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Abstract

Selected properties of weakly anharmonic ionic 

crystals are investigated by extending the shell model 

description of the harmonic crystals with the aid of 

the techniques of diagrammatic perturbation theory.

The dielectric properties of an anharmonic crystal 

are discussed. Calculations are presented which show 

that the marked structure observed around the longi 

tudinal optic mode frequency in the infra-red reflec 

tivity spectrum of alkali halide thin films can be 

largely attributed to corresponding structure in the 

self-energy of the transverse optic mode. The self- 

energy of this mode in potassium bromide is investigated 

in considerable detail in an attempt to understand the 

observed temperature-dependence of the mode line-width. 

It is shown, in particular, that a higher-order an 

harmonic process makes a relatively important contribution 

to the line-width, tecause of the occurrence of a minimum 

in the tvo-r>honon density of states :<nd a maximum in 

the three -phonon density of states close to the transverse 

optic mode frequency,

A description is sriven of <- u e essential content of 

a simple theory of Hainan scattering by phonons , developed 

by the author elsewhere. The theory is banrd on the 

framework of an anharmonic shell model, extended to 

allow for further anharmonic interactions of an intra- 

ionic character. The model then provides a conceptually
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simple representation of the modification of the 

crystal polarisabillty produced by the motion of the 

ions. The results of calculations of necond-order 

Hainan spectra in alkali halides are reviewed in the 

light of the recent work of other authors. The effects 

of phonon-nhonon interaction on two-phonon Raman 

scatterinr are also briefly conr,idnred.

The enharmonic properties of strontium titanate 

are Investigated theoretically, with particular 

emphasis on the 105°K structural phase transition. The 

Landau-like soft mode theory Is examined with the aid 

of a detailed nodel of the crystal dynamics, extended 

to allow for enharmonic Interactions between oxygen 

ions and their strontium and titanium nearest neighbours, 

The parameterization of the intertitonic potentials 

is effected with the aid of a phenoirienolopical model of 

the phase transitIon. Calculations of the temperature- 

dependence of the zone-boundary soft mode frequency, 

its line-width, and the bulk reflectivity of the crystal 

are fount 1 to give good ag-reenent with experiment. The 

limitations of phenomenologlcal models of structural 

phase transitions are discussed in the light of the 

results of further calculations.

The breakdown of the simple soft mode theory of 

the 105°K phase transition is d'^cussed with the aid 

of the techniques of the renorr.alisatlon p,roup and the 

e-expansion. The analysis demonstrates theoretically
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the important r61e played by critical fluctuations 

at such a phase transition, and .lupice-its t lat a first 

approximation to the behaviour of the system close to 

the critical temperature is afforded \<j the isotropic 

three-dimensional lieisenberR; mod^l of an antiferro- 

magnet.
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CKAPTEP 1

Anharnonic theory - its structure and fundamental problems

1.1 Preamble.

1.2 The structure of the theory.

1.3 The Rtatus of harmonic models.

I.ft The determination of anhamonic parameters.

1.5 The complexity of the anharmonic couplinr coefficients.

1.6 The rate of convergence of the perturbation theory.

1.7 The aim of this work.
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1.1 Preamble

The properties of ionic crystals discussed in the 

succeeding chapters have one point in common: the 

description of each requires consideration of a crystal 

Kamiltonian containing terms higher than second-order 

in atomic or pseudo-electronic displacement coordinates. 

These properties are called anharmonic. They are quite 

diverse: those discussed here include the dielectric 

properties of ionic solids, Raman scattering by phonons, 

the strong temperature-dependence of certain modes of 

vibration in perovskite crystals, and interactions between 

"critical" fluctuations near a structural phase transition. 

In view of this diversity, and of the recurring theme 

of anharmonic interactions, it seems appropriate to 

preface this work with a general discussion of anharmonic 

properties, postponing to appropriate chapters more 

detailed introductions to the specific problems considered. 

This introductory chapter is therefore intended simply 

to illustrate the basic structure of the theory, to 

emphasize its more recalcitrant problems, and to indicate 

the relevance to these problems of the particular topics 

discussed later.

1. 2 The structure of the theory

The formal basis of the theory of anharmonic effects 

in crystals is the Adiabatic Approximation of Born and



- 3 -

Oppenheimer (1927), which establishes the existence of 

an effective crystal potential that is a function only 

of the nuclear coordinates. Were the functional form 

of this potential known, all dynamical crystal properties 

could, in principle, be calculated. In practice, the 

lack of any satisfactory first-principles treatment of 

this potential condemns the solid-state theorist inter 

ested in crystal dynamics to an aesthetically unsatisfying 

consideration of the potential function's Taylor series 

expansion, the coefficients of which have to be determined 

by relating them to appropriate observables.

Within the "harmonic approximation" only terms of 

second-order are retained in the expansion of the crystal 

potential: the coefficients of these terms constitute 

the parameters of a harmonic model of the crystal. The 

development of such a model is a prerequisite for a 

description of anharmonic properties: thus the problems 

of harmonic crystal theory are an important subset of the 

problems of the anharmonic theory, as discussed below. 

The development of the harmonic models used in this work 

is outlined in Chapter 2.

The transformation which, in the harmonic approximation, 

diagonalises the crystal Hamiltonian and yields solutions 

to the equations of motion for the nuclei in terms of 

linear super-positions of normal modes of vibration, no 

longer diagonalises the Hamiltonian when anharmonic terms 

in the potential energy are retained. Since the off-



diagonal elements, associated with coupling between the 

normal modes, are usually small, a description of the 

properties of an anharmonic crystal can be developed 

with the aid of perturbation theory.

Historically this programme was initiated by Mie 

(1903), who considered the effects of anharmonic inter 

actions on the equation of state of a simple cubic crystal. 

Subsequently, considerable work was performed by (among 

others) Born (1939, 19^3) and Bradburn (19^3) on one of 

the most obvious manifestations of anharmonic effects - 

the temperature-dependence of elastic constants. The 

effects of anharmonicity on the infra-red absorption in 

ionic crystals also attracted considerable theoretical 

interest (Born and Huang, 195^). A resume* of much of the 

work performed by I960 is given in the review article 

by Leib fried and Ludwig (1961).

Since that time considerable advances have been made 

in the development of more detailed theories of anharmonic 

properties. The surge in activity in the last decade may 

be attributed to three sources.

Firstly, the growth of the techniques of inelastic 

neutron scattering, pioneered by Brockhouse (1961), 

precipitated the development of ever more sophisticated 

models for the description of crystal dynamics in the 

harmonic approximation. This, in turn, v;as possible only 

by virtue of the second factor - the increasing avail 

ability of high-speed electronic computers which rendered
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practicable calculations that had previously daunted 

all but the most resolute of desk-calculator operators.

The third factor of significance was the develop 

ment of the techniques of many-body theory (Abrikosov et al. , 

1963; Maradudin and Fein, 1962; Cowley, 1963) which, 

with its diagrammatic aids, by-passes some of the 

difficulties associated with conventional perturbation 

theory, and generally renders the anharmonic theory more 

tractable. These techniques are employed throughout this 

work, and are outlined in Chapter 3. Detailed reviews 

have been given by Cowley (1963, 1968).

These advances, complemented by increasing expertise 

in experimental techniques such as light scattering, have 

made it possible to develop, and to subject to quantitative 

examination, theories of the effects of anharmonic inter 

actions on the modes of vibration of a crystal. Although 

some studies have been made of anharmonic effects in 

metals (Buyers and Cowley, 1969), inert gas crystals 

(De Vette et al., 1967) and covalent crystals (Cowley 

and Dolling. 1966; Jex 197D, most attention has been 

concentrated on the alkali group (Cowley, 1963; Cowley 

and Cowley, 1965, 1966), the class of solids which comes 

closest to realising the ideal of the ionic crystal. 

This work, too, is largely concerned with this group of 

crystals, together with the more complex, more physically 

interesting and probably less ionic perovckite class.

Even for the alkali halides, however, the determination
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of anharmonic properties proves to be considerably more 

demanding than the straightforward exercise in pertur 

bation theory it might appear to be in principle. In 

practice, the development of a coherent theory giving; 

a quantitatively satisfactory account of the dynamical 

properties of a real (= anharmonic) crystal encounters 

difficulties at several stages. These are outlined 

below.

1 . 3 The status of harmonic models

As indicated above, in the absence of an adequate 

theory of interatomic forces, the coefficients of 

expansion of the crystal potential energy, which specify 

the parameters of a harmonic model, are determined by 

requiring that the predictions of the resulting model 

are in accord with the observed values of (essentially) 

harmonic properties of the crystal. The observables in 

question consist almost exclusively of the frequencies 

of the normal modes of vibration, as determined by 

inelastic neutron scattering. As reviewed by Cochran 

(1971a),the programme of development of models satisfying 

this criterion has proved quite successful in the case 

of the alkali halides.

This criterion of acceptability of a harmonic model 

is, however, inadequate from two points of view. Firstly, 

as discussed in Chapter 3, the mode frequencies determined 

by neutron scattering experiments are not the true harmonic
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frequencies, but differ from these because of anharmonic 

interactions between the modes. This is usually not 

a particularly serious problem.

Potentially more serious is the central point emerging 

from the work of Leigh et al. (197D, namely that, in 

principle, a knowledge of all the mode frequencies is 

insufficient to determine uniquely the harmonic coeffi 

cients of expansion of the potential energy in even the 

simplest models, still less the parameters of the more 

sophisticated models described in Chapter 2. If these 

models are to be accorded anything more than the status 

of interpolation schemes for mode frequencies, it is 

necessary to establish that they describe not only the 

frequencies but also (Cochran, 19?lb) the polarisation 

properties of the normal modes. The determination of the 

mode eigenvectors by inelastic neutron scattering, is, 

however, no easy matter. Consequently it is of some 

interest that anharmonic interactions between modes of 

vibration depend, through coupling coefficients, on the 

eigenvectors of the modes, so that the degree of success 

of an anharmonic theory must reflect back on the eigen 

vectors of the harmonic model on which it is based. This 

is true of all the anharmonic properties considered here, 

but particularly of the theory of Raman scattering by 

phonons reviewed in Chapter 5. Unfortunately, the amount 

of information about mode eigenvectors contained in such 

results is limited by the fact that the majority of 

anharmonic effects are determined by the collective
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behaviour of all the normal modes.

A further contentious issue, relating to the status 

of harmonic models, concerns the pseudo-electronic 

degrees of freedom .Incorporated into the more sophisticated 

variants, the"shell model" (Dick and Overhauser, 1958) 

and the "breathing shell model" (Schroder, 1966). These 

degrees of freedom correspond to ionic deformations of, 

respectively, dipolar and radial character. It is a 

matter of some interest to establish the extent to which 

these pseudo-electronic coordinates actually describe 

the changes in the electronic distribution accompanying 

the motion of the nuclei in ionic crystals. Again, the 

theory of Raman scattering described here has some 

bearing on this issue.

1.4 The determination of anharmonic parameters

As if the satisfactory parameterisation of the second- 

order terras in the crystal potential were not, in itself, 

sufficiently demanding, the development of an anharmonic 

theory requires a parameterisation of the third- and 

fourth-order terms in the crystal potential. This con 

stitutes perhaps the most recalcitrant problem in numerical 

calculations of anharmonic effects and, in practice, 

requires sweeping assumptions about the form of the inter 

atomic potential - namely, that it is a two-body potential 

and that the dominant anharmonic interactions occur 

between nearest neighbours. The anharmonic parameters
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required to describe the coupling between the modes 

of vibration are then given in terms of a fev; deriva 

tives of the near-neighbour potential functions. 

Even then, there exists no wholly satisfactory method 

for determining the optimum values to be assigned to 

these parameters. This problem is studied in Chapter 4 

where it is shown that an examination of the dielectric 

properties of alkali halide thin films can be of some 

assistance in determining the parameters appropriate to 

these crystals. The problem recurs in the preliminaries 

to the calculations of the anharmonic properties of 

strontium titanate, discussed in Chapter 6.

1.5 The complexity of the anharmonic coupling coefficients

Once the coefficients in the expansion of the 

potential energy have been parameterised there remains no 

serious difficulty of principle in the calculation of 

anharmonic effects: the coupling coefficients describing 

the interaction between the modes of vibration are 

specified in terms of the wave-vectors, frequencies and 

eigenvectors of the modes in question, together with the 

anharmonic parameters. Difficulties of practice, however, 

remain, for these coefficients are often formidably 

complex. As a result some authors have been prompted to 

make approximations in which the mode-dependence of the 

coupling coefficients is, in effect, ignored. A similar 

approximation has been adopted by authors concerned with
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the theory of second-order Raman scattering by phonons: 

here the mode-dependence of the polarisability coeffi 

cients describing coupling of the radiation probe to 

the two-phonon continuum has, on occasions, been ignored, 

because of the absence of a satisfactory theory of these 

coefficients.

The results presented here emphasize the inadequacy 

of such approximations: the symmetry properties of the 

interactions, expressed through the mode-dependence of 

the coupling coefficients, must be treated correctly for 

an adequate account of anharmonic phenomena.

