigation of

disaggregated data would not be worth while, it probably

would, but we cannot base this conclusion on O'Neill's results.

barembka and Chernicoff present three digit estimates

in order to determine whether or not the Cobb-Douglas

hypothesis is often rejected at this level of aggregation.

Fifteen of their 94 estimates reject the Cobb-Douglas

hypothesis at the 5/- level of significance. Twenty of the

estimates have standard errors less than 0.15» of which

four reject the Cobb-Douglas hypothesis. The impression,

again, is one of poorly determined estimates which allow

a wide range of hypotheses about the time value of , at the

15



two or three digit level, to be accepted, in these

circumstances little is to be gained by a forraoI test on

aggregation bias. Two conclusions are available to us. The

first is that, given the kind of data that has been used,

we should conclude that it is impossible to tell how serious

a problem aggregation bias may be or even if it is a problem

at all. The second alternative, that mentioned in the

introduction, is to treat the estimated elasticity as

characteristic of the level of aggregation employed, bearing

no necessary relation to other possible levels of aggregation.

3.4 simultaneous equation estimation

Up till now we have been examining single equation

estimation techniques, an alternative view, fairly common

in econometrics, is that that relevant variables, V^, 4^
^i* ri» anc* wi are determined simultaneously by a system of
equations - in this case

Here v^, and are errors, usually assumed to be
multivariate normally distributed. The estimation problems

associated with the above system are formidable, so much

so that no attempt to estimate it as it stands are known to me.

(3.22) lo^Vi = (j — k)Ue -4- tfii

(2.6)
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Technical problems are posed by the non-linear nature of

(3.22}, by the extreme non linear nature of any viable

estimation technique and by the fact that o, , oc,, and oct

are not independent of ^ | , o and p , In addition to this
it is necessary to assume that certain variables are

'exogenous', that is, determined outside the system; the

remaining 'endogenous1 variables being determined by the

exogenous variables and the structure of the system. If

(2.1) is used when the system is appropriate, logtw^) will
be correlated with the error term if w^ is not exogenous.

/N

Under these circumstances will be a biased estimate of

^ , this being what is meant by simultaneous equations bias.
Technically the estimation of the system is feasible,

given sufficient assumptions about the error-variance matrix.

In practice this estimation has not been attempted. Three

courses of action are open to us. Trie first is to ignore

the simultaneous equation problem altogether and use single

equation methods. The second is to choose our assumptions in

a judicious manner, preferably justifying them, so that

single equation estimation is justified, Dellner, Kmenta

and Dreze (1966) present an interpretation of the error terms

for the Cobb-Douglas model, modified by Hodges (1969) for
the CDS case, which allows (3»22) to be used in a single

equation context, .ve could also assume the wage rate or

rental to be exogenously determined, justifying the use of

(2,1) or (2,6) respectively. Ideally such assumptions should

be chosen on the basis of one's knowledge about the system

under investigation, this being allowed to determine the

appropriate estimation technique. The third course of

17



action is to adopt an approximate expression for (3.22),

simplifying the system, and proceed with simultaneous

equation estimation from there. Kmenta (1967) has suggested

such an approach, which Nerlove (1967) has discussed in some

detail. Details are too complex to give here, but the

estimation process is still complicated, requiring many

assumptions before useful answers can be obtained, oince I

know of no practical implementation of kinenta's approach a

more useful procedure would seem to be that suggested by

Nerlove of trying to ascertain the importance of simultaneous

equations bias.

Maddala and Kadane (1966) present a Monte-Carlo study

which allows us to attempt this. Using a Cobb-Douglas

approximation to the Cs8 the system

(3.23) loo^Vc — frlo^L- "h l\a]K 6^

(3.24) loc^Vi — lo^L, + ^

(3.25) \o^Vi — ^ ^ ■+d"v.

is employed. The errors are assumed to be distributed in

a multivariate-norrnal fashion, five alternative specifications

being considered. In conjunction with the three values of $

adopted 0.4, 0.9 and 1.6, and the three different pairs of

exogenous variables chosen (r,L), (K,L) and(r,V), forty-five
different sets of initial conditions are examined, in all.

Unknown variables are generated using the above system, and

estimates of ^ calculated using (2.1) and the generated data.
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»«hen iv and L are exogenous they are drawn from random samples

in the range (0,1o00); r is in the range (0 , randomly

selected, while information on V is not given. The mean,

variance and mean square error of the estimates of ^ are
based on a hundred samples of size twenty, on this basis

the final conclusion is that 'the bias (in the estimate of

^ , using (2.1) when the system is appropriate) is downward
ana fairly large except when the true value of ^ is close
to unity'.

while this conclusion is valid given their results, we

cannot assume that such would be the case with real data,

in two areas the study is unrealistic and this should make

us cautious about generalising conclusions to the 'real'

world. The bobb-bougias approximation in (3.23) is only

strictly valid for ^ « 1; for values of ^ such as 0.4
or 1.6 it is by no means obvious that we get a good

approximation to the true system, since the error term in

this instance will also be influenced by the manner of

departure of (3.23) from (3.22), the assumed error structure

may not correspond to that arising in practical situations. .«e

shall see later that poor results are often obtained in

practice because 4 and L are highly correlated. This property

of the uata is not reproduced in the procedure for generating

the data} tnus the study is unrealistic in this aspect also,

it is the areas where the study is most unrealistic, in

comparison with genuine aata, that the most convincing

evidence of large simultaneous equation bias occurs. Tor

this reason we must be cautious in accepting the conclusions
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of ;,addala and nadane, as they a Land, though they have

demonstrated that simultaneous equations bias could be

important, admitting this possibility, if we believe that

the system described by (3,21), (2,1) and (2,6) is appropriate

we ought either to estimate the system as a whole, or else

use the single equation justified by our choice of assumptions

and exogenous variables,

hone of the assumptions examined so far can be

demonstrated to be of empirical importance, owing to the

siae of the standard errors usually associated with estimates

of ^ . Nevertheless there are many of them, and it is equally
true that we cannot demonstrate that they would be unimportant

for sots of data similar, say, to that employed by dyan

(1973). Therefore, if we can find alternative indirect

methods to (2*1) for estimating ^ , which involve fewer
assumptions, we might prefer to use these,

3.5 alternatives to (2,1)

Three alternative indirect methods of estimating p are
known to me, the equations involved being (2.6)

(3.26) + (S lo<d<J./n)

and (3.27) Lj hi/flO = f 0WO .

Note that in (3.27) we estimate p rather than ^ . aquation
(2,6) has the same theoretical basis as (2.1) and would

only be preferred to (2.1) if r^, but not w^, was an

20



exogenously determined variable. In deriving (3.26)

Moroney (1969-70) Epys that 'the basic behaviour assumption

is that an entrepreneur attempts to produce on the expansion

path in the long ran, and thereby minimizes the cost of

producing a stipulated output', (p. 239). Since 'product

price, the nature of returns to scale and the nature of

product competition do not enter into the relation at all.'

(p. 290), (3.26) is theoretically more general than (2.1)
Valid under the same assumptions as (2.1) and (2.6), (3.27)
was derived by Arrow et al. (1961) and has been used by

Bell (1964-65, 1965). Thus, of the alternatives to (2,1),

only (3.26) involves fewer assumptions.

Dhrymes (1965) has presented estimates using (2.6),
corrected results appearing in Dhrymes and Darerabka (1970),

Moroney (1969-70) has used (3.26), These results were

incorrect, the corrected results appearing in boroney and

Lovell (1972-73). Lovell himself has produced interesting

work using (3.26) in Lovell (1973a,b) and Lovell (1973-74)»

though only this last paper is of interest here. Before

discussing these papers, there are criticisms which can

be levelled at the use of (2.6) and (3.26), which might cause

us to doubt the value of results obtained using these

equations. These criticisms centre round the fact that in

all studies that have concerned themselves with these equations,

no independent measure of or r^ has been available. Instead

(3.23) U- = ^
and (3.29) H
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have been used. These derive from the relations

(3.30) \v--uy,L

and (3.31) Y< - Y1 K - tfiL - O .

Equation (3.30) is just a matter of definition, but (3.31)

is an identity, the use of which effectively re-introduces

the assumption S) * 1, into (3.26), The economic import

of (3.31) is that everything earned by selling the output

is returned to capital or labour in the form of rent or

wages, constant returns to scale being necessary. Instead

of estimating ^ or f using (2.6), (3.26) or (3.27) we

thus use

respectively. The structure imposed on the dependent and

independent variables in (3.32) and (3.33) in particular

has interesting and undesirable consequences. Consider,

for a moment, a relation of the form

(3.33) Ic^ (K./L) — ^ ^ K;W;/L;(\/t-W)
and (3.34)

(3.35) M + £ Xi + ^

with (3.36) X. — X + 2; .
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Then (3.37) £ = cov (Xi ,Y)/var (t)
(3.38) R1 — [cov X) /CO tY)

o

where R is the coefficient of determination. Given (3.36)

(3.39) £
[vglC (.Xl) + iovCYCIZ
var (,Yl) + var (X) +■ 2 ccov

a [var (Yi)j H- Ivar(Yi) cov(Y2[) -+■ [ cov (YZ,
and (3.40) R —

var (YL) [ var {%) + var [XO + 2 COV CYXl) J

Now if covd^Z^) » 0 we get

A X

(3.41) § = R =
var w)

[var(Y) t v<u(lt[)

and in general, if cov (Y^Z^) is small £ will be of a
2

similar magnitude to R and less than unity. In particular

(3.42) >1 cov (Y2;) 2, - var(X^ ,

These results are interesting because (3.32) and (3.33)

have an identical structure to that given by (3.35) and

(3.36). For (3.32) we have

(3.43) Yi — lo^ (X/K^ j "Z- loo _(V; vA)yU
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.. .ile for (3.33) have

(3.44) M — lo^(Ki//.-) j — \o<^[v/c. j(y, wO

Given that the covariance between and is small we

would expect the majority of estimates obtained using (3.32)
/\

and (3.33) to show that ^ is less than unity and that
£ - R5" | is small. Is this sox Turning to Table 6 we have

results using (3.32) obtained by Dhrymes and Larembka (1970)

and, using (3.33), results obtained by Moroney and Lovell

(1972-73) and Lovell (1973-74). Moroney and Lovell (1972-73)

present results based on two alternative definitions of

capital, all results referring to 1957 data. Of the 71

estimates presented, 67 show £ less than unity; only industry
26 in each set of results having a ^ greater than unity. The
value of £ -K is less than 0.2 in 1b out of 17 cases for
the results of Dhrymes and Larembka. The corresponding

figures for Moroney and Lovell are 12 or 15 out of 18,

depending on whether a net or gross concept of capital is

used; for Lovellfs results the number being 14 out of 18.

whether or not (2.6) or 3.26) represent relationships which

genuinely describe the data, the structure imposed on the

equations we have to use by (3.28) and (3.29) seems certain

to give rise to results of the kind observed. In other words

it is the formulation of the estimation problem, rather than

a genuine relationship between the parameters of interest,

which gives rise to the results obtained. This being the

case we are not justified in interpreting ^ , obtained
from (3.32) or (3.33) as estimates of the elasticity of
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substitution and cannot regard these equations as being

preferable to (2,1), in these circumstances (2,6) and

(3.26) will only be of use if we have measures of r^ and
w-, independent of the other variables, no study whereJL

this is the case is known to me.

The structure of (3,32) and (3#33) has been noticed
/\

before, as has the fact that the majority of £ are less
than unity, Dhrymes (1965) notes that 'it is possible to

give an explanation of these results solely in terms of

errors of specification' or errors in variables (p. 33d).

He attempts the latter by assuming errors of observation in

k^, the former by assuming that the perfect competition
assumption is false. Neither of these attempts, as Dhrymes

admits, are especially convincing, both involving assumptions

that are not at ail obviously true, i edersen (1972),

dealing with (2.6) rather than (3.32), similarly attempts

to explain bhrymes' results in terms of errors of specification,

this time in the manner in which is measured, although
A

the desired result, indicating a downward bias in ^ is

obtained, this uoes not refer to the equation actually used

by Dhrymes, hurley (1973)» similarly, has attempted a

speciiicatlon analysis on (3.33) assuming k^ to be mis-
specified. Having developed this equation independently of

iioroney, he recognises that its structure may produce an
2

artificially high d but pursues the point no further. His

specification analysis will not be presented here as it

involves the use of a time variable; nevertheless, having

produced a measure of k^ which leads to theoretically
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TAELE C.

Results from alternatives to (2.1)- U.S. Data, giving the estimated

value of the elasticity of substitution and its standard error

(in brackets).
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TABLE 6 (cont.)
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NOTE Bell's results refer to estimates of ^ as opposed to



unbiased estimates of (£ he proceeds to use an equation

identical in structure to (3.33), except for the inclusion

of a time variable, all the above analyses involve extra

assumptions about the manner in which errors of specification

or errors in the variables enter. In fact the results

obtained using (3.32) and (3.33) are inherent in the structure

of these equations, reference to assumptions outsxde these

equations being superfluous if we wish to account for the

regularity in the results, uiven this 1 would prefer to

reject the analyses of bhrymes, *edersen and uurley as being

un-neces3ary, and maintain that (3.32) or (3.33) should not

be used to estimate (3 . for this reason the papers by

Lovell (1373a) and Lovell (1973-74) will not be examined in

any detail, though they contain much inter® a** ing or potentially

interesting work. The first of these papers presents

estimates based on (3.33) and compares them with estimates

based on a variable elasticity of substitution (VLb)

production function, in this case (3.33) is based on a

three factor Cho production function; 15 out of 17 estimates
A i A I

have p. less than unity, while 13 have p "K j less than
0.2. The second paper presents an alternative estimation

procedure, Dased on (3.33), designed to avoid the assumption

that 8 in (1.4) is constant for all observations, here
A

again 15 out of 18 industries have p less than unity, no
value of d being available. Lovell's results do nothing

to contradict our analysis of (3.32) and (3.33), and must

be rejected as useful estimates of the elasticity of

substitution.
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This leaves us with the results of Bell (1964-65,1965)
to consider, these results being given in Table 6, The

1965 paper compares results obtained from (3.34) with those

obtained from (2.1), while the 1964-65 paper uses results

from (3.34) to show that "factor proportions are very

sensitive to changes in relative factor prices1 (p.127).

Concentrating on the results from (3.34) we notice that 17

out of 16 estimates of p are less than aero. This implies an

elasticity of substitution greater than unity in these 17

cases, standard errors indicating that these estimates are

significantly greater than unity, at the 5,- level, in eleven

cases, duch results are puzzling, not .nly do they conflict

with the little evidence provided by other studies about

the true value of (3 or (•> , but also there is no obvious
explanation for the regularity observed in the estimates.

Two courses are open to us, we can either accept the results

as they stand or el3e reject, or suspend belief, in them,

i would incline to the latter course, though the reasons

for doing so are not wholly convincing. Firstly we must take

into account the number of assumptions necessary to validate

(3.34). These are essentially the same as those needed to

justify (2.1). in the case of (2.1; none of these assump¬

tions could be demonstrated to be empirically important,

though their cumulative effect may be so. aquation (3.34)
A

gives rise to smaller standard errors in p than the standard
errors in ^ obtained with (2.1) and t us the assumptions
may be of ^reater importance in the case of (3.34). becondly

we lack measures of w^ and and need to use (3.28) and
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(3.29) instead. Again there is no obvious reason why this

should cause the results to be as they are, nevertheless

the fact that the construction of the variables may have

an undue influence on the results cannot be neglected.

Finally, and most important, the unexpected result that 17

of the 18 estimates imply a value of the elasticity of

substitution greater than unity, gives rise to the suspicion

that an unknown source of bias is operating. Taken together

the above factors constitute sufficient reason for reserving

judgement about the usefulness of (3.34), further investi¬

gation on other sets of data being required before a final

judgement can be made.

3.6 Conclusion

In the preceding sections we have examined the

assumptions necessary to justify the use of (2.1) to provide

an unbiased estimate of @ , adopting as far as possible
an empirical standpoint. None of the assumptions are

demonstrably important and none of the modifications of

(2.1) give superior results to (2.1). Nevertheless so many

assumptions are required before (2.1) can be used, that to
A

believe ^ is an unbiased estimate of the elasticity of
substitution requires a large act of faith. Hence alternative

means of estimating (3 are desirable. Those linear methods
we have examined are not usually theoretically superior to

(2.1) and, because of the manner in which the variables

and r^ are constructed, are ; usually practically inferior.
Thus it would appear that, within the class of indirect linear

29



methods for estimating ^ , (2.1) is as good or better
than any alternatives, in chapter 2 we concluded than use

of this equation often leads to inconclusive results.

Coupled with the theoretical doubts surrounding its use,

this leads to our final conclusion that the use of (2.1) is

an unsatisfactory means of estimating the elasticity of

substitution. Lacking suitable alternative linear methods

we shall, in the next chapter, turn to direct methods of

estimating the elasticity of substitution, as these are

theoretically preferable to the indirect methods.

a as ac ss ss sz sa asas« s% ss as sx ss
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Cihn-TEd IV

4.1 introduction

Startin - from the assumption that the CES production

function, (3.1) is valid, direct methods of estimation are

preferable to indirect, because the only assumption s

required are the error assumptions needed to justify a chosen

estimation technique. >Ve have devoted two chapters to

examining linear techniques as these are by far the most

popular in practice, the relative ease of computing parameter

estimates being tha chief point in their favour, together

with the fact that (2.1) does not require capital data,

dejecting these methods leaves us with direct estimation

techniques to consider, these latter varying according to

the approach and error specification adopted. Three

approaches, maximum likelihood,Bayesian and least squares

are available, the first two requiring us to specify the

distributional form of the error. The error itself is usually

assumed to enter in one of three ways, leading to the

following equations.

where 4, is the error term. After examining Kmenta*s approach,

(4.1) Vl — ^ &Kl +- 0-s)Ue p 4- £•

(4.3)
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involving an approximation and midway between the direct

and indirect techniques, we shall examine the three different

approaches suggested, although most of the techniques to

be examined estimate all fcur parameters simultaneously we

shall again assume that it is the parameter (> which is
of prime interest. Very few of the techniques have received

extensive empirical application, some none at all, so we

shall be concentrating on the methods, as much as on the

results obtained from them.

