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S U4MART 

Theoretical equations were developed to describe mass transfer 

in the continuous phase around any solid or rapidly-circulating 

axisymmetric body of revolution. These equations apply only when 

the Peclet and Schmidt numbers are large. 

The general transfer equations were used to predict transfer 

relationships for the following bodies, which are of importance in 

gas absorption, liquid-liquid extraction, and the dissolution or 

sublimation of solids. 

Solid and Fluid Spheres at ile 	1 and Re >> 1 

Solid and Fluid Oblate and Prolate Spheroids at Re >> 1 

Fluid Spherical Caps at Re >> 1 

The effect of unsteady-state influences on steady-state transfer 

from solid and fluid bodies of revolution was also considered, and was 

shown to be unimportant for fluid bodies, but more appreciable for 

solid particles. 

Equations were derived for mass transfer around slowly-circulating 

and rapidly-circulating spheres moving at Re 	1 and Re >> 1 through 

a continuous phase contaminated with surfactant. 

Novel experimental techniques were developed to study the 

dissolution of single carbon-dioxide bubbles in distilled water. 

The overall solution rate at any instant after bubble release was 

measured through recording pressure fluctuations occurring in an air 

space enclosed above the water surface in an absorption column in 

which the bubble was rising and dissolving. 

information about the shape of the bubble at the moment its 
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solution rate was being measured was obtained by taking shadow photo-

graphs of its cross-section. From the point transfer rates and 

shapes, instantaneous mass transfer coefficients were calculated. 

The absorption column was also used to measure the average 

velocities of carbon-dioxide bubbles. 	These agreed with published 

data for air bubbles (Ui) in a column of the same internal diameter, 

and for carbon-dioxide bubbles (L5) in a 6" diameter tube. 

The shapes of carbon-dioxide bubbles whose equivalent spherical 

diameter d 5  was less than about 1 cm. were in close agreement with 

published data CL 11, 87 9  Ti). 	Larger bubbles were found to be less 

flattened than reported (D49 Ti): this difference in shape was 

explained by the relative closeness of container walls to the rising 

bubbles. 

The mass transfer coefficients of bubbles in the size range 

0.4 ,4 d e .-,,  3.1 amao were independent of bubble age, because of the 

high purity of the water used experimentally. 

Bubbles in the range 0.4 	'.1.9 oms. dissolved with a constant 

transfer coefficient of about 0.028 can./sec. 	The coefficients for 

bubbles less than 1 cm. in diameter lay within 10 of a theoretical 
DL'Ia te 

curve for,1spher.Isin potential flow. 	Bubbles between 1.4 and 1.9 ems. 

in size were found to be highly deformed, and their transfer 

coefficients were consequently 20% greater than predicted by an 

expression for spherical cape in potential flow. 

Spherical cap bubbles 2.4 to 2.8 ems. in size dissolved with 

transfer coefficients close to the theoretical spherical cap curve. 

Transfer coefficients for bubbles around 3 oms. in diameter fell 

up to 30% above spherical cap theory: there is evidence to believe 
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that the increase was caused through disturbance of the flattened 

rear of the cape induced by the presence of small bubbles in the wake. 

Ways in which bubble age could Influence the rate of transfer 

were considered: of these, interfacial contamination by surfactant 

Impurities seemed the most probable. 



INTRODUCTION 

In many industrial processes, material transfer from one phase to 

another is promoted by dispersing one of the phases in a continuous 

bulk of the second: this serves to create both high contact areas and 

turbulent conditions under which transfer rates will be enhanced. 

Common processes in which gas bubble swarms are contacted with a 

continuous liquid phase are distillation, fermentation, sewage 

treatment, and gas stripping or scrubbing. Apart from distillation, 

deep pool contactors are often used in these operations under 

conditions where individual bubbles are far enough apart for their 

mass transfer and rise to be virtually unaffected by the presence of 

others around them. 	In such cases, it is possible to predict 

reasonably accurate transfer coefficients for bubble swarms from data 

for single bubbles in free rise through stagnant liquid. Although 

complex hydrodynamic conditions make it impossible to predict transfer 

to or from gas bubbles from the single bubble model alone, important 

factors influencing transfer in these types of equipment may also be 

suggested by experimental and theoretical conclusions from single 

bubble studies. 

The dissolution of single rising bubbles is therefore of 

industrial importance, and has been studied extensively (32 9  I4 9  05 9  

09 9  D2 9  D5 9  G14 9  H4 9  L3, L4 9  L6 9  Lii, P2 0  96). 	Most investigators 

have confined their work to gas-liquid systems in which the rate of 

gas transfer is limited by diffusion in the continuous phase. 	These 

liquid film-controlled situations are of particular interest in 

fermentation and sewage purification processes, where gas diffusion 
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determines the rate of supply of oxygen or hydrogen to growing 

organisms, or the rate of elimination of carbon dioxide from them. 

In spite of the attention given to this transfer topic, much of 

the previous work is unsatisfactory from several points of view. 

For example, until recently experimental transfer rates were based on 

gross effects - i.e., the rate of change of the concentration of gas 

in the bulk liquid caused by bubbling a known number of bubbles 

through it (B4 9  09, Lii, P2), or the total change in volume of a 

bubble rising through the transfer column (D2 9  014 0  H4) from which 

only average transfer coefficients could be calculated. None of 

these authors considered that since the size, shape, and velocity of 

a bubble change noticeably as it rises and dissolves, its mass 

transfer coefficient should also vary considerably. This variation 

has in fact been noticed in the results of recent studies (B2 9  D5 9  05, 

L6) into the instantaneous rates at which bubbles dissolve (B2 9  D5) 9  

and their average rates of solution over short pool heights in the 

same experimental column (05, 16). 	These experimenters also found 

that the age of a bubble had a marked effect on its solution rate. 

Another unsatisfactory feature of the experimental work which 

has been published BO far is the small amount of data dealing with 

large bubbles. With the exception of Baird and Davidson (B2) and 

Leonard and Houghton (L6) all other investigators have concentrated 

on bubbles whose equivalent spherical diameters (the diameter of a 

sphere of the sane volume as the bubble) have been lees than 1 cm. 

Although bubble sizes in industrial plant usually lie within this 

range, there are many situations in which coalescence and gas 

desorption can increase the size of a bubble undergoing transfer far 



above the 1 cm. limit. Confining attention to such a small range 

of diameters also gives no indication of possible advantages in using 

large bubbles rather than small ones in transfer processes. 

It has also been common practice to calculate mass transfer 

coefficients from experimental transfer rates by taking the area of 

the bubble in contact with the continuous phase as the area of the 

equivalent sphere. 	For practical considerations, this convention is 

quite satisfactory, as the transfer rate over the entire gas envelope 

is the factor which is of most importance, and can be found directly 

from the experimental results or by multiplying the calculated 

transfer coefficient by the assumed contact area and a suitable 

concentration driving force. However, for theoretical purposes, and 

to allow comparison of the true mass transfer coefficients of bubbles 

of different sizes, it is necessary to separate the individual 

contributions of the transfer coefficient and the contact area to the 

total transfer coefficient by evaluating the contact area more 

accurately. To amplify this point, gas bubbles are generally far 

from spherical and deform more and more from a spherical form as the 

equivalent diameter increases. As the extent of deformation 

increases, so does the ratio of the true contact area to that of an 

equivalent sphere. Use of the equivalent spherical area in assessing 

experimental results therefore causes increasing underestimation of 

the contact area and overestimation of the transfer coefficient as 

the bubble size is increased. These effects are not particularly 

important for small bubbles, but can lead to important differences in 

the case of large bubbles ( >.ca. 1 cm.) of the type studied by Baird 

(B2) and Leonard (L6). 	For example, the ratio of the contact area 



to the equivalent spherical area 18 about 1.16 for a 1 cm. bubble, 

and as much as 1.4 for one which is 2 cm. in diameter; corresponding 

transfer coefficients for these bubbles worked out using the true 

contact area are 14 and 29%  1e88 than those based on the equivalent 

area. 

Because of the shortcomings in previous studies which have just 

been pointed out, an experimental programme was started to investigate 

continuous phase transfer around single gas bubbles over a wide else 

range, with a view to producing accurate mass transfer coefficients. 

To do this, equipment was designed and constructed to enable the shape 

of a bubble, and therefore its contact area, to be estimated at the 

same time that its point mass transfer rate was being recorded. The 

effect of the instantaneous shape of the bubble on the instantaneous 

transfer coefficient - other than through increase in area - could 

therefore be assessed. The experimental arrangement also enabled 

the effect of the age of a bubble on Its solution rate to be studied. 

A complementary study of the rising velocities of soluble gas 

bubbles was also carried out to provide data for use in calculations. 

The importance of the rising velocity from an experimental and 

theoretical standpoint has led to a survey of published information 

on the motion of insoluble bubbles, and this comprises the first part 

of the Literature Survey section which follows this Introduction. 

As transfer around a rising bubble Is only one special case of 

the general subject of transfer around any body past which fluid is 

flowing, the Literature Survey includes a summary of relevant studies 

of solid and liquid bodies as well as on gas bubbles themselves. 

The emphasis which the experimental work lays on the influence 



of bubble shape on transfer rate has led to a theoretical analysis 

of transfer around solid or fluid bodies of revolution: conclusions 

from this analysis, described in the Theoretical Principles section, 

may therefore prove to be of value not only in gas-liquid studies, 

but also in liquid-liquid extraction and the dissolution or 

sublimation of solids. While mass transfer is referred to in this 

section, the conclusions obtained will of course apply to analagous 

heat transfer cases. 

Pollowing this part of the report, 'Experimental Details' 

summarises reasons for choosing the gas-liquid and experimental 

systems finally used in this work, and discusses the theory leading 

to expressions for the mass transfer coefficient in terms of 

experimental parameters. The experimental equipment, and the 

treatment of measured quantities to obtain the final data are also 

described. 

The section 'Results and Discussion' presents the final 

experimental results and compares them with theoretical predictions 

and other published data. 	'Conclusions' and 'Recommendations for 

Future Work' follow in order, and the Appendices provide complementary 

information for a thorough study of the report. 



A. The Motion of Gas Bubbles rising through still Liquids 

It will be shown later that the rates of solution of gas bubbles 

depend upon their velocities and shapes. Detailed knowledge of 

bubble motion is therefore of importance for an understanding of mass-

transfer processes occurring in gas bubble-liquid oontaotora, and it 

is convenient to consider the topic at this stage. 

A complete theoretical description of bubble motion is not 

possible because of the complex way in which bubbles rise. Most 

investigations have therefore been oxperimental in nature, and 

conclusions have generally been expressed in the form of empirical 

equations. 

The majority of studies into bubble behaviour have dealt with 

air as the gas under investigation. 	Those few (D2, G14, L6 9  Lii, S12, 

Z2) dealing with the rise of soluble gases do not allow any compre-

hensive description of the process of rise to be made, as the data 

is scarce and conflicting. Accordingly, discussion of the motion 

of soluble bubbles will be left until later. After an initial review 

of some of the most important early papers, details will be given 

about the motion of air bubbles rising through any liquid, with 

particular reference to recent experimental and theoretical work. 

Following this, the motion of air bubbles in water will be considered, 

to enable later comparison with results for soluble gases. The 

effect of surface-active agents on bubble motion will then be 

considered, and a summary of the rising characteristics of soluble 

bubbles will end the section. 



1. Early ".ork 

By neglecting the inertial terms appearing in the Xavier-Stokes 

equation, i.e. Re <. 1, Stokes (811) showed that the velocity of a 

solid sphere failing in an infinite fluid of constant properties was, 

U-  g4d2  
- 	

(1) 

Because the equations of notion cannot normally be solved for 

flow regimes where the inertial terms are important, it is customary 

to introduce an arbitrarily defined drag coefficient to summarise 

experimental data, 

- 	2R' 
CD-z -______ 

oU A0  

When the velocity is constant, R', the total fluid resisting 

force, is given by V4g, where V is the volume of the moving body. 

For spheres, A 0 , the cross-sectional area normal to the direction of 

rise or fall, and V can be expressed as simple functions of the 

diameter. For bodies such as large liquid drops or bubbles which 

are deformed from the spherical shape, this is no longer possible. 

It is still convenient, however, to express A0  and V in terms of the 

diameter de  of a sphere equal in volume to the drop or bubble. 

4d 4pg = 	e 	 (3) 
3f0r 

In the Stokes' rc?ime, therefore, 

CD fleAl 	 (4) 

Hadamard (H2) and Rybozyneki (a?) considered the motion of a 

fluid sphere with Re <. 1, 

(2) 



IT 	
3,/A 0  + 3,u1 	9d2 	 (5) = 

+3,Mj 18  

where the subscripts o and I refer to the continuous and drop phases 

respectively. 

•'• 	- •r 	
3/ 0  , 	+ 3/u; 

	

- 24 2,,A 0  + 3114 1 	
(6) 

Equations 5 and 6 show that for an infinite value of/i (solid 

body) the Stokes' expressions 1 and 4 are found. When/4 1  is very 

low (gas bubble) the velocity is 1.5 times that of a solid sphere of 

the same size and the drag coefficient is reduced to 16/Re, both 

effects being due to decreased interfacial shear. 

Allen's (A2) experiments with air bubbles in water and aniline 

gave excellent agreement with Stokes' equation for the velocity for 

Re <2. For He200, the drag coefficients agreed with those for 

solid spheres, 

CD 
	constant 	 (7) 

Hadamard's equation did not apply, presumably because of the 

"solidifying" effect of trace impurities present at the interface. 

This effect will be discussed later. 

Miyagl (M3) studied the rise of single air bubbles in water for 

0•18de<0•79 cm. and found that, after a maximum velocity at a 

diameter of 0.33 cm., the velocity decreased to a minimum at a 

diameter of 0.61 cm., after which the velocity seemed to be 

independent of size. 

An important theoretical analysis of gas bubble motion at he 1 

was given by Levich (L7). 	On the assumptions that the velocity field 
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around a rising bubble differed only slightly from the invisoid 

solution, and that tangential stresses vanished at the interface, 

Levich tried to integrate the equation of motion, and expressed his 

result for the "perturbed" velocity as an unevaluated integral. On 

failing to obtain an equation for the true velocity outside the sphere, 

Levich evaluated the drag force from the dissipation energy based on 

the inviscid solution, and gave, 

 US 
48 

0D (8) 

Experimental results by Datta at al. (D2) for air bubbles in 

water agreed with those of Allen and Miyagi. 

Davies and Taylor (D4) Investigated the rise in water and aniline 

of air bubbles in the size range 1.4< de  7.3 cm. 	These bubbles 

were mushroom-shaped. Their rising velocities were independent of 

the fluid properties, and were given by, 

U = 0.674R) 1 	 (9) 

where the cap radius R equals 1.15 de s 

The drag coefficient had a constant value of 2.6. 

The experimental results were explained on the basis of inviscid 

flow over the bubble surface. 

Rosenberg's (R5) study of the shape and velocity of air bubbles 

in water included critical Reynold's numbers for the transition of one 

bubble shape to another. 	For 5,000 .< Re-,--  40 0 000 the drag coefficient 

was constant at a value of 2.6. 

2. Recent Work 

Haberman and Morton (Hl) studied the motion of air bubbles in 
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liquids whose viscosity, density, and surface tension varied over 

wide ranges. 	In all, eight test liquids were used, with water at 

three different temperatures, and three teat tanks, all of which were 

large enough to prevent the presence of the walls from affecting the 

bubble velocities. An initial plot showed that the rising velocity 

of a bubble of fixed volume varied widely with the liquid used. A 

dimensional analysis was made on the assumption that the bubble 

velocity was dependent upon d 5 ,(J 0 , p,, g, and a', and the resultant 

dimensionless groups used in an attempt to correlate the experimental 

results. 	These groups were CD  and Re, together with We and P4. 	The 

Weber number We measures the ratio of the hydrodynamic pressure forces 

to the surface tension forces which are maintaining the shape of the 

bubble: as We increases, therefore, the bubble shape correspondingly 

deviates more and more from the spherical. P4 is a property of the 

liquid alone and variations in II are mainly due to the factor/A 04 . 

Graphs of CD  vs. Re and 0 vs. We were drawn. Although a 

complete description of the bubble motion by use or any three of the 

dimensionless parameters was not possible several important conclusions 

could be drawn from the results. 

For low P4 liquids (P4 < 10 8 ), including water, the velocity 

increased rapidly at first as the volume increased, reached a maximum. 

and, after falling to a minimum, rose again gradually. For high P4 

liquids (P4 >.lO) the velocity increased steadily with increase in 

volume, the rate of increase falling off at a fairly well defined 

value of d5 . 

Bubbles in low P4 liquids were at first spherical, then 

increasingly oblate. At about the value of de  corresponding to the 



maximum velocity the shape fluctuated rapidly about an oblate form 

and continued to do so with increase in volume until, for large de 

spherical-capped bubbles appeared. For high !4 liquids spherical cape 

were achieved without the bubble surface ever becoming unsteady. 

For low M liquids the bubble path was at first rectilinear then, 

at about the bubble diameter for the maximum velocity, both planar 

zig-zag and spiral paths occurred. Spherical-capped bubbles rose in 

straight lines. Only linear paths were followed by bubbles in high 

M liquids. 

The drag coefficients for small spherical bubbles were the same 

as those for rigid spheres of the same size. For larger spherical 

bubbles 0D depended on the liquid, being either the same as or lower 

than that of a solid sphere. 

Ellipsoidal and spherical-oapped bubbles occurred at different 

ranges of Re for the various liquids; for low M liquids, a minimum 

in the drag coefficient was reached at Re25O. The minima occurred 

near the diameter for transition from spherical to ellipsoidal shapes. 

Such minima were not found for liquids of high M value. The 

dependence of CD  on I was mainly in the approximate range 

10  < Re <((lO 3 ). Above Re 5000 all bubbles were spherical-capped 

and had a constant drag coefficient of 2.6. 

Conclusions were also reached about the effect of impurities and 

surfactants on rising velocities. 

Peebles and Garber (P4) measured bubble velocities in sixteen 

liquids and deduced empirical correlations for drag coefficients in 

the four regions into which they divided their results, 
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Unlike other workers (D4, Ml, R5) Peebles and Garber found no 

regime in which the drag coefficient was constant. A serious 

criticism of their work is that the experimental tube which they used 

was insufficiently wide to prevent reduction of the velocity by drag 

at the walls. 	According to Datta (Dl) and lJno and Kintner (Ui) this 

wall effect becomes important when the ratio of tube diameter to 

bubble diameter is lees than ten: since Peebles' tube was only 1.03" 

In inside diameter, the value of his results for bubble diameters 

greater than 0.25 cm. is severely limited. 	The first two equations 

are satisfactory, however, the first one corresponding to Stokes' law 

and the second agreeing reasonably well with Allen's value of 

const./Re1 . 

Siemee (57) attempted to explain the behaviour of rising bubbles 

by means of an approximate theoretical treatment, instead of 

empiricism. Air-bubble velocities calculated from a pressure balance 

over the bubble surface, on the assumption of potential flow around 

oblate spheroids, agreed reasonably well with experimental values for 

de< 0.72 cm. An analysis similar to Levich's showed that 

CD = 48/Re for spherical bubbles moving at reasonably high Re. Siemes 

also expressed drag coefficients for flattened bubbles below the 

maximum velocity diameter an the drag coefficient for a sphere of the 
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sane size multiplied by a factor whose value depended on the 

oblateness of the bubble. Suggestions were made that the helical 

paths adopted by bubbles larger than those for maximum velocities 

arose from flow separation which, through causing bubble deformation 

and oscillation, produced an additional resistance factor. 	It was 

found that 0D = 2.8 for de > 2 cm. 

The motion of small air bubbles was analysed theoretically and 

experimentally by Saffman (Si). Considering the flow around the 

front of a spiralling bubble to be invisoid, and the pitch of the 

spiral to be large compared to the radius, Saffnan predicted the 

rising velocity and bubble shape as functions of the bubble radius. 

Experimental and theoretical values were in fair agreement. A 

similar treatment of the zig-zag motion produced an equation 

determining the stability of the rectilinear motioni the calculated 

and experimental values of We for unstable motion differed by a factor 

of two. Saffrnan pointed out that the increase in 0D  accompanying the 

onset of zig-zag notion must be connected with a marked change in the 

structure of the wake, as form drag provided most of the total drag: 

it was suggested that the zig-zag motion was caused by the interaction 

of rtn oscillating wake and the instability of the motion near the 

front of a bubble which occurs when the bubble is sufficiently oblate. 

Wake oscillation by itself would not produce the zig-sag, as this 

motion has not been found With solid spheres (M4). 	No evidence was 

given concerning the causes of spiralling. 

A complementary study of bubble instability was provided by 

Hartunian and Sears 05). By finding the diameters at which bubbles 

rising through various liquids became unstable, and started to zig-zag, 



these workers were able to point to the existence of two criteria for 

predicting the onset of instability, viz. Recrit 	202 for bubbles 

rising through either impure or viscous liquids, and We 0 	= 1.26 

for bubbles in pure, relatively inviscid liquids. 	Dye injections 

showed that wakes could be seen only behind bubbles in impure and 

viscous liquids: when the critical diameter was reached, the bubble 

oscillated and the dye dispersed. Since Hartunian and Sears could 

find no wake behind bubbles rising through pure liquids of low 

viscosity, fIaberian and Morton's explanation that the rapid rise in 

the drag coefficient at the onset of instability was due to wake 

shedding seems unlikely. 

Moore (M5) enlarged on this point by emphasising that any 

explanation of the increase In drag coefficient in term& of hydro-

dynamic Instability requires the effects to start in all fluids at 

the same critical value of Re, whereas a critical value of We was 

found experimentally by llartwiian and Sears. 	Furthermore, since this 

value agreed with the critical We deduced on the assumption of 

inviecid, irrotational flow, Moore assessed that this flow regime 

provided a good approximation to the actual flow around spherical gas 

bubbles at high Re. The drag force arising from normal viscous 

stresses only was calculated on this basis and 0 was found to be 

given by, 

CD = 32/Re 	 (14) 

This equation agreed fairly well with data by Haberman and Morton 

for air bubbles rising through vareol and a 13 solution of ethyl 

alcohol in water, but gave low results for water. Moore also 

calculated the drag on larger bubbles, on the assumption that they 
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were oblate spheroids rising in potential flow, and gave 0D  initially 

as 32/Re multiplied by a complex function of the eccentricity whose 

value increased with increase in the flattening of the bubble. 

!urther consideration enabled CD  to be expressed in terms of We and K: 

in particular, it was predicted that 	should be a function of 

We alone. A plot of CD/M 	against We showed that the theoretically 

predicted curve agreed reasonably well with Haberman and Morton's 

experimental reeults in varsol, turpentine, nmd methyl alcohol for 

We <. 3, although experimental data for water lay far above the 

predicted line. The theoretical curve showed a distinct minimum at 

2.2, which suggested that the sharp minimum displayed by the 

experimental drag curve was not associated with the onset of 

instability of the flow, but was rather a property of the steady flow* 

Evidence of this lies in the fact that Rartunian and Sears found that 

an experimental critical '7e of 3 gave the start of unstable motion, 

whereas Haberman and Morton's minimum CD  corresponds to a critical We 

of about 2. 	Moore also i,redic*ed the value of Re at which the 

minimum drag should occur as 3.3 )f1'5 	Results calculated from 

this formula agree very well with values taken from Taberman and 

Morton's experimental curves. 

Much new data was collected and analysed by Tadaki and Maeda (Ti). 

Bubbles which had attained their terminal velocities were photographed 

at intervals of 0.1 second from the photographs, velocities and 

major-axes were found. 	In all, fourteen liquids were used, with K 

values from 3.94 x 10_11  to 2.52 x 	One of the liquids used was 

water containing 0.5 of PAN-450, a non-ionic surfactant. 	The range 

of bubble diameters studied was 0.25 < de <1.8 cm. 
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Unlike previous investigator, Tadaki and(aeda (Ti) managed to 

correlate moot of their data using the three parameters CD,  lie, and V. 

Their conclusions were, 

The first equation, for spherical caps, gives a constant drag 

coefficient in agreement with the results of Haberman and Morton (Hi). 

The other two drag equations apply to deformed bubbles existing between 

spherical caps and spheres. Tadaki and Maeda also rave expressions 

for bubble eccentricities. 

A major contribution to the study of as-bubble dynamics has 

recently been made by Chao (03), who applied the perturbation method 

due to Levich (Li) to analyse the motion of spherical drops moving at 

high Reynold's numbers. On the assumption that the flow field outside 

the bubble differed only slightly from the irrotational field, the 

Navier-Stokes and continuity equations were considerably simplified. 

Similar simplifications were made in the equations governing flow 

Inside the sphere, on considering that the flow pattern did not differ 

much from Hill's Inviseid vortex solution (Li) for internal 

circulation. 	The simplified boundary.-layer equations were solved 

simultaneously on the conditions that at the interface the tangential 

velocity components and the shear stresses for inner and outer flow 

were the same. 	The results were expressed in the form of dimension- 

less perturbations from the normal and tangential velocity components 
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of the inviacid inner and outer flow fields. From these perturba-

tions, Chao deduced the drag and the drag coefficients of the sphere. 

The drag coefficient, which applies to any fluid sphere moving at 

reasonably high Reynold's nuabers with no flow separation, was given by, 

C 
	1 + 	 - 0.314 	

1 + 4/4 i/u 0  
D = - 1 + 
	+ 	 ) 	Ro

t  1 + ( eiri./ 0 p 0 )j 

For gas bubbles 	 (ei/i/e0,u0) 
1 	1 	 (20) 

••. 	C 	1. .1 
2-- - 0.314 (1 	4 itAi/ .u ) 	 (2].) 

Re 	 / 

Comparison of results given by this equation with experimental 

drag coefficients for spherical air bubbles gave good agreement with 

results by Bryn (BlO) for a continuous phase of 13 ethyl alcohol in 

water, and with Haberman and Morton's data for varsol, turpentine, and 

methyl alcohol. 	In the range 0 . Re < 400, Haberman and Morton's 

experimental drag curve for spherical air bubbles rising through 

filtered water fell between that of a rigid sphere and the line 

predicted by equation 21. Chao suggested that explanations for this 

must be sought in terms of surface phenomena. 

Equation 21 predicts that the drag ooaffioient of a sphere moving 

through an invisoid fluid should equal 32/Re, which equals the value 

deduoed by Moore (Ms), but conflicts with the value of 48/Re calculated 

by Levich (L7) and Siames (87). 

An analysis of Chao's boundary conditions by the present author 

showed that one of these was incorrect. 	Chao (03) neglected curvature 

terms in the equation for the radial velocity component and concluded 

that pressure Throes In the boundary layer were unimportant. 

Accordingly, his equation for the continuity of shear stress at the 



interface was taken an a simplified form of a more general boundary 

condition. This simplification was unnecessary and led to error in 

the final drag equation. The correct form of the boundary equation 

is discussed in 32 a) (ii) of the Theoretical Principles, and is used 

to derive the following equation for gas bubbles, 

A'iRe 
	

(2) CD 	1 + 	- 0.314 	___ 

In the potential flow case, 0D  48/Re, which agrees with the 

predictions of Siemee (37) and Levlch (L7). 

The present analysis was completed before a recent paper by 

Moore (M6) was published, in which the error in Chao'e analysis was 

pointed out. 	In this article, Moore analysed the boundary-layer 

around a bubble by considering pressure forces in the boundary layer 

as well as normal viscous stresses, whereas his earlier analysis (M5) 

considered the latter contribution to drag alone. The differential 

boundary layer equation arising from the new analysis was found to be 

identical to that found by Chao (03)9 but the interfacial stress 

condition took a different, more accurate, value. 

On solving the boundary-layer equation, Moore assessed the drag 

contributed by the boundary-layer and by the thin wake behind the 

bubble, and concluded that the total drag could be described by, 

= 	- 2.2... 
CD Re 	

Ret + O('Re_5/6) I 	(23) 

This equation Is very similar to equation 22 derived in the course 

of the present work, and predicts that 0D - 48/Re for a sphere in 

potential flow. 

It therefore seems to be clear that the potential-flow drag 



coefficient for a sphere equals 48/Re, and not 32/Re as predicted by 

the inaccurate analyses of Chao (03) and Moore (M5). 

The main importance of Chao'a work is that his velocity distri-

butions, modified through the use of a more accurate boundary 

condition, can be used to predict theoretical mass-transfer equations 

for viscous spheres rising at high Reynold's numbers. The particular 

case of continuous phase transfer will be considered in Theoretical 

Principles. 

The conventional method of expressing drag coefficients in terms 

of the bubble's equivalent spherical diameter allows considerable 

simplification in techniques designed to study the relationship 

between the else of a bubble and its velocity, as only the velocity 

Itself and the bubble volume need be found experimentally. One 

disadvantage of this convention is that it is not possible to 

correlate in a satisfactory way the velocities of bubbles which are 

neither spheres nor spherical caps. 

This led Gorring and Katz (all) to recommend that the drag 00-

efficient should be based on the cros-seotional area and volume of 

an oblate spheroid instead of a sphere. For an oblate spheroid, 

0 	TI A 	a 	 (24) 

V 	.iTa2b 	 (25) 

where a and b are the semi-major and semiminor axes. 

Substituting these values for A0  and V into equation 2 9  

C 	-) 
8 £k' 

Os 	 ou 2  
(26) 

The precedent has always been to define the Reynold's number in 



terms of some characteristic length in a plane perpendicular to the 

direction of flow. ?or an oblate spheroid, therefore, Gorring and 

Katz pointed out that the Reyno].d's number should be defined as, 

Re 
OS 

= 2 a 	 (27) 

Gorring and Katz (Gil) used expressions for a and b developed by 

Ilartunian and Sears (H5) to re-correlate data of Haberman and Morton 

in terms of the new parameters. When the recalculated drag co-

efficients were plotted against the recalculated Reynold's numbers, 

it was found that for Re.-- 25 there was little improvement in the 

correlation because the bubbles remained essentially spherical. At 

larger Reynold's numbers there was a significant decrease in the spread 

between the minimum and maximum drag coefficients at a given Reynold's 

number. In the approximate range 100--,  he.-- 500 the new correlation 

reduced the spread by factors as much as 2.7. 

The new drag curves for all the liquids used by Haberman and 

Morton were smooth, but not quite linear, for 10 <Re 08  < 900. A 

value of Re08  of 1000 corresponds to a value of Re of approximately 

500. From this value to Re 5000, rising bubbles are still deformed, 

and the new variables may provide a satisfactory correlation in this 

range, although this has not been established so far. 

3. The Motion of Air Bubbles In Water 

a) Bubble Velocity 

The results of several authors for the velocities of air bubbles 

rising through water are shown in Pig. 1: the unbroken curve, drawn 

from the results of Haberman and Morton (Hi) for filtered water at 19001 
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can be considered to give the moat reliable velocity data. 

Above an equivalent diameter of about 0.6 ama., the various 

experimental results agree reasonably well, except for those of 

Peebles and Garber (P4), which are lowe this discrepancy can be 

explained by the wall effect mentioned previously. 

Below this diameter, the results are again in agreement, apart 

from data by O'Brien and Goaline (01). 	This difference can be 

explained when it is realised that the velocity of bubbles lees than 

0.6 ama. in diameter is highly dependent upon the purity of the 

continuous phase. Haberman and Morton (Hl), for example, found that 

bubble velocities in tap water were considerably lower than in filtered 

water: results obtained in unfiltered water are drawn as a dotted line 

in Pig. 1. 	The reduction in velocity caused by impurities present in 

tap water was of the same order as that caused by adding surfactant to 

the teat liquid. 	This suggests that the impurities can conveniently 

be classed as surface-active agents as regards their influence on 

rising velocities, and will be considered as such in the summary of 

the mechanism of shear increase by surfactants. 

At present, it can be said that the lack of agreement between 

O'Brien and Goeline's data and that of the other authors is due to 

variation in the purity of the water used experimentally. O'Brien 

and Goalirie did not use specially-treated water: on the other hand, 

Bryn (MO), Oorodetskaya (Gb), Peebles and Garber (Pe), Haberman and 

Morton (Hi), and Datta et al. (D2) used either distilled or filtered 

water, and their results correspond excellently. 

This section's conclusions are therefore based on data obtained 

in pure water. 
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The shape of the experimental plot is typical for pure liquids 

with low M values (M < 108): with increase in d 0 , the velocity first 

rises rapidly to a maximum, decreases more gradually to a minimum, and 

then increases steadily. 

The position of the maximum velocity varies slightly from one 

author to another. Table 1 compares maximum velocities and the 

"critical" diameters at which they occur. 

Table 1: Critical Diameters and Maximum Velocities 

Author 	 Water Temp. 0Q 	
de  cm. 	u cm./aec. 

Haberman & Morton (Hi) 
	

19 
	

0.14 	33 

Bryn (110) 18 	 0.15 35 

Gorodetekaya (Gb) 21 	 0.14 36 

Datta at al. (D2) 18 - 21 	0.18 31 

The average values at the maximum are 0.15 cm. and 34 am./sec. 

for the diameter and velocity respectively. 

After the sharp maximum, the velocity decreases to a minimum of 

about 22 csis./eec. at a diameter close to 0.6 oma. 

Bubbles whose equivalent spherical diameters are greater than 

about 1.8 ems. are spherical cape, and rise with a velocity given by, 

U - 1.02(gd/2) 
	

(28) 

The velocity does not vary much with temperature in the range 

shown here (18-21 °C). 

b) Drag Coefficients 

Velocity data taken from the smooth curve in Fig. 1 were converted 

to produce Fig. 2, which shows the dependence of the bubble drag co- 
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efficient C   on the Reynold's number Re. The theoretical curve 

given by equation 22, which was derived by modifying Chao'a analysis 

(03) for mobile spheres, and the experimental drag curve for solid 

spheres are included for comparison. 

For Re < 1 9  the experimental drag coefficients, although not 

shown here, follow Stokes' Law for solid spheres, and not the equation 

proposed by Hadamard (H2) for fluid spheres. As Re increases, Stokes' 

Law no longer holds, but the bubbles behave as rigid spheres up to 

Re 30, at which point the drag curve begins to fall below the solid-

sphere curve. 	This decrease, which is due to the onset of internal 

circulation, continues to a minimum drag of 0.17 at He 450, followed 

by a rapid increase in drag up to and beyond the solid-sphere curve to 

a constant drag coefficient of 2.6 at Re c500O. 

The abrupt increase in 0d  after the minimum, and the further ri
se  

to the constant value, are intimately connected with alterations in 

the shape and path of the rising bubble. 

Bubbles lees than about 0.1 cm. in diameter are spherical, and 

rise in straight lines (Ill, Si, Tl). 	Jp to the Reynold's number of 

about 200 which corresponds to this diameter, the drag curve fall. 

smoothly. As the diameter 1s increased, the bubble flattens and 

adopts an oblate shape, although it continues to rise rectilinearly, 

and the drag curve decreases smoothly as before. 

Above a diameter of 0.15 ems., the oblate bubble begins to 

zig-zag as it rises (Si): at this diameter, Re is roughly; 450 9  which 

is the same as the value at which the minimum drag and hence the 

maximum velocity occur. The onset of the zig-sag motion causes the 

sudden increase in the drag coefficient after the minimum. For 
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0.14< 	•.2 ems., Saffman ($1) found that the zig-sag increased 

in amplitude and flattened more, both effects causing the drag co-

efficient to continue rising. 	In the range 0.2 de --- 0.5 ems., the 

bubble either zig-zagged or spiralled but remained oblate and 

continued to flatten. As de  increased beyond 0.4 ems., the zig-zag 

or spiral began to disappear, and disappeared entirely at dec  ),6 cm. 

Bubbles larger than this rose in straight lines, their shapes becoming 

increasingly irregular, although still approximately ellipsoidal, as 

the equivalent diameter increased. These bubbles also tip at an 

angle to the vertical (01). 

The rising portion of the drag curve ends at Re 5000, when 

spherical-cap bubbles are found. 

The drag-coefficients of bubbles which are either spherical or 

only slightly deformed are greater than predicted by equation •22 which 

suggests that even In purified water trace impurities are present in 

amounts sufficient to retard the interfacial flow. 

c) Bubble Shapes 

The complex motion of gas bubbles makes it difficult to obtain 

information about their exact shapes. Bubbles can, however, be 

classified as spheres, oblate spheroids, irregular ellipsoids, and 

spherical caps, each category being found in a particular range of 

for a particular liquid. Table 2 summariess the experimental 

conclusions of several workers for the shapes of air bubbles in 

distilled water, 
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Table 2: Variation of Bubble Shape with Bguivalent Diameter 

Diameter Ranges for 

Author Water Temp. 
-  Oblate Irregular Spheres Spheroids i11ipsoids Caps 

Saffman 	(31) 16 - 1900 0.10m 0.1 -0.6 0.6 - 2 2 

ho 	(in) 25 - 2900 0.08 0.08-0.7 0.7 - 1.8 1.8 

Siemea 	(37) Not Given 0.12 0.12-0.6 0.6 - 2 2 

Rosenberg (R5) Not Available 0.13 0.13-0.5 0.5 - 1.7 1.7 

Haberman 
1900 013 1.7 & Morton (111) 1.7 0.13 - 

Bubbles whose diameters are leas than approximately 1 mm. are 

spherical: spherical-capped bubbles appear at an equivalent spherical 

diameter of roughly 1.8 ama. Between these two diameters, bubbles 

are flattened, and ellipsoidal. The degree of flattening has usually 

been characterised in two ways. 	Firstly, direct measurement of the 

maximum width of the bubble gives a major-axis, 2., which can be 

compared with the equivalent spherical diameter, d 0 , usually as a 

plot of d e  /2a versus de  for any particular liquid. 
By assuming that 

the rising bubbles are oblate spheroid., it in further possible to 

calculate bubble heights, or minor axes, 2b, from the major-axes and 

bubble volumes. 	This allows bubbles eccentricities, a/b, to be 

calculated, this ratio being used to characterise the shape of a 

rising bubble in a second way. 

The most extensive study of bubble shapes has been made by tmadaki 

and Maeda (Ti) as an integral part of an investigation into bubble 

motion. Results for the ratio d5/2a were, 
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Spherical Cape de/2a = 0.62 16.5 <. he M 23   

Ellipsoids  d,/2a a 1.36(Re M°23 )
-028 , 6 < he 16.5  

de/'2& - 1.14(Re O.23)_0.17692 < Re 	6 	(31) 

Spheres 	de/2a 1 	 , Re M0 ' 23 <. 2 	(32) 

Equations were also given for the minor axes of the rising 

bubbles, from which the following eccentricity equations were deduced. 

Spherical Caps E 	3.5 	 (33) 

Ellipsoids 	2 0.675(Re M0 ' 23 ) 0 ' 528 , 2 he M0 ' 23 	6 	(34) 

0.4(Re M0 ' 23 ) 084 	, 6 	he 	16.5 	(35) 

Spherical caps were therefore found to have geometric properties 

which were independent of the fluid through which they were rising. 

In particular, the eccentricity of such bubbles was constant at a 

value of 3.5. This value was also found by Rosenberg (R5)9 although 

Davies and Taylor (D4) give values ranging between 3.23 and 4.65. 

Sieines (87) has presented shape factors for air bubbles in 

distilled water in substantial agreement with results calculated from 

Tadaki and Maeda'a equations. 	Roeenber'8 results for the eccentri- 

cities of ellipsoidal bubbles are approximately 50 greater than those 

of Tadaki. 

Moore's analysis of bubble motion (M5) included a theoretical 

equation for the eccentricity of a rising bubble, 

re 5 	32 

	

E 	1+ 	- 	2 	 (36) 
c5IA o  

from which it can be seen that E depends very strongly on the ratio 

of r5  to the characteristic length (o ,,,44 02g_2 p_3 ) 1 "5 . 	For water, 

this length is about 0.2 mm. 

.. E 	1 + 7.61 x 104de5 
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4. The Effect of Surface Active A gents on the Motion of Drops and 

Bubbles 

Small bubbles rise as if they were solid and not fluid spheres: 

Bouseineer! (157) postulated that a dynamic surface tension, equal to 

the sun of the static surface tension and an increment due to motion, 

existed at the interface, and could be used to explain this anomaly. 

The dynamic increment includes a proportionality constant e i  (surface 

viscosity) which is a function of the two fluids comprising the inter-

face. 	Bouesinesq'e solution of the equations of motion for Re < 1. 

were, 

3-M0 +3 /Ui  ) ' R + ]. gLPd 	 (38) 
+ 3,M1) + e1  

24 01 + 	+ 3,u1)R 	
(39) 

+ O lm o + 3,,i 1 J 

For cases in which e1  was high, the velocity and the drag would 

therefore equal Stokes' values. 

There is, however, no experimental evidence that dynamic surface 

tension exists. 

An alternative explanation for the unexpected behaviour of bubbles 

at low Re was provided by ?ruakin and Levich (P6) 9  who suggested that 

trace surface-active impurities present in the continuous phase could 

have a marked influence on the motion of the interface. It was 

proposed that surfactant molecules swept around the front of the 

bubble to the rear tended to accumulate there. The resultant distri-

bution of surfactant concentrations around the bubble would lead to an 

interfacial surface tension gradient opposing interfacial flow, and 

even causing it to cease if the tension gradient were sufficiently large, 
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The boundary condition of equal disperse and continuous phase 

tangential shears at the interface would not apply in the presence of 

surfactants* 	Instead, the condition would take the more peneral form, 

iào 	
= ' 

	
(40) 

?rumkin and Levioh solved the equations of notion at Re < 1 for 

this boundary condition in cases where, 

ci = 	- , 1cos 	 (41) 

where, is a constant. 	Their result for the velocity was, 

U 	4ed23 A + 	+ i/Uoe  

	

2u0  + 3 ,,M1  + (91/U0• 	 (42) 

where 11  is the velocity at the equator. 

The constant 13 1  depends upon the step determining the rate of 

supply of the surfactant to the interface and also upon the type of 

surfactant. Prumkin and Levich analysed three cases. 	The first of 

these, for diffusion of a soluble surfactant as the controlling step, 

required a knowledge of the surfactant distribution in the continuous 

phases this was found approximately by assuming that the diffusion 

current was independent of e , and the result for /, expressed as a 
function of the average thickness of the surfactant concentration 

boundary layer. The other two oases, for adsorption as the rate 

determining step and for insoluble surfactanta, allowed /S to be 

estimated more accurately. 

In all three oases, /6 1  wie directly proportional to F'0,  the 

concentration of surfactant on the surface in equilibrium with the 

surfactant concentration in the bulk fluid. Consequently, as shown 

from equation 42 9  the velocity of rise depends upon the purity of the 

continuous phase. 
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If there are no bulk irnturities r' 0 = 0 and Nadamard's equation 

is obtained. 	For , 1/U3(,M1  + ,u0 ) Stokes' equation is obtained. 

'ollowing the derivation of equation 42 9  Prw*kin and Levich 

considered the limiting criteria for its application. 	For the case 

of diffusion control, the equation was shown to apply up to a critical 

value of the diameter of the drop or bubble, 

d 	- f6to'max' 	 (i) 
crit. - I A P g) 

Above this diameter the interfacial viscous stresses would be 

sufficient to overcome the "braking" action of the surfactant, and 

the sphere would move as a fluid. 

This expression Is remarkably similar to the empirical equation 

of Bond and Newton (36) for the diameters at which Internal circulation 

starts in fluid spheres, viz., 
4' 

dcrit. = ( 
ci' 
pg) 

(44) 

Equation 43 is physically more realistic than equation 44 9  as it 

is difficult to see how surface tension by itself can prevent inter-

facial motion. The similarity of the two equations indicates a rough 

proportionality between A a' and a' for a given impurity concentration. 

Although equation 42 has not been supported experimentally over a 

range of impurity concentrations, the prediction that Hadamard's 

equation should apply in extremely pure liquids has been verified by 

Gorodetekaya (G].0). 

Outside the creeping-flow regime, eurfactantB continue to have a 

marked effect on the motion of gas bubbles. Results by Gorodetskaya 

(Gb) for bubbles in water containing low concentrations (io'and 

10-3  to bO molar respectively) of n-amyl alcohol and butyl alcohol 
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showed that bubbles behaved as solid spheres until He 200 as 

compared to Re ' 40 when distilled water was used. Similar behaviour 

was found by Stuke (812) for oxygen bubbles in water containing traces 

(1.5 x 	molar) of oaproio acid, and by Haberman and Morton (Hi) 

for air bubbles in water containing 0.42 by volume of G].im, a non-

ionic liquid detergent. 

Haberman and Morton (ill) showed that bubbles rising in unfiltered 

tap water followed the drag curve for solid spheres until Re 300, and 

then increased with increase in Re until Re 1100 when results agreed 

with data for bubbles in filtered water. 	The rising velocities of 

bubbles less than approximately 1 cm. in size are therefore highly 

dependent upon the purity of the water through which they are rising. 

Pedesov (P1) studied the effect of surfactants on the motion of 

spherical bubbles at high Re in a semi-quantitative way. It was 

assumed that in the retarded region of bubble surface the force 

produced by the surface tension gradients was the same as the viscous 

force acting on a solid surface, and that the flow of the liquid up to 

the boundaries of the retarded region in the presence of surfactant 

was the same as in pure liquid. Using Prumkin and Levioh'e approach 

(P6), Pedesov deduced the concentration distribution of surfactant at 

the interface in the case of diffusion-controlled supply. 	Prom his 

approximate results for the position of the retarded region, Pedeeov 

worked out an equation for the bulk concentration of surfactant 

necessary to make a babble of given size rise as a solid sphere. 	For 

a bubble 0.2 cm. in diameter rising through water at room temperature, 

this concentration was shown to be roughly 6.6 x 	molar for a 

surfactant whose diffusion coefficient was 8.45 x 10 .6  cm.2/sec. 
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A similar equation showed that the bubble would rise unhindered at 

surfactant concentrations lees than 8 x 1O 5  molar. Although these 

figures are only approximate, it should be noted that it would be 

extremely difficult to purify water to such a degree that medium-sized 

bubbles suffered no retardation: thus, bubbles rising in even 

distilled water behave as solid spheres up to reasonably high 

Reynold' a numbers. 

Recent studies by Siddique (S6) and Baird (B2) have also demon-

strated the effect of surfactants on terminal velocities. Siddique 

(S6) used four different surface-active agents in varying concentra-

tions to find the minimum concentration which would seriously affect 

rising velocities, and gave a value of 10 6  moles/litre. This 

concentration agrees fairly well with Pedesov'a (P6) calculated value 

of 8 x 10 molar. 

('o provide velocity data for a mass-transfer study, Baird (B2) 

studied the rise of air bubbles through water and a 0.01% Lissapoi. 

solution. Velocities in the two liquids were identical for 

1.2 cm., but below this bubbles in Lissapol rose more slowly. 

Baird also found that although Liseapol had no effect on the velocity 

of spherical-capped bubbles, the surfactant suppressed ripples on 

their rear surfaces. 

From what has been said, it is clear that the relative purity of 

the continuous phase affects the velocities of bubbles lees than about 

1.2 cm. In size to a great degree. Abve this diameter, surface drag 

has little effect, and velocities are limited by form drag. 

In support of the evidence that Impurities affect the motion of 

fluid bodies, surfactants have also been shown (07, G2 9  04 9  05) to 
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affect the motion of liquid drops: in particular, internal ciroula-

tion can be eliminated or reduced by the presence of surfactants in 

the disperse of continuous phase (07, G4 9  G12). 

Savic (07) observed that stagnant caps formed over the rear of 

drops rising through surfactant solutions, the else of the caps 

Increasing with increasing surfactant concentrations until the entire 

drop was covered. The stagnant cap seemed to have a distinct edge 

at which the interfacial flow ceased. 	This led Savic to define a 

critical angle dividing the drop surface into two regions, one 

completely mobile and the other immobile. By considering the drop 

fluid to be inviacid, Savic solved the equations of motion for Re< 1 

for the boundary conditions of zero tangential stress and velocity 

over the mobile and immobile regions respectively. His results were 

in good agreement with the experimental evidence, but he was unable 

to predict the critical angle from a priori considerations. 