1.6 The rate of convergence of the perturbation theory

In general, the calculation of anharmonic properties 

of phonon systems is considerably simplified by virtue 

of the rapidity with which the (diagrammatic) perturbation 

theory converges. There are occasions, however, when 

the inclusion of only the lowest-order terms in a per 

turbation series proves to be inadequate: the evaluation 

of the line-width of the transverse optic mode in alkali 

halides (Chapter 4) is one example where lowest-order 

perturbation theory (a term defined rigorously in Chapter 3) 

is insufficient. In certain striking cases it may be 

necessary to sum explicitly an infinite number of terms 

in a perturbation series: such is the case in the analysis 

of the two-phonon bound state problem discussed in the 

context of Raman scattering in Chapter 5.
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Table 2.2

The parameters of the harmonic models

Parameter

A

B

A 1

,

Units

e 2
2V

e 2
2V

2

e 2
"?CVr

KBr NaC*

13-42 10-749

-1-495 -1-094

0-865 0-217

-0-301 -0-121

k

Y a e -2-79 -2-65

G a 9^2 371-7
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Table 2.2

The parameters of the harmonic models 

Parameter Units KBr Nad 

A ~ 13-42 10-749

B —: -1-495 -1-094 

A' |^ 0-865 0-217

B 1 |^ -0-301 -0-121

e 2
—- 94-2 87'54

Y 2 e -2*79 -2-65

G 2 94-2 371-7
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CHAPTER 2

Crystal dynamics in the harmonic approximation

2.1 The Adiabatic Approximation

2.2 The effective potential function and the origins 
of the shell model.

2.3 The mathematical formulation of the shell model. 

2.14 The harmonic models.



2.1 The Adiabatic Approximation

The Adiabatic Approximation (Born and Oppenheimer, 

1927) is the sine qua non of the familiar approach 

to the problem of lattice dynamics , and therefore of 

the work presented here. While, in principle, this 

problem demands consideration of the Hamiltonian of 

the entire system of electrons and nuclei that constitutes 

a crystal, the Adiabatic Approximation allows the 

elimination of the electronic coordinates, thus reducing 

the problem to one of less hopeless proportions.

Formally, the Hamiltonian operator for a crystal 

may be written as

H « HQ + TN (2.1,1)

where HO is the Hamiltonian for the crystal with the 

nuclei at rest, and TW is the kinetic energy operator 

for the nuclei. Denoting the nuclear coordinates by R 

and the electronic coordinates by r, the Schrodinger 

equation for the crystal is written as

H ^i(R, r) = E \KR, r) . (2.1,2).

Because the ratio of electron to nuclear mass is small, 

solutions to equation (2.1,2) can be found by treating 

TM as a perturbation of the zero-order system described 

by the Schrodinger equation

HQ $(F, r) * EQ <|>(R, r) (2.1,3).

The wave functions <f>(H> r) describe the electronic 

system when the nuclei are fixed in the configuration R.
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The eigenvalues of equation (2.1,3) are of the form

E0 x ES (5> (2.1,1)

that is, they contain the nuclear coordinates R as 

parameters.

According to Born and Huang (195*0 the appropriate 

expansion parameter for the perturbation series is

where
fm 
e

M"N is a typical electron/nucleus mass-ratio.

Standard, but lengthy, perturbation theory then leads 

to three important results.

Firstly, the solution to the Schrodinger equation 

(2.1,2) can be vrritten correctly to second-order in K 

in the form

R, r) * x(R) 4>n (R, r) (2.1,5)

where 4>n (R, r) 5s the eigenfunction of equation (2.1,3) 

corresponding to the n-th electronic state, which may 

usually be assumed to be the ground-state. Equation 

(2.1,5) gives the essential content of the Adiabatic 

Approximation. Physically it describes a situation in 

which, as the nuclei move, the electronic wave function 

is deformed continuously, so that at all times the 

electronic coordinates r are those appropriate to a 

configuration in which the nuclear coordinates are frozen 

at their instantaneous positions. Thus all changes in 

the electron-system are adiabatic (that is, reversible),
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and no electronic transitions occur in this approximation.

Secondly, to the same order of perturbation theory, 

it is possible to define an effective potential function 

for the nuclear motion. This potential function is 

given essentially by the ground state electronic energy 

and may contain terms of up to the fourth power in the 

nuclear displacements. Thus, to the order of perturbation 

theory considered, the Schrodinger equation (2.1,2) 

may be reformulated as

x(R) = E x(R) (2.1,6)

where the effective Hamiltonian is given by

HEPF * TN + VEFF (^ (2.1,7) 

^FFF ^ ^ being the effective potential function described 

above. The explicit appearance of the electronic co 

ordinates has been removed, at 'the expense of introducing 

the function Vpp-p (R)> which will be a very complicated 

function of the nuclear coordinates.

A third consequence of the Adiabatic Approximation 

which is of particular importance, is related to the 

problem of describing the optical properties of the 

crystal. The form of the wave function (2.1,5) makes 

it useful to introduce an effective dipole moment operator

M(R) and an effective polarisability operator P R ( R )     dp

analogous to the "effective potential function V^^-, (R)iji1 r  

introduced above. These operators give the dipole 

moment and polarisability of a crystal in which the
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nuclei are frozen in configuration P, the system 

being assumed to occupy its (electronic) ground state.

Within the Adiabatic Approximation for the wave 

function of the crystal (equation (2. 1,5)) it can then 

be shown (Born and Huang, 195*0 that the dielectric 

properties of the crystal can be described with the 

aid of the operator M(R) , and that, provided the 

probe frequency is sufficiently far away from any 

resonance with the electronic system, the Raman scattering 

associated with transitions between vibrational states 

of the crystal can be described with the aid of the

effective polarisability operator P R »

It remains only to comment upon the range of 

applicability of the Adiabatic Approximation. Within 

the framework of Born and Huang' s (195^) treatment of 

the problem, followed above, the approximation will be 

good provided

-h w « E (2.1,8)

where w is a typical phonon frequency and E is the
C-

difference between the electronic ground state and the 

first excited state. This condition is very well-satisfied 

in ionic crystals, where the ions have closed electronic 

shells; it should thus be quite adequate for the 

crystals considered here.

It should, however, be remarked that more sophisticated 

treatments of the problem indicate that the condition 

(2.1,8) is unnecessarily restrictive. As described by
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Sham (1969) linear response theory shows that the 

Adiabatic Approximation is equivalent to ignoring 

the effects of the motion of the atoms on the electron 

density - density response function (susceptibility), 

and replacing this frequency-dependent susceptibility 

with its static part. In this more general framework 

it has been shown that the Adiabatic Approximation 

remains valid even for a metal (Migdal, 1958).

2.2 The effective potential function and the origins 

of the shell model.

The besetting problem of crystal dynamics is the 

question of the form of the effective potential function 

V--^ (R). In principle this potential is an extremely
iiir r  

complex function of the nuclear coordinates. Con 

sequently most treatments of crystal dynamics proceed 

by way of the potential function's Taylor series expansion, 

which, within the harmonic and adiabatic approximations, 

may always be written as

a 6 (2.2,1) 

where U ( ) denotes the displacement, from its equi-
^W

librium position, of the tc'th atom in the &'th unit cell 

The harmonic properties of the crystal are specified

by the coupling coefficients, or 'force constants',
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describing the interaction betvreen the atoms

*iK I and
» %
£ 2 Meaningful estimates of these

coefficients can be made in terms of the observed 

harmonic crystal properties only if simplifying assump 

tions are made about the character of the interatomic 

interactions.

In the case of ionic solids, to which the interests 

of this work, and therefore the scope of this discussion, 

are restricted, the simplest sensible model for the 

interatomic potential is that attributed to Born, and 

described by Born and Huang (195^). This model rests 

on the plausible assumption that the potential Vp  (R) 

is separable into a sum of two-body potential functions 

describing the ion-ion interaction. The latter is 

assumed to consist of a long range (and essentially 

classical) Coulomb part, and a short range repulsive 

interaction (fundamentally quantum mechanical in origin) 

acting only between near neighbours. In this approximation 

the ions are treated as rigid units (effectively point 

charges) so that effects of ionic deformability are 

ignored. This model was the basis for Kellerman f s (19^0) 

heroic calculations of the crystal dynamics of NaCfc.

With the development, in the late 1950's, of 

neutron scattering techniques ,the determination of phonon 

dispersion relationships made it possible to subject the 

predictions of the Born, "rigid-ion", model to greater
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scrutiny (Woods, et al., I960). While it yielded 

broad agreement with the observed dispersion curves, 

it was found that there were marked discrepancies, 

particularly in the case of the longitudinal optic 

modes.

A characteristic feature of the displacement 

profile of these modes is that neighbouring ions move 

strongly against one another, so that one might expect 

that effects of ionic deformability would be manifested 

most clearly in the frequencies of these particular 

forms of motion. The most obvious form of ionic deform 

ability is of dipolar type, indeed, such a deformability 

is necessary in order to explain the fact that the high 

frequency dielectric constants, e^, of ionic crystals 

are markedly different from unity. The work of Lyddane 

and Herzfeld (1938) had, however, already shown that a 

modification of the Born model in which every ion is 

assumed to carry an induced dipole moment directly pro 

portional to the local field at that ion, gives a cbn- 

siderably poorer representation of the crystal dynamics.

The reverse is found to be true, however, if one 

makes the intuitively - a word appearing frequently in 

the theory of crystal dynamics! - reasonable extension 

of this model to allow for the possibility that the dis 

tortion of the electronic distribution associated with 

any one ion depends, not simply on the local field, 

which arises from the net Coulomb interaction with the
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other ions, but also on the short range part of the 

interaction with its near neighbours. This idea has 

found mathematical expression in several more or less 

equivalent forms, the content (if not entirely the 

spirit) of which is represented by the now familiar 

visual aid shown in figure 2.1. This diagram delineates 

the conceptual framework of what has come to be called 

the ft shell-model" (Dick and Overhauser, 1958; Cochran, 

1959).

The model requires the re-introduction (albeit only 

temporarily) of electronic variables in the form of a
A

sincle pseudd-electronic coordinate per atom, W( K ) , vmich 

describes the relative displacement of a ripid "shell", 

supposedly embodying the valence electrons, from a non 

polarised le "core", consisting of the nucleus and the 

remaining electrons. The movement of the shell relative 

to the core manifests the ionic polarisability and, to 

the extent that the short range interactions between ions 

act through the shells, the model allows for the effects 

of the short ranp-e forces on ionic polarisability. It 

is important to stress that the re-introduction of 

(pseudo- ) electronic coordinates does not constitute an 

abandonment of the Adiabatic Approximation: within 

shell model terminology this approximation finds expression 

in the assumption that the "shells" are of zero mass, 

and with its aid the crystal potential, usually written 

out showing the pseudo-electronic terms explicitly, could, 

in principle, be written in the form (2.2,1).
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Figure 2.1

The rigid shell model representation of a (100) plane 

of an alkali halide crystal, showing the short range 

forces, which are assumed to act entirely through the 

shells.
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Figure 2.2

(a) The crystal structure of potassium bromide

(b) The unit cell of strontium titanate.
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This form of the shell model proved to be a marked 

improvement on the simple Born model. Agreement with 

experimentally-determined phonon dispersion curves in 

Nal and KBr was, in general, found to be reasonably 

satisfactory Hoods et al.,1963), the extent of the 

agreement depending on the degree of complexity of the 

parameterisation of the short range interactions and 

the ionic polarisability (Cowley et al.,1963).

One particularly pointed discrepancy remaining, 

however, lay in the failure of the model (at least vdth 

physically realistic parameters) to reproduce the 

frequency of the longitudinal optic mode at the L-point 

in the Brillouin zone. The motion of the ions in this 

mode suggested that quadrupolar or radial ionic deformation 

might play an important r6le in determining its frequency. 

This has resulted in the extension of the simple, or 

"rigid 11 , shell model described above to the radially- 

deformable, or "breathing" shell model suggested by 

Schroder (1966). This model introduces one more pseudo- 

electronic coordinate per ion, V(K ), describing the
/ j>. 

radial deformation of the shell cf the ion ( K ) .

Calculations based on this model (Schroder 1966; 

Niisslein and Schroder, 1967; Melvin et al.,1968; 

Sangster et al. ) 1970) have met with sufficient success 

to warrant the conclusion that the major effects deter 

mining the nature of the motion of ions in simple ionic 

crystals are effectively represented by the accompanying
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mathematical formalism, although, in view of the 

discussion in section 1.3, the physical significance 

of the parameterisation of the crystal potential, 

implicit in these models, remains open to question. 

This point is discussed further in Chapter 5.

Finally, it may be remarked that this presentation 

of the development of models of crystal dynamics suggests 

that advances have been made largely on the basis of 

their intuitive appeal; it seems to the author that 

this is the case. Attempts to put the shell model on 

a firmer theoretical foundation have been made by many 

workers (Tolpygo, 1961; Cowley, 1962; Sinha, 1969) but, 

as indicated earlier, the situation has not been reached 

where an adequate first-principles theory of crystal 

dynamics, even for the alkali halides , is a reasonable 

possibility.

2 .3 The mathematical formulation of the shell model

Since several full accounts of shell model formalism 

are to be found in the literature (Cochran and Cowley, 

1967; Cochran, 1971a) and since the notation is well 

established, it is the purpose of this section simply 

to provide a concise statement of the basic equations, 

emphasizing only those aspects of the formalism which 

will be of particular importance in succeeding chapters.

The essential formal content of the shell model is 

that the crystal potential energy can be accurately
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approximated by a quadratic- form in atomic displace 

ments and dipole moments (or, equivalent ly, "shell- 

core" displacements). For the deformable shell model 

this potential is supplemented by additional terms 

involving the radial deformation coordinates. There 

are then three equations of motion associated with the 

degrees of freedom represented by the variables U, W 

and V. These equations are written in the usual wave 

vector Fourier transform notation as (Cochran, 1971a)

2 s < + >2 + C + )* + X (2.3.D

2 = ^* £ Jg jg>£ + (g + %£ E>w + o v (2.3,2)
0 a H V + Q+ (W + U) (2.3,3)  — f — —

The last two equations express the Adiabatic Approximation, 

and may be used to eliminate the electronic coordinates 

so that equation (2.3,1) in ay be written as

co 2 U = D U (2.3,*0 *\/

where D , the dynamical matrix, is given directly in *v»

terms of the matrices in equations (2.3,1) to (2.3,3).