3.2 kmenta*s approximation

First suggested by wnenta (1967), we start from (4.2),

taking the Taylor's series approximation, about p * 0, of
the right hand side of the equation to obtain

(4*4) Vi — locj ^ -I- "\)1o^L, -j- v)S loa^H~ G 1o^(K;/^)
2_

+" Ui

where

u.5) © = - t

and is plus the terms omitted in the Taylor series

expansion. Of the parameters in (4.4) 0 and © are scale

invariant but ( ) is not. bince ^ , in this instance,

is a composite parameter expressed in terms of 0 , N) and &
not all of which are scale invariant, this makes it almost

impossible to obtain a reliable estimate of ^ , particularly
if a standard error is required. Recognising this most
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TABLE 7.

Estimates of b In Kmentas' approximation: U.S. data,
with standard errors (in brackets).

SIC No. Besen: 1958 Zarembka: 1957-58

20 0.328 0.231

(0.231) (0.208)

22 0.047 0.032

(0.172) (O.130)

23 -0.050 -0.057

(0.051) (0.072)

24 0.234

(0.158)

25 -0.198 -O.436*
(0.113) (0.121)

26 0.G49 -0.021

(0.066) (O.044)

27 0.015

(0.043)

28 0.081 -O.OOl

(0.104) (0.108)

29 0.327 0.024

(0.616) (0.285)

30 0.306

(0.178)



TABLE 7 (cont.)

SIC No. Begen; 1958 Zarembka; 1957-58

31 O.H6

(0.057)

32 -0.041 -O.OOl

(0.064) (0.058)

33 0.061 0.124

(0.138) (0.063)

34 -O.084 -0.012

(0.057) (0.062)

35 0.009 0.133

(0.109) (0.076)

36 0.111* 0.074

(0.029) (0.083)

37 -0.074 -0.023

(0.071) (0.043)

38 -0.151

(O.171)

NOTE An asterisk indicates that the estimate is more than
two standard errors from zero.



authors using (4.4) employ it for one of two purposes,

either estimating the scale parameter 9 , or else testing

the Cobb-Douglas hypothesis, 9 = 0. It is argued that 9 =» 0

implies (p = 0, the Cobb-Douglas hypothesis, hence a test

of 9 = o is a test of this hypothesis. The power of such

a test to detect departures of (? from zero, which is

what interests us, is, however, low. To see why consider the

value of 9 for 9 = 1 and & = 0.5, then we have 0= -0.125p •

Thus for ;(> j less than 0.8, i® I is less than 0.1. Under
these conditions a value of the elasticity of substitution

in the range (0.55, 5) gives rise to a value of 9 not much

greater or less than zero. This range will be wider for

different, and more reasonable values of ^ . Tc detect

departures of 0 from zero requires a small standard error,

rarely achieved in practice, and it can be seen that in many

cases we will not reject the hypothesis = 0 even though

the true ^ differs from zero by quite large amounts. This

point has been made more formally, and with added assumptions

by Griliches and Eingstad (1971; pp.77-79).

To justify the contention that we will rarely reject

the Cobb-Douglas hypothesis if we use (4.4) we shall consider

the results obtained by Besen (1967) and Zarembka (1970),

presented in Table 7. The data used was U.S. manufacturing

data for the years 1957-58, though the authors used different

estimation techniques, Besen adopting ordinary least squares

while Zarembka used Zellnerfs efficient estimation technique,

Besen concludes that for all but one of his estimates * it

was impossible to reject the hypothesis that the elasticity

of substitution equals unity...... Thus, it appears that,
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within the class of CSS production functions, the unitary

elasticity of substitution production function need not

be rejected in favour of a more general form.* (p.281).
oarerabka concludes that "only for the furniture industry is

there evidence of an elasticity of substitution departing

from unity1 (p.53), using this to support his conclusion

that the Cobb-Douglas rather than the CED model should be

employed. For both sets of data the Cobb-Douglas hypothesis

is not rejected, for the majority of industries, for the

power of the test employed is low. There is no real evidence

for the Cobb-Douglas function. In such circumstances the

estimates tell us very little about the substitution

parameter p, and we conclude that (4.4) ought not to be used
for making inferences, of any kind, about this parameter,

4.3 .-a.ximum likelihood methods

Turning from approximate methods to direct estimation

techniques proper, we begin with an examination of maximum

likelihood methods. These have been used, or suggested

for use, in connection with (4.3) by Charatsis (1970),
Dellner (1971; pp.169-176) and Ramsey and Darembka (1971)•
With minor modifications the methodology has been based on

a paper by Box and Cox (1964), a methodology which has been

used in an econometric context by Zarembka (1963) and

Dellner and Revankar (1969) prior to its use with the CES

production function, fie shall argue that the rationale

behind the original technique differs from the rationale

necessary to justify its use in an econometric context.
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In this latter case, when we are concerned with the Cub,

fairly strong assumptions are implied which may be unwarranted,

a consequence being that the methods to be examined are not

suitable for estimating the parameters of the Cob,

we begin by describing the method in question and the

necessary extension of it. beginning with is observations

on dependent variable y^, and independent variables Xu.
Jlpi we assume that there exists a transformation of the

(
yit denoted by y. ucn baat the relation

is satisfied. e have ya) an (N x 1) column vector of
or

transformed observations, A an (n x p) matrix of independent

variables and £4 a (p x 1 ) vector of parameters. Box and

Cox consider the family of transformations defined by

ihey claim that this is equivalent to

(4.8) ^ \ ^ 0

tju) = I ■£ 0
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though, as bchlesselman (1971) has pointed out, this is

only so if (4.6) allows for the removal of an additive

constant. «Ve assume that the transformation is such that

the transformed y's are normally distributed about a linear

function of the independent variables, given in (4.6), with
homoscehastie error. Given this, maximum likelihood methods

are available to estimate the transformation parameter X
and the parameter vector XX . The interpretation of the

model depends on the status of the transformation parameters.

,.e could regard (4.6) as being purely descriptive, in which

case ^ is a 'free' parameter, or else we may be interested

in the value of X which induces normality and the structure

Consider now, the extension of Box and Cox's method

to (4.3), rewritten as

Here we have 'transformations' on the independent as well

as the dependent v ariables. Assuming C to be H(0,«r1") the

log likelihood from (4.9), in terms of the original observations

is given by

(4.6)

i Ai X
(4.9) Vi = oc, Ki +• oLiL-l -(- 6.^ .

where (4.11) V*' = f V,\VX, --- - VX '
(4.12) X K | L
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\ 'Xtl X
and L being defined similarly to V ' , X being the

likelihood and

(4.13) oC = Ot, , CX*

J is the jacobian of the transformation from the original

to the transformed variables, given by

(4.14) \o<^ j — Tl lo^ | "k i
l-i

Least squares and maximum likelihood results being identical

we have

(4.15) <*
x;A\1v/^\ ^r x"v

(4.16; &> = Xi-x%X)X v
I,

where these estimates are now functions of the 'transformation*

parameters X and X . substituting (4.15) and (4.16) into

(4.10) we obtain the maximized log-likelihood as a function

of X and X

(4.17) 4 iilX
no*

N_ lo<^ C -f- lo<^ J .I

*e can then plot the value of (4«17) over a grid of values

for ( X, X)» taking as point estimates those values
A. A

( X, , X ) which maximise this quantity, should an approximate

joint confidence interval be required the asymptotic approach
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suggested by Box and Cox (pp. 214-219) is available.

The above procedure would require a fairly large

amount of computational effort and has, to my knowledge,

only been applied once to the CBS. This was by tiamsey and

Barembka (1971). Their chief aim was to apply various

specification error tests, developed by damsey (1969), to

which end five different functional forms for a production

function, including the CBS, were estimated. Using data

on ail U.o. manufacturing, the estimate of (p turned out

to bo 0.38, implying an approximate 90/. confidence interval

for ^ of (1.27, 2.27). Accepting these results we can see
that the substitution parameter is not very precisely

determined, but that the evidence is against the Cobb-

Douglas hypothesis.

Charatsis (1970) has estimated a model of the Cii,

similar to (43)• He in fact uses

(4.18) Y — ^ K, + + 6;

This model is an alternative form of the CSS which he

derives from first principles. The parameter , is the

scale parameter, this apart the major difference between

(4.18) and (4.3) is that (4.18) uses only one ♦transformation*

parameter, simplifying the computational procedure. Results
are presented for 37 Creek manufacturing industries at the

two or three digit level of aggregation. Of the 37

estimates of p , 13 show p significantly different from zero
at the 5a' level. Of the approximate standard errors 16
are less than 0.1, a majority of the remainder being less

than 0,3.
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In terms of precision of estimation these results are

quite 'good', especially relative to the other direct

estimation techniques we shall consider, superficially

the estimation technique is an attractive one, with a good

statistical pedigree, why then might we hesitate to use it?

In the original paper by dox and Cox the transformation

parameter can be regarded as a 'free' parameter, having

no physical interpretation, .ve 'manipulate' this trans¬

formation parameter until the assumptions of additivity,

normality and homoscedasticity are satisfied, as nearly

as is possible, the assumptions, in a sense, are not very

strong ones, since the essence of the method is such as to

make their validity probable. Consider, now, equations

(4.3) or (4.1B). Here tne 'transformation' parameters

A,, A, and ^ have an 'objective' existence; that is,

they exist outside the model and we are no longer free to

'manipulate' them in order to induce normality and homo¬

scedasticity. That we do assume these properties is a

much stronger assumption than those involved in the

original method, since we are assuming that these conditions

hold for the true values of I , ^ or ^ , we envisage

as being functionally determined according to (3.1), and

it seems more natural to assume an additive or multiplicative

error in this quantity. The error structure implied by

(3.1) for the untransformed variables may or may not be

unrealistic, nevertheless it would be preferable to assume

a particular error structure for the untransformed variables

and work with the model implied by this, rather than vice-versa.

9



it could be objected that this is mere quibbling,

since the answers are the same, however we view the under¬

lying assumptions. This might be true, however, one of the

chief attractions of applying the box-Cox method to the Cab

production function is its relative simplicity, once it

is realised that stronger assumptions than those made in the

original paper are implied, this attraction becomes much

weaker. work by Cox and draper (1969) and unpublished work

by uarembka suggests that results are sensitive to the homo-

scedasticity assumption, but not to the noraiality assumption.

However this may be it is best to regard (4.3) or (4.IS),
as Charatsls does, as merely an alternative specification

of the Cs~ model, with, it shall be argued, less a priori

justification than other possible models.

aeilner (1971); P#173) recognizing the attractions and

limitations of the box-Cox approach, proposes a method of

avoiding these limitations. Unfortunately the treatment is

purely theoretical; his proposed alternatives, particularly

for the non-constant returns to scale case, seem difficult

to justify, and it would have been interesting to see the

kinds of results produced. Altering uellner's notation to

conform with ours, and denoting by , etc., transformations

of type (4*7) we shall take the constant returns to scale

case first, assuming true output to be functionally determined

by (3.1) and denoting this true output by we have, on

rearranging (3.1)

10



how instead of assuming that observed output, Vh, is

determined by

v/l'rt wl-e) / \
(4.20) Vl \ + up u. - K1 (o.ff1)

the strong assumption discussed earlier, we assume that

A , /
(4.21) V — X + *4 d. ~ M vO,cr

holds, where X « <pf # In this way we reintroduce a free

parameter (£> , which can be T manipulated' until 14 has the

properties required of it. Thus we have

M) . C-p) (rf) i U)
(4.22) V ~L, 1:1 0, K -Lt + 6, 1 -

C-c) 1
+ IL

with U* N(G, a*1 ) , and can use the technique described

earlier to estimate A and £ . In view of schlesselman,s
result A and (p would not be scale invariant since (4.22)
does not allow for the removal of an additive constant, as

it stands, as formulated we would have difficulty in

interpreting results from (4.22), though even without this

problem interpretative difficulties still arise. Rearranging

(4.21) in terms of true and observed variables we have

-e , , 1 > \V
(4.23) V = +1 - ^ -"XU;

This seems very cumbersome, implying that is distributed

about in a fairly unusual manner for most values of A

and . It is not clear how (4.23) should be interpreted,

11



or what justification it has. Superficially perhaps it

could be regarded as a relationship, of sorts, between
1 permanent* and "transient' output, but if this were the case

it would again be more natural to consider relationships

between untransformed variables. Equation (4.22) arises

as a result of algebraical and statistical manipulation of

(3.1), without due attention being paid to the economic

interpretation of the assumptions implied, as such it cannot

be recommended for use in practice, without a strong a

priori justification of these assumptions, even if the problem

of lack of scale invariance is overcome, on generalizing

to non-constant returns to scale zjellner's suggested method

becomes untenable, we obtain the following expression

\ / W I ^ ~ VL<) i ^
(4.24) V = 1>L + ©, Ki -U + ©, 1 -fU

c-en
+ lir

As well as suffering from the same defects as the constant

returns to scale model we have the additional problem of
(-o)

multi-collinearity. The term L. is linearly related to
n /16) -1

L'~C " J an<i consequently \> and ©>■ are not identifiable;

chat is, v cannot be interpreted as an estimate of s> .

The chief theoretical merit of ^ellner's methods is that we

no longer assume that the true value of generates normality

in the error term. There is, however, a strong suspicion

that the methodological cure is worse than the theoretical

disease, and we conclude that the methods are best left alone.
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4.4 LSavesian methods

Bellner seems to have inspired most of the work on the

estimation of (3.1) using Sayesian techniques,, since all the

published work on the subject has been produced by nie

students. Beginning with the work of Chetty and B&nkar

(1969), we note that his also was inspired by the work of

Box and Gox. writing the CES in the form

t-eA) . i/C-e) | trc)(4.25) V\ — ^ -I- ogbtv -+- oc.,s>l~L +-

where G ~ M(G, ^), transformations are of type (4.7) and

(4.26) <*, = P//% = OrS)^*

The first step is to choose a prior distribution for the

parameter values, Chetty and Bankar choose a prior to

represent our ignorance about the true parameter values,

over the relevant range of the likelihood function. Having

done this Box and Cox's technique (pp.217-21B) is then

followed. The likelihood is obtained in terms of the

original variables, this is combined with the prior distribution

and the parameters C , "fe and £ are integrated out, in that
order, so that we are left with a joint marginal posterior

probability distribution for ^ and . It is then claimed

that numerical integration techniques can be used to obtain

any conditional or marginal posterior distributions for

individual parameters of interest.

Details of the above are given in the appendix, A4.1.
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It appears that a mistake has been made in the mathematics;

effectively the constraint that & lies between zero and

unity has been ignored. This being the case we will be left

with a four dimensional, rather than two dimensional

marginal posterior distribution; the required numerical

integration techniques becoming correspondingly more

complicated. Though this invalidates the illustrative

example provided by Chetty and Sankar, it does not, in

principle, invalidate their method. Nevertheless an

application of their technique would require more comput¬

ational effort than is apparent from the paper, and there

are other reasons why we might hesitate to use the method.

The manner of writing the CES, employed in (4.25), has been

Questioned in connection with maximum likelihood methods.

The same criticisms apply here, formulations based on (4.1)
or (4.2) perhaps being more justifiable than those based

on (4.3). A further assumption of the method, which might

be regarded as arbitrary, arises in the choice of the prior

distribution. This is based solely on mathematical

considerations, no attempt being made to justify the choice

on economic grounds. If we are using Bayesian techniques

this is surely unjustified, since one of the 'advantages1

of such methods is that they allow us to incorporate our

knowledge or beliefs about the true parameter values, into

the prior distribution. It may well be that we do know

nothing about the true parameter values, but the choice of

prior implied by this (or any other belief) ought not to

be dictated by mathematical considerations. In conclusion,

then, the method of Chetty and bankar cannot be recommended

14



for use in practice, since it involves assumptions which

are difficult to justify, as well as being cumbersome.

Sankar (1970) presents an alternative Bayesian technique,

this time based on (4.2). This is written in the form

(4.2/ j V •— + s>^[sk -+• 0~&) Li

with 4. ~ H(Q, C1'). The parameter p is rewritten in terms

of the elasticity of substitution

(4.2b) ^ =

and the prior distribution

_ _t_

(4.29) oC (<rz) L>*p(-£>)

is chosen. This choice of prior is based on unpublished

work by Thornber (19C6), being justified Hinder the traditional

quadratic loss function

(a) it must be simply integrable at £ * 0 una (b) it must
go to zero like a 't* distribution with three degrees of

freedom at (2 » cd ..This prior density represents our

prior belief that for manufacturing industries, the elasticities

of substitution may probably be less than one* (p.4-01) •

Combining (4.29) with the likelihood function obtained from

(4.27) and integrating out the parameters ^, <5 , "0 we
obtain the joint posterior density function for ^ and &
given by

15



(4.30) c*: _exp(-p)j (XXj s

where N is the number of observations; X is the (N x 2)

matrix

, fc*'

(4.31) X

(4.32)

i (id-jwj SKT + 4-S) /-I

t' )»o H-O-s)L*'

s = (v'v-vxg)

V L^V, . IoqVN5^

Q '— Cx ) X V ,

Having obtained (430) the relevant marginal or conditional

posterior distributions can be obtained by numerical

integration.

Accepting the formulation of the problem there is little

to object to in Sankar's method. Here again, however, the

choice of prior distribution has been dictated by mathematical

rather than economic considerations. Sankar states that the

choice of prior represents our belief that the elasticity of

substitution may be less than unity, but does not say whether
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or not this is, in fact, believed* It appears that, in

order to obtain analytical results with the CiX? production

function, using Bayesian techniques; it is necessary to choose

prior density functions on grounds other than that they

represent our beliefs, or knowledge of a situation. A

consequence of this is that, unless we know the choice of

a prior is unimportant, such techniques will be of limited

practical usefulness.