Griffith (G13) extended Savic's analysis to deal with hindered 

spheres with non-zero viscosities, and compared his theoretical 

velocity predictions with the experimental velocities of drops 

contaminated with aerosol and other eurfacthnte. 	csona le arcement 

between theory and exeriment was found. 

In conclusion, it should be pointed out that for the most part, 

evidence that surface-active agents retard the interfacial flow of 

drops and bubbles by the mechanism proposed by Prumkin and Levlch (P6) 

has been either qualitative or semi-quantitative. Studies of two-

dimensional flow systems have given quantitative support to the 

suggested mechanism, however, and indicate that Boueeineeq'e (87) 

hypothesis was unnecessary. Crisp, for example, measured the 
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velocities at which surfactant molecules flowed along the surface of 

wide, shallow channels of water (010), and found excellent agreement 

with velocities predicted by equation 40, viz., 

do' 	,(A0Vj 

where x is the flow direction, V the velocity of the free surface, 

and d the depth of channel. 

Also, for wide, infinitely deep channels, the experimental 

velocities agreed with the theoretical equation, 

do, 	8%40V1 
r i 	 ( 46) 

J being the channel width. 

Schulman and Teorell (84) also carried out experiments which 

agreed with equation 40, and Cullen and Davidson (Cli) used the same 

equation to calculate heights of stagnant film on liquid jets in good 

agreement with experiment. 

5. The Motion of Soluble Gas Bubbles 

The summary of published work which has been given so far has 

been confined to insoluble bubbles, and has allowed certain important 

conclusions to be drawn about bubble behaviour in general. The motion 

of soluble bubbles has been considered far less often than Insoluble 

ones, but it is important to find out what influence, if any, the 

solubility of a gas has on its velocity. 

In this connection, Haberman and Morton (Hi) compared their 

results for the velocities of air bubbles In distilled water with 

those of Stuke (812) and Zdonik (Z2) for oxygen in the same continuous 

phase. The comparison showed no significant difference between the 
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three sets of results. 

Similarly, Guyer and Pfister (014) measured the velocities of 

individual carbon-dioxide bubbles in a bubble stream dissolving in 

water, and found them to lie close to Haberman and Morton's data, 

although slightly higher. 

Further evidence that the solubility of a gas bubble has no 

effect on its velocity has been provided by Hammerton (H3) for the 

dissolution of hydrogen, ethane, ethylene, oxygen, and carbon dioxide 

in water, and by Bogdandy et al. (34) for carbon dioxide in water. 

Results by Pang-Sheng Li (Lii) for the terminal velocities of 

bubbles composed of oxygen and 10% carbon dioxide in air moving in 

water also lie close to Haberman and Morton's air bubble curve. The 

sizes of the bubbles in this study ranged from 0.51 cm. to 0.95 cm. 

On the other hand, several authors have claimed that the 

velocity of a bubble depends upon mass transfer. 

Datta, Napier, and Newitt (D2) measured the velocities of carbon-

dioxide bubbles in water in six columns of diff erent height but the 

earns width. 	The average velocities were found to depend upon the 

column length, the effect being especially noticeable for small 

bubbles. 	In general, the average velocities decreased with increase 

in column length, and were less than corresponding data for air 

bubbles. Because of this, Datta et al. suggested thnt mass transfer 

might be accompanied by some retarding effect on the velocity. 

Leonard and Houghton (L6) also report that the velocity of rise 

is affected by mass transfer, but only for bubbles less than 0.6 cm. 

in diameter. Velocities were found as bubbles rose between photo-

cells placed at different heights along the experimental column, so 
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that the average velocity of a bubble of any size could be found 

between three column sections and therefore at three heights from 

the injector, viz. 86, 133, and 181 cm. 	The experimental results 

show no particular influence of the position of the bubble during 

measurement on its velocity. A variety of gases were used, and it 

was found that the more soluble the bubble was, the lower was its 

velocity. The order of the velocities can be written as follows, 

N20< C2H4 	- N2  (50 mole mixture)< N2  

The same authors have also reported data for carbon-dioxide 

bubbles (L5) which show the same lowering in velocity relative to 

air bubbles for equivalent diameters below about 0.6 cm. 	The data 

in this range is extremely scattered, however, and includes several 

results close to the air-water line. 

Leonard and Houghton (L6) proposed several reasons for these 

effects, including eleotrokinetic influences at the interface, but 

were unable to reach any definite conclusions about the mechanism 

by which mass transfer could affect bubble velocity. 
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B. Continuous-Phase Transfer around Solid and Fluid Bodies 

The problem of predicting the rates of heat and mass transfer 

around bodies past which fluid 18 flowing has received a great deal 

of attention, and is of great importance in Chemical Engineering. 

Although this thesis is basically concerned with mass transfer from 

bubbles, this particular topic is obviously only one facet of the 

general transfer field mentioned above, and it is relevant and 

valuable to study concepts and conclusions which have arisen from 

work on solid and liquid bodies before discussing gas bubble-liquid 

transfer studies. 

Some of the points which are summarised below are amplified in 

the Theoretical Principles section. 

1. Solid and Fluid Spheres 

Larigmuir (L2) considered the case of pure radial diffusion from 

a sphere into an Infinite stagnant medium, and concluded that, 

Sh = 2 	 (47) 

Equation 47 agrees with the findings of Morse (Mi) for the 

evaporation of email spheres of iodine, and has since been supported 

by several workers (L14, T6, W3). 

When fluid flows past bodies undergoing transfer, i.e. under 

forced convection conditions, the continuous phase transfer rate 

increases markedly above the value predicted by equation 47. For 

example, theoretical analyses for solid spheres at low Reynold's 

numbers ( < 1) and high Peclet numbers have been carried out by 

?ried].ander (P2), Akaelrud (Al), Griffith (G12), and Ward (WI). 
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All four analyses led to the following equation, 

Bli 	ps1'3 	 (48) 

Griffith (012) and Ward (wi) have also studied the case of a 

fluid sphere with internal circulation, moving in the same flow 

regime. When the interfacial velocity is a small fraction of the 

main-stream velocity, Ward, for example, finds That, 

Sh = 0.98(" Pe 	 (ag) 
,Mj140 / 

Equation 49 reduces to equation 48 when ,t41 = 00 and the sphere 

is solid, and predicts that transfer should become more rapid as the 

value of 14 .1 	decreases, i.e. as the mobility of the sphere 

increases. 

This predicted enhancement becomes more marked when the interface 

is moving quickly with respect to the main-stream velocity. 	In this 

case, Ward (wi) finds that, 

Sh = 0.61 	 Pe 	 (50)
",a 0)1 

'hen is very small, as for gas bubbles in liquids, the 

transfer rate should achieve a maximum value given by, 

Sh 	0.61 P5* 
	

(5') 

Comparison of equations 48 and 51 shows that complete circulation 

and interfacial mobility causes transfer to increase far above the 

value for a solid, immobile sphere. 

This conclusion has also been reached by Bowman et al. (B9)  who 

solved numerically the transfer equations at Re 4 1 to give Sh over a 

wide range of Ps for three values of /V i  /,, 0.  At high values of Ps, 
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the value of Sh increased with decrease in 	 for example, 

at Pe = 10 circulation within a gas bubble was estimated to increase 

the transfer rate about three times above that of a non-circulating 

bubble or solid particle. As P. is decreased, the effect of oiroula-

tion decreases until it becomes negligible at Peclet numbers of the 

order of one. 

As the Raynold's number is increased above one, the simple 

dependence of Sh on Pe for solid spheres in creeping flow ceases to 

apply. 	In a classical study, IProssling (P4) correlated data for the 

sublimation and evaporation of solid and liquid drops into an air 

stream by the semi-theoretical equation, 

Sh = 2 + a Re1 '2  shi' 
	

(52) 

where a was found to be constant at 0.55. 

Equation 52 has since been used by many Investigators (G3, G6, MB, 

K2 9  R2 9  T2) to describe heat and mass transfer around solid and fluid 

spheres at high Reynold's numbers. 

Griffith (012) analysed the effect of slow interfacial motion on 

the transfer rate in an approximate mass, and concluded that slow 

circulation enhanced transfer as In the creeping-flow regime. He 

also considered transfer around rapidly circulating spheres, and 

proposed the empirical equation, 

Bh 	1.13 k 	Pe* 
	

(53) 

where the constant kv  was presumed to be the ratio of the interfacial 

velocity at any point to the corresponding potential flow value. In 

the limit, the sphere is completely mobile and its transfer rate can 

be defined by, 

Sh a 1.13 Pe 	 (54) 
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This equation was first derived by Bouasineaq (38) in 1905 from 

a theoretical analysis of the transport equations around a sphere in 

potential flow. 

Comparison of the two analytic expressions 52 and 54 for the two 

extremes of mobility, shows that circulation enhances transfer from 

spheres at high Reynold's numbers, as it does when the Reynold's 

number is low. 

This conclusion is an important one from the point of view of 

bubble-liquid transfer, and will be discussed in more detail later. 

2. ion-apherical fluid and Solid Bodies 

Gas bubbles are generally far from spherical, and it is 

reasonable to suppose that deformation will affect the rate of 

transfer not only by Increase in the transfer area above that of a 

sphere, but also by altering the flow pattern around the interface. 

Indications that this may be the case can be found from complementary 

studies of the effect of shape on transfer around solid and liquid 

bodies. 

Early work by Powell (P7) showed that both particle shape and 

orientation had a large effect on heat and mass transfer rates, and 

the same influences were noticed by Krisoher and Loos (K5) for 

particles of fourteen different shapes. 

Pasternak and Gauvin (P1) studied convective heat and mass 

transfer rates for twenty solid shapes suspended in various orients-

tiona in a hot, turbulent air stream and correlated the experimental 

data with a deviation of ± 15% by, 

Nu = 0.692 Re' 514  Sc "3 	500 < Re < 5000 	(55) 
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The characteristic length used in the Nusaelt and Reynold's 

numbers was defined as the total surface area of the particle divided 

by the perimeter of the maximum projected area perpendicular to flow. 

Equation 55 also correlated data available in the literature for 

various solid shapes. 	From equation 55 9  the ratio of the mass transfer 

coefficient for any body to that of a sphere is, 

kL 	.514 
= Lt) 	 (56) 

where L is the characteristic length. When a body of given volume is 

flattened, its circumference increases relatively to a greater degree 

than its area. 	On flattening, therefore, L decreases, and according 

to equation 56 the transfer coefficient should increase above the value 

for an equivalent sphere. Without considering this point any further, 

It can be said that flattened bubbles may well dissolve more rapidly 

than ones which are spherical. This conclusion will be supported by 

theoretical analysis in the Theoretical Principles section. 

Pasternak and Gauvin's suggested length parameter has also been 

used with success by Skelland and Cornish (8) to describe the rate 

of sublimation of solid naphthalene oblate spheroids into an air 

stream. The proposed correlation took the form, 

Sh = 0.74 Re 112 813 	 (57) 

which agrees quite well with Pasternak and Gauvin's equation 55. 

Equation 57 can be used to give the ratio of the mass transfer co-

efficiente of an oblate spheroid and a sphere of the same volume as, 

kLOS =  d 0.5 

() 	
(58) 



th:is eae, . Cdli be evaluated ,c 1ve., 

1/2 /A3_\ 	1/6 
k 	 E 	 (59) 15   

where A8/A08  is the area ratio of sphere and spheroid, and E is the 

spheroid width divided by its height. 

When E takes the values 2 and 3 9  the transfer ratio equals 1.07 

and 1.1 respectively. The rate of transfer around spheroids 

therefore increases as they become flatter, and, what is more 

important, transfer rates for spheroids are greater than for solid 

spheres of the same volume. 

The results of Skelland and Cornish (58) therefore give added 

support to the hypothesis that the shape of a dissolving bubble 

affects its transfer rate. 

So far only solid bodies have been discussed. 	Liquid drops, 

which are more closely connected to gas bubbles, have also been 

studied with a view to finding the effect of particle shape on transfer. 

Han et al. (R9) measured the rates of evaporation of drops of 

n-heptane into an air stream, and found a marked influence of drop 

shape on Its evaporation rate, the Sherwood number Increasing by as 

much as 304, above the value for an equivalent sphere in several oases. 

Many of the drops studied by these workers were oblate spheroids with 

small width to height ratios. 	In spite of the small amount of 

flattening, transfer rates were far higher than those for spheres: 

for example, for width to height ratios of 1.09 9  1.17, and 1.27 9  

enhancement was approximately 25% 9  32% 9  and 33% of the sphere values. 

Such high increases In transfer cannot be explained by contact area 

Increases arising from deformation, as these are extremely small. 
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The explanation is more likely to lie in alteration in the flow 

pattern around the evaporating drop. The fact that deformation of 

fluid spheres seems to cause more transfer enhancement than deformation 

of solid spheres (H9, 58) suggests noticeable enhancement for 

flattened bubbles. 

Conetan and Calvert (C8) also present data which suggest that 

deformation increases transfer from fluid drops more than can be 

explained by contact area variation alone. 

3.1ffect of Oscillation on Mass Transfer 

Apart from being deformed fro!1 the spherical form, many gas 

bubbles oscillate erratically in shape as they rise, and it is possible 

that the frequency and amplitude of oscillation may Influence their 

solution rates. To investigate this possibility, literature data was 

reviewed, not only for gas bubbles, but also for solid and fluid bodies 

To conserve the continuity of this survey, only the latter material 

will be summarised at present, and the case of bubble transfer will 

be left until the next part of the thesis. 

Possible ways In which the oscillation or fluctuating motion of 

a body could affect the rate of transfer in the continuous phase 

around it are as follows. 

a) Increased Contact Area 

This effect is unimportant for fluid bodies oscillating with 

small amplitudes, but may well become appreciable as the amplitude 

Increases. 
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b) Changes in E!ydrodynaxriic Flow Pattern 

When solid spheres are vibrated, it might be thought that transfer 

would improve through disturbance of the velocity and concentration 

boundary layers, with the consequent chance of fresh solvent contacting 

th€ solute more readily. Also, if the vibration velocity were high 

enough, turbulence might be promoted in the boundary layer and the wake 

behind the body, and cause transfer to increase. 

In fact, heat and mass transfer studies (A3 9  08 9  99, ?3) have 

shown that vibration has no effect on transfer coefficients when the 

vibration velocity Is lees than the main-stream velocity. 	In this 

connection, Smith and Jones (89) reported data for the sublimation of 

naphthalene spheres suspended by an air stream passing through a 

rotameter tube. 	Single spheres were found to spin rapidly, sometimes 

with speeds of revolution around 20 9 000 rev./min., and also to 

fluctuate In position. Despite this behaviour, however, transfer 

rates from these free-moving spheres were the same as for fixed 

particles under the same flow conditions. 

Solid-sphere heat and mass transport therefore seem to be 

uninfluenced by erratic movement of the particle, or by its vibration 

or spinning. 

This is not the case for fluid bodies, however. 	Oscillation 

tends to deform fluid bodies, and it has already been seen that email 

changes in droplet ahpae can lead to large transfer increases. Since 

large gains are not found when solid defOrmed bodies are studied, the 

large enhancement for liquid drops is likely to be caused through 

alterations in the laminar flow patterns around the interface leading 

to higher interfacial velocities, which, as equation 53 shows, govern 
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transfer rate around mobile spheres. 	The results of lieu et al. (Hg) 

were taken at He 4 200 9  i.e. in the laminar flow regime, and the 

transfer Increase above equivalent sphere data shown by them can be 

explained, at least qualitatively at present, on this basis. 	This 

suggestion may also account for some data presented by Garner and 

Skelland (04). 	These authors studied acetic acid diffusing from 

nitrobenene droplets falling In water. 	For large drops about 0.6 cm. 

in diameter, vigorous oblate to prolate oscillation was observed as 

the drops passed down the column, and overall transfer coefficients 

for these drops increased about 100% above values for non-oscillating 

drops. The enhancement may however be explained not by the velocity 

effect mentioned above, but by two other possible effects of 

oscillation: more rapid contacting of fresh solvent with the solute, 

and the shedding of "solidifying" impurities from the Interface. 

4. The Effect of Surfactants on Drop Transfer 

Theoretically, mobile spheres dissolve according to equation 54, 

or an equation of similar form. If the drop is rising through a 

surfactant solution, interfacial motion Is retarded (07, 02 9  04 1  05), 

and may even cease altogether. In this case, transfer should occur 

according to Frossling's seni-theoretical equation 52. 	Intermediate 

degrees of contamination would be expected to give transfer results 

between those predicted by the two equations. 

Experimental verification of these effects have been published 

(02, 04 9  05, 012), and recent attempts have been made to analyse the 

dependence of the rate of transfer on the degree of hinderance (013,52) 

Griffith (012) has proposed criteria for deciding whether or not 
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a drop moving through a surfactant medium dissolves as a fluid or a 

solid body. 	The same author has given an equation (G13) relating the 

rate of solution of a mobile sphere moving at Re 1 to the amount of 

surfactant around it: the expression is limited to oases where the 

contaminant decreases the mobility to a small extent only. 

Schechter and Farley (32) integrated the diffusion equation 

around a sphere using the velocity field obtained by neglecting the 

inertia terms (Re -< 1) and assuming that the interfacial tension varied 

according to equation 41. The technique of analysis was similar to 

that of Bowman et al. (39) for a sphere moving in creeping flow through 

pure fluid. 

Schechter and Parley (32) presented their conclusions graphically 

as a plot of Sh versus Pa, with a third correlating factor 6 , whose 

value depended on the viscosities of the two phases, /, the constant 

term in equatiori4l,the mainstream velocity, and the drop radius. 

o attempts have been made to analyse the effect of surfactants 

on transfer from bodies moving at high Reynold's numbers in a similar 

mathematical way. 

5. Mass Transfer around Gas Bubbles 

The solution of single gas bubbles was first studied by Ledig and 

Weaver (L4) in 1924. Single bubbles of carbon-dioxide were suspended 

in a stream of sodium-hydroxide solution, and their transfer rates 

found from ahadowgrapha of the movement of a meniscus of liquid moving 

in a capillary which provided the sole opening to the atmosphere. 

Ledig (L3) used the same method to study carbon-dioxide bubbles in 

potassium hydroxide, and bubbles of ammonia in water and ammonium 
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hydroxide. 

In the same year, Lewis and Whitman (lao) proposed that the 
process of gas absorption was governed by diffusion through laminar 

films on each side of the interface. Concentration gradients were 

presumed to occur solely inside these films, the main body being in 

turbulent flow and therefore of uniform composition. The film 

concept has proved to be invaluable In the design of industrial 

absorption equipment, but is theoretically unsound. 

T1igbie (R6) postulated a second mechanism for gas absorption. 

Fluid elements were envisaged to travel to the interface, and then 

return to the bulk of the liquid through eddy transport. During the 

residence time at the Interface, transfer into the element was assumed 

to depend on molecular diffusion, and the contact time. 	On this 

iRe1, thc' 1riple diffuoion equation 

oc 	620 	 (60) 

was t;oivd t 	1v the aias trasfer coefficients kL,  in terms of the 

contact time, t 0 , 

k. = 1.13 
	

(61) 

Higble attempted to support equation 61 experimentally by 

studying the solution of slugs of carbon-dioxide forced downwards 

through a vertical tube filled with water. The experimental results 

fell below the theoretical predictions, and Rigbie suggested that this 

might be due to interfacial resistance to transfer. 

The dissolution of a stream of carbon-dioxide bubbles in water 

was studied by Guyer and Pfister (G14) 9  their results indicating that, 
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as the age of a bubble increased, its transfer rate decreased. 

The same effect was noticed by Datta et al. (D2) for single 

carbon-dioxide bubbles in water. Transfer rates for bubbles of three 

sizes were estimated at heights of 20 9  40, and 60 ems, from the 

orifice. A bubble 0.46 cm. in diameter gave transfer coefficients of 

0.033 9  0.034 9  and 0.03 am./see. at the three stations, showing little 

if any time effect. Transfer decay was more marked for larger 

bubbles, coefficients for 0.58 and 0.66 cm. bubbles at the three 

measurement points being 0.031, 0.026 9  0.020, and 0.032, 0.024, 0.016 

CM./sec. respectively. 

West et al. (W2) used Higbie'e equation as a basis for estimating 

bubble plate efficiencies, and the equation has also been used with 

success to describe transfer from bubble swarms (P2) and streams (Lii). 

The contact time in Higbie's equation was taken to be the time taken 

for a bubble to rise through its own diameter, i.e. it was assumed that 

the surface of the bubble was completely renewed each time this time 

interval elapsed. Substitution of this contact time into equation 61 

leads to, 

Sb - 1.13 P.'1 
	

(54) 

which is identical to Boussinesq's equation for transfer from a sphere 

in potential flow. This fortuitous agreement explains the success of 

Higbie'a equation in assessing transfer results. 

Hamnerton (H3) used an improvement of Ledig and Weaver's experi-

mental technique to study single bubbles of a variety of gases in free 

rise, and concluded that the transfer rate did not vary with the age 

of the bubble in the time inServal between the second and fifth seconds 

after release. The bubble range studied was 0.15 - 0.8 cm., and five 
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pases and two liquids used. Results for ethylene dissolving In water 

at 170C showed that transfer coefficients for bubbles greater than 

0.3 cm. lay somewhat above values predicted by equation 54. Below 

this, the coefficients were reasonably constant but fell well below 

Higbie'e prediction and showed a slight downward trend at small 

diameters towards solid-sphere predictions (equation 52). Data for 

oxygen, carbon-dioxide, and ethane in water followed the experimental 

results for ethylene closely, because of similar velocities and 

dlffuaivltIes. Results for hydrogen - whose diffusion coefficient 

in water is about 2.5 times that of the other gases - lay above the 

others. The rate of desorption of ethylene was shown to equal the 

rate of absorption. 

The results of Bogdandy et al. (B4) for carbon-dioxide bubbles 

In water and decalin show no influence of bubble age on transfer, and 

therefore support Haarterton's conclusions. 

On the other hand, several recent studies have indicated that the 

mass transfer coefficient of a bubble of fixed size depends upon Its 

age. 

Deindoerfer and Humphrey (D5) 9  for example, obtained 

instantaneous solution rates of carbon-dioxide bubbles in the else 

range 0.15 - 0.5 ems. rising through water, and discovered that the 

transfer rate of a bubble fell off enormously as its age increased. 

Six seconds after release, transfer coefficients for bubbles larger 

than 0.3 ems. decreased to about one-third of their value half a second 

after liberation (0.047 to 0.015 om./seo. approximately)* 	Bubbles 

one second old gave results around those predicted by equation 54 for 

fully circulating spheres, and Apse at six seconds approached values 
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calculated from the rigid-sphere correlation, equation 52, 

Deindoerfer and Humphrey discuss the obvious decay in internal 

circulation which occurs as a bubble rises, but do not give any 

conclusions as to the mechanism by which this takes place. Their 

results at 0.5 sec. after bubble release lie well above Higbie's 

predictions, and suggest that erratic oscillation and movement soon 

after liberation enhance transfer, probably by the mechanisms 

discussed in the previous section but one. 

Calderbank and Moo-Young (Cl) measured liquid-phase mass transfer 

coefficients for carbon-dioxide bubbles dispersed in glycol and 

glycerol solutions, and were able to correlate data for bubbles less 

than 0.25 cm. in diameter by, 

zp40g 1/3 
kL .2/3 	0.31 ( 	2 	

(62) 
" oo / 

This equation can be derived by combining Prosaling's (P4) 

equation with Allen's (A2) expression for the velocity of small 

spheres, with a resultant constant of 0.28 0  and also from Stokes' 

velocity and Prledlarider's (P3) equation for transfer around solid 

spheres in creeping flow. 

Mass transfer around bubbles greater than 0.25 cm. in diameter 

were correlated by a second equation, 

A p140g 
\l/3 

	

kL sh12 = 0.42 ( 	2 ) 	
(63) 

	

\ 	/ 

In an Investigation of gas absorption from large carbon-dioxide 

bubbles (0.6 - 4.2 oma.), 71aird and Davidson (B2) fond that tran:.for 

was independent of bubble age until the equivalent diameter exceeied 
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2.5 ems., when absorption decreased with increase in bubble age. 

It was suggested that this effect was due to gradual saturation of 

liquid carried up behind the bubble. 	Bubbles below 2.5 ems. were 

presumed to dissolve without any age effect through circulation and 

wake renewal setting up steady-state conditions. 

Leonard and Houghton (L6) studied the dissolution of single gas 

bubbles as they rose through three sections in the same experimental 

column, each far enough from the point of injection to nullify "end" 

effects. 	For the dissolution of nitrous-oxide, ethylene, and a 

mixture of nitrous-oxide and nitrogen in water, transfer coefficients 

for a bubble of fixed size were found to decrease with increase in the 

height at which the average coefficients were determined. The 

opposite effect was found for the desorption of nitrous-oxide into 

nitrogen from water saturated with nitrous-oxide. 	The time dependence 

on transfer applied over the entire size range studied (0.3 - 2 ems. 

approximately) and the relative reduction from section to section did 

not seem to be related to the bubble size. 	Leonard and Houghton (L6) 

attempted to explain their results in several ways. 	For example, it 

was postulated that a thin film of relatively stagnant liquid was 

associated with the surface of the bubble, and remained the same in 

volume as the bubble rose. The film thickness for a bubble of one 

size would therefore be less In the first experimental section than 

In the other two, and less in the second compared to the third: 

diffusion transfer would therefore decrease as the height of measuremeni 

Increased. 	The reverse would apply for desorption. 	This hypothesis 

does not seem to be valid, however, as the experimental rósulte follow 

predictions from theory based on a mobile interface much more closely 
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than data calculated from solid sphere correlations. 

Leonard (L5) has also reported transfer coefficients for carbon-

dioxide bubbles in the diameter range 0.3 - 1.6 ems. dissolving in 

water. As before, average coefficients were calculated at heights 

of 86, 133, and 181 ems. above the injector. 	Over the entire size 

range considered, the average transfer coefficient decreased as the 

height of measurement increased. The fractional decrease from 

section to section continued to be independent of bubble size. 

Clarke (05) used essentially the same apparatus as }iammerton (H3) 

to study the motion and dissolution of single bubbles of carbon-

dioxide and ethylene in water and water-glycerol solutions. To study 

the effect of bubble age on transfer rate, average coefficients were 

found over two 28 cm, sections of column, the first one starting 

56 ems. above the release point. For water, the transfer coefficient 

decreased noticeably as the bubble grew older: for example, for a 

0.15 cm. ethylene bubble, the coefficients at 1.5 and 6 seconds 

differed by 100%. 	In general, however, for most solutions the 

influence was highest at low diameters and progressively diminished 

with increase in glycerol concentration. 

To suinmarise, it seems certain that in most transfer situations 

th4 age of a bubble will have a marked influence upon its solution rate 

Although the mechanism by which the rate of solution is reduced as an 

interface ages is not yet clear, a probable explanation lies in the 

presence and behaviour of surfactant impurities in the bulk phase. 

Because of this, It is appropriate to conclude the introductory part 

of this thesis by summarising the present state of knowledge about the 

influence of surfactants on the dissolution of bubbles. A detailed 
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discussion of ways in which the age of a bubble of fixed size could 

affect Its transfer coefficient will be left until discussion of the 

present experimental results. 

6. The Effect of Ourfactants on 1ubble Transfer 

The general comments made in the section summarising the effect 

of surfactants on drop transfer also apply here. 	It is quite clear 

that the presence of Interfacial impurities not only influences rising 

velocities, but also tends to depress their solution rates. 	Evidence 

of this arose from the work of Memmerton (H4) 9  who found that mass 

transfer from ethylene bubbles 0.3 to 0.7 ems. in size, and formed by 

one of his release mechanisms was very much lower than from all others. 

In fact, the transfer results were in approximate agreement with 

1'rossling'e equation for rigid spheres. 	Investigation showed that the 

bubbles became contaminated by contact with petroleum jelly used to 

lubricate the plug of a glass tap. After the tap had been cleaned, 

fresh results were found to be identical with those for bubbles 

released from other mechanisms. There was therefore strong evidence 

that contaminants were picked up by the gas on contacting the jelly, 

and acted in such a way as to make a normally-circulating bubble rigid. 

Lower degrees of contamination were also observed, giving values of the 

transfer coefficient intermediate between those obtained from 

ProsslIn's equation, and those for "cleans bubbles. 	Ilaminerton 

concluded that this arose through partial stagnation of the circulating 

gas caused by the presence of a stationary film of Impurities over 

pert of the interface. 

Reductions in transfer have also been noticed when surfactants 
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have been deliberately added to the continuous phase (B2 9  L6 9  86 9  ?4). 

Timson and Dunn (T4), for example, studied the mechanism of gas 

absorption from bubbles under shear. Pure oxygen was contacted in 

the form of a bubble cloud with purified water contained in the 

annulus between two cylinders, the inner of which was rotated. When 

15 ppm of surface-active pentapropyl benzene suiphonate was added to 

the water, the absorption coefficient of the oxygen was decreased by 

as much as 67%. 	The decrease in transfer was attributed to a decrease 

in gas circulation, and not to a transfer resistance offered by the 

surfaotant molecules themselves, as the experimental results agreed 

very well with theoretical equations based on the effect of surfactants 

on the hydrodynamics alone of flow at and near mobile interfaces. 

Baird and Davidson (B2) studied the influence of different 

surfactants on the transfer rates of large carbon-dioxide bubbles in 

tap water. Although the addition of 0.01% Lissapol and 0.1% n-hexanol 

did not affect the velocities of air bubbles greater than 1.2 ems. in 

diameter, the transfer rates for carbon-dioxide bubbles in this size 

range were reduced far below corresponding results for bubbles in tap 

water. Results for bubbles in 061$ n-butanol solution showed that the 

surfactant depressed transfer only slightly when the bubble size 

exceeded 1.5 ems,, but much more for smaller bubbles. 

Slddique (56) studied the influence of five surface active agents 

in various concentrations upon transfer rates from ethylene to water, 

and discovered that the transfer rate was greatly dependent upon the 

concentration. 

Several of the experiments of Leonard and Houghton (L6) were 

carried out to assess the influence of small concentrations of 
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heptanoic acid on the rates of solution of nitrous oxide bubbles in 

water. Using a 4 x lO molar surfactant solution, average transfer 

rates over any of the three experimental sections were noticeably lower 

than for water containing no added surfactant. Also, for a constant 

bubble size, the difference In transfer coefficient from one section 

to another was more marked for the surfsctant solution than for the 

"pure" solvent. 	Increasirir the acid concentration to 4 x lO molar 

depressed the transfer coefficients still further, although the 

decrease In transfer rate with Increase in the height of measurement 

was loss than for the weaker surfactant solution, but still appreciable. 

It Is therefore apparent that the addition of trace surface-active 

agents to the continuous phase causes mass-transfer coefficients to be 

depressed below values obtained in purified solutions. 	This is not 

to say, however, that purified solutions themselves contain negligible 

surfactant. 	Leibermann (112), Manley (Ml), and Houghton et *1. (H7)9 

have shown that even the most carefully purified water contains enough 

contaminant to inhibit the rates of solution of small bubbles to a 

marked degree. Such trace Impurities would also be expected to 

Influence transfer from larger bubbles, although perhaps to a lesser 

extent, and much of the conflicting data available on bubble transfer 

may well be explicable In terms of the relative purity of the water 

used by different workers. This point will be emphasised later. 



T1CORTICAL PRINCIPLES 

To ebtimate theoretical transfer rates around single bodies in 

free rise or fall throuh a continuous phase, it is necessary first 

of all to formulate the problem in a Bet of mathematical equations, 

and then solve these for the variables of interest. 	The formulation 

stage can be readily carried out when the bodies undergoing transfer 

are regular in shape and move in a simple way, as for small bubbles or 

drops, which are spherical and rise or fall in straight paths (A2, Gi, 

Hi s  Si). 	If the particle shape and motion are irregular, however, 

the initial stage itself may be difficult to carry through. Large 

drops and bubbles, for example, generally adopt irregular forms very 

seldom having an axis of symmetry, and move in complex paths (Hi, 51, 

04 9  Ti). 	For these bodies, therefore, exact transfer rates cannot be 

predicted, as some simplifying assumptions must be made about their 

shape and motion before analysis can be started. 	In this connection, 

bubbles outside the size range for spheres have often been classified 

(111, 51 9  57, R5) as oblate spheroids and spherical caps. 	Also, large 

drops have been considered to be oblate spheroids (01 9  HlO, Xl, X3) 9  

which may even oscillate to approximate prolate spheroidal forms (01). 

Although exact spheroids will be found over small ranges of particle 

else only, it is convenient for teoretioal analysis to assume that 

all large drops and bubbles - apart from spherical caps - adopt these 

ideal forms. 	In this way, all drops and bubbles can be considered to 

be axisymmetric about the axle in the direction of rise. 	Assuming 

further that all the particles move in straight paths, transfer around 

them can be analysed using equations for any axisymaetrio body of 
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revolution (B59 P4). 	The general transfer equations which result 

from this treatment can than be applied to particular bodies under-

going transfer. 	In this thesis, analytical equations have been 

obtained for continuous phase transfer around the following 

axisyametric bodies, 

Fluid and Solid Spheres 

Fluid and Solid Oblate Spheroids 

Fluid and Solid Prolate Spheroids 

Fluid Spherical Caps. 

All the theoretical equations apply only when the Peolet and 

Schmidt numbers are large, i.e. the concentration boundary layer is 

thin, and far thinner than the velocity boundary layer. 

A. Theory of Transfer around an Axisymmetric Body of Revolution 

Fig. 3 shows the relevant coordinates of an axiaymxnetrio body of 

revolution (taken as a sphere for simplicity) past which fluid is 

flowing with velocity U. 	The coordinates of a point outside the 

surface of the body are fixed by a distance x along the surface from 

the front ntagnation point, and a distance y perpendicular to the 

surface. 	The width of a section of the body is characterised by 	a 

radius r, and X 18 the distance along the surface from front to rear 

stagnation points. 	The vertex of the angle 0 Ir'teen the axis of 

revolution and the perpendicular to the surface through (x, y) coincide(  

with the origin of the body at all times only in the case of a sphere. 

u and v are the tangential and radial components of the fluid velocity 

at (x, y). 



FIG. 3:COORDINATES OFAN AXISYMMETRIC BODY 
OF REVOLUTION 



60. 

When the thickness of the velocity boundary layer is far less 

than the characteristic width, r, of the body, Boltze (B5) has shown 

that the continuity equation for the continuous phase fluid can be 

written, 

-(ur) + 
-h(vr) 	

0 
	

(64) 

imilari', 'roling (P4) 'ui;ed an order of magnitude analysis to 

show that the continuity equation for the material being transferred 

could be written, 

a 20 cc 	 H + 
 

(65) 

when the concentration boundary layer thickness was far less than r. 

Friedlander (P3) has suggested that the thin concentration 

boundary layer approximation is valid for Pe > 102 . 

Since Pe = 1e Sc, and Sc 10' for gases and liquids dissolving 

In liquids, the approximation can be applied to gas bubbles and liquid 

cIro: :ovin i the flow regime Re 

ierrn à.c/dt in equation 65 allows for unsteady-state transfer, 

which could occur either through a finite time being required to build 

up the steady-state concentration layer around a body of fixed size, 

or through concentration changes induced by rapid changes in shape and 

size. 

Before continuing with the solution of equations 64 and 65, it Is 

convenient to write them In equivalent dimensionless forms. Making 

the velocities, distances, and concentration dimensionless with respect 

to the mainstream velocity, the equivalent spherical radius of the 

body, and the equilibrium concentration respectively, the following 

new parameters are derived, 
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xr 
U1 	'i U ' 	l re 	l re ' 	r1  = - U 

Xi=*, 	C1rt 	 (66) 

Also, the time t in the unsteady-state concentration term can be 

made dimensionless by division by re/U, which is the time taken by the 

drop or bubble to rise through a distance equal to its equivalent 

spherical radius. 
• 	 t 

- re/U (67) 

Substituting variables from equations 66 and 67 into equations 

64 nrd 65 iead to, 

(u1 r 1 ) +( V 1 r ,
= 0 	 (68) 

8 2c 
+ u1 	x1 + 1 ai 	 (69) 

yl 

Equations 63 and 69 provide the bases for the derivations which 

follow. 

The unsteady-state term c 11/t1  will now be assumed to be 

unimportant compared to the other two terms appearing on the LH8 of 

equation 69.  After the effect of particle shape on transfer has been 

Bhown by solution of the steady-state equations, an approximate 

analysis will be given to assess the time taken for steady-state 

transfer conditions to be produced, and this will be shown to be 

extremely email for fluid bodies, although more appreciable for solid 

bodies. 

To start the solution of equation 68 and the time-independent 

form of equation 69, the tangential velocity U1  is expanded in a 
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Taylor series to Five, 	
2

l 	
(70) 

2 

fu 1 )   

J. 

or, in shorthand form, 	 2 
/ 	 II Yl  

U1  = U10 + 10 i 	u -r + •••• 
	 ( 71) 

If the concentration boundary—layer is far thinner than the 

velocity boundary—layer, all the penetration of the solute into the 

solvent will occur in a layer of fluid in which the velocity can be 

represented by the first two terms alone of equation 71 9  

U- = u10  + u 
/
10  y1 	 (72) 

Since the Schmidt number is a measure of the ratio of the 

thicknesses of the velocity and concentration boundary layers, this 

simplification is possible only when So >> I. 	As has been pointed out, 

this condition applies for gas and liquid diffusing in liquid. 

On substituting the tangential velocity given by equation 72 into 

equation 68, 

i d  
V1 	- 	d 	

( 1  y1 
+ U10  Y1) 

 ri 	
r1 	 (73) 

when equations 72 and 73 are substituted into the steady state 

form of equation 69 9  
/ 

	

do1 	1 d 	/ 	 t4 	jao1 	2 601 
4 Ui 	:L 	j - i dx1 	

U10  Y1 + 	2 	ayl 	Y12 
 

(74) 

This is the gen.a1 equation describing the transfer of material 

in the continuous phase around an axisymmetric body of revolution when 

both the Peclot and Schmidt numbers are large. 	The boundary conditioru 
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which must be applied to any concentration distribution resulting 

from its solution are, 

1 9  y1  - 0, all x1   

c 1 O,y1 =oo, all x1   

The first condition implies that the interface is saturated with 

gas, and the second that the bulk fluid is completely free from 

dissolved gas. 

Prom the final concentration distribution, the transfer rate 

across any circumferential element dA of the body of revolution can 

be found by applying Pick's Law, viz., 

dN = k (r' - 	d 	- lac dA 	 (77) 
•?'/ 

For c 0  a 0, therefore, the transfer coefficient at any point on 

the surface can be derived from, 

kLde 	
$h(x1 ) 	- 2 	 (78) 

yl = 0 

Also, integratinv equation 77 over the total transfer area, A. 

gives thq overall transfer rate, 

A 	 X 
 _J(ao\dA 	

DJ(c)2Trrdx 
NkAC IL 

	

o 0 	 y-O 

Therefore, introducing dimensionless variables from equation 66, 

Sh - 4Jrre2  
rX 

( 	1) r
1  dx1  

0 	YJ=0 

 

The term 41Tre2  in equation 80 is the area of a sphere of the 

same volume as the dissolving body, and can be written as A 9 . 	The 
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rate of transfer around any body of revolution can therefore be found 

fro;:i the equation, 
x 
1 (O As 	c____

y ) r dx 
	 (si) 

	

Sh 	Tj à 
y1 0

1  

0 

Equation 81 can be reduced to a more suitable form by solving 

equation 74 for the concentration distribution. 	Attempts were made 

to solve equation 74 analytically, but were not successful. However, 

equation 74 can be solved analytically In two limiting cases, both of 

which relate to Important transfer situations. 

1. Transfer across a Slow-Moving or Immobile Interface 

Fquation 74 can be simplified by neglecting the first terms in 

the tw 	rick'tzi on the left hand side of the equation. 	Asumin 

/ 

that U10  4 	2 means that the trausfer equation now applies only 

to oases where the interfacial velocity is far lees in value than the 

product of the.velocity gradient and the thickness y of the layer of 

fluid in which the concentration of solute 18 noticeable. 	Since the 

largest value 01 y is the thiIkness of the concentration boundary layer, 

which In this analysis has been taken to be very thin, it is evident 

that the interface must be immobile or moving very slowly before the 

condition can apply. 	In this case equation 74 reduces to, 

/ 	 (u 0 y12  r1  do1 	2 dO1 
U10  1 	- 	 ox1 	2 	) 	

(82) 

Appendix A 1.a) contains the details of the solution of equation 

82 for the concentration distribution around the body. Substituting 
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the value of 
I (ôC1\ 
 I 	found from the concentration distribution 

yl = 0 

into equation 81 gives, 

= 0.641 	

{ [X1 	
r1)i/2  r1  dxlJ 213 
	

(83)
10 

0 
This shows that the mass-transfer coefficient for all bodies of 

revolution with immobile or slow-moving interfaces is proportional to 

the molecular diffusivity raised to the power 2/5: this conclusion 

agrees with theoretical analyses of two-dimensional flow (83) under 

the same conditions of interfacial mobility. 	It Is also apparent 

that the shape of the body affects the transfer rate by influencing 

the values of both the area ratio A8/A and the bracketed integral. 

The condition for equation 83 to apply takes the form of an 

inequality, / U1()  Y1 
UJO 	2 

(84) 

The largest value of y j  which can be taken is the dimensionless 

depth of penetration, 6. i  , of the solute into the solvent. 

- 

 (

0) A  '5ze 	_" 	c 
Lcc: - 

	

	 + 	A 	 (85) 

	

oyyJo 	 oc 

D 
k 	or 	6 	 (s6) 
L 	 c 

D 	2 
______ 	 (87) 

S.. 	 - re 	k  r5  = 

Lquation 83 applies, therefore, when, 

	

2 	11 C (88) 
U10 
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/ 
i.e. Sh << u10/u10  (89) 

Substitution of Bh from equation 83 into equation 89 gives, 

Pe 	
u /u 

	

10 	 (9(i) 
r ' 	 12/3 

41 As 	
J  ( 
	

) l/2 r1 
dxiI 

0 

This final inequality shows that a particular range of ?e must 

be available before the mass-transfer equation can be used. 	The form 

of equation 83 makes it clear that particular cases can be analysed 

thoroughly only if the area of the dissolving body and the complex 

integral term can be evaluated. 	In particular, the velocity distri- 

bution outside the body must be known, and it must be possible to 

relate the interfacial velocity gradient, and the characteristic 

lenCths r and x which define the shape of the body, to one common 

parameter before the integral can be solved. 

2. Transfer across a Rapidl-Movinp Interface 

If the interface is moving rapidly compared to the velocity of 

translation, U, the inequality 84 is reveraöd, 
I 

U10 y U10 	2 	 91 

With this condition, equation 74 becomes, 

ac1 	1 d 	 ô01 2 _____ 
U10 --•;: - 	dx1 (u

10 yl  r) 
cij 	i; 	

(92) 

with the same boundary conditions (equations 75 and 76) as before. 

Appendix A l.b) gives a detailed analysis of the solution of 

equation 92. 	The main result of this analysis is, 



	

As 	
(Ai 

	

= (#) T 	J u10  r1 2  dx lj Pe 

The condition for application of this equation can a ( aln be  

expressed as an inequality for the Peclet number, 

(u0/u10)2 	
(94) PC>> 

(As ) 2  JXl u10  r12  dx1  

0 

Prediction of h for any body again depends upon the possibility 

of finding the area of the body and evaluating the integral for the 

particular velocity distribution of interest. 

The shape of the body continues to affect the value of the 

Sherwood number in a complex way, but the mass transfer coefficient 

is now proportional to the diffusivity to the power 1 9  which agrees 

with other theoretical analyses (Bi, Gl2, 116 9  Wi) of transfer across 

mobile interfaces. 

It is apparent therefore that when neith ,r U10  nor u 0  y1  can be 

neglected, the mass transfer coefficient will be a function of the 

diffusivity raised to a power lying between and 4, the actual 

exponent depending upon the degree of surface mobility. This 

conclusion has been given quantitative form by Potter (P6) for two- 

dimensional transfer oases. 
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B. Particular solutions of the general transfer Equations 

Now that general equatiori8 83 and 93 have been derived for any 

body of revolution with slow-moving or rapidly-moving interfaces 

respectively, it is possible to apply them to shapes which are of 

interest from the point of view of the present work. 

1. Slow-Moving or Immobile Interfaces 

The general transfer equation is equatic 83, and applies when 

the Peolet number agrees with the inequality given by equation 90. 

a) Spheres 

The general equations 83 and 93 can readily be converted to more 

suitable forms in this case. 	The area ratio As/A reduce., , to unit,, 

and further simplification follows on noting that r 1  = sin 0 and 

dx1  = d 0 . 	Equation 83 therefore becomes, 

Sh 
2/3 

.64l f f (u 	sin 0 	 e d 	eh/3 	(95)  10 

The transfer relationship is defined exactly when the flow regime 

Is chosen. 	Equation 95 has been derived by Baird and Hamiellec (B3) 

from a form of equation 82 in which the contribution to transfer by 

means of radial convection was neglected. 

(1) Creeping Plow: Re <. 1 

Although this regime was not studied experimentally in the present 

work, theoretical analyses will be included here for the sake of 

completeness, and also to allow comparison with theoretical and 

experimental work by other investigators. 
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The stream function describing flow around a sphere in this flow 

regime has been derived theoretically by }1adaaard (H2) and can be 

written, 
3 

( 	

\ ,, .1 + 	 1 ( R  = U(R+y) 	l - 	jj Aj + 	+ 	 + 	
sin2 & 	(96: 

Since 
1 

U 	- 	
+ y) --in 9 ••• 	 (97) 

u10  and U1()  can e found readily and turn out to be, 

	

sin 0 	 ___ 
(98) lO = 	2 	+ /U0  

I sin 9 	
31 At  + /u 

lO= 	2 	111+,10 	 (99) 

ubatitutiori of u 0  from equation 99 into equation 95, and 

evaluation of the integral leads to, 

Sb = 0.99 	
+ 	33)1/3 pe1/3 

	 (100) 
(,* j 4 Ao / 

with the proviso that, 

1 2  
Pe< 27.8 - + 0.33 

( /V i

- + 1) 	 (101)IA-1  0  

The value of Sh. and therefore the dissolution rate of the sphere, 

depends upon the ratio of the disperse and continuous phase 

viscosities. 	In particular, when the ratio Is very high, the mane 

transfer relationship becomes, 

Sb = 0099 1/3 	 (102) 

Table 3 gives a comparison with published work. 



70. 

Table 3: Transfer around slowly-circulating Spheres in Creeping Plow 

Author Sh/P eh/'3  kange of Application 
Sh/P eh/'3  for a 
solid sphere 

Friedlander 0.89 1 << Pe 	Sc 0.89 
 

Friedlander 0099 1 Ps 	S  0,99 
 

Griffith 
(012) +1. 331140)  

0.891 
1/3 

1<<pe 	2.253+4("-~ 1) 0.89 
/ fro 

ard 	(Wi) 
, 	 .-1.58,%\'/ 

2.8( 
12,+19/2,,(1 

O.98(_ lPe _________ 

) 

0.98 

3 

Ftuckeneteln 1.037 1<Pe53.4 + 
(/IUO 

1.c37 
(R6)  

kse' Rud 1.037 1 << e 1.037 
(Al) 

All the correlations for solid spheres agree reasonably well, and 

the value of Sh/Pe 	deduced from the present analysis is exactly the 

same as that due to Friedlander (P3). 	Friedlander (P3) 9  in fact, 

solved the form of equation 82 which results when spherical coordinates 

are used, together with velocity components given by the Stokes (811) 

stream function, to give his final result. 	The agreement between the 

two predictions shows the correctness of the general transfer equation 

83 when it is applied to solid bodies. 

The other values of Sh/Pe1 '3  quoted above all result from approxi-

mate analyses. 	Akeel' Rud (Al), for example, assumed that the 

concentration distribution in the concentration boundary layer could 
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be approximated to by the quartic equation, 

1_2__2\3_ __ 4 

- 0 	 () 	
(103) 

which satisfied the appropriate boundary conditions, 

do ____ Y y = 0 $ a 	ø( 	- 	
= 	

= 0 ; 	= 	(104) 

Introduction of equation 103 and the Stokes velocity components 

into an integrated form of equation 82 allowed 6 to be found. 	In 

this way, the concentration distribution was specified exactly in 

terms of y and & , and could he differentiated to give the radial 

concentration gradient at the interface, and therefore Sh, as 

indicated by equation 81. 