The eigenvalue equation (2.3,4) is solved by 

diagonalising the dynamical matrix, yielding 3r (r = 

number of atoms in the primitive unit cell) harmonic 

frequencies, labelled w(qj), for each wave- vector £. 

The corresponding eigenvectors e_(<, q_ j ) are chosen to 

satisfy the orthonorrnality and closure relationships

I e* (K, aj) e (K, aj ' ) = 6 . f (2.3,5) 
ic, a J
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I ea (K, qj) e* (ic'. qj) = « aB « KK , (2.3,6)
J

In sensible crystals, in which every atom is situated 

on a centre of inversion symmetry, the eigenvectors 

£ ( K > Q j ) are purely real. The convention is adopted 

that

£ (K, qj) = - e (K, -q j ) (2.3,7).

The ionic displacements U(^) may be expressed
1^

as a superposition of displacements due to the 3Nr normal 

modes, N being the number of primitive cells in the 

crystal:

CSiJ)) 1 KK, QJ) A(f) exp i q . P

(2.3,8) 

where I?(^) denotes the equilibrium position of the

atom (£) , while Anf) is the usual normal mode co-j
ordinate defined in terms of the annihilation and creation 

operators for the mode (q j ) ,

A(f) = a. * a (2.3,9).

It is useful to adopt a new convention, followed

throughout this work, in which the factor (m u>(qj))ic • —

in equation (2.3,8) is subsumed into the eigenvectors:
_ 

i.e. (m w(qj)) ? e(ic, q j ) is written as e(<, q j ) .
K — — "~ —

In this notation the eigenvectors for ionic deformations 

are related to those describing ionic displacements by 

f a -(S + Y C Y - Q fT 1 Q^HT* + Y C Z - Q H" 1 Q4) e
— !\/ ?\/ *\j *\/ ^/ *\^ *\^ 'V/ *\j *\j *\/ 'V *V/ *\* " —

(2.3,10)
g = - H" 1 Q+ (e + f) (2.3,11)—— ——
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where f and £ correspond, respectively, to dipolar 

and radial ionic deformations.

2 .^ The harmonic models

The majority of numerical calculations described 

in this work have been performed on the alkali halides 

K3r and NaCA (particularly the former) at room 

temperature. The harmonic models employed for these 

crystals are akin to the deformable shell model used 

initially by Schroder (1966), in which the parameters 

may be determined essentially from macroscopic data. 

This is an advantage from two points of view. Firstly, 

only a limited amount of room-temperature neutron 

scattering data is available in the case of KBr, in 

other respects possibly the most studied alkali helide 

experimentally. Consequently a direct determination of 

shell model parameters by fitting to the normal mode 

frequencies cannot be effected satisfactorily for the 

room temperature model required. Secondly, and more 

to the point, it is by no means clear that such a fitting 

analysis necessarily yields the most realistic model 

for the crystal dynamics, for it is well known (see, 

for example, Cochran, 1971a) that models resulting from 

such a procedure may give a superb representation of 

the normal mode dispersion curves at the exnense of 

allowing physically unacceptable nodel parameters which, 

presumably, result in an inadequate description of the
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normal mode eigenvectors (c.f. the discussion in 

section 1.3). Consequently, in calculations concerned 

ultimately with anharmonic properties, it vould appear 

to be particularly important to begin with a model 

parameterised in a physically reasonable manner, in 

the hope that it will give a tolerablv good description 

not only of the phonon frequencies, v ut also of the 

eigenvectors of the normal modes, and thus of the an 

harmonic coefficients which couple them together.

The model used here has been described in con 

siderable detail by Sangster et al. (1970): it makes 

the customary and intuitively plausible assumption, dis 

cussed by Cowley et al, (1963), that tie short- range forces 

act entirely through the shells. It is further assumed 

that the ionic charge is equal to unity, that the second- 

nearest-neighbour forces are axially symmetric, and, 

at least initially, that the force constants G and k 

associated with, respectively, the radial and dipolar 

ionic deformations, are equal. If the polarisability of 

the posil ive ion is ignored the model contains six para 

meters - two nearest-neighbour lorce constants A and B, 

two next-nearest-neighbour force constants acting between 

negative ions, A 1 and B f , the shell charge, Y 2 , of the 

negative ion, and the force constant k 2 . These parameters 

can be determined entirely in terms of macroscopic data, 

namely the elastic constants C tl , C 12 and C %% , and any



Ta
bl
e 

2.
1

Ex
pe
ri
me
nt
al
 
da

ta
 
us

ed
 t

o 
de

te
rm

in
e 

th
e 

pa
ra
me
te
rs
 
of

 t
he

 
ha
rm
on
ic
 m

od
el
s

Pr
op
er
ty

Ro
om
 
te
mp
er
at
ur
e 

el
as
ti
c 

co
ns
ta
nt
s 

(x
io

1M
y
n
/
c
m

2
)

KB
r

n
 

3-
47
6 

12
 

0*
57

u
.
 

0
-
5
0
7

Lo
np
 w

av
el
en
gt
h 

op
ti
c 

mo
de
 

fr
eq
ue
nc
ie
s 

(x
io

1*
ra
d/
se
c.

)

Hi
gh
 
fr
eq
ue
nc
y 

di
el
ec
tr
ic
 

co
ns
ta
nt

In
te
ri
on
ic
 
sp
ac
in
g 

(x
io
 

cm
s.
)

CO
2-
36

r 
3-
29
8 

o

Na
Cf
c

4-
93
6

1-
29

1-
26
5

4-
93
 

3-
08

2-
33

2-
82

Re
fe
re
nc
es

Ha
us
su
hl
 
(I
96
0)
 

Ha
us
su
hl
 
(I
96
0)
 

Ha
us
su
hl
 
(1
9^
0)

Co
wl
ey
 
(1
96
3b
);
 

Ra
un
io
 
et
 
al
. 

(1
96
9)

Lo
wn
de
s 

an
d 

Ma
rt

in
 
(1
96
8)
; 

Ra
un
io
 

et
 
al
. 

(1
96
9)

Lo
wn

de
s 

an
d 

Ma
rt

in
 
(1

96
8)

O

To
si
 
(1
96
4)



- 31 -

Table 2.2

The parameters of the harmonic models 

Parameter Units KBr NaCfc

k 2 fl 94-2

B -1-495 -1-094

|^ 0-865 0-217 

|^ -0-301 -0-121

e -2-79 -2-65

^ 94-2 371-7
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Table 2.2

The parameters of the harmonic models 

Parameter Units KBr NaCl

A |^ 13-42

P 2
B |^ -1-495

A' ~ 0-865

R 1 fy -0-301

k z ^- 94-2

Y2 e -2-79

0. £ 94-2

10-749

-1-094

0-217

-0-121

87-54

-2-65

371-7
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three of the four inter-related quantities, Wmr)» UT ~ 

(the frequencies of the transverse optic and longitudinal 

optic modes) eQ> ero (the low and high frequency dielectric 

constants). The rather cumbersome equations relating 

the parameters to these observables have been given by 

Sangster et al. (1970): these non-linear equations 

can be solved iteratively to yield the reouired para 

meters .

The data used in the calculation of the model 

parameters is listed in table 2.1, the parameters them 

selves are given in table 2.2. In the case of NaC£ 

the constraint that G 2 = k 2 was relaxed so as to permit 

a better representation of the phonon frequencies at the 

X-r>oint in the Brillouin zone. In figures 2.3 and 2.4 

the dispersion curves given by the resulting deformable 

shell models are compared v;ith the available neutron 

scattering data. In the case of KBr the "experimental" 

points are the results of an interpolation between 90 K 

data and the limited measurements at i|00°K (Woods et al., 

1963). The NaC£ measurements are taken from the work of 

Raunio et al.(1969), used in determining the model 

parameters, and that of Schmunk and Winder (1970). On 

the whole the agreement is quite satisfactory, more so 

in the case of the model of KPr, which is used in the 

more detailed of the calculations described in Chapter *J.

As indicated in the introductory chapter, the other 

class of ionic crystals with which this work is concerned 

is the perovskite group, strontium titanate in particular.



- 33 - 

Figure 2.3

Phonon dispersion curves in KBr at 300°K as given 

by the harmonic model, compared with experiment.
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Fip-ure 2.4

Phonon dispersion curves in NaCfc at 300°K as given 

by the harmonic model. The experimental results 

are taken from the work of Raunio et al. (1969), ( T ), 

and Schmunk and Winder (1970), ( • ).
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Figure 2.5

Phonon dispersion curves in SrTiO, at 300°K, as 

given by model 5 of Stirling (1972a), compared 

with experiment.
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The crystal structure of this class is rather more 

complex than that of the alkali halides (see figure 

2.2) and a successful parameterisation of the potential, 

equation (2.2 ,1) 3 correspondingly more demanding. Never 

theless quite a reasonable account of the crystal 

dynamics of SrTiO, is given by the harmonic models 

developed by Stirling, (1972a, b). These models were 

determined by fitting to the phonon frequencies obtained 

by neutron inelastic scattering techniques, and do not 

give a wholly satisfactory account of other, macroscopic, 

data (Stirling, 1972a). Consequently, as discussed 

above, their physical significance and competence to 

describe anharmonic effects are, perhaps, questionable.

The extent to which the model used (Model 5 (297°K) 

of Stirling, 1972a) reproduces the observed normal mode 

frequencies is shown in figure 2.5. This particular 

model is of the "rigid-shell" type, and incorporates 

fourteen variable parameters describing the short range 

interactions between titanium and oxygen, strontium and 

oxygen and oxygen and oxygen, the ionic and shell charges, 

and the dipolar spring constants.

I am indebted to Dr. Stirling for making available 

to me the frequencies and eigenvectors of this model.
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CHAPTER 3 

Anharmonic crystal theory

3.1 Anharmonic potential : the basic form.

3.2 The effects of an external strain.

3.3 The effects of ionic deformability.

3.^ Properties of the anharmonic coefficients.

3.5 Many-body techniques.
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3.1 Anharmonic potential ? the basic form

The Hamiltonian of an anhamonic crystal may be 
written as the sun of harmonic and anharwonic terms ,

H » HQ + HA (3.1,1)

vfhere the harmonic Kamiltonian is given by

« < ' 
and the anhartnonic Flamiltonian may, within the

approximations inherent in this work, be subdivided 
into three contributions

HA " * FAT ' * *A * *A (3.1,3) 
The first term arises from the interactions between
ions whose polarisability is ignored. Its treatment, 
discussed in this section, involves approximations 

similar to those in the (harmonic) ri^id-ion model. 

The second term gives the additional contributions to 
the crystal potential arising when the crystal suffers 
an external strain (section 3.2). The third term, 
discussed in section 3.3, allows for the effects of 
ionic deformability on the anharmonic potential.

Within the framework of the Adiabatic Approximation 
discussed in section 2.1, the 'rigid-ion 1 anharmonic 
potential contains terms up to fourth-order in the 
ionic displacements. Thus (Born and Huang, 195*0,

a*- 1 - » 1 y A , is TT u 2 TT* A 6 i I t u
(CjKiK!

a 0 Y
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a 6

It proves convenient to introduce a Fourier representation 

so that equation (3. 1, 1*) may be re-written as

* I v(a,a.a,a.) A (a l ) A (at ) A (a.) A (a» ) 
a,ata,a» 3 i 3 * 3 » 3 » 3 i it i» J»
i 1 1 1 (3.1,5)

1> 2 8 t

where the new coefficients are defined by

a B Y

(3.1,6)

and K is a reciprocal lattice vector. A similar 

definition nay be piven for the quart ic term

V/hen written in terms of these coefficients the 

anharmonic potential indicates more explicitly that 

its effect is to produce a coupling between the modes 

of vibration, "normal" in the harmonic approximation.

The determination of the real-space anharmonfc 

couplinr constants (equation (3.1,*0) presents even
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more difficulties than the determination of their 

harmonic counterparts: again, a parameterisation 

is practicable only with the aid of considerable 

approximations about the form of the effective 

potential function. The essential simplifying 

assumption usually made is analogous to that basic 

to the Born model: it is assumed that the anharmonic 

crystal potential can be well represented as the sum 

of two-body central potential functions describing 

the interionic interactions. In addition it is assumed 

that the dominant contributions to the potential are 

made by near-neighbour interactions; the anharmonic 

interactions of longer range are usually, though not 

invariably, ignored. With these approximations the 

anharmonic properties of ionic crystals are characterised 

by a few parameters given, essentially, by the derivatives 

of the near-neighbour interatomic potential functions, 

as described in detail by Leibfried and Ludwig (1961). 

The determination of these derivatives is effected either 

by parameterising an assumed form for the interatomic 

potential functions, or by relating the derivatives 

directly to experimental data. The choice of method 

depends upon the extent of the available experimental 

data and upon the appropriateness of such simplified 

interatomic potential functions. The former method is 

adopted to develop the theory of anharmonic effects in 

alkali halides (Chapter 4), while in the more complex
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case of SrTiO,, discussed in Chapter 6, the wealth of 

information afforded by study of the structural phase 

transition and the fact that the simple Born picture 

is less applicable, suggest that the second method is 

more appropriate.