Our chief objection to the maximum likelihood and

oayesian techniques examined so far has been to the arbitrary

nature of the assumptions introduced about the error

distribution or priors used, such assumptions are dictated

by mathematical convenience in the estimation problem,

often neither admitting a natural economic interpretation

nor representing our true beliefs, uince it is highly

likely that results will be sensitive to the formulation

of the estimation problem, it is necessary to see what

formulations allow a •natural economic interpretation.1

In theory output is functionally determined according to

(3.1), any rearrangement of this equation being a valid

description of the relationship connecting the true values

of"the variables V^, k^, estimation is necessary
because (3.1) never holds exactly, Brrors of one form or

another arise, the manner in which they enter determining

the estimation procedure.

One possibility, though an unlikely one, is that all

variation is caused by errors in the variables. This we

shall not seriously consider, except to say that, were
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it true, none of the estimation procedures discussed would

be of any use and that no suitable method of estimating

the parameters, without strong

error assumptions, exists. A second possibility is that

only is subject to errors of measurement. This involves

specifying the manner in which error enters, multiplicatively

or additively, it being more natural to consider the error

occuring in rather than any function of V^. The former
specification leads to (4.2), the latter to (4.1), and

there is no obvious reason for preferring either of these

specifications. Formally similar to this approach but

intuitively more appealing we could regard (3.1) as a

regression situation, taking Vi to be distributed about a
~p \ j-^p

mean given by J , Similar decisions about

the manner of sentry of the error tern, and possibly its

distribution, have to be made but again an additive or

multiplicative specification seems preferable. Finally,

and also formally similar to the above, we could regard

(3.1) as an approximation to ♦reality1, error arising from

the cumulative effect of numerous omitted variables,

individually of no significance. Denoting all omitted

factors by Ziy a model of the kind
•o

(4.33) V = P +

would lead to (4.1), while an assumed model of the form

N>_

(4.34) v. = i sK;e + (j-v)L~f f A i.
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would lead to (4.2). If required, central limit theory

can be invoked to justify the assumption of normality or

log-normality for these error terms.

In practice, of course, assuming the CDS model to be

correct, variation will arise from all the sources discussed -

it is a question of deciding on the most important source.

Decisions about the manner in which the error enters are

unavoidable, these in turn deciding the appropriate estimation

technique. It has been argued that models such as (4.1) or

(4.2) are more easily justified than (4.3). Coupled with

the unsatisfactory nature in which priors have been chosen

in the Bayesian approaches examined, this leads me to prefer

the least squares approaches, examined in the next section,

to the maximum likelihood and Bayesian techniques already

examined.

4.5 Least squares methods

The work we shall examine in this section includes that

of Klein and Bodkin (1967), Charatsis (1970), Tsurumi (1970)
and fiyan (1973). All of these authors present results

based on the additive model (4.1), Klein and Bodkin, and

Charatsis also presenting results based on (4.2). Tsururai,

and Klein and Bodkin illustrate their methods on time series

data, but the estimation techniques carry over to cross-

section data. We shall discuss Tsunami's results separately,

since these are at variance with the other authors results

and there are good reasons for believing them to be incorrect.

In any least squares estimation procedure we should
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obtain the same estimates from (4.1), or (4.2), whatever

technique we use to obtain these estimates. Such estimates

should also co-incide with maximum likelihood estimates

obtained under the assumption of a normal error term. For

this reason we shall concentrate on the results produced

more than on the techniques used to produce them. It should

be mentioned that in all cases the standard errors to be

quoted are approximate, being based on asymptotic results.

Beginning with Klein and Bodkin's paper, they use time series

data at the country level of aggregation. The equation

estimated is

(4.35) V. =^i0
It sK~e +(H)L;-e

't' being a time variable, and both additive and multiplic¬

ative errors being considered. Their method is to choose a

set of initial values for the parameters, then using the sum

of squares function

(4.36) {V, — ^10 SK. +0-i)U

for additive error, or the equivalent function for multipli¬

cative error written as (4.2), obtain ^
2>A ^

^
usinS a Taylor series expansion, to the

first order, about the initial parameter values. Five linear

equations in five unknown parameters are thus obtained. These
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are solved and a new set of parameter values ob tained,

the procedure being based on work by Eisenpress and

Greenstadt (1966), This procedure continues iteratively

until convergence is obtained,

whether (4.1) or (4,2) is used, results are poor. The

estimate of is greater than 9 in each case the standard

error being greater than 7.5. Of the other parameters,

all have standard errors less than 0.1; while the estimate

of c> is greater than 0,997 in both cases, we note here

a phenomenon also noticeable in other studies, the

association of large and imprecisely determined £ with
extreme estimates of o , A simultaneous estimation procedure

different from those discussed in chapter 3, was also used,

much better results being obtained. In conjunction with

(4.35) the equation

c / C'f+1)
u-37) & =

is used, an additive or multiplicative error being appropriate

depending on whether (4.35) is used in the form (4.1) or

(4.2). Assuming normality of the error terras, and assuming

that ^ -,^1 and are given, the likelihood function for

and is formed. This is then maximized to obtain

estimates of the parameters, viesults are better in that £
is estimated with greater precision than in single equation

estimation and the estimates of E are less extreme; though

even here, with standard errors greater than 0.18, p is
estimated with much less precision than the other parameters.
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The variables ^ and ^ are based on identities similar

to (3.28) and (3.29), with unknown consequences for the

estimates. Nevertheless we might be led to conclude that

the evidence of the results is in favour of simultaneous,

as opposed to single, equation estimation.

The evidence is, however, scanty and not as convincing as

it seems at first glance. To see why, we must first look

at the work of Charatsis and Ryan. Charatsis estimates

(4.1) and (4.2), using cross-section data on Greek

manufacturing industries at the two and three digit level

and considering 37 industries in all. equation (4.1) is

estimated using weighted and unweighted least squares. For

(4.1) and (4.2) an iterative procedure based on the Newton-

Raphson technique, and allowing for the constraints on the

parameters, is used to obtain estimates. One of these

procedures, that for (4.2), is described in Charatsis (1971).

Again, regardless of whether (4.1) or (4.2) is used, the

overwhelming impression is of the poor quality of the results.

These are summarised in Table 8, where we focus our attention
A

on the standard errors associated with p , which arise.
The last two columns give the number of standard errors

greater than 0.5 and 1 respectively, numbers in brackets

indicating estimates for which standard errors were unob¬

tainable. In every instance the standard error is such

that little can be said about the true value of ; in

most cases it is so large that results concerning £ are

of no use at all. As with the results of Klein and Bodkin,

estimates of the other parameters, are better. Typically
A A . 0"
^ and have standard errors less than 0.1, while 6
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TABLE8.ThestandarderrorsofCharatsis'results,using(4.1)and(4.2), for37estimatesofp,thesubstitutionparameter.
Model

Smallest standard error

Largest standard error

S.E.'s>0.5

S.E.'s>1

(4.1)-Unweighted leastsquares
0.3182

17.3490

21(13)

13(13)

(4.1)-Weighted leastsquares
0.2113

4.1014

25(7)

16(7)

(4.2)O.265354.141030(5)24(5) NOTEThelasttwocolumnsgivethenumberofstandarderrorsgreater than0.5andgreaterthem1.0respectively.Numbersinbrackets refertoestimatesforwhichstandarderrorswereunobtainable.



has a standard error less than 0.2. About one third of

the estimates of £ are less than 0.1, and one seventh
A

less than 0.01. It is for such values of S that the most

extreme, and imprecisely determined estimates of p occur.

This should not surprise us. If we consider (3.1) as

S tends to zero or unity we have

(4.3a) as s

I

Vl a, s .

In other words output becomes independent of f and of one

of the variables. If the estimated S tends to zero or

unity, the estimated model is almost independent of p .

Consequently it contains little information about the true

value of p and we should expect the estimate of this para¬
meter to have a large standard error in such circumstances.

This helps to explain the more extreme of Charatsis*

estimates of p and its standard error, though even without
such extremes the results are poor. It also helps to explain

the single equation estimates obtained by Klein and Bodkin.
A

Since S and S are not scale invariant one can argue that,

had different units of measurement for capital and labour

been used, less extreme estimates of S implying smaller and

more precisely determined estimates of p would have been
obtained. For this reason one cannot argue, on the basis

of their results, that simultaneous equation estimation is

to be preferred, since results are relative to the scaling

system adppted.
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Before turning to Ryan's work a few more comments on

Charatsis' thesis are necessary. He performs normality and

homogeneity tests on the residuals obtained from all four of

the models he considers, (4.1) estimated using weighted

and unweighted least squares, (4.2) and (4.18). The general

conclusion drawn from these tests is that (4.2) and (4.18)

are superior to (4.1) and perform equally well. In other

words we cannot reject the hypothesis of normality and

homogeneity of the error term in the models (4.2) and (4.18).

This might seem to contradict our earlier contention that

(4.2) is a more natural model to consider than (4.18), or

at least provide evidence that (4.18) is a useful description

of the relationship between the variables V^, K^, L^.
Unfortunately Charatsis' results do not help us to answer

this question about which is the niost natural relation to

consider. Since the estimation technique associated with

(4.18) assumes normality and homogeneity of the error term

it is not surprising that results do not usually allow us

to reject these hypotheses. Charatsis' results show that

if (4.18) is the correct equation to use, useful results

may be obtained - they do not allow us to choose between

(4.2) and (4.18). This decision has to be made on a priori

grounds and, maintaining our earlier position, these would

seem to indicate that (4.2) is to be preferred.

Ryan's results were obtained using (4.1), applied to

British industry data for seven industries in 1968 and

1969. Three alternative definitions of capital were tried,

so that altogether 42 different estimates are presented. The

estimation technique used is the direct search procedure
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of Hooke and Jeeves (1961), no allowance being made for the

calculation of standard errors. There are several striking

features about the results. All but three estimates of S

are less than 0.03, all but six being less than 0.01. In all

cases the estimate of ^ is less than zero and does not seem
to be affected by the definition of capital used. Yet again

the phenomena of extreme estimates of & is apparent, for

which reason we can attach little significance to the value of

obtained, even though standard errors are unavailable. Uyan

used data which gave good results for (2.1), but it cannot be

inferred, on the basis of his use of (4.1), that good results

will also be obtained for direct estimation techniques.

The general, and convincing impression left by the work

examined so far in this section is that of imprecisely

determined estimates of p , often associated with extreme

estimates of ^ . The latter problem can be rectified to a

certain extent by suitable sc aling of the variables, the

former problem remains, i rovided that we can demonstrate

that imprecise estimation of ^ is likely to be a problem
whatever kind of data is used, it would appear that (4.1)
and (4.2) are of little use for estimating this parameter

accurately. One paper exists which seems to indicate that

p can be accurately estimated, that of Tsurumi (1970).
His calculations are performed on time series data for

Canadian industries, at the two-digit level of aggregation.

Aquation (4.1) is used, with the inclusion of a time

variable, the least squares estimates being obtained using

a method proposed by ^arquardt (1959). Hesults based on

a two-stage least squares procedure are also presented.

The point estimates obtained differ very little from those
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obtained using ordinary least squares, standard errors

usually being larger, so we shall only consider the ordinary

least squares estimates, borne of the results are quite

remarkable, and completely at variance with what we have

been led to expect on the basis of cur previous analysis.

Tsurumi notes that in five cases out of twelve 'the estimates

of S tended to approach unity, when the estimates of

tended to be large,' These estimates are given in Table 9,

together with the approximate standard errors for Q . In
all but three cases the standard error is less than 0.08,

a degree of precision never approached in any of the other

studies concerned with direct estimation, and difficult

to attain even with indirect estimation, in two cases the

standard error is less than 0.001, The results, difficult

to believe by comparison with other studies, become

impossible to believe once we consider the associated values
A

of & . Consider the results for wood products. Here the

estimated S is equal to unity and the model is independent

of £ . Given these circumstances we should not be able to

assign a standard error to the estimate of (> at all, never

mind one as small as 0.0665. As similar comments apply to

the other industries with extreme estimates of S , it is

best to treat Tsururais* results as being incorrect. A

brief glance at the other parameters 3hows that ^ is

usually very poorly determined, Thi3 also is at variance

with results obtained from other studies, tending to

confirm our suspicion that the results are incorrect.
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TA3LS 9.

Tsurumi's results for Canadian manufacturing Industries

1926-39, 1946-67.

INDUSTRY s
A

t

Total manufacturing O. 355

(0.068)

-0.0008

(0.0002)

Foods and beverages 0.851

(0.075)

1.018

(0.065)

Tobacco, rubber and
leather

0.472

(0.148)

-0.0002

(0.0016)

Textile products,
excluding clothing

O. 470

(0.414)

0.190

(0.805)

Clothing and knitting
mills

0. 410

(0.2S2)

1.363

(0.075)

Wood products 1.000

(0.007)

3.955

(0.066)

Paper products 0.975

(0.009)

1.544

(0.051)

Iron and steel products 0.982

(0.005)

2.156

(0.030)

Transportation equipment 0.866

(O.022)

1.556

(0.046)



TABLE 9 (cont.)

INDUSTRY

Non-ferrous metals, 0.718
electrical apparatus 224)
and supplies

Non-metallic, mineral 0.571
and petroleum and coal
products

(0.135)

Chemicals and allied 0.934
industries ,_(0.044)

£

2 .968

(O.218)

-O.OOOl

(0.0003)

4.933

(0.356)



4.6 Conclusion

Our survey of techniques for direct estimation of the

CCS production functions suggests that none of the available

methods are wholly satisfactory, i-iaxiinum likelihood and

Bayesian techniques have in common the defect that they

rely upon assumptions which may be regarded as un-natural

and possibly unjustifiable. The former methods generally

produce more precise estimates of (> than any of the
alternatives examined. No obvious reason for this is

apparent, except possibly the fact that the assumptions

implicit in the estimation procedure are stronger than those

implicit in other procedures. Bayesian techniques are

always applicable in principle, since numerical methods

are available to obtain posterior distributions, if analytic

methods fail. In practice they seem somewhat cumbersome,

even if we can determine a prior distribution for the

parameters in a satisfactory manner. Considerations of

naturalness of interpretation led us to the conclusion,

that least squares techniques applied to (4.1) or (4.2) are

the most justifiable of the alternative estimation procedures.

The biggest drawback of such methods is the fact that,

discounting Tsurumis, results, it appears almost impossible

to obtain satisfactory estimates of (p . If the reasoning
leading to a preference for these methods is accepted this

conclusion becomes general. The available evidence, mainly

Charatsis* work, suggests that (4.2) is to be prefered to (4.1).
In the next chapter we shall examine (4.2) in some detail, by

means of a simulation study, in order to determine what we
A

can of the sampling distribution of (p , and why (p should be
so poorly estimated.
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Ari-l^PlA A4.1

Derivation of the .joint posterior distribution

in Chettv and aankars paper

The distributions involved in the derivation are

given in iaellne^s (1971) book and page references will be

to this work. Adopting the earlier notation the likelihood

of (4.25) in terms of the original observations is

where J is the jacobian of the transformation from V. to
Jm

The prior distribution for the unknown parameters is

obtained in the manner prescribed by Box and Cox (1964;

pp.217-216), end is approximately invariant under trans¬

formations. It is given by

(A4.1) ^ J- °r V **/>(- 4^2 L V>
(-f/v)

-Y

(A4.4) VY

5 r^}/.0~V .
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Combining (A4.1) with (A.45) we obtain the joint posterior

distribution

(A.4.6) PdJZ)ocSABcr (N+'\ ^ ' X
-I, *?(?>*>X e*f>^ 2.

X <r

with

(A4.7) -O-Oz*,

_/
(A4.8) A - T N /v

/s/

(A4.9) B ~ \ S"1
i—i

Now (A4.6), considered as a function of cr is in the form

of an inverted gamma distribution (p.371), so integrating

out with respect to cr over the range (0,®o) gives

— ~ I r ^ x \

(A4.10) v/cLil)oclA. B.f I S; (ft V)j
2 ' /

Now defining the following terms

(A4.11) (i) €).= -Z(i - zi;

(ii) P,- = v/'^ - zi; -
_ 3A- _ /

(iii) £) y v
A/

L

(iv) <2^ = <a
/=/

(v)
/=/

(vi)
*

>

Z* =c
i-t
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we can rewrite (A4.10) as

,
. J_ NA

(A4.12) ) cc ba* ($xa, —ZSb -he) ,

Dividing by *aT within the brackets, and completing the

square gives

(A4.13) P (^ ^,(3 v/JaA)°c 0 a. It)

Defining

(A4.14) (i) @ - \>/cl

(ii) n = ( M — I )
r -/

(iii) k= ca-^ )/ax~]

(A4.13) can be written as

2L J_

(A4.15) P(y,Kc^ 1^)°° b a Y n')X$(")['h^S~&\

The term within the curly brackets is, except for a constant

in the form of«the 11' distribution as given by Zellner

(p.366). Up to this point our analysis agrees with that of

Chetty and Sankar. Here, however, they integrate (A4.15)
with respect to & over the range (-c©,0^) | equivalently
(0, oo ) 1 to obtain
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(A4.16) P (y}(>, v/Jota Joe b f—
... (V-i)

a-b2') z
CL

OC »f f ^ -^;)P
/=/

pa/-/>
2

A v / N
with (A4.17) £ ^ H F^i / % Q?