P±iedlander (P2) introduced an alternative approximate method, 

which has since provided the basis for many theoretical predictions 

(39 9  G12 9  32, Wi) for mass-transfer around mobile and immobile spheres 

in various flow regimes. The correlations in Table 3 by Griffith 

(012) and Ward (Wi) were found using ]?riedlander's method. 	Since the 

technique was proved to be so valuable, it will now be considered in 

some detail. 

Pig. 4 shows the coordinates of a sphere undergoing transfer. 

The amount of solute crossing a circular element of width AA shown 

in the diagram is given by, 

O C  

2TTcd'\V 
	

(105) 
0 

and the angular gradient of this quantity must equal the amount of 

material diffusing from the segment of area of width RdO on the 
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FIG. 4:COORDINATES OF A SPHERE UNDERGOING TRANSFER 
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sphere's surface. Expressing this amount of material by Pick's law, 

(106) 

	

J 	2Ticd 	= 	
27TR2 d 	 sin & 

yo 

In dimensionless form, therefore, 

 

d1 	d 	 2 f8 c1 
9  

de• 	r6° ci&i] = e sin 	 (107) 

yl 0 

Integrating w.r.t. 0 from 0 = 0 to 0 = 180 0  leads to, 

2 1 fdo1 
811Od9 	 (108)

17-  Tir 	re 
- 	J (dyj) 

0 	 Yl 

Vquation 81 predicts that, for a sphere, 

Sh sin 

'I 
I 	"dc ' 

- 

	 (
- 1) 
	Ød9 	 (109) 

ylJ 
J o  

Combining equations 108 and 109 gives, 

5h=-I,7 	 (110) 

Sh can therefore be found if I - , the total aviourit of material 

diffused from the sphere, is known. 	To find this, IL' 1 , which involves 

the unknown thickness, &, of the concentration boundary layer, and 

01 must be available. 	Friedlander (P2) used the Stokes' stream 

function along with an assumed concentration distribution, 

C=A+R y 
	 (iii) 

oc 

to express 	c1d'L'1  in terms of y. 	By making certain order of 

0 
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magnitude approximations for thick and for thin boundary layers, 

Friedlander was further able to find I from equation 108 0  and then 

Sh from equation 110 0  for these limiting oases. The value for 

Sh/Pehh'3  of 0.89 shown in Table 3 is Friedlander's result for thin 

concentration boundary layers. Vard(Wl) extended Friedlander's 

treatment of the solid-sphere situation to the case of a quartio 

concentration profile. His predicted transfer relationship shown in 

Table 3 is close to that derived rigorously by Friedlander (P3) and 

the present author. 

Ruokenstein (R6) analysed the effect of interfacial mobility on 

the dissolution rate by means of Akeel' Rud's method of approach (Al), 

and deduced two limiting equations for slow and rapid interfacial 

flows, the first of which, shown in Table 3 9  agrees with Akeel' Rud's 

value. 

Table 3 also includes correlations for circulating spheres derived 

by using Hadamard's stream function in Friedlander'e equations, and 

simplifying the resultant complex equation for I e  by applying an 

inequality condition restricting the solutions to slow or immobile 

interfacial flow. These equations predict that Sb should increase 

as the viscosity ratio ,(A0/,AA, and therefore the surface velocity 

from equation 9 9  increased, whereas equation 100 derived in the 

present study predicts the opposite effect. The reason for this 

difference is that Friedlander's method includes the effect of the 

surface velocity on the transport rate, whereas, as equation 95 shows, 

the present analysis considers the eff*ct of interfacial shear only 

and predicts that the transfer rate should decrease with reduction in 

the shearing rate. This is unacceptable, as interfacial motion 
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results in enhanced transfer rates (B9, G12, Wi). 

Equation 100 should not be used therefore for spheres whose 

interfaces are moving slowly with respect to the mainstream velocity, 

but should be confined to oases where the sphere is solid. 

Mass transfer results by Akeel' Rud (Al), Griffith (G12) 9  and 

Ward (Wl) and heat transfer data by Xramers (K4) have confirmed the 

form of equation for Re -< 10 and Ps -> 102 , although the experimental 

constant lies slightly above 0.99, presumably due to natural convection 

effects (Sb). 

Oalderbank (Cl) has also shown that small gas bubbles 

(d5  < 0.2 cm.) dissolve according to, 

Sh = 0.81 
	

(112) 

which again agrees with the dependence of Sh on Pe shown by equation 

102, 'but gives a lower multiplying constant. At first sight, it is 

surprising that gas bubbles should dissolve according to a solid-sphere 

correlation: the viscosity ratio is very low, and the limit for 

application of the mass transfer equation derived by Ward (Wl), for 

example, becomes Ps 4 1010, which cannot be satisfied for gas bubbles 

dissolving in liquids, even although the Reynold's number may be of 

the order of one. This apparent anomaly can be explained by inter-

facial IsolidifyingN caused by surfactant impurities. 

(ii) Boundary Layer flow Re > 1 

The explicit solution of Hadamard (H2) for the stream function 

around spheres moving at Re < 1, and which reduces to the Stokes (811) 

stream function when the viscosity ratio 	is large in value, 

was made possible by neglecting the inertial terms appearing in the 
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Navier-Stokee equation. Because the flow field in this regime had 

been defined accurately, equation 95 led to a transfer relationship, 

equation 102, In close agreement with experimental correlations for 

mass and heat transfer in the continuous phase around solid spheres. 

As the Reynold's number increases above one, the Inertial terms 

cannot be neglected, and an explicit solution for the stream function 

around the sphere must therefore be found by solving the general 

Navier-Stokes equation: since this Is non-linear, such explicit 

solution is impossible and only approximate velocity distributions 

can be derived. Use of these approximate distributions is not a 

severe limitation, however, as the correct dependence of the Sherwood 

number on the Rsynold's and Schmidt numbers is invariably found (Al, 

G12, R6). 

Prosaling's equation for forced convection transport (equation 52) 

was suggested by a study of the form of the continuity equations for 

the dispersed and continuous phases. To check his conclusions 

experimentally, ]?roeeling (P4) studied the evaporation of spheres of 

naphthalene and drops of aniline, bensene, and water into an airstreaz, 

for a range of Re from 2 to 800, and found that, 

Sb 	2 + 0955 Re 1/2 	1u'3 	 (113) 

which agreed with the theoretically-predicted form, 

Sb = 2 + conet Re 1/2 3 1/'3 	 (114) 

Following this semi-theoretical and experimental study, Proesling 

(P5) analysed the velocity and concentration distributions in the 

laminar boundary layer around a solid sphere undergoing transfer using 

power series. 	He concluded that Sh( 8), the point value of Sh at an 
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angle e from the front stagnation point, must be proportional to 

Re12, and that, as Sc tended to infinity, Sh should become proportiona 

to c?", which agrees with the prediction of equation 95. 	Prossling 

was further able to express the ratio Sh( 0 ),/Re'2  as a complex series 

function whose value depended upon Sc. 	For the particular case of a 

naphthalene sphere subliming into an air stream, for which So equals 

2.53, 

sh(e ) 	1.366(1 - 0.184 e 2 	0.0069; e 	+ ...) Reh/2  soh/3 (115) 

Aksel' Rud (Al) has also calculated the variation in the point 

values of Sh around a sphere from the front stagnation point to the 

separation point for 3c--oO using approximatl polynomial expressions 

for the velocity and concentration distributions, and found that, 

n( 0) 	1.523(1 - 0.173 e 2 - 0.0114 0 4 )Rehl'2  50V3 	(116) 
By graphical integration, Aksel' Rud estimated the total transfer 

over the sphere on assuming the transfer to be constant for 

0 	. 0 	1800 , and the separation angle 0 to be 1100,  and obtained, 

Sh = 0.8 heh/2 
	

(117) 

Akeel' Rud's experimental results for the dissolution of spheres 

of potassium nitrate in water were correlated by, 

Sh = 0.82 Re 112 scV3 
	

(118) 

The proportionality between Sb - 2 and Re1'2 1/3 predicted by 

Froseling (P5) and Akeel' Rud (Al) has since been. substantiated by 

many experimental studies (C2, 06 9  118 9  R2, T2) of heat and mass-tranefe: 

around solid spheres, or spheres which were far more viscous than the 

continuous phase. 	The range of the Peclet number over which the 

proportionality applies has been found to be from 1.38 (P4) to 
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9.2 x 10  (L13), and the experimental multiplying constant has 

generally been between 0.55 and 0.63, although extreme values of 0.42 

(P2) and 0.95 (G6) have been noted. 	Two of the studies (G12 9  L13) 

include valuable tables of published correlations. 

Experimental studies of beat and mass transfer around fluid 

spheres (749 H8 9  1(4 9  R2) have used air as the continuous phase, 80 that 

the viscosity ratio 	has always been high in value. 	The 

equations shown in Table 3 for transfer around slow-moving spheres 

predict that when 	is large, transfer rates around fluid and 

solid spheres are essentially the same. 	This explains why fluid 

spheres at high Reynold's numbers undergo transfer according to solid 

sphere correlations. 

An attempt to relate the transfer rate to the surface velocity, 

in cases where this is far less than the mainstream velocity, has 

been made by Griffith (G12). 

Griffith (G12) correlated mass-transfer data for solid spheres by, 

Sh 2 + 0.57 Eel/2 
	

(119) 

and suggested that the effect of Blow interfacial flow on transfer 

could be obtained by multiplying the forced convection term in this 

equation by the ratio of mass transfer rates from flat plates with 

and without mobile surfaces. Ystimation of this ratio by assuming 

polynomial expressions for both the velocity and concentration 

distributions in the boundary layers gave, 

1/2 

Sb 2 + 0.57 Re1/2  so'35(i + 22  k) 	
(\_l 	

(120) 
L0) 
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1 	> for 	(1 - k (L)(k) 3c1 //3 ) 1 -> 	, ie 	1 	 (121) 

The ratio 	of the concentration boundary layer thicknesses 

with and without interfacial flow was plotted against the dimensionless 

interfacial velocity k for different values of Sc. 

Conkie and Savic (06) balanced the energy imparted to a sphere by 

the external flow and energy dissipated by viscous action within the 
V 10 1/2 sphere to derive a relationship beteeri k and the quantity --- 1e 
/w I 

 this relationship to find k and thus 	Griffith (G12) 

was able to correlate experimental data for the dissolution of drops of 

cyolohexanol in water by means of equation 120. 

Despite this agreement between theory and experiment, the 

validity of allowing for the effect of surface motion on transfer rate 

simply by multiplying the forced convection term by a correction 

factor Is questionable, and the correction factor itself is unsatis-

factory as no account is taken of the sphere's curvature. 

It was therefore thought to be advisable to develop a more 

satisfactory, but necessarily approximate treatment for studying the 

effect of the motion of the surface of a sphere on the rate of transfer 

occurring around it. This treatment will now be briefly described 

below, and in more detail in Appendix A2 and 3. The analysis was 

completed before It was realised that the analytical equation 83 could 

cope with solid spheres only, and not with spheres whose interfaces 

were moving slowly, as was hoped. Although the general analysis 

presented In this section did not therefore lead to satisfactory 

predictions for the effect of slow interfacial motion on the transfer 

rate, its inclusion is of value for several reasons. 	Piratly, a 
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picture is obtained of how the surface velocity affects the thickness 

of the velocity boundary layer around any axisymmetric body or 

revolution and, in particular, around a sphere, and oblate and prolate 

spheroids. Also, approximate velocity profiles outside circulating 

bodies can be deduced: these may prove to be useful, when used in 

?riedlander'a method (P2) for example, for estimating transfer rates 

from mobile bodies, although this has not been investigated in the 

present work. Yost important of all, the velocity profiles can be 

used to analyse transfer around a solid sphere, for which equation 95 

has been shown to be adequate, and then around solid oblate and prolate 

spheroids. 

The starting point for any theoretical analysis of the boundary 

layer around any axisymmetric body of revolution must be the Xavier—

Stokes and continuity equations for the fluid stream, modified into 

forms applicable for boundary layer flow (83), 

1J Metoo 
 + 	 (122) + 	 dx  

	

-(ur) + -(vr) 	0 	 (123) 

Equation 122 can be integrated (53) to give the well—known ICarman 

Integral Relation for three—dimensional, axisypiiietric flow, 

2 d-& 	 ____ U 	- + (2-O-+ £*) u dUoo 	2 -G dr to 
+ - 

dx 	r ax 20 Co 
 

where, 

NO 
6 b  

J
I u yU7) d  

T1 
0 

 

is the momentum thickness, 

= 	Jo 

c;v 
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the displacement thickness, and 

/d u) =(127) 

the interfacial shear stress. 

1quat1ort 124 can be solved if an appropriate velocity distribution 

in the boundary layer is asmuned, and used to evaluate the parameters 

defined by equations 125 0  126, and 127. 

Pohihausen (P5) and Millikan (M2) assumed that the velocity 

distribution around a solid sphere could be written in the form, 

f( 	
j 
 f() 

1Joo 	6y 
(128) 

Pohihausen considered a quartic, and Millikan a quadratic profile. 

The type of distribution defined by equation 128 is known as a 

"similar" distribution, and is strictly applicable only when the 

velocity at the edge of the boundary layer can be expressed in the 

following ways (('78) 9  

U,=ox 	or as 
	

(129) 

where c, m, and 0< are constants. 

Assuming that the velocity at the edge of the boundary layer 

around a sphere is the potential flow velocity, 

i.e. U, =U sin O 
	

(130) 

it is clear that the conditions for a "similar" solution to apply are 

not satisfied. 	Nevertheless, the satisfactory conclusions of 

Pohihausen and Millikan for solid spheres suggest that this type of 

distribution can be used without excessive error in the analysis of 

the boundary layer around fluid bodies. By extending equation 128 

to allow for interfacW motion, 

+ f(I?) 	0 	P1 	 (131) 
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o< is obviously the ratio of the interfacial velocity to the 

potential flow velocity outside the boundary layer. 	This ratio has 

previously been used by Griffith (G12), who used the symbol kr instead 

of o( 0  to correlate mass transfer data for liquid drops, and can be 

expressed in terms of the viscosities of the two phases and the 

Reynold's number based on characteristics of the continuous phase (06). 

The prediction from equation 131 that the inturfacial velocity can be 

expressed in terms of a simple function of 0 , namely ain 0 , Ic a 

consequence of the use of similar equation, and is not strictly 

correct (03). 

The boundary conditions which muat be applied to produce explicit 

velocity profiles of the form shown by equation 131 are, 

	

yaO 	 (132) 

= 1 , 	 ... 	0 ; y 	 (133) 

Application of the necessary number of boundary conditions to 

four profiles (linear to quartic) showed that the general form of all 

profiles was, 

__ 	 °( 	(1- o<) f ()) 	 1 	 (134) 

Substituting this expression into equation 125 to 127 led to, 

(1 - 	) 6 r(o) 	 (135) 

(1 - oc ) 	G 	 (136) 

OUOO (1 	) Q 	 (137) 

where t(o<.) is a function of 0< , and G and C are constants, the values 

of all three terms depending upon the chosen velocity profile. 
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Appendix A2 considers all the dteps in the derivation of 

equations 134 to 137, and describes the s olution of equation 124 when 

values of-G- , 6, and 	frou e1ations135 to 137 are substituted 

into it. 	It iu ohowri that the boundary layer thickness around any 

axisymnetrio body of revolution is, 

C 

6 v = 	I t 2  IT00 	dx 	 (138) 
U r'f(°< ) J 	 J 

0 

where B is defined as  

2(2 	
fro) 	

(139) 

General conclusions \%hich can be reached by inspection of 

equation 138 are, 

the boundary layer thickness at any point on the body depends 

upon the kinematic viscosity of the fluid flowing past it: for 

an invisoid fluid, there in no velocity boundary layer; 

the boundary layer thickness is a complex function of the shape 

of the body; 

the surface mobility affects the boundary layer thickness in a 

complex ways as o' depends upon ,u0  (03, CO, increase in 

would be expected to reduce 6, 9  as noted In 1). 

When the general equation 138 is applied to a sphere (Appendix A 

2.a)), the dimensionless boundary layer thickness turns out to be, 

[ ___  
V1 = 	

= 	
3f( 	sj2& 	

sinBl  dJ 	(140) __  

0 

The main conclusions to be drawn from equation 140 are, 
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at any point on the sphere, the boundary layer thickness is 

inversely proportional to the square root of the heynold's number: 

this conclusion agrees with rigorous analyse  (S3) for two 

dimensional glow. At very high Reynold's numberb the velocity 

boundary layer vanishes; 

for any particular degree of surface mobility, the boundary layer 

thickans as the distance along the surface from the front 

stagnation point increases, until, at the rear stagnation point, 

the boundary layer is infinitely thick. 	These conclusions can 

be reached by study of the function of G appearing in equation 

for small values of 9 , i.e. near the front stagnation point, 

sin. & 9 . 	Substituting this value into equation 140 leads to, 

- 3f()Re(+ 2) vi 	
BC (141) 

for the dimensionless boundary layer thickness in this region. 

Equation 141 shows that the boundary layer thickness has a non-

zero value at the front stagnation point. 	This is an unsatisfactory 

conclusion as it must be accepted that a boundary layer builds up only 

after, and cannot exist at, a leading edge (33), or a stagnation point 

(P5). 	The wrong result arises through the use of the "similar" 

equation to describe the velocity profile in the boundary layer, but 

is not important from the point of view of estimating transfer rates. 

Now that the velocity boundary layer thickness has been evaluated, 

the assumed velocity profiles can be put in more satisfactory forms. 

Although complete descriptions of the profiles can be produced without 

difficulty, only the first two terms of any distribution need be 
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considered in this work, which is basically concerned with transfer 

at high Peclet and Schmidt numbers, as mentioned before. 

The general profile is thus, 

iI 
	.L 	 - 0< ) 

	
(142) 

Appendix A 2.a) shows that the final equation for the dimension-

lees boundary layer velocity is, to the first two terms, 

ul  = j oc  uin 0 + < 'eoc Rey1 	 (143) 

where P. and Fga  are functions of 0< , and ê and 0<  respectively, 

and are defined in the Appendix. 

0< determines the relative importance of the two terms appearing 

on the right-hand side of equation 143. 	The highest value of F is 

attained at o' = 0. 	As o< increases, P<  decreases and finally 

vanishes at o< = 1. 	For 0< 	1, therefore, 

o(sjn e 
	

(144) 

In the limit, when °< = 1 1  the interfacial velocity attains the 

potential flow value. 

In the other extreme, when 0< 	09 

U1 	1o< Fea  ey1 	 (145) 

When o( is close to neither zero nor one, both terms in equation 

143 must be considered. 

For a sphere with a solid or slow-moving surface, 1J must be 

found before Sh can be evaluated from equation 83. Differentiating 

equation 143 with respect to y 1  gives U 0 6.0 9  

/ 
= U10  = F F 	e' 	 (146) 

Y.1) y1 
	0 	

O-C 
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The same equation would have been obtained by differentiating 

the unaimplified velocity profiles and introducing the condition that 

yl a 0. 

The value of u 0  from equation 146 can now be substituted into 

equation 83 9  ac 	o.'n in Apçendix A 3.a)(i), to give, 

71 	 2/3 

Sh = 0.641 F; 3 	J T-11112 	3/2 e u 	(Pe He 	(147) (147) 

since Ile 	1-:e qv, equation 17 can be written, 

2/3 
+ 

Sh 0.641 	 in 	 0 	 lie /  So l/3 	(148) 

(10 
s i n 13+ 1& i o) 1/4 

This is the equation uecribing transfer around riid or lowly—

circulating spheres moving at high eyno1d's numbers when both the 

Peclet and Schmidt groups are large in value. 

The complex integral term appearing in equation / 4-F was evaluated 

for a range of interfacial mobilities by means of a ".1ercury 0  computer. 

Writing, 
9 

J sin9 d9 
0 

9d9 Bin 	10 	 (150) 
174 J o  

gave the two differential equations, 

d 2/d9 = sin B+1 
9 	 Il  1.51) 

B + 10 

dz1/ci 	= Bin /42  1/4 (152) 
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An autocode programme was written to enable the simultaneous 

solution of equations 151 and 152 for numerical values of z to the 

power 2/3 at e = TT over a ranee of E of 5(0.5)10. 

For small values of 0 , sin 	0 , and equations 149 and 150 

reduce to, 

= 	 + 2) 	 (153) 

(B + 2)1/4 	 (154) 

These equations were used to provide starting values at 9 = 5 0  

for the computations. 

Pig. 5 shows I,, z]2/3 at 0 = 71, plotted against B. 

Table 4 gives information about the variation of B and the 

mobility parameter F with o( for the four velocity profiles 

considered. 
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Table 41 Velocity Profiles, Mobiliy Parameters, and Transfer Ratios 

for Slowly:--circulating and Solid spheres 

Assumed 
Vel Velocity £(°) G B 

1 
}tJ Sc Sh/
_ ___ 

Prof ile Distribution 9=1T ø=1O8
_ 
 

Linear ______ ____ 
u+(10 

2-< ~ l ______ 
6 

1 ____ ______ I4( 	I ____ 2(4) 0.69 0.63 

Quad- -°<2(1-o 3ô(+2 3. 3 2 3( iO )(3v(+2 ,)*  2 16 2'\ ( 3 + 2) 0.75 0.67 
ratio 

2  

- - 

u 	o(43 (i_ 0 )) 

Cubic 2 4(+3 
28 

1 3 2(  4 	) .77 0.69 

+ 

(3) ) 

Quartlo _6(1_)? 2  54+4 1 3 4 "10+17 
-) 

0.78 0.70 45  

I * 
( 	

30 	
) 

- 

When the values of F a  and I were used in equation 148 to 

predict the effect of 0<  on Sb, it was found that Sh decreased as 

increased. Equation 148 was first derived from a specific solution 

of equations 64 and 65 using the velocity gradient from equation 1461 

this derivation gave no clear indication of the consequences of using 

the interfacial velocity gradient alone to predict transfer rates 

across slow-moving interfaces, and the analysis was therefore carried 
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out fully, as described above. 	It was only when the general equation 

83 had been derived that it was realised that equation 148 would apply 

to solid spheres only. 

Values of F0<  and I IT from Table 4 and Pig. 5 were used to 

predict Sh for solid spheres, and then values of Sh/Re '2  1/3, as 

shown in Table 4. 	This table shows that the chosen velocity profile 

influences the value of Sh/Re11'2  30'5  only slightly. The quartic 

profile can be considered to give the most satisfactory result. 

The theoretical analysis has so far been based on the assumption 

that the flow did not separate at any point on the surface of the 

sphere, because of which the equation for Sh( ) quoted in Appendix 

A 3.a)(ii) predicts that the point transfer should decrease 

monotonously as 9 increases from zero until no transfer would occur 

at the rear stagnation point. In fact, flow separation occurs on 

solid spheres moving at high Reynold's numbers at 0 	108°  (T5), with 

consequent formation of a wake at the rear of the body. The wake has 

a profound effect on the overall trnasfer rate: experimental studies 

of local transfer rates around solid spheres (C2, 06 9  L13) have 

demonstrated that Sh( 9) decreases with increase in & up to the 

separation zone, where a distinct transfer minimum occurs, after which 

Sb( 0 ) increases slowly in value right up to the rear stagnation point. 

The actual transfer occurring over the rear of the sphere is therefore 

greater than would be obtained by use of the theoretical equation for 

Sh( 9) 9  so that the overall transfer ratios shown in Table 4 can only 

be taken as conservative estimates of the true total transfer. 	The 

transfer occurring over the frontal region of the sphere up to the 

separation point was evaluated by altering the autocode programme to 
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provide values of si . 	at G = 1080. 	These values are also plotted 

in Pig. 5 and were used to predict the second column of Sh/Re1'2 1/3 

shown in Table 4. 

Assuming that the transfer occurring in the wake region amounts 

to 3394 of the frontal transfer (the experimental ratios of transfer 

over the front and roar halves of a solid sphere lie from 3.9 (P4) to 

1.6 (G6)) approximate values of Sh/Re'2  Sc1" can be worked out for 

each of the assumed velocity profiles. 	For the quadratic profile, 

this assumption leads to, 

0.9 Rel '2  S o h/'3 
	

(155) 

A comparison of equation 155 with published correlations (Al, 02 9  

P4 9  G6 9  R2) shows that equation 155 overestimates the transfer rate 

around solid spheres in most oases, but compares favourably with 

Akeel' Rud's experimental and theoretical equations (117 and 118). 

Also, the expression for h( 0) given in Appendix A 3.a)(11) was used 

to give a theoretical value of the point transfer group at the front 

stagnation point of, 

3h(0) = 1.34 Re 112 $ch1'3 	 (156) 

The reasonable agreement between the transfer ratio Sh/RehI'2 1/3 

arising from this work and that found by the more accurate analysis of 

Frosaling (P5), namely 1.47 9  shows that the incorrect non-zero value 

of the boundary-layer thickness at the front stagnation point 

predicted from the present theory does not introduce too much error 

in the estimated transfer rate. 

The reasonable success of the nalyaie for a sphere makes it 

clear that transfer around solid spheroids can also be analysed with 

sufficient rigour using "similar velocity profiles and the general 

equation for the boundary layer thickness around a body of revolution. 
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b) Oblate and Prolate Spheroids 

SkelindaxCornish (98) have recently studied the sublimation of 

naphthalene spheroids into an air stream, and have also derived an 

expression for the Sherwood number for a spare subliming by molecular 

diffusion alone. Apart from this work, no attempts have been made to 

provide quantitative experimental or theoretical information about 

transfer around spheroids. This lack of information is unsatis-

factory, as the spheroid may be regarded as an Idealised shape In many 

transfer operations when one phase Is dispersed in another (Gi, Hi, 

RiO, L9). 	For example, solid spheroids may occur in liquid-liquid 

extraction when the viscosity of the dispersed phase Is far greater 

than the viscosity of the continuous phase, or when surface active 

impurities are present (G2, G41 (5). 	Surfactants may also cause 

spheroidal bubbles to behave as if they were solid (Hi, R4 9  G12). 

It is therefore important to know how deformation from a spherical 

shape affects the transfer rate around a solid body. 	The following 

analysis was carried out to provide theoretical information about 

transfer around solid oblate spheroids, and conclusions from it can 

be compared with the experimental results of Skelland and Cornish (58). 

Equation 83 describes transfer around any solid axisyametric body 

of revolution, and will be used in the present analysis. 	Before 

evaluating the Integral term, It is necessary to express the variables 

U109  r, and x1  in terms of one parameter only. 

Considering the velocity distribution outside the spheroid first 

of all, this can again be expressed as a "similar" equation, but this 

time terms allowing for interThcial movement will be loft out. 

Therefore, 
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= ' (6,Y_ 
	

' ) 	'2 	 (128) 

ahm (zL) has published flow functions and oopone velocities 

for oblate and prolate spheroids ui potential flow, from ..ich, for 

both spheroids, 

, 	J uin, 0 
	

I., 

where k is a complex fu(,  ion of t'  

Therefore, from 128 and 157 9  

u = 	(1 + k) ; 	di 	0 	)  

(1 	+ k) siti 0 	(C h + 	. . . . )  

u 1'0 	(1 	1:) 1n 0 	 (160) 

.low thcI triicness of thc velocit'i boundary layer cazi be found 

from equations 138 and 160. 	On substituting cS  into eq1at1on 138, 

I 	C(1 	k) s1.rL 0 	 k)r2f(°() 	 (161) =  

I 2C% ç r2  sir, B-A & dx 

Since u 0  can be expressed as a function or 0 it in advisable 

to try to write r and x in terms of the same variable. 	Consideration 

of the geometry of an ellipse (which, when rotated about a vertical 

axis, leads to a spheroid) shows that this Is possible. 

Pig. 6 is of one quadrant of the ellipse, 

2 r 	z (162) 

R is the radiu s of curvature of the surface at any point 

P (a coo o , b !1r o< )', o<  being the eccentric angle, and a and b are 

the semi-major and semi-minor axes of the spheroid. 	The point B(O, d) 
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is the point at which the radius of curvature intersects the vertical 

Z axis, 

From this figure, it can be seen that, 

r = a co8c'( = R sin  

Differentiating equation 162 given, 

dzb2 r 
- --v. - 

ar 

where m is the gradient of the tangent to the ellipse at (r, ). 

The gradient of the normal to the tangent at (r, ) is therefore, 

 

which can be used to give the equation of the normal, 

z2-z 	za2 
- r  

where (r 2 , ' 2  ) is any other point on the normal. 

Since (r, z) is P 	(a coE-: o< 	, b bin 	° ), and taking B(O, d) as 

(r2 , z2 ), 

d = b sin 0<  (1 - 2) 	 (166) 

where B = a/b. 

R can therefore be found 

R2  = a2 coo 	+ fb sin,-( - b sin a< 

R2  = a2  c08 2o 	+ b2 (1 	 (167) 

Using equation 163 9  

R 2 	 b2  E4 

(1 - sin' $ + Ec siii' 8 

N.B. For a b = R, i.e. a circle, the left arid right hand sides of 

the equation are the same. 
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From equations 163 and 168 9  

bY2  sin 9 
* 	 (169) 

r5 (l - Sir 20 	F eiri e 

and 	 2 e 
dx1 	 u  

- sin2  9 + E2 jc? 	2 

Equations 169 and 170 apply to both oblate ( 	1) and prolate 

(E 4 1) spheroids, and can be used to express the dim:ionieas inter-

facial velocity gradient in equation 161 in terms of 9 . 	Appendix 

A 2b) considers the boundary layer thickness and velocity profile 

around a spheroid, and the final velocity profile is used in Appendix 

A 3.b) to predict the transfer rate around a solid body. 	The final 

equation for the transfer rate can beat be written an the ratio of 

the Sherwood number for the spheroid - based on the equivalent 

spherical diameter - to the Sherwood number for a sphere of the same 

volume under the same flow conditions. This equation is, 

Sh : 2 As 2+ k) Qa (171) 

where F., E is a complex function of e , o< and L and is defined in 

Appe.iix A 3.b). 

An autocode programme for the "Mercury" computer was written to 

enable values of F 	at different eccentricities to be obtained at 

both 9 = 11/2 and 9 = 71. 	To simplify the programme, only the case 

of the quartic velocity profile was considered. 

Table 5 gives values of 	at 0 + and 9 = Y for 

eccentricities from 091 to 5. 
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Table 5t Integral Parameter F 	for Solid Spheroids 

E 	 : 0.1 	0.2 	0.3 094 0.5 0.6 0.7 0.8 0.9 

Fox F at 	= - 	 22.38 10.11 5.7* 3.76 2.t5 1.97 

at 0 	• 4•19 23.73 10.64 6.03 3.A9 2.72 2.01 1.55 1.23 
9E 

1.1 	1.2 	1.3 	1,4 	1,5 	2 	2.5 	3 	3.5 	4.4.5 

'I .84 	.71 	,b1 	.53 	•4C ,27 	.18 • 12 	.09 .07 	.00 

9.11 ,3 	.70 	 .52 	.45 .26 	.17 .12 	,O 	.Ob 	.05 

Using equations 171 9  210 and 211 9  Fig. 13, and Table 5, values of 

sh08/She  were calculated for frontal transfer up to the equator (9 = 

and also for transfer over the entire contact area ( 9 = T). 	These 

values are tabulated in Table 6 and plotted in Pig. 7, where they are 

compared with values calculated from equation 59 9  which results from the 

experimental correlation of Skelland and Cornish (38) for the sublima-

tion of solid oblate spheroids into an air stream. 

Table 6: Transfer Ratio 5h 08/3h3  for Solid Oblate Spheroids 

E 
Sh 11.5 	2 	2.5 	3 	4 	5 

Sb8 at & T 	j 1.11 1.17 1.19 1.20 1 0 20 1.19 

1 1906 141 1.3.2 1.11 1,09 	L.Q6 
08 

Sb.3 at 9 	II 

Pig. 7 shows that at any particular eccentricity, the theoretical 

estimates of k., AT  for transfer over the frontal and total contact 05 Us ,k 7kt1- 
areas are bothArater than the corresponding experimental value found 

by Skalland and Cornish. The difference between theory and experiment 

increases as the eccentricity increases: at eccentricities of 1.5, 2 9  

2.5, and 3, for example, theoretical total transfer ratios oveeotimate 
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experimental vulues by approximately2•5, (,, il, arO I#-/ per cent 

respectively. 

The reason for the discrepancy between experiment and thry 

is probably connected with the approximate nacur of thi, velocity 

boundary layer calculationi described previously, Nolanation in 

terms of wake transfer, which could not be analysed thsorutically j ; 

is unlikely. 
The existence of a wake behind the spheroid would, in fact, be 

expected to cause the discrepancy between the theoretical and experi-

mental transfer ratios to increase, as wake transfer for a spheroid is 

likely to exceed wake transfer for a sphere for two reasons. 	Firstly, 

the wake behind a body of revolution will increase in size as the body 

flattens, an increasing the curvature of the rear of the body will 

induce movement of the separation zone towards the equators the 

converse effect has been found for elliptical cylinders with major axes 

parallel to the direction of flow (33). 	Secondly, as the eccentricity 

of an oblate spheroid is increased, the shearing stress at the inter-

face, which is likely to dictate the transfer rate in the wake as it 

does in the non-separated boundary layer (equation 83), also increases: 

conversely, the shearing stress at the interface of an elliptical 

cylinder with its major axis parallel to the direction of a stream 

flowing past it decreases as the slenderness of the cylinder is 

increased (33). 
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2. Rapidly-Moving or Entirely-Mobile Interfaces 

When the interfacial velocity is of the same order as the main-

stream velocity, the transfer relationship applying is equation 93, 

as long as the Peolet number is such that the condition given by 

equation 94 is satisfied. 

For convenience, the transfer equation will now be written again, 

rx1  

Sh 	*7 	
i 

u10r12dx1 	Pe* 	 (93) 

This equation will now be used to derive transfer equations for 

fluid spheres, oblate and prolate apheroicia, and spherical caps. 

a) Spheres 

Equation 93 becomes, 

* f 	II  
Sh 	 U10  sin 2 9 de] 	Pe* 	 (172) 

Tr) 

Equation 172 0  which also resulted from the simplified analysis 

of Baird and Hamiellec (B3) 9  shows that precise transfer equations 

can be derived once the dimensionless interfacial velocity has been 

specified. 

(1) Creeping Plows Re < I 

Inserting the interfacial velocity given by equation 98 into 

equation 172 and evaluating the integral, 

Sh = 0.65 
(/kAj ) * 

PG* 
	

(175) 

Equations 98, 99 and 173 can be combined to give the condition 
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which must be satisfied before equation 173 can be used, 

Pe>2.4(3A1 + )2( 
	

1) 	 (174) 

Since the flow regime is also restricted to the range Re< 1, 

the upper value of the Peclet number at which equation 173 can apply 

is given by Pc = Re So = Sc. 

Equation 174 therefore takes the more genera]. form, 

2 
bc. P >>24 (3 "  + ) ( i. + 

114 0 	I 	o 	
1) 	 (175) 

The value of Sc is approximately 10 3 for gases and liquids 

dissolving in liquids. Equation 175 therefore shows that equation 173 

can be used to describe transfer around spheres when 	is less 

than or equal to approximately four. 

It should be noted that iquation 98 predicts that u10 , the 

dimensionless velocity at the equator of the sphere can be written, 

U10e I (176) ,rn +/Uo 

so that equation 173 becomes, 

	

Sh = 0.92 U * lO e  Pe 	 (177) 

The transfer rate is therefore directly proportional to the square 

root of the dimensionless equatorial velocity, the value of which 

depends upon the viscosity ratio /1f1//40. The maximum transfer rate 

is found when u 10 equals 0.5 9  which requires that / j//M0  equals one. 

This condition is very nearly satisfied for gas bubbles in liquids, so 

that continuous-phase transfer around bubbles rising through pure 

liquids at he <1 can be described by, 



Sb = 0.65 Pei 
	

(178) 

Equation 178 correlates experimental data by Hammerton (H3) for 

the dissolution of bubbles of carbon'-dioxide moving in glycerol at 

0.01 Re 0.13 reasonably well, 

Griffith (G12) and Ward (Wi) have derived equations similar to 

equation 173 by substitution of the Hadamard stream function and 

assumed concentration profiles into Friedlander's equations and 

solving these explicitly in the case of rapid interfacial motion. 

Griffith (012) used a two term polynomial for the concentration 

distribution outside the sphere and derived, 

/ 	O 	P Sh  = 0.67 	
+ 	

e 	 (179) 
 

for 
Pe 	2. 4 + 1 	+ 	 (180) (3~'- 

'.7ardls analysis (WI), using a four tern concentration rofi1e, 

led to, 
2 

	

Sb 0.61( 
,M0 	

Pe 	 (181) 
+ ,o ) 

for 	 Sc Pe 2.8l2! + 19)
2( 

	+ 1) 	 (182) 

Ward's experimental data for the dissolution of drops of water 

in cyclohexanol (.t 25.4) for 0.22 Re 2.2 9  lay somewhat above 

a line predicted by equation 181 and can be better correlated by the 

more accurate equation 173. 

Ruokenstein (R6) has also derived an approximate solution for 

transfer across rapidly-moving interfaces, 
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( 

/4 	

Pe 	 (183) Sb = 063 1/4 + 

for 	 So 	Pe >> 4o('.t + 
	

(184) 

Equation 173 derived in the present work, and equations179, 181 

and 183 all show the same dependence of Sb on the viscosity ratio 

The multiplying constants in all four equations also agree 

reasonably well, the constant of 0.65 being the most satisfactory, as 

this was the only one derived without any assumption being made about 

the form of the concentration distribution around the sphere. 

The limiting conditions of Griffith (G12) and the present author 

agree exactly and are similar to Ruokenstein's inequality, although 

all three differ widely from Ward's equation. For gas bubbles in 

water, for example, Ward predicts that the Peclet number would have 

to be far greater than about 103  before equation 173 could apply, as 

compared with values of about 3 and 40 predicted by Griffith and 

Ruckenatein respectively. Since the Schmidt number in this case is 

also approximately 	Ward's condition reduces to the absurd form, 

Sc Ps Sc 

The limiting condition given by equation 175 is therefore 

recommended. 

(ii) Boundary Layer Flow Re >>1 

The impossibility of deriving an analytical stream function for 

flow around solid spheres moving at high Reynold's numbers restricts 

the accuracy of equations derived to describe transfer around them. 

This problem does not arise when the interface is moving rapidly, as 
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a theoretical analysis of the boundary layer is available for such 

oases. As mentioned in the section dealing with bubble velocities, 

Chao (03) used a perturbation method to express the velocity fields 

inside and outside a mobile sphere moving at high Reynold's numbers 

with no flow separation in the form of small deviations from the 

potential flow fields. It was also mentioned that the interfacial 

shear condition used by Chao was inexact, and led to error in the 

estimated drag coefficient. The correct boundary condition will now 

be developed, and used to predict velocity fields and transfer rates 

around mobile spheres. 

Chao (0) expressed the continuity of shear stress at the inter-

face between the moving sphere and the continuous phase by, 

/ iàu 
4( 	0) 

cYj7 = 

(U 

i ta 1  y = 
(185) 

where the subscripts o and I refer to the continuous and disperse 

phases. 

This equation is a simplified form of the more general equation, 

,M 	J (R + 	) =i 	(R + 	) 
/ U 	

) 51[+y  
y=o I 

xpaneion of equation 186 

lauO____ U0  

gives, 

____ 

ri 
ui 

-  
Y-)y. 0 

since u0  = u0' + U0   

11± U 
1 1 + U1   

where u01  and u11  are small perturbations of the actual tangential 
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components u0  and Uj  from the potential values U0  and U1  

	

uo 
- 

U 0 
1 + J(1 - 	U sin 0 
	

(190) 

	

 Ay)llj - u11  + 	+ 	
u sine 
	

(191) 

where U is the mainstream velocity. 

On differentiating equations 190 and 191 and substituting the 

differentials into equation 187 9  along with u and u from 190 and  191, 

/  
,AA0 ~  u  —0  - 

Since the  the 

the interface) 

1 

3t sit,  0 
- 	

A 

perturbed velocities 

are small compared to 

Iduil 
+ 	stn 0 

- 

u1J (192) 
~ jy ) 

Y=O 

Lao 
1 and u11  (which are equal at 

the other terms, they can be 

neglected, and equation 192 becomes, 

	

 (d') 	
- 	(21M0 	 81fl 

O
) 	

- t4 	
Y )  

y=o 	 y.!O 
 

Equation 193 can be compared with Chao'a condition, 

/dU0 1 \ 
1{A0 (( a Y 1ya:O 

1 

) 	

+ 4) sin  

y-0  

 

The two equations differ only in the viscosity terms on the 

right-hand sides of the equations. 

It should be noted that when ,/,4 i is much less than ,i0 , as for 

a gas bubble, equation 194 reduces to, 

(

4__YPYu' 

 - 0 
	U Bin 	 (195) 

which is identical with Moore's boundary condition (equation 2.31 in 

his paper (M6)), and twice the value given by Chao. 
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Use of the modified boundary condition 193 in Chao'a method of 

solution of the differential equations describing the flow lead to, 

C {1 

1  + 0.314 2 + 3/ 
D 	

",4 	 1 
+ 	

+ Pii 	oo - 	Re 1 + (?ij/o'o 	t 
(196 

or gas bubbles, 	 18 far lees than one, so tat, 
( 00 1 

CD = 	
+ 	- 0.314 	+ 2- 	7 	(22) 

	

Ret 	,/4,JJ 

Equation 22 correlates data by Bryn, and Haberman and Morton, for 

liquids other than water better than Chao'e solution. 

Appendix A 4.2) shows that when Chao'e solution for the 

tangential velocity component is modified by use of the new boundary 

condition, the dimensionless interfacial velocity becomes, 

* 
sid E) d 0 

U10 = sin & - 2 	
2 + 311/0 	

*  

(197 
1 + ( 

D1,44/ 
Po/,O)",sin & 

Re* 

Substituting equation 197 into equation 172 leads to, 

•1 

	

Sb = 1.13 [1 - - 2 + 31/0 
	

Pe 	 (198 

	

1 + 	11/p0p0) Re J 
Equation 198 applies only when, 

internal circulation is complete; 

flow separation is negligib 

the Reynold's number is high. 

Also the small perturbation assumptions used in Chao'a analysis 

restricts the use of equation 198 to oases where the term in brackets 
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is close to one. This tact provides a simpler way of estimating the 

range of Pe for use of equation 198 than by using equation 94. 

Griffith (G12) assumed that the ratio of the interfacial velocity 

to the potential flow velocity at the same point was independent of & 

although equation 197 shows this to be incorrect, and postulated that 

transfer around rapidly-circulating spheres could be correlated by, 

Sh n 1.13 °< * Pe 	 (199) 

Griffith attempted to correlate data for the dissolution of drops 

of ethyl acetate and water in water and isobutanol respectively by 

means of equation 199 1  values of o< being taken from a graph of Conki. 

and Savic (C6). The predicted and experimental results for both 

liquid-liquid systems are shown in Pig. B. from which it can be seen 

that the theoretical estimates are substantially higher than the 

experimental data. 	For the ethyl-acetate-water system, theoretical 

transfer ratios are approximately 25 to 30% higher than experimentally-

determined values: over-estimation is roughly the same for the water- 

isobutanol system. 

Also shown in Pig. 8 are theoretical plots deduced from equation 

198. 

Por the ethyl-acetate-water system, 

= 0.415, (p11"00) = 0.619 9  and, 

I' 
Sh = l.13 	Pe 	 (200) 

Re 

Equation 200 was used to provide the theoretical line in the 

diagram. 

Similarly, for the water-isobutanol system, 
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= 0.381, ( p i lUil 	 0.686, and, 

27 	
* 

	

= 1.13(1 - 	Pet 	 (201) 
Re 

Results deduced from equation 201 are also shown in Fig. 8. 

Considering the ethyl-acetate-water data. first, the theoretical 

equation overestimates the experimental results by no more than 12. 

Despite the vertical displacement of the experimental points from the 

theoretical line, it is obvious that the experimental results follow 

the form of the theoretical curve very closely over the entire range 

of experimental Reynold's numbers. 

On the other hand, equation 201 underestimates the actual transfer 

rates from drops of water in isobutanol over the range of Reynold'B 

numbers studied by Griffith, but gives far better approximations to 

the rates than values taken from the upper curve based on Conkie and 

Savic's data. The underestimation occurs because of the small values 

of Re at which equation 201 is applied for the perturbation analysis 

of the velocity field to hold, 2.7/Re must be far less than one, and 

in fact reaches a value of about 0.5 before comparison with the 

experimental data is possible. 	It is apparent, however, that the 

trends of the experimental and theoretical plots are identical as the 

Reynold's number is increased beyond 25. 

Pig. 8 shows that at Reynold'a numbers above about 40 9  transfer 

from the ethyl acetate drops is correlated reasonably well by equation 

200. It also appears that equation 201 might describe transfer from 

the water drops in isobutanol with fair accuracy above the same limit. 

To a close approximation, then, the perturbation transfer 
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equations can be assumed to apply when, 

2 + 3//1 	l.4 	2.8 1- 

	

1 + (t'1j"(0/'0)1 Re 	- 	
(202) 

2 + 	 1.4 	 (203) i.e. 
1+ (pjj/f00)* Re 

or 	 Re 	10.9 	
2 + 3,M1//10  

(i + 	
(204) 

The Schmidt and therefore the Peolet number must also be 1are 

of course. 

For gas bubbles in liquids ( (o i 1.4il lo o /4o )*  is negligible. 	When 

the continuous phase is pure water at 20 00, ,a /, a0  equals 0.0148, and, 

\1 
Sh = 1.13 (i - 2.96 	 (205) 

 Re*) 

Again assuming that the second term in the bracket of equation 205 

can be as high as 0.44 before the transfer equation no longer describes 

experimental data with sufficient accuracy, equation 205 should 

therefore apply at Reynold's numbers greater than about 45. 

Gas bubbles in water are spherical and rise in straight lines 

until the diameter reaches a value of roughly 0.10 cm. (Hi, Si), 

corresponding to a Reynold's number of approximately 200, after which 

the shape of the bubble becomes irregular, so that equation 206 can no 

longer apply. 	The range of application of equation,,105 for continuous 

phase transfer around gas bubbles in pure water is therefore 

50 Re 200 approximately. 

An important conclusion to be drawn from equation 2o3 is that 
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when the Reynold's number is very high the transfer rate can be found 

from, 

Sh = 1.13 Pe* (54) 

This is the solution of Boussinesq (B8) for transfer around 

spheres in potential flow. 

quation 54 can also be derived by substituting aill 	the 

dimensionless potential flow interfacial velocity, into equation 172 

and evaluating the integral. 

b) Oblate Spheroids 

Equation 205 shows that as the Reynold's number increases, the 

rate of transfer around spherical bubbles approaches a maximum value 

given by the potential-flow transfer equation of Bouseinesq (Be). 	In 

fact, when the Reynold's number is of the order of several hundreds, 

the actual transfer rate is so close to Bouseinesq'a predicted value 

that this can be used to describe the transfer process with sufficient 

accuracy. 

This fact suggests that transfer around larger, ellipsoidal 

bubbles can be predicted in an adequate way by assuming that flow 

around them is inviacid, even although this is not strictly correct 

(Hi, Ti). 	This analysis will also indicate the influence of drop 

shape on transfer when a drop of low viscosity is undergoing transfer 

with a continuous phase of high viscosity. 