3.2 The effects of an external strain

If a crystal is subjected to a homogeneous strain, 

e g, so that the displacements of the atoms are given by

Ua(*) * I
P

there are additional contributions to the anharmonic 

potential. For the purposes of this work it is necessary 

to retain only the term that is of lowest-order in the 

strain coordinates, which may be written as (Cowley, 1963)

** •. i
a q ~ i-*t
J lJ 2

where the coefficient V a f- ^i^-i) may be related to
dp x i i J 1 J 2

the coupling constants in equation (3.1,^) (Born and 

Huanr, 1954).

3•5 The effects of ionic deformability

While the semi-quantitative success of the r1p;id- 

ion model's description of harmonic crystal properties 

supp-ents that the representation of the anharmonic 

potential described above should account fairly satisfactorily
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for anharmonic properties of ionic crystals, it is 

of interest to consider the effects on the anharmonic 

potential induced by ionic polarisability, as it is 

represented by the shell model.

Within the shell model framework the anharmonic 

potential may most naturally be written as a power 

series in the ionic and pseudo-electronic displacement 

coordinates, although of course, it may be less trans 

parently written in the form (3.1,4) (Oitmaa, 1967). 

If the longer range anharmonic interactions are ignored, 

the effects of ionic polarisability can be represented 

by including all the interactions of the shell and core 

of one ion with the shell and core of its neighbours. 

In a first approximation the dominant short range 

(repulsive) part of the anharmonic interaction may, like 

its harmonic counterpart, be assumed to act entirely 

through the shells, and the difference between the shell- 

core and shell-shell anharmonic Coulomb interactions 

ignored: within this approximation the effects of ionic 

polarisability are represented simply by replacing the 

ion-core displacements, £, in equation (3.1,4) with the 

absolute shell displacements, U + W . In a second, 

slightly more vefinrd approximation the difference between 

the shell-core and shell-shell Coulomb interactions is 

treated correctly, by extending the summations over 

the suffices K, in equation (3.1,4), to run separately 

over the shells and cores in the unit cell. With the
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exception of the work of E.P.. Cowley (1971, 1972) these 

effects of ionic polarisability have been ignored in 

treatments of anhamonic properties.

There is a second way in which effects of ionic 

deformability may manifest themselves in anharmonic 

properties. In addition to the terms which effectively 

modify the inter-ionic anharmonic interactions, the 

anharmonic potential of a crystal with deformable ions 

contains terms describ5_ng coupling between the pseudo- 

electronic decrees of freedom of the same ion. These 

anharmonic terms will be called intra-ionic. For the 

radially- deformable shell model of alkali halides the 

significant intra-ionic contributions to the- anharmonic 

potential may be written as (Bruce and Cowley, 1972)

(H.OO + H,0c)«a0) W>(») W*(»)

(3.3,1)

where Hj (K) . . . . . .H % (<) are constants characterising

the intra-ionic interactions of the ion K. Equation 

(3.3,1) represents a natural extension of the ideas 

inherent in the harmonic shell model and, as with its 

harmonic analogue, its .justification must be largely 

pragmatic. Since the anharmonic constants H. (K) have 

to be treated as disposable parameters, an assessment 

of the importance of intra-ionic anharmonic interactions 

relies heavily upon an examination of the symmetry



properties of the anharmonic coupling coefficients 

to which they give rise. Clearly these symmetry 

properties may differ greatly from those of the coef 

ficients derived from inter-ionic anharmonic interactions - 

a point emphasized by the analysis of two-phonon Hainan 

scattering, given in Chapter 5, which also provides 

strong evidence to suggest that the idea of intra-ionic 

anharmonicity is both meaningful and useful.

3.4 Properties of the anharmonic coefficients

Most anharmonic effects are determined by the 

collective properties of all the modes of vibration: 

consequently detailed calculations of anharmonic effects 

almost invariably require summations of rather complex 

expressions, involving the anharmonic coefficients 

introduced in section 3«1> over the complete set of basis 

states specified by (qj). Thus it is essential (if 

one*s budget of computer time is finite!) to exploit 

the symmetry properties of these coefficients in order 

to minimise the length of the computation. In this 

section certain important properties of the third-order 

and fourth-order coefficients are outlined.

The most obvious symmetry property of these coefficients 

has already been indicated in the defining relationship, 

equation (3-l»6): the coefficients are zero unless the 

sum of their wave-vector arguments is equal to a reciprocal 

lattice vector. This is the familiar selection rule



expressing the translational invariance of the crystal.

With the exception of this symmetry property, 

however, an examination of the general coefficients of 

third- and fourth-order yields no relationship that 

can be easily exploited. Consequently it is necessary 

to consider the properties of coefficients with forms 

of particular interest. Three such cases will now be 

described.

Firstly, in Chapters 4 and 6 it will prove necessary 

to consider coefficients of third-order describing the 

coupling of a zone-centre (q = 0) mode to two other 

modes which, by virtue of the wave-vector conservation 

rule described above, must have equal and opposite wave- 

vectors. These coefficients thus have the form

V (T T ~f ) 5 V(q), say
J J l 3 2

where the mode (0 j) will be taken to be polarised in 

the x direction. It proves useful to consider the 

relationship between this coefficient and the coefficient, 

V(q'), generated by replacing q with a wave-vector in 

its star, q f where

2' = ft q (3.^,1) 

and ft is an operator belonging to the point symmetry 

group of the crystal. In Appendix A it is shown that 

for an operation ft whose matrix representative satisfies 

the relationship

o = a r *«,„ (3.1,2)
X -I J- A
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a particularly simple relationship exists between 

these two coefficients, in a cubic crystal: the 

symmetry properties of the coefficients depend upon

the transformation properties of the zone-centre mode,
A •* 

and V(q/) ma, be generated from V(£) by making the

substitution

e x (lc i» 2 ,j) * e x (n K lf 0 j) nxx (3.4,3)

in a notation clarified in Appendix A. It follows 

immediately from the relation (3.4,3) that only three 

of the forty-eipht coefficients V(q/ ) associated with 

the wave vectors q f in the star of £, are 

independent.

For modes at less special points in the Brillouin 

zone than the zone-centre, the symmetry properties of 

the third-order coefficients are less transparent. It 

is, however, possible to obtain a useful relationship, 

analogous to (3.4,3), characterising the symmetry 

properties of the third-order coefficients that couple 

the three-fold degenerate zone-corner Rc ̂ ode in

SrTiO- to other modes. These coefficients are of 

particular importance in the study of the soft mode 

behaviour in SrTiO, described in Chapter 6. Denote

(£» 5 ) that mode of the Ppt triplet which corresponds 

to a rotation of the oxygen octahedra about the x cube 

axis. Since Q has only itself in its star,

Q * Q * K (3.4,4)

where K« is some reciprocal lattice vector. It then



follows from techniques similar to those described

above that, with Q and q f given by equations*\/ ~~
(3.1,1) and (3.1,2),

v(S a'-S -a') differs from v(2 a~S -2 )
11-f 1 • . '

1 " 2 ^1^2

only through the substitution

ex< K i> 2 J> •* e x (flic lf Q ,1)nxx x exp E

(3.1,5)

It is easily shown with the aid of equation (3.^,5) 

that, again, only three of the usual forty-eight 

coefficients are independent.

Thirdly, the coefficients of fourth-order will be 

considered. The form of these coefficients most 

frequently occurring is

vf2i -£i 2.2 ~%.2)
\ • • * • • J 
3 l J J J 2 J J

It is invariably useful, and occasionally essential, to 

be able to express these coefficients in a "separated" 

or decoupled form given by (Bruce, 1972)

- (_ll .±1 -±2 —2 1 S ) Y Y *• *' Y
4 •?!•? -T ? ' *• ^ A 11* 11'
Jj ^i J 2 3 Z X = 1 l l 2 2

o
where the new coefficients V" depend only on the modes 

indicated explicitly in their arguments, and n is some 

integer (hopefully, manageably small!).

Whether or not it is possible to perform this 

separation depends on the symmetry of the crystal and 

on the form of the ion-ion interactions. Analysis 

shows that it is indeed possible to construct coefficients



that effectively satisfy equation (3.^,6), provided 

that the anharmonic interactions are two-body and 

that each atom in the crystal has an environment 

which, within the supposed range of the anharmonic 

interactions, has inversion symmetry. Thus, within 

the approximations necessary to render practicable 

anharmonic calculations on crystals of the alkali 

halide and perovskite structures, separation of the 

fourth-order coefficients is possible. The actual 

form and number, n, of the separated coefficients 

depend on the details of the particular anharmonic 

process considered. Thus further discussion of this 

question is deferred to those sections dealing with 

specific problems in which separability of the coeffi 

cients is important.

3.5 Many-body techniques

As the above development suggests, it is convenient 

to consider the properties of an anharmonic crystal in 

terms of the interactions between its modes of vibration, 

normal in the harmonic approximation: thus the dynamical 

behaviour of a crystal is determined by the properties 

of a many-body system, consisting of weakly interacting 

bosons (i.e. phonons).

The techniques of many-body theory have been 

described in several texts, ranging from the lipht- 

hearted but illuminating introduction by Mattuck (196?)



to the rather austerely professional work of

Abrikosov et al. (1963). The application of these

techniques to phonon systems has been discussed by

Maradudin and Fein (1962), Cowley (1963, 1968) and

Choquard (196?). A detailed exposition of the theory

is to be found in these references: in what follows

emphasis is placed only on those aspects of the

formalism and those underlying ideas which are particularly

important for an understanding of this work.

(i) Retarded and thermodynamic Green's functions.

A study of linear response theory (Kubo, 1957) 

shows that the response of a system to an external 

perturbation may be described in terms of the retarded 

Green's function, usually defined for two operators A 

and B in the Heisenberg representation by (Zubarev, 

I960)

GR (A,B,t) a -ie(t) <[>(t), ECO)] > (3.5,1)

where 6(t) = 1, t > 0

=0, t < 0 

<.............>denotes a thermal average, and [}••••••]

denotes the commutator, which for Dose operators is 

given by

[A(t), B(0)] = A(t) B(0) - B(0) A(t) . 

It is useful to introduce a spectral density function by

JAB (fi) = ~ / <A(t) B(0)> e int dt (3.5,2)

It then follows that the Fourier transform of the 

retarded Green's function,



CO

GR (A,B,t) e^ 0 dt (3.5,3)
— CO

may be written as

*T^\W/\J. W / V4«J k -? • > 1 ̂  /
__ -- — - — v jfc D

where 3 = /k^T . with k-, Boltzmann's constant, andD * B '

e •»• 0* . In this notation G (A,B,Q) is analytic in 

the upner half of the ft plane.

Although the retarded Green's function is the one 

most immediately related to the response of the system, 

it is convenient for the purposes of calculation to 

introduce the thermodynamic Green's function by

G(A,B,it) = <T(A(t) B(0)}> (3.5,5) 

where T is the time-orderinp operator. The similarity 

of the temperature- and time-dependence of these Green's 

functions may then be used to show (Alekseev, 1961) 

that these functions are periodic in the complex time 

direction and can thus be represented in a Fourier series
00

G(A,B, T ) = I G(A,B,iwn ) e~lwn T (3-5,6)

O «-y.

where GJ = ^r—- , and T = it . n o-n *

The Fourier coefficients are defined by
i 

G(A,B,iwn ) = ~ / G(A,B,T)e la)n T dT (3.5,7)

and can be expressed in terms of the spectral density 

function as

- (3.5,8)

It then follows that

Lim G(A,B,iwn ) = - •— 0"(A,B,fi) (3-5,9)
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The Fourier transform of the retarded Green f s 

function is then given in terms of the analytic con 

tinuation of the Fourier coefficients of the thermo- 

dynamic Green's function, and the response of the 

system may be determined in terms of these coefficients. 

(ii) Perturbation theory for the one-phonon Green's 

function and self-energy.

The one-phonon thermodynamic Green's function is 

defined in the manner of equation (3.5,5) as

G(qjj', it) = <T{A(qj, t) A(-qj ' , 0)}> (3-5,10) 

vjhere the operators A(gJ , t) are the normal mode co 

ordinates, introduced in section 2.3, and written in 

the Heisenberg representation. The perturbation theory 

for the Green's functions proceeds with the aid of the 

time-development operator S(T), defined by

S(T> = * + nil ^" ' (^T'T" T{'V T .>----V Tn»lT ."

(3.5.11)
•Vi

where H. is the perturbation produced by the anharmonic 

interactions, and is given by equation (3.1,3). It 

is written in the interaction representation: that is, 

it evolves in time in the manner of an operator in the 

Heisenberg1 representation of the unperturbed system 

described by the purely harmonic Hamiltonian, HQ .

The one-phonon thermodynamic Green's function may 

then be written as (Alekseev, 1961)

= i Tr [e'^o T{A(qj,t) 5l(-aJ',0) S(Bh))31

(3.5.12)
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where the partition function, Z, may be expressed as
-3H ~ 

Z = Tr e S(Bto) (3.5,13) 

Equations (3.5,11), (3.5,12) and (3.5,13) lead 

to a perturbation series for the coefficients G(qjj f , iw ). 