* = ' ' i-1

Next they integrate ) out to obtain the marginal joint

posterior distribution for p and V . In fact the step

required to obtain (A4.16) is invalid as k is only defined

in the range (0,1). Thus Chetty and Sankar*s final result

is invalid, as is their illustrative example. In practice

to obtain the marginal distribution of interest we would

have to apply numerical techniques to a four dimensional

posterior distribution, making the method extremely

cumbersome•
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CHAPTER V

5.1 introduction

Concentrating on (4.2), It was our original intention

to estimate summary statistics, descriptive of the sampling

distribution of r , based on a simulation study. The

estimation technique used is that of Charatsis (1970),
described in Charatsis (1971) and given in detail in the next

section. Section 5.3 describes the application of this

technique to the data discussed in the introduction, comparing

results with those of Charatsis (1970). Following this the

intended design and analysis of the simulation experiment

is discussed, then there will be two sections giving the

results from direct and anti-thetic variate simulation

respectively. The most important conclusion reached is that,

in all cases, the sampling distribution of p is so widely

dispersed that we can say little or nothing useful about the

parameters of this distribution, the cost of the simulation

necessary to obtain useful results b eing prohibitive. A

different line of approach to the results will then be

adopted and we shall try and isolate some of the reasons for

their poor quality. The two sections devoted to this will be

a discussion of the scaling problem and of the design problem.

Possible applications of our results in practice will be

considered, before concluding the chapter.
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5.2 The estimation technique

Starting from equation (4.2) we define

(5.1) fi = — Y log[£*<rc + (

(5.2) = loj (Vj) - f; .

An initial set of parameter values, £, , is chosen where

(5.3) oj =[ C'J

and the initial sum of squares calculated as

N

(5.4) SS, =
i~ /

the z. being evaluated at &, . From (5.4) a correction
«L ''V

factor A&i is calculated and a new set of parameter values

calculated as

(5.5) 0z = ©/ -+■ A^> -

The process is then repeated and continued iteratively until

such time as the percentage change in the sum of squares is

less than some pre-determined small quantity. 4e calculate

A 0/ as
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where

4e may write

(5.8) H = Xf5'G),
H being a (4x4) matrix. This technique, described by

Charatsis (1970, pp. 111-115) and justified by him, is

similar to one given by Eisenpress and Greenstadt (1966).

Essentially it is the Newton-iiaphson technique, modified so

that second derivatives of fi need not be calculated. Apart
from this advantage, other advantages claimed by Charatsis

are faster convergence and the avoidance of a possible non-

positive semi-definite matrix H,

This is the basic method, though various peculiarities

of the CEo production function produce difficulties which

have to be overcome. The first of these is the lack of scale

invariance of £> , and y . In particular it is easily shown
that if and / are parameters associated with variables

Vi, 4^ and L^; and and yt are parameters associated
with variables a-jV^, a2^i» a3Li where a<j» a2» a3 are constants
we have

v

C
(5.9)

(5.10) = S, c[ S, az C + ( i-$,) a3 rJ ,
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Charatsis suggests that variables be scaled, by dividing

them by their sample arithmetic means. This procedure we

have followed throughout.

A second problem is caused by the constraints on the

parameters given in (1.6). No problem has been experienced
A

with V or y , but if S approaches its boundary values in
the estimation procedure r become large and overflow results

are obtained, since numbers too large or too small for the
/\

computer to hold arise. To avoid this ^ has been restricted
to the range (-18, +18). Charatsis, in calculating his

estimates use the theoretically more correct region (-1, +18),

which we have avoided for various reasons. The first of

these concerns the simulation in which we consider parameters

such as the mean and variance of the sampling distribution of
A

C . Using simulation techniques we obtain a sample of
A

n simulates, say p , i = 1 basing our estimates of
the mean and variance on these simulates. These parameters

are interesting, from our point of view, only in so far as

they are good indicators of central tendency and dispersion.

If, now, we use the unsymmetrically constrained region for
A

C t (—1»18) the mean will be biased upwards and the variance

reduced, relative to the symmetrically constrained region

(-18,18). This latter region would seem preferable, since the

summary statistics calculated are more informative about the
1 typical1 value and dispersion of p , if the distribution
of p is approximately symmetrical in (-18,18). Another good

reason why this region is to be preferred, even in practical

contexts, is the, by no means rare, occurrence of values of
/I ,
0 less than -1. If the region (-1,18) is used all such
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estimates are calculated as being equal to -1, so in effect

we treat estimates as disparate as -1.001 and -17.999 as

being equal. This would appear undesirable. By using the

region (-18,18) we can see whether or not an estimate is

genuinely close to -1, thus obtaining more information about

the quality of estimation than would otherwise be the case.

A point worth making is that, in constraining to lie

within a finite region we ensure that all moments of its

sampling distribution exist. This is important in both a

practical and simulation context. Theoretically, as is

often pointed out by Bayesians, the standard errors assigned

to estimates have only a large sample justification and may

not exist for finite samples. In practice this is not so.

Constraining p to lie in the region (-18,+18) could be
taken to imply prior beliefs about r> , however even without

this constraint it is clear that we can only estimate p ,
within a finite range. Thus, whichever way we arcjae, we see

that the o1 , we are going to deal with possess moments of

all orders, regardless of its theoretical properties.

The standard error we calculate in practice is an

approximate one, evaluated at the final estimates, and based

on asymptotic considerations. Assuming consistency of the
t

parameter estimates, the existence of the asymptotic error

variance matrix, and the correctness of our initial error

assumptions, namely independence and homoscedasticity the

standard error is

(5.11) SF(&j) =[sZ(H) ' J3-1 4
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2
where S is an estimate of the error variance, and the

subscript (jj) indicates the jth diagonal element.
The method just described is not guaranteed to converge

to a global, as opposed to local, maximum but all the

indications are that this is unimportant. Charatsis reports

that with his data convergence, where attained, is always to

the same set of values, regardless of initial starting values,

and this has been our experience as well.

5.3 Charatsis* estimation technique applied to U.S. data

The motivation for applying Charatsis* estimation technique

to the data described in chapter one, using both definitions

of capital, is two-fold. It is of interest to see the kind

of results obtained, comparing estimates with those discussed

in chapter 4. This is useful in justifying our contention

that least squares estimation of (4.1) or (4.2) will rarely
lead to satisfactory estimates of p . Also of interest is a

comparison of the performance of the technique on two

different sets of data, ours and Charatsis'. The results,

for the gross and net concepts of capital, are given in

Tables 10 and 11 respectively. Convergence has not been

achieved in 9 out of 36 cases considered, although at least

three alternative sets of initial values have been experimented

with in these instances. Undoubtedly it would be possible

to obtain convergent estimates for some of the industries

concerned, given sufficient patience, but this was not deemed

worthwhile. For comparative purposes the estimates we have
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TABLE 10.

Estimates of paraneters In (4.2) U3ing Charatsis' estimation

technique and U.S. data with gross capital

INDUSTRY
A

*
A A

V
A

20 O. 98

(0.01)

0.44

(0.05)

1.07

(0.02)

2.53

(3.62)

0.0028

22 CONVERGENCE NOT OBTAINED

23 O. 37

(0.02)

0.14

(O.07)

1.05

(0.03)

-2.12

(1.98)

0.0056

24 1.00

(0.03)

0.43

(0.05)

1.01

(O.06)

-0.58

(1.60)

0.0071

25 CONVERGENCE NOT OBTAINED

26 1.02

(0.01)

0.38

(0.02 )

1.00

(0.02)

-O.07

(O.64)

0.0013

27 0.94

(0.01)

0.0069

(0. 02 )

1.09

(0.02)

14. 31

(24.68)

0.0009

28 CONVERGENCE NOT OBTAINED

29 O. 99

(0.02)

0.36

(0.17)

0.95

(O.05)

O. 10

(3.24)

0.0082

30 1.00

(0.02)

0.57

(0.07)

0.94

(0.04)

-1.84

(4.94)

0.0039



TABLE 10 (cont.)

INDUSTRY £ j>

31 0.97 0.07

(O.02) (0.04)

32 0.96 0.35

(0.02) (0.03)

33 l.Ol 0.37

(0.03) (0.05)

34 0.98 O.03

(0.01) (0.03)

35 0.97 0.03

(0.01) (0.13)

36 1.00 0.33

(0.02) (0.05)

37 1.01 0.25

(0.03) (0.06)

1.05 -3.34 0.0033

(0.03) (2.65)

1.03 -0.68 0.0047

(O.03) (1.13)

0.95 0.60 O.0117

(0.04) (1.89)

1.01 5.53 0.0019

(0.02) (4.59)

1.03 -14.21 0.0025

(0.02) (38.62)

1.02 1.18 0.0072

(0.03) (1.81)

O.99 -1.44 0.0083

(0.03) (1.85)

38 CONVERGENCE NOT OBTAINED



TABLE 11.

Estimates of parameters In (4.2) using Charatsls' technique

and U.S. data with net capital.

INDUSTRY

20

A

0.96

(0.01)

A

S

0.33

(0.04)

A
V

1.07

(0.02)

A

-0.95

(2.16)

O.0031

22 CONVERGENCE NOT OBTAINED

23 O. 88

(0.02)

0.12

(0.05)

1.04

(O.04)

-1.67

(1.48)

0.0062

24 0.95

(0.03)

0.43

(0.06)

l.OO

(0.06)

-1.78

(1.77)

0.0080

25 CONVERGENCE NOT OBTAINED

26 1.02

(0.01)

0. 34

(0.01)

1.01

(0.02)

-0.2 3

(O.56)

0.0013

27 0.92

(0.01)

0.02

(0.03)

1.11

(0.02)

-12.00

(14.66)

0.0008

28 CONVERGENCE NOT OBTAINED

29 CONVERGENCE NOT OBTAINED

30 0.97

(0.02)

0.31

(0.07)

O. 98

(0.04)

-4 .02

(3.52)

0.0037

31 0.97

(0.02)

0.08

(0.03)

1.03

(0.03)

-2 .29

(1.57)

0.0037



TABLE 11 (cont.)

INDUSTRY
A

A

S
A A

<r

32 1.00

(0.02)

0.22

(0.03)

0.99

(0.03)

O. 70

(0.74)

0.0046

33 1.02

(0.03)

0.25

(0.04)

0.96

(0.04)

O. 84

(1.55)

0.0127

34 0.98

(0.01)

0.09

(0.04)

1.03

(0.02)

-0.53

(2 .96)

0.0021

35 0.97

(O.Ol)

0.11

(0.04)

1.03

(0.02)

-2 .24

(1.71)

0.0024

36 CONVERGENCE NOT OBTAINED

37 1.00

(0.03)

0.26

(0.05)

l.OO

(0.03)

-1.41

(1.93)

O.0081

38 0.94

(O.Ol)

0.08 1.06 2.81

(0.04) (0.02) (2.18)

O.OOll



are more than sufficient; there being good evidence that,

for the non-convergent cases, the estimates we would obtain

will be no better and often much worse than those for which

convergence has occurred.

Regardless of the definition of capital employed we see

that the estimates of y and V are all well determined, a

typical standard error being of the order of 0.02. The

estimate of £ is not quite so precisely determined, but
A

performs well in most instances. The range of values of £

is (0.007, 0.57) for gross capital, and (0.02, 0.43) for net
A

capital. A different picture emerges when we consider f .

All 27 convergent estimates are within two standard errors of

zero, all but 9 being within one standard error. Since

point estimates range from -14.21 to 14.31 for gross capital,

and -12.00 to 2.81 for net capital, it is clear that this

result arises because of the sizes of the standard errors,

rather than the closeness of the estimates to zero. In

only three cases is the standard error less than unity,

and it tends to increase as j f j increases. Once again the
largest, and least precisely determined estimates are

A

associated with the smallest S . In fact our results do

little more than confirm the conclusions reached in chapter 4.

we can say nothing useful about the true value of o , not

even regarding its sign, in the majority of cases.

By comparison with Charatsis* results for Greek

manufacturing data, we obtain better estimates of y , y and £
and poorer estimates of o . For the first three

parameters mentioned he obtains estimates exhibiting a wider

range of standard errors than ours, a typical standard error

being in the range (0.08, 0.10). His estimates of 1 provide
8 out of 37

9



cases where the standard error is less than unity, being

better than our results in this respect though not spect¬

acularly so. Looking at the estimated error variances we

see that Charatsis's are much larger than ours, typical

values being 0.1 and 0.005 respectively. Another respect

in which the results differ is in the number of iterations

required for convergence, his estimates usually requiring less

than six iterations, ours more. Thus we see that both sets

of results provide poor estimates of 0 , but differ in

other respects. It is not obvious why this should be so

without access to Charatsis' data, though various possibilities

can be suggested. One such possibility is concerned with the

'design' of the data. It will be shown that the precision

of estimation of r is dependent upon the variation in the

data sample of the quantity log (K-/L^), precision of
estimation of the other parameters being unaffected. Thus,

if Charatsis' data exhibits greater variation in this

quantity, than our data, and also greater variation about

the underlying functional relationship, we might expect his

estimate of p to show similar precision and estimates of
, $ and V , poorer precision, than our results. Another

possibility is that Charatsis' method is better suited to

his data than ours, though this would only account for the

greater number of iterations needed with our data.

The inescapable conclusion is, however, that ^ cannot
be accurately determined, regardless of the data used. To

see why this is so we now turn to the simulation study.

10



5.4 Design of simulation study

Two approaches have been tried, direct simulation and

anti-thetic variate simulation. Taking the true values

of labour and capital to be the data described in chapter I,

using the net concepts of capital, observed output was

generated according to

(5.12) loy l/^ — log y — log ft, K + (/—S ) L ■, -h £ £j-

where f ..-uN(0,^ ) and it is necessary to specify the
J

parameters ( V , S , ;ct ). In the output and error

term £■■ \ i indexes the observation under consideration
J

while j indexes the simulate. This approach was adopted in

order to ensure as much 'realism* as possible in the data

used in the simulation. This seems preferable to using

completely artificial data for two reasons. Firstly we

gain greater insight about the reasons why the estimates of

p, obtained in practice, are poor. Secondly, it would have
been difficult to generalise results obtained using idealized

data to a practical situation, owing to the dependence of

results on the design of the data. In all the simulations to

be described the following values were specified in the input

ti
a 1 .00

y> m 1 .00

b - K * 0.30

0.0025

11



while values of p in the range (-0.5, +0.5) were considered.
Because, in the estimation procedure, we have scaled the

variables in the manner indicated earlier, we effectively

estimate y and S, - these latter quantities being related
to yo and S0 according to (5.9) and (5.10), where

(5.14) o-, =— ; ^ = ~~zz ; s = —'=r-
V K L

V, K and L being the sample arithmetic means of output,

capital and labour. The effective value of y , y , is
usually in the region of 1.05; while the effective & ranges

from 0.15 to 0.47. We can regard the parameter values used

as being 1 typical'. Different values of p and have been
experimented with, but the results obtained do not appear to

be sensitive to these parameter values. The value of used

was based on the values of the error variance obtained with

the original U.S. data, and is at the lower end of what seems

an acceptable range for this parameter. We used a method

given in Newman and Odell (1971), to generate the necessary

normal random variatee, - this method having been found

satisfactory on many previous occasions. In each simulation

81 simulates were generated. This number is arbitrary. The

original, exploratory studies did not justify the use of more

simulates.

To facilitate anti-thetic variate estimation two

simulations were performed for each set of initial conditions.

The first simulation generated data according to (5.12) ,

for 6 .; i » 1,...., N; j « 1 81. Here N refers to the

12



number of observations for the industry under consideration.

Using identical 6^ , the second simulation generates data
according to (5.12) with (-£,■ ) instead of (+€>,). howv 'I

A
denoting estimates of p from the first simulation as

A
and from the second simulation as , j = 1,...,,81, the

anti-thetic variate p is defined as
U;

(5.15) + V2 '

A A
how if p. ana p • are negatively correlated, which we mightV IJ V

expect from the manner in which they are generated, and have

the same marginal distributions, then the distribution of
A A
will have the same mean and a smaller variance than p>,p

or separately. If, then, we are interested in the mean
A

of the distribution of p t we may be able to obtain this with
far greater precision using anti-thetic variate, as opposed

to direct, simulation.

The procedure we have adopted is to estimate the bias

in the estimator f , together with the standard error of the

estimate, using direct and anti-thetic variate simulation.

This has been done for all 18 industries and p = - 0.25.
bince the cost of extensive simulation on all industries is

prohibitive, we have chosen the industry which performs 'best'

for these values of p , then subjected this industry to a
more extensive examination. The principle behind this approach

is that what cannot be determined using the 'best1 set of

data will not be determinable using any of the other sets. In

this instance fbest' refers to the industry for which the bias

13



in jo is most precisely estimated, what can be determined

is primarily of a qualitative nature and relates to the near

impossibility of estimating P or parameters of its distribution,

precisely, in either a practical or simulation context. This

is to be expected from results obtained using real data and,

because the results are essentially negative, can be generalised

to those sets of data not considered in detail.

The only characteristic of the sampling distribution of

f examined in any detail is the mean, (equivalently the bias),
this having been dictated by practical considerations as it

is the one parameter easily amenable to treatment with anti¬

thetic variate simulation. Originally it was hoped to look

at other location parameters, such as the median, however

this quantity was as poorly determined as the mean in direct

simulation. Where the median of the distribution of ^ was

estimated it did not differ much from the mean, so the mean

would appear to be as good a location parameter as any.

Though the variance of the sampling distribution of p has

been estimated and reported, we have eschev/ed parametric

measures as a reliable guide to the dispersion or spread of

the distribution. The reason is that many of the distributions

we shall consider have long tails. The density of sampling

from these tails may be too small or too great and inclusion

or exclusion (in the case of non-convergent estimates) of

extreme values in the tails is liable to lead to an unreliable

estimate of variance. Instead we have used fairly simple

non-parametric measures to give some indication of dispersion,

namely the number of simulates,p . , or n . , in the region
11J { ZJ

14



( p+. 0.25) or less than -1. bince the proportion of
simulates in either of these regions is essentially the

parameter of a binomial distribution, approximate confidence

intervals can be calculated for the true proportion in a

given region. Generally such intervals will be wide; however

they allow statements of the form 'at the 95/^ confidence

level less than half the distribution lies within 0.25 of

the true p * to be made. It must be remembered that the

above applies to a simulation situation where repeated

sampling from the same population, of p. , is feasible. In

practice we have only one p to consider. All a simulation

can do is lend some statistical respectability to our
a

contention that f is, in general, poorly determined. Except

where the standard error is small we are unable to say whether
/\

or not a particular p lies near the true p> or not. To

illustrate and clarify some of the points made in this section

it is necessary to examine the results obtained using the

procedure described, and this we now do.