For mobile spheroids equation 93 applies, and the dimensionless 

interfacial velocity is given by Zahm'a equation (Zl), 

(1 + k) sin 0 
	

(206) 

Also r1  and dx1  have already been estimated, and are given by 
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equations 169 and 170. 	The area A08  of an oblate spheroid in also 

known to be,  

lnE2_i1 	
(207) 

2 
- 

AOB = 2TFa'  

and the equivalent spherical radius of the body in related to the 

semi-major and semi-minor axes, and therefore the eccentricity, by, 

V 4TIr 3 4iTa2b 
	

(208) 

Appendix A 4.b) considers the use of equations 206, 207, and 208 

In equation 93 to predict the transfer rate around an oblate spheroid 

in potential flow, and concludes that, 

1/2 A 	
1/2 	lI32 	____ 

log 	 (E -1) 	+ Ini A+ 
. 	 (1 + 	 (209) 

Sh8  is the value of the Sherwood number for a sphere of the same 

volume an the spheroid in potential flow, and is given by, 

She = 1.13 Pei 	 (54) 

Values of k can be calculated from Zahm'a equations, 

k 	- E sin-1' e =-I 
- E Bin_i  e 1 	 (210) 

1  
where 	 e = (1 - 	 (211) 

An aut000de programme was written for a "Pegasus' computer in 

order to evaluate the complex eccentricity function shown in equation 

209 over a range of eccentricity values. Table 7 gives values of the 

transfer ratio 6h 09/Sh at different values of the eccentricity Be 
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Table 7: Variation of the Potential how Transfer Ratio 
ShOR  

with Eccentricity -  Z 

£ 	: 1.5 2 2,5 3 4 5 6 7 8 9 10 

3h08/5h5 : 1.063 1.085 1.084 1.076 1.051 1.021 .996 .973 

.951 .933 .915 

;7 1 

Values of ih05/Sh5  calculated from equation 209 are 

plotted against N in Fig. 9, from which it may be seen that 

flattening does not influence the transfer coefficient to an 

Important degree. This explains the successful use (Lii, P2 9  

W2) of equation 54 in describing transfer around oblate bubbles. 

The initial increase to a maximum and subsequent 

decrease shown by Sb /ih as E is increased occur through the00 	
2 conflicting ways in which A/A05  an4ij  (1 + 	vary as I 

increases, i.e. A5/A05  decreases and (1 + k 	increases. 

Despite the airop effect of 2 on the mass-transfer 

coefficient, the transfer product kLA, which is proportional to 

the transfer rate over the entire bubble envelop., increases 

substantially above the value for a sphere of the saw volume 

as flattening progresses. At eccentricities of 1.5, 2,  2.5, and 

3, for example, transfer products for ablate spheroid. are 10, 

19 9  27, and 35 percent greater than transfer products for spheres. 

The transfer enhancement brought on by flattening is associated 

mainly with increase in the contact area available for transfer. 

It is of interest to note that the transfer rate 

around a spheroid is proportional to (1 + 	the square 

root of the dimensionless equatorial velocity. 
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Table 8: Yarition of the E quatorial Potential Velocity for an 

Oblate Spheroid with Eccentricity 

E 	: 1 	1.5 	2 	2.5 	3 	4 	5 

(1 + k) 	: 1.23 	1.34 	1.46 	1.56 	1.66 	1.84 	2 

Fit e•nv.ni*nce, diaeneiotlieøa equatoLa1 velocities 

for inviecid oblate pheroida of various eccentricities are 

tabulated above. 

a:s smalk at 	" 	 •" 	I 
a) Prolate Spheroids 

Ellipsoidal gas bubbles seldom if ever adopt prolate spheroidal 

forms, and the same applies to fluid drops. 	For the sake of 

completeness, however, transfer around prolate spheroids in potential 

flow will now be considered briefly. 

The dimensionless interfacial velocity and shape factors 

appearing in the relevant transfer equation, equation 93, can be 

found from equations 206, 169 and 170. The area of a prolate 

spheroid differs from the area of an oblate spheroid and is given by, 

1 
sin-1 	 (212) + 	i 1 - E2  Ap8=2a21 EJ1-2 

Using equations 169, 170 9  206 0  208, and 212 in equation 93, leads 

to, 

1/2 
Oh Da 	(1 k)T 	jAL. 	2 (1  + 'k)  
she 	3 	 Ps 

777,17, 

H 

11 
IV 

+ 

Gz 13 ,  - 
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as shown in Appendix A 4.b). 

Values of Shp, /Sh8  are reported in Table 9 and plotted in 2ig. 10 

for a range of eccentricity values. 

Table 9: Variation of the Potential Plow Transfer Ratio 3h 5i'Sh8  

with Eccentricity 

: 	c..:. 	J.2 	0.3 	0,4 	0,5 	o.e 	0,7 	).8 	0,9 

;ih Ds 	.486 .615 .706 .778 .834 .881 .919 .951 .978 
she  

4 
I, 

At eccentricities close to one Sh1 /Sh equals E. 

Thc value of k in equation 213 can be found from, 

f 	1 + e - 2e 
k- I 	1-e 7 1+e 	2e 1 In 1 - e 	- e2  

(214) 

e=(l2) * 	 (215) 

Both Table 9 and Fig. 10 show that transfer around a prolate 

spheroid in potential flow is always lees than around a sphere of 

equal volume, and dec: reases as the body elongates. 	The transfer rate 

is again proportional to the square root of the dimensionless 

equatorial velocity. 	For a fluid drop oscillating between oblate and 

prolate forms, the transfer rate over a reasonably long time interval 

would be expected to lie between those predicted by equations 209 and 

213, and would presumably be close to the value given by equation 54 

for a sphere. 
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d) Spherical Caps 

Bubbles whose equivalent spherical diameters are greater than 

roughly 1,8 wase adopt mushroom-like or spherical-cap shapes, and 

rise in potential flow (Hi, D4). 

Baird (B2) studied the dissolution of bubbles in the range 

0.8< d 0 < 4.2 CmB. by photographing the movement of a soap-film in 

a meter attached to the transfer column, and attempted to correlate 

his experimental results by means of a theoretical equation, 

0.975 de 1  D gt 
	

(216) 

in which k   was defined in terms of the equivalent spherical area. 

The constant of 0.975 was worked out for a bubble subtending a half 

angle of 50° , values of 0.99 and 0.93 being obtained for the extremes 

of & of 46 0  and 64 0  found by Davies and Taylor (D4). 

The present work allows the eccentricities and areas of the 

rising bubbles to be estimated with reasonable accuracy, so that there 

is no need in this case to simplify the transfer analysis by basing k  

on the equivalent spherical area and by choosing an average bubble 

shape. Accordingly, the analysis given below differs from Baird's 

and results in an equation for the transfer coefficient based on the 

actual area of a spherical-cap of any eccentricity. 

The coordinates of a spherical-cap bubble rising with velocity U 

are shown in Fig. 11. Using the sane symbols as before, 2a and 2b are 

the width and height of the bubble respectively, so that their ratio 

is equivalent to the eccentricity of a spheroid, and can also be 

written as E. The half angle subtended by the cap is 0 and the 

radius of curvature of the surface is R. 



U 

FIG.11: COORDINATES CFA SPHERICAL CAP 
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The general transfer equation 93 can again be simplified using 

spherical coordinates, although in this case the area ratio is not 

equal to one as the sphere is incomplete. Neglecting transfer from 

the flattened rear surface of the bubble, 

r 	1 
Sb00 	 / 1  	u10  Bin2  0 d 	Pe 	(217) 

so 

Since flow around the bubble is potential, 

U10  * sin 	 (218) 

Also the area over which transfer is occurring is, 

(@1 	11 

A 	J 	2TtR2  Bing dO = 4ITRb 	 (219) 
0 

and A. can be found from the following equation for the volume of the 

cap, 

V = 4Tr 3  = 4 7Tb2 (3R - 2b) 
	

(220) 

Appendix A 4.0) considers the combination of equations 217, 218 9  

219 and 220 and proves that, 

Sh 	1.79(3S2+4) 2/3  
so 

'A' 

(221) 

The velocity of rise of a spherical-cap bubble in on infinite 

medium can be written (HI, N) as, 

U - 1.02(gr)* 	 (222) 

Equation 221 then becomes, 

2 	2/3 (3 	+ 	d •1  Dt g1 	 (223) kL=l.52 	24 
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This equation should be used to describe transfer only when the 

motion of the rising bubble is unaffected by the presence of the wails 

of the tube through which it is rising. For this condition to apply, 

the ratio of the equivalent spherical diameter of the bubble to the 

inside diameter of the tube must be less than 0.1 (Dl, ti]). 	For 

ration greater than this, equation 221 should be used. 

Equation 221 1s similar to equation 54 for spherical bubbles in 

potential flow. Taking the ratio of the two Sherwood numbers gives, 

Sb80 
	1.58(3B2  + 4) 

2/3 
 

Sb5 	E24 
(224) 

Values of the transfer ratio 9h80/Sh were calculated from 

equation 224 for values of the eccentricity E which are likely to be 

not with in practice. 	The calculated data Is reported in Table 10 

and Pig. 12 9  and it can be seen from these that the transfer co-

efficient for a spherical-cap bubble I. not a strong function of the 

eccentricity: this is because the shape changes with eccentricity, 

but the dimensionless interfacial velocity remains constant. 

Table 10: Variation of Potential Plow Transfer Ratio Sh 90 /Sh with 

Eccentricity B 

: 2.5 	3 	3.5 	4 	4.5 	5 	5.5 	6 

Sh80/6h0  z 1.24 	1.20 	1.15 	1.10 	1.05 	1.00 	096 	.92 
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C. Unsteady-State Transfer 

All the theoretical equations derived so far apply to steady-

state transfer around bodies with fixed shapes, and their value in 

predicting instantaneous transfer rates for drops and bubbles whose 

shapes and size vary rapidly as they undergo transfer, is not yet 

clear. 	It is possible, for example, that steady conditions around 

even a drop of fixed size and shape cannot become established during 

its contact time with the continuous phase, so that steady-state 

equations are not applicable. Rapid expansion or contraction of the 

interface may also introduce some time dependence into instantaneous 

transfer rates. 

To study these possibilities, it is advisable to estimate the 

time for transfer around a particle of fixed shape and volume to 

become steady, and then use this information to predict possible 

influences of rapid shape and size on instantaneous transfer. Exact 

analysis is possible only through solving equation 74 analytically, 

but since this cannot be done, an approximate method must be used, 

instead. 	This necessary simplification restricts the accuracy of 

the final results, but these should be of the order expected by 

rigorous analysis, and provide an adequate basis for finding the 

importance of time-dependent variables on the instantaneous rates of 

transfer around single particles. 

Consider a zingle body of fixed shape and size moving in a 

straight path through a continuous phase. The material of the body 

is at first insoluble in the bulk phase, and is then suddenly replaced 

by a soluble substance which starts to diffuse into the continuous 

phase. The material which has diffused after a given time is 
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presumed to be made up continually in order to keep the particle size 

constant. 

Up to the time when the particle is made soluble, the following 

boundary condition applies, 

01 a 0 , ti <' 0, y1 :. 0 

or, just before diffusion starts, 

01 M 0 9 tin  0,  y1O 
	

(225) 

The dimensionless concentration c, time t 1 , and distance y1  have 

already been defined. 	In particular, t1  is the time taken for a 

particle to move through a distance equal to its equivalent spherical 

radius. 

On making the body soluble, 

ol  M l t  ti  >0 9  Yl a 0  

cl  
a 0 0  t1  > U, y1 -_- c,o   

The general transfer equation to be anal 	d i, 

60 1
201 

 

____ 	dc 1 	dc1 2 _____ 
d+Ui dXl + T1 dyla 	

y 	
(69) 

l 

When transfer first starts, the layer of dissolving material is 

confined to an extremely thin layer of fluid in which the radial 

velocity, v19  is vanishingly small. Also the tangential convection 

term is very much less than the diffusion term, as the initial 

concentration gradient is infinite in value. Because of this, the 

unsteady state term 9c 1/c4 t1  must be of the same order as the 

diffusion term, 
2 

i.e. 	C1 _ 2 	1 	 228 
t1 Pe d 2 

yl 
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Equation 228 can therefore be used to estimate the relationship 

between the concentration outside the body, and the time elapsed since 

the start of its dissolution, provided that this time is short. 

Writing, 

	

d 0 , -L dt 	 (229) 
Il e 	1 

dC 
l 	

dC1 	
(230) dø 	

dy2 

Equation  230 is a standard form, and can be reduced to a total 

differential equation by substitution of derivatives from a new 

variable, 

Y1, /P 	 (251) 

The resultant equation 18, 

d2c 	dc 
1 + 2'' 	0 

d',2 	d  

Interatin equation 2.,12 tvice, 
(p11 	

2 

	

A J e'd" 	+ B 	 (233) 

0 

where A and B are constants to'be evaluated usiae relevant boundary 

conditions. 	First of all, equation 229 can be integrated to give, 

=t1 	 (234) 

the integration constant being taken as zero. 

Substituting, this expression for 0 into equation 233, 
Yl file 4  

VT  (23) 

The boundary conditions 225 and 227, and then 226 can be adanted 
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to the following two conditions respectively, 

01 = 0, 	oO 

01 a19 '' = 0 

App1yin: oondit1oii: 	6 	237 in equation 23', 

2 	_2 
o 	1-------- 	e 

0 

 

 

(2s) 

for the concentration distribution. The driting force at the inter-

face can now be found by differentiating, 

C) 

i.e. 	4) 	- 2 	 (239) 

"Fe * dy1  
and since d' = 	2 from 235, 

o 1  

(1)
- (Pe/2Tit1 ) 	 (240) 

(d 

yl * 0 

Equation 78 predicts that the point transfer group Sh(x 1 ) is 

given by, 

Sh(x1 ) = - 2(6c1/6y1 ) 
yl = 0 

In this transfer situation, the transfer group Sh for the entire 

body equals Bh(x1 ), as the concentration distribution around the body 

is independent of x1 0 Therefore, from 78 and 240 9  

Sh = 0.8._) 	 (241) 

Yhen transfer has continued for some time, steady-state 

conditions become established, so that equation 69 reduces to, 



118. 

01  oo 	 2  
ax + i dy1 	 (242) 

This equation has already been solved for values of Sh for a 

variety of particles of different ehapee and mobi1it1e, and ti time 

taken for steady-state transfer around any particular body to become 

established can be found approximately by equating the steady-state 

Sherwood group to the time-dependent group given by equation 241, 

.'. t 1 	0.64 Pe/8h2 	 (243) 

where Sh is now the steady-state Sherwood group. 	Since Sh depends 

upon the shape and mobility of the body, the time t 1  to produce steady 

transfer will also depend upon these factors. 

1. Fluid Bodies 

Transfer around mobile bodies can be expressed by, 

1.13 f(E) pt 
	

(244) 

where the eccentricity function f(E) equals one for a sphere, and Is 

greater or less than one for oblate and prolate spheroids respectively. 

As prolate spheroids seldom occur during the contacting of bubbles and 

drops with a continuous phase, they need not be considered here. 	It 

is apparent from equations 243 and 244 that the time taken for an 

oblate body to attain steady transfer conditions will be less than for 

a sphere. 	This lat..er time will therefore provide a convenient limit 

for the onset of steady transfer around both types of body and will be 

the only one considered here. 	For f(s) equal to one, therefore, 

equations 243 and 244 can be combined to give, 

t 1 	0.5 
	

(245) 
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This value for t 1  can be compared with values from an equation 

derived by Levioh (L8), 

2c 1/3 
ti 	 (246) 

For a carbon-dioxide bubble dissolving in water at room 

temperature, a Reynold's number of 100 can be taken as the lowest at 

which full circulation sets in. 	Also, Sc 600 for this case. 

0I t1 	2 
	

(247) 

The present analysis leads to a value of t 1  of the same order as 

that due to Levich. Taking the higher of the two values to give the 

maximum time needed for steady-state transfer to apply around all 

mobile bubbles, 

t d/U 
	

(248) 

on returning to dimensional terms. Steady state transfer around a 

bubble which has just been released into the liquid will therefore 

occur after an extremely short time interval not much different from 

the time the bubble takes to rise through Its own diameter and renew 

Its interface. 	From a qualitative viewpoint, this is not surprising, 

as the concentration boundary layer around a mobile body is extremely 

thin, and material transfer is therefore confined to an interfacial 

film in which concentration gradients can stabilise rapidly. 

Because of the speed with which steady transfer becomes 

established, changes in bubble volume alone can prevent steady 

conditions only if the volume changes appreciably as the bubble rises 

through its own diameter. The rate of change of the volume of a 

rising bubble can be written as, 

- 	kALc 
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when changes in hydrostatic head are negligible. The liquid-film 

transfer coefficient k   is roughly 0.03 am./see., and the concentra-

tion difference Lc can be taken as 1 cc./cc. 	!or a spherical uhb1e, 

= 0.03 L t 

where A P is the chne In the bubbl rRdIu In a 'ir 	irvi 	t. 

hn this time equals t' fin f'' rc'ne;ai o' hc !''L 

0.03 d ,'n 

Taking d and U as 1 cm. and 25 am./Sec. 

H = 0.001 cm. 

which is extremely email. Gas bubbles whose solution rate is liquid-

film controlled therefore dissolve slowly enough for transfer over a 

short time interval to be unaffected by unsteady-state influences 

brought on by size reduction. 

Oscillation of a bubble will also affect "point" transfer rates 

through an unsteady-state mechanism to an important degree only if the 

period of oscillation is less than the time required to produce steady 

conditions. The frequency with which gas bubbles oscillate between 

oblate and prolate forms can be found from an equation by Rayleigh (R3) 

6d 
II 

Neglecting the bubble density Ei' and puttin 

dynes/cm., 

f = 47/(3/2 

The period of the oscillation is therefore, 

(249) 

O'equal to 72 

t 	0.2 R3,'2  see. 	 (250) 



Using equation 246 to estimate the time fnr the onset or steady 

transfer, this is greater than the period of oscillation when, 

R . 	 (251) 

Bubbles whose diameters lie in the approxinate range 

0.2 < d 
0 4 

1 ems., rise with a velocity close to 25 ems./sec. 

Using this value in equation 251, 

R 	0.09 en. 	 (252) 

Oscillation will not lead to noticeable unsteady-state influences 

on transfer rates during the movement of a bubble through short 

distances, unless the bubble diameter is lees than about 0.2 ems. 

It can now be concluded that oscillation and volume change will 

not unduly disturb the initiation of steady-state transfer conditions 

around fully-circulating drops and bubbles, as the time for this to 

occur is extremely short. The instantaneous rates at which bubbles 

dissolve can therefore be expressed with reasonable accuracy by the 

steady-state equations which have already been derived. 

2. Solid Bodies 

For a solid sphere, 

Sh 	2 + 0.6 iihu'2l'3 Sc (23) 

Neglecting the stagnant diffusion term, and substituting only the 

forced convection term into equation 243, the time taken for steady 

transfer conditions to develop around a sphere of constant site is 

given by, 

1.8 
	

(254) 

Taking Sc 

c'°20 
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• 	 (255) . . 	I., 

Steady state around a solid sphere of fixed size therefore 

applies after the sphere has moved through a distance approximatcly 

equal to ten times its diameters If the body is dissolving fairly 

rapidly, steady conditions cannot become estebliehed, and the 

transfer rate around the body at any instant will he influenced by 

time-dependent variables as well as by parameters which affect Its 

steady-state transfer. 	The steady-state equations developed 

previously will only describe the transfer of solid bodies - 

including bubbles and drops whose interfaces are contaminated with 

surfactant - with limited accuracy, but are nevertheleis valuable in 

the absence of more rigorous equations. 

When the interface is partially mobile - again due to the effect 

of surface-active agents - unsteady state Influences will be important 

to a degree depending on the relative amounts of mobile and rigid 

surface. 
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D. The Effect of Surfactants on Transfer 

Although it is now well established that surfactant impurities 

act so as to depress bubble velocities and solution rates, there are 

as yet very few analytical equations relating transfer parameters to 

the concentration of surfactant in the bulk phase. In this context, 

Griffith (G12) has proposed limiting values of a dimensionless 

surface-tension parameter for the dissolution of a fluid sphere into 

a surfactant solution to follow either solid or fluid sphere correla-

tions. The same author (G13) has also used a modification of Conkie 

and Savic's stream function (07) around a contaminated inviscid drop 

to predict the transfer rate around a viscous sphere moving in 

creeping flow. This analysis applies to a drop whose interfacial 

motion is retarded only slightly by the surfactant. 

The present work has shown that the general transfer equation 

for a body of revolution can be solved analytically only when the 

body is either solid or is circulating rapidly, and this immediately 

restricts analysis of the effect of surfactants to cases where the 

agents either eliminate circulation or decrease it very slightly. 

Another limitation which must be accepted is that spheres alone can 

be analysed with reasonable accuracy, as it is only in this case that 

satisfactory distributions of surface tension around the interface 

can be produced. 

Despite these shortcomings, the equations derived below show in 

at least a semi-quantitative way the marked influence which aurfaotant 

impurities can have on transfer. 
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1. Creeping-Flow, Re< 1 

a) Slowly-CirculatinR Spheres 

Equation 100 cannot be used to describe transfer around slowly-

circulating spheres in an accurate way, so the equation derived by 

Griffith (012) will be used to start the following analysis. 	In a 

pure fluid, therefore, 

+ 	
Pe 	 (25) 

/4 

	

j 	
)113 

2 
for 2.25  (3~io_ 	(,,a 0  

	

+ 4 	 Ps 	 (257) 

The viscosity term appearing in equation 256 can be rearranged 

in terms of the dimensionless equatorial velocity UlOe  given by 

equation 176 9  so that, 

,, 	 i/3 

	

Sh = 0.89 	'a  

	

f + 	lOe) 	 (258) 

	

It 	31 

The limiting condition 257 can also be altered to, 

("11 -0-0 	

2
2.25 / 

+ 1) 	
lOs 

>> Ps 	 (259) 

?rumkin and Levioh (?6) have shown that the variation in the 

interfacial tension around a sphere contaminated with surface-active 

agent can be expressed by, 

Cr 	T, 
- 	

008 8 
	

(41) 

T 

where 	is a constant whose value depends uponthe step determining 

the rate of supply of surfactant to the interface. 	Prumkiri sad 

Levich considered three situations, 
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Velocity of Supply determined by Diffusion 

2 FoU.,  6 a  a  
DR 	o 	 (26o) C)  

In this equation, P0  is the surface concentration of the 

surface-active agent in equilibrium with the concentration c 0  in the 

bulk of the liquid. U05  is, of course, the equatorial tangential 

velocity, D is the diffusion coefficient of the surfactant, and R is 

the bubble or drop radius. The concentration of surfactant near the 

surface is a and is different from c because of the unequal di3tri-

bution of surfactant around the interface. 	6 is the average 

thickness of the diffusion boundary-layer for the surfactant. 

The value of i3 given by equation 260 was simplified in form by 

using Gibb'e formula to write 	in terms of fl0  and c, and then 

relating P0  and a0  by langmuir's isotherm. The final result was, 

2R1T 6 
c 
U 
 k DR 	a r0(1 - 

;0,7) 

	
(261) 

where k   is the adsorbability of the surfactant, R1  the gas constant, 

T the absolute temperature, and r~& the limiting adsorption. 

It should be noted that all quantities in formula 261, except 

the adsorption coefficient k. , are either weak functions or are 

independent of the nature of the surface-active material,$ 1 , and 

therefore the surface-tension gradient around the Interface, is 

proportional to the square of the absorbability of the material. 

Velocity of Supply determined by Adsorption 

In this case, 

= 2p0U05 do' 
(262) 

(X 1R ar 
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- ___ dQ where 	 - 	- 

P and Q  being the number of molecules desorbed and adsorbed per unit 

area per unit time. Equation 262 can be rewritten in the same way 

as 260 to give, 

2R 1 oe T 	 ro) 	
(264) k 	___ 

where 	can be found from the adsorption rate, 

Q = e000(1 - r0 •' 
r1 

 

"Insoluble" Surfactant 

The surface-active material 'is assumed to dissolve so slowly 

that it can be considered to remain on the surface of the sphere 

during the entire period of motion. 	In this situation, 

	

er'o 	cO'  
2RU:   

where D is the surface diffusion coefficient of the surfactant. 

For small concentrations of the agent, 

2pR 	H1?
109 	 (267) 

i.e. the retardation of the surface flow increases in proportion to 

the amount adsorbed. 

These values of 	can be used to predict the dimensionless 

equatorial velocity. According to Pmnkin and Levich (P6), 

	

.440 	
(268) UiOe 	4 /01 	) 

where 	 13 = 61/3t1oe 	 (269) 
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For the three situations considered therefore, 

2R T 6 
Diffu sion Control: 	 k r0 	 (27 0) r1.J 

2K P  r0 Adsorption Control: 	
33 	ka ' o 

 (l
(271) 

Insoluble Agents: 	
2 fl0R R1T 	

(272) 3D0  

Substituting the value of U100  from equation 268 into equations 

258 and 259 the following expressions are obtained for the dissolution 

of slowly-circulating contaminated spheres at low Reynold's numbers, 

1/3 

Sb = 0.89" 	
+ 1.33,A40 	 1/3 	 (273) / 

provided that, 
2 

( /,"o 	 1140 ) ~ lu  0 	 (274) /4) 

Transfer around slow-moving spheres therefore depends upon the 

relative purity of the liquid through which they are moving: as  c 09 

the oonCentration of impurities, increases, 80 do P0  and 13 . 	If 

there are no impurities present, equation 273 reduces to equation 256 

for spheres in pure liquid. When surfactants, are present in large 

quantities, 43 is far greater than the sums of the viscosities shown 

in equation 273, and the sphere, although perhaps entirely mobile in 

a pure liquid, will dissolve according to the solid sphere correlation, 

Sh 	0.89 
	

(275) 

In this connection, consider the case of a gas bubble rising in 

liquid containing surface active agent. The viscosity of the gas 
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can be neglected, so that equations 273 and 274 become, 

1/3 
/1.33 + 	 P el '3 	 (276) Sb O.89( 1 + /3/,M0  / 

for 	 2.25(4 +  
)2 (  

 +>>Pe 	 (277) 
14A 0 	/MO 

The extent to which a fixed impurity concentration retards 

transfer therefore depends upon the visoosity of the continuous phase. 

As this increases, retardation of transfer decreases. For any 

particular phase and bubble size, good approximations to the concen-

tration of surfactant required to reduce transfer close to the rigid-

sphere value can be obtained by estimating a value of /4 from equations 

276 and 277 and then using a suitable equation for 113 from equations 

270 to 272 to calculate P0  and therefore 

b) Rapidly-Circulating Spheres 

When the presence of surface-active agents reduces the movement 

of the interface to a small extent only, equation 177 can again be 

used to describe transfer, i.e., 

I 
Sb = 0.92 UlOe  Pe (177) 

The condition for equation 177 to apply, equation 175 9  can be 

rewritten as, 

Sc Pe 	2.4M05 - 2 ) 2UlO e 
	 (278) 

Substituting U105  from equation 268 into equations 177 and 278, 

I 

Sh 0.65 o 	
) Pc

1 	 (279) ('7- 0 + Al + /4 
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for 	 Sc 	Pe 	2.4(3-_ + 
	

+ 	 (282) 

Taking the ratio of the Sherwood numbers for contaminated bubbles 

(equation 281) and clean bubbles (equation 173), 

Sh cont. 	k  cont. 	/ 
S'h clean 	clean = 	 (283) 

}tammerton and Garner's results (H4) for carbon dioxide bubbles 

dissolving in glycerol at 15°C (/1/4 	112 9 000) follow the transfer 

equation for uncontaminated spheres reasonably well, and this agreement 

supports the conclusion which can be drawn from equation 283 that 

moderate contamination will not influence transfer when the continuous 

phase viscosity is high. 

2. Boundary Layer Plow Re >> 1 

When the }ieynold's number of a moving fluid drop 18 high, but the 

drop still spherical, the flow regime inside and outside the interface 

can be described by modifications of the equations derived by Chao 03). 

Chao'a solutions apply to spheres rising in pure liquids, but the 

relevant boundary conditions can be readily converted to allow for 

interfacial retardation caused by surface-active agents. 

It should be mentioned first of all that it is extremely difficult 

to derive equations for /3 in this flow regime when diffusion or 

adsorption are the rate-controlling steps. To illustrate this point, 

the conservation equation for the surfactant at the interface is, 

in = diva  (Pu09  ) - div8  (D0  grad 6  P ) 
	

(2e4) 

where j n represents the flux of surfactant to (ia> 0) or from (j..< 0) 
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the interface. 

To simplify this essential boundary condition, Fruinkin and Levich 

	

(P6) supposed that fl' equalled r + 1  l, where P 
1 	

' 
and 

substituted the defined value of P into equation 284 to give, 

P 0div8U00  + div8 ( r7lUo ) - div5  (Do  grad  8  1"0 ) - div8 (D8grad0  r i ) 

The terms div8 ( P 1  U09  ) and div8 (D5  grad  8  r 1 ) could then be 

neglected, as the analysis was confined to the creeping flow regime, 

for which U00  is low in value. This simplification is not possible 

at high Reynold's numbers as U09  is large, and div5 ( P1  U08  ) cannot 

be neglected. 

Because of this and other difficulties, attention will be 

concentrated on insoluble" surfactants, or rather surfactants which 

diffuse so slowly that can be termed insoluble. The amount of 

surfactant on the interface before the bubble is released will 

therefore stay the same during the rise and dissolution of the bubble. 

Since J.  is zero, the boundary condition given by equation 284 reduces 

to, 

diva   T'u 9  ) = div8 (D5  grad8  P ) 	 (285) 

In spherical coordinates, 

6 Do
( ru 9  sine) 	d(ainO 	) 	 (286) 

On integration, 
D 

PU0 	sin 0 	-sin & 	+ const. 	 (27) 

At 0 = O eifl & S U0 	0, so that t h e lnte ~ lratine constant 

in equation is zero. 
• 	dP R 
•' 	de 	

(288) 
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do- 	do- dfl 	 (289)
Ofr do Now 	 - 

From equation 288 therefore, 

C1 Cr I= R11U00 	a Cr 	 a 	do 
do 	 0 	& C dr 	

(290) 

(;ibb'a Adsorption Theorem otates that, 

d0 	
R T 	 (291) 

dO 	1 0 

• 	dO'Rruoe R 1  T dø (292) 
•' 	 aD8 	d  

Also, using Langmuir'e Adsorption Isotherm, 

= k0/1 + 	 (293) 

to find dc/dr , equation 292 becomes, 

	

do' RPU0  R1T / 	k 0 
- 	 Ii+_!._ 1 	 (294) 

dO 	 r1J 

This equation describes the alteration in surface tension around 

the bubble due to the adsorption of surface active material, and has 

been derived without any assumption about the form of the point inter-

facial velocity U 	or the magnitude of r , except that this must be
00 

small enough for the drop or bubble to remain spherical. P varies 

from point to point on the interface, but, following ?rumkin and 

Levich, it will now be assumed that P = P 0  + r l and p 1  <: P 0 , 80 

that P 	P0 . 

• 	do-' RP0 U09  R 1  T 

•• d9 = 
(295) 

The dependence of the surfaoe tension on the angle from the front 

stagnation point therefore stems from the angular velocity term U0 ,,• 
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At the interface, the following shearing balance applies, 

OIO'1:  
ix + ' ox 	 (296) =X  

where 	and 	are the internal and external-flow shearingox  
stresses. 	For a sphere, therefore, 

= + 	)( R 
__ o   Ui  

_ 

— 	

(a + Y)d(—R~yj] 
	

(297) 
+ yl) 

y0 	 y-o 

which differs from equation 186 only because of the surface-tension 

term on the left-hand aide. 

From equations 190 and 191 therefore, 

(a,U- yo
o) — i(d ) = H 	+ 3fi + 	 (298) 

yr.O 	 y=O 

Now, from equation 295, 

d' R r0  R1T (
uO1 + 	 (299) 

d 

The perturbation analysis requires that u 0' 	U0  

Rr'0R1T
cr, ____ S oo 
	

d 
 dO 	

U sin 0 	 (300) 

Using this expression in equation 298 9  

	

= j ' f (La'yol) — /iy) 	 + 	+ pin 9 	(301)
(~C ~u 

y-O 	yO 

RrO R'T 
where 	 p 	 (302) Do  

Equation 301 can be compared with the boundary equation for pure 

materials, 
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 lAi (dui') 	
a j U

(u1) 	
- 	 (2 	+ 3,) ein9 	(193) Otdy) 

y0 	 y0 

The two equations are identical apart from the tern p in 

equation 301. p  allows for the reduction in surface motion brought 

about by the action of contaminant. 

Boundary condition 301 can easily be used in Chao's solution to 

the boundary layer equations. When this is done, the dimensionless 

interfacial velocity turns out to be, 

9
1  f  sin3  ed 6 2 + 	+ p/ 0  - 

U10  = sin 9 - 2 	
1 + ( C ,,XA l e00 )t 	sin & Het  

The drag coefficient can also be deduced and Is, 

(303) 

- 	+ 1(2 + '1'o 	 1 	0.314 
2 + 	+ 

1 + ( jtj/ /M * 	I 	Re 1 + 
(304 

For gas bubbles, 

CD 	+ 	+ p - 0.314(4 + 2- 	+ 2p ) /4 	3/4 	Ret ' 	Mo 3/An j (305) 

The drag coefficients for bubbles rising in viscous liquids are 

therefore hardly affected by the presence of surfactant impurities. 

As the viscosity of the continuous phase decreases, the contribution 

which the term allowing for surfactant makes to the total drag 

increases in importance. 	For air bubbles in water, for example, the 

experimental drag curve of Haberman and Morton (Hi) liec somewhat 

above a curve predicted by equation 305 without the terms In p. The 

theoretical value of CD  given by equation 305 fits the experimental 
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data when p13144 0  is approximately 0.5 9  i.e. roughly thirty times 

greater than 	which equals 1.48 x 10 2 . From equation 305 

therefore, 

Rr R1  T =1.5 
SAC 

Taking 1 - 0.05 cm., T = 293°A, D8 = 10 am* 2/seC., 

0.01 gin./om. see., R1  a 8.318 x 1O7  ergs/mole 0A, the surface 

concentration P0  of eurfaotant required to fit the experimental data 

to theory Is, 

	

10 17  moles/cm. 2 	 (306) 

It therefore takes only an extremely small interfacial concen-

tration of insoluble surface-active material to increase the drag 

coefficient of a spherical bubble well above the value expected in a 

pure fluid. Since it is impossible to free a bulk phase from all 

contaminant, surface-active agents will affect the rise of all gas 

bubbles to some extent. 

Turning now to transfer around slightly contaminated spheres, 

u 10 
 from equation 303 can be substituted into equation 172 9  which can 

be then integrated to give, 

Sh a  1.13 	
- 2 + 	+ p/0 	

Pe1 	(307) 

( 	
1 + ( 1j/ 0  ,M0)* Re 

The presence of surfactant at the Interface reduces the transfer 

rate around a fluid sphere below the value In a pure medium: the 

extent of reduction depends upon the viscosity of the 'ontinuous phase. 

Considering a gas bubble in water, '//' equals 0.0148 at 20 °C, and 

( ri/ui/ r o , o )* can be neglected. 
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Using the value of p1/?0  of 1.5 found to correlate the 

experimental drag data, 
I 

S  a 1.13 1. - 5• 	Fe1 	 (308) 
Re 

This can be compared with the following equation for a pure bulk 

phase, 
2.9671  

Sh 1.13 	
- 	

Pe 
 Re 

(205) 

Dividing the Sherwood groups given by the two equations gives, 

I 
Sh Cure 	fRe' - 2.96?, 	 (309) ffh Impure 	Re - 5.13 

For Re = 200 9  

k.. pure 
1.11 	 (io) k  impure 

'ven a minute impurity concentration 	10 6  tnolee,'cm. 2 ) 

retards transfer to an important degree. 



EXPERXMENTAL DETAILS 

1. Choice of Gas-Liquid System 

Since the scope of the present work was restricted to liquid-

Lila controlled mass-transfer, the liquid-film transfer resistance 

of a gas chosen for the experimental work had to be far greater than 

both the gas phase and interfacial resistances. This condition could 

be fulfilled by using a pure gas, to eliminate gas phase resistance, 

and one which was also sparingly soluble. Since the present study 

was of instantaneous transfer rates, a gas of this type had to be 

chosen which would dissolve quickly enough for differences in the 

bubble volume over short time intervals to be noticed easily. On 

the other hand, the gas had to dissolve slowly enough for study to 

be over reasonable periods of time. 	Of the gases considered, carbon- 

dioxide seemed to be the most satisfactory from these points of view, 

and was chosen, along with water as the continuous phase, for the 

experimental work. 

With regard to Interfacial resistance, absorption of carbon 

dioxide into jets of pure water (85) occurs with negligible inter-

facial resistance to transfer, whereas, for the oxygen-wator system 

(04), another possible experimental system, interfacial resistance 

can cause transfer rates to fall 15% below values predicted by theory 

based on physical diffusion as the rate-controlling step. 	Other 

advantages of the carbon dioxide-water system over other possible 

groups are that the variations of the diffusion coefficient (D3) and 

the solubility of the gas with the temperature of the bulk phase are 

particularly well known. Many of the published studies of gas-bubble 
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transfer (B2, B4 9  D5, G14, H4, L5) have been of this system, and 

results from these provide convenient comparison with the present data. 

2. Choice of Experimental Technique 

The dissolution of single gas bubbles has been studied using a 

variety of methods, each of which will now be reviewed briefly, with 

comments about their advantages and disadvantages from the point of 

view of the present work. 

Concentration-Change Method 

A simple way of studying dissolving bubbles is to release them 

from a cubmerged orifice at a rate low enough for the dissolution of 

each bubble to be unaffected by the presence of those above and below 

it. On bubbling, the concentration of the gas in the liquid changes, 

and the concentration change occurring after a fixed number of bubbles 

have been released can be used to calculate an average transfer co-

efficient for the particular size of bubble being studied. The 

transfer area can be taken as the mean area of each rising bubble. 

To obtain accurate transfer data, the bubbles released from the 

orifice must be constant in size, so the method is particularly suited 

for the study of small bubbles. The method cannot give any informa-

tion about the instantaneous rates at which bubbles dissolve. 

Volume-Change Method 

Ledig and Weaver (L4) studied the dissolution of bubbles supported 

in a liquid stream by taking shadow photographs of the movement of a 

mercury thread in a capillary sealed into the transfer column, and 

providing the only opening to the atmosphere. 	Rajimerton (114) used 
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this method to study bubbles in free rise, and the technique has 

recently been improved by Leonard and Houghton (L6). By stretching 

a fine platinum wire through the mercury thread and connecting the 

wire to a bridge circuit, these workers were able to record the 

position of the mercury meniscus, and hence the bubble volume, on a 

stripu-ohart recorder. 

Baird (B2) studied the dissolution of large free-rising bubbles 

by filming the movement of a soap-film in a meter attached to an air 

space enclosed at the top of an absorption column. 

The volume-change method, especially in the form used by .eonard 

and Houghton, can be used to study the rates of dissolution of 

sparingly-soluble gases in an accurate way. For more soluble gases 

such as carbon-dioxide, error may be introduced through the viscosity 

of the mercury thread in the capillary preventing the meniscus from 

keeping pace with rapid changes in bubble volume. 

o) Pressure-Change Method 

Goodridge (G9) studied the rate of absorption of carbon-dioxide 

Into falling drops of 2-amino ethyl alcohol by recording pressure 

changes in a sealed systems on exposing the drop to the gas, the gas 

pressure fell andthe pressure drop was measured through capacity 

changes induced by the movement of a sensitive diaphragm. The 

diaphragm formed part of a tuned circuit, and voltage changes in this 

caused by movement of the diaphragm were rectified, amplified, and then 

recorded on a cathode ray tube. 

This type of system has a rapid response time to pressure 

fluctuations, and can also lead to accurate measurement of the 

pressure changes themselves. 
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d) Photojraphic Method 

Deindoerfer and Humphrey (D5) have followed the dissolution of 

single gas bubbles by filming their rise and analysing their enlarged 

projections. 	By assuming the bubbles to be oblate spheroids, their 

volumes at different times after release were calculated from values 

of the major and minor axes obtained from the projections. 	In this 

way, the rate of volume change, and therefore the mass transfer co-

efficient could be found. 

Although this method is simple, accuracy is limited by reliance 

on calculation rather than measurement, and will not give reliable 

volume-change data when the bubbles are deformed. 

After considering the experimental methods which were available, 

it was decided that pressure measurement appeared to be the most 

satisfactory way of studying instantaneous transfer rates. The main 

advantage of this method over the others lien in the rapid response 

of the sensing probe to pressure changes induced by fluctuating 

transfer rates, which can therefore be recorded virtually as soon as 

they occur. 

The experimental technique chosen was to record pressure 

variations occurring in an air space enclosed above the surface of 

the liquid in the experimental column as the bubble rose and dissolved. 

The relationship between the instantaneous solution rate and 

the pressure in the air space will now be derived. 
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3. Sxperimenta]. Theory 

As a bubble rises through a column of liquid, it tends to expand 

due to decrease in the height of liquid above it. 	If the bubble is 

soluble, the expansion is opposed by the dissolution of the gas, and 

the bubble will either increase or decrease in size according to the 

relative importance of the two effects. 	Independently of whether the 

bubble expands or contracts as it rises, its volume and pressure at 

any point in its flight can be related by, 

PBV]3 = nR1 T 	 (311) 

The rate of dissolution of the bubble is found from, 

- 	k] AAC 	 (312) 

so that, from equation 311, 

- - __
t_ 
 __ 

kLALC 	d. R1TJ 	 (313) 

Assuming that the bubble is dissolving isothermally, 

kLALC 1151T C/  (v) 	 (314) 

The value of A C depends upon the concentration of the gas in the 

bulk liquide 	If this is zero, L C becomes C,  which, from Henry's Law, 

is given by, 

C *  = PO 
	

(315) 

N.B. The concentration upon which H is based is moles/ac. instead of 

the more common mole fraction. 

Substituting C!  from equation 315 into equation 314, and 

differentiating, 

1 H (dVB VBdP 
KLX t cdt 

(316) 
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Neglecting the pressure difference over the bubble wall and the 

bubble's kinetic pressure, P3  can be written as the sum of P1 , the 

pressure in the enclosed air space above the water surface, and ii, the 

head of liquid above the bubble. Because the air apace is isolated 

from the atmosphere, P1  differs from the atmospheric pressure P0  by a 

small pressure term p whose value varies as the bubble rises. 

S.. P3 n P0 + JpJ + h 
	

("7) 

h equals the difference between R 1 , the total head of liquid in 

the column, and the distance through which the bubble has risen in 

time t. 

i.e. h = HP- f
t 
  (318)  Udt 

Equation 317 therefore becomes, 

from which, 

t 
PB = 0 + JpJ + HP-  f lJdt 	 (319) 

0 

d PB dip' 
Of t 	-U 	 (:.2O) 

}cjuatiôns 519 and 320 relate the pressure On, the bubble, -,.nd 1t: 

rate of change with time, to pressure changes which occur in the 

enclosed air space as the bubble rises. 

V3  must also be written in terms of p, and this can be done in 

two ways, each of which is connected with a particular experimental 

technique. 

Method 1 

If the air space above the water surface is totally enclo3od 
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before the bubble is injected into the column, the level of the 

surface will rise and the pressure in the air space will increase as 

the bubble is Introduced. Because the surface rises, the volume of 

the air space decreases by an amount equal to the volume of the iected 

bubble. As the bubble rises, the surface level will continue to vary. 

If V0  is the volume of the air space before the bubble Is injected, and 

V1  is the volume when the bubble volume is 

	

= V 0  - V 1 	 (321) 

Also 	 P1V 1 	 (322) 

V  - VO1  - -r) 	 (323) 

is greater than P 0 , since V 1  is lees than V o l 

... p1 = P0  + p 	 ( 324) 

and 	 V 	 (325) 

Differentiating equation 325 with respect to time, 

CIVB 	o d 	 dP 1   
d 	 dt 	

( 

7 2.;, 
1 	P1  

From equation 324 9  

of  Pi 	O/P (27) at 	01  

• 	
(328) 

•• 	cit 

3ubstituting equations )17 9  320, 325 and 328 into equation 316, 

1 H V  0 (1 	 p 	) i_ pu 
P+h dt P+h 	 (329) 
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If p 4: 

H VOf4i_ plJ 
A 	P0 +h (330) 

Also, if the excess pressure in the air space decreases as the 

bubble rises, as in the case of carbon-dioxide dissolvinC in water, 

cip/dt is negative. Takini account of this, equation 330 takes the 

final form, 

pU _ = 	
! 	 P0  + h (:51) 

Method 2 

If the air space is not isolated from the environment when the 

bubble is being injected, a second equation can be derived for kL. 

In this case, a bubble of initial volume VBj  is injected into the 

column when the air apace is at atmospheric. After injection, the air 

apace is sealed oft as before. 	On releasing the bubble, the level of 

the water in the column and the pressure in the air apace will again 

vary with time. For carbon-dioxide dissolving in water, the bubble 

dissolves more quickly than it expands due to the change in hydrostatic 

head above it. 	The pressure in the air space therefore decreases, and 

the volume 'of the air apace increases. 

•. (VQ+AVB)(Po_p)VP 00 

where 	 LVB=VM_VB 
V 

.• 

 

 

 

In this equation, 
p1 = p0 - p 
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Equation 334 is similar to equation 325 for Method 1, but relates 

the change in the volume of the bubble, instead of the volume itself, 

to pressure changes occurring in the air apace. Differentiating 

equation 334 with respect to time, 

___ 	 __ 

V0  d P1  

dt 	P1  dt 	d t 	
(336) 

P1  

Equation 335 shows that, 

dP1 	d 
7 	

(:37) 

• 	dVB - 
	+ 	

(338) 
•' dt 	P1 	P?t 

which is the same as equation 328 apart from a change in sign. The 

change in sign occurs because p is a negative pressure, 80 that d T,/f t 

is positive, and allowance must be made for the overall dissolution of 

the bubble by inserting the negative sign. 

Substituting 317, 320 and 338 into equation 316 9  and rearranging 

terms, 

( 	+ P1  V 	\d 	V  U 	, 

If p < P09  and POVB/Vo(Po + h) 4 1 

VBU P0 
kT  

1 	0Ldt 	P 0 +hV i 	
(40) 

It will be seen later that both inequality conditions given above 

are satisfied when the experimental work is being carried out. 

quation 340 is similar to equation 331 which applies when the 

	

first experimental method is used. 	In fact, the only difference 

between the two equations lies in the second term in the bracket. 
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Using Method 1 the bubble volume could be given directly in terms of 

p and so that the term turned out to be simple in form. This 

was not possible for Method 2, so the second term was left containing 

the bubble volume, which can be found from equations 353 and ,34. 

The mass transfer coefficient has now been related to the pressure 

and pressure-time derivative in the enclosed air space, and to other 

experimental parameters. These parameters will now be considered in 

more detail, and, in particular, the equipment with which the bubble 

area and the pressure terms could be measured will be described briefly. 

4. Expiriental Variables 

ubble Area A 

The shapes of bubbles usually vary rapidly as they rise, and it 

is extremely difficult to find the exact bubble area at any time. An 

adequate estimate of the area can be made from one or two 

characteristics of the bubble if the bubble shape is assumed to be 

regular. For example, If the bubble is assumed to be spherical, the 

transfer area can be found if the bubble volume alone is known. 

Because the bubbles studied in the present work are far from spherical, 

the equivalent spherical area would not be a sufficiently accurate 

estimate of the true contact area. A more satisfactory estimate of 

the areas of large bubbles can he obtained by assuming them to be 

either ablate spheroids or spherical caps. 

Oblate Spheroid: The area of an oblate spheroid is, 

A00 	27Ta2 11 4. in (E + T 7, - 1) 
- 

(207) 
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where a and E are the semi-major axis and the eccentricity 

(width/height). E can be related to a and d 0 , the equivalent 

spherical diarneter, since, 

.3 
(341) 

The bubble area can therefore be estimated if two of its 

characteristics - volume and cross-sectional area (7Ta 2 ) - are known. 

The bubble volume can be related to the pressure in the air space 

enclosed at the top of the transfer column, so that the orose-sectional 

area has to be worked out indep*ndently before the contact area can be 

evaluated. 

Although the area of a bubble of known volume and cross-section 

can be estimated using equations 207 and 341 9  it 18 more convenient to 

carry out calculations using a dimensionless form of equation 207. 