The terms in this series are most readily evaluated 

with the aid of their di agrammat i c representation. For 

the Fourier coefficients of the one-phonon Green's 

function the appropriate diagrammatic series is con 

structed by drawing all topologically distinct and 

connected diagrams in rhich one phonon 'line 1 (labelled 

q j ) enters from the left and another phonon line 

(labelled £J ' ) leaves on the right. These two lines 

are connected directly in the case of a harmonic crystal, 

or, in an anharmonic crystal, through an arbitrarily 

complex system of additional lines intersecting in 

vertices which denote phonon-phonon interaction. The 

algebraic counterparts of the diagrams may then be 

determined with the aid of the set of rules given by 

Maradudin and Fein (1962) and by Cowley (1963).

The class of diagrams that it is necessary to con 

sider explicitly is reduced through use of the Dyson 

equation,

Mj
) (3.5,14)

Here the Fourier coefficient of the harmonic one-phonon 

Green's function is given by (Maradudin and Fein, 1962)
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(qj)
g(qj> i«n ) * ———— —— ————— (3.5,15) n » »

where, for reasons which will become apparent, it is 

convenient to introduce the notation to (qj ) for the 

harmonic frequency of the node (q j ) . The matrix 

equation (3.5,1*0 gives the Greek's function for the 

anharmonic crystal in terms of the irreducible one-phonon 

self-energy I(qJJ f > *°O» defined as the sun of all 

"proper" diagrams of the type discussed above: that 

is , it includes all such diagrams that cannot be divided 

into t^o parts by cutting- a single phonon line. The 

contribution to the one-phonon Green's func '.on of the 

remaining ("improper") diagrams is included by the form 

of the Dysor. equation. Thus the inclusion in the self- 

energy of the proces^ represented in figure 3- la means 

that the effects on the anharmonic Green's function of 

the infinite series, figure ?.lb, have been taken into 

account. Consequently the "order of perturbation theory" 

to which a calculation of the one-r»honon Green's function 

is taken is mont conveniently given in terms of the 

"order" of the diagrams included in the self -energy.

In calculations of the two-phonon Green's function, 

however, it is not possible to use a Dyson-like equation 

to sum such group 0 of diagrams. Consequently in the 

analysis of contributions to the t^ro-phonon Paman 

scattering, discussed in Chapter 5, the "order of 

perturbation theory" employed will be specified by the 

order of the diagrams included in the two-phonon Green's



Figure 3.1

Diagrammatic representation of contributions to the 

one-phonon self-enerpy an(^ one-phonon Oreen's function, 

as described in the text.
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function.

The ordering scheme for the diagrams themselves 

will be that of van Kove et al. (1961): a factor X 

is associated with a three-phonon interaction vertex 

and a factor X 2 with a four-phonon interaction vertex. 

Diagrams are then classified in t rm.s of this parameter 

X.

(iii) Generalised susceptibility, scattering properties 

and renorinal:sed frequencies.

According to Kubo (1957) the linear response of a 

dynamical variable B of a system, perturbed by a 

probe rhose interaction with the system is C .scribed by

HINT (t) = -A P(t) (3.5,16) 

is given by a generalised susceptibility function x(^)> 

with

Xv,A (Q) = " ^ G*(A,3,2) (3.5,17) 

From equation (3.5,9) it then .^ollows that

3 0(A,B,2 + i e ) . (3-5,18)

The scattering properties, too, may be given in 

terms of the Fourier coefficients of the thermodynamic 

Green's functions. For a probe-system interaction of 

the form (3.5,16), second-order perturbation theory 

shows that, in the first Born approximation, the frequency- 

dependent scattering cross-section for the probe is 

directly related to the spectral density function J A*I(^)> 

which, with the aid of equation (3.5,8) may be written as
-~ ? *i O ~ 1

" e } Iin G(A*> A »^ * ie) (3.5,19)



It is informative to consider the particular case 

of a one-phonon scattering experiment in which the 

probe couples to a mode (qj ) ; let there be d modes 

of wave-vector q belonging to the same row of the 

same irreducible representation (of the little group 

of q) as the mode (cjj ) . Then these modes will be 

coupled together anharmonically by off "-diagonal self- 

energy elements to form a d-dimensional one-phonon 

Green's function (flaradudin and Ipatova, 1968). The 

scattering cross-section for these modes is given 

essentially by

) P(j') Im G(2jj',Q + ie)
(3.5,20)

where A (equation (3. 5, 1C)) has been taken to be of

the form
d a 

A * I P(j) AR) . (3.5,21)

In these circumstances the form of the spectral-function 

(3.5,20) will depend upon the details of the coupling 

coefficients, P(j), and mode-node interference effects, 

manifested through off-diagonal elements in the self- 

energy, mean that it is not legitimate to interpret 

the spectral function in terms of the scattering pro 

perties of individual modes. If, however, the off- 

diagonal self-energy elements are small enough to be 

ignored, or if d = 1, the Dyson equation (3. 5, 1 1*) 

leads to the result
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(3.5,22)

It is convenient to separate the real and imaginary 

parts of the self-energy:

Ka.U'.a + ie) « A(aJ.1',n) - ir(«j,1',n) (3.5,23) 

Then the scattering properties of the mode (oi.j ) are 

given in terms of the imaginary part of the Green ! s

function ,

(qj)
.n + ie) = — -

BtiR u

(3.5,24)

Provided that A(qjj,fl) and r(ojj,ft) are small and do 

not vary ra~ idly with the probe frequency, ft 9 around 

the response frequency, the spectral function resulting

will be similar to that of a mode in a harmonic crystal
t\j

with a frequency w(oi) given bv

j)) (3-5,25)— v —

and with a finite line-width ? r (qjj, o5(qj)). Thus,

as remarked in Chapter 1, the frequencies determined by

a neutron scattering experiment are not the true harmonic
r\jfrequencies, but the renornalised frequencies o)(qj ) .

Consequently the frequencies of a shell nod^l - particularly 

one fitted to inelastic neutrov scattering data - must 

also be regarded as (approximating) t>,e renormalised 

frequencies. Fortunatelv it i°, usually quite reasonable 

to use these frequencies in the calculation of anharmonic



properties, since this simulates (to a first approximation)

the effects of including all self-energy insertions

in each phonon line (Cowley, 1963). In the remainder

of this v/ork the renormalised frequencies will be

denoted simply by us(qj), and the true narmon c frequencies

Provided the anharmonic effects are small, equation 

(3.5,25) may be written, in this nev/ notation, as

* * (qj) + A(qjj, cu(qj)) (3.5,26) — o ~~ • — • —

It is occasionally convenient to subdivide contributions 

to the "shift" of the mode, A(qj.j ,w(qj ) ) , into two 

categories

(3.5,27)
n

Here A J (q.j fj ,w(q/j ) ) is the change in frequency of the

mode (q,i ) arising directly from its coupling to other
mh 

modes. A (c[j j ,w(<3J ) ) is the change in frequency of

the mode arising from the thermal expansion of the crystal; 

since this expansion is non-zero only for an anharmonic
TI

crystal, A J ' also arises by virtue of anharmonic terms 

in the crystal potential. Nevertheless, the distinction
rnv, [

between A' and A is a useful one for, while the 

latter depends essentially upon tejnperature the former 

depends more fundamentally upon ;,he crystal volume. 

These two contributions to the shift may thus be 

identified by measuring both the temperature-dependence 

at constant pressure and the pressure-dependence at



constant temperature of the renormalised frequency

of the mode in question.
.A Th The distinction between A and b L also

gives rise to the concept of the * quasi-harmonic 1 

frequency of the mode (qj),

w°R (aj) * a) o (qj) + A™(qjj, w (L I)) (3.5,28)

corresponding to the renormalised frequency vrithout 

the contribution, A , to the shift. The use of the 

term "quasi-harmonic" in this context is compatible 

with the notation of Leibfried and Ludwig (1961), 

but differs from that of Cowley (1963) who used the 

term "quasi-harmonic" to descrioe the frequencies which 

here are called "renormalised".
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CHAPTER 4

Dielectric properties of an anharmonic crystal

4.1 The framevrork of the theory.

4.2 Specific problems.

4.3 The thin film reflectivity.

4.4 The self-energy of the transverse optic mode in 

alkali halides.

4.5 Multi-phonon contributions to the dielectric 
susceptibility.

4.6 The observed temperature-dependence of the 
transverse optic mode damping.

4.7 The determination of the anharmonic parameters.

4.8 The results of the calculations; discussion.

4.9 Concluding remarks.
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The essential content of the work described in 

this chapter has been presented in two publications - 

Hisano et al. (1972) and Bruce (1973). In this 

chapter these are referred to as references I and II 

respectively.

4.1 The framework of the theory

Perhaps the most studied example of the effects 

of anharmonicity in simple ionic crystals is the nature 

of the response of these crystals to an infra-red 

radiation probe. In general this response is completely 

specified by the complex frequency-dependent dielectric 

"constant" characterising the crystal: the optical 

properties may be determined with the aid of this 

dielectric function by solving Maxwell's equations under 

the appropriate boundary conditions.

Early experimental work (Czerny, 1930 3 for example) 

was interpreted in terms of an empirical dispersion 

formula suggested by Puchs and Wolf (1928), which has 

essentially the form of the response function of a simple 

harmonic oscillator (Born and Huang, 195*0

00
(1.1,1)

It was quickly evident that this harmonic model

is inadequate. In particular it was found that, contrary

to theoretical predictions based on this dielectric
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function, the reflectivity of a bulk crystal sample 

(i.e. one whose dimensions are very large in comparison 

with the vacuum wave-length of the radiation used) 

is strongly but not perfectly reflecting between

frequencies o> and w f—) - the so-called "reststrahl"o o^'
region. Furthermore, radiation in this frequency range 

that does pass into the crystal is strongly absorbed.

These effects are manifestations of anharmonic 

interactions. It is possible to account for them 

partially, by introducing into equation (4.1,1) a 

phenomenological damping constant, so that the response 

is given as that of a classically-damped simple harmonic 

oscillator (Born and Huang, 1954)

The introduction of the damping constant y makes it 

possible to describe qualitatively the strong absorption 

in the reststrahl region but it does not account for 

the structure characterising the reflectivity and 

absorption spectra.

Early attempts to treat rigorously the dielectric 

susceptibility of an anharmonic crystal (Born and Huang, 

1954; Bilz and Genzel, 1962) have been superseded by 

work using Green f s function techniques (Wallis and 

Maradudin, 1962; Cowley, 1963; Bilz, 1966) which 

express the susceptibility through an equation of the 

form (3.5,18) as
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xae (n) » Bi(MB . Ma , n * ie) + Pag (4.1,3)
where M is taken as the effective dipole moment 

operator for the crystal, introduced in section 2.1, 

and P^g is the electronic susceptibility. For cubic 

crystals xa(5 - X aa « ag .

If the dipole moment operator is expanded as a 

power series in the normal mode coordinates,

it is evident that the calculation of the dielectric 

susceptibility requires consideration of various phonon 

thermodynamic Green's functions. Anharmonic interactions 

enter the calculation in two ways.

Firstly, the Green T s functions required are those 

appropriate to the anharmonic crystal. Thus the con 

tribution to the susceptibility from the linear terms 

in the expansion (4.1,4) is .p-iven by

= B ,
J J

In the case of alkali halide crystals, to which the 

discussion in the remainder of this chapter is restricted, 

the one-phonon Green's function appearing in equation 

(4.1,5) is diagonal (Wallis et al. , 1966) - a particular 

example of the general theorem cited in section 3.5(iii). 

The contribution to the dielectric susceptibility may 

thus be written as

010 0 - o ,-

(4.1,6)
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where the mode (0,j) is the q = 0 T.O. (transverse 

optic) mode. Following the convention introduced at 

the end of Chapter 3, the true harmonic frequency of

this mode has been denoted by u (0 j).o ~—
Using the relation (appropriate to the notation 

adopted here )

with V the crystal volume, it is clear from a com 

parison of equations (4.1,2) and (4.1,6) that in a 

rigorous treatment of the dielectric properties of an 

anharmonic crystal the fundamental response frequency 

and damping are both frequency-dependent functions , 

determined by the irreducible one-phonon self-energy 

of the transverse optic mode.

The second way in which anharmonic interactions 

modify the dielectric properties is that they make it 

possible for the infra-red probe to couple not simply 

to the T.O. mode but also to two, three .... phonons, 

throuph the non-linear terms in the expansion (4.?. ,4). 

For a purely harmonic crystal these terms are identically 

zero (Keating and Puprecht, 1965). They may be non 

zero in an anharmonic crystal because, in this case, 

the electronic coordinates are no longer strictly linear 

functions of the nuclear coordinates. The resulting 

contributions to the susceptibility lead to a background 

continuum in the absorption spectrum.
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1*.2 Specific problems

Although the theory of the dielectric susceptibility 

of an anharmonic crystal has been well-established 

for some time, one significant issue has remained 

unsettled, namely, to what order of perturbation theory 

calculations must be carried to account satisfactorily 

for the infra-red properties of ionic crystals. In 

most instances (Cowley, 1963; Johnson and Bell, 1969; 

Berg and Bell, 1971) lowest-order perturbation theory 

has been used to calculate the susceptibility and thence 

the reflectivity of bulk samples of alkali halides, 

these results being compared with the measured reflectivity 

Such measurements are, however, sensitive over only a 

limited frequency range and therefore fail to provide 

a rigorous test for the anharmonic theory.