5.5 Aesults from simulation study

Tables 12 and 13 present the direct simulation results

for C » -0.25 and p ® +0.25 respectively. Two simulations
are performed for each set for initial conditions, p being
estimated in the range (-18, +18). The first two columns

show the industry under consideration and the number of

convergent simulates, while the third column gives the

effective value of S . Usually we have between zero and

three non-convergent simulates, bince, for 16 of the 18

15



TABLE 12.

Direct simulation results for p » -0.25, with no errorsf-
in the variables — ^

I Q
22" -t-l

I
INDUSTRY N b Est. Bias Est. Var.

Vu ^

20 79 O.367 0.049 3.069 21 13

81 -0.211 4.016 26 15

22 80 0.352 -0.816 18.275 38 8

80 0.123 8.837 22 10

23 78 0.249 0.161 0.767 9 21

80 -0.071 O.515 13 20

24 81 O.344 -0.073 0.617 15 25

77 0.010 0.808 11 22

25 81 0.319 -0.185 3.422 26 11

79 -0.175 3.700 24 12

26 80 0.411 -0.077 0.545 17 27

80 0.018 O.571 11 25

27 79 0.341 0.653 13.527 23 6

78 -0.840 34.587 40 5

28 81 0.422 -0.151 0.442 18 31

80 0.131 0.430 5 29

29 80 0.476 -0.471 28.625 27 6

78 -0.069 21.456 36 6



TABLE 12 (cont.) 1 G
fl

I ^
c

INDUSTRY N Est. Bia3 Est. Var ^ Mi
<C_ ^G_.

30 80 0.360 0.046 2.221 18 6

79 -0.141 2.477 21 7

31 81 0.265 0.095 0.516 6 31

79 -0.063 O.326 9 28

32 80 0.390 0.090 0.200 3 39

31 -0.102 0.191 8 39

33 81 0.406 -0.144 0.314 11 36

79 0.110 0.298 6 34

34 81 0.354 -0.387 1.898 20 16

81 0.170 1.203 lO 20

35 81 0.354 0.211 0.671 6 19

79 -0.222 0.637 20 19

36 81 0.335 0.000 0.183 3 37
"

81 -0.011 0.135 5 37

37 81 0.349 0.045 0.263 4 31

79 -0.033 0.289 6 27

38 80 0.342 -0.825 27.931 31 6

77 -0.2-18 11.155 34 6

NOTEi Column headings and layout are explained in the text.

The estimated bias in column 4 refers to the estimated
bias in p , considered as an estimate of p . The estimated
variance refers to the variance of the distribution of p . N
is the size of the simulation sample e



TABLE 13.

Direct simulation results for ? » 0.25, with no errors

in the variables. ^

Oo

INDUSTRY N 6 Est. Bias Est. Var. ^

£
0

+1

Mi

20 81 0.240 0.307 7.8102 15 10

79 -0.190 17.8296 20 8

22 76 0.253 -0.878 13.087 28 7

78 0.637 18.469 14 6

23 81 0.356 -0.070 0.340 2 24

80 0.128 0.415 0 22

24 78 0.260 0.056 0.821 6 20

79 0.220 2.367 6 21

25 79 0.282 0.104 9.720 23 11

79 0.300 5.361 15 9

26 80 0.208 -0.125 1.957 10 19

80 0.059 1.385 9 23

27 RESULTS UNOBTAINABLE

28 80 0.196 -0.188 1.529 15 18

79 0.284 1.310 7 17

29 RESULTS UNOBTAINABLE

30 78 0.246 0.078 3.059 16 9

76 -0.048 8.444 14 10



1
r)

TABLE 13 (cont.) 1

T
V J

0
•u

INDUSTRY N $ Est. Bias Est. Var.

<c_ <CL_.

31 77 0.337 0.141 0. 547 1 31

81 -O.005 0.2 80 0 33

32 79 0.223 0.219 0.745 1 30

80 -O.H4 0.363 2 29

33 79 0.212 -0.191 0.635 6 26

79 0.220 O. 978 3 21

34 78 0.251 -0.326 6.782 15 20

80 0.215 1.554 6 19

35 78 0.251 O. 426 1.734 4 14

79 -O.135 1.254 8 14

36 81 0.267 0.041 0.261 0 33

81 0.065 O. 400 1 28

37 79 0.255 0.061 0. 309 0 30

79 -O.047 0. 318 3 26

38 78 0.261 -0.305 22.734 24 6

76 0.091 9 .665 24 5

NOTES (1) Column headings and layout are explained
in the text.

(2) Estimates of bias and variance are, in general,
unreliable owing to the presence of extreme
estimates.



industries, k is greater than L, the effective S is usually

greater than 0.3 for p ■ -0.25 and less than 0.3 if p = +0.25.
The two exceptions to this rule are industries 23 and 31 •

Coluiims 4 to 7 present an estimate of the bias in ^ , an
A

estimate of the variance of the distribution of f , the
number of simulates (i.e.pj ; i » 1, 81) less than -1
and the number of simulates in the range ( ± 0.25). All

these quantities are based on convergent simulates.

Considering Table 12, column 5, first of all we notice that
a

the estimated variance of the distribution of p varies
greatly from industry to industry. In particular the

estimated variance for industries 22,27,29 and 38 is very

large relative to that of industries 28,31,32,33,36 and 37.

As the effective S is similar in most instances, this difference

must be attributable to the 1design* of the data sets used

in each case. A consequence of this difference in variances

is that the mean of the distribution of p , or the bias in
A

p , will be estimated far more precisely for the latter
group of industries than for the former.

4e would expect, given the manner in which the simulates
A

are generated, that the variance of the distribution of (° ,

for a given industry, would be similar for both simulations.

This is not always the case, the reason being that individual

simulates often have an undue influence on the estimated

mean and variance of the distribution of p . For example,
the estimated variance for the first simulation for industry

23 is reduced from 0.767 to 0.471 if we omit one simulate.

In such circumstances we cannot place much reliance on the
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estimated variance, or on the estimated bias of p , either
in the direct or anti-thetic variate simulations. This

problem, arising from the fact that we are taking either

too little or too great a part of our sample from the tails

of the distribution under consideration, is obviously greatest

for those distributions where the 'spread' or variance is

greatest. By confining our attention to those industries

which provide distributions of p with 'small' variances we
shall, effectively, ignore this problem in this section, as

far as is possible. A fuller discussion of the problems

caused by extreme or non-convergent estimates is given in the

appendix to this chapter.

Taking, then, those industries for which the estimated

variances are less than 1.00, and similar for both simulations

what can be said about the precision of estimation of the bias
A

in p ? Nowhere is the estimated variance less than 0.16.
Assuming a variance equal to 0.16, and 81 convergent simulates

a standard error of approximately 0.044 is implied. This
A

would lead to a 95/" confidence interval for the bias in p
of length approximately equal to 0.172, assuming the validity

of a t - test. If we required a 95/" confidence interval for

the bias of length 0.01 we would require over 300 times as many

simulates, assuming the estimated variance of the distribution

of p remains unchanged, since 81 simulates take over a

minute to generate, over five hours simulation would be

required to obtain an estimate of the bias in p to the above
accuracy, for one set of initial conditions with p - -0.25
under the most favourable circumstances. Since, given non-
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convergent and extreme estimates, circumstances are not

favourable, and since the estimated variance is usually

greater than 0.16 it is clear that direct simulation is

out of the question if we wish to obtain accurate estimates
A

of the parameters of the distribution of for more than

one or two sets of initial conditions*

Similar conclusions follow from an examination of Table

13» with p m +0.25# iiesults are generally worse, whether
measured by the size of the estimated variance or by the

number of simulates in the range (p ± 0.25). In particular

for two industries, 27 and 29» results ar© unobtainable,

owing to the large number of extreme estimates, giving rise

to overflow results in the computer. Two exceptions are

apparent, industries 31 and 23, which provide better* results

when p « +0.25. These are the industries for which K is
less than L; implying that the effective $ is greater than

for the other industries if p is positive, less if p> is negative.
This suggests that it is the scaling effect which is respons¬

ible for the difference in the quality of the results,

rather than the fact that p is positive or negative. This

point, together with the •design* problem will be investigated

shortly.

Turning to column 7 in Tables 12 and 13, we can regard

the number of simulates in the region ( p +. 0.25) as a
measure of the concentration of the distribution of p about
the true value of p . In no case are more than half the
simulates within this region, suggesting that, for all the

industries under consideration, our chances of estimating ^

20



to this degree of accuracy are poor. Treating the

proportion of simulates in the region ( p +, 0.25) as the
estimate of the parameter of a binomial distribution, p ,

say, and assuming 81 convergent simulates we can reject the

null hypothesis p - 0.5 in favour of the alternative p less
than 0.51 at the 5> level of significance, if less than 33

of the simulates lie in the region of interest. This result,

based on the fact that under the null hypothesis

means that the null hypothesis, p> = 0.5, will be rejected in
favour of the stated alternative for all but industries

32,33 and 36 if p = -0.25 and all but industries 31 and
36 if p = +0.25. The results for these industries would
enable us to reject the null hypothesis p « 0.6 in favour
of the alternative hypothesis p< 0.6, at the 5/« level of

significance.

iVe have concluded that direct simulation is of little use

for precise determination of the parameters of the distrib¬

ution of p . On the positive side we can say that the
distribution of p , in all cases, has a large ♦spread*
and that there is little * concentration* about the true value

of p . These statements are, however, of a qualitative
nature; can more be gained by anti-thetic variate simulation?

Table 14 presents the results using anti-thetic variate

simulation for p = -0.25 and for those industries for which
the direct simulation estimates of the variance were less than

(5.16) n> N(0,1) where n, is the
number of simulates
in the region of
interest

A
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TABLE 14.

Anti-thetic variate results for select industries with

_ p " -0.25 and no errors in the variables.

INDUSTRY N Est. Bias Est. Var. (of anti-thetic
var. estimate)

26 79 -0.026 0.00633

28 80 -0.009 0.00155

32 80 -0.005 0.00161

33 79 -0.015 0.00410

35 79 -0.002 0.0114

36 81 -0.005 O.00211

37 79 -0.018 0.00244

NOTES (1) Column headings and layout are explained
in the text.

(2) Results given here were much better, as measured
by the smallness of the estimated variance of
the anti-thetic variate estimate, than those
omitted.



unity and did not involve 'extreme' simulates. For such

industries, if any, we expect that the anti-thetic variate

estimates of the bias in p will show some improvement over
the direct simulation estimates, uesults for p « +0.25 have
been omitted since these are usually worse than for p = -0.25
and complicated by the presence of 'extreme' simulates.

Thus we consider industries 26,28,32,33,35»36 and 37.

As is to be expected these seven industries provide the best

results, as measured by the smallness of the estimated

variance of the anti-thetic variate estimates. Columns 1 to

4 give the industry, the number of simulates on which the
A

estimate is based, the estimated bias in ^ and the estimated
variance of the anti-thetic variate estimate respectively,

in each case the estimated bias is small, being greatest

in the case of industry 26 «here it is equal to -0.026. The

smallest estimated variance of ^ is approximately 0.0016
which, under the assumptions used in the direct simulation

case, leads to a 95/* confidence interval of approximate

length 0.017. Between two and two and a half minutes

simulation are required to obtain the anti-thetic variate

results, thus, under the most favourable conditions we see

that at least six minutes simulation would be required to
A

obtain a 95w confidence interval for the bias in ^ , of
length 0.01• This represents a considerable saving over the

time required for direct simulation; suggesting that for

some industries we might be able to obtain useful results

about the bias in ^ , over a wide range of ^> . 8uch results
will be of limited use since, at best, they will only allow
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us to draw inferences about industry data which provides

•good* results. Nevertheless such results, in practice,

are precisely those about which we would like further

information so further investigation seems worthwhile.

The industry chosen for further investigation was

industry 36, direct and anti-thetic variate simulation results

being given in Tables 15 and 16, respectively. Industry 36
was chosen because it performed almost as well as, or better

than, other industries in producing 'good* results, whatever

the criterion of 'goodness'. The presentation of the results

for direct simulation is similar to that in Table 12. tfe

notice that as p increases from -0.5 to +0.5 the estimated
variance of the distribution of p increases while the number
of simulates in the region ( p +_ 0.25) tends to decrease.
These features must be attributable to the joint variation

in p and the effective S ; in other words the scaling effect.
In general the results confirm our previous conclusions.

The parameters of the distribution of cannot be precisely

determined using direct simulation, and there is little
A

tendency for the distribution of p to 'concentrate' about
the true p , whatever this value of p . Extreme values
do not present a great problem, except in two instances.

For p = +0.25 the estimated variance of the distribution
of p is 0.400 if based on 81 convergent simulates; 0.240 if
the most extreme value is excluded. Results for anti-thetic

variate simulation concerning the bias in p* are, as is to
be expected much better, a considerable reduction being

achieved in the size of the standard error associated with the
A

estimate of the bias in p . Omitting the extreme estimate
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TABLE 15.

Direct simulation result3 for Industry 36, with no errors

in the variables.

e-
N S Est. Bias Est. Var.

O Ia
I ?

T ĉ_

^ U)

-0.50 78 0.371 -0.036 0.181 9 35

80 -O.034 0.185 9 36

-0.25 81 0.335 O.OOO 0.183 3 37

81 -O.Oll 0.185 5 37

-0.10 79 0.314 0.O08 0.197 1 33

80 O.OOO 0.198 2 32

-0.01 79 0.301 0.017 0.207 1 31

79 O.OIO 0.213 2 31

0.01 78 O.299 O.020 0.212 1 31

77 0.012 0.223 2 23

0.10 79 0.287 0.029 0.225 O 32

79 0.026 0.238 2 28

0.25 81 0.267 0.041 0.261 O 33
*

81 0.065 0.400 1 28

*

0.50 80 0.237 0.078 0.379 O 27

80 0.056 0.338* O 27

NOTE (1) An asterisk indicates that the estimate is
unreliable, owing to the presence of an
extreme estimate. The layout is as in Table



TABLE IS.

Antl-thetlc varlata simulation results for Industry 36,

with no errors in the variables.

(Z. N Est. Bias Est. Var.
(of anti-thetic
var. estimate)

-0.50 77 -0.023 0.0023

-0.25 81 -0.005 0.0021

-0.10 78 0.006 0.0031

-0.01 77 0.014 0.0044

0.01 76 0.026 0.0049

0.10 77 0.026 O.0075

0.25 81 0.053 0.038*

*

0.50 79 0.070 O.031

NOTE An asterisk indicates that the estimate is

unreliable, owing to the presence of extreme values.



for p = +0.25, treating the results presented as valid
(unaffected by non-convergent or extreme estimates) and

assuming at- test to be valid we find that the hypothesis

of zero bias must be rejected in favour of the hypothesis

of non-zero bias, at the 5/" level of significance, for p
equal to -0.5, + 0.01 and +0.10. Nevertheless, the bias,

where there is evidence for its existence, is small relative
A

to the variance of the distribution of p .

An analysis similar to that carried out earlier shows

that about four hours simulation would be required to

produce estimates of the bias of o with associated confidence

intervals of length 0.01, for the eight values of p under
consideration. The corresponding figure for industry 26,
results for which are given in the appendix to this chapter,

is 12 hours to obtain results of the desired accuracy for p
in the region (-0.5, +0.10), As industry 26 performs better

than a majority of the industries it is worth asking whether

or not further investigation along the lines followed 30

far is justified. The answer is no. The best we can hope

to achieve, over and above that which has already been achieved,

is fairly accurate results concerning the bias in p , for p
in the range (-0.5, +0.5), for two or three industries.

Since we can already conclude that bias is unimportant

relative to the variance of the distribution of ^ , and since
the bias is not, it itself, a particularly interesting

parameter further experimentation is not justified.

There is little to say about the remaining parameters.

Our results, not given here, suggest that in almost all the

cases investigated y » $ anc* ^ are unbiased estimates of
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the true or effective values of these parameters, while &

under-estimates <r~ but only marginally so. Variation in j
and V has no significant effect on the results or conclusions

reported above. On the whole the simulation results are

disappointing. We have demonstrated that, even with a

parameter amenable to investigation by simulation, the bias
A

in p , little can be said, quantitatively, about the dis¬
tribution of ^ . It is clear that, for the kind of data
and method being investigated, p" is a very poor estimator
of p however we judge its quality, but as much could have
been surmised without recourse to simulation. The poor

quality of the simulation results is unavoidable, however,

being a function of the poor quality of the data, a factor

beyond our powers to control. We have seen that the simulation

results, poor as they are, vary in quality from industry to

industry and from one set of initial conditions to another.

This variation seems explicable in terms of two factors; the

design of the data and the scaling effect. By investigating

these two factors, in the next two sections, we shall gain

insight into the reasons for the poor quality of results in

practice and in simulation.

5.6 The scaling effect

The fact that S and f are not scale invariant is
generally acknowledged, though the effect of this on the

estimation procedure has not received any extensive examination.

Usually it seems to be assumed that because p is scale invariant
^ is, also. Charatsis (1970) recognises the close relation-
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ship between p and & and modifies his computing procedure
accordingly. In particular variables are scaled by dividing

them by their sample arithmetic means, so that they are

expressed in comparable units. Concentrating on the parameter

S , the relationship connecting the effective S for two

different scaling systems is given in (5.10). In particular

if V^, and are the variables as measured and a^, &2
and a^ are the inverses of the sample arithmetic means of
V., and L.. respectively we have

(5.17) [ '+ c AC]

where c = ^1 ^ -

This leads to the following

A K

L.