The area of a sphere of the same volume as the bubble is, 

A = Td 2 	T,-a2/F2/3 	 (342) 
S 	e 

From equations 207 and 342, 

A06 	F2/3 	
+ fl-C + 	

_ j) } 
	 ( 43) 2 

The area ratio A 05/A6  is a function of the eccentricity alone, and 

is plotted in Pig. 13. 	For small values of L, the areas of a sphere 

and an oblate spheroid are virtually the same. As B increases, the 

difference between the two areas becomes more pronounced, and the 

equivalent spherical area becomes a poor approximation to the true 

contact area. when B 2, for example, the equivalent spherical area 

Is less than the spheroidal area, and will underestimate the true area 
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of the bubble by roughly the same amount. 

Fig. 13 can be used to find the contact area as follows. Knowing 

the bubble volume and cross-section, the eccentricity can be found from 

equation 341. 	The value of A 05/A5  correspondinE to this value of It 

can be read off from Pig. 13 and then multiplied by A9 , calculated from 

the known bubble volume, to give A03 . 

Spherical Qapz The frontal area of a spherical cap has already been 

calculated to be 47TRb - equation 219 - and the area of the rear of the 

cap must be added to this to give A 90 , the total transfer area. 

.'. A80 a 4 TI-  Rb + Wa2 	 (344) 

Since 	 R - a2+4b 	 (345) 

Aso 	27ib2 ( 2  + 2) 	 (346) 

The volume of a spherical cap is, 

= 14b  (3a2  + 4b2) 44e3 

Equation 347 can be used to find the semi-minor axis b if the 

bubble volume and cross-section are known. A 90  can then be found from 

equation 346. As for an oblate spheroid, it is convenient to plot the 

ratio of the area of the spherical cap to the area of a sphere of the 

same volume. From equation 347, 

ABC 	22+4 
X_ 	2(3F2+ e)}2" 

(348) 

ASCAS is plotted against E in Pig. 14. Over the range of E 

shown in Fig. 14 A3  is subtantially less than A 50  and cannot be used 
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as the contact area. 

To find A80 , b is first calculated by substitution of known values 

of a and V3  into equation 347. E is then calculated, A30 /A8  read off 

from Pig. 14, and multiplied by the value of A 8  calculated from the 

known volume to give A80 . 

Good estimates of the instantaneous contact areas of gas bubbles 

can therefore be made if both their volumes and cross-sectional areas 

can be measured at the same time. 

At first, attempts were made to develop a photometric technique 

for recording the cross-section of a bubble continuously as it rose. 

A parallel beam of light was produced from an aerial camera lens, and 

passed down the experimental transfer column, at the base of which a 

second identical lens focussed the beam on to a photo-multiplier from 

a Micro-Photometer, Type X.140, made by Evans Electroeelenium Limited. 

It was hoped that as the bubble rose, its cross-sectional area could 

be found from the amount of the parallel beam obscured, as shown by 

the photometer reading. The parallel basin was used to ensure that an 

object of fixed size would obscure the same amount of light independent 

of its height in the column. The light beam also had to be uniformly 

intense over any cross-section, so that the reading on the photometer 

would be unaffected by the horizontal position of the object or bubble 

of fixed size. Unfortunately, it was found to be impossible to obtain 

uniform intensity over the cross-section of the light-beam, and the 

method wasabandoned. 

The technique of finding the cross-sectional area of a bubble from 

the amount of parallel light it obscures was retained, however, and led 
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to the development of a satisfactory shadow-photographic method of 

measurement. 	The experimental equipment is described in detail in 

a later section, but the method will be summarised at this stage. 

The upper lens used during the photometric work was retained, but 

light from the light-source to the lens was controlled by a solenoid-

operated shutter. The light beam passing down the column fell directly 

on to the film in a lens-less aerial camera supported below the column. 

In this way, the light-beam could be reproduced exactly on the film, 

and any obscuring body such as a bubble would produce an exact image 

of its true cross-section inside the exposed area of the photograph. 

Instead of continuous filming, approximately three frames per second 

were taken, the shutter mechanism being actuated only when a fresh 

frame had been wound on and held stationary. 

Pressure p and Gradient d p/d t 

During the rise of a dissolving bubble, pressure fluctuations in 

the enclosed air space were sensed by an electronic micro-manometer, 

whose output was amplified to provide a continuous strip chart record 

of the process of solution. 	Calibration related chart readings to 

pressure differences, and pressure gradients could be found from 

pressure differences and chart speeds. 

The manometer was supplied by the Infra-Red Development Co. Ltd., 

Welwyn Garden City, and was a standard Type MDC Kieromanometer. The 

manometer incorporated a pressure measuring head, separated by a 

diaphragm into two sections, each of which was fitted with a short 

metal pressure tapping. The measuring head was essentially a variable 

capacitor, so that any pressure difference across the diaphragm caused 
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the capacities of the two sections to become unequal, and unbalanced 

an oscillator circuit to give a direct meter reading of the pressure 

difference imposed. The measuring head chosen for the experimental 

work was capable of sensing pressure differences in the range ± 0.4" 

wigs 

The experimental theory worked out previously applies when the 

colume of the sealed air space changes due to alterations in the 

bubble volume alone, so that any pressure-measuring device should not 

cause much extra volume change. This condition is fulfilled when the 

manometer is used, as the volume change on either side of the diaphragm 

when a full-scale pressure difference is imposed across it is merely 

1.5 x 10 	c.o. 

As well as giving direct pressure readings on a meter unit, the 

output from the manometer was fed to an X9420 Pen Oscillograph through 

an MB512 Pen Amplifier, both units being supplied by Southern 

Instrument Co. Ltd., Camberwell. The pen recorder was fitted with a 

time marker which, when depressed, marked intervals of one second, 

divided into fifths, on the moving chart. Chart speeds of approxi-

mately 1, 5 9  25, and 100 mm./sec. were available, and could be found 

accurately using the time marker. The 25 mm./sec. position was used 

during all experimental rune. The frequency response of the recorder 

was ca. 50 c.p.a. 

Solubility Parameter M/R1T 

The term H/R1T in equations 331 and 340 is equal to 1/3, where S 

is the solubility of th gas in cc./co., and therefore allows for 

changes in k   arising from alteration in the saturation concentration 
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of the gas with the temperature of the water. 

Values of the Henry constant at different temperatures are 

available in Perry, p.  674, and are expressed by. 

P a H1 x 	 (349) 

where x is the mole fraction of the gas in the liquid, 

i.e. Xg  = 18C 

.'. Pl8H1 C,=HC, 

1814 l 
and 	

H 	 (350) 

Values of for use in the experimental work were therefore 

calculated by using Perry's values of H in equation 350. 

Volume-Pressure Ratio V 0!?0  

V0  is the "dead" volume enclosed between, the water surface and the 

pressure-measuring head in the manometer, and P0  is the atmospheric 

pressure. Equations 325 and 334 show that the ratio V 0/P0  must be 

known before the volume of a bubble at any point in the column can be 

found. These equations also suggest a way of finding the ratio 

experimentally, as either V   or 4V3  can be any compression or expansion 

of the dead volume. 	If a small known alteration in volume Is applied 

artificially, V0/20  can be calculated from the resultant measured 

pressure difference in the air space. 

Bubble Velocity U 

The bubble velocity contributes to kL  through entering into the 

second terms in the brackets of equations 331 and 340. These terms 

allow for the effect of changes in hydrostatic head on the volume of 
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a rising bubble. 

Rising velocities were found by timing the rise of bubbles through 

the experimental column. The method by which this was done will be 

explained later. 
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5. 	 Experimental Equipment 

The column in which the absorption experiments were carried out 

is shown schematically in Pig. 15. The main features of the equipment 

will be mentioned briefly first and will then be described more fully. 

The transfer column itself was made by flanging together a P.V.C. 

tube and a short copper section into which a bubble-injector was fitted. 

The flow of gas to the injector from the carbon-dioxide cylinder was 

controlled by a reducing valve and then a needle-valve. A second 

needle valve could be used to purge the gas line. 

An aerial camera lens flanged to a P.V.C. housing was used to 

project a parallel light-beam down the column, the light-source for the 

lens being situated at its focal point near the top of the housing. 

The light beam passed through two optical glass plates sealed into two 

flanges at the ends of the column, and fell on to the film of a lens-

less aerial camera bolted to a heavy iron pipe supported on three 

adjustable legs. The passage of the beam was controlled by a 

solenoid-operated shutter. 

Apart from allowing transmission of the light beam through the 

column, the glass plate in the top flange was used to isolate the air 

apace above the water surface from the atmosphere. Pressure variations 

occurring in this air space during dissolution of a rising bubble were 

transmitted through a pressure line to the micro-manometer. A compen-

sating pressure line was connected to the second terminal of the 

manometer. 

The column could be filled and emptied through a water-line 

sealed into the injection section, and fitted with a needle-valve. 
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a) Transfer Column 

The tran1er column was supported in three Dural saddles bolted 

to cross-struts of a rigid vertical framework of 2" x 2" x " angle-

iron. The cross-struts were made from 2" x 2" x 1" angle-iron and 

were 4 ft. apart, the first one being 6 ft. from ground level, and 

were slotted horizontally so that the saddles could be moved to allow 

exact vertical alignment of the column. The column projected approxi-

mately 2" through a platform at the top of the framework, and was given 

added support there by being pinched between the two split halves of a 

12" x 11k"  x " iron plate bored to slightly less than the outside 

diameter of the column, and bolted to the platform. 

The main section of the column was a P.V.C. tube, 30' long with 

Internal and external diameters of 4" and 4*" respectively. 	P.V.C. 

flanges, 9" in diameter, " thick and bored on a pitch circle of 7" 

with six ' diameter holes, were welded to each end of the tube. The 

upper surface of the flange at the top of the column was recessed to a 

depth of A"  from the inside diameter of the tube to an outside diameter 
of 6", where a recess was machined in the first one to hold a 

9" x 6" x " 0-ring. A 6" x " circle of optical glass sat in the 

recess. A removable P.V.C. flange was recessed, bored, and fitted 

with an 0-ring to correspond to the first one, and the two flanges could 

be bolted together by six I N  x 3" bolts to seal the glass plate between 

them. The removable flange was built up using P.V.C. rings to provide 

a deep recess in which the aerial lens could sit, and was also fitted 

with a removable P.V.C. slide, into which P.V.C. stops could be inserted 

to control the width of the light beam down the column. 

A brass pressure tapping was sealed through the wall of the column, 
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1" below the top, into the enclosed air space. 

The underside of the flange at the base of the column was recessed 

to hold a 5j"  x 6" x A"  0-ring, which provided a seal between the main 
column and the smaller section bolted below it. 	This second section 

was designed to allow gas bubbles to be injected into a dumping cup and 

can simply be called the injection section. This part of the equipment 

is shown in detail in Pig. 16. The injection section was made from an 

18" length of copper tube, with an internal diameter of 4" and a wall 

thickness of i". Brass flanges were brazed to the ends of the tube, 

the top flange being machined to correspond to the P.V.C. flange to 

which it was bolted. The bottom flange was recessed to hold a 

5" x 6" x A " 0-ring and a second 6" x " optical glass plate. The 

flange was bolted to an identical removable brass flange so that the 

glass plate could be sealed between two 0-rings in the same way as the 

plate at the top of the column. 

The inlet and drainage line was a " copper line connected between 

a " brass needle valve positioned near the micromanometer, and a short 

length of fr" o.d. copper tube brazöd into the back of the injection 

section l" above its base. 

Part of the copper tube from which the injection section was made 

was removed, and replaced by the box-like attachment shown in Pig. 16. 

This part of the column was made from sheet brass and was designed to 

allow the dumping cup to be retracted out of the light beam after the 

bubble had been released. The roof of the box was made at an angle 

to prevent any gas being trapped when the column was being filled. 

A rectangular flange, with ten " x 1" screwed studs set around it, 

was brazed to the front of the box, and fitted with a cork gasket. 
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A 6j" x 7" x " sheet of perspex was bored to fit over the etude and 

could be sealed against the gasket using *" wing nuts. Apart from a 

1" diameter sight-hole in line with the dumping cup, the entire outer 

surface of the perspex window was painted with black matt paint to 

reduce the amount of stray light falling on to the film. The amount 

of light passing through the sight-hole was not enough to follow the 

initial charging of gas into the cup, so the cup was illuminated by a 

beam of light from a 4 volt 8 watt bulb housed at the end of a short 

rod of 1" diameter perapex sealed through the perspex plate. 	The 

hole into which the rod was sealed was bored through the lower part 

of the window at an angle, so that the cup was lit up from below and 

could be seen through the sight-hole without obscuration. 

The needle valves used to control the flow of gas to the bubble 

injector were supported on a bracket from the wall of the injection 

section. 	The gas-line to the injector from the inlet valve was a 

short length of rubber pressure-tubing. 

b) Bubble Injector 

The bubble injection device fitted through the side of the 

injection section is drawn in detail in Fig. 17. The flange unit of 

the injector was located on four 3BA etude brazed into the wall of the 

section, and was tightened down against a cork gasket. The gas inlet 

tube was L-shaped, the longer arm being fitted through and supported 

in both a " ball-race housed in a special knurled nut screwed on to 

the flange unit, and a Teflon bush in the flange unit t8olf. Lateral 

movement of the inlet tube was prevented by a locating pin through the 

knurled nut, which could be tightened against a recessed 0-ring to give 
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an adequate liquid seal. An adjustable spacer controlled the 

alignment of the arm of a release key screwed on to the end of the 

inlet tube. A locking nut held the key in position, and was followed 

by a connector for the rubber gas-line from the control valve. 

A short nozzle was screwed on to the shorter arm of the L-shaped 

inlet tube, the junction of the two being sealed with a rubber gasket. 

The nozzle itself was tapered and bored to hold a short length of 

i.d. copper tubing, the end of which was sealed by compression. 

During operation of the injector, the spacer was moved until the 

arm of the release key was roughly perpendicular to the plane of the 

nozzle. Pushing the arm forward and down therefore depressed the 

nozzle, and retracted the dumping cup into the metal box attached to 

the main pipe of the injection section. 

The dumping-cup could be filled with gas with little difficulty. 

'?ith the cup seated on the nozzle as shown in Fig. 17 9  the gas-line 

was pressurised, and the reducing valve closed. By carefully opening 

the inlet needle-valve, gas was allowed to stream slowly into the cup 

from under the valve tubing. When the required bubble size had been 

obtained, the back pressure in the gas line was blown down by opening 

the purge valve. This prevented more gas seeping into the cup, and 

at the same time allowed the head of liquid in the column to seal the 

valve tubing against the copper capillary and prevent leakage of water 

into the gas line, 

The bubble could be liberated either by tilting the lever and then 

tapping it sharply, or by pushing the lever forward quickly and then 

pulling it back immediately. 	In either case, the duapingcup flipped 

off its seat on the nozzle to end in a freely-hanging position with the 
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open end of the cup upwards. 	On release of the bubble, the lever 

was pushed forward to retract the dumping cup. 

In all, four dumping cups of different volumes were used during 

the experimental work. The largest cup could not be retracted as 

described, but was partially retracted by pulling it against the 

eloping roof of the box. 	In this position, the cup obscured only a 

small amount of the light-beam passing down the column, and did not 

mask any part of the bubble Image. 

a) pressure-Measurement System 

The system of pressure leads to the micro-manometer drawn in 

Pig. 15 is shown more clearly in Pig. 18. 

Two arms from a three-way glass atop-cock were bent at right 

angles towards the pressure connections of the manometer and connected 

to these by short lengths of rubber tubing. Short vertical glass 

tubes were sealed into the elbows of the glass aide arms. A length 

of " I.d. rubber pressure tubing was connected between one of these 

tubes and the pressure tapping to the sealed air apace at the top of 

the column, so that pressure changes there could be transmitted to one 

aide of the micro-manometer diaphragm (using the stop-cook to Isolate 

one side of the diaphragm from the other). Another length of pressure 

tubing was run between the second glass connector and a short copper 

lead from an otherwise sealed P.V.C. cylinder, 5" i.d. by 3" high, at 

the top of the column. 	This line served to isolate the second side 

of the diaphragm from stray atmospheric pressure fluctuations, and to 

compensate any pressure changes in the "live" side caused by changes 

in the temperature of the air around it. The P.V.C. cylinder attached 
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to the compensating lead was partially filled with water to simulate 

the air space above the absorption column. 

Thermal equilibrium between the two lengths of tubing was helped 

by running them together through a sealed 1" i.d. P.V.C. tube supported 

along the metal framework. 	From the top of the P.V.C. tube, the 

pressure linen were run to the top of the column through flexible 

rubber trunking. 

Then the first method of carrying out the experimental runs was 

used, the third arm from the three way tap was attached to a 2 ml, 

burette by a short length of rubber tubing. A rubber bag from an 

eye-dropper was filled with mercury and connected to the end of the 

burette to seal the entire system of leads from the atmosphere. The 

level of the mercury in the burette could be adjusted by means of a 

screw-clip around the rubber. 

Using this set-up, before a run was started the system of lines 

was opened to the atmosphere by simply pulling the atop-cook from its 

seat. The mercury level was then set at a chosen mark on the burette, 

and the stop-cook replaced and turned to connect the leads to the 

column and the burette, and isolate these from the compensating lead. 

Although both sides of the micro-manometer diaphragm were then isolated, 

the pressures on both sides were still atmospheric and the zero reading 

on the manometer meter was maintained. When the dumping cup was filled 

with gas, the value of V0  - equal to the volume of the gam apace in the 

absorption column plus the volume of the pressure line to the mercury 

meniscus - could not change. 	Because of this, the pressure in the 

live line increased above the pressure in the compensating line, the 

pressure increase being read from either the manometer meter or the 
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chart recorder. 	'Then the reading had stabilised, the bubble could 

be released and its dissolution followed from the chart record. After 

the run had been completed, V0 p0  could be found as follows. 

The lines were first opened to the atmosphere and the mercury 

level in the burette noted. The two aides of the diaphragm were then 

Isolated, the live side being again connected to the burette. By 

tightening the screw-clamp around the rubber bag, the mercury rose in 

the burette to compress the air in the line and deflect the manometer 

needle. When a suitably large pressure difference had been imposed, 

the reading on the meter was read off along with the new burette 

reading. The difference in the final and initial burette readings 

and the pressure reading were used in equation 325 to find V 0/P0 . 

A similar method was used to calibrate the chart readings against 

known pressure differences across the diaphragm. The two leads were 

sealed off an before, and the mercury level adjusted to impose a 

pressure difference of 0.05 w.g, across the diaphragm. 	The recorder 

was run for a few seconds to give the chart reading corresponding to 

this pressure difference, and was then stopped. The pressure 

difference was Increased by 0.05" w.g. and another chart reading taken. 

This procedure was continued until the entire chart width had been 

traversed. Subsequent plotting of the two variables gave a calibration 

curve from which pressure differences corresponding to chart readings 

could be read off. 

The experimental method described above was used to study 

reasonably small bubbles (< 1 cm. in diameter), and can be called 

Method 1, for which experimental equations have already been derived. 

For larger bubbles whose initial volumes could be found directly, a 
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second method Method 2 - was used. 	In this case, the small burette 

connected to the third arm of the three-way cook was replaced by a gas 

burette (whose volume depended on the range of bubble sizes being 

studied) beside which was clamped a levelling tube. The equipment is 

drawn in Fig. 18. A tee-junction below the atop-cook of the burette 

connected the burette to a water reservoir and the levelling tube, 

which was made from glass tubing of the same internal diameter as the 

burette: this ensured that the levels in both would be the same when 

the pressure above them was equal. 

Before starting a run, the stop-cock was removed and the levels 

in the burette and levelling tube brought to a suitable mark by 

ltering the position of the reservoir. The stop-cock was replaced 

and moved this time to connect both sides of the diaphragm to the 

burette, the stop-cook of which was left open. 	'Then a bubble was 

injected, the level in the burette fell but the manometer needle 

remained at the zero position as no pressure difference was imposed 

over the diaphragm. The levels in the burette and the levelling tube 

were then equalised by lowering the reservoir, and the stop-cock on the 

burette was closed. Equalising the two levels returned the pressure 

in the lines to atmospheric, allowing the volume of the bubble In the 

cup to be found by subtracting the final from the Initial burette 

readings. The stop-cock was turned to isolate the compensating lead 

from the live lead, which was connected to the burette, and the bubble 

released. 	In this case, the pressure in the dead volume fell below 

atmospheric, but the dissolution of the bubble could again be followed 

from the chart record as before. 

To find V0/P0, the lines were opened to the atmosphere and then 
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isolated as before, with the burette level the same as at the end of 

the run. The reservoir was then lowered to and held at a position 

below the burette and the burette stop-cock opened. As the level of 

the water in the burette fell, the pressure in the line fell and was 

recorded on the meter. The pressure difference on the meter and the 

volume drained from the burette were used in equation 334 to find 

The same method was used to calibrate chart readings against 

pressure differences. 

d) Photographic System 

At the same time as the dissolution of a bubble was being followed 

by the pressure side of the equipment, photographs were taken of the 

bubble's cross-section to provide Information about its shape. 	To 

ensure that the true area could be found directly from the photographs, 

a shadow photographic method was used in which the bubble obscured part 

of a beam of parallel light: because the beam was parallel, the amount 

of light obscured by a bubble or any object of fixed size would be 

independent of the position of the object in the column. A series of 

photographs of a dissolving bubble would therefore give a record of 

changes in its cross-section as it rose. 

The parallel light beam passing down the column was produced using 

an ex-R.A.P. lens unit for aerial photography. The unit contained two 

lenses, a collector lens approximately 6" in diameter, with a focal 

length of 36 11 , and an objective lens 5" in diameter. 	An adjustable irii 

diaphragm between the two lenses could be used to alter F values (and 

therefore the width of the light beam from the lens unit) from 6.3 to 16 

The diaphragm and collector lens were housed In a. robust steel casing 
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61' in diameter and 6" high, separated from a similar 5" diameter 

casing for the objective lens by a 7."  o.d. flange bored on a pitch 

circle of 6" with six 	holes. 	A flanged 21" length of 5*" i.d. 

P.V.C. tubing was bolted to the flange on the lens unit. 	•he open 

and of the P.V.C. casing was sealed off using a press-fitting P.V.C. 

lid, in the centre of which a 1" length of 1*"  i.do P.V.C. tubing was 

sealed. This provided a supporting sleeve for the housing of the 

light source for the lens unit. 

The lens unit sat in a 	deer) recess in the removable flange 

at the top of the column. 	The top of the P.V.C. housing passed 

through a 7" id. steel collar welded to an angle-iron support bolted 

to the wall behind the transfer column. Three j" bolts screwed 

through the collar were used to brace the P.V.C. housing in position 

and also to align the light beam down the column. 

The housing for the light source is shown in detail in Pig. 19. 

The light source itself was the focussed image of the filament of an 

8 v. 50 w. Philips projector bulb, type 13113 0/04. 	The filament of 

this bulb was not used directly as the light source, as the lamp 

produced such intense heat that it could not be enclosed in a suitable 

housing. The lamp was therefore held as shown in a strip-brass 

bracket soldered to the belied top part of the unit, and could be moved 

horizontally by adjusting two securing screws. The filament of the 

bulb was focussed by a small condenser lens on to the iris diaphragm of 

a Kodak camera shutter, a email portion of the image providing the 

source 01 light to the aerial lens. The condenser lens was made 

using two 1*"  diameter piano-convex lenses with the convex sides in 

contact, giving a focal length of about 2", and held in a thin-walled 
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brass casing by metal split rings. The lens casing was itself held 

by a split-ring inside a 1*" length of li"  o.d. brass tube, which in 

turn fitted inside two lengths of 1" i.d, tube, the upper of which was 

soldered to the belied section below the projector bulb. 	Three 4 B.A. 

Allen screws through a brass shoulder on the and of this piece of tube 

could be used to locate the lenses in the housing once correct 

focussing had been obtained. The base of the 2" long tube over the 

lower part of the outer lens holder was reduced to fit a short length 

of " i.d. brass tube fitted into the shutter mechanism. A thin 

flange connected the shutter mechanism through a thin 21" x 3" metal 

plate to a second iris diaphragm and a 2*" length of 1*"  o.d* copper 

tubing. 

The camera shutter was operated by a solenoid fixed to the metal 

plate. The shutter speeds available were ig and 	second, the faster 

speed being used during all experimental runs. Time and Bulb 

locations were also provided in the shutter. The aperture of the iris 

diaphragm above the shutter could be altered to increase or decrease 

the size of the light source. 	The smallest aperture (roughly ") 

was chosen for all rune as this provided a "pin-hole" source of light 

bright enough to give excellent contrast and definition on the photo- 

graphs. 

When the lamp housing had been assembled, the position of the 

condenser lens was adjusted until the image of the lamp filament could 

be focussed on a piece of tissue paper placed over the aperture of the 

shutter diaphragm. The Allen screws were then tightened to secure 

the condenser lens in position. The lower half of the lamp housing 

was inserted in the P.V.C. sleeve above the aerial lens, and its 



165. 

position varied until an object far away from the lens was focussed 

on the tissue paper. In this way the diaphragm and therefore the 

light source were positioned exactly at the focal point of the lens, 

ensuring a parallel beam down the column. 

To prevent reflected light falling into the lens and possibly 

distorting the light beam, the spread of light from the "pin-hole" was 

controlled bly c1Oijirie diaphragm below the plate supporting the 

shutter mechanism until incident light fell on to the objective lens 

alone. Reflected light from this lens was adsorbed in a black velvet 

lining inside the P.V.C. housing. Stray light inside the leap housing 

was eliminated by painting with black matt paint. This was also used 

to paint the inside of the transfer column to reduce the chance of 

light reflected from a rising bubble finally falling on the photo-

graphic film. 

The camera used to photograph the rising bubbles was a Kodak 124 

Aircraft Camera, the magazine of which held 51" x 47' rolls of Kodak 

141/3169 or 141/3176 high-speed panchromatic film, each roll giving 

approximately eighty 51" z 5*" exposures. The drive for the film was 

provided by a 24 volt dec. motor and controlled by a 24 volt solenoids 

actuating the solenoid drove, stopped, and exposed the film, wb.rus 

the driving motor merely idled when the solenoid contact was broken. 

The camera was stripped of its lens, lens housing, and shutters 

so that the beam of light from the column could fall directly on to 

the film. At first the camera was flanged to the baae of the transfer 

column but transmitted so much vibration to the enclosed air space that 

the pressure traces were severely disturbed. Because of this, the 

camera was then supported independently in a heavy metal structure 
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camera solenoid was live. 

This simple circuit provided the basis for the final experimental 

circuit shown in Pig. 20. 

The power supply to the camera motor was provided by rectifying a 

24 volt supply from the secondary coil of a multi-point mains trans-

former. The motor action was controlled through an on-off double-pole 

switch, which also controlled an 8 volt supply from a second multi-

point transformer to the projector bulb at the top of the column. 

With the switch down, the bulb and motor were switched on, the motor 

merely idling. 

A triple-pole switch was mounted with the double-pole switch on 

a small panel on the angle-iron framework to the left of the injection 

section. When this switch was pushed upwards, a 4 volt bulb used to 

light up the dumping cup when it was being filled with gas was switched 

on. Depressing the switch turned off the light, actuated the camera 

solenoid, and left the micro-switch on the camera body to control the 

operation of the shutter solenoid. The power to the solenoid and the 

other instruments connected in parallel with it was supplied from a 

second metal rectifier across the 24 volt transformer coil. 

With the camera motor and projector bulb switched on, the second 

switch therefore controlled the taking of film, the mioroawitob acting 

as before to operate the shutter only when a fresh frame of film had 

been wound on and held stationary. Each time a shot was taken, a 

panel bulb lit up, and could be used to show whether or not the system 

was working properly. A solenoid-operated venn.r counter gave a 

record of the number of frames taken. A solenoid-operated penpil 

mounted on the chart recorder, with the tip of the pencil poised over 
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the paper in line with the recorder pen nib, marked the chart at each 

exposure. The time of the exposure since release of the bubble, and 

therefore the age of the bubble photographed, could then be found. 

When the entire photographic equipment had been assembled and 

positioned, the light beam was tested for parallelism. With the 

column empty, a single photograph was taken of a 2 cm. diameter brass 

bob suspended in the column near the top. The bob was then lowered, 

allowed to settle, and a second photograph taken. Several shots were 

taken in this way. On developing and fixing the Lila, the images of 

the bob cross-sections were all found to be exactly 2 oma. in diameter. 

Sincis the size of the image was independent of the height of the bob in 

the column, the light beam was shown to be parallel. A second check 

was provided by the width of the light beam on the film, which was the 

same as the diameter of the atop used below the aerial lens. 

Plate 1 is a photograph of the injection section and of the 

experimental equipment around it. The bubble injector and the needle 

valves controlling the gas flow can be seen clearly, along with the 

manometer and pressure lines. The aerial camera and its supporting 

structure are also prominent. 

6. '1ater purification 

It has already been mentioned that trace impurities present in the 
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continuous phase have a marked influence on the dissolution and rise 

of gas bubbles. Although it is impossible to eliminate these 

impurities entirely, precautions had to be taken to reduce their 

concentration to as low a value as was practicable, so as to obtain 

reasonable reproducibility in the purity of the liquid batches. At 

the same time as the water was purified, it had also to be de-aerated 

to eliminate carbon-dioxide and other dissolved gisea which would tend 

to diffuse into the carbon-dioxide bubble as it rose and dissolved. 

Both precautions were taken care of by using distilled water from 

an all-glass still. 	The condensate was collected in 25 litre polythene 

containers, fitted with tight-sealing tops and drainage taps. The 

flow of cooling water in the condenser was adjusted so that the 

condensate temperature was high enough to prevent much gas diffusing 

into the water as it collected. Each container was filled entirely 

before the cap was screwed down. During storage, the pure degasified 

water was -therefore out of contact with air, and no re-aeration was 

possible. 

Samples from batches of water were occasionally titrated for 

dissolved oxygen and carbon-dioxide concentrations. These were always 

lees than 1% of saturation, and were therefore ignored. 

To prevent possible extra contamination, the column was not filled 

by pumping but by gravity feed from a container on the platform at the 

top of the column through clean rubber tubing to the valve at the base 

of the column. This method of filling also avoided intimate mixing of 

air and water and resultant aeration. 

The column itself was *00 large to allow thorough cleansing, but 

was frequently hosed down and washed with batches of distilled water. 
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Each batch of liquid was used for approximately one dozen rune 

or less, so there was no possibility of dissolved carbon-dioxide 

accumulating in important concentrations. 

Before each series of runs, the fresh water was left overnight 

to allow It to come to thermal equilibrium with its surroundings. 
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7 . 

	 Fxperiuxental Method 

a) Mass-Transfer Runs 

Before a series of rune was taken, a email sample of water was 

drained from the base of the column and its temperature taken. The 

temperature of the water at the top of the column was also noted, and 

the mean of the two temperatures calculated. 

The top glass window was cleaned, bolted down, and the aerial lens 

placed in position in the recess of the top flange. The securing nuts 

in the collar around the P.V.C. lone-housing were then tightened, the 

lamp housing inserted into its sleeve in the P.V.C. lid, and the 

shutter held open using the "Time" setting. By switching on the 

projector bulb, the light beam passing down the column could be viewed 

through the bottom window and aligned using the securing screws in the 

collar. 

The shutter position was then moved to 3u Sec. and the leads from 
the base of the column connected to the shutter solenoid. With no 

magazine in the camera, the camera and camera solenoid were switched 

on for a few seconds to check through the bottom window whether or not 

the shutter was being actuated properly. After Wag the camera was 

charged with a magazine of fresh film, and the camera support 

manoeuvred into position below the column, the light-tight sock being 

attached. 

The lamp lighting up the dumping cup was then switched on and the 

gas line from the cylinder blown down for several seconds to remove 

possible air pockets. The blow-down valve was shut, and the gas-line 

pressurised to about 25 p.si.g., the reducing valve then being closed. 
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Using the first method for finding the dissolution rates, the two 

lines to the manometer were isolated and a few seconds allowed to see 

if the zero was tending to drift. When this was satisfactory, the 

pen reading on the recorder was zeroed. When the second experimental 

method was used, care was taken to see that both sides of the diaphragm 

were connected, and that the burette tap was open, after which the 

recorder-pen reading was zeroed. 

The inlet valve to the dumping cup was then opened to let the gas 

stream slowly into the cup. Once a bubble of the required size had 

been charged, the remaining back pressure in the supply line was blown 

down, and the exhaust valve closed to prevent air leaking into the line. 

For Method 2, the initial bubble volume was found as described 

before, the burette tap closed, and the pressure lines isolated 

carefully to retain the zero reading on the manometer. 

The camera motor and projector bulb were switched on, the chart 

movement started, and the bubble released. On release, the dumping 

cup was retracted and filming started. liming was continued until 

the chart record was no longer changing rapidly, at which time the 

camera was stopped. The chart record was continued, however, until 

the rising bubble had risen to the surface, as shown by a small "pip" 

on the chart, followed by a steady reading (this was readily noticed 

for large bubbles). The chart movement was then stopped and the 

pressures on both sides of the diaphragm balanced. 

A few minutes were allowed for ripples on the surface of the water 

In the column to die away, and a second run was then taken. On 

average, five runs could be taken before the entire spool had been 

exposed. After the spool had been exhausted, the dead volume/atmoepheri 
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pressure ratio, V0/P0 , was found using the methods described before, 

and chart readings corresponding to fixed pressure differences across 

the manometer diaphragm were taken to enable a calibration curve to be 

drawn up. The timing switch on the recorder was then depressed to 

mark approximately ten second intervals on the moving chart, so that 

the chart speed during the rune could be worked out. The atmospheric 

pressure was read off from a mercury barometer and converted to inches 

of water. The lens system Was removed and the top flange unbolted so 

that the distance between the water surface and the top of the column 

could be measured. Subtracting this distance from the height between 

the dumping cup and the top of the column (lO'li") gave the pool depth, 

Hp. !inally, the temperatures of the water at the top and bottom of 

the column were taken, the average of the mean temperatures before and 

after the runs being evaluated for use in the experimental calculations 

The change in temperature of the water over a series of runs was always 

negligible, and the difference in the temperatures of samples from the 

top and bottom of the column never varied by more than i ° . 

b) Velocity Run 

The rune to provide velocity data were all carried out using the 

same experimental methods as for the mass-transfer runs, but no photo-

graphs were taken. Instead, the dissolution of the bubble was 

followed on the recorder chart as before, but the rising bubble was 

viewed through the bottom window, and the recorder chart stopped 

immediately the bubble broke the surface. In this way, the chart 

distance corresponding to the rise of the bubble through a fixed liquid 

depth was found, and could be converted to a time of rise by finding 
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the chart speed* The ratio 	was found as described in the 

last section, and chart readings were also calibrated against 

pressure differences on the manometer meter. The pool depth, water 

temperature, and atmospheric pressure were found an before. 
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8. Treatment of Bxerimental Data 

Equations 330 and 340 can be used to derive transfer information 

from the experimental data if, 

POVB 
pP0  and + 'h) 

The maximum pressure differential imposed on the manometer was of 

the order of 0.6 ins* w.g., and is far lees than the atmospheric 

pressure, which is close to 400 ins. w.ge  in value. 

The second inequality condition was also satisfied in all runes 

the largest final value of V.was  11.6 c.c. (Run 61), with 

= 9.19 co./ins. wag., P0 as 391 ins. w.g., and h 	46 inn. 

P oVB Using these values, VP + ) 
	0.003 

Since both inequality conditions were satisfied experimentally, 

equations 330 and 340 were used for analysis. The treatment of the 

chart and film data will now be described. 

a) Chart Data 

A typical pressure record is shown in Plate 2, from which it can 

be seen that the trace remains constant at zero before the bubble is 

released, showing that the bubble dissolves very slowly when it is held 

in the dumping cup. On releasing the bubble, the trace falls off 

smoothly, and the release point as shown on the trace is well—defined. 

When bubbles less than about 0.6 oms. in diameter were studied, using 

the first experimental technique, the amplifier gain had to be set at 

a high value, and pressure traces were generally irregular during the 

first few centimetres of travel because of the initial instability of 
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the bubble, and the retraction of the dumping cup. 

Filming was usually started one second or so after release of 

the bubble, and the pencil marks made at each exposure can be seen 

on the right-hand side of the chart in Plate 2. 

As the bubble rises, the pressure trace continues tol'all off 

smoothly, the gradient decreasing as time increases. When the 

gradient of the trace was becoming so low that it would no longer be 

possible to rind the gradient accurately, filming was stopped. The 

pressure trace continues to fall, however, until the bubble reaches 

the surface, when the chart reading would remain constant. During 

the mass-transfer runs, the point on the chart when a large bubble 

broke the surface was generally clearly defined, so that average 

velocities could easily be worked out. Small bubbles did not cause 

such distinct surfacing points on the chart. 

Chart distances between the release point and each exposure mark 

were divided by the chart speed to find the time after bubble release 

at which each exposure was taken. This time was also the age of the 

bubble photographed. Bubble ages were entered in the first column of 

the data sheet (Appendix B). The chart readings opposite each pencil 

mark were read off, tabulated, and converted to corresponding pressure 

readings using the calibration curve. These pressure readings were 

also written down. 

To find the pressure gradient dp/(t at each exposure point, 

chart readings were read off at points 0.5 amas behind and in front of 

the pencil mark. Pressures corresponding to these readings were then 

read off from the calibration curve, subtracted, and multiplied by the 

chart speed to give dp/dt. values, which were then tbulat.d. This 
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method of finding the gradient was satisfactory, as the pressure trace 

over individual centimetres of chart was linear. 

The tabulated values of p were then used with the value of 

and the initial volume of the bubble in the dumping cup when Method 2 

was used, to calculate the volumes and equivalent spherical diameters 

of the photographed bubbles from equations 325 and 339. The initial 

bubble diameter, d in t was noted on the data sheet, and the other 

diameters tabulated. Por mass-transfer runs in which the surfacing 

of the bubble caused noticeable kinks on the pressure traces, the 

diameter of the bubble as it surfaced was found from the final chart 

reading. The mean of the initial and final equivalent diameters gave 

the average diameter, el av' of the rising bubble. The velocity of 

this bubble,"av  was found simply by dividing the pool depth by the 

time of rise, as found from the chart distance between bubble release 

and surfacing, and the chart speed. Uay  and 	were both enteredav  
in the data sheet when they were available. 

The same method was used to analyse the chart records obtained 

during the velocity runs rising velocities were calculated and 

tabulated as shown in Appendix B against average diameters obtained 

from Initial and final bubble volumes. 

The experimental velocity data was also plotted, and used to 

provide a column of velocities in the data sheet beside corresponding 

diameters. The velocity corresponding to the initial bubble size was 

also read from the graph and was entered as U1  in the data sheet. 

The second term in the brackets of equations 331 and 340 was then 

evaluated for each experimental point and noted down. The velocity 

- 	 - 

term 	udt in the denominator of this term was taken as Ut, where U 
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is the average of the velocities of the bubble at release, 1J 4 , and 

at the final exposure. The velocity of the bubble in any one run 
t 

did not vary rapidly enough to warrant working out f  U d t by 

graphical integration; in fact, the velocity curve between any two 

terminal diameters was linear, and U provided the best estimate of the 

mean velocity. 

b) Film Data 

The spools of film were roll-developed for nine minutes in Kodak 

D163 developer, diluted with the same volume of water, washed, and 

fixed using Kodak Acid Fixing salt for fifteen minutes. After washing 

for twenty minutes, the spool was dried and then out into sections 

corresponding to the rune taken, each section being numbered. 

Only those records showing a well-defined interface and good 

contrast between the bubble and the background were analysed to give 

data for use in the final result sheets. All other material was 

discarded. 

Plate 3 provides a record of the oroes-sectione of three particula 

bubbles as they rise and dissolve. The series of photographs for the 

smallest bubble (ca. 0.75 ems, in diameter) was obtained using film 

taken during Run 14: series 3b) and 30), for bubbles approximately 

1.75 and 2.45 ems. in size, were reproduced from negatives for Runs 33 

and 58. The equivalent diameter of each bubble photographed are 

printed below the corresponding cross-section. 

Several methods were tried for finding the cross-sectional areas 

of the bubbles from the shadow-photographs. At first, the film was 

illuminated from below and the bubble interfaces traced. The tracings 
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were then magnified in a photographic enlarger, the enlargements 

drawn out, and a planimeter used to find their areas. ICriowing the 

magnification, these areas were then altered to give true cross-

sectional areas. 	This method did not give good reproducibility, and 

a second method was tried. Enlargements were obtained as before and 

traced on to transparent centimetre graph paper subdivided into milli-

metres, The areas of the magnified cross-sections were then found by 

counting the number of millimetre squares inside the circumference, 

the results again being scaled down to give the true areas • Although 

this method gave 2 reproducibility, it was too tedious to be used for 

a large number of photographs. 

A third method was then tried and proved to be satisfactory. 

Outlines for bubbles smaller than spherical caps were traced and 

projected on to heavy gauge paper, where the enlarged areas were 

drawn out. The outline of a piece of paper of known area was then 

projected on to and drawn on the same sheet of paper. The bubble 

shapes and the enlarged standard were out out and weighed to four 

decimal places, the actual cross-sectional areas being found by 

comparing the weights of the out-outs with the weight and true area 

of the standard. 

Per spherical caps, the outlines of the bubbles were traced as 

before, but were large enough to require no magnification and were 

drawn through carbon paper directly on to the heavy gauge paper. 

The reproducibility of the thikneea of the paper in any one sheet 

was tested by cutting out and weighing cix areas of the same size. 

The weights of the out-puts from each sheet varied by no more than 2%, 

although the thickness of the paper varied slightly from one sheet to 
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another. By comparing the weights of cut-outs from several tracings 

of one bubble, the bubble area was found to be reproducible to within 

2%. 

After the cross-sectional areas had been worked out, they were 

tabulated in the data sheet, and used to calculate a column of semi-

major axes. Dividing each major axis by the corresponding equivalent 

diameter gave a list of the width factor 2a/de. The semi-major axes 

a and bubble diaineterc o(, wcre then substituted in either equation 541 

or 347 for a list of ninor axes. 	Bubble eccentricities, i.e. B - a/b, 

were then calculated, listed and used with the equivalent spherical 

diameters to find contact areas from either Pig. 13 or Pig. 14. 

Using the tabulated data, values of kLA  were calculated from 

either equation 331 or 340, and were then divided by the bubble areas 

to give a column of transfer coefficients. 

Finally, drag coefficients and Reynold's numbers were calculated 

for bubbles which were not spherical caps: these parameters were based 

on shape characteristics of oblate epheroide, and are defined by 

equations 26 and 27. 



RESULTS AID DISCUSSION 

All the experimental velocity and mass transfer rune were carried 

out using several different batches of distilled water. Initial plots 

of the experimental results showed them to be independent of the batch 

of water used. Because of this, no distinction was made between 

results from one batch to another in the final experimental graphs, 

which will now be discussed. 

1. Bubble Velocit ies  

The rising velocities of carbon-dioxide bubbles of different 

sizes are tabulated in Appendix C, and plotted in Fig. 21. 

As this diagram shows, Leonard's results (15) for single carbon—

dioxide bubbles less than 1 cm. in equivalent diameter rising through 

a 6 in. diameter column are in excellent agreement with the present 

experimental data. The new data also supports Uno and Kintner'e 

values (U].) for the velocities of air bubbles in a 3.75 in. diameter 

column, 

The upper unbroken curve drawn in Fig. 21 represents the velocity 

of air bubbles moving in an infinite medium, and was plotted using 

Haberman and Morton's data (Hi) from experiments in filtered water at 

190C. This curve lies above the other experimental data, but the 

difference between the two is very slight for bubbles in the size range 

0.8 	of e 	192 one. 	
Above a bubble size of 1.2 ems., the present 

results deviate more and more from Haberman and Morton's values as the 

diameter increases and wall effect becomes more pronounced. 

For bubbles lying between 0.5 and 0.8 ems. in size, experimental 
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velocities fall noticeably below the curve for no wall effect, but 

continue to agree with Leonard's and Uno and Kintner'a results. 

This velocity reduction cannot be explained by interfacial 

retardation caused by surfactant impurities: the present work was 

carried out using distilled water, and Uno and Kintner and Leonard 

used distilled and de-ionised water respectively. Any surface-active 

impurities present in the bulk phase would therefore be low in concen- 

tration, and would not substantially decrease the velocities of bubbles 

larger than about 0.6 ems. (Hi, Ti). 	In fact, any explanation in 

terms of surface phenomena is unlikely, as hindering forces introduced 

by surface effects are negligible compared to shearing forces when the 

bubble diameter is sufficiently large. In this connection, Leonard 

and Houghton (Li) have presented evidence that the velocities of 

bubbles smaller than 0.5 cm. decrease as their solubilities increase, 

and attempted to explain this in terms of eleotrokinetic effects 

induced by mass transfer. The velocities of larger bubbles were 

found to be independent of the rate of mass transfer from them, and 

it was concluded that surface effects could no longer influence bubble 

motion. This conclusion is supported by the agreement shown in Fig. 

21 between the velocities of fairly small dissolving and non-dissolving 

bubbles of carbon-dioxide and air. 

A more likely explanation for the apparent velocity reduction Is 

that point velocities such as Haberman and Morton's differ from average 

velocities found over large pool depths. Haberman and Morton's 

measurementawere made over short vertical displacements (ca. 2* ins.), 

so that the bubble size was essentially constant, and the true terminal 

velocity could be found. 	Leonard's results, and those of lJno and 
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Kintner and the present author, were for bubbles whose site was 

changing continually: acceleration or deceleration of the bubble as 

it rises would be expected to influence the final measured average 

velocity, and perhaps cause it to fall below point values. 

The present experimental results do not scatter by more than 5, 

and are independent of temperature in the range studied here (18-210C). 
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2. Bubble Shapes 

a) Bubble Cross- S ections 

By inspecting the experimental photographs, the projected cross-

sections of bubbles smaller than about 0.5 to 0.55 one. in size were 

found to be invariably circular in shape. For bubbles with diameters 

between this lower limit and an upper limit of approximately 1 cm., the 

shapes were mostly regular ellipses, with width to breadth ratios 

normally close to one, and seldom greater than 1.3 (Plate 3a)). 

As the bubble size increased beyond 1 cm., the cross-sections 

became more irregular in shape, although still approximately elliptical 

(Plate 3b)). The width to height ratio of the images increased to 

values around 1.5 9  and attained a value of 2 on one occasion for a 

1.5 cm. bubble. 

The irregular elliptical shape began to change quite distinctly 

into an irregular circle as the equivalent spherical diameter approaobe 

1.8 cas., after which bubbles of all sizes were found to have circular 

rear surfaces (Plate 30). 

The shape changes which have just been summarised are associated 

with alterations in the character and motion of the rising bubbles as 

their size increases. 

Small bubbles less than about 0.5 cm. in diameter are ellipsoidal 

and rise in a zig-zag or spiral path, with the plane of the maximum 

cross-sectional area horizontal or only slightly inclined (Hi, 01 9  81). 

The projected cross-sections and shadow photographs of these bubbles 

are therefore circular. 

The zig-zag or spiral disappears as the bubble becomes larger than 
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0.5 cm., and rocking of the bubble about the minor axis then becomes 

pronounced, later changing to erratic pulsation which continues until 

stable spherical cape are found. Because of the rocking and pulsating 

motions, the shadow photographs are not necessarily images of maximum 

cross-sections: the maximum aeoion may be circular, but its inclina-

tion through rocking leads to an elliptical image on the film. 

Bubbles which rook and pulsate also deform more and more as the 

equivalent diameter increases, and it is difficult to assess whether 

or not the elliptical images In the size range 0.6 - d 	1.8 result 

from true asymmetry of the bubble shape, or from tipping of the bubble 

alone. The most suitable teat is to compare the photographed shapes 

with projected areas calculated using known angles or inclination. 

The maximum cross-sectional area Am  of a bubble, and the area A1  

Of its projected image are related by, 

A1  = Am COB o(  Cos /3 
	

(351) 

where x  and f are the angles of inclination of the plane of Am  to the 

horizontal. Taking , as zero, i.e. the plane of Am  tilts but does 

not tend to rotate around a vertical axis, and writing A 1  and Am  as the 

areas of an ellipse and circle respectively, 

abr2  Cos o( 
	

(352) 

where a and b are the semi-major and semi-minor axes of the ellipse. 