The deficiencies of this method of investigation 

are accentuated by the fact that in alkali halides such 

as KBr, NaC£ and LiF the two-phonon density of states 

has a minimum value close to the T.O. mode frequency 

so that the lowest-order contribution to the T.O. mode 

damping function (the imaginary part of the T.O. mode 

self-energy) which reflects this density of states has 

an anomalously small value in the region of the T.O. 

mode frequency, where conventional infra-red measure 

ments are most sensitive. Thus a comparison of calculated 

and observed T.O. mode line-widths, in these crystals, 

may be interpreted only with considerable ambiguity,
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for discrepancies may be attributed either to errors 

in the anharmonic parameters used in the calculation, 

or to possible contributions to the imaginary part of 

the self-energy from processes of higher order, which 

need not reflect the two-phonon density of states, 

and which may therefore assume an exaggerated importance 

in the region of the T.O. mode frequency.

There is, indeed, evidence to suggest that lowest- 

order perturbation theory cannot account for the T.O. 

mode line-width, for the lowest-order contribution to 

the damping has an explicitly linear temperature- 

dependence at high temperatures while experimental 

measurements on NaCfc and KBr (Hass, I960; Mooij et al. , 

1969) indicate a temperature-dependence of the line- 

width that is closer to T 2 . The suggestion (Jepsen and 

Wallis, 1962; Ourevich and Ipatova, 1964) that this 

discrepancy is due to the effects of higher-order an 

harmonic processes was given some sunport by approximate 

calculations performed for NaCfc and Li?, by Ipatova et al 

(1967). More recently, however, T*ooiJ (1969) and 

E.R. Cowley (1972) have suggested that the non-linearity 

of this temperature-dependence can be largely attributed 

to the temperature-dependence of the frequencies and 

anharmonic parameters implicit in the lovrest-order con 

tribution to the damping.

It is apparent that this question can be resolved 

only by more detailed investigation of the T.O. mode 

self-energy in alkali halides. Such an investigation
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has been carried out for the case of KBr and is 

described below.

The decree of confidence which can be placed in 

the anharmonic parameters used in these calculations 

is enhanced through a preliminary project - an exam 

ination of the dielectric response of alkali halide 

thin films, as determined by the so-called Berreman 

technique.

Berreman (1963) pointed out that, although in a 

bulk sample of an ionic crystal there can be no coupling 

between an infra-red radiation field and the L.O. 

(longitudinal optic) mode, if radiation with a frequency 

close to u)_ n is incident on a thin film of an ionicLiU —— -—

crystal in such a way that there is a component of the 

field perpendicular to the f.1m surface, the long wave 

length mode of vibration in which ions move normal to 

the surface is strongly excited, since this mode has the 

frequency w Q . Consequently p-polarised radiation 

(radiation polarised in the plane of incidence) incident 

at an oblique angle on an alkali halide thin film is 

strongly absorbed around this frequency.

Such experiments thus offer a means of investigating 

the frequency-dependent self-energy of the T.O. mode 

around WLO . According to Cowley (1963) th •> imaginary 

part of this self-energy function should exhibit con 

siderable structure in this frequency region, which 

shruld result In anomalies in tbe spectral function of
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the L.O. mode. Neutron scattering studies of this 

response function are, however, complicated by 

instrumental resolution problems, while conventional 

infra-red experiments on bulk samples yield little 

information about structure in the T.O. mode self- 

energy around the L.O. -iode frequency. Consequently 

the thin film experiments offer the best means of 

probing this frequency region.

In contrast to previous experiments (Hisano, 1968; 

Proix and Balkanski, 1969) on LiF and CdS, the measure 

ments of the thin film reflectivity of KEr and MaCjt 

reported in I did indeed reveal marked structure in 

the strong absorption peak close to wTn . Thus the
L)U

initial motivation for undertaking a theoretical study 

of the thin film dielectric \ roperties vras to confirm 

that these anomalies can be attributed to structure in 

the T.O. mode self-energy.

In addition, however, these investigations offer 

the possibility of an informative preliminary analysis 

to precede the detailed examination of the T.O. mode 

self-energy proposed above, for it is known (Cowley, 

1963) that, in addition to exhibiting the structure 

referred to above, the lowest-order contribution to 

the damping of the T.O. node in alkali h 1^ 'e? also 

assumes its largest values in the vicinity of the L.O. 

mode frequency. It night therefore be expected that 

in this freouency repion, in contrast to that around
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WTO > *^e l°VTes t-order contribution to the self-energy 

should dominate the contributions of higher order. 

A comparison of the calculated and observed thin film 

reflectivity around w should therefore afford 

a irore stringent and less ambiguous means of testing 

the anharmonic parameters used in the calculations.

Thus, in this work, the results of the thin film 

experiments on FPr and NaCfc have been used as a guide 

to choosing; a reliable model for determining the 

anharmonic parameters. It has been assumed, initially, 

that the lowest-order contribution to the frequency- 

dependent self-energy does constitute a rood first 

approximation over the frequency region in which the 

thin ^ilm experiments are most sensitive. Different 

methods of determining the anharmonic parameters have 

then been investigated to ascertain T-rhich method yields 

parameters that lead to the most satisfactory agreement 

between the observed thin film reflectivity (around 

wTn ) and the reflectivit^ calculated from the lowest-
JuU

order contribution to the self-energy. The resulting 

parameters have then been used in a more detailed 

analysis of the T.O. mode self-energy in KBr, in an 

attempt to establish th*. Importance of second-order 

contributions to the T.O. mode line-vridth. The results 

have been compared with observations of the bulk 

reflectivity and vrith the observed T.O. mode line-width 

as determined by the ercissivity measurements of



- 70 -

Mooij et al. (1969): these experiments complement the 

thin film measurements in that they are most sensitive 

around the T.O. mode frequency where the latter (the 

thin film experiments) are least reliable. Finally 

an examination has been made of the extent of the 

modifications of the calculated thin film reflectivity, 

induced by additional self-energy terms and by multi- 

phonon contributions to the susceptibility. This 

investigation has been used, together with additional 

comparisons between the predictions of the anharmonic 

theory and experiment, to give an assessment of the 

accuracy of the values assigned to the anharmonic para 

meters .

** • 3 The thin film reflectivity

Since Berreman f s (19^3) original proposal that 

considerable information is afforded by the study of 

the optical properties of thin films, the theory of 

the dielectric properties of finite crystals has been 

extensively developed, particularly by Kliewer and 

Puchs (1966a, b) and Fuchs et al. (1966). A fairly 

recent revievr of the theory has been given by Ruppin 

and Englman (1970). For the purposes of th^'s work it 

is sufficient simply to cite the result, given by classical 

electromagnetic theory, for the reflectivity of a sample 

with slab geometry. For metal-backed films of thickness 

d the reflectivity for p-polarised radiation is p.iven
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by (Ruppin and Englman, 1970)

r(P») =

where 

B *

1 + . •*•£ tan Bd

I IP ^ _„. o j- o — F //s \ tan pd

(4.3,1)

= - cos ec

and 6 is the an^le of incidence. In the limit of 

infinite film thickness and normal incidence this 

expression reduces to the more familiar Fresnel 

formula for the bulk reflectivity,

rb (Q)
- 1

(4.3,2)

It may be remarked that the use of a macroscopic 

dielectric constant in specifying the response of the 

tvin films should be acceptable for film-thickness large 

in comparison with an interatomic spacinp, provided 

it is lefdtimate to ignore the effects of the different 

forces experienced by atoms close to the film surface. 

Calculations suggest (Maradudin and Melnp-ailis, 196^) 

that these effects are important only for a few layers 

of surface atoms, so that for films with thickness of 

the order of a micron this approximation should be a 

pood one, although it is to be noted that recent
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experiments on MgO microcrystals of dimensions 0.2um 

suggested stronger mode damping than that found in 

bulk samples (Genzel and Martin, 1972).

4•^ The self-energy of the transverse optic mode in 

alkali halides

(i) The self-energy in lowest-order perturbation 

theory.

The frequency-dependent self-energy of the T.O. 

mode in alkali halides has been investigated by a number 

of authors. Many have given the expressions for those 

contributions to the self-energy arising in lo^.^est- 

order perturbation theory (Cowley, 1963; Cowley and 

Cowley, 1965; Johnson and Bell, 1969), while Wallis et al. 

(1966) and (in a companion paper) Ipatova et al. (196?) 

have considered the contributions arising in second- 

order perturbation theory. It may be remarked that 

there is some confusion in the literature as to the use 

of the term "order" of perturbation theory in this 

context: the convention followed here has been outlined 

in section 3.5(iii)» and differs from that adopted 

by Wallis et al. (1966). It is felt that the ordering 

scheme followed here is more realistic than that used 

by these authors since, unlike their scheme, it suggests 

that the leading contributions to the real part of the 

self-energy from quartic and cubic terms in the inter 

atomic potential are of a similar order of magnitude -
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Figure fr.l

Contributions 0(X 2 ) to the irreducible one-phonon 

self-energy in alkali halides.





a suggestion borne out by calculations (Cowley, 1963).

Within this convention, the lowest-order con 

tributions to the self-energy are 0(X 2 ). There are 

three such contributions. One arises from the effects 

of thermal expansion and need not be considered here; 

the two that are of interest are represented diagram- 

matically in figure M.I. Like the contribution from 

the thermal expansion term, the nrocess represented 

in figure M.I(a) yields only a frequency-independent 

contribution to the real part of the self-energy. It 

is therefore not of immediate interest in this work, 

since it does not contribute to the T.O. mode damping, 

and since its effects on the dielectric susceptibility 

are accounted for in the renormalisation of the T.O. 

mode freouency. Nevertheless it is worthy of some 

consideration since experimental results (Postmus et al., 

1968) suggest a strong cancellation between this term 

and the contribution (to the real part of the self- 

energy) from the process represented in figure M.l(b), 

so that it is •• useful additional teat of the model 

calculations to see whether they reproduce this cancellation. 

(Fee, however, the discussion in section M.8(ii)).

As indicated in the preceding chapter the algebraic 

counterparts of diagrammatic representations such as 

those shown in figure M.I may be obtained with the aid 

of the set of rules given by ^aradudin and Fein (1962): 

the technique is, by now, well-established and so only
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the results will be fiven here.

The process shown in fip-ure 4.1 (a) gives a con 

tribution to the real part of the self-energy,

A (1) (Ojj,Q)

where n(q 1 j 1 ) is the Bose factor of the mode

n 21i (4.4,2)

As discussed in section 3.5(iii), the frequencies

iu(£J) are taken to be the renormalised frequencies
*\/ 

(denoted w(q,;') in equation (3.5,25)).

The process represented in figure 4.1(b) fives 

contributions to both the real and the imaginary parts

of the self-energy:

j 1»j i j j
H

(4.4,3)

V
-a-0;

(4.4,4)

The functions and S(fl) are defined by

A-

(1.1,5)
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+00 -
IZ

where Wj = w(c[ j t ), n = n(q ,i t ) ..., and (-)
P

denotes the Cauchy principal value of — .
<A.

The contribution to the imaginary part of the 

self-energy given by equation (4.4,4) represents the 

lowest-order term in the damping function of the T.O. 

mode. As indicated in the preceding discussion 

(section 4.2) it reflects the (thermally-weighted) 

two-phonon density of states through its dependence

on the function S . . (fi) (equation (4.4,6)). The
£L J i J 2

contribution to the damping function is not, however, 

a direct image of the two-phonon density of states 

because of the mode-dependence of the anharmonic coef 

ficients in equation (4.4,4) which express the strength 

with which the T.O. mode is coupled to pairs of modes 

throughout the Brillouin zone.

It is relevant to note that, in the high-temperature 

limit, all these lowest-order contributions to the self- 

energy have an explicitly linear temperature-dependence 

arising from the Bose population factors, equation (4.4,2)

(ii) The effects of the simplest three-phonon 

process.

As mentioned in the introductory discussion it 

has been suggested that lowest-order perturbation theory 

may give an inadequate account of the T.O. mode damping, 

not because of anomalously large second-order terms,
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Fipure *K 2

Contributions 0(X*) to the irreducible one-phonon 

self-energy in alkali halides.



(b)

(c)



- 78 -

but because of the anomalously low value of the two- 

phonon density of states near the T.O. mode frequency. 

Contributions to the damping function that reflect 

the three-phonon density of states may thus have a 

greatly enhanced significance in this frequency region. 

Some quantitative support for this suggestion was 

given by Ipatova et al. (196?), who evaluated approxi 

mately, in the cases of NaCA and LiF, the simplest 

imaginary self-energy contribution that has the character 

of the three-phonon density of states (figure *4.2(b)). 

Their calculations were, however, based on anharmonic 

parameters which are now believed to be unacceptable 

(E.R. Cowley, 1972) in that they did not include the 

effects of anharmonicity in the (short range) Coulomb 

forces. Furthermore, in their calculations the mode- 

dependence of the anharmonic coefficients was effectively 

ignored in order to simplify wha^ are, in practice, 

distinctly cumbersome expressions. This simplification 

is satisfactory only in a first approximation and in 

some, admittedly extreme, instances (for example, the 

theory of two-phonon Raman scattering discussed in the 

following chapter) may be wholly unacceptable. Con 

sequently the mode-dependence of the coupling coefficients 

is treated correctly in this work.