(5.18) if A > 1 =) 6, <

A < 1 => S, > So
if P<0 A >1 =4 S(

A < 1 y < Se>

In the simulation we took £c = 0.3. It is clear from the
above why we have the observed variation in the effective S

between industries, fA* being greater than unity for all but

industries 23 and 31. From (5.17) or (5*10) we have

(5.18) S\ + d A J
-1

with

d =
s,
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Since SD is the value of S associated with unsealed data
we see that if K is much greater than L, S0 tends to unity

if (0 is positive and zero if p is negative. Similarly if
K is much less than L, £0 tends to zero if p is positive and
unity if p is negative. This leads to two undesirable
consequences if unsealed data, measured in disparate units,

is used. The first of these, as has been noted previously,

is the fact that when £ is near zero or unity the model is

almost independent of p . Where the effective value of S
is extreme and is estimated to be so we cannot hope to

obtain useful estimates of p . This is particularly apparent
when we consider the relevant results of Klein and Bodkin

(1967) or Ryan (1973), nearly all of whose estimated S are

extreme. Thus even if p is estimated correctly the results
will be of little interest. A second possibility is that p
will not be estimated correctly. To see why this might be

so, c onsider a situation in which disparate units of

measurement are used and the true value of p is negative.
All the available least squares estimation techniques,

whether we specify the additive or multiplicative model, are

iterative. This involves specifying an arbitrary value of p
in the initial stages of the estimation procedure. With K

greater than L and p negative the effective S will be
near unity; if however our initial choice of p is positive
this might lead to an estimated & near zero, because of

the scaling effect, and take us into a region of the parameter

space from which we cannot escape. This, of course, is only

a possibility, but is suggested by the fact that all of
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Klein and Bodkins (and Tsurumi's) results estimate p to

be positive while Ryan always estimates ^ to be negative.
In effect the sign of ^ may be determined by the initial
value chosen in the iterative procedure.

The above arguments, that in some regions of the parameter
A

space p is not scale invariant, that it will be estimated
very imprecisely and possibly incorrectly, constitute a

strong arguement for scaling the variables so that they are

measured in comparable units. Even here, though, many

problems still arise. The concept of a 'true' value of S
is meaningless. Since we don't, in practice, know the

effective & associated with a particular system of measurement

or the true value of ^ we have no idea of the effect of
scaling the variables in a particular fashion, whatever the

scaling system adopted there is always the possibility that

fairly low or high effective values of S may arise. Because
A

of the sampling variability of S this means that there is

always a possibility of obtaining extreme estimates of 6

leading to unsatisfactory estimates jf p. This appears to
have been the case with several of Charatsis' results on

Greek manufacturing data, as with ours on U.S. data.

Some idea of the variation in the effective £ which

can arise, starting from identical and reasonable initial

conditions, is gained by consulting Tables 12 and 13. The

effective & associated with each industry is identical for

unsealed data. On scaling by division by the sample arithmetic

means of the variables the effective £> ranges from 0.249

(industry 23) to 0.476 (industry 29) if P « -0.25 and from
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0.168 (industry 29) to 0.356 (industry 23) if p «= +0.25.
For industry 36 the effective S decreases from 0.371 to 0.237

as p increases from -0.5 to +0.5; the corresponding figures
for industry 26 being 0.533 and 0.139. A'hether or not an

effective £ is low enough to lead to extreme estimates depends

to a certain extent on the Tdesign1 of the data; in some

cases an effective S of, say, 0.20 will lead to extreme

estimates of £ and p , if the "design1 is poor, in others not.
The fact remains that we can never completely rule out the

A

possibility of extreme & or totally unreliable estimates of

e •
The next question we can ask is whether or not it is

A

possible to say that p is approximately scale invariant,
conditional on the effective & or its estimate lying within

a certain region of the parameter space. In other words is
P A

it only for extreme values of b or b that p is not scale
invariant? There is no simple answer to this. Certainly,

as ' far as S is concerned the answer must be no. .ve have

seen that for the poorly "designed" data sets, such as those

for industry 27 or 29 or 38, the fact that the effective £
c A

is not extreme is no guarantee that b and p are not extreme.
In the simulation for industry 38, with ^ = 0.25, for example,
the effective ^is 0.261. For the second direct simulation

A

14 of the 76 convergent simulates had % less than 0.10.
A

Four of the associated p are outside the region ( p ,+4) , 9
are outside the region ( p+3) and all are outside the region
(p _+1) . Likewise, for industry 36, the estimated variance

a

of the distribution of p increases as p increases and c
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decreases. It is clear that in this sense ^ , or the
parameters of its distribution, cannot be considered

independent of the effective value of 6 and is thus not

scale invariant.

It is more difficult to determine whether or not p
A

is approximately scale invariant, conditional on S lying

within a certain region of the parameter space. For a
A

well 'designed' set of data, such as for industry 36, S ,

as far as can be judged is an unbiased estimator of S , and

p an almost unbiased estimator of p . It would appear
< *

that for these cases, where o and ^ are hardly ever extreme,
A

that r is scale invariant, except in so far as scaling may
A

be necessary to obtain non-extreme values of S . For the

poorly designed industries an examination of the simulation
A

results leads to the impression that outside the range of %,

(0.2,0.45) approximately, extreme values of p result,
A

becoming more extreme as S becomes more extreme.
A

We have argued that the parameter p is not scale invariant,
in the sense that its value and standard error are sensitive

to the value of a , an estimator which in its turn is

dependent upon S , a parameter which is not scale invariant.

This lack of 'schle invariance' is most apparent when a

sensible scaling system is not adopted. ,Vhen the 'design'
A

of a set of data is poor extreme values of S , leading to

virtually uninterpretable estimates of p , are fairly
frequent. Only when the 'design* of a set of data is good,

and the effective S is not extreme, can we hope to obtain

reasonable estimates of p , It can be seen that it is the
interaction of the 'design' of a set of data and the scaling
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effect which is important in determining the quality of the

estimates of p obtained, rather than either factor

separately. It is now time to discuss what constitutes a

well-designed set cf data.

5.7 The 'Design' problem

The social sciences in general, and econometrics in

particular differ from other areas of statistical practice

in that controlled experimentation is not possible. In

particular, for the Clio production function, we cannot

control the levels of the capital or labour variables, and

thus cannot ensure that parameters are precisely estimated,

in all the sets of data we have examined the 'design' of

the data is poor, in the sense that p cannot be precisely
estimated, though some 'designs' are much worse than others.

It is interesting to ask what would constitute a well

designed set of data, in order to be able to determine whether

a given body of data has any chance of producing useful

results, without having to indulge in a fairly complicated

estimation procedure. This question we shall attempt to

answer in this section.

Consider equation (5.11), which provides an asymptotic

approximation to the standard errors of the parameter estimates

in (4.2). Taking the precision of estimation of a parameter

to be measured by its standard error we see that this is
2.

dependent on two factors, 8 an estimate of the error

variance and the matrix H, a function of the variables and

the parameter values. Both of these quantities will be
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unknown in practice, so (5.11) as it stands will be of

little use for determining a priori the potential performance

of a set of data. Ideally we should like some measure of

the information contained in a set of data which is dependent

on the data only. For models such as the CLo, which are

non-linear in parameters and variables, such an ideal is

necessarily unattainable, nevertheless an approximate measure

of information is suggested by Amenta's approximation,

(4.4) lol/j- = locj y ~h V y£ ( K-;/Li )
— L. (i — S lexj ( Ki /L i )J

which we write for convenience as

(5.19) loy ( Vi/Li )= <x, (Ki/L\ ) ~h °<3 (Ki/t i j)

assuming >> is equal to unity.

•\e see that (5.19), essentially a quadratic approximation

to the Cbb with constant returns to scale, is dependent on the

variable log(K^/L^), fcather than any function of 4^ or
separately. The only parameter dependent in any way on p is °<3.
Although (5.19) is unsuitable for estimating p it seems
intuitively reasonable to suppose that there is some connection

between the precision with which <x? is estimated in (5.19)
and the precision with which Q is estimated in (4.2), for the
same body of data, if the assumption that ii> » 1 in (5.19)
is unimportant. All other factors being equal, measures of
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information contained in a body of data, based on (5.19),

might then be used to predict the relative performance of

different sets of data, so far as estimation of ^ is
concerned. Two possible measures of information suggest

themselves. If

k- t
(5.20) A. = —- X -rr- > variables being scaled

Li K
and N observations are available the design matrix for

(5.19) can be denoted by

(5.21)

X
'V

IcCj A/
I Ocj Az

iccj An

(A,)
( lojAS

«

an)

Suppose, now, we are in a position to design an

experiment, that is, to choose the values of A^, i = 1, N.
One criterion for a good design, which effectively attempts

to minimise the generalised variance of all the parameter

estimates, is to maximise the determinant X/ X . This'-v 'V

criterion has been suggested, by G. Box and Lucas (1959),
and others. A second possible criterion, suggested by

M.J. Box (1971), for use when we are only interested in a

subset of the parameters is to partition £ as
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I wn.
(5.22) X X

W2J . K.t

where corresponds to the parameters of interest, and

to maximise the determinant j ^2?"*^ "21 j *
these criteria were suggested for use in non-linear situations,

when they will depend on the unknown parameters, but are

equally applicable to the kind of situation we are envisaging.

Assuming that, if we use (5.22), cxr? is the parameter
of interest and assuming an experimental region defined as

(-a, +a) optimal designs are generated by taking observations

at the points f-a, 0, +aj in the ratio I1 : 1 : ij or
1 : 2 : 1j , depending on whether we use the |x ijor the

| W..j - W-2 ^211 cr>Tterion. These results are given
/V 'r\s' J

by Kendall and btuart (1966; Vol 3 p.160) and b.J. nilliams

(1958) respectively.

In order to see if the suggested measures of information

are useful for the non-linear model, (4.2), we have calculated

l5-23) 4 =

and (5.24) J = I W„ — w;2 ^ ' k/,,
Ax

for all eighteen industries. These results are presented in

Table 17. In a simulation situation we are in a position to

ensure, except for the scaling effect, that conditions are
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TABLE 17.

Information measures, thei r ranking and the ranking of the

performance of the various industries for r> - -0.25> and

O « +0.25 under direct and an ti- thetic variate simulation
V

C 2f

5USTRV I I x lO R (If ) R<I,) iT AV D AV

2 0 0.247 0.120 12 15 14 14 14 14

22 0.133 0.169 15 14 15 16 16 16

23 3.666 1.134 6 6 8 11 4 2

24 1.967 0. 726 10 9 10 8 7 10

25 0.245 0.252 13 12 13 13 13 13

26 2.621 0.629 3 10 7 6 11 9

27 0.0404 0.O760 17 18 18 18 18 13

28 2.990 0. 811 7 8 6 1 10 8

29 0.04 88 0.0825 16 17 17 15 17 17

30 0.185 0.239 14 13 12 lO 12 12

31 6.966 2.657 5 2 5 9 2 4

32 12.954 2.541 1 3 2 2 5 5

33 lO.578 1.722 3 5 4 5 6 6

34 O. 979 0. 387 11 11 11 12 9 11

35 1.982 0.868 9 7 9 7 8 7

36 11.227 3.419 2 1 1 3 1 3

37 lO.414 1.932 4 4 3 4 3 1

38 O.0384 0.106 18 16 16 17 15 15

NOTES (1) R( ) refers to the ranking of the information
measures.

(2) D and AV refer to the ranking of performance
under direct and anti-thetic simulation,
respectively.



similar from data set to data set. If the measures of

information are to be useful at all they should be able to

predict the relative performance of each set of data, as

regards precision of estimation of the parameters of the

distribution of ^ . Accordingly, we have ranked each
industry in terms of its performance, in the simulation under

identical conditions, for (D = -0.25 and p = +0.25. Two
ranking systems have been used. The first is based on the

estimated variance of the distribution of r , taking the

smallest estimated variance of the two direct simulations for

each industry. The second is based on the estimated variance

of the anti-thetic variance estimate. By ranking the measures

of information in decreasing magnitude, and the estimated

variances in increasing magnitude we expect any rank

correlation coefficient between the measures of information and

ohe sise of the estimated variances to be large, if the

measures of information are useful predictors of the performance

of a body of data.

.Ve might expect that results will be better for direct

as opposed to anti-thetic variate simulation and for^»~G.25
as opposed to p = -<-0.25, since extreme values are more likely
to produce misleading results for anti-thetic variates and

for p = +0.25. Table 17 presents the ranking of the

performance of the various industries. Bpearman's rank

correlation coefficient between I. and I^» and the
performance of each of the industries has been calculated

and is presented in Table 18.
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table 18

Spearman*s Bank Correlation Coefficient

(3 = -0.25 q - +0.25
Direct

Simulation

A.V,

Simulation

Direct

Simulation

a.v.

Simulation

0.974 0.876 0.905 0.920

0.960 0.824 0.967 0.950

In every case the estimated rank correlation coefficient

is high, suggesting that, despite the approximations involved

our measures of information are useful indicators of

performance in this situation. This is particularly so for

the direct simulation when ^ = -0.25, the situation for
which extreme value problems are relatively unimportant.

There seems to be little difference between the results

produced by 1^ and l£» so either measure would seem equally
useful in a practical situation. Next, we can ask how useful

are our measures of information in practice, when we have

no idea of the true parameter values, or of the size of the

error variance? This we attempt to answer by computing

Spearmans rank correlation coefficient between our measures

of information, and the standard errors of £ which arise
in practice, for those industries for which estimates have

been obtained (given in Table 11). The correlation coefficients
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turn out to be 0.80 and 0.70 for 1^ and respectively,
Industry 26 performs much better in practice than in

simulation, possibly because its error variance is smaller

than for any of the other industries with relatively good

designs. Omitting this industry from our analysis the

correlation coefficients are 0.85 and 0.82. As is to be

expected these results are not as good as those obtained

with the simulated data, chiefly because of the variation

in the error variance and parameter values. Nevertheless .

the correlations between our information measures and

performances are still fairly higlj, suggesting that in

practice, given several sets of data, such measures will be

useful for predicting the relative performance of different

bodies of data.

In practice the 'design1 of the data is far from

optimal. An examination of the quantity log A^, where
is given by (5.20), shows that for most industries its

range is small and that it tends to be distributed evenly over

a subsection of the range with, usually, one or two more

extreme values. The range of log A. varies in the region

(1.00, 1.31) for industries 31,32,33,36,37, in the region

(0,70, 0.95) for industries 23,24,26,28,34, and 35, and

is less than 0.65 for the remaining industries. This grouping

corresponds to that arrived at on the basis of the values

of I, this latter quantity providing greater numerical

differentiation between industries. The industries which

produce the worst results are those for which the range

of log A^ is least. Insofar as this implies a lack of
variation in the ratio (K^/L^) the problem can be regarded
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as analogous to the problem of raulti-collinearity

encountered in linear regression. Given that economic data

is often highly correlated, in particular the capital and

labour variables, we surmise that in general the type of

data used with (4.2) will preclude precise estimation of p
if all parameters are estimated simultaneously using least

squares techniques.

Since it is much easier to calculate information

measures than to estimate p> , it may be possible to use
such measures to determine whether or not estimation is

worthwhile. Owing to the fact that we know nothing about

the true values of the parameters in our model this would

necessarily have to be done in an informal fashion. One

possibility would be to calculate information measures as

a percentage of the maximum information provided by any

industry. It would then be possible to proceed by estimating

the parameters for those bodies of data which provide the

most information, judging from the results obtained whether

or not it is worthwhile investigating other bodies of data.

For example, using 1-^ eight of the eighteen industries have
an information measure less than 10/j of that for industry 32.

Of these industries five (20,27,30,34 and 33) produce poorer

results than any of the other industries for which convergent

estimates have been obtained, while three (22,25,29) have not

produced convergent estimates. Similar results are obtained

using l2» These results suggest that, on the basis of the
estimates of p for a few industries, say 31,32,33,36 and 37
one could say with some certainty that estimation of p> for
industries 20,22,25,27,29,30,34 and 33 would be pointless.
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Of those industries which have not produced convergent

estimates the above indicates that we would do better to

concentrate on industries 28 and 36, at the expense of

22,25 and 29, if we want our efforts to be repaid with
A

useful estimates of ^ .

5.8 Conclusion

The conclusions that can be reached on the basis of

the results in this chapter are, on the whole, negative.

Discounting Tsurumi's results which I believe to be incorrect,

all the uses of (4.1) or (4.2) known to me have led to

imprecise estimates of ^ . Even in a simulation context
A

the variance of the distribution of ^ ia usually so great
that we cannot hope to obtain precise estimates of the

parameters of this distribution at a reasonable cost, given

that the data used is realistic. This indeterminacy in the

estimate of p is largely attributable to the •design* of
the data used. The precision of estimation seems to be

dependent upon the variation in the ratio (K^/L^), a
variation which is usually small enough to make precise

estimation impossible. Because we cannot control the variables

K.^ and L^, and because the collinearity between and
is likely to be present whatever the source of data, it

seems probable that (4.2) j and almost certainly (4.1)} will
be of little use for estimating ^ , with precision, under any
circumstances.