Since 14 = 0, a = r, and, 

E= a/be 1/coso( 
	

53) 

From photographs of a 0.67 cm. diameter bubble published by 

Tadaki and Maeda (TI), the maximum inclination is about 300• Pr 

equation 353, B turns out to be about 1.2 0  which compares favourably 

with an experimental value of 1.3. It therefore appears that 
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asymmetry might be Blight for bubbles around 0.7 cm. in size. This 

is understandable, as surface tension forces are still able to retain 

the bubble in a reasonably symmetrical form, despite the onset of 

considerable flattening. 

For larger bubbles, however, photographs (D2, Hi) show that the 

angle of inclination is less than for smaller bubbles, For a 1.4 cm. 

diameter air bubble in water at two temperatures, Haberman and Morton's 

photographs (Hi) give an inclination of about 15 ° , corresponding to a 

calculated eccentricity of 16049 which is far lees than the experi-

mental value of 1,69 The shadow images of large bubbles therefore 

seem to be irregular elliptical in shape because of asymmetry in the 

bubble envelope, Rnd not because of tipping alone. 

Bubbles greater than about 1.8 ems. in size are symmetrical 

spherical cape, and rise in straight lines (D4 9  Hi, Ti), so that 

their shadow-photographs were found to be circular. 

b) Shape Ratio 2a/& e 

The ratio 2a/de  indicates the degree to which a bubble flattens 

as its else increases, as 2a is the actual bubble width and 	is the 

width the bubble would be if it were spherical. 

Experimental results for the shape ratio are plotted against the 

equivalent spherical diameter in Pig. 22. 	The straight-line plots 

on the diagram were obtained by calculation from Tadaki and Maeda'e 

correlations (Ti), equations 29 to 31 of the text, and provide a 

convenient comparison for the present data. Values of liquid 

properties for use in equations 29 to 31 were taken for water at 20 00, 

and velocity data was obtained from the present experimental results 
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plotted in Fig. 21. 

The experimental points fall into three main bands, from which 

it can be seen that 2S/de increases gradually from about 191 at 

d e  a 0.5 cm. to a constant value close to 1.5 at diameters greater 

than 2 ems. 

The first band of points covers a diameter range from 0.4 to 

1 cm., and supports Tadaki and Maeda'a results for air bubbles in 

water. The scatter in the shape ratio at any diameter is not due 

solely to true differences in shape from one bubble to another, but 

is also the result of inevitable scatter in the major—axis data. 

The major-axes were estimated from the filmed bubble projections, 

whose areas have been shown to vary according to the angle at which 

the bubble lies when the frame is taken. Because of this, it was 

difficult to obtain exactly reproducible major-axes, which in turn 

led to a certain amount of scatter in the shape ratios. 

The scatter in the second band of points, for 1.4< 	2 ems., 

is far more noticeable. Bubbles in this size range move at high 

values of the Weber number, so that surface tension forces acting to 

maintain a spherical interface can no longer prevent inertial forces 

from causing severe deformation in shape. The bubbles therefore 

pulsate and fluctuate in shape very rapidly, and their cross-sectional 

areas and shape ratios vary accordingly. Apart from two experimental 

points, the shape ratios for bubbles between 1.8 and 2 ems. in size 

lie reasonably close together, as these bubbles have attained fairly 

stable spherical cap forms. 

Data for large spherical caps between 2.4 and 3.1 emse in 

equivalent diameter are plotted as a third experimental band in 



Pig. 22. 	The scatter of the results for these bubbles is far lees 

than for the other two groups, as accurate and reproducible major axes 

could be obtained without difficulty. All experimental shape ratios 

in this size range lie close to 1.5 9  with a alight upward trend towards 

1.55 at the largest diameters. 

Results in the second and third bands (1.4 4 d . 3.1 eras.) 

fall somewhat below Tadaki and Maeda's predictions, which in turn are 

lower than Davies and Taylor's results (D4). These differences are 

caused by different amounts of wall effect in the three experimental 

studies:- 

The closeness of container walls can influence the shapes of 

rising bubbles in two ways. Firstly, the velocity of a bubble of 

fixed size decreases as the diameter of the experimental column is 

reduced, with consequent reduction in the Weber number and decreased 

elongation of the bubble. Secondly, the closeness of the container 

walls themselves restrain the flattening of the bubble to an 

Increasing degree as the experimental column becomes narrower. The 

shape ratio 2a/d would therefore be expected to fall as the width 

of the experimental column is reduced, and this effect explains the 

spread of the shape ratios for large bubbles shown in Pig. 22. 

Davies and Taylor's experiments were carried out in a rectangular 

tank with a cross-section of four square feet, corresponding to a mean 

hydraulic diameter of two feet. On the other hand, Tadaki and Maeda's 

results were obtained from measurements in a tank with a mean hydraulic 

diameter of 4.5 ins., and the present results from work in a 4 in. 

diameter column. 

Wall drag is therefore extremely low in the case of Davies and 
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Taylor's experiments, and 2a/01e  values are higher than those of 

Tadaki and Maeda, and the present author. Tadaki and Maeda'a results 

are slightly higher than the present values because of less wall drag. 

a) Bubble Eccentricities 

The eccentricities of carbon-dioxide bubbles in distilled water 

at room temperature are plotted over a wide range of equivalent 

spherical diameters in Pig. 23. Correlations by Tadaki and Maeda 

(Ti), equations 33 to 35 in this thesis, were again used to provide 

a full-line plot for comparison purposes. Other published data for 

air (R5, 37) and oxygen bubbles ( 1LI1) are also included in this diagram 

As for the shape ratio 2ald el  the eccentricity gradually 

increases from a low value at small bubble diameters to a fairly 

large constant value when the bubbles are spherical caps. 

Apart from a small band of experimental points clustered below 

an eccentricity of 1.25, data in the diameter range 0.4 	1 cm, 

follow Tadaki and Maeda's predictions reasonably closely. The down-

ward trend shown by points at diameters below 0.6 ems, suggests that 

carbon-dioxide bubbles lees than about 0.4 cm. in size are spherical, 

but photographs (P3) have shown that theee bubbles are still flattened. 

The explanation of the apparent trend lies in the difficulty of 

obtaining highly-accurate and reproducible cross-sectional area data 

from photographs for such small bubbles. 

Most of the band of experimental points is continuous with data 

by Siemes (Si) for air bubbles in water. Results by Sheng Li Pang 

(Lii) for oxygen bubbles in water also agree with the present results, 

and it can be concluded that slow rates of mass transfer from a gas 
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bubble do not affect its shape when the equivalent diameter is greater 

than about 0.5 cms. Lack of data prevented any conclusion about the 

effect of transfer on the shape of small bubbles. 

Rosenberg's smoothed values for the eccentricities of bubbles in 

distilled water (R5) lie well above all the other values below a 

diameter of 1 cm. Differences in the results amount to 78%, 735' 9  and 

42% at diameters of 0.5, 0.6, and 0.8 ems, respectively. 	Rosenberg's 

original report could not be obtained, and the results plotted here 

were quoted by Saffman (51). Because Rosenberg's report was not 

available, the reason for such large discrepancies could not be made 

clear. Since all the data but Rosenber'e are consistent, the 

correlations of Tadaki and Maeda are recommended for estimating the 

eccentricities of bubbles in the size range 0.2 ,-- 	1 cm., provided 

that wall effect is negligible. 

The experimental results at 1.4 . 2 cm. scatter between 

limiting eccentricities of 2.5 and 3.5, with the majority of the 

points concentrated around an eccentricity of about 3. The reasons 

for the wide scatter have already been given in the discussion of the 

experimental shape ratios, 2a/d e , and need not be repeated here. 	It 

is interesting to note, however, that the average eccentricity in this 

band of points, which is mostly for irregular ellipsoidal bubbles, is 

identical with the eccentricity of large regular spherical caps. 

The reproducibility of the eccentricity results for large 

spherical cape is excellent, the scatter at any particular diameter 

amounting to no more than 20 and normally far less than this. 

Bubbles between 2.4 and 2.8 ems. in size have eccentricities around 3, 

and larger bubbles in the range 2.8 4 d 5  < 5.1 ama. show a alight 
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increase towards 3.2, 

From, a diameter of 1.4 cm* upwards, the present results lie 

below !adaki and Maeda's proposed line, which i8 itself below all 

but one of Davies and Taylor's points (D4). This upward displacement 

can be explained on the basis of reduced wall effect as the width of 

the experimental column is increased, as discussed in the previous 

section. 

LI 
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36 	 Mass Transfer Rates 

a) Transfer Product kLA 

The rate of mane transfer from a single bubble is directly 

proportional to the product of the mass transfer coefficient kL,  and 

the contact area A. From a practical point of view, kA is therefore 

of more importance than k   alone, and information about the variation 

of kLA  witb 	is particularly valuable. 

Before discussing this variation, it is convenient at this stage 

to consider briefly the effect of bubble ago on the present expert-

mental transfer products. 

(i) Effect of Bubble Age on kLA 

Direct comparison of k1A with bubble age presupposes that the 

contact area of a bubble of fixed size is ±nvariant, so that kLA 

varies through changes in k L
alone. Although this supposition is 

incorrect, the shape ratios plotted in Pigs. 22 and 23 show that the 

shapes and areas of bubbles less than 1 cm, and greater than 2 cm* in 

size do not vary to a great extent. The effect of time on k for 

bubbles in these size ranges can therefore be assessed approximately 

by considering the effect of time on kLA.  This direct assessment has 

the advantage that no assumptions need be made about the shape of the 

contact areas of the dissolving bubbles, thereby eliminating error 

from the use of areas estimated from bubble cross-sections and volumes. 

The effect of time on k values deduced using approidmate contact 

areas will be considered more fully later. 

Values of kEA  for different sizes of bubbles were read from the 
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data sheets in Appendix B and re-tabulated against bubble age. 

These tables, which also include k, and E values, were drawn up only 

for bubbles of three or more ages, and are listed in Appendix D. To 

restrict the number of tables, data was taken for bubbles with 

diameters 0.05 ems. apart. 

Inspection ,.-If the tables shows that kLA  values for moat bubbles 

in the range 0.5 	' e z 0.8 cms. are slightly reduced as the bubble 

ages. The most marked rate of decay occurs for a 0.6 cm. bubble 

(Table D3) for which kLA  falls from 0.034 om. 3/8e0. to 0.028 cm. 3/8e04 

over an age difference of 2 seconds. 

There seems to be no relationship between the size of the bubble 

and the rate of decay. In this context, the transfer product for the 

smallest bubble considered, 0.5 cm., showed no tendency to decrease as 

the bubble aged from 3 to 5 seconds. There was also no noticeable 

decay for a 0.65 cm. bubble aged between 1.7 and 3.3 sees., although 

0.55 and 0.7 cm. bubbles showed 13% and 12% transfer reductions over 

time intervals of 3.3 and 3,5 seconds respectively. 

Data for spherical cap bubbles are tabulated in Tables D15 to D18. 

No conclusions can be reached about the effect of time on transfer from 

2.55 and 2.6 cm. bubbles, as their ages vary only slightly. kLA  for 

a 2.65 cm. bubble decays by 13% in 3.5 seconds. 

The experimental overall transfer values are therefore barely 

affected by the age of the dissolving bubble, and the same is to be 

expected for individual transfer coefficients. Part of the apparent 

transfer reductions is likely to be associated with reduced experi-

mental accuracy as the time of measurement increases: overall transfer 

rates were obtained by measuring pressure-trace gradients, which 
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decrease as the time since bubble release increases, making accurate 

measurement more difficult. 

(it) The Variation of kLA  with 0/ 

Experimental values of the transfer product kLA  are plotted 

against the equivalent spherical diameter 	in Pig. 24, where they 

are compared with results by Baird (Bi) id Leonard(L5) for single 

carbon-dioxide bubbles dissolving in water. 

Baird's results were originally presented as mass transfer co-

efficienta based on equivalent spherical transfer areas, and were 

therefore converted to kLA  values by multiplication by 

Leonard studied transfer in three sections of the Barns expert-

mental column, and found average transfer coefficients to be highest 

in the section nearest the bubble injector. Data for use in Fig. 24 

were taken from a smooth curve drawn by Leonard through the highest 

band of equivalent spherical transfer coefficients, and were converted 

to kLA  values before being plotted. 

As the equivalent diameter increases from 0.4 ems., the present 

experimental values of k 1A increase smoothly from about 0.02 cm. 3/aec., 

and agree with the results of Baird and Leonard until a diameter of 

1.4 ems. is reached. 	At this point, the present data begins to rise 

above Baird's values, and continues to do so up to a diameter close to 

2 ama.: the two sets of results differ by about 25% and 50% of Baird's 

values at diameters of 1.6 and 1.9 ems. The increase above Baird's 

results shown by the present data is related to corresponding 

enhancement in the mass transfer coefficients. 	This point will be 

made more clear in the following section. 
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!ollowing the gap in the experimental results between diameters 

of 2 and 2.4 ems., the present kLA  values resume, and increase rapidly 

as the bubble diameter increases further. 	These resultB, for 

spherical caps, fall in line with Baird's data for 1.6 4 o' e - 2.8 oms. 

and also with all the experimental data at 	1.4 ems. 

Although Fig. 24 shows the variation of kLA  with °'e  in great 

detail, this type of curve is unsatisfactory for practical use, as 

the fractional scatter increases continuously as the diameter 

increases. To reduce the scatter of the experimental points to the 

same level, the results were re—plotted on logarithmic paper, as shown 

in Pig. 25. 	This diagram shows that kLA  is roughly proportional to 

d e   when d  is less than about 1 cm.: this is because the actual 

contact area is very similar to the area of an equivalent sphere in 

this size range. At higher diameters, kLA  becomes proportional to 

increasingly greater powers of o',, as the contact area begins to 

rise well above the equivalent spherical area. 
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b) Instantaneous Transfer Coefficients 

The variation of the instantaneous mass-transfer coefficient 

with the equivalent spherical diameter can be seen from Pig. 26. 

The unbroken curves drawn for comparison are for oblate 

spheroida, spheres, and spherical cape in potential flow, and for 

solid spheres moving at high Reynold's numbers. 

The lowest curve drawn in the diagram was drawn through points 

estimated from Prossling's equation, with a multiplying constant of 

0.6, from which, 

o.t —p— i eh1"2  Sol/3 
de 

(354) 

on neglecting the radial diffusion term in the original equation. 

Equation 354 applies to solid spheres. 

The curve lying above the first one was deduced by using 

equation 54 for spheres in potential flow, 

K
L 
 = l.i3( '  _ T1) 	

(355) 

The identical curve displaced above the "Higbie 0  curve is for 

spherical caps in potential flow, and was predicted from equation 221 

using the constant experimental eccentricity of three, so that, 

kL = l.36(L) 
	

(356) 

Physical properties for use in equation 354 were taken for water 

at 20°C 9  and a diffusivity at the same temperature was obtained from 

data by Davidson and Cullen (D3). Velocities at different diameters 

were read from the smooth curve drawn through the present data for 

carbon-dioxide bubbles plotted in Pig. 21. 
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The 	 curve for oblate spheroids in potential flow was 

deduced using eccentricity data from Fig. 23 to find values of the 

transfer ratio kLOSALS  from Fig. 9, the subscripts os and e applying 

to an oblate spheroid and a sphere respectively. These values were 

then converted to kLc,a  data on multiplication by corresponding k Le 

values. At diameters below 1.2 ems., eccentricities were taken from 

Tadaki and Maeda's predicted line. At larger bubble diameters, the 

eccentricity remains close to three, and this value was used for all 

subsequent theoretical points. 

Complementary experimental results for carbon-dioxide bubbles 

dissolving in water are also shown in Pig. 26. All these additional 

results were originally presented as transfer coefficients based on a 

transfer area equal to that of an equivalent sphere. The results of 

Hammerton (H3), Guyer and Pfister (G14), and Bogdandy et al. (B4) 9  

were plotted directly as the equivalent spherical area 18 extremely 

close to the true transfer area at small bubble diameters. Most of 

the results by Baird and Leonard, however, were for large bubbles 

whose areas exceed the equivalent spherical area to an important 

degree, and had to be recalculated before plotting. This could be 

done using the following equation, 

k 8  A05 a kL.  An 	 (357) 

where A05  and A8  are the transfer areas of an oblate spheroid and a 

sphere. 
/A00  

.•. k 	= k Los 	Ls/ (358) 

Data by Baird and Leonard for kLB  at a less than 1.8 ems, was 

used along with eccentricity data from Pig. 23 9  and area ratios 



from Pig. 13, to estimate values of kLos, which were then plotted. 

Similarly, Baird's data in the range 1.8 < d < 3.1 one. was 

converted usiri the following equation, 

LacLs/ :c;- 
	

(359) 

where the subscript so applies to a spherical cap. An eccentricity 

valui of 3 was used to find A Q/A5  from Pig. 14 for use in equation 

35'j. 

The main features of the experimental transfer coefficients will 

now be discussed briefly and will then be considered more adequately. 

The present experimental coefficients remain substantially 

constant between 0.025 and 0.030 cm./sec. approximately as the diameter 

is increased from just over 0.4 ems. to 1.9 ems. 	In the diameter 

range 2.4< d 	26 one., the transfer coefficient lies between 

0.016 and 0.019 cm./sec. 	On increasing the diameter to 3.1 one., 

the coefficients show an upward trend towards 0.024 an./sec. 

The new reBults agree with Baird's values for bubbles less than 

0.8 cm, and greater than 2.4 oms. in sine, but are substantially 

higher at diameters between 1.4 and 1.9 ems. 	This enhancement in 

transfer above Baird's values explains the distinct fork shown at a 

diameter of 1.4 ama* by the experimental curve of kLA  against c/ V  In 

Pig. 24. 

Leonard's results provide a lower limit to the transfer data in 

the range 0.6 < cJ4 1 cm., but start to fall sharply from the present 

coefficients as the diameter is reduced below 0.6 cm. At diameters 

of 0.4 and 0.5 one., for example, the results differ by about 100 1% and 
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50% of Leonard's values. 

All the experimental results at diameters greater than 0.6 ems. 

are five to ten times greater than values predicted by Prosaling's 

equation. The same factors apply to results below 096 emso with the 

exception of Leonard's values, which show a downward trend towards 

the solid-sphere line. 

The theoretical curve for spherical caps provides an upper limit 

to the data between 0.5 and 1 cm., and most of the points between 0.4 
Oblatte 

and 1 cm, lie within 10% of the curve for4spheroin potential flow. 

Transfer coefficients for the highly deformed bubbles below the 

size for transition to spherical cape lie 15 to 20% above the spherical 

cap curve. 

Spherical cap bubbles between 2.4 and 2.8 ems, in size dissolve 

with transfer coefficients between those predicted by equations 355 

and 356. Transfer coefficients for the largest spherical cape 

increase gradually above the theoretical spherical cap line and 

deviate from it by 30 1% at a diameter of 3.1 cm. 

'ith the exception 0± points between 2.8 and 3.1 ems., the data 

between 1.4 and 1.9 onis., and Leonard's results below 0.6 oma., all 

the experimental data plotted in Pig. 26 lies close to or within the 

band on the graph enclosed between the theoretical curves for fully 

mobile apheree and spherical caps. The trend of the band at low 

diameters shows clearly that the published data plotted for diameters 

less than 0.4 ama. is continuous with the bulk of the experimental 

points. 

' 
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Or  

•. 

The spread of the experimental results is fairly considerable, 

and may be explicable in terms of the influence of the age and shape 

of the bubble at the instant its transfer coefficient is found. 

With reference to the effect of age, Deindoerfer and Humphrey 05) 

found that the rate of solution of small bubbles below 0.5 cm, in size 

decreased substantially as the bubble aged from 0.5 to 6 seconds. 

The same effect has also been noticed by Leonard over a wider range 

of bubble sizes. Without considering at present possible ways in 

which the age of a bubble could affect its transfer rate, it is 

important to estimate the extent to which ageing influences the 

present transfer coefficients. 

Similarly, the theoretical equation derived for oblate spheroids 

in ottiai 1;7 1o1 predicts tLat Vic.,  trafer rate snou 

i;te eccentriolty Of 	 is iroreaea .ii (: ht1 y , and 

ttiu prediction can be tested using the experimental results. 

Both time and age effects are interconnected, and it is difficult 

to analyse the results thoroughly. By considering each effect 

separately, however, their relative influences on the transfer 

coefficients can be assessed with reasonable completeness. 

(i) The Effect of Bubble Age on k  

Tables Dl to D18 contain detailed information about the transfer 

coefficients of bubbles of constant volume, but of different shapes 

and ages. It is convenient to summarise the influence of time alone 

on transfer in the following table, in which % transfer decay with age 
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is reported for a number of bubble sizes. The % transfer decay 

values are based on the amount of reduction per second relative to 

the initial transfer coefficient. 

Table liz The Effect of Bubble Age on Mass Transfer 

Diameterd e  (ems) Age Range (sees) k   Range (ems/sec) 	Decay see 

0.5 3.21 to 4.93 .027 to .027 None 

0.55 1.77 5.1 .03 .025 5 

0.6 2.23 4.35 .03 .024 9.4 

0.65 1069 3.28 .029 .03 one 

0.7 1.25 4.77 .032 .026 5.3 

0.75 2.53 5.86 .029 .023 6.2 

0.8 1.80 4.43 .029 .024 6.6 

1.55 1.50 5.71 .027 .027 None 

1.60 4.33 4.69 .026 .027 None 

1.65 3.55 6.19 .028 .028 None 

1.70 2.53 5.11 .029 .029 None 

1.75 2.]]. 6.21 .028 .026 1.7 

1.8 1.39 5.13 .027 .025 2 

1. 85 1.18 4.05 .027 .024 3.9 

2.40 5.3 5.91 .018 .019 None 

2.6 3.36 4.06 .016 .015 Negligible 

2.65 1.92 5.48 .016 .016 None 

Table 11 shows that decrease in k as the bubble ages 18 

noticeable only for bubbles in the range 0.5 	< 0.8 ems., and 

even then the rate of decay is extremely slow. 
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Results by Deindoerfer and Humphrey (D5) can be used for 

comparison with some of the data in Table II • 	These workers found 

that bubbles greater than 0.3 one. and lees than 0.5 ems, in size 

dissolved at a rate which was independent of size, but which decreased 

as the age of the bubble increased: on ageing from 0.5 to 1, 2 9  4 9  

and 6 seconds, k  decreased from approximately 0.047 to 09037 9  0.028 9  

0.019, and 0.014 cm./eec. respectively. 	The percentage rate of decay 

can be calculated to be 43 over the time interval 0.5 to 1 second, 

and decreases to 16% and 13% between 2 to 4, and 4 to 6 seconds. 

These reductions are far greater than any of those found during 

the present study. A 0.5 cm. bubble, for example, does not show any 

transfer decay as it ages from 3 to 5 seconds, and transfer from a 

0.55 cm. bubble decreased by merely 5% per second over a time of 3 to 

5 seconds. 	The present transfer coefficients for the 0.5 and 0955 cm. 

bubbles are higher than Deindoerfer's results at similar ages. 

The influence of time on the present coefficients is also far less 

than on Leonard's results (L5) 9  which are given as plots of average 

transfer coefficients at three heights from the bubble injector, viz. 

85 9  133, and 180 cm. 

Transfer data at the first two experimental stations were 

obtained from Leonard's smoothed curves of k versus CJe  and are 

listed together with bubble ages and % rates of decay in Table 12. 

The bubble ages are approximate, and were obtained by dividing the 

heights of measurement by velocities read from Leonard's experimental 

curve. 
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Table 12: The Effect of Bubble-AK" on Leonard's Transfer Coefficients 

Bianletercle (ems) Age Range (sees) kL Ranf;e see Decay see 

0.4 4.5 to 7.1 .012 to .008 13 

0.5 4 6.3 .019 .014 12 

0.6 3.9 6.2 .023 .019 8 

0.7 3.9 6.1 .024 .021 6 

018 3.9 6.1 .025 .023 4 

1 3.6 5.6 .027 .025 4 

1.2 3.4 5.3 .029 .027 4 

Transfer decay is very noticeable at small bubble diameters and 

decreases as the bubble size is increased. At diameters below 

0,8 ems., the transfer coefficients of bubbles of fixed volume are 

considerably less than corresponding coefficients tabulated in Table II 

for bubbles of similar ages. 

It can therefore be concluded that the present rate3 of transfer 

from carbon dioxide bubbles in the size range 0.5 Z 0' z 2.65 emso 

are not markedly reduced as the bubble ages from roughly one to six 

seconds. 	This finding supports Hammerton's conclusion (113) that the 

rate of transfer does not vary for ages between one and five seconds. 

Baird (32) has also found no dependence of age on transfer from 

carbon-dioxide bubbles into water until a diameter of 2.5 ama* was 

exceeded. Shortage of data prevents any conclusions about the effect 

of time on transfer from bubbles between 2.65 and 3.1 emso studied in 

the present work. 

Although the present transfer coefficients are time-independent, 

it is interesting to consider mechanisms by which unsteady-state 
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transfer conditions could occur, with a view to explaining the results 

of Leonard (16) and Deindoerfer 05). 
Considering transfer from a bubble moving in a pure fluid first 

of all, time-dependent transfer could occur through the following 

causes, 

(i) Unsteady-State Concentration Profiles; 

(11) Wake Transfer; 

(iii) Surface Phenomena. 

(i) If it takes a considerable time for steady concentration 

profiles to become established outside the interface, unsteady-state 

terms will contribute to the overall transfer rate, and their 

magnitude will be an inverse function of age, or time since bubble 

release. 

The approximate theoretical analysis included in section C 1. of 

Theoretical Principles concludes that steady-state transfer conditions 

around a fully-circulating body set in as soon as the body rises or 

falls through a distance equal to its own equivalent spherical 

diameter. This estimate for the time to achieve steady-state is in 

substantial agreement with a result by Levich (L8) from a more 

thorough analysis. 

The interfacial velocities of gas bubbles rising through pure 

liquids at Reynold'a numbers greater than about 100 are identical to 

potential flow values (equation 197). Circulation inside most bubbles 

is therefore complete, and steady-state transfer conditions become 

established almost instantaneously. 

Time-dependent transfer rates cannot therefore be explained by 
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the gradual build up of the concentration profile around the rising 

bubble. 

(ii) It is well known that the rear surfaces of solid spheres 

(144) and liquid drops (07) past which fluid is flowing are enclosed 

by a wake whose character varies as the Reynold's number increases. 

Per solid spheres at Re 400 9  and liquid drops at he 160 approxi- 

mately (07) 9  the wake is £teady, and travels as a unit with the moving 

body. If the sphere or drop is undergoing mass-transfer, the initial 

rate of transfer into the wake will be high, as the concentration of 

the solvent in the wake Is the same as in the bulk of the continuous 

phase. As solute accumulates in the wake, the concentration driving 

force is reduced, and the transfer rate decreases. The transfer 

process is therefore time-dependent, and steady-state conditions are 

established only when the rate of transfer from the rear of the body 

to the wake equals that from the wake to the bulk of the continuous 

phase. 

As far as bubbles are concerned, the existence of an appreciable 

wake behind email bubbles rising in a pure medium is questionable. 

Rartunian and Sears (H5) used dye injection in an attempt to view the 

wake behind bubbles below the size for the onset of unstable zig-zag 

motion. Wakes were noticed behind bubbles in impure and viscous 

liquids, but did not seem to exist behind bubbles in a pure continuous 

phase. This experimental conclusion is supported by results from 

theoretical analyses of the boundary-layer around spherical bubbles 

(03 9  L8 9  M6). 	Levich, for example, has estimated (Le) that flow 

separates, i.e. the wake starts, at an angle of 1770  from the front 
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stagnation point. Chao's solutions (03) for the velocity components 

around a moving mobile sphere also make it clear that the wake behind 

small bubbles is negligible. Moore (M6) has recently analysed the 

boundary layer equations which apply around a gas bubble, and has 

assessed the size of the wake in a quantitative ways the main 

conclusion is that the wake is merely a filament of material streaming 

from the rear stagnation point, and has no marked effect on the 

velocity of rise or drag (see equation 23). 

It therefore seems that the wake behind spherical gas bubbles Is 

too small to have any noticeable influence on mass-transfer: unsteady-

state transfer around such bubbles cannot therefore be associated with 

progressive saturation of the wake. 

As the bubble increases in size, it flattens and begins to move 

In an Irregular way, and continues to do so until epherioal-oapa are 

formed. The complex motion and shapes of these ellipsoidal bubbles 

makes theoretical analyses of their boundary layers and wakes 

impossible. Prom a qualitative point of view, however, it is unlikely 

that wakes behind. these bubbles are large, if they exist at all: 

interfacial shear in pure liquids is so slight that large bubbles move 

in what is essentially potential flow, for which wakes do not exist. 

Because of this, it is probable that wake effects have no connection 

with unsteady-transfer from ellipsoidal bubbles. 

Spherical-cap bubbles may, however, be followed by large wakes: 

shadow photographs of bubbles rising through nitrobenzene 04) show 

distinct wakes, whose shapes complete the spheres of which the bubbles 

themselves are the cape. The existence of these wakes Is probably 

connected with the abrupt flow separation at the trailing edge of the 
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cap, and upward flow of liquid towards the rear of the bubble induced 

by its rapid movement. 	Baird's unsteady-state transfer results (32) 

for large apherical caps were explained on the basis of gradual 

saturation of the liquid in the wake, 

Apart from spherical caps, then, it is unlikely that appreciable 

wakes follow gas bubbles in pure liquids, and the dependence of the 

transfer rate on bubble age cannot be attributed to time-dependent 

wake transfer. 

(iii) Leonard and Houghton (L6) have postulated that mass-

transfer might induce eleotrokinetic potentials at the interface 

which would lead to the formation of a thin layer of stagnant liquid 

around the surface of the bubble. 	It was further proposed that the 

volume of the film would remain the same during rise, so that its 

thickness would increase on solution of the bubble. 	On this basis, 

the thickness of the film would increase with the age of the bubble, 

and transfer rates would decrease with time because of increase in 

the diffusion thickness. 

This mechanism, and any which imply complete or almost total 

interfacial stagnation, is implausible, as the maximum transfer rate 

which can be obtained in these situations is predicted by Prossling's 

equation, or by equation 59 for oblate spheroids, and this has been 

shown to underestimate transfer around bubbles in the range 

0.4 	CI 	3.1 outs, by factors between five and ten. 

Since time-dependence on bubble transfer has not been noticed by 

many investigators, it is unlikely that eleotrokinetic effects are of 

Importance in liquid-film controlled dissolution. 
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There seems, then, to be little reason for gas bubbles moving 

in pure liquids to dissolve at a rate which decreases as the age of 

the bubble increases, unless the bubbles are large spherical caps 

(d e >2.5 cis.). 

It is impossible, however, to obtain scrupulously pure liquids 

in large quantities, and it is probable that the reduction in transfer 

on ageing is associated with the presence of trace impurities in the 

bulk phase. 

In this connection, small quantities of surface-active impurities 

retard and even eliminate interfacial flow (Hi, G2, G4 9  G12) 9  and 

therefore reduce transfer rates around mobile bodies of revolution 

from values given by equation 83 towards those given by equation 93. 

Semi-quantitative equations have already been given in section 

of Theoretical?rinciplea to predict the influence of surfactants on 

transfer around slowly- and rapidly-circulating spheres moving in 

creeping flow, and rapidly-circulating spheres moving at high Reynold's 

numbers: these equations predict that transfer decreases as the 

concentration of impurity In the bulk phase increases. The relative 

purity of the continuous phase therefore influences the value of the 

steady-state instantaneous transfer coefficient of a bubble of 

constant size, and the increased Interfacial shear caused by the 

presence of surfactant can also lead to time-dependent instantaneous 

rates. 

It has already been mentioned, for example, that wakes exist 

behind small spherical bubbles moving through viscous or impure 

liquids (H5). 	If the wake is steady, transfer into it will vary 

with time, and the overall transfer coefficient will decrease as the 
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bubble ages. As the Reynold's number increases, however, the wake 

would be expected to become unstable and shed itself at periodic 

Intervals, as for a solid sphere (P44), so that when the frequency of 

shedding and subsequent wake renewal became sufficiently high, transfer 

Into the wake region would no longer be highly time dependent. 

Although the nature of the wake behind fluid bodies is not clear, an 

estimate of the rate of shedding can be obtained from data for solid 

spheres reported by Moeller (P44). At a Reynold's number of 400, 

for example, 

Ol
e  e 	0.04 	 (:6) 

where N1  is the frequency or shedding. A Reynold's number of 400 

corresponds to the lowest point on the OD versus Re curve, at which 

de  o.15 em., and U 34 See 

.. N1 	9 	1/sec. 
	 (361) 

This is a high rate of shedding and it is likely that transfer 

from bubbles greater than about 0.2 cms. in diameter is not unduly 

affected by unsteady concentration conditions in the wake. 

As well as introducing a small time-dependence on transfer 

through wake effects, interfacial retardation also introduces more 

important unsteady-state influences by increasing the time it takes 

to establish steady conoentraton distributions in the boundary layer. 

Equation 255 in Theoretical Principles shows that steady state around 

a solid sphere applies after the sphere has moved through a distance 

approximately equal to ten times its own diameter, as compared with 

one diameter for a completely-mobile body: the time for steady 

transfer across a retarded interface will therefore lie at a value 
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between these limits which depends on the particular degree of 

surface mobility. The time may in fact be so long that steady state 

conditions can never become fully established around a bubble whose 

size and shape are varying continuously and rapidly. 

The comments which have just been made show that the presence of 

a fixed amount of interfacial impurity can lead to time-dependent 

transfer from a bubble of fixed size. In most cases where single 

bubbles are dissolving, however, the amount of contaminant itself 

varies with time, and this variation introduces strong time-dependence 

on instantaneous transfer rates. The surfactant, for example, will 

diffuse towards a freshly-found interface, and retard the interfacial 

motion progressively until equilibrium 1s reached between the adhering 

agent and the material dissolved in the bulk phase. If the surface-

active agent is high in concentration and diffuses rapidly, complete 

stagnation of the bubble is possible after an extremely short interval 

of time. For a bubble of fixed size, the amount of contaminant at 

the interface will increase with the residencetime or age, provided 

that equilibrium has not been attained, and transfer will corres-

pondingly decrease as the age increases. 

When the interfacial shearing rates caused by the external flow 

are large, surface-active contaminants would not be expected to binder 

interfacial movement to an important degree. Because of this, 

transfer from bubbles rising in a viscous liquid should be lees 

dependent on the presence of surfactants than transfer from bubbles 

in relatively inviacid liquids such as water: this conclusion is 

given quantitative form in section D 2. of Theoretical Principles,. 
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The lack of sensitivity of the transfer coefficient of a bubble in 

a viscous liquid to email impurity concentrations means that the 

coefficients should 8)10W little time dependence. 	Large shearing 

rates are also created by rapid translational motion: the influence 

of impurities on transfer, and in particular on the decay of transfer 

with age, should therefore be most noticeable at small bubble sites, 

and should diminish with increase in the bubble size (and velocity). 

The expected effects of surface-active impurities on the transfer 

coefficients of dissolving bubbles can be summarised for convenience 

as follows:- 

For a bubble of any particular diameter and age, the transfer 

coefficient in a contaminated medium should be lower than the co-

efficient in a pure fluid. The decrease should be most noticeable 

at small diameters, and should become less important as the diameter 

is increased, 

The coefficients of bubbles of fixed size should decrease as the 

bubble ages. The rate of decay is expected to be most marked at 

low ages, when the rate of diffusion of impurity to the interface 

in high. The rate of decay over particular time intervals should 

also decrease as the diameter increases. 

Transfer reduction and decay should become insignificant as the 

viscosity of the continuous phase is increased. 

Literature data can be analysed in the light of these conclusions 

to provide evidence of the presence or absence of surface-active 

impurities in the bulk phases used by different authors. 

Leonard's coefficients (L5) for carbon-dioxide bubbles in water, 
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and Leonard and Houghton's coefficients (L6) for a variety of slightly-

soluble gases in the same bulk phase, all decay with age, and most 

noticeably at small diameters. Table 12 gives decay rates for carbon 

dioxide bubbles. 	Pig. 26 also shows that the difference between 

Leonard's highest coefficients and the present values, which are only 

slightly time-dependent, presumably because the solvent was highly-

pure, decreases substantially as the bubble size is increased from 

0.4 to 0.8 ems., at which point the coefficients fall in line with 

the new data. 

There is therefore ample evidence that Leonard's experiments 

were carried out in an impure bulk phase. This conclusion is given 

added support by 'the fact that Leonard used deionieed water, thioh is 

known (R4) to contain trace quantities of polyelectrolytes. 	Another 

severe disadvantage of Leonard's experimental technique was the use of 

a mercury pool into which the bubble was injected before being 

liberated, and from which it would be extremely difficult to remove 

all traces of impurity. 

There is also qualitative evidence that impurities were present 

in the bulk phase used by Deindoerfer and Humphrey (D5). 	These 

workers find transfer to decay most rapidly soon after bubble release. 

Their transfer coefficients are also lower than values obtained in the 

present work for bubbles of similar size and age. Unfortunately, 

Deindoerfer and Humphrey do not mention any precautions taken to 

purify the bulk phase, but their experimental column can be criticised 

on the grounds that it is partially made of perspex. 	In this context, 

Manley (iii) found that small bubbles dissolving in distilled water 

contained in a perapex cylinder were often surrounded by a skin of 
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impurity. 	By estimating the tensile strength of the skin, Manley 

postulated that it might consist of fatty acids, which could easily 

be present in small quantities in the perspex itself. 

Support for the present theoretical and qualitative claims that 

the influence of trace surfactants on transfer diminishes as the 

viscosity of the continuous phase increases is provided by results 

of recent work by Clarke (C5).  For distilled water alone, Clarke 

found tiat transfer from ethylene bubbles in the size range 

< ;.4 ems. was highly dependent upon ages for a 0.15 cm. 

bubble, for example, k   fell to half its value at 1.5 sees. on ageing 

to 6 secs. The addition of glycerol to the bulk phase reduced the 

time dependence until, at a concentration of 12.5% w/w the ageing 

effects were confined to email diameters near 0.1cm. At still higher 

concentrations, 30% and 55% w/w, the influence was found to be 

negligibly small. Scatter in the coefficients was also high at low 

glycerol concentrations, and far less than for 30% and 55 solutions. 

The unsteady-state transfer results found by Leonard and Houghton 

(L6) and Deindoerfer and Humphrey (D5) can therefore be explained by 

the action of surface-active agents at the transfer interface. The 

small decay in transfer with age shown by the present results is due 

to the high purity of the water used for the experimental runs. 



215 

(ii) The kUect gg Bubble Z>h#gg on 

Part of the scatter shown by the experimental transfer 

coefficients at any particular disaster may be attributed to 

transfer differences associated with variations in bubble bhsps, 

as shown by equations 209 and 356. The effect of A on the 

experimental kL  values is shown 
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in Table 13, in which the final column gives the transfer change 

relative to the initial transfer coefficient of each tabulated pair 

as the eccentricity is increased by one. 

Table:The i'ffect of Bubble Eccentricity on Mass Transfer 

Diameter ole Locentr1oity kL Range (one/see) Change in 
(ems) Range 

0.5 1.13 to 1.36 .025 to .025 None 

0.55 1.12 1.65 .029 .025 20 

0.6 1.00 1.85 .025 .028 + 14 

0.65 1.41 2.05 .025 .029 + 25 

0.7 1.37 1.68 .032 .026 60 

0.75 1.54 2.18 .028 .024 - 22 

0.8 1.56 2.04 .029 .024 - 36 

1.55 2.70 3.55 .027 .027 None 

1.60 2.62 3.00 .029 .026 - 27 

1.65 2.85 3.54 .028 .026 - 10 

1.70 2.50 3.23 .029 .029 None 

1.75 2.60 3.19 .030 .027 - 17 

1.80 3.07 3.40 .026 .025 - 12 

1.85 2.76 5.20 .029 .025 31 

Instead of increasing an additional flattening, most of the 

transfer coefficients decrease, and it is only at small diameters that 

there is an indication that transfer is enhanced on increasing the 

eccentricity. The downward trend shown by k   when E Is increased 

would be expected if the bubbles were either spherical caps (Pig. 12) 9  

or closer in shape to spherical caps than oblate spheroids. 	The 
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information available from the shadow photographs was not enou't to 

allow any definite conclusions to be drawn about the overall shapes 

of bubbles in the size range 0.4 4 o1 r .< 1.8 ems., 80 added informa-

tion was obtained from the literature. 

Photographs by Pattle (P3) of small air bubbles rising through 

water show that even extremely small bubbles around 0.2 ems. in 

diameter are very seldom symmetrical spheroids. At diameters of 

0.4 ems. (Hi) and 0.48 ems. (D5), bubbles in water are roughly 

elliptical In vertical section, with the upper surface of the bubble 

somewhat flatter than the base. As the diameter is increased 

further, the flattening of the "roof" increases: Datta et al. (D2) 

present photographs which show that bubbles around 0.6 omee may assume 

either symmetrical saucer shapes, or unsymmetrical forms whose shapes 

vary in a random manner. Haberman and Morton (Iii) photographed 

bubbles 1,4 ems. in size rising through water at 60  and 190C., and 

found them to be roughly elliptical in vertical section, with the 

upper surfaces more distinctly curved than the "floors"; the present 

shadow photographs of bubbles in the approximate range 1.4 4 O'e<  1.8 

ems. show that their cross-sections are irregular ellipses, so that 

bubbles close to the size for transition to spherical cape can be 

supposed to be unaymmetrical. 

It Is quite clear, then, that gas bubbles in water seldom attain 

symmetrical oblate spheroidal forms, and the 

way in whichkL  varies with Z i 

can therefore be attributed 	differOrioea bi*éin the actual and 

assumed bubble shapes. At diameters between 0*5 and 1 ems., the 

bubbles are intermediate in shape between spheres at one extreme and 
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spherical cape at the other: the experimental coefficients 

accordingly fall around the theoretical lines for caps and spheres. 

In the range 1.4 . ' . 	• 8 ems., the bubbles are either very 

nearly spherical caps, or are unstable caps, so that transfer from 

the oscillating bubble floor is appreciable, and enhances the overall 

transfer above the theoretical spherical-cap values obtained by 

neglecting transfer from the flattened rear surface. 

Between 2.4 and 2.8 ems., the bubbles are stable spherical caps. 

The present results fall only slightly below the theoretical curve, 

and the slight underestimation is probably due to the use of the total 

cap area in estimating the experimental coefficients instead of the 

frontal area alone. 

The results above a diameter of 2.8 ama* increase steadily above 

the theoretical line as the bubble size increases. 	This deviation 

from theory is probably connected with the presence of small satellite 

bubbles behind the main caps it was extremely difficult to produce 

single caps alone when the equivalent diameters were large, and all 

the results at at e > 2.8 ems, were taken for runs in which a small 

number of secondary bubbles followed the main one. That these 

satellites have a marked influence on transfer from the rear of the 

caps was made clear by preliminary studies of the dissolution of large 

caps in a 0.044 w/w solution of n-hexanol in water. On several 

occasions, no satellites were present behind the bubble, which 

increased in size as it rose, as shown by the pressure traces. For 

runs in which small bubbles followed in the wake of the cap, the cap 

volume decreased as the bubble rose, the solution rate increasing as 

the number of satellites increased. The satellites themselves were 
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too email and too few in number to lead to much increase in the 

contact area, so that the increased transfer was presumably due 

to disturbances in the smooth floor of the bubble induced by the 

presence of small bubbles in the wake and around the trailing edge. 
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4 . 

	 Drag Coefficients 

Following the suggestions of corring and Katz (011), drag 

coefficients and Reynold's numbers for ellipsoidal bubbles were 

evaluated using the characteristic lengths which define an oblate 

spheroid, 

8gb'P,'3 e0 
U2 	 (26) 

Re08 = 2aU 	 (27) 

Values of C D 
08 

and Re05  are tabulated in the data sheets in 

Appendix B, and are plotted in Pig. 27. 

Despite the WI Is scatter shown by the experimental points, the 

drag coefficient is independent of the Reynold's number over the 

range 1000 4  Re 05  - 8000 9  and can be given by, 

CD 	1.4 	 (362) 
Os 

Using equation 26 9  and writin 

b--.36 x lO U2  cma, 	 (363) 
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CONCLUSIONS 

A theoretical study has been made of mass transfer in the 

continuous phase around axieymmetrio bodies of revolution, when both 

the )'eclet and Schmidt numbers are large in value. General 

analytical equations, and criteria for their application, werederived 

for solid and rapidly-circulating bodies of revolution, and were used 

to predict transfer around solid and fluid spheres and spheroids, and 

fluid spherical cape. 

Unsteady state transfer was also considered, and it was concluded 

that fluid bodies attain steady transfer conditions as soon as they 

rise through a distance equal to their own equivalent spherical 

diameter: solid bodies dissolve under steady state conditions only 

after having moved some ten diameters after transfer starts. 

Theoretical analysis has also been made of the influence of 

surface-active agents on transfer around spheres, but only in cases 

where the surfactant affects the hydrodynamics of flow alone. when 

surfactants reduce interfacial flow, it was shown quantitatively that 

transfer rates are depressed below corresponding values for spheres 

in pure media, the extent of reduction decreasing as the viscosity of 

the continuous phase increases. 

xperiaentally, equipment was designed and constructed to allow 

evaluation of the instantaneous solution rates and shapes of carbon-

dioxide bubbles in free-rise through distilled water. Rising 

velocities were also determined. 

'T'he velocities of carbon-dioxide bubbles in the size range 

0.5 & e < 3 ems, were identical to corresponding values (Ui) for 
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air bubbles rising through distilled water contained in a 40  diameter 

column. 

With regard to bubble shape, the ratio of the bubble width to the 

equivalent spherical diameter increased gradually from a value of about 

1.1 at a diameter of 0.5 ems. to 1.45 at 14 	e 	1.8 ems. 	For 

diameters between 2.4 and 2.8 cns., the shape ratio increased to 1.5, 

and then to 2.55 at 2.8 ' 	3.1 ems. 	kLeeuita at diameters lees 

than 1 cm. agreed with published data for air bubbles in distilled 

water (Ti). Disagreement at higher diameters was explained in terms 

of a wall effect. 

Bubble eccentricities - width to height ratios - were also 

estimated. 	At a diameter of 0.5 ama., the eccentricity was close to 

1.4, and increased to a constant value near 3 for 1.4 d e 4 2.8 ems. 

On increasing the diameter from 2.8 to 3.1 ems., the eccentricity 

increased slightly to around 3.2 in value. The present data 

supported published results for air bubbles (87, Ti) and oxygen bubbles 

(Lii) in distilled water when the equivalent spherical diameter was 

lees than 1 cm. At higher diameters, the new results fell below 

available data (D4, Tl)s this reduction could also be explained by 

wall drag effects. 

As regards the mass-transfer results, the transfer product k L  A 

was found to be independent of bubble age, in contradiction with other 

rr,rts (6, i5) 	k1 A was proportional to O/e2  at diameters below 

ai'out 1 C's., after which the proportional power of e  increased 

in value. This effect was caused by the marked difference between 

actual and equivalent spherical contact areas at large bubble 

diameters. 
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The instantaneous mass transfer coefficients of bubbles between 

0.4 and 1.9 ems. in size were constant around 0.028 c-'../sec. 	The 

ooefficint fell to about 0.018 ems./see. at 2.4 4 cy' 	2.8 ems., and 

then increased towards 0.024 ems./sec. as the diameter as increased 

to 3.1 ems. 

For bubbles between 0.5 and 1 cm. in diameter, the experimental 

coefficients were correlated reasonably well by a transfer equation 

based on potential flow around awispero4,an upper limit to the co-

efficients being provided by a theoretical curve for transfer around 

spherical caps. 	variation of the experimental transfer coefficients. 

with bubble ccc 	.city 	 - 	- 

flow was explained in terms of the actual bubble shapes, which 

resembled caps more closely than spheroids. 

Bubbles between 1.4 and 1.9 ems. in size dissolved r.Ith transfer 

coefficients greater than for spherical cape, 4nd wel' al,ove those for 

oblate spheroids: bubbles of this size are close to tram3ition to 

spherical caps, and their shapes are closer to caps than spheroids. 