The contribution to the imaginary part of the self- 

energy from the process represented in figure *J.2(b) is 

0(A*) and has, at high temperatures, an explicitly 

quadratic temperature-dependence:



— 7Q

~ y**
a, i2 a,

J 2 )+w(q 3 ,j ,
"•* * • • *^* •* A • • v <9 y I I ^B *(14. 2|, 7)

Here, the notation of Wallis et al. (1966) has been 

adopted, the sum over ± j . indicating that the

expression is to be summed over ±w(q.j.) .— JL n.
The succinctness with which this contribution nay 

be expressed is somewhat misleading: the expression 

for the anharronic coupling coefficient is, in fact, 

very complex. Consequently it is helpful to have an 

independent check of the veracity of the expression 

and of the calculation itself. This is provided by 

consideration of the approximate expression for 

r^(0jj,ft) rdven by Ipatova et al. (1967). These 

authors make use of the approximation suggested by 

Peierls (1956) in which the fourth-order anharmonic 

coefficients are written as

C
J lJ2 3"*>

xMqJj) w(q 2 J 2 ) u>(q,j 3 )
-11 ~Z -33 .

with C taken to be a constant. An approximate 

expression for r (Ojj,fl) may then be written as

.
"2 2
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With the aid of the orthonormality and closure re 

lationships for the normal mode eigenvectors (equations

(2.3,5), (2.3,6)) a rather lengthy expression for the
*\j 

quantity |c| 2 may be derived in terms of (essentially)

the anharmonic parameters (Ipatova et al., 1967). 

This quantity may also be evaluated numerically during 

the computation required in the evaluation of the more 

exact expression (4.4,7): the comparison provides a

welcome test of the latter calculation. Knowledge of
^ 
|c| 2 is also useful in that the evaluation of the

approximate expression, equation (4.4,9), is then 

relatively straightforward: this calculation is 

informative since it is of interest to establish 

precisely how important it is to treat correctly the 

mode-dependence of the coupling coefficients.

(iii) The effects of phonon-phonon interaction 

on the effective two-phonon density of states.

The process represented in figure 4.2(b) is only 

one of six contributions to the self-energy 0(\ k ) 

(there are, of course, no contributions 0(A 3 )). The 

contributions to the damping made by the remaining 

processes have, at least partially, the character of 

the two-phonon density of states. Consequently it is 

to be expected that, of the processes 0(X 11 ), the 

dominant contribution to the T.n. mode line-width will 

be made by the process shown in figure 4.2(b). The 

other contributions may, however, significantly modify
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the self-energy at higher frequencies where the two- 

phonon density of states is large. Of these additional 

processes, the one represented in figure ''.2 (a) is 

particularly worthy of consideration.

This process may be regarded as the simplest to 

allow for the effects of interaction between the 

pairs of phonons involved in the two-phonon density

of states function that determir 'S the character of 
C? (£jj*^) (equation C^.'l,^)). It has been suggested 

(Puvalds and Zawadowski, 1970) that such interactions 

may significantly alter the effective two-phonon density 

of states. This idea is discussed in greater detail 

in the following chapter in the context - that of 

second-order Raman scattering - in which it was originally 

proposed.

The contribution to the self-energy from this process 

is given by

y yf- 2.1 "2-0

x {P
J

iirS

The form of this expression may be pleasingly simplified 

by exploiting the separability of the fourth-order 

coefficients, discussed in section J>.^. Since the
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third-order coefficients v(? Qi ~3.}) are odd in o^
.1 j | .1 j

(a particularly simple consequence of the general 

relation equation (3.4,3)) only those ter^s in the 

fourth-order coefficient that are also odd in q 

need be retained. It is then possible to perform the 

separation specified by equation (3.1,6) with n = 7. 

The contribution to the self-enerpy may then be written

as
7

= ii-6- I C 
ti 8 x=l x

so that the expression (^.4,10) can, in fact, be 

evaluated with only a single summation over the Brillouin 

zone. Indeed, with only a small extension of the above 

formalism, the separability of the fourth-order 

coefficients permits the calculation of the infinite 

series of terms of the form of figure 4. 2 (a) with 

1,2,3,. ....... fourth-order interactions. This series

could, in principle, give rise to two-phonon resonance 

effects, as discussed in the following chapter. 

Introduce a matrix M(Q) defined by'Xr

sM ,(n) a - ii c I vs rA.)(Rxx ^ x x ' '

.,(«)} V" ( A,) (1.1.12)
1«J 1 X J I J 1

and an array A (ft) by

A (Q) =
SLi

(1.1,13)
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where c is given some small, but finite, value. 

Fundamentally it is taken as finite to eliminate 

the spurious effects which would otherwise result 

from representing the Brillouin zone by a relatively 

small («102I I) number of points. To an extent, 

however, the finite value of e may also be regarded 

as simulating, albeit rather crudely, the finite 

lifetimes of the phonons involved in the summations 

(equations (4.4,3), (4.4,4)). Consequently it is of

interest to investigate the sensitivity of the results
( 2) for T v '(Ojj,Q) to the value assigned to e.

4.5 Multi-phonpn contributions to the dielectric 

susceptibi lity

(i) Introduction.

The theory of the multi-phonon contributions to 

the dielectric susceptibility of a crystal has been 

considered by a number of authors (Lax and Burstein, 

1955; Szigeti, I960, 1965; Mitskevich, 1962; Cowley, 

1963; Burstein, 1964; Keating and Ruprecht, 1965; 

Bilz, 1966). The consensus of opinion is that while 

these contributions can be important in xveakly ionic 

crystals such as GaAs (Borik, 1970), and are entirely 

responsible for the infra-red absorption in crystals 

such as Ge, where the first-order dipole moment is 

zero (Cowley and Dolling, 1966), in the strongly ionic 

alkali halide group the contributions made through the
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linear dipole moment are predominant. Thus in the 

most recent calculations of the dielectric properties 

of alkali halides (Johnson and Bell, 1969; Berg and 

Bell, 1971; E.R. Cowley, 1972) the effects of the 

multi-phonon processes were ignored.

Although it is clear that this approximation 

should be quite satisfactory in the region close to 

the T.O. mode frequency, where the dielectric pro 

perties are dominated by the resonance in the one- 

phonon contribution to the susceptibility, equation 

(4.1,6), it has been suggested (Szigeti, 1965) that 

multi-phonon processes may make a more significant 

contribution to the susceptibility at higher frequencies. 

Consequently it is likely that these processes will 

play a more important role in determining the dielectric 

response observed in the thin film experiments, which 

are most sensitive at these higher frequencies.

(ii) The non-linear dipole moment operators.

Before giving explicit expressions for the multi- 

phonon contributions to the dielectric susceptibilitjr 

it is convenient, at this stage, to consider the treat 

ment of the coefficients in the expansion of the crystal 

dipole moment, equation (4.1,4).

As described in section 4.1, the non-linear terms 

in this expansion arise in an anharmonic crystal by 

virtue of non-linearity in the adiabatic equation which 

specifies the electron coordinates in terms of the
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coordinates of the nuclei. A general treatment of 

this equation has been given by Keating and Ruprecht 

(1965), but detailed calculations of multiple-phonon 

effects require a simple model that describes the 

dipolar distortions of the electron distribution 

accompanying the motion of the ions. Such a description 

is afforded by the shell model, and expression? relating 

the coefficients in the expansion of the dipole moment 

operator to the formalism of an anharmonDc shell 

model have been given by Cowley (1963), and extended 

by Borik (1970) and Knohl (1972). The essential results 

of this analysis will now be summarised.

The crystal dipole moment may be written in the 

shell model notation outlined in section 2.3 as

Le (K,0j) + Y f (K,0j)} Am (H.5,1)
Pv VA (J 

K.

In the harmonic approximation the shell eigenvectors

are determined in terms of the core eigenvectors

through the (linear) adiabatic relation, equation (2.3»10),

so that the linear dipole moment coefficient may be

identified as

t
where the effective charge 1" is defined by

and the matrix B(0) is given as—

1 q = u

A manageable expression for the non-linear 

coefficients in the expansion of the dipole moment
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operator may be obtained by treating the anhamonic 

potential for a crystal with polarisable ions in 

the "first approximation" discussed in section 3.3, 

i.e. by assuming that the anharmonic interactions 

are of short ranpe and act entirely through the shells 

The resulting non-linear analogue of equation (2.3,10) 

may then be solved, to pive the simple result

(t.5.5)
I i J J i .1 i

where X is given in terms of the shell model formalism 

as

y / c j. V P
I \ O V I L>

• K *\/ 'X/ *\/KK 1
KK

(-I)'

(1.5,6) 
Strictly, the eigenvectors appearing explicitly

in ecuation (1.5,6) and implicitly in the anharmonic 

coefficient in equation (1.5,5) are those describing 

the absolute motion of the shells. In the cane of 

alkali halides, however, the difference between these 

eigenvectors and the core eipenvectors is small and 

may be neglected in what is, .*n any case, an over 

simplified model of the multi-phonon effects.

(iii) The contributions to the susceptibility 

Expressions for the multi-pennon contributions 

to the dielectric susceptibility have been riven by 

Cowley (1Q63), whose notation is followed here. The 

diapranmetic representations of the processes to be 

considered are shown in firure 1.3. pirure 1.3(a)
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Figure M.3

Diagrammatic representation of contributions to the 

dielectric susceptibility of an anharmonic crystal. 

The filled circles correspond to the coefficients of 

the crystal dipole moment, and the open circles to 

the anharmonic coefficients.



<J
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corresponds to the (renormalised) one-phonon con 

tribution, given by equation Hi.1,6). The contribution 

from each of the one/two phonon interference processes 

shown in figure 1.3(b) and (c) is

+ ilrS

ai £1 2] M (£
j j« y a v j

Treatinp- the one-phonon self-enerpy in lowest- 

order perturbation theory, and using equations 

('l.M,l») and Cl.5,5) this mav be written as

n x 001 u l - rt
o — o

(1.5,8)

The contribution from the two-phonon process shown in 

figure 4.3(d) is

«)} (1.5,9)

Thus the additional contributions to the dielectric 

susceptibility arising through the second-order dipole 

moments are specified, in this approximation, in terms 

of the number X and the lowest-order contribution 

(figure 1.1(b)) to the frequency-dependent self-energy 

of the T.O. mode.
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lj. 6 The observed temperature-dependence of the T.O. 

mode line-width

Before presenting and discussing the results of 

calculations implementing the theory given in the 

preceding sections, it is appropriate to consider 

the interpretation of the observed temperature- 

dependence of the width of the T.O. mode in alkali 

halides , particularly KBr.

The most recent measurements (Mooij , 1970) 

performed on KBr, PbCfc, %*••* ^bBr indicate a temperature 

dependence of the fractional width of the T.O. mode

f s X- *

between T and T 2 , in accord with earlier experiments 

on NaCfc and LiP by Hass (I960) and Heilmann (1958).

Both Mooij (1970) and E.R. Cowley (1972) suggest 

that, if the temperature-dependence of the frequencies 

and anharmonic parameters implicit in the expression 

for r^(0j,],n) (equation (4.4,J|)) is taken into 

account, the temperature-dependence of the width is 

readily explained.

Cowley 1 s statement is based on direct calculation
O } of F v '(Ojj,fl) for NaC£ at different temperatures,

using shell models similar to those discussed in section 

2.4,, designed to generate the quasi-harmonic normal 

mode frequencies appropriate to each temperature. He 

comes to the conclusion that the temperature-dependence



- 91 -

of this lowest-order contribution to the damping, 

vrhen thus "renormalised", is quite close to that 

observed, although, over a frirly vide tenperature 

range, the actual size of the damping is roughly 

two-thirds of that determined by experiment, suggesting 

the importance of higher-order contributions.

l^ooij (1969) has analysed the case of KBr using 

the expression for the damping constant of a linear 

chain, derived by Maradudin and Wallis (I960). His 

argument thus assumes, implicitly, that all phonon 

frequencies have the same temperature-dependence as

that of the T.O. mode. In fact, in KPr, the main
( 2} contributions to T^ (Ojj,fZ) near 0 = w(0j) are

from pairs of acoustic phonons which have frequencies 

that are much less strongly temperature-dependent 

than the T.O. mode frenuency, as is evident from the 

results of Woods et al. (1963), though these extend 

only to lJOO°K. This suggests a simple analysis of the 

temperature-dependence of the lowest-order contribution 

to the damping, in which only the temperature-dependence 

of the T.O. mode freouency and the anharmonic force 

constants is included. Such an analysis suggests that 

at high temperatures this temperature-dependence has 

the form

f (2) % wT (Oj) s T (4.6,2) 

where ojm (0j) is the renormalised T.O. mode frequency
L ™—"

at temnerature T, which accordinp to the results of 

Postmua et al. (1968) is very close to the quasi-harmonic
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frequency at temperature T, indicating-, as remarked 

in section 4.4(1), a strong cancellation between the 

two lovrest-order contributions (figures 4.1 (a), (b ) ) 

to the anharmonic shift of the T.O. mode. Unfortunately, 

the phonons contributing to f through the term 

r (Ojj,Q) are not restricted to acoustic modes and 

so it is not possible to predict how much the temperature' 

dependence of this term will deviate from the explicitly 

quadratic temperature factor arising from the Bose 

population factors. However, a least-squares analysis 

of the experimental results of Mooij (1970) for KBr 

sts that a fairly ^ood representation of the

fractional width is afforded by the expression

f = ATo)(O.i) + BT2 * 6 (4.6,3)

with 6 = °*19, where the temperature-dependence of 

0)^(0.5) has also been taken from the results of Mooiji. ~"~~"

(1970). The values of A and B su^pested by the 

fitting correspond to contributions to r(0jj, w((}j)) 

of O.PS8 THz and 0-025 TFz respectively, at 300°K. 

These value? may be regarded as p-ivin? a (rather crude) 

estimate of the contributions to r(0.ij, ou(Oj)) that 

are 0(A 2 ) and 0(X t| ) respectively.

Clearly, tMs analysis is far from rigorous. In 

particular, the expression (4.6,2) represents what 

Is nrobably the lower limit of the temnerature-dependence 

of the lowest-order contribution to the damrinr, while 

the result of Mooij (1969) fives the upper limit. 