A further problem is that of the scaling effect. Our

analysis suggests that some form of scaling is desirable, but

42



even if this is the case there is no guarantee that p will
be scale invariant, even though p is. In view of the above
conclusions, together with those reached in previous chapters

we see that no satisfactory means of estimating p , or the
substitution parameter p , exists. This conclusion is
attributable to the quality of the data usually available

for estimation purposes, a consequence of this is that

the errors-in-variables problem, discussed briefly in the

next chapter, is of secondary importance, we shall summarise

the findings of this thesis in more detail in the final

chapter when some alternative to the production function

will also be discussed.
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AiK-NDIX A5.1

A5.1 The problem of extreme values and non-convergence

The problems caused by the presence of extreme values

of the simulates or by non-convergence have been mentioned

several times in the previous chapter. In the event such

problems are not critical, for even if they could be

satisfactorily resolved, the computing time that would be

required to examine extensively the sampling distribution
A

of ^ , would be prohibitive. In this appendix we discuss
some of the above problems, illustrated on industry 26, for

which the effects of extreme values are more apparent than

for industry 36. denoting the sample of simulated values
A

of ^ by x- (in this appendix only); i « 1, n, the
quantities

are, theoretically, unbiased estimates of the mean and

variance of the population from which the sample is taken,

assuming for the moment that there are no non-convergent

simulates. The problem of extreme values arises because,

in sampling from distribution of the x- , we have no

means of knowing whether or not the tails of the distribution

are fairly represented, in such circumstances the true

of simulates

n

and (a5.2) Vcur(ic) — ( X; — X )'^j (K_ / )
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mean and variance of the distribution of X. - ; and e1
say, will be poorly estimated by the theoretically unbiased

quantities (A5.1) and (a5.2) if the sample is not large

enough and either of the tails of the distribution are

over-represented in the sample. Table 19 presents estimates

of the bias in j? and tne variance of its distribution,
based on the data for industry 26. The last three columns

present the number of convergent simulates outside the

region ( P +. 2} and the bias and variance estimates

obtained if these are omitted from our calculations. The

disproportionate effect that two or three extreme simulates

can have on our estimates is clear to see. Nevertheless

the extreme values cannot be ignored as they form a genuine
A

part of the sampling distribution of r .

sampling until we have enough simulates to render the

extreme value problem unimportant is impractical, apart

from the fact that we don't know what constitutes a

sufficiently large sample, evidence from industry 36 and

26 suggests that the required computing time will be

excessive. Neither can we 'weight' the simulates, since

this would require knowledge of the sampling distribution

which we do not possess, Aobust estimation techniques

for the mean might be feasible, but effectively would

require us to ignore part of the sampling distribution,

in an arbitrary fashion. It would seem that, for the

industry data which is relatively poorly designed, the

extreme value problem is such as to render the satisfactory

estimation of the parameters of the sampling distribution

of 0 almost impossible.
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Table 19

Direct simulation results for industry 26, Indicating the

number of simulates outside the region (p+2) and the mean

and variance within this region

n N Mean of Est.var. N^ Adjusted Adjusted
^ Mean var.

-0.5

-0.25

-0.10

-0.01

0.01

0.10

80 -0.581 0.555 -

81 -O.491 0.523 1 -0.46 0.45

80 -0.327 0.570 -

80 -0.232 0.545 1 -0.20 0.45

79 -O.180 0.701 2 -0.12 0.57

80 -O.075 0.636 1 -0.04 0.52

80 -0.093 0.842 2 -0.02 0.65

79 0.020 0.742 1 -0.06 0.61

79 -0.076 0.901 2 -0.00 0.69

79 0.042 0.796 2 0.06 0.62

80 0.014 1.120 3 0.11 0.73

79 0.142 0.950 2 0.16 0.72

NOTES/



NOTES (1) Results for p> o.lo are omitted since more
than four extreme estimates were present in

each case

(2) N^ is the number of simulates outside the
region ( p £2); the adjusted mean and variance
are the estimates of the mean and variance

of the distribution of j? in the region { ^±2)



Once we take into accoumt the fact that we have non-

convergent simulates the problem becomes worse. Denoting

by 'true' estimate, the value to which the simulate would

have converged, had convergence been attained, the most

common cases of non-convergence occur when the true

estimate appears to be extreme, or near to aero. If X is

the sample mean that would be obtained, had all estimates

converged, x the mean based on the converged simulates,

Var(X), var(x) the corresponding variances, n the number

of convergent values and ; i = 1, n the 'true*

estimates we have

It can be seen that these differences are greatest when

the Hrue1 estimates are extreme, essentially, then, the

problem is the same as the extreme value problem, except that

by ignoring non-convergent estimates we may be ignoring

an important part of the sampling distribution - again

obtaining misleading estimates of the parameters of this

distribution, rte-eetimation of non-convergent values,

using different starting values in the iterative procedure

would, even if convergent values were produced, be of little

use, since we would then have the extreme value problem as

ori-inally stated. Again, it is with the poorly designed

data sets that the problem of non-convergence, when the

i — n+l

U5.4) Var(X) - -
_ (n,-n) as n, (a -Xf r (x.-xf

(n-l) (n-1) £*_/) •
i ®k,-h
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* true1 estimate is extreme, is greatest.

The above provides additional evidence, if any is

required, that most of the data at our disposal is

unsuitable for determining properties of the sampling

distribution of p , using simulation techniques.



CHAPTER VI

6.1 Introduction

Having concluded that, with realistic data, the errors

in variables problem is of secondary importance if we wish

to obtain precise estimates of p or p> , we shall not
examine this problem in any depth. Section 6.2 presents

simulation results associated with the non-linear estimation

problem, while section 6.3 considers the indirect estimation

problem, when errors in the variables are present.

6.2 Errors in variables in the non linear case.

So far we have regarded (5.12) as a relationship between

variables V^, and L^, these last two variables being
measured without error

(5.12) 'o-J 5',-j = log f — -p /ogfSK; C-h(/-S)L, p -Mij

In the simulation K. and L. are given and V. . is generated
XX X j

according to (5.12) with £.. ~N(Q,<r ). Suppose, now, that
X J

we observe k. . rather than K_. where
XJ X

(6.1) k;j = K, + Kt 6,. .

In other words our measure of capital is in error by an

amount dependent on the magnitude of its true value. We

1



believe that in practice capital is the variable most

likely to be subjected to serious error and it seems reasonable

to suppose that the error of observation will depend in some

way on IU . For the purposes of simulation xve have taken

€ to be from a dbubly truncated normal distribution

k (0, ). This ensures the impossibility of negative values

of kiy for a suitable choice of truncation point, in all
cases we have taken <r equal to 0.04 and the points of

truncation are such that

(6-2) f( I e«..l >l) =
lJ

P ( I I > o-r) ^ o-o/2

This suggests that our choice of cr* may be too large,

since an error greater than (k^/2) could be regarded as
excessive, and (6.2) shows than the probability of this

occurring is not negligible, kevertheless the choice should

be suitable for illustrative purposes, adopting similar

conditions to those used for the simulation in the previous

chapter, generating #1 simulates in each simulation, output

is now generated according to (>.12) but parameters are

estimated from

(6.3) log V-. = )oej jf ( 1 > J -1' error

for i>=1 ,N ; j *

The error tern in (6.3) contains an element caused by

2



the error in This derived error is generally hetero-

scedastic, depending on the true parameter and variable

values, and the error in it may, in any particular

instance, be calculated as

(6.4) = — log I C + 0-S) log Li C]
ij c

—

—c + ('-£) /o3L>C] •

Tables 20 and 21 present direct simulation results for

industries 36 and 26, when errors in variables are present.

These results are to be compared with those in Tables 5 and

19 respectively, and are presented on similar lines except

that the estimated means of the distribution of £ are

also given.

Disregarding those results for which the estimates of

bias and variance are unreliable, owing to the presence of

extreme values, little can be said of a general nature.

Comparing the more reliable estimates of variance or the

number of simulates of ^ in the region ( (0 _+ 0.2$) it
would appear that the presence of errors in adversely

affects the precision of estimation of for industry 36,
but not for industry 26. This is unhelpful, as also are

the estimates of bias. These estimates of bias are generally

larger in magnitude for the no errors in variables case,

but little significance can be attached to this fact because

of the size of the associated standard errors and the

extreme value problem, anti-thetic variate results, not

presented here, were of little help in determining whether

3



TABLE 20.

Simulation results for industry 36 when errors-in-the-variables

are present.
U

50" 0
I +1

Bias $ y *

A

80 -0.054 0.796 12 25 0.320

-0.50 0.371

81 -0.1O5 0.536 17 30 0.326

78 0.027 0.455 7 26 0.29O

-0.25 0.335

80 -0.030 0.463 10 27 0.292

81 0.145 0.757 5 30 0.267

-0.10 0.314

79 0.025 0.477 6 25 0.271

80 0.183 0.826 3 24 0.255

-0.01 0.301

81 C.063 0.487 5 26 0.259

81 0.199 0.838 3 25 0.252

O.Ol 0.299

79 0.074 0.509 5 21 0.257

79 0.153 0.422 1 23 0.242

O.lO 0.287

79 0.120 0.575 4 21 0.243

80 0.304 1.057 0 25 0.219

0.25 0.267

78 0.163 0.595 3 21 0.224

79 0.358 0.653 0 24 0.186

0.50 ?S Oo'SSS ©,S53 0.237

80 0.437 1.994 2 20 0.187

NOTE The bias refers to the estimated bias in p , considered
as an estimate of p .



TABLE 21.

Simulation results for Industry _2 6_ when_ errors In the

variables are present. ^
V*

o
4-\

^ T ^ c *« Bljs ^ V i i

81 -0.309 2.058 22 29 0.472

-0.50 0.533

81 -0.138 0.575 22 23 0.464

81 -0.240 0.627 13 28 0.359

-0.25 O.411

80 -0.191 0.496 14 23 0.355

80 -0.267 0.615 11 28 0.296

-0.10 0.343

78 -0.239 0.534 13 20 0.292

79 -0.299 O.654 10 28 0.262

-0.01 O.304

78 -0.264 0.595 13 18 0.257

79 -0.292 0.667 11 26 0.254

0.01 O.296

79 -0.267 0.608 13 17 0.249

79 -0.313 0.747 12 24 0.221

O.IO 0.261

80 -0.295 0.739 12 15 0.218

79 -0.310 1.290 12 18 0.174

0.25 0.208

80 -0.437 2.305 11 17 0.169

78 -0.375 2.748 12 14 0.113

0.50 0.139

78 -0.531 2.882 17 16 0.107



bias is present for the errors in variables situation.

This was because the presence of errors in variables

appeared to destroy the high correlation between the anti¬

thetic variates, necessary to improve the precision of

estimation. All in all these results are disappointing,

but this is unavoidable owing to the poor *design' of the

data with which we have to work. In a simulation context

the presence of errors in the variables makes it even more

difficult to estimate parameters of the distribution of f
In a practical context we have, in effect, already concluded

that any bias caused by the presence of errors is unimportant

relative to the size of the standard errors associated with

parameter estimates.

Of the other parametei estimates y and v appear to
be unbiased estimates, regardless of the presence of errors

in the variables. It is only in the case of S that

significant regularities emerge. The effective & is

usually precisely and accurately estimated if no errors are

present. Judging by the results in Tables 20 and 21 if

errors are present the estimate of the effective & is

oiased downwards by an amount varying between 0.01 and 0,06.

Alternatively we could regard the presence of errors as

altering the value of the effective S in a downward direction.

This might be important in practice, in that it renders

extreme estimates of : and hence of p more likely, though
this would only be true over a certain range of values. On

the whole the results in Tables 20 and 21 support our

contention that the errors in variables problem is of

secondary importance.

6



6.3 Errors in variables in the linear case

Of the indirect linear methods of estimating

discussed in chapters 2 and 3 we suggested that the one

most likely to be of use in practice was (2.1).

(2.1) locjf^ +" P lo$ ■

Our preference for this was based on the fact that the

variable r^, necessary for most of the other indirect
methods cannot be measured or defined in a satisfactory

manner. Concentrating, then, on (2,1), we have already

mentioned several specialised forms of the errors in variables

problem in chapter 3, in particular the lack of a price

variable, variation in labour quality and aggregation bias.

Mayor (1969; p.156) and others have shown, within a speci¬

fication analysis framework, that under certain assumptions

the first two of these potential sources of bias may lead

to a bias towards unity in the estimate of ^ . It is
obvious that the effect of errors in variables on estimates

will depend on the manner in which the error enters (2.1)
and upon its distributional properties. If, for example,

we observe the variables, measured with error

(6.5) (i — L.i £Li and

m -- ^ a-v-i 1 i

where gL) and eW] are log-normally distributed errors, then,
remembering that (2.7) rather than (2.1) is appropriate in

7



practice, the derived error is normally distributed and

In particular the results of Richardson and <Vu (1970) are

appropriate if only is subject to error, those of

Halperin and Gurian (1971) being appropriate if L^, or
and /^, are subject to errors.
If the error enters into the variables in a manner

similar to that in (6.1) with the
? or having an

unknown but homoscedastic distribution it is easily shown

that the estimate of ^ is inconsistent, being biased
downwards in the limit. It is well known that, given an

equation of the form

(6.6) Y. — *<- ^i ~h where we observe

A
known results are available for the distribution of p .

x.=Xl-hUlI I I

(6.7) r'<» ( f -p) = — (?

we have

where <JZ is the variance of U- , assumed homoscedastic, and

o~z the 'variance' of the X.. Now considering (2.7)X X

(2.7) log (Vl /Li) — ^ -f- p log ( / L) ) +-

where we observe

therefore,

8



bince J g ( < / and the distribution of 6W. is
horaoscedastic (2.4) has the same structure as (6.6) and

the same result applies, since the distribution of log ( f+ )
is homoscedastic. Considering (6.6) where we observe

(6.8) y. =. y. -p U; it is easy to show that

(6.9) p>'"((f-f) = (I-?) 1(0-;+of) ,

This situation just outlined arises when there is error

in only,of the form

(6.10) /, = Li ( 1 + eL. ) .

Summarising we see that error in /vb of the kind discussed

leads to a downward 'asymptotic bias', while error in

lead to a bias towards unity. In general error in ..y will
be more serious than error in since for jp[ < 2 the
latter source of error tends to 'cancel* out, completely

so if = 1 .

It would be possible to assume that the error enters in

such a manner that knovm results are not available to

predict the effect on the estimate of (3 . This however
would be creating an artificial problem since we believe

that (o.10) is a reasonable means of characterising the

manner in which the error enters. In fact I believe that

the errors in variables is not important in the case of

(2.1) or (2.4) for the following reasons.

9



(a) Of the variables under consideration is most

likely to be subject to serious error, and this does not
enter into (2.1).

(b) From chapter 3 there is no evidence that the errors

in variables problem is serious in a practical context,
partly owing to the imprecision with which q is usually
determined. It would be naive to suppose that most of
the variation in our estimates is caused by errors in the
variables; other sources of bias are equally, if not more,

important.

(c) The very variety of possible sources of bias,
coupled with the imprecision of estimates, has caused us to
rule out (2.1) as a useful means of estimating j3 in the
majority of cases.

Since I regard other linear methods as being no better,

and often worse, than (2.1) this leads to the conclusion

that the errors in variables problem is a secondary one,

both for the linear and non linear methods of estimating

the substitution parameter.

10



GHnJrTExi VII

CONCLUSION

7.1 Summary of conclusions

The major conclusion arrived at in the course of this

study is that, given realistic data, the two factor Co^

production function is usually inadequate for obtaining

reliable estimates of the elasticity of substitution, (3
Cor (> ) • -after summarising the reasons for reaching this
conclusion we shall briefly survey some of the attempts

which have been made to provide alternative and more satis¬

factory methods of production function analysis,

starting from the relationship (3.1)

(3.1) Vl — Y\_ ^ C ~i~ ( ' ^ CJ
we have examined more than ten different methods that have

been proposed for estimating the parameters p or ^ where

(7.1) = ( /-h (>) .

In chapters 2 and 3 indirect, linear methods of estimating ^
were considered, particularly equation (2.1),

(2.1) log ( Vi /Li ) - ^ ~f- (? )ocj ur}

by far the most extensively used equation in empirical

studies of the CjUo production function. /»e rejected the use

1



of (2.1) as a useful means of determining the elasticity of

substitution for two main reasons. One of these reasons,

that (2.1) requires a large number of dubious assumptions to

justify its use, has often been recognised; the second reason,
A

that (b is usually so imprecisely estimated that we are

unable to make useful inferences about the true value |3 ,
has received less explicit recognition. In particular the

comparative study in chapter 2 indicates that in many cases

we may not be justified in fitting (2.1) to our data; a

preliminary examination of the data often being sufficient

to reveal this. Estimates of (3 in such cases are worthless.
Further, having no basis for choosing between different

variable definitions, and hence treating different sets of

results as equally valid we see that rarely do we have any

consensus as to the true value of {b , so far as point

estimates are concerned.

The reasons why the imprecision generally associated

with estimates of has often been ignored are twofold.

Firstly different investigators usually only concern them¬

selves with their own results; secondly, and more important,

is the 'positive' approach to interpretation of results

often adopted. By this is meant the hypothesis testing

approach, which specifies a 'preferred' value of p and
gives no explicit recognition to the wide range of hypotheses

acceptable at any given level of significance, tfe have

argued that a neutral presentation of results, such as a

confidence interval approach, is preferable in that the

imprecision associated with results is explicitly recognized.

Such an approach would guard against the over enthusiastic

2



interpretation of results which often justify no

interpretation at all.

Other indirect alternatives to (2.1) suffer from one or

other of three drawbacks, the number of assumptions involved

in their justification, the lack of an adequate statistical

approach to testing of results or the lack of adequate data.