The theoretical predictions for spherical caps were in excellent 

agreement with experiment at 2.4 	2.8 ems. 	The solution rates 

of bubbles greater than 2.8 and lees than 3.1 cm. in diameter were 

somewhat higher than predicted by spherical—cap theorys it was 

thought that this was due to enhanced transfer from the rear of the 

cap through the disturbing influence of satellite bubbles present in 

the wake. 

The age of a bubble did not influence its transfer rate 

noticeably, but as the bubble flattened more, its transfer coefficient 

decreased. 
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The independence of transfer on bubble age was attributed to 

the high purity of the distilled water used in all the experimental 

runs. In this connection, the marked influence of age on transfer 

found by other workers (D5, L6) was explained by the presence of 

surfactant in the bulk phase. 

The decrease in transfer following additional flattening of a 

rising bubble was caused by consequent approach to a spherical-cap 

form. 

The drag coefficients of ellipsoidal bubbles were estimated 

using the minor axis as the characteristic length term, and plotted 

against Reynold's numbers based on the major axis. The drag 

coefficient was found to be constant at about 1.4 for 1000 Re05  
- U.OQ 



RECOMM)MATIONS FOR PUT1JRE, WORK 

Theoretically, transfer from spheres of intermediate mobility 

could be studied by solving equation 74 numerically, using a 

velocity distribution deduced from the general form given in 

equation 143. 

An experimental study could be made of the sublimation or 

dissolution of solid prolate spheroids, with a view to testing the 

theoretical predictions developed in the course of the present work. 

The bubbles studied during this work were too large to enable 

the theoretical equation for mass transfer around oblate spheroids 

in potential flow to be adequately tested by experiment. A 

possible extension to the present work would therefore be gas 

absorption from oblate bubbles, 	In this connection, well-defined 

bubble shapes could be obtained by using a continuous phase composed 

of a glycerol—water mixture, whose high viscosity would also 

eliminate transfer decay due to interracial retardation by 

surfactants 

To study the shape and possibly the wake behind the dissolving 

bubble - perhaps oxygen, to extend the period of an experiment - it 

would be advisable to suspend the bubble in a rotameter against a 

counter—current stream of liquid: as the bubble dissolved, its 

position would vary and could probably be related to the transfer 

rate, 
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4. 	The theoretical predictions for transfer from spheres in a 

fluid contaminated with surface active agent could also be tested 

experimentally. A study of transfer in a creeping flow regime is 

best suited for this, as the rising velocity can be related to 

properties of the two phases and the concentration of surfactant 

In the bulk phase. 	From the velocity of rise or fall, a value of 

can be obtained from Pruakin and Levioh's equations (P6) and 

used in either equation 273 or 279 to give a theoretical transfer 

rate for comparison with experiment. 

The effect of surfactants on transfer around spheres moving at 

high Reynold's number could be assessed in a semi-quantitative way, 

using equations developed in Theoretical Principles D 2 as a guide. 



NOTATION 

A 	- area 

a 	semi-major axis 

b 	zz semi-minor axis 

= drag coefficient 

c 	cone€itration of solute in solvent 

C o 	concentration of solute in bulk solvent 

-tiration concentration of solute in solvent 

C 1 	 dimensionless concentration of solute in solvent 

c =C# -. c 0 = concentration driving force 

D 	= dif:oion coefficient of solute in solvent 

Do = surface diffusion coefficient 

d 	= diameter of sphere 

day 	average diameter 

de = equivalent spherical diameter 

d in = initial diameter 

S 	a/b - "eccentricity" 

e 	= function of E. defined by equations 211 or 215 

el 	surface viscosity 

acceleration due to gravity 

H 	- 	 €:nry constant 

H1  - H/18 	constant 

HP 	pool depth 

- H - t depth of bubble from surface 

k 	velocity factor, defined by equation 157 

ka = adsorption coefficient 
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con1;inuou 	phase ms 	tranfcr coefficient 

traL.sf er rate 

N1  = frequency of wake shedding 

= PBVB/R1T = moles of gas in a single bubble 

Pe d0U/D = Peciet number 

P pressure 

pressure on rising bubble 

P0  = atmospheric pressure 

3. = / 	/ 	- 	 1: 	esciocd 	air 	aee 

p J --*I'f f-.r c-- -e.e from atmospheric 

Re = d0U 	J/4 	= continuous phase Reynold 'a number 

B radius of sphere 

: -, Fc 	constant 

fluid resisting force 

:i 	radius, defined in Fig. 3 

= equivalent spherical radius 

r1  r/r, = dimensionless polar radius 

Sc = ,Z10, 	D = continuous phase Schmidt number 

Sh = Sherwood number 

Sb(0) ) 
) 	= 	point Sherwood numbers 

S)i(x) 

S solubility of gas in liquid 

P = temperature (absolute) 

t time 

to  = contact time 

t1  = t/j. = dimensionless time 
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U 	velocity of translation 

U1 	potential flow velocity Inside fluid sphere 

UO
= potential flow velocity outside fluid sphere 

U00 	= fluid velocity at edge of velocity boundary layer 

U 	average velocity, defined by 	h 

Uay 	average rising velocity through pool, i.e. Ep/t 

Uin 	initial rising velocity 

u 	a tangential velocity component 

u/U - dimensionless tangential veLocity component 

U10 	dimensionless tangential velocity component at the interface 

U10- dimensionless gradient at the interface of the tangential 

velocity component 

Uoe 	interfacial velocity at the equator 

Uloe  = dimensionless interfaclal velocity at the equator 

Ul 
	

U0  - U0  perturbation from outer-flow potential field 

Ul 
	

U1 111 perturbation  from inner—flow potential field 

V 	= volume 

VB 	bubble volume 

Vo 	initial volume of enclosed air space 

vi 	volume of enclosed air space at time t after bubble release 

VRi* initial bubble volume before relaee 

L V 	
'VBI 'VB volume difference 

V 	= radial velocity component 

vi 	v/U - dimensionless radial velocity component 

we 	- deU2(Oo/Cii  

x 	semi—circumference, from front to rear tanzti icizt. 

= X/r5  a dimensionless semi—circumference 



230. 

	

x 	a distance on the body, from the front stagnation point, 

defined in Jig. 3 

a x/r a  dimensionless distance on the body 

	

y 	a distance into the bulk phase, normal to the interface, 

defined in Jig. 3 

= y/r 	diweneionleas distance into the bulk phase 
J. 

	

Cx 	 U1() /3 sin 9 	interfacial tangential velocity divided by 

potential flow value at same point 

= i41/3Uoe surface tensioL factor 

urXaoe tension variable, defined in equation 41 

cetat1.on...boundary layer thickness 

	

6 	6 r. 	- dieion1ees con oeztration-boundary layer thickness 

v.ty.boundary layer thickness 

6v1 	6v1Ze a dimensionless velocity-boundary layer thickness 

(S 	fv (i 	 d1s;1act. 	kje.b 

= traction oJ boundary laser thickness 

(S v 
.9- u (,. - . 1L) dy a  momentum thickness 

9 1101af anle, defined in Jig. 3 

/4 a the coefficient of shear viscosity 

= 	kinematic viscosity 

p = density 

density difference between continuous and 

dispersed phases 

interfacial tension 
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interfacial tension at the equator 
41  

iriterfacii.. te.Lsior difference 

A (Lv) 	interfacial shear stress 

It ox 	ouer atid inner flow shear stresses at a distance x from 

'rix) 	 the front stagnation point 

p 	= surface concentration of surfactant 

- equilibrium surface concentration of surfactant 

= limitin6 surface concentration of surfactant 

etrea function 

iei1on1esa streaL function 

iubacripta, unless otherwise specified. 

8 	5 sphere 

os ob1te spheroid 

Pe prolate spheroid 

so spherical cap 

o cross—section 

o continuous phase 

i dispersed phase 
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Appendix M Supplement to Theoretical Principles 

1. Derivation of the General Transfer Equations for Bodies of 

Revolution 

a) Solid Bodies 

When the body of revolution Is solid, the equation to be solved 

for the concentration distribution around It is, 

I 	2r  (u 10y1  r1  Sc1 	2 c C l 	
( 82) = - U1 U 1 	 2 	) 	e 10-77  

yl 

with the boundary conditions, 

01 	1 9  y1  = 0, all x1 	 (75) 

Cl 0 0, y 	oO, all x1 	 (76) 

To start the solution of equation 82, a new variable 	= y1f(x1 ) 

Is Introduced, in which f(x1 ), or simply f, Is as yet an unknown 

function of x 	oe 0 1 	f(x.,, y 1 ) c = f(x1 , 

1dc1 	
_/ c l 

	

Trefore 	
- d X1 

yl

c i  ( 2i\ 
xl 

= 	 and 

	

IdY1J 	okj  x  

i/dc1 I 
+ y 1 f 

f 4 

2\ 

	
= 2( °1) 

) 

xi 
	xi 

Substituting these values for the partial derivations into 

equation FR and rearranging terms, 

/ 	dc1 C 	d 	dc 	2f d2 c
U 	

( ,,loyl ' r  1  
1 

H 	 + U 	f 	- 	- 2 	1) --- = 	- - 	( 364) 

t(x 1 ) is now chosen to make the large bracketed term vaiis1 
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1•c• f = ( U'() r1)* 

Equation 364 therefore becomes, 

Pe 	do 	d 20 

	

2(u 0  r1)3"' 	dx1 	dk) 

r2t]jtT 	
' 

	

= 2(uo 11 	dx1 
10 

dc-i 	d C 
reduces equation 365 t 	17 

dØ 	dk12 	
(366) 

n takini partial derivatives of a new variable, 

	

= 	
/1(9 0)1/3 	 (367) 

quation 366 can be re-formed to, 

d2c1 	2 dc 1. 
d"/'2 	

= () 

dc  
Ptt1rit 	= , nd it.:rating once, 

of T 
do, 

() 

v;eru 	Ia an I terrat o co:atant. 	IiteiratIn 	) .. r. t . 

C 1  = A fed 	+ B 	 (370) 

Applying boundary conditions 75 and 76 to equation 370 gives the 

concentration distribution around the body as, 

	

= 1 - 	j e 	oil" 
0 
0.893 

From equation 371 the concentration gradient at 	= 0 is, 
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() 	 - 	

( 372) 

since -p=/(9Ø)'3  and 	= yi(ujio r1)1'2 	 (373) 

(do 1 ) 	- (u1"0 r1)11'2 

( - j) (374)

Yl m   

Equation 78 of the text shows that the point transfer coefficient 

on the surface can be found from, 

	

kde 	 /dc 
2(j-YJ 	 ( 78) 

- 	 y 1 =O 

Therefore, froni equation 374, 

2(u0 	
(375) 

r1 ) 1 '2  
Sh(x1) 	(gØ)l/ 

Also, equation 81 of the text gives the overall transfer for the 

body as, 

(dc 1 \ 

	

Sh - 	 r1X1 	 (81) 

yl 0 
0 

Aiain uin equation 374 9  

A8 
IX1(t40 r1)1/2 r1cjx1 

0.893(9Ø)"3 	
(376) 

From 367 and 373, 

ø A 	 01 
d 

	

8 	 Fe  
2 x 0.893 x 9 	f Ø" 

= 
0 
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2/3 
0 . Sb = 0.641 	f ( 	) 1/2 r1dx1 	eh/3 	(3) 

which is equation 83 of the text. 

b) Mobile Bodies 

Pox' a mobile body of revolution, 

ciC1 	1 d 	 2  u10 	
- jcT2 	ii"i 	- 	d yl 

2 	 (92) 

with the same boundary conditions (75 and 76) as before. 

Again letting 1 7  = y1f(x1 ), taking partial differentials, and 

rearranging, 

dc1 	 f d 	 7 Sc1 2f2  /0 1 
10 5X, + u10y1f - -yj— u10  :) ç 	= i- 

f(x1 ) is chosen to f.l1!ninat the term in -'- , aid turns oit to 

be 	 f - ulo lel 
	

(77) 

Equation 92 becomes, 

	

do, 	2(u10r1 ) 2  
U 

	

10x1 	Pe 	d7 

'r1tirig 2' 	•% 2 

	

dØ 
- 	lO  x' 11 

S (378) 

loado to 
	 do1 - ____ 	

(379) 

.quation 379 can be reduced to a total derivative using the 

function, 	 i12 0112 	 (380) 

The resulting equation is, 
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d'c 1 	dC 1  
+ 2'-- = 0 

Interrating once gives, 

';here A ir P constant. 

- = Ae 
dl' 
Integratinr a second time, 

AP 
- 

C1 zA je 	Otr+B 

0 

Applying boundary conditions 75 and 76 to this equation gives 

the concentration profile around the body as, 
2 

ea. 	1 	r 	fo 
 ec/ 'Y 	 (381) 

quations 33c' arid 51 can no ,,.,  be used to give the dimensionless 

concentration gradient at the Interface, 

U10  Z']  

(?7Ø)J2  
yl = 0 

(382) 

The mass transfer coefficient at any point on the surface of the 

body can therefore be found from 78 and 382 and is, 

	

Sh(x1 ) 
	

(383) 

From 81 and 383 the overall Sherwood number is given by, 

x 

	

A8 	1 u10r12QIx1 
Sh= 	- J 	(Ti) 1 '2  

2ulOrl2dXl 
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Sh 
- A8 	

Pe 	
øi 

ô/Ø 
j  

2 x 17 1/2 	1/2 

0 

On evaluating the integral and replacing 	by terms involving 

'h 	(.L 1/2 A3 	f x 

l 	1 1/2 
dxi] 	112 	

(93) 

hich 16 Vie rire eX;feS6iUI, 

X. 
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2. Velocity Profiles and Boundary Layers around Solid or Slowly-

Circulating Bodies of Revolution 

It was assumed in the text that the velocity profile in the 

boundary layer around a solid body of revolution could be written as, 

U 

where t  vias given by the 

the fluid stream from the 

at that point. c< is th 

potential flow value U 

(131) 

ratio of a small vertical distance y into 

surface to the boundary layer thickne a 

ratio of the interfacial velocity to the 

The boundary conditions applying to the profile were, 

TT 	'< 	y = 0 	 (1 j2) 

u = 	du du 	 (133) 

Applyind the required number of boundary conditions to each of 

four assumed profiles, linear to quartic, gave, 

U Linear  

Quadratic 	"<' + ( 1 - '( )( 25 - 

Cubic 	U = 	3 2 + 	3 )  

Quartio 	u 77 = 	+ (1 - ' )(4 i-i, - 6 2 + 	- 

The general form of the velocity profile Is therefore, 

(34) 

 

 

 

1 '4) 

and can be used to provide values of the momentum thickness -B--, We 
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displacement thickness ç* and the interfacial shear stre 

for substitution into the three-dimensional Karman Integral Relation, 

equation 124 of the text. 

Momentum Thickness 	r 	- —ii- 	 (I5) 

	

-o-=J U 	UoJ 
0 

Therefore, from 114, 

(1- < 	) J { 1 - 	) 7 d (1 - 

i.e. 0- 	(1 - 	)c5, 	'< ) 	 ( 135) 

Values of f(o( ) were worked out for the four profiles considered 

and are shown in Table 4. 

Displacement Thickness 

cv 

t i  00 (126) 

0 

1 
• 

0• 	
- 	 - 	

) 	 ( 1 - f( 	))& 

0 

- tS•,(i - aC ) G 	 (136) 

Values of the constant G are also given in Table 4. 

Interfacial Shear Stress 

Pt40 	/A1)(9J = 
0 	

(127) 

	

le  0 (i-oC 	 (137) 
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C is another constant whose value depends upon the assumed 

profilet values of C for all fr rfiles are to be found in Table 4. 

Substituting values of 0, £ 	• i 	from equat1or135, 136 

and 137 into equation 124, and rearraninp terms, 

2 	 2 
_ 	

i 
	ØjU 	2cc 	dr 	2t'C 

dx 	 dx + r 

'refre 

C1 	S2v 	r 	= 	i r2  U0 - 
1 	 (388) 

where 

	

	 B = 2(2 	
fJ ) 	

(139) 

Snteiratiri equation 36 w.r.t. x, 

$ ? 1 	2 	 r U .4
B  

The boundary—layer thickness around the body is therefore, 

( 	 x 	 1/2 

=f r'U, 	'x 	 (13) 
V 	 rf("<) 

0 

which is equation 138 of the text. 

a) Sphere 

For a sphere, the potential flow velocity U is 11 sin 9 

r is Rein 0 , and dx Is dO. 	Using these variables, equation 

rce i: 	to, 

	

B 1 	1/2 

	

I 	sii. 
C 	J4CtR o 

	

—1 	 b 	2 

	

3Uf( ) sin ' 	 e 

for the thickness of the boundary layer aroi.nc1 a solid 	here. 

dimensionless boundary layer thickness is found by dividiri c, 	R. 
 11 
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C 
j, 	+ 19 c/o 

 1,12 
 

•'• 	v1
f(o( )Re sin 	

t9  
+ 	

(iio) 

which is the same as equation 140 in the text. 

Since 	L 17 . 	o< ~ 	 - 0< )f( '7) 	 (134) 

u1 	sin 	 f(5) 	 (390) 

For the maea transfer calculations at high Peolet and Schmidt 

numbers, only the first two terms in this velocity distribution need 

be considered, 

i.e. u = 	1: 9 

	

... 	U1  = 	8in 
	 yl •? 	

(5"i2) 
1 

From equation 140 therefore, 

U1 	819/ 	- ( - 	 )y1 (8C
3f(0<in: + 2 . e

"
e 

 5
i 1B+ 

12 / 	 1/2 

	

U1  = 0<31fl9 + 	0< (r 	c) 	1L 	i2& 	
(394 

;j1.1L 	&o& 

	

(ILLiL)I)Writing, 	P<. ..(i - 0< ) 
	 (55) 

	

/ 	 1 

	

I 	 12 B 	1 11 op<  = 	
eon +2 9 

-) 	

Bin & 	 (6) 

J 81B + '& dJ 

the distribution given by equation 394 finally becomes, 
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U1= i o< sin & 	F PRe1'2y1 	 (143) 

b) Oblate and Prolate Spheroids 

1or these bodies, 

(1 + k) U sin & 	 (157) 

r 	 sin 9 

(1 - sin  9 + F2  sin2  9 )l/2 	
(397) 

bE2 de 	 (. dx 	 - ) 	r) zJ 

(1 -  sin 'O + r sin '& )" 
To simplify these equations, write f( 9 ) = f = (1 - sin2  

E2  sin  9 
) 

0*0 	r = b 2  E3fl 9 /i/ 	 (399) 

dx 9 '/f3/2 	 (400) 

Substituting values of U, r, and dx from equations 157, 399 

and 400 into equation 136, 

& 	 /1/2 
20 bE2 	f 	sin + 

V 	 k)U f() sin  B + 2-19 	fY/2 	
(401) 

This is the boundary layer thickness around a solid oblate or 

prolate spheroid. The dimensionless boundary layer thickness i8 

given by, 

20 Vb 2 	r 	I sin  B+1 	 7 1112 

V1 	re 	re 	(1 	k)i]fç ) jB+2 	J 	 (402) 

The first two terms in the velocity profile are, 

+ C (I - ~K % Y  1  f 
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Substituting 402 Into 403, and remembering that, 

Re = 2reU,1 ,,L10 and 4. fla2b w 
4 71r 

y1 e (404 
' 

(cc1+k 3f( R1fl2 	 R & = (1)4 sin 9+ (i-o) 	
4L 	 ,Bsin 4 '9c/ 9  I 

* 
CU + k) 3f("() Writing, 	= (1 - o( ) 	

(1 	
473 	 (405) 

F1  sin B   + 2 	
- 	31fl& 	 (4c) 

9 	f  (9 einB 4• 	6c19 
1') 

\ 	) 	f' 
0 

reduces equation 404 to, 

(1 + 	o< sin 19 	Py1Re 	 (408) 

N.B. When E = 1, equation 408 reduces to the corresponding equations 

for a solid sphere. 
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3. Transfer around solid or Slowly-Circulatinp Bodies of hevolution 

a) Spheres 

(1) Overall Transfer 

The transfer equation which should apply is, 

I / 	1/ 	 "3 

	

tlh= 0.641 	(u 	in9 	
s1n9d91 	

:' 	 (93)1. 

Jier 0 is the limiting anKLe over hioh intoratior ji err1 	c'1t. 

iT when transfer over the entire sphere is considered, and 

a - roxiateiy 108 for transfer up to the separation zone. 

quat1or 14 in Apend1xAa)defines the first two terms of the 

velocity distribution outside the sphere by, 

U1 	o(811A 	 eh/y 	 (143) 

1 c I 	I 

	

• 	 I__Lii 	 07 
•. 	 / - 	 l'i6 

yl=u 

Substituting this value of u 0  into equation 95 gives, 

	

= 0.641 	 &9 	(10 e1,2)1.'5 	(147) 

	

04 	 LY\ 

	

.'.troäucia 	)ic.I 	from eq!at1o; 395 and 396 9  

sin  
bb 	O.64l(1-) 

(3cf())i/2 '" 

 

This is the final equation relating transfer in the cozLtii.ouz 

phase to the interfacial *obility. As mentioned before, values of 

f(o<), C, and B for any chosen velocity profile are to be found in 
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Table 4. 	!or the calculations in this thesis, 9 was taken as 

and then 108, and Sh values were determined by computer. Values of Sb 

for solid spheres are given in Table 4. 

(ii) Transfer from the Front Stakriation Point 

The following analysis for the transfer rate at the front 

stagnation point of a solid sphere is carried out using theoretical 

equations derived in the present study, and enables comparison with 

published results (Al, P5, L13). 

The point Sherwood number was derived in AppendlxAla)as, 

S1'i(x1 ) a 2(u0r1)112/(9Ø)h/3 	 (375) 

where 0' was defined by, 

2( u1'0r1 ) 3 '2  

ci 0' 	Peu1'0 	 (409) 

?or a sphere, equations 375 and 409 become, 

	

Sh( 9 ) 	2(u 0eiri 9 )1/2/( 9  )1/3 	 (410) 

d0'= 2(u0 sin  e) 1/2  ai9d&/Pe 	 (411) 

/ 	F 	.Leh/2 	 (146)
9 4K 

Now 	 U10  = 

where 	
- / sin  + 2 	1/2 

	

( 	sinB + 1 edt) 	
in 0 	 (39 6) 

'0 

hen 9 	C', sin 9 	9 

000 F,9 a  = (3 + 2) 1/c 0 

/ 
u10 	F,<  ie'2(P + 2) 1//2  9 

(u 0  si 9 ) 1 /2 	3 /2 . O 1 /4 (.. + 2)" 	 (412) 
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Using this value of (u 0  sin  ) 112 	eqi..ation 411 9  in 

dç25 2FY2RehI'4 (3 + 2) 1/4  &2&9 

2P1 2 R ehh'4 (B + 2) 1/4  9 3/3Pe 	 (413) 

GJstitting 	ann. (u 
/

10  sin 0) 112  from 413 and 412 into 410 9  

I  
Sh(9 	

2 	

(3 + 2)1/2] 	
neh/2c1f3 ) = 	1 	6 

:? is given by, 

o( 
 (3foJc)1/2 	

(3r 

hen, o = 0 9  i.e. solid surface, 

Sh( 9) 
= 	

+ 23f(o(iC]h/"6 	1/21/3 	 (414) 

This is the value of the point transfer group at 9 	0; sh( 0) 

therefore depends upon the velocity profile assumed in the boundary 

layer. 	Using values of 3, C, and f(c) from Table 4, the point 

transfer group at the front stagnation point was evaluated for the 

linear to quartic profiles the calculated values for Sh(0)/Re]'2Sohh'3 

were 1.20 9  1.28, 1.31, and 1.34. 	These can be compared with the 

following published values. 

Author 	Reference 

Prossling 	 (P 5) 

Linton and Sutherland 	(L13) 

Akeel' Rud 	 (A 1) 

Sh(0)/R e '2S c t'3  

1.47 
( 1 

1.48 — 0.153 ;e 

1.523 

Range of Sc 

(.5 z ISO 	100 

The estimates for the present analysis are lower than the other 

values, but the most satisfactory value of 1.34, which arises from 

use of a quartie profile, is within approximately 10% of the published 

results. 
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b) Spheroids 

)1e (eJierai equatii 3 3  is required, 
X:1 	 2/3 

Sb 0.641 	
[ 	

( u0r1 )h/2r1d x ) 	pel/3 	 (83) 

into which values of r 1  and dx1  can be substituted from equations 169 

and 170. Equation 405 for the velocity distribution canalso be 

differentiated to f;ive, 

/ 	 1/2 = 

where He is based on the equiva1et splicrical diameter, a1 

90( are defined by equations 405 and 406. 

(dk,) 

On carrying out the required substitutions into 83, and re-

arranging the terms, the following equation can be obtained, 

ff0 1 

12/3 
+ 10 

sin 4 o' 
f$'/2 2 

i 	f 
in 1 Od0) 

 J0  
He S J/3 

(416) 

Equation 416 can be put in a more satisfactory form by division 

by the Sherwood number for a sphere given by equation 407. This 

results in, 

1, '2 
Sb 
	

2 	+ 	 8CE 	 (171) 

where 	Is a complex term given by, 
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Foot  E  
 

z/3 

9-± so 
5 L01 4- 9 d 

(isnL9 + e 9 	

go

d9
5(M

0 	
(I_s9s9)3/2S 

6+10 

I 	59d& 

r 	3*1 
[js 	Ode] 

The denoiiatc'r 	 quai ti,,,  numerator v;hen 	1. 

Acccrdinly, a proraiurrt: wi written for the Mercury"  computer to 

allow values of the numerator to be obtained at different eccentrici-

ties. The numerator was first reduced to two simultaneous 

differential equations, as in the case of the solid sphere integral 

parameter. To simplify the programme, only the quartic velocity 

profile was considered, for which B equals 8.5. The two differential 

equations were solved numerically to give values of the numerator at 

both & = " 12 and 9 = 77. 

As the simultaneous equations could not be solved analytically 

at P 	° for - 	1, starting values for the calculation were 

therefore estimated, at & = 10, from the analytical expressions for 

a sphere (equations 153 and 154). This simplification does not 

introduce any noticeable error, as the starting values are extremely 

small (z1 = 3.215 x 10 and z 2  a 3.39 x 1o20). 

Prom the computed values of the numerator, values of 	at 

& = Ti'12 and 9 = 77 were calculated for eccentricities from 0.1 to 

5, and are tabulated in Table 5. 
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4. Transfer around Rapidly-Circulating Bodies of Revolution 

a) Spheres at High Reynolds Numbers 

Transfer in the continuous phase around a mobile sphere can be 

expressed by, 

i 
"

Pe 
1,/2 

Sh = 	 o_ 10j2OdO 	/ 	1/2 	 (172) 
TI) 

At high Reynold's numbers, when circulation is complete, and flow 

separation negligible, the velocity at the interface can be found from 

a modification of a theoretical analysis by Chao (03). 

Using boundary condition 193 instead of 194 9  the tangential 

velocity around tho cn.herp turns out to be, in d1iensionleas form, 

2 4-  3 	//100 	fo  sill -3 polo 
 L 

u14(l_ )tn9 
- 2 

l2
ierfc 5 (411  

Re 	 sin 19 

sin2 O 

' S sin3 

	 (419) 

I,  

Now 	lerfct 	j erfc 	 e 	- terfot 

- t2+ t4 	
7 

terfet 
\rff 	2. 	J 

When 	0, therefore, 	= 0, and ierfc 50 	•
IF 

dimensionless interfaoial velocity is therefore i:iveri fro-,  4_I" ac)  f   c 	.. 
3 	2 [3 	2 + 	

sin 90/ -- 

u 	 -- 10 	 R0112  1 	/ ("0 	
sin 0 	75 

(19 
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ub3tituting this value of U10  into equation 172, 

I 

	f3 	- A 	fo 
sin9d9 	sin 	Pe(42O 

  - 
1 	0   

where 	A = 2 	
+ ( 	/ 	ReV2 

The second integral term in the bracket on the R.H.S. of equation 

420 was evaluated by graphical integration, and turned out to be 1.48 

in value. 

T.e 1na1 e ,luation for the 	erwood number i therefore, 

r 	 '/2.. 

1.13 1 - 	
2 	3:'/1 	I ?e 	 (18) 

Re 	1 ' (1A' 

b) Spheroids at High Reynoldte Numbers 

The relevant transfer equation for both oblate and prolate 

spheroids is, 
x l  

Sh (*Y! 	I u10r 2dx1 	:e1 	 (93) 
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with, 	 u10  - (1 4. k) sins 	 (206) 

- acosu/z 	 (422) 

dx1 - t*2 sin  2s + b2 coo  2.} 1/2 	 (423) 
TI  

Also, 	 hain$ - acosa 	 (163) 

and, from 167, 
R - 1& 2 Cos  2a + b2E4.in2} 1/2 

	
(424) 

• sine - 	acpa 	
1/2 	 (425) . . 

.1I2cos2s + b2114sIn2al  

and, 	 (3. + k) &cpia
Ulu 

{ 	+ b2E4ajn2lIr 

Substituting 422, 423 1  and 426 into 93, and remembering

ON 

1/2 
that E - a3/r, 1/2 
	1/2 ((11/2 	

3 	1/2 	(427) h 	() 	à.!(1+k) 	 cosa 
Ii 

t 1.13 	j.(i + k)} 1/2 1/2 ii 	 (428) 

Using equation 54, 

JL 	 1/2 
(429) 

(i) Oblats Iwroid.a 

For an oblat. spheroid, 

 as m 2fl 2{].  + 	± A 
	li (a 

2.1)1/2 J 
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and, 	 Ae.ITd1'41Tr1.4Ira2/Za'3 	 (342) 

- 2 iç113 2 	/2 -- 
(430) 1/2 

+ 1n{ +V 

From 429 and 430, 
1/3 	1/2 

Sh /h 	(1 + J2 1/2 	2 	(209 on S 	 4 

In the ratio of the continuous phase transfer 

coefficients for an oblate spheroid and a sphere of the seae 

volume in potential flow, and is a function of the eccentricity 

£ alone. 

Prolate Dberoid 

The area of a prolate spher1oid 	by, 

£p _2I! a2 1+  i (212) 

5ubetitur.ing A/A , from equations 342 and 212 into 

found 

429, 

Sh 	 p)1/2 j1/2 2 1/3f '2 	+ 	
1_$
/2 + 	(1. -i 	2 3h1  

	

sin 	) 

The dimensionless transfer ratio is again a function of 

2 alone. 
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C) k2bgrIgAl Cani 

[

The Interface of a spherical cap is cop1et.1y aobils, 

so the mass-transfer equation which applies is, 

1/2 1/2 	( 
(X1  

0 	 Li (93) 
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AS mentioned in the text, 

	

a i gin 0 	 (218) 

	

A = 4 iiitb 	 (219) 

V 	 a 4 71b2 (3R 	2b) 	 (220) 

Also 	 l'l - B sin &/r 	 (432) 

	

0/ x1  = 14cJ9/r 1 	 (433) 

lfhazi values of u,, r1 , and o/x1  from equaticiid 216, 432 and 453 

are subutituteii into the bracketed term of equation 93, this can be 

Integrated wd rearranged to give s  

1r. 
ih - (12

.-) 	 (434) 

A1a 	 (345) 4b 

and r/R can be evaluated in terms of the eccentricity B using equatiozu 

220 and 545. 	The rct.io b/B in equation 434 can also be put in texas 

of E using equation 345. Both ratios turn out to be, 

re//ft 
(!I&tU 

1/3,t 
(435) 4 	1 	iz 4)  

	

b/fl a  4/92  + 4 	 (436) 
Use of equations 455 and 436 in equation 434 produces, 

+ 4)215 Pe* 
	 (221) 

B +4 
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4dix8Lta 3heets 

The unite of those variables in the data sheets to which no unite 

are assigned can be found from the following liata- 

Variable 	 Units 

t 	 Sec. 

C 	 cms 

p 	 ins, w.g. 

dp/dt 	 ins *  w.g./s.o. 

cm. 

U 	 cm./see. 

Up/P0  + h 	 ins./see. 

POUVB/YO(PO + h) 	Ines/sec. 

OIL 2  

a 	 ow* 

b 	 cmo 

k1A 	 cm0 3/eec. 

A 

kL 	 cw./aeo. 



Run No. 5 

Atm. Press., P0  : 404 ins. 1120 H/R1 T : 1.122 cc/cc 

ater Temp., T 	z 22.1°C Vo/1', : 0.58 cc/in. 1120 

Pool Depth, U 
p : 

128 ins. d 	: in. 0.81 cue. 

Cnart Speed : 2.37 cas./eec. Uin.: 22.1 cms./sec. 

• U 	. 
/ 4  cms./sec. 

t c PdP/dtd e  U Up! AC  a b E 2*/de kLAA kLCd Roos  
P0+h 08 

1.23 2.2 .346 .0711 .7 21.4 .0056 .48 .39 .29 1.37 1.11 .050 1.57 .032 1.63 1740 

1.59 2.03 .322 .0616 .68 21.3 .0052 .47 .39 .27 1.46 1.15 .044 1.51 .029 1.54 1735 

1.96 1.88 .304 .0521 .67 21.3 .0050 .46 .38 .26 1.46 1.13 .037 1.46 .026 1.51 1690 

2.32 1.71 .282 .0474 .65 21.1 .0046 .52 .41 .22 1.87 1.26 .034 1.44 .024 1.26 1810 

2.69 1.57 .266 .0521 .64 21.1 .0044 .4 .38 .23 1.62 1.19 .037 1.35 .027 1.37 1680 

3.05 1.42 .244 .05 .63 21 .0040 .39 .35 .25 1.42 1.11 .032 1.26 .025 1.47 1540 

3.41 1.30 .232 .0403 .61 20.9 .0038 .35 .33 .26 1.27 1.08 .029 1.2 .024 1.56 1440 

3.78 1.18 .216 .045 .6 20.8 .0036 .27 .29 .32 .032 

4.14 1.06 .2 .0379 .58 20.7 .0033 .29 .30 .28 1.1 1.03 .027 1.07 .025 1.68 1295 



Run No. 8 

Atm. Press., P0  : 403.5 ins. 1120  11/R1? : 1.09 cc/cc 

Water Temp., T 	: 21°C : 	0.33 cc/in. H 2  0 

Pool Depth, H 	 ; 130 ins. d : 0.67 ems. 

Chart Speed ; 2.36 cms./sec. in.  : 	21.3 one./sec. 

U 1 	20.7 cis./sec. 

t e p dp/dt d 
S 

tT Up/ A0 a b E 2a/d e kLA 	A k  Cd Re 
08 P0+h 

.93 1.72 .308 .0803 .58 20.7 .0048 .32 .32 .24 1.36 1.07 .031 	1.08 .029 1.47 3345 

.29 1.49 .276 .077 .56 20.6 .0044 .29 .30 .24 1.25 1.07 .030 	1 .030 1.48 1255 

.65 1.32 .252 .0674 .54 20.4 .004 .31 .32 .2 1.57 1.19 .026 	.95 .027 1.26 1325 

1.16 .232 .061 .53 20.4 .0037 .27 .29 .22 1.36 1.09 .024 	.9 .026 1.39 1200 

.36 1 .210 .0546 .51 20.3 .0033 .17 .24 .3 .021 

.72 0.87 .192 .0514 .50 20.2 .0030 .24 .27 .2 1.36 1.08 .019 	.75 .025 1.29 1110 

.08 .74 .174 .0481 .48 20.1 .0028 .20 .25 .22 1.12 1.04 .019 	.73 .026 1.42 1020 

.44 .62 .156 .0472 .46 20 .0025 .21 .26 .19 1.33 1.13 .018 	.66 .027 1.25 1055 

I\) 
0 
-4 



Run No. 11 	 - 

Atm. Press., P0  * 405.4 in.. H 2  0 H/'R,T : 1.117 cc/cc 

 Temp., P 	: 22°C Vo/P0  : 0.5 cc/in. H20 

Pool  Depth, H 	: 
P 129 in.. d1 	: n. .78 cn8. 

Chart Speed : 2.36 cma./aec. U1 	: 21.9 ems./sec. 

U 	: 21.3 cnui./eeco 

t c p dp/dt d e U Up! A 0 a b S 28/de  kLA A kL 0d Re oa  
P0+h 

?,42 1.9 .325 .0656 .68 21.3 .0053 .53 .41 .23 1.78 1.21 .04 1.54 .026 1.33 1820 

?.79 1.73 .302 .059 .66 21.2 .0049 .39 .35 .29 1.21 1.06 .036 1.38 .026 1.69 1545 

3.15 1.59 .282 .0558 .65 21.1 .0046 .41 .36 .26 1.41 1.11 .034 1.34 .025 1.53 .580 

3.52 1.44 .262 .0525 .63 21 .0043 .39 .35 .25 1.42 1.11 .032 1.28 .025 1.48 1530 

3.89 1.32 .244 .0492 .62 21 .0040 .37 .34 .25 1.37 1.10 .030 1.21 .025 1.48 1490 

(.26 1.19 .226 .0459 .6 20.8 .0037 .27 .3 .3 1 1 .028 1.13 .025 3.81 1300 

(.62 1.09 .212 .0426 .59 20.7 .0035 .34 .33 .24 1.38 1.12 .026 1.09 .024 1.47 1420 

CA 
CD 



Run No. 12 

Atm. Press., P0  : 405.4 ins. H0 : 1.117 co,"co 

Water Temp., P 	: 22°C Vo/P0  a 0.5 cc/in. 1120 

Pool Depth, 	H 
p 

: 129 inz. d1a. 	a 0.77 cue. 

Chart Speed 	: 2.36 cma./seo. U 	 : 21.9 cins./nec. 

Iff 	a 21.3 ca./sec. 

p dp/dt de  U 'Up/ Ac  a b 1 2a/de  kLA A k  Cd Re 
OB 

P0+h OS 

.34 .0721 .69 21.4 .0055 .53 .41 .24 1.71 1.19 .044 1.57 .028 1.38 1825 

.312 .0721 .67 21.3 .0051 .5 .4 .23 1.72 1.19 .043 1.48 .029 1.33 1770 

.288 .0656 .65 21.1 .0047 .48 .39 .22 1.74 1.20 .039 1.41 .028 1.9 1715 

.266 .0656 .63 21 .0043 .44 .37 .23 1.64 1.17 .039 1.32 .030 1.37 1620 

.244 .059 .62 21 .0040 .37 .34 .25 1.38 1.1 .035 1.21 .029 1.48 1485 

.222 .0554 .60 20.8 .0036 .34 .33 .2 1.85 1.1 .033 1.20 .028 1.21 1430 

.204 .0492 .58 20.7 .0033 .34 .33 .23 1.45 1.12 .029 1.08 .027 1.41 1420 

.186 .0459 .56 20.6 .003 .31 .31 .23 1.38 1.11 .027 1.01 .027 1.42 1330 



Pun No. 14 

Atm. Press., P : 405 ins. H20 

Water Temp., T $ 18.8 00 

Pool Depth, H : 129 ins. 

Chart Speed 	: 2.33 cms./aec. 

H/R1T z 1.03 cc/co 

Vo/P0  : .89 cc/in. H20 

: .95 oma. 

: 22.9 ems./sec. 

: 22.2 cmc./neco 

t c p dp/dt d U Up! A c a b E 2a/d e k1 A A kL Cd Re 
Os S 08 

.53 2.93 .386 .0763 .87 22.4 .0065 .94 .55 .28 1.96 1.27 .076 2.6 .029 3.46 2375 

.89 2.8 .356 .07 .85 22.3 .006 .89 .53 .27 1.96 1.25 .07 2.48 .028 1.42 2280 

!.25 2.68 .332 .056 .83 22.2 .0056 .82 .51 .27 1.89 1.23 .057 2.33 .024 1.43 2180 

.61 2.56 .316 .056 .81 22.1 .0054 .82 .51 .26 1.96 1.26 .057 2.27 .025 1.39 2180 

.97 2.34 .294 .0577 .79 22 .005 .7 .47 .28 1.68 1.18 .058 2.09 .028 1.51 1990 

.33 2.13 .274 .0531 .78 21.9 .0047 .78 .50 .23 2.17 1.28 .053 2.12 .025 1.26 2110 

69 1.96 .256 .0485 .76 21.8 .0044 .69 .47 .25 1.88 1.24 .049 1.94 .025 1.38 1980 

.05 1.78 .24 .0462 .74 21.7 .0041 .72 .48 .22 2.18 1.30 .046 1.94 .024 1.23 2010 

.41 1.62 .222 .0439 .72 21.6 .0038 .65 .45 .23 1.95 1.25 .044 1.80 .025 1.29 1880 

.77 1.47 .208 .0439 .71 21.5 .0036 .56 .42 .25 1.68 1.18 .044 1.66 0 026 3.42 1740 

r4') 
-3 
0 



t c p dp/dt d e U lip! 

.8 2.39 .3 .0599 .8 22 .005 

.17 2.18 .278 .0552 .78 21.9 .0047 

.53 1.95 .256 .0552 .76 21.8 .0043 

.9 1.77 .238 .0507 .74 21.7 .004 

426 1.59 .22 .046 .72 21.6 .0037 

.63 1.42 9202 .0438 .70 21.4 .0034 

a b F, 2a/de  k1 A A k  C  Re0 
on 

.68 .47 .3 1.56 1.17 .06 2.09 .029 1.62 1990 

.72 .48 .25 1.92 1.23 .055 2.07 .027 1.37 2030 

.66 .46 .26 1.77 1.21 .055 1.91 .029 1.43 1930 

.57 .43 .28 1.54 1.16 .050 1.78 .028 1.56 1800 

.54 .42 .27 1.55 1.17 .046 1.69 .027 1.51 1750 

.51 .4 .26 1.54 1.14 .043 1.59 .027 1.49 1650 

E) 
-3 

Run No. 15 

Atm. Press., P0  z 405 me. H 2  0 

Tatar Temp., '.II z 18.800 

Pool Depth, HP  : 129 Ins. 

Chart Speed 	: 2.33 cms./aeo. 

1I/R1T 1.03 00,/Co 

Yo/P 0 t .89 co/In. 1120 

d in. : .89 caB. 

Uino : 2296 orrn./sec. 

U 	: 22 ca./aece 



Run No. 16 

Atm, Press., P0  : 405 ins. H20 H/R1T : 1.03 cc/co 

Water Temp., T 	: 18.80 Vo/P0  z 0.89 CC/in. H 2  0 

Pool Depth, R 	: 129 ins. in. 	: .83 ems. 

Chart Speed : 2.33 cma./eec. u 22.2 oms./sec. 

: 21.4 oma./eec. 

t c p dp/dt d U Up/ A c a b B 2a/d a kLA A kT Cd Re 
08 e 08 

2.88 1.24 .184 .0439 .68 21.3 .003 .43 .37 .29 1.28 1.09 .043 1.47 .029 1.68 1520 

3.28 1.05 .166 .0439 .66 21.2 .0027 .5 .4 .22 1.82 1.21 .043 1.45 .050 1.28 1640 

3.65 .89 .148 .0466 .63 21 .0024 .56 .42 .18 2.33 1.33 .045 1.44 .031 1.07 1710 

1.01 .75 .132 .0375 .61 20.9 .0022 .44 .37 .20 1.85 1.21 .036 1.28 .029 1.20 1490 

1.35 .67 .122 .028 .59 20.7 .002 .41 .36 .20 1.80 1.22 .028 1.17 .024 1.22 1440 

1.72 .6 .112 .0261 .58 20.7 .0018 .33 .33 .25 1.39 1.10 .026 1.06 .024 1.41 1280 

5.1 .54 .104 .0259 .56 20.6 .0017 .35 .35 .20 1.65 1.18 .026 1.04 .025 1.23 1310 

-3 
P.3 
S 



Run No. 20 

Atm. Press., P 0  : 412 ins. H 2  0 H/R1T : 1.125 cc/cc 

Water Temp., P : 22.2°C Vo/?0  : 1.06 co/in. H 2  0 

Pool Depth, 	H ; 129 ins. d 1  n. : 1.01 CUB. 
p 

Chart speed : 	2.34 ciits./aec. u : 23.3 cs./eec. 

TI : 22.5 ems./sec. 

t C p dp/dt d 0  U Up! A0  a b E 2a/de  kLA A k  C  Re 
08 

.29 2.74 .354 .052 .9 22.6 .0061 1.06 .58 .27 2.15 1.29 .07 2.85 .025 1.38 2740 

.65 2.66 .34 .0468 .88 22.5 .0058 .97 .56 .28 2 1.27 .063 2.67 .024 1.45 2040 

2.54 .32 .0468 .86 22.4 .0055 1.05 .58 .24 2.42 1.35 .063 2.7 .023 3.25 2710 

.36 2.39 .302 .0468 .85 22.3 .0052 .91 .54 .27 2 1.27 .063 2.49 .025 1.42 2520 

.72 2.22 .2 4 .0422 .83 22.2 .0049 .88 .53 .26 2.04 1.28 .057 2.38 .024 1.38 2460 

.08 2.07 .27 .0422 .82 22.1 .0047 .89 .52 .24 2.16 1.27 .056 2.37 .023 1.29 2410 

.43 1.94 .256 .0398 .80 22 .0044 .81 .51 .25 2.04 1.28 .053 2.21 .024 1.35 2350 

.79 1.81 .244 .0375 .79 22 .0043 .73 .48 .26 1.85 1.21 .05 2.11 .024 1.41 2210 

.15 1.69 .232 .0375 .78 21.9 .0040 .69 .47 .27 1.74 1.21 .05 2.03 .025 1.48 2150 

.5 1.58 .22 .0375 .77 21.9 .0039 .64 .45 .28 1.61 1.17 .05 1.94 .026 1.53 2060 

.86 1.47 .21 .0328 	.75 21.8 .0037 .68 .47 .24 1.96 1.25 .044 1.93 .023 1.32 2150 

.22 1.36 .398 .0328 .74 21.7 .0035 .62 .44 .26 1.69 1.19 .044 1.82 .024 1.45 1990 

.57 3.28 .19 .028 .73 21.6 .0034 .64 .45 .24 1.88 1.23 .038 1.81 .021 1.35 2030 

so -a 



Run No. 22 

Atm. Press., Po : 412 ins. 1120  }VRL 	: 1.13 cc/cc 

Water Pomp., T : 22.4°C Vo/P0  : 	.36 cc/In. 1120 

Pool Depth, H i 130 ins. d : 	.72 axe. 

Chart Speed : 	2.34 cis./sec. in.  : 21.6 ams./sec. 

11 : 20.8 cms./sec. 

t a p dp/dt de  U lip! A a b 2a/d, kLA 	A kL Cd Re08 
08 

.69 2.96 .412 .098 .65 21.1 .0065 .54 .41 .2 2.05 1.26 .042 	1.47 .029 1.17 1820 

'.05 2.8 .376 .0935 .63 21 .0059 .37 .35 .27 1.32 1.11 .04 	1.26 .032 1.6 1540 

'.41 2.67 .346 .0345 .61 20.9 .0055 .41 .36 .22 1.64 1.18 .036 	1.23 .03 1.52 1580 

'.77 2.47 .318 .0843 .59 20.8 .005 .34 .33 .24 1.4 1.12 .036 	1.12 .032 1.45 1440 

5.13 2.2 .288 .0845 .57 20.6 .0045 .29 .31 .25 1.24 1.09 .028 	1.03 .027 1.54 1340 

5.49 1.98 .266 .0645 .56 20.6 .0042 .32 .32 .22 1.49 1.14 .028 	1.02 .027 1.35 1380 

$.85 1.81 .248 .0596 .55 20.5 .0039 .29 .31 .23 1.38 1.13 .026 	.97 .026 1.43 1350 

.21 1.6 .228 .0546 .53 20.4 .0036 .27 .29 .22 1.34 1.09 .024 	.9 .026 1.39 .240 

.57 1.4 .206 .0521 .,1 20.3 .0032 .23 .27 .23 1.19 1.06 .022 	.82 .027 1.46 1150 

1.93 1.26 .192 .0496 .5 20.2 .003 .22 .23 .22 1.16 1.04 .021 	.79 .027 1.42 1100 

.29 1.1 .176 .0496 .49 20.1 .0028 .25 .22 .18 1.52 1.14 .021 	.78 .027 1.17 1180 

).65 .97 .162 .042 .47 20 .0026 .21 .25 .19 1.34 1.11 .018 	.71 .025 1.25 1090 

r%) 



Rim No. 23 

Atm. Press., P0  : 	412 ins. H20 HA,T : 1.13 cc/co 

Water Temp., T : 	22.4°C Vo/P0  : 	36 cc/in. h20 

Pool Depth, if : 130 ins. d z 	.71 one. 
p n. 