This latter drawback, in particular, leads to a method of

constructing the necessary variables which often has an

unfortunate effect on the estimation procedure, tending to

produce estimates of p less than unity in the cases examined
A consequence of this is that none of the alternatives to

(2.1) can be considered superior to (2.1), for which reason

direct non-linear methods of estimation would seem preferable

Non-linear methods can be divided into three classes,

Bayesian, likelihood and least squares methods. Although

methods of the first two kinds appear to produce more precise

estimates of p they involve assumptions which 1 would
consider unnatural and difficult to justify. For this reason

least squares methods, admitting of a more natural economic

interpretation, are to be preferred. Unfortunately such

methods very rarely lead to satisfactory estimates of p ;
indeed such estimates are usually so imprecise that nothing

of any use can be said about the true value of p . The
simulation study in chapter 5 was intended to clarify some of

the reasons for this being the case, it emerged that in a

simulation context little could be discovered about the

parameters of the distribution of p without recourse to
an excessive amount of simulation. The most important

factor in producing these poor results, one over which we



have no control in practice, is the poor quality or design

of the data. Effectively it is the correlation between

and L., leading to a lack of variation in the ratio1 * °

(K^/L^) which causes the problem, .ve are trying to estimate
a three dimensional surface with data pertaining to a

fairly narrow 1 strip* of the surface, and it is hardly

surprising that certain parameters are poorly estimated,

A secondary, though by no means unimportant, factor

which can lead to poor results is the scaling effect. Units

of measurement are arbitrary and the parameter & is not

invariant to the units of measurement used. If variables

are not scaled, so that they are not expressed in comparable

units, a situation often arises where the effective value of

o is near zero or unity leading to an extreme estimate of

S and hence to an unreliable estimate of p , Even when

scaling takes place there is no guarantee that this problem
/\

is avoided, and no guarantee that £ is independent of S ,

Taken in conjunction with the design problem and the fact that

the assumptions necessary in other non-linear methods are

usually unjustified we are led to conclude that, with realistic

data, no satisfactory method of estimating the substitution

parameter exists,

7,2 The assumptions and the data

This rejection of the existing methodology associated

with the estimation of the substitution parameter in the CE3

production function is not definitive. The methods examined

in the preceding chapters would obviously be adequate if the

4



assumptions and data were adequate.

Concerning the adequacy of the assumptions involved little

research has been carried out, except for the work of

Ramsey (1969) who has developed specification error tests,

employed in Ramsey and Zarembka (1971), suitable for

choosing between certain of the functional forms discussed

in chapter 4. Generally, in the linear or non-linear case,

the necessary assumptions are stated with no attempt at

justification being made. Since point estimates, at least,

appear to be sensitive to the method of estimation used

this state of affairs is unsatisfactory. Lacking adequate

'objective' statistical tests at least two approaches are

possible. One would be to choose a method and then attempt

to justify the assumption or assess the probability of their

being correct. The second would be to state what one

believed to be true of the 'real1 world and then choose the

method whose assumptions most nearly correspond to the

'true state of affairs.' Both of these approaches necessarily

involve a high degree of 'expert' judgement and therefore lie

more in the province of the economist than the statistician.

The lack of adequate data constitutes a more serious

barrier to the satisfactory use of the methodology discussed

in this thesis. Ryan's (1973) results suggest that the use

of data at the firm level may enable satisfactory estimates

of to be obtained with linear methods of estimation;

it is not obvious that this would be so with the theoretically

preferable non-linear methods. To have any chance of obtain¬

ing precise estimates of p we require a large amount of
variation in the ratio (K^/L^). This is more likely to be

5



obtained with data at the firm level than at the industry-

level, since the latter tends to * average out' the more

extreme values of the firm level, 1 would surmise that data

aggregated at the industry level, or a higher level, will

nearly always produce unsatisfactory results. Given this,

future research ought to concentrate on data aggregated

at a lower level than the industry level, and on the validity

of the assumptions involved in the various methods. There

is no guarantee that useful results would emerge, or indeed

that a two factor production function is valid at the lower

levels of aggregation, but if we wish to use the two factor

CbS production function the above seems one of the few

potentially useful lines of research available. Other possible

uses of the COS might involve the estimation of the whole

production function, rather than particular parameters; in

order to estimate the marginal products of the various inputs,

for instance, or else to predict future output. Lovell

(1973b) has produced work on the predictive power of the Chb,

but otherwise little has been done in this field.

7.3 nn irrelevant aside

Before passing on to alternatives to the two factor CBS

production function one other point, not strictly relevant,

is worth making. This is to remark on the quality of

interpretation of the results in several of the studies

mentioned in chapters 2 and 3, which I would consider un¬

satisfactory or at least over enthusiastic. Possibly this

may be caused by a lack of understanding of the methods used,

6



by the author1s concerned, but a more important factor is

likely to be the strength of their prior beliefs. This

influences the manner in which, for example, null hypotheses

are chosen, the levels of significance chosen, and the amount

of evidence which is regarded as, say, confirming the validity

of the Cobb-Douglas hypothesis. All this serves to 'bias'

the interpretation of a given set of results, reflecting the

investigator's prejudices, chiefly because the size of the

standard errors allows a wide variety of interpretations.

In the above sense an element of 'subjectivity' creeps into

the analysis of the data in an 'objective' guise. This is

probably true of most statistical analyses of data, but is

important in our case because the power of the tests employed

is low. where a neutral presentation of results is not

adopted investigators are, in a sense, behaving as 'Bayesians'

without explicitly admitting the fact, and' this is disturbing

in so far as their prior beliefs do significantly influence

their results and Interpretations.

It is amusing to speculate whether or-not a genuinely

Bayesian approach could be adopted to the papers described

in the first two chapters, Ouch an approach would have the

advantage of forcing investigators to state and justify their

prior beliefs and might well serve to show that the data

itself has little influence on our final conclusions. Of

course some authors, notably aellner, are committed to the

Bayesian position, but this is on general philosophical

grounds, .rather than the possibility that such an approach

is well suited to economic data, where precise 'objective'

estimation is impossible.

7



ii regrettable feature of the dob literature and production

function literature generally, is the proliferation of

theoretical studies designed to refute old methods of

estimation or demonstrate new ones, estimates are only

calculated for demonstrative or comparative purposes; where

estimates are to be used for other purposes or are regarded

as being interesting in themselves, little critical judgement

seems to be exercised in the choice of methods used. Jrerhaps

this is unavoidable in the published literature where a

new method may well seem more interesting than constructive use

of an old one. Nevertheless, as we have seen, well over ten

different ways of estimating the parameters of the Coo

production function have been suggested, shortly we shall

.indicate numerous other possible functional forms, or means

of generating them, that have been proposed for production

functions, iotentiaily each of these forms can be estimated

in more than one fashion, so that a given body of data could

be treated in an extremely large number of ways. 1 would

contend that, with the possible exception of the Cobb-touglas

model, no functional form has been shown to be of any great

practical use. liather than adding to the theoretical

literature l would suggest that the time has come for research

to concentrate on the investigation of the existing

methodology to see if any methods are superior to the others,

or indeed to see if any produce useful and acceptable results.

On the evidence of this study 1 would hazard a guess that

the answer will generally be 'No' to both questions, so

far as parameter estimation is concerned.

a



7.4 .atoe-natives to the two x'actor ,.-reduction function

Dispensing with polemic «e turn now to a oriei

examination ox alternatives to or extensions of the two

factor Caw production function. The moot obvious extension

would be to a p-factor production function, where p is

greater than two, in this case the d^o could be written as

a form waich has been justified by Uzawa (19b2), <«& have
f

p factors of production ; j « and ^ » 1.
^ i

fhis model mapiies that the elasticity of substitution

between any two factors is the same as between any other two

factors, economists usually regard this as a very severe

restriction, for which reason other functional forms,

preferable to (7.2) have been sought, since (7.2) contains

at least one additional parameter it seems obvious that

direct estimation will be as, or more, complicated tnan for

the two factor case and will be subject to the same problems,

ho attempts at direct estimation are known to me. Indirect

estimation may be carried out along the same lines as for

the two factor case; equations similar to (2.6) and (3.26)

being derived and used for estimation purposes, using three

factors of production, capital, production workers and non-

production workers, Gujarati and faboszi (1972) and Lovell

(1973a) have presented estimates of a , based on (7.2).

v

Lovell estimates A using

(7.3) lo
-

rz (X
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where u^_i is the wa Je rate of production workers only.
Since this and r^ cannot be measured directly measures
similar to (3.2S) and (3.29) resulting in a structure similar

to (3.33) must be used. Thus use of (7.3) is open to the

same objections as use of (3.26); namely that the manner in

which we measure the variables is liable to produce

•artificial' results, we note that only 2 of Lovell's 17
A

estimates produce a (3 greater than unity, in conformity with
the regularities discussed in chapter 3.

Other side relations derivable from (7.2) with three

factors are

(7.4) V,/ K, = ^ -f P loc}ri

(7.5)

(7.6) lo

Vi/4; <x: -f- (3 / o cj ■

1 V:i/Mi 1 = « -h P lo3

(7.7) ^ / ul

Here and if are production and non-production workers

respectively, and wc.and w^.. their wage rates. Gujarati
and Faboszi present estimates of (3 based on (7.5), (7.6)
and (7.7) respectively. Arguing that,if (7.2) is correct

the estimates of ^ from these three equations should be
statistic ally similar, they test for equality between pairs

of estimates, using a t-test and the assumption that the

variances of the populations, from which the estimates are

theoretically drawn, are equal. On this basis it is found

10



that the majority of estimates obtained usin^ (7.5) differ

significantly from those obtained using (7.6) or (7.7)»

at the 5/>> level of significance. The conclusion is that

tiiis casts some doubt on the validity of (7.2).
There are some disquieting features about the results

and procedure adopted by Gujarati and Fabozzi which highlight
some of the problems involved in using a multifactor

production function and cast some doubt on their conclusions.

In the first instance several of the estimates obtained using

(7.6) or (7.7) are negative, and only 7 of the J6 standard

errors associated with the estimates from these two equations

are less than 0.2. Given that negative values of p are
theoretically impossible, and that standard error greater

than 0.2 can be considered relatively large, these results

might lead us to question the validity of (7.6) or (7.7).
If these equations are inappropriate for estimating q ,

comparison with results from (7.5) is pointless, secondly,

so many assumptions are needed to derive (7.5), (7.6) and

(7.7) that genuine differences between estimates are just as

likely to reflect on these as on the validity of (7.2). In

particular, we might regard (7.2), (7.4), (7.5) and (7.6) as

a simultaneous equation system, ahich if any, single equation

is then appropriate for estimation purposes will be determined

by which variables are exogenous. It is quite possible that

only one of the four equations, not necessarily (7.5) or

(7.6), may be appropriate. As in the two factor case

innumerable interpretations of the results are available,

with added complications caused by the extra factor. ,.e

must conclude that the procedure adopted by Gujarati and

11



Fabozzi, or indeed any procedure involving indirect

estimation, can tell us very little about the validity, or

otherwise, of (7.2).

Having decided that p factor variants of the CES

production function are of no more use, for our purposes, than

the two factor version, what alternative two factor forms

are available. Three possibilities are

suggested by Mukerji (1963), Soskice (1968) and Kadiyala

(1971-72) respectively. It can be seen that, for certain

parameter values, all three of these equations reduce to

the two factor CES production function. Equation (7.9) has

the property of constant elasticity of substitution and

variable returns to scale, given by y(V) where y(V) is a

quadratic in V of the form

Equation (7.8) is more interesting in its p-factor from

where it has the property that elasticities of substitution

between different pairs of factors vary and are non-constant,

though the ratios of the partial elasticities are constant.

Kadiyala's function (7.10) exhibits a variable elasticity of

and 1

(7.11) V ( V) - ^ + c, V ■+
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substitution, p(k^,L^) of the form

(7.12) (?(K, , Lj) = ( /_e + H) '

-C[i,(l-S,-lSz)-S*]
where (7.13) R

( S, 4, f~ ^/—2$z)

and = (L i/ *"i ), which is, perhaps, of a more complicated
nature than is desirable. Of (7.3), (7.9) and (7.10) only

(7.10), to my knowledge, has been subjected to a practical

application, by *-ieyer and ^adiyala (1973-74). They present

estimates of the parameters in (7.10) assuming p( =
and in the Cobb-Douglas and Cxjo models, comparing the residual

sum of squares associated with each model, ho indication

of the precision of the estimates, as opposed to the

appropriateness of the model, is given. The data used is

taken from a series of agricultural experiments; 32

replications of a particular experiment being used. The

variables and L. correspond to water irrigation rates

and nitrogen fertilizer rates respectively, corresponding

to output measured in terms of bushels of corn. Presumably such

designed data would exhibit more variation that the kind of

data considered in the rest of this thesis, and with data

on genuine economic variables it is unlikely that (7.10)

would be of more use than the Guo for estimating the

elasticity of substitution or related parameters. In fact

this last statement is likely to be true of (7.3) and (7.9)

as well. The similarity of (7.3), (7.9) and (7.10) to

the two factor Csb form, coupled with the fact that it is

necessary to estimate extra parameters means that, at the

1 ^



very best, these equations will be subject to the same

estimation problems as the CIS form, and consequently will

be of little use in practice for estimating the elasticity

of substitution.

several papers exist which deal with the generation of

production functions, notably those of oato (1967), Sellner
and iievankar (1969) and Ilanoch (1971). Sato's purpose is

'to show the extent to which one can generalize beyond the

assumption of constant elasticity of substitution and still

derive an explicit production function'. It is shown that

if the elasticity of substitution is of the form

and 'a' is rational an explicit form exists, though in general

such a form will be too complicated for practical use. A

practical illustration of bato's results, for the case

a = 1, is given in Sato and Hoffman (1966). The production

function investigated is of the form

where constant returns to scale are assumed. The estimation

technique is somewhat complicated and involves obtaining

a prior estimate of b/(l+c) from any one of three side

conditions. Since the authors consider three alternative

forms of (7.15) and use time series data, considering (7.15)
with and without a time variable any single body of time

(7.14)

<m

14



series data leads to 18 possible estimates of b (9 in the

case of cross-section data). Japanese and U.b. data are

used, the only results presented being the two (one for

each country) considered the most Satisfying1 (p.457)
in waich 'each coefficient has the right sign and is

statistically significant'. Given the number of assumptions

needed to obtain the prior estimate of b/(1+c), the fact

that this estimate is treated as a known constant and the

arbitrary nature in which the 'best' estimate of b is

chosen (7.15) cannot be considered as a reasonable practical

alternative to the CES production function, bince (7.15)
is one of the most tractable forms produced by oato's

method this conclusion is likely to be valid for other forms

derived in the same fashion.

Eellner and kevankar (1969) indicate another means of

generating production functions, the method being summarised

in Eellner's (1971) book. They present 'an operational

method for generating production functions exhibiting returns

to scale which vary with the scale of operations in a pre-

assigned manner and having a pre-assigned elasticity of

substitution which can be constant or variable'. (p.248)
The chief merit of this approach is that it allows known

functional forms to be generalized to allow for variable

returns to scale; being similar to the method used by

ooskice in this respect. An empirical application, based

on the Cobb-Gouglas function is presented in the 1969 paper,

and further examples are given in kevankar (1971a,b). The

first of these two papers by kevankar contains a largely

15



a largely theoretical treatment of a function identical in

form to (7.15); the second paper presents a theoretical

and practical treatment of the same function in a time

series context. Both papers utilise side conditions based

on the perfect competition and profit maximization assumptions.

The first paper presents a 'tongue in cheek' application of

one of the side conditions, occasioned by the lack of data

on r^, while the second paper uses two side conditions and
(7.15) in a simultaneous equations approach. This use of

assumptions and side conditions has been discussed in

connection with the CES production function and the same-

comments and objections apply here. Often the use of side

conditions may be the only way of producing a tractable

estimation problem, but results must be viewed with suspicion.

Hanoch (1971) discusses multi-factor production functions

which allow for differing elasticities of substitution

between different pairs of factors. These elasticities vary

as factor proportions vary, but remain in constant ratio,

thus including (7.3) as a special case. The treatment is

purely theoretical, an empirical application being promised

for later. If we have a vector of p inputs, x the production

function is defined implicitly by

y,
{7.16) r(v x)= 2_, t)'Lx'/ h(v)] -i = o

i' = /

where h(V) is a continuously differentiable function of

output that has to be specified before a particular functional

form can be obtained. The conditions under which (7.16
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yields a unique, explicit functional form are given. Various

examples of specific functional forms are introduced, possible

estimation techniques being discussed briefly. It would

appear that problems are likely to arise from simultaneous

equation bias, lack of suitable data and parameter restrictions,

but a full scale empirical application is required before the

usefulness of Hanoch's procedure can be judged.

This brief survey of alternative production functions to

the bus, or aieans of generating them, is by no means exhaustive.

Lu and Fletcher (1968) derive the production function

—cO-f-f) _ i /p
(7.17) Vt = -%)y(Hi/Li) L'C] <•

under the assumption that

(7.18) log ( U/i,) = a + fe >°3 ^ H'/Ll )
is an adequate description of the data, and constant returns

to scale prevail, hevankar (1971a) briefly discusses more

or less sophisticated extensions of the Cobb-Douglas model.

Lovell (1973a) considers a three factor variable elasticity

of substitution production function which leads to the side

condition

ir= -(f) +d)f '
This relation will usually be unsatisfactory for the same

reason that its log-linear counterpart is unsatisfactory,

17



namely the lack of data on rv. Berndt and Christensen (1973)

investigate production functions of the form

P

(7.20) ley V~ A ~h iojX, t"-j YAfi ( log A
p p

+ iZ L \ocj h logX- f X Tm A, log
i=l /=/

where A is a technology index and X^, i = 1,.. . .p are
inputs. The list of possible functional forms is, in fact,

almost endless.

Little or no empirical work has been carried out on

most of the functional forms discussed in this chapter and

enough has now been said to justify some of the points made

in 7.3. Namely

(a) there are numerous functional alternatives to the
CLS production function

(b) for each alternative several different estimation

techniques, direct or indirect, for some or all of
the parameters, usually exist.

(c) little empirical work is associated with these
alternatives

(d) the estimation problems associated with these
alternatives will be as great or greater than the
problems associated with the estimation of the
elasticity of substitution from the CsG model.

Since, for most realistic bodies of data, the God turns out

to be unsatisfactory for determining the elasticity of

substitution, I would thus surmise that alternative functional

forms of the same, or greater, complexity will be also.
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