Chart Speed : 	2.34 cma./aec. : 	21.5 one./see. 

U : 	20.8 cmfl./sec. 

t c p dp/dt de  U Up/ A0  a b 2a/de  kLA A k  C  Re 
05  P0+h os 

L.52 2.79 .372 .0936 .63 21 .0058 .37 .34 .27 1.26 1.08 .04 1.28 .031 1.G 1500 

L.88 2.67 .346 .089 .62 21 .0054 .38 .35 .24 1.46 1.13 .038 1.23 .031 1.43 1550 

?.23 2.48 .32 .0795 .6 20.8 .005 .32 .32 .26 1.23 1.07 .034 1.14 .03 1.57 1400 

?.59 2.25 .294 .067 .8 20.7 .0046 .31 .31 .25 1.24 1.07 .209 1.08 .027 1.53 1350 

?.94 2.02 .21 .062 .57 20.6 .0042 .29 .3 .25 1.2 1.05 .027 1.03 .026 1.54 1300 

5.3 1.83 . .062 .55 20.5 .0039 .26 .29 .26 1.12 1.05 .027 .97 .028 1.62 1250 

5.66 1.65 .232 .0546 .54 20.4 .0036 .24 .28 .26 1.08 1.04 .024 .92 .026 1.64 1200 

1.01 1.5 .216 .0471 .53 20.4 .0034 .22 .27 .26 1.04 1.02 .021 .88 .024 1.64 1150 

.37 1.34 .2 .0471 .51 20.3 .0032 .22 .27 .24 1.13 1.06 .020 .83 .025 1.52 1150 

1.72 1.2 .186 .0444 .50 20.2 .0029 .20 .26 .25 1.04 1.04 .019 .79 .024 1.61 1100 

.08 1.1 .176 .0444 .49 20.1 .0028 .21 .26 .22 1.18 1.06 .019 .77 .025 1.42 1090 

.44 1 .164 .0421 .48 20.1 .0026 .18 .24 .24 1.00 1.00 .018 .72 .025 1.55 1010 

.79 .9 .156 .0421 .47 20 .0025 .18 .24 .23 1.04 1.02 .018 .7 .026 1.51 1010 

Cu 
-4 
i-fl 



Run 1o. 24 

Atm, Press., P0  : 412 Ins. 1120 H/R 1y 	1.13 cc,/cc 

Water Temp., T : 	22.4°C Vo/P0  : 	.36 cc/in. 1120  

Pool Depth, H t 130 ins. in.  : 	.66 ems. 

Chart speed : 	2.34 orus./aec. uia. ; 21.2 cxa./aec. 

IT : 20.3 cmB./aec. 

t c p dp/dt de U Up/ A0  a E 2a/d 	kLA 	A 
C kL Cd Re

08  
P O  +h 

.41 2.17 .286 .0744 .58 20.7 .0044 .36 .34 .21 1.62 1.17 	.032 	1.1 .029 1.28 1480 

.77 1.92 .26 .0695 .56 20.6 .004 .29 .31 .24 1.29 1.11 	.030 	1 .03 1.48 1340 

.13 1.7 .236 .0596 .54 20.4 .0036 .26 .28 .25 1.12 1.04 	.026 	.93 .028 1.58 1200 

.49 1.5 .216 .057 .53 20.3 .0033 .25 .28 .23 1.22 1.06 	.024 	.88 .028 1.45 1200 

.85 1.3 .196 .0546 .51 20.2 .003 .18 .24 .29 .023 

.21 1.14 .18 .0496 .50 20.1 .0028 .23 .27 .21 1.28 1.08 	.021 	.79 .027 1.35 1140 

.57 1 .164 .0647 .48 20 .0025 .19 .25 .23 1.09 1.04 	.019 	.73 .026 1.49 1050 

.93 .88 .152 .0421 .47 20 .0024 .19 .24 .22 1.09 1.02 	.018 	.69 .027 1.44 1010 

029 .74 .136 .0421 .45 19.9 .0021 .18 .24 .20 1.2 1.07 	.018 	.65 .027 1.31 1010 

.65 .67 .128 .0398 .44 20 .002 .17 .23 .20 1.15 1.05 	.017 	.62 .027 1.2 960 

r) 



Run No. 25 

Atm. Press., P0  : 412 ins. 1120 I1/trT 	: 1.13 cc/cc 

ater T 	: 22.6°C Vo/P0  : 1.25 cc/in. H 2  0 

Pool Depth, H 	: 129 ins. d 	: 1.12 ems. 

Chart Speed : 	2.34 01nr3./sec. U 	: 23.9 cms./seo. 

: 23.3 ems./sec. 

p 	dp/dt 	d 	11 Up! 	A 	a 	b a 3 	2a/d 
C 

k.A A 	kL 	Cd 	08 e oe 

.448 .0702 1.02 23.3 .0079 1.62 .12 .26 3 	1.41 .111 4,11 .027 1.25 3530 

.424 .0632 1 23.2 .0074 1.32 .65 .3 2.19 1.3 .1 3.54 .028 1.46 3170 

.4 .0562 .99 23.2 .007 1.2 .62 .31 2 1.25 .09 3.35 .027 1.51 3030 

.38 .0516 .96 23.0 .0067 1.25 .63 .28 2.27 1.31 .083 3.29 .025 1.39 3050 

.6 .0516 .95 22.9 .0063 1.28 .64 .26 2.43 1.35 .083 3.3 .02 1.3 3090 

.344 .0468 .94 22.8 .0061 1.19 .62 .27 2.3 1.32 .075 3.14 .024 1.36 2980 

.328 .0516 .92 22.8 .0058 1.06 .58 .29 2 1.26 .082 2.91 .028 1.46 2780 

.308 .0422 .9 22.6 .0055 1.04 .58 .28 2.1 1.29 .068 2,83 .024 1.44 2760 

.296 .0422 .89 22.6 .0053 1.12 .6 .25 2.43 1.35 .067 2.89 .023 1.28 2850 

-4 



R/R1T 

Vo/P0  

Uju.  * 

2a/de  

1.035 cc/cc 

5.91 cc/In. 1120  

2.06 ems. 

29 cas./eec. 

28.2 oas./Bec. 

kLA A 	kL  

Iff 	: 27.6 one./sec 

day  : cm. 

Uay  27 ema./iec. 

dos 
 Re08 

1.89 .67 .112 .0621 1.96 28.5 

2.25 .86 .132 .0598 1.94 28.4 

2.61 1.08 .154 .0529 1.92 28.3 

2.97 1.27 .17 .0529 1.90 28.2 

3.33 1.48 .188 .0506 1.88 28.1 

3.69 1.68 .204 .0506 1.86 28 

4.05 1.88 .22 .046 1.84 27.9 

4.41 2.03 .234 .0437 1.83x 27.9 

4.77 2.19 .248 .0414 1.82 27.8 

5.13 2.35 .264 .0414 1.8 27.7 

5.49 2.52 .28 .0414 1.78 27.6 

5.85 2.63 .292 .0391 1.76 27.4 

6.21 2.72 .302 .0391 1.75 27.4 

.015 6.71 1.46 .5 2.92 1.49 

.0146 7.15 1.51 .47 3.21 1.56 

.0142 6.64 1.45 .48 3.03 1.51 

.0138 5.29 1.3 .53 2.45 1.37 

.0134 6.02 1.39 .49 2.84 1.48 

.0131 6.55 1.44 .45 3.2 3.55 

.0128 5.88 1.37 .47 2.92 1.49 

.0126 6.42 1.43 .45 3.18 1.56 

.0125 4.93 1.25 .48 2.6 1.37 

.0122 5.8 1.36 .4 3.4 1.51 

.0118 4.56 1.21 .49 2.47 1.36 

.0114 4.39 1.19 .49 2.43 1.35 

.0113 5 1.26 .42 3 1.44 

.473 16.7 .028 1.61 8060 

.455 17.15 .027 1.53 8300 

.411 16.3 .025 1.57 7950 

.408 14.55 .028 1.75 7110 

.392 15.2 .026 1.62 7590 

.39 15.75 .025 1.50 7820 

.36 14.75 .024 1.59 7400 

.345 15.2 .023 1.52 7710 

.33 12.4 .027 1.63 6740 

.328 13.4 .025 1.37 7300 

.326 11.6 .028 1.68 6490 

.309 11.3 .027 1.71 6300 

.308 12.05 .026 1.47 6670 

OD 
S 

Run No. 32 

Atm. Press., P. : 401 ins. 1120 

Water Temp., P : 19 °C 

Pool Depth, R : 120 ins. 

	

Chart Speed 
	

2.3 ems./sec. 

t 	C 	p dp/dt de 	U 
	

P 0UY3 	A0 	a b 

x Transition to Spherical Cap, as shown by photographs. 



1.87 .98 .144 .0644 1.88 28.1 

2.23 1.22 .166 .0552 1.85x 28 

2.59 1.42 .184 .046 1.83 27.9 

2.95 1.62 .2 .046 1.81 27.8 

3.31 1.82 .216 .046 1.79 27.6 

3.67 2.03 .234 .046 1.78 27.6 

4.03 2.19 .248 .046 1.75 27.4 

4.39 2.38 .266 .0437 1.73 27.3 

4.75 2.54 .282 .0437 1.71 27.2 

5.11 2.64 .292 .0414 1.70 27.2 

5.47 2.72 .302 .0414 1.69 27.1 

5.83 2.81 .312 .0391 1.67 27 

6.19 2.89 .324 .0391 1.66 27 

.013 6.17 1.4 .48 2.92 1.49 

.0125 5.7 1.35 .49 2.76 1.46 

.0121 5.66 1.34 .43 3.15 1.47 

.0118 5.56 1.33 .41 3.23 1.47 

.0114 5.41 1.31 .42 3.15 1.46 

.0113 5.52 1.33 .4 3.32 1.5 

.0107 455 1.21 .46 2.63 1.38 

.0104 3.95 1.12 .52 2.15 1.29 

.0101 4.6 1.21 .43 2.81 1.41 

.01 4.17 1.15 .46 2.5 1.35 

.0099 4.2 1.15 .45 2.56 1.36 

00096 4.17 1.15 .44 2.62 1.38 

.0095 4.49 1.2 .4 3 1.45 

.475 15.35 .031 1.59 7640 

.415 14.5 .029 1.64 7330 

.357 13.4 .027 1.45 7240 

.354 13.3 .027 1.39 7160 

.352 12.9 .027 1.44 7010 

.35 13 .027 1.37 7120 

.347 11.5 .030 1.61 6420 

.332 11.2 .030 1.83 5940 

.329 11.3 .029 1.52 6390 

.315 10.7 .029 1.63 6070 

.315 10.6 .030 1.6 6050 

.301 10.5 .029 1.58 6020 

.301 10.9 .028 1.44 6290 

Run No. 33 

Atm. Press., P. ; 401 ins. H20 

Water Temp., T : 19°C 

Pool Depth, H : 120 ins. 

Chart Speed 	: 2.3 case/sec. 

H/R1T z 1.035 cc/cc 

Vol?0  : 5.91 cc/in. 1120  

d in 	: 2.02 ems. 

Uin 	: 28.8 cma./sec. 

U : 27.9 cms./sec. 

t 	C 	p dp/dt de 	U 
	

P Ø UT3 	A0 	a b 
	

E 2a/de  kLA A 	kL C& Re 013 



Run Jo. 35 

Atm. Press., P0  z 401 inse M20 

Water Temp., T : 19 °C 

Pool Depth, R : 120 ins. 

Chart Speed 	z 2.3 cue./sec. 

H/R1T : 1.035 co/co 

Vo/P0  : 5.91 co/in. H20 

din z 1.95 eme. 

Uin s 28.4 cue./sec. 

IY 	: 27.6 cue./sec. 

day i 1.69 cm. 

1av : 27 cnis./sec. 

t 	c 	pdp/dtd5 	U 	POUVB 	A0 	a b 	E 2a/de kLA A 
	

k  C 	Re 00 

1.18 .59 .104 .053 1.84 27.9 

1.54 .69 .116 .053 1.83 27.9 

1.9 .82 .128 .0506 1.81x 27.8 

2.26 1.01 .148 .0506 1.79 27.6 

2.62 1.22 .166 .046 1.77 27.5 

2.98 1.4 .182 .0437 1.75 27.4 

3.34 1.58 .196 .0414 1.73 27.3 

3.7 1.75 .21 .0414 1.71 27.2 

4.06 1.93 .226 .0414 1.69 27.1 

4.42 2.08 .24 .0391 1.67 27 

4.78 2.23 .252 .0391 1.66 27 

5.14 2.39 .268 .0368 1.64 26.9 

5.5 2.52 .28 .0368 1.62 26.8 

.0119 6 1.38 .47 2.93 1.5 

.0118 5.83 1.36 .47 2.9 1.49 

.0115 6.05 1.38 .45 3.07 1.53 

.0112 5.34 1.3 .42 3.1 1.45 

.0108 5.89 1.37 .37 3.7 1.54 

.0105 5.18 1.29 .41 3.19 1.47 

.0102 4,95 1.26 .41 3.07 1.46 

.0099 4.51 1.2 .43 2.76 1.4 

.0096 4.85 1.24 .39 3.18 1.47 

.0096 4.73 1.23 .39 3.17 1.47 

.0093 4.32 1.18 .42 2.85 1.42 

.0089 4.55 1.21 .38 3.17 1.47 

.0087 4.74 1.23 .35 3.49 1.52 

.397 14.8 

.395 14.5 

.38 14.6 

.378 12.8 

.347 13.5 

.333 12.4 

.315 11.9 

.314 11.2 

.312 11.5 

.296 11.2 

.295 10.7 

.28 10.8 

.279 11 

.027 1.58 7450 

.027 1.58 7350 

.026 1.53 7450 

.03 1.44 6960 

.026 1.28 7300 

.027 1.43 6850 

.027 1.44 6670 

.028 1.52 6340 

.027 1.39 6520 

.026 1.4 6440 

.028 1.51 6190 

.026 1.38 6300 

.023 1.28 6390 

0 
0 



t 	c 	p dp/dt d8 	U 

1.39 .45 .084 .053 1.79 27.7 

1.75 .58 .102 .053 1.77 27.5 

2.11 .72 .118 .0506 1.75x 27.4 

2.47 .92 .14 .0506 1.72 27.3 

2.83 1.12 .158 .046 1.7 27.2 

3.19 1.3 .172 .0437 1.68 27 

3.55 1.47 .188 .0415 1.66 27 

3.91 1.65 .202 .0391 1.64 26.9 

4.27 1.8 .216 .0391 1.62 26.8 

4.63 1.96 .228 .0368 1.60 266 

4.99 2.1 .24 .0368 1.58 26.6 

5.35 2.23 .252 .0345 1.57 26.5 

5.71 2.37 .264 .0322 1.55 26.4 

POUVB A0  a b B 2a/d8  kLA  A kL 0d  Re08 

V0(P0+h) 08 

.0109 5.91 1.37 .44 3.12 1.53 .391 14.4 .027 1.5 7350 

.0106 5.35 1.3 .46 2.83 1.47 .389 13.4 .029 1.59 6940 

.0103 5.29 1.29 .45 2.87 1.47 .372 13.2 .028 1.57 6840 

.0098 4.52 1.2 .44 2.73 1.39 .37 11.3 .033 1.55 6360 

.0095 4.65 1.22 .42 2.94 1.43 .34 11.3 .030 1.49 6430 

.0092 4.73 1.23 .39 3.12 1.47 .324 11.3 .029 1.4 6440 

.0089 4.56 1.2 .59 3.05 1.45 .309 10.9 .028 1.4 6290 

.0086 4.89 1.25 .35 3.54 1.2 .292 11.3 .026 1.27 6500 

.0084 4.6 1.21 .36 3.32 1.49 .291 10.8 .027 1.31 6300 

.0081 3.81 1.1 .42 2.62 1.37 .275 9.6 .029 1.55 5680 

.0079 4.6 1.21 .34 3.56 1.53 .274 10.6 .026 1.25 6250 

.0077 3.68 1.08 .41 2.62 1.38 .258 9.3 .028 1.53 5550 

.0075 3.66 1.08 .40 2.7 1.39 .243 9.1 .027 1.51 5510 

OD 

Run No. 36 

Atm. Press., Po  a 401 ma. H20 

Water Temp., T 	a 1900 

Pool Depth, H1, 	a 120 ma. 

Chart Speed a 2.3 oma./seo* 

H/It1? a 1.035 co/cc 
	V : 27.3 one./see. 

Vo/P0  a 5.91 cc/In. H.0 
	

day t 1.61 ems, 

d in  z 1.88 me. 	 Uav a 27.8 ems./sec. 

U in a 28.1 cma./aec. 



2.17 1.03 .15 .0562 1.72 27.3 .0118 4.6 1.21 .44 2.78 1.41 

2.53 1.28 .172 .0545 1.70 27.2 .0115 4.95 1.26 .39 3.23 1.48 

2.89 1.50 .19 .0505 1.68 27.1 .0111 4.55 1.2 .41 2.93 1.43 

3.25 1.7 .208 .0465 1.66 27 .0108 4.43 1.19 .41 2.91 1.43 

3.61 1.93 .226 .0485 1.65 26.9 .0106 4.76 1.23 .37 3.32 1.49 

3.97 2.12 .242 .0447 1.63 26.8 .0103 5.64 1.34 .30 4.46 1.64 

4.33 2.33 .26 .0407 1.61 26.7 .0099 4.26 1.17 .39 3 1.45 

4.69 2.52 .276 .0419 1.59 26.6 .0096  4.11 1.14 .39 2.92 1.43 

5.05 2.64 .292 .0407 1.57 26.5 .0093 4.1 1.14 .37 3.08 1.45 

5.41 2.74 .308 .0438 1.55 26.4 .009 3.93 1.11 .37 3 1.43 

5.77 2.83 .324 .0393 1.53 26.3 .0087 3.48 1.05 .41 2.57 1.35 

6.13 2.92 .34 .0393 1.5 26.1 .0082 4.18 1.15 .32 3.6 1.33 

.35 11.3 .031 1.55 6660 

.34 11.71 .029 1.38 6910 

.317 11 .029 1.48 6560 

.295 10.7 .028 1.47 6490 

.305 11.17 .027 1.34 6670 

.283 12.4 .023 1.09 7250 

.261 10.2 .026 1.44 6300 

.265 9.86 .027 1.44 6130 

.257 9.74 .026 1.38 6100 

.271 9.48 .029 1.39 5900 

.247 8.72 .028 1.55 5590 

.244 9.56 .026 1.23 6080 

0, 
r%.) 

Run No. 38 

Atm. Press., P. : 410 ins. H20 

Water Temp., ? : 20.600 

Pool Depth, H : 122.5 ins. 

Chart Speed 	: 2.33 oma./seo. 

H/R1T : 1.08 co/cc 

Vo'P0  z 4.76 cc/In. H20 

d1 	: 1.87 oma. 

Uin  : 28 can./see. 

17 z 27.1 ems./sec. 

t 	c 	p dp/dt de 	U 	P oB 	A0 	a b 
	

K 2a/d0  kLA A 	k  Cd Re 03 
V0 (P0+h) 



Run No. 41 

Atm. Frees., P. : 410 ins. H20 

Water Temp., T : 20.6 0C 

Pool Depth, H : 122.5 ins. 

Chart Speed 	: 2.33 ems./sec. 

t 	o 	p dp/dt d 	 U 

1.5 .69 .122 .0465 1.56 26.4 

1.86 .88 .138 .0465 1.54 26.4 

2.22 1.08 .156 .0442 1.2 26.2 

2.58 1.28 .172 .0442 1.50 26.1 

2.94 1.46 .188 .0419 1.48 26 

3.3 1.64 .202 .0419 1.46 25.9 

3.66 1.81 .216 .0395 1.44 25.8 

4.02 1.97 .23 .0372 1.42 25.7 

4.38 2.12 .242 .0372 1.40 25.6 

4.74 2.27 .254 .0326 1.38 25.5 

5.1 2.41 .268 .0279 1.36 25.4 

5.46 2.52 .276 .0279 1.34 25.2 

POUVE 
Y0 (P O4h) 

.0084 

.0081 

.0078 

• 0076 

.0073 

.0070 

.0068 

.0065 

.0063 

.006 

.0058 

.0055 

WR1T : 1.08 co/cc 

Vo/P0  : 4.76 Cc! in. 

din 	2 1.70 cum. 

Uln 	: 27.2 cms./Bec.  

4.45 1.19 .34 3.55 1.53 

4.25 1.16 .34 3.44 1.51 

3.44 1.05 .4 2.62 1.38 

3.58 1.07 .37 2.89 1.43 

4.12 1.14 .31 3.68 1.54 

3.8 1.11 .32 3.45 1.52 

3.42 1.04 .34 3.03 1.45 

3.28 1.02 .34 2.98 1.44 

3.54 1.06 .31 3.48 1.51 

3.25 1.02 .32 3.19 1.47 

3.35 1.03 .3 3.49 1.51 

2.66 .92 .36 2.58 1.37 

17 	: 26.4 cms./seo. 

d ay  : 1.37 01718. 

1av : 25.9 ems. 

.282 10.5 .027 1.28 6340 

.28 9.87 .028 1.28 6170 

.267 8.66 .03 1.53 5560 

.265 8.74 .03 1.42 5650 

.252 9.39 .027 1.2 5990 

.25 8.87 .028 1.3 5790 

.237 8.2 .029 1.34 5410 

.225 8.49 .027 1.35 5290 

.224 8.21 .027 1.24 5490 

.199 7.69 .026 1.29 5260 

.173 7.76 .022 1.22 5270 

.171 6.7 .026 1.48 4680 

A0 	a b 	B 2a/de  kLA A 	k  C4  Re 
08 

r) 
OD 



13.8 2.1 

13.2 2.05 

13 2.03 

12.86 2.03 

11.66 1.93 

11.32 1.9 

12.16 1.97 

12.75 2.02 

11.8 1.94 

11.8 1.94 

11.3 1.9 

11.2 1.89 

11.4 1.91 

.64 3.28 1.57 

.65 3.15 1.55 

.65 3.13 1.54 

.65 3.13 1.55 

.69 2.8 1.48 

.7 2.72 1.45 

.66 2.99 1.51 

.63 3.2 1.55 

.66 2.94 1.5 

.66 2.94 1.5 

.68 2.8 1.47 

.68 2.78 1.47 

.66 2.89 1.49 

.562 32.8 

.559 31.7 

.558 31.4 

.t25 31.2 

.525 29.3 

.494 28.7 

.462 29.7 

.465 30.8 

.433 29.2 

.446 29.1 

.465 28.5 

.434 28 

.45 28.4 

.017 

.018 

.018 

.017 

.018 

.017 

.016 

.015 

.015 

.015 

.016 

.016 

.016 

cc 
S 

Run No. -  54 

Atm. Press., P : 397 inz. H 20 

Water Iep., T z 19.1 °C 

Pool Depth, R : 119 ins. 

Chart Speed 	: 2.3 oms./sec. 

U : 31.3 ems./sec. 

day : 2.62 ems. 

Uav : 31 ems./aec. 

2a/de  kLA 	A p dp/dt d5 	U  

.136 .046 2.67 31.4 

.15 .046 2.65 31.3 

.166 .046 2.64 31.3 

.182 .0414 2.63 31.2 

.196 .0414 2.62 31.2 

.208 .0368 2.61 31.2 

.22 .0322 2.60 51.1 

.232 .0322 2.60 31.1 

.246 .0276 2.59 31.1 

.258 .0299 2.58 31 

.268 .0322 2.58 31 

.278 .0276 2.57 31 

.288 .0299 2.56 31 

I OUVB 
V0 (P0+h) 

.039 

.0385 

.0382 

.038 

.038 

.038 

.0378 

.0381 

.0379 

.0377 

.0382 

038 

0381 

H/R1T : 1.04 cc/cc 

Vo/P0  : 6.36 cc/in. 1120  

din : 2.73 ems. 

TI 	: 31.6 cm./eec. in 

A0 	a 
	

b 	E 



Run Wo, 55 

Atm. Press., P. : 397 Ins. H20 H/R1T : 1.04 cc/cc V : 31.6 cma./sec. 

Water teap., T 	z 19.1°C Vo/P0  : 6.36 cc/In. H20 

Pool Depth, H 	 : 119 ins. d1  : 2.82 ass. 

Chart Speed : 2.3 CNS./sec. Uin : 31.9 ass./sec. 

t c p dp/dt de U POUVB A0  a b E 2a/de  kLA A kL  
V(P 0+h) 

1.52 .75 .136 .0503 2.75 31.7 .043 14.7 2.16 .66 3.28 1.57 .018 34.8 .018 

1.88 .93 .152 .0503 2.74 31.6 .0425 14.2 2.13 .67 3.18 1.56 .613 34 .018 

2.24 1.15 .17 .0483 2.73 31.6 .0428 13.3 2.06 .7 2.95 1.51 .602 32.7 .018 

2.6 1.33 .186 .046 2.72 31.6 .0425 13.5 2.08 .68 3.06 1.53 .586 33 .018 

2.96 1.53 .202 .0437 2.72 31.6 .0432 13.4 2.07 .68 3.04 1.52 .574 32.9 .018 

3.32 1.72 .218 .046 2.71 31.5 .0414 13.2 2.05 .69 2.97 1.51 .579 32.3 .018 

3.68 1.9 .232 .0437 2.7 31.5 .0429 13 2.04 .69 2.95 1.51 .572 32 .018 

4.04 2.06 .246 .0414 2.69 31.4 .0424 12.5 2 .7 2.86 1.48 .554 31.2 .018 

4.4 2.24 .262 .0414 2.68 31.4 .0425 12.3 1.98 .7 2.83 1.48 .554 30.9 .018 

4.76 2.41 .276 .0368 2.67 31.4 .0425 12.7 2.02 .68 2.96 1.51 .525 31.1 .017 

5.12 2.56 .288 .0414 2.66 31.3 .0423 12.2 1.97 .69 2.86 1.48 .552 30.5 .018 

5.48 2.65 .302 .0322 2.65 31.3 .0424 12 1.96 .69 2.84 1.48 .493 30.2 .016 

5.84 2.74 .316 .0368 2.64 31.3 .042 12.4 1.99 .67 2.97 1.51 .52 30.5 .017 

Ui 
S 



Run No. 56 

Atm. Press., P0  : 397 ion. H20 H/R1T : 1.04 cc/cc U 	: 31.3 oa./aec. 

Water Temp., T 	: 19.1° C Vo/P0  : 6.36 cc/in. R 20 day  : 2.6 ems. 

Pool Depth, H 	 : 119 ins. d1  : 2.72 ems. Uay : 31.1 oma./sec. 

Chart Speed : 2.3 cme./sec. Uin : 31.6 cme./seoe 

t c p dp/dt d e U P oB A0  a b 3 2a/d5  kLA A kL  

1.92 1.07 .164 .0414 2.64 31.3 .0364 13.5 2.08 .63 3.31 1.58 .514 32.2 .016 

2.28 1.25 .18 .0414 2.63 31.2 .0378 12.8 2.02 .65 3.11 1.53 .524 31.1 .017 

2.64 1.4 .192 .0368 2.62 31.2 .0376 12.4 1.99 .66 3.02 1.52 .492 30.3 .016 

3 1.58 .206 .0368 2.61 31.2 .0377 12.2 1.97 .66 2.98 1.52 	• 493 30 .016 

3.36 1.71 .216 .0368 2.60 31.1 .0375 12.5 2 .64 3.12 1.54 .491 30.4 .016 

3.72 1.88 .232 .0368 2.59 31.1 .0372 12.1 1.96 .65 3.02 1.52 .489 29.6 .017 

4.08 2.02 .242 .0368 2.59 31.1 .0375 12.4 1.99 .64 3.11 1.54 .491 30 .016 

4.44 2.2 .258 .0414 2.58 31 .0375 11.6 1.92 .67 2.87 1.49 .521 28.8 .018 

4.8 2.38 .272 .0368 2.57 31 .0374 11.7 1.93 .66 2.93 1.5 .49 28.8 .017 

5.16 2.50 .284 .0414 2.56 31 .0374 11.4 1.91 .66 2.89 1.49 .52 28.5 .018 

5.52 2.61 .296 .0368 2.55 30.9 .0371 11.2 1.89 .66 2.87 1.48 .488 28 .017 

5.88 2.69 .308 .0322 2.55 30.9 .0375 11.3 1.9 .66 2.88 1.49 .46 28.2 .016 

624 2.78 .322 .0322 2.54 30.9 .0372 11.1 1.88 .66 2.85 1.48 .459 27.7 .017 

0 
0, a' 



.63 3.05 1.52 

.63 3 1.51 

.62 3.08 1.54 

.62 3.07 1.53 

.61 3.1 1.53 

.64 2.82 1.46 

.64 2.83 1.48 

.61 3.05 1.53 

.61 3.02 1.52 

.62 2.9 1.49 

.59 3.15 1.55 

.65 2.66 1.44 

.65 2.65 1.44 

.548 28.2 

.51.4 27.6 

.512 27.7 

.512 27.5 

.511 27.3 

.48 26 

.48 25.8 

.445 26.3 

.474 25.9 

.444 25.1 

.473 25.9 

.445 24 

.473 23.7 

.019 

.019 

.019 

.019 

.019 

.018 

.019 

.017 

.018 

.018 

.018 

.019 

.02 

-4 

Run No. 57 

Atm. Press., P. : 397 ian. H20 

Water Temp., T : 19.1°C 

Pool Depth, H : 119 ins. 

Chart Speed 	t 2.3 oms./sec* 

H/ R1T : 1.04 cc/co 

To/P0  : 6.36 cc/in. 1120  

din 	: 2.6 ama. 

UirL 	: 31.2 eme./oec. 

b 

U : 30.8 cms./aec. 

day : 2.45 ems. 

Uav s 30.7 cms./aec. 

E 2a/de  kLA 	A 	k jo  
p dp/dt  de 	U  

.152 .0506 2.52 30.8 

.168 .046 2.5 30.8 

.182 .046 2.49 30.7 

.2 .046 2.48 30.7 

.218 .046 2.47 30.6 

.232 .0414 2.46 30.6 

.246 .0414 2.45 30.6 

.26 .0368 2.43 30.5 

.276 .0414 2.42 30.4 

.286 .0368 2.41 30.4 

.3 .0414 2.4 30.4 

.314 .0368 2.4 30.4 

.324 .0414 2.39 30.3 

poUv3  
V0 (PO4h) 

.0323 

.0318 

.0315 

.0315 

.0314 

.0314 

.0312 

.0305 

.0303 

.0304 

.0302 

.0305 

.0302 

a 

11.6 1.92 

11.2 1.89 

11.5 1.91 

11.3 1.9 

11.2 1.89 

10.2 1.8 

10.3 1.81 

10.8 1.86 

10.6 1.84 

10.2 1.8 

10.8 1.86 

9.36 1.73 

9.24 1.72 



Run No. 58 

Ata, Press., Po  s 397 ins. H0 H/R 1T : 1.04 cc/co 11 	: 30.8 ems./sec. 

Water Temp., T 	: 19.1°C Vo/?0  : 6.36 co/in. H20 day 1 2.47 ens. 

Pool Depth, H 	 : 119 ins. d in  : 2.62 ems. Uay : 30.6 e,ta./eec. 

Chart Speed : 2.3 cras./seo. Uin : 31.2 ems./sec. 

t c p dp,/dt de  u POUVB Ac  a b E 2a/d5  kLA it kL  
V+h) 

L.59 1.03 .16 .0551 2.52 30.8 .032 13.9 1.95 .62 3.15 1.54 .577 29.3 .02 

L.95 1.22 .176 .046 2.51 30.8 .0522 11.3 1.9 .64 2.97 1.51 .518 27.6 .019 

2.31 1.42 .192 .0506 2.50 30.8 .032 11.2 1.88 .63 2.98 1.5 .546 27.5 .02 

.67 1.62 .21 .046 2.49 30.7 .0316 11.4 1.91 .62 3.08 1.53 .513 28.1 .018 

5.03 3.8 .224 .0414 2.47 30.6 .0313 10.8 1.86 .63 2.95 1.51 .48 26.7 .018 

3.39 1.99 .24 .046 2.46 30.6 .0312 10.9 1.86 .62 3 1.51 .51 26.7 .019 

5.75 2.18 .256 .0368 2.45 30.6 .0311 10.2 1.8 .64 2.81 1.47 .449 25.7 .017 

1.11 2.33 .268 .0368 2.44 30.5 .0307 11 1.87 .61 3.07 1.53 .446 26.5 .017 

(.47 2.49 .28 .0414 2.43 30.5 .0308 10.6 1.84 .62 2.97 1.52 .478 26 .018 

(,83 2.62 .298 .0414 2.42 30.4 .0305 10.8 1.86 .6 3.1 1.54 .475 26.2 .018 

5.19 2.7 .31 .0368 2.41 30.4 .0305 9.7 1.76 .64 2.75 1.46 .445 24.6 .018 

.55 2.78 .322 .0368 2.4 30.4 .0305 9.9 1.78 .63 2.83 1.48 .445 24.7 .018 

.91 2.85 .332 .0368 2.4 30.4 .0306 9.4 1.73 .65 2.66 1.44 .445 24 .019 

r'3 
OD 
OD 



.924 38.6 .024 

.38 38 .023 

.809 37.5 .022 

.844 39.1 .022 

.78 37.4 .021 

.181 36.8 .021 

.736 36.6 .02 

.698 36.5 .019 

Run No. 60 

Atm. Press., P0  : 391 ins. H 2  0 

Water Temp., T : 17°C 

Pool Depth, H : 114 ins. 

Chart Speed 	: 2.29 oma./sec. 

: 0.983 cc/co 

Vo/P0  : 9.19 cc/In. R20 

d in 	: 3.13 ems. 

win : 32.9 ems./sec. 

17 : 32.5 ems./sec. 

oB 
0 (P0+h) 

.0385 

.038 

.0377 

.0379 

.0378 

.0379 

.0377 

.0375 

t c p dp/dt d0  U 

?.8 2.75 .312 .0636 2.92 32.2 

5.16 2.89 .336 .0596 2.9 32.2 

5.52 2.99 .354 .0517 2.89 32.1 

5.88 3.11 .374 .0556 2.88 32.1 

1.24 3.21 .392 .0477 2.87 32.1 

1.6 3.31 .408. .0477 2.86 32 

1.96 3.39 .422 .0438 2.85 32 

.32 3.48 .44 .0397 2.84 32 

A0 	a 	b 

16.1 2.26 .71 3.18 1.55 

15.8 2.24 .71 3.15 1954 

15.5 2.22 .71 3.12 1.54 

16.5 2.29 .67 3.42 1.59 

15.5 2.22 .7 3.17 1.54 

15.3 2.21 .71 3.11 1.54 

15.2 2.2 .7 3.14 1.54 

15.2 2.2 .09 3.18 1.55 

E 2a/d5 kLA 	A 	kL  



in No. 61 

Atm. Press., P. $ 391 iris. H20 	H/R1T z 0.983 cc/cc IY : 	32.7 oms./Bec. 

Water Temp., T 	: 17°C Vo/P0  : 9.19 cc/in. H20 day : 	3.03 cm. 

ioo1 Depth, R, z 114 ins. d1  : 	3.17 ems. Uav : 	32.6 cInB./seO. 

Chart Speed : 2.29 ce./aec. Uin $ 	33 ems./sec. 

t c p dp/dt de  U POUVB A0  a b E 2a/d5  kA A 

V0  (P0  +h ) 

.96 .57 .122 .0688 3.09 32.8 .044 17.8 2.38 .76 3.13 1.54 1.02 43 .024 

1.32 .68 .144 .0596 3.07 32.7 .0444 18 2.39 .75 3.19 1.56 .94 42.7 .022 

1.68 .81 .17 .0688 3.06 32.7 .0444 17.5 2.36 .75 3.15 1.54 1.02 42.4 .024 

?.04 1.02 .192 .0596 3.05 32.6 .0441 17.4 2.35 .75 5.13 1.54 .936 42 .022 

.4 1.21 .214 .0596 3.05 32.6 .044 17.8 2.38 .73 3.26 1.57 .936 42.3 .022 

.76 1.39 .232 .055 3.03 32.6 .044 16.8 2.32 .76 3.05 1.53 .894 40.9 .022 

3.12 1.56 .252 .0504 3.01 32.5 .0437 17.1 2.53 .74 3.15 1.55 .85 41 .021 

3.48 1.72 .268 .0504 3 32.5 .0435 17.2 2.34 .73 3.2 1.56 .85 41 .021 

5.84 1.84 .282 .0481 2.99 32.5 .0434 16.6 2.3 .74 3.11 1.54 .826 40 .021 

1.2 2.01 .30 .0459 2.98 32.4 .0434 16.2 2.27 .74 3.06 1.52 .808 39.5 .02 

1.56 2.13 .314 .0435 2.97 32.4 .0434 15.7 2.24 .76 2.95 1.51 .784 38.6 .02 

(.92 2.24 .326 .0413 2.96 32.4 .0435 16.4 2.29 .73 3.14 1.54 .766 39.5 .019 

5.28 2.37 .34 .0413 2.95 32.4 .0435 16.5 2.29 .72 3.18 1.55 .766 39.5 .019 

0 
0 



Run !o. 61 

Atm. Pre8. 9  P0 & 391 ins. U2  
Water Temp., T : 17°C 

Pool Depth, H : 114 ma. 

Chart Speed 	: 2.29 cm8./eec. 

H/R1T 983 co/cc 

Vo/P0  : 9.19 cc/in. H20 

d1 	: 3.1 ems. 

Uin 	: 32.8 ems./sec. 

V : 32.4 ome./eec. 

day : 2.95 cm. 

Uay : 32.5 cms./aec. 

t a p dp/dt de  U k O JIIB 
V0  (PO  +h) 

2.54 1.36 .23 .0616 2.95 32.4 .0395 

2.9 1.57 .252 .0542 2.94 32.3 .0393 

3.26 1.7 .266 .0419 2.93 32.3 .0394 

3.62 1.84 .282 .0395 2.92 32.2 .0392 

3.98 1.98 .298 .0395 2.9 32.2 .0389 

4.34 2.11 .312 .0395 2.89 32.2 .0387 

4.7 2.23 .324 .037 2.88 32.1 .0386 

5.06 2.35 .338 .0345 2.87 32.1 .0388 

5.42 2.46 .35 .0345 2.86 32 .0387 

A0  a b K 2a/d e  kLA A 

16.2 2.27 .73 3.11 1.54 .903 39.1 .023 

16.6 2.3 .73 3.15 1.56 .844 39 .022 

16.3 2.28 .71 3.21 1.56 .735 39.1 .019 

16.5 2.29 .7 3.27 1.57 .71 39.2 .018 

16.2 2.27 .7 3.24 1.56 .709 38.5 .018 

15.9 2.25 .7 3.22 1.56 .708 38 .019 

15.4 2.22 .71 3.13 1.54 .681 37.5 .018 

15.2 2.2 .71 3.1 1.53 .662 36.8 .018 

15.9 2.25 .68 3.31 1.57 .662 38 .017 
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Appendix Cs The Velocities of Carbon-Dioxide Bubbles in Distilled 

Water 

All the velocity runs were carried out in the experimental mass-

transfer column s  which was 4" ir inside diameter. The velocities 

were obtained over a range of water temperatures of 18.3 to 21.2 °C. 

Water Temp. : 18.30C 

de ems. 	* 1.00 1.08 1.09 1.14 1.15 1.17 1.18 1922 1.25 

U oma./aec. : 22.7 23.2 24.2 24 	24.6 24.5 24.8 24.4 24.8 

de 2 1.31 1.47 

U 2 24.7 25.1 

Water Temp. 8 18.40C 

de 	0.59 0.63 

U s 20.7 21.2 

Water Temp. 19°C 

d e 	0.57 0.62 0.66 0.67 0.68 0.69 0.70 0.72 0.73 0.74 

15 ; 20.7 20.6 20.8 21.6 21.9 21.2 20.8 21.4 21.4 21.9 

de : 0.74 0.75 0.75 0.76 

U 	: 21.6 21.5 21.8 21.7 

'at.r Temp. : 19.600 

s 0.56 0.59 0.61 0.61 0.63 0.66 0.66 0.67 0.73 0973 

U ; 20.8 20.8 20.8 21.5 20.8 20.6 21.4 20.8 210 21.5 
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Water Temp. z 19.8 C C 

$ 2.57 2.64 2.66 2.69 2.74 2.79 2.85 2.85 2.95 

U : 31.5 31.2 31.1 31.2 31.7 31.7 32.5 32 	31.9 

Water TemD. : 200C 

d 1 0.73 0.75 0.79 0.82 0.83 0.86 0.91 0.92 0.93 0.93 0.97 

U 1 22.1 22 	22.3 22.7 22.3 22.9 23.5 23 	22.8 22.9 23.2 

Water Temp. s 21 0C 

d e 	0.7 	0.72 0.73 0.76 0.81 0.85 0.87 0.89 0.93 0.95 0.96 

U : 21.4 21.9 22 	19.7 21.1 20.8 22.1 22.2 22.4 22.4 22.3 

do  t 1.01 1.05 1.08 1.08 1.09 1.09 1.1 1.2 

U 	i 22 23.2 22.9 23.3 23.2 23.7 23 24.4 

water Temp. s 21.100 

de  : 1.13 1.27 1.33 1.37 1.42 1.42 1.43 1.49 1.50 1.52 1.53 

U s 24.3 23.8 24.8 24.7 25.1 25.6 26.2 26.3 26.1 27.4 26.2 

de  z 1.56 1.58 1.58 1.61 1.70 1.74 1.76 1.79 1.83 1.86 1.88 

U 26.5 26.7 26.7 26.5 27.8 27.2 27.3 27.7 28 28.3 28.8 

d o 	1.95 1.97 

U : 28.3 28.6 

Water - Temp. - 21.2   0 

s 1.72 1.84 1.91 1.98 1.99 1.99 2.02 2.04 2.06 2.09 

U s 26.8 27.7 27.5 28.3 28.8 29.2 28.7 28.1 26.8 28.7 
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ppendix Di Re-tabulated Transfer Data 

A].l the following tables were produced from results in the data 

sheets in Appendix Be The tables show the effect of bubble age, t o  

and eccentricity, B, on the transfer product, kLA, and coefficient, 

for bubbles of fixed equivalent diameters, d 5 . 

Table D 1 : d 5 z 0.5 °"' 

d (ems.) s 	0.5 0.5 0.51 0.5 

k L  A (cm. 3/aeo.) : 	.021 .019 .02 .021 

k  (cm./sec.) s 	9027 .025 .025 .027 

t (see.) ; 	3.21 3.72 4.37 4.93 

B i 1.28 1.36 1.13 1.16 

Table D 2 z d 5 z 0.55 ems. 

de 	1 .56 .56 .54 .55 .55 .6 .56 

kLA $ .03 .03 .026 .027 .026 .027 .026 

.03 .03 .027 .028 .026 .027 .025 

t 	: 1.77 2.29 2.65 3.30 3.85 4.27 5.1 

B 	$ 1.29 1.25 1.57 1.12 1.38 1.38 1.65 

Table D 3 $ d 0  0.60 ems. 

.6 .61 .59 .6 .61 .6 59 

kLA s .034 .034 .036 .033 .036 .028 .028 

kL  .03 .03 .032 .028 .029 .025 .024 

t 	s 2.23 2.41 2.77 3.55 4.01 4.26 4.35 

B 	: 1.23 1.64 1.40 1.85 1.85 1 1.80 
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Table D 4 : de= 0.65 ems, 

d 	s .65 .65 .65 .65 .66 

kLA ; .042 .034 .039 .034 .043 

k L  .029 .024 .028 .025 .03 

t 	: 1.69 2.32 2.46 3.15 3.28 

B 	z 2.05 1.87 1.74 1.41 1.82 

Table D 5 1 d 	0.70 ems. 

d e  0.70 .7 .71 

kLA .05 .043 .044 

: .032 .027 9027 

t 	* 1.23 3.63 4.77 

B 	: 1.37 1.54 1.68 

Table D 6 1 d 0.75 ems. 

d 	s .74 .74 .76 .74 .75 a 

kLA , .055 .05 .049 .046 9044 

: .029 .028 .025 .024 .023 

t 	s 2.53 2.9 3.69 4.05 5.86 

B 	s 1.77 1.54 1.88 2.18 1.96 

Table D 7 * d ' 	 0.80 ama. 

: .80 .81 .79 .80 

kLA .060 .057 .058 .053 

kL 	s .029 .025 .028 6024 

t 	: 1.8 2.61 2.97 4.43 

: 1.56 1.96 1.68 2.04 
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Table D 8 	ci .55 one. 

de  156 1.54 1.55 1.55 

kLA a .28 .28 .27 .243 

k L .027 .028 .029 .027 

t 	a 1.50 1686 5.41 5.71 

S 	a 3.55 5.44 3 2.70 

Table D 9  a 1.60 oma. 

de 	$ 1.61 1.60 1.59 

kLA a .26 .28 .27 

kL $ .026 .029 .027 

t 	a 4.33 4.63 4.69 

E 	a 3 2.62 2.92 

Table D10 & 1.65 oma. 

a 1.66 1.65 3.64 1.66 1.64 1.66 

kLA 1 .31 .31 .29 .30 .28 .30 

kL 	a .028 .027 .026 .028 .026 .028 

t 	a 3.55 3.61 3.91 4.78 5.14 6.19 

S 	a 3.05 3.32 3.54 2.85 3.17 3 

Table Dli a d 1.70 cmso 

d e 	a 1.7 1.7 1.71 1.69 1.7 

kLA 2 .34 .34 .31 .31 .32 

a .029 .03 .028 .027 .029 

t 	a 2.53 2.83 3.7 4.06 5.11 

S 	a 3.23 2.94 2.76 3.18 2.5 
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Table D 12 : 1.75 ems. 

d 	: 1.75 1.75 1.75 1.75 

k1 A .37 .33 .35 .31 

k  .028 .027 .03 .026 

t 	: 2.11 2.98 4.03 6.21 

3 	: 2.87 3.19 2.63 3.00 

Table D 13 : 	1080 ems. 

z 1.79 1.81 1.79 1.81 1.79 1.80 

kLA s .39 .38 .38 .33 

.027 .026 .03 .027 .027 .025 

t 	: 1.39 1.90 2.26 2.95 3.31 5.13 

B 	s 3.12 3.07 3.1 3.23 3.15 3.4 

Table D 14 8 d e  1.85 ama. 

8 1.84 1.85 1.86 1.84 

kLA : .40 .42 .39 .36 

k1  .027 .029 .025 .024 

t 	s 1.18 2.23 3.69 4.05 

E 	8 2.93 2.76 3.2 2.92 

Table D 1 : 	2.40 ems. 

de 	1 2.4 2.4 2.4 2.4 

kLA 8 .47 .45 

ICL 	: .018 .018 .019 .019 

t 	$ 5.3 5.55 5.66 5.91 

B 3.15 2.83 2.66 2.66 
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Table D 16 : d e 	2.55 os. 

$ 2.55 2.56 2.55 

kLA * .49 .45 .46 

.017 .016 .016 

t 	: 5.52 5.86 5.88 

E 	* 2.87 2.89 2.88 

Table D 17 s 	2.60 oma. 

$ 2.6 2.6 2.6 

kLA : .49 .46 .47 

kL 	8 
.016 .016 .015 

t 	i 3.36 3.70 4.06 

E 	s 3.12 2.99 3.2 

Table D 18 : ci 	2.65 ems. 

d e 	1 2.65 2.64 2.65 

kLA s .56 .51 .49 

s .018 .016 .016 

t 	$ 1.90 1.92 5.48 

E 	s 3.15 3.31 2.84 