The analysis ^ intended only to provide some ruide



- 93 -

as to the importance of higher-order processes in 

determining the damping of the T.O. mode in KBr.

4.7 The determination of the anharmonic parameters

As has been remarked at various stages of this 

work, a major difficulty in the calculation of an 

harmonic effects lies in the determination of the 

anharmonic parameters that specify the real-space 

coupling coefficients, equation (3.1,4), and thence 

their Fourier representations which appear persistently 

in the theory developed in sections 4.4 and 4.5.

The majority of treatments of anharmonic effects 

in alkali halides have exploited the semi-quantitative 

success of the simple Born model of the interionic

potential, written as
Z 2 " r/ P 

4>(r) s - ~- + <f> 0 e M (4.7,1)

where the second term - the repulsive part of the inter 

action - is assumed to extend only to nearest neighbours. 

Once the parameters 6 and p have been determined, 

the anharmonic parameters are obtained as the derivatives 

of the interionic potential function (Leibfried and 

Ludwig, 1961). The calculations described here, which 

include anharmonic interactions only between nearest 

neighbours, involve three such parameters, defined in

dimensionless form by
II e 2 _ ra 2 4>(r) _ 1 9(fr(r)



Ill e 22Vr - ---- <*-7, 2 >
- ———o

e 2

where, in the usual notation, r is the nearest - 

neighbour distance and V is the volume of the 

(primitive) unit cell.

The lowest-order contribution (figure 4.1(b)) 

to the T.O. mode self-energy which, it will be recalled 

from the discussion in section 4.2, is used in a 

preliminary analysis to examine different methods of 

determining the anharmonic parameters, involves the 

first two of these parameters, but is dominated by the 

second. Consequently the various methods of specifying 

the parameters will be compared by citing the different 

values they suggest for the third derivative, 4>

In several instances other authors have determined 

the anharmonic parameters by fixing the Quantities <J> 

and p (equation (4.7,1)) in terms of the harmonic force 

constants of a shell model for the crystal dynamics. 

The contributions of the anharmonic parameters from 

Coulomb forces have then usually been ignored on the 

basis of an argument, such as that offered by Ipatova 

et al. (1967), which shows that the derivatives of the 

total Coulomb interaction energy per ion - including

long range interactions by means of the

constant - is small in comparison with the corresponding
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derivatives of the repulsive-interaction energy. 

Thus in this method, followed by Cowley (1963) and 

Cowley and Cowley (1965, 1966) the anharmonic para 

meters are determined as the derivatives of the 

repulsive part of the near-neighbour interaction. 

Table 4.1 shows the results for <f> given by this 

method (method A) using the model parameters for 

KBr and NaC£ described in section 2.4.

The second method (B) also ignores the effects 

of anharmonicity in the Coulomb forces, but parameterises 

the repulsive part of the potential function directly 

in terms of experimental data - the interionic spacing 

and the compressibility. This is the method followed 

by Ipatova et al. (196?) and by Johnson and Bell (1969). 

The results given by this method are also shown in 

table 4.1: the two different values for each crystal 

arise from the different values of the compressibility 

as given by (i) Born and Huang (1954) and (ii) as 

calculated from the elastic constants measured by 

Haussuhl (I960).

As noted by Berg and Bell (1971), the results given 

by methods A and B can differ considerably. This is 

a result of the shell modelfe use of second-neighbour 

forces, the physical significance of vrhich is doubtful, 

even though they enable the model to reproduce phonon 

frequencies more accurately. Consequently one might 

expect that the results obtained more directly from
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Table

(a) The values of the anharmonlc parameter 

NaCfc and KBr

Method A Method B Method C

III for

NaCfc -125-2 -85-7(1) -61-7(1)

-96*0(11) -72-0(11)

squarea

KBr -320-5 -113*5(1) 89-5(1)

119-5(11) -95-5(11)

-91-3

(b) The values of the anharmonic parameters used In 

the detailed calculations on KBr

Parameter

III

IV

Value^

-89-5 

1023-5
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experimental data, using method B,would be more 

reliable.

Recently E.R. Cowley (1971, 1972) and Knohl (1972) 

have considered the effects of anharmonicity in the 

Coulomb forces. In contrast to the suppositions of 

earlier workero, their results emphasize the importance 

of anharmonic Coulomb Interactions in determining both 

thermodynamic and optical properties. Somevrhat 

surprisingly, Cowley f s calculations indicate that, 

despite the long range nature of the Coulomb forces, 

a nearest-neighbour approximation is adequate in cal 

culations of the self-energy. In a sense, this is one 

reason for the importance of the Coulomb contribution 

for, as noted by Rerg and Bell (1971), the inclusion 

of anharraonic Coulomb interaction between near neighbours 

only (c.f. the argument of Ipatova et al. (1967), 

described above) significantly alters the derivatives 

of the near-neiprhbour potential function. The calculations 

of E.R. Cowley justify this procedure so that, in 

method C, the derivatives of the repulsive part of the 

interaction obtained by method B, were corrected to 

allow for near-neighbour Coulomb interaction.

It may be remarked that not all previous anharmonic 

calculations on alkali halides can be strictly categorised 

in terms of methods A, B and C. E.R. Cowley's (1971, 

1972) calculations, as noted above, Included the effects 

of anharmonic Coulomb interaction, but determined the 

repulsive-potential contributions usinr method A.
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Knohl (1972) avoided altogether the assumption of 

the simple Born potential in his calculations on LiF
JTT

by determining the parameter <f> ~ J" through a least- 

squares analysis of the hulk reflectivity, calculated 

without consideration of the effects of self-energy 

contributions OCX 1*). This is certainly unsatisfactory 

in the case of KBr in view of the probable importance 

of such contributions near the T.O. mode frequency. 

Furthermore, it does not provide prescription for 

the determination of the parameter <!> which is 

needed in the calculations undertaken here.

Nevertheless it is clear that the Born model can 

offer only a first approximation to the anharmonic 

interionic forces, from two points of view.

Firstly, it ipnoren the small deviations from the 

Cauchy relation (C^ k = C 12 ) found in the alkali halides. 

In certain cases the failure of this relation may be 

attributed to radial ionic deformability (Sanpster et al. 

(1970)), but the sipn of the deviation in ?'Pr (C 12 > C UH ) 

and, according to Ilaussuhl's (I960) data, in ITaCfc 

also (table 2.1) precludes this explanation. In any 

event it is clear that the interionic forces in alkali 

halides cannot be '-.'holly described in terms of a 

central potential function such as enuation (*J.7,1). 

Unfortunately, without the central force assumption, 

the number of parameters required to specifv the coupling 

constants (enuation (3.1,*0) rises sharply; the
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difficulties of performing meaningful anharmonic 

calculations rise correspondingly. In the current 

state of anharmonic theory it does not seem possible 

to take account of these effects which should, however, 

be thankfully small.

Secondly, the Born rigid-ion model ignores the 

effects of ionic deformability which play such an 

important r6le in determining the harmonic dynamical 

properties. However, since the .justification of the 

values assigned to the anharmonic parameters must in 

any case be largely pragmatic, it is reasonable to 

ignore shell model effects in the determination of 

A and p, equation (4.7,1).

Consequently, the procedure that has been followed 

here has been to assume the approximate validity of 

equation (4.7,1) and then to investigate the anharmonic 

parameters generated by the methods described above, 

in order to ascertain which parameters can account most 

satisfactorily for the observed anharmonic properties.

4.8 The results of the calculations: discussion

(i) Sundry details

The results presented in this (and in the following) 

chapter were obtained with the aid of the "harmonic" 

deformable shell models for KBr and NaCfc, described 

in section 2.4. With the exception of the calculation 

of r (3) (0jj,n), equation (4.4,7), the Brillouin zone
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was represented by a mesh of 4000 equally-spaced 

points; in the extremely lengthy calculation of 

r (Oj.i,n), a reduced mesh, consisting of only 500 

points, was used. Furthermore, in this case the 6 

function in equation (4.4,7) was represented by the 

simplified form

<5(x) * - - e /2 < x <
(4.8,1) 

0 otherwise

Expressions for the anharmonic coefficients appearing 

in the theory of sections 4.4 and 4,5 are extremely 

lengthy and will not be reproduced here. In each case 

they were obtained from the defining relations of the 

form of equation (3.1,6), while the real space coupling 

coefficients were obtained in terms of the anharmonic 

parameters as described by Leibfried and Ludwig (1961). 

In the case of the evaluation of the lowest-order con 

tribution (figure 4.1(b)) to the self-energy these an 

harmonic coefficients were modified to allow for the 

effects of ionic polarisability according to the pre 

scription followed by E.R. Cowley (1971, 1972) and 

described as the "second approximation" in section 3.3. 

Since the inclusion of these effects produced at most 

a 5A change in the lowest-order contribution to the 

self-energy, they were ignored in the remaining calculations.

With the self-energy of the T.O. mode calculated,

the frequency w (Oj) was determined such that theo ~

resulting renormalised T.O. mode frequency corresponded
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to the original model frequency and thence to the 

observed (renormalised) frequency at 300°K.

The first-order dipole moment M , and

the parameter X specifying the second-order dipole 

moment, were obtained from the shell models according 

to equations (4.5»2) and (4.5,6). These parameters 

were, however, used only to specify the relative 

sizes of the one-phonon and multi-phonon contributions 

to the susceptibility, the overall susceptibility being- 

scaled to fit the observed low frequency dielectric 

constant.

Finally equation (4.3,1) was used to calculate 

the thin film reflectivity for the thicknesses of film 

and angles of incidence appropriate to the available 

experimental results (Reference I).

(ii) Preliminary analysis: the lowest-order 

contributions to the self-energy, and the anharmonic 

parameters.

The lowest-order contributions to the frequency- 

dependent self-energy of the T.O. mode (equations 

(4.1»,3) and (4.4,4) were evaluated for KBr and NaCfc 

using, in turn, the anharmonic parameters specified 

by the various methods outlined in section 4.7, and 

taking the value of e as 0*1 THz. In each case the 

resulting one-phonon contribution to the dielectric 

susceptibility was calculated and used to obtain the 

thin film reflectivity. Figures 4.6 and 4.7 make a
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Figure 4.*J

The real (broken curve) and imaginary (full curve)

parts of the lowest-order contribution to the

frequency-dependent self-energy of the T.O. mode

in KBr at 300°K, with anharmonic parameters specified

by method C(ii). The arrow marks the T.O. mode

frequency.
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Figure 4.5

The real (broken curve) and imaginary (full curve)

parts of the lowest-order contribution to the

frequency-dependent self-energy of the T. 0. mode

in NaC£ at 300°K, with anharmonic parameters specified

by method C(ii). The arrow marks the T.O. mode

frequency.
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Figure 4.6
\

Experimental (full curve) and theoretical (broken 

curve) thin film reflectivity for KBr at 300°K

(a) d = 1-1 ym, 6 = 45°

(b) d = 1-1 ym, 9 = 65°

(c) d = 1-7 pm, 6 = 45°

(d) d = 1-7 pm, 6 = 65°
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Fipure

Fxperimental (full curve) and theoretical (^roken 

curve) thin film reflectivity for NaC£ at 300°K

(a) d = 0«63 PTP, 6 = 45-O

(b) d = 0-63 pn. e = 65°

(c) d = 2-5 urn, 6 = 45°

(d) d = 2-5 pr>, 6 = 65°
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Figure

Fxperimental (full curve) and theoretical (broken 

curve) thin film reflectivity for NaC£ at 300°K

(a) d = 0-63 prc, 6 = 45°

(b) d = 0-63 pn, e = 65

(c) d = 2»5 urn, 6 =

(d) d s 2-5 vr», 6 = 65°
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comparison between the observed reflectivity and that 

calculated with the anharmonic parameters obtained 

from method C(ii); these parameters generate self- 

energies (figures 4.4 and 4.5) which give by far the 

most satisfactory representation of the tMn film 

reflectivities, as one might have expected in view

of the discussion in section 4.7. Methods A and B
C? 1 lead to a damping function T v (Ojj,Q) which, according

to the thin film experiments, is considerably too 

large in the vicinity of the L.O. mode frequency. 

Method C(ii) is more satisfactory than method C(i) 

in the case of NaCl, but the difference between the 

parameters given by C(ii) and C(i) is small in the 

case of KBr.

Some indication of the reliability of the anharmonic 

parameters generated by method C(ii) is given by the 

results of a least-squares analysis of the observed 

reflectivity: this analysis exploited the fact that, 

because of a strong cancellation of the short range 

and Coulomb contributions to the parameter $ (also 

implicit in the anharmonic coefficients in equations 

(4.4,3) and (4.4,4))t<e values of T (2 ' (Oj.j ,n) and

jj,ft) scale essentially as (<J> ). An analysis 

of the observed reflectivity then yielded the values of 

(f* 111 listed in table 4.1; these values are in remarkably 

good agreement with those suggested by method C(ii).

Turning to the results of the self-energy cal 

culations themselves (figures 4.4 and 4.5), it may be
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remarked that although these are qualitatively very 

similar to those obtained by Covley (1963) for KBr, 

and E.R. Cowley (1972) for NaCfc, their overall sizes 

are different. In each case this may be largely 

attributed to the difference in the anhermonic para 

meters used. In the case of NaC£ the results are 

approximately 0«7 times those of E.F. Cowley (1972) 

who, as remarked earlier, determined the "short range" 

contribution to the anharmonic parameters from his 

shell model. In the case of KBr the results are ^0«45 

times those obtained by Cowley (1963) who also used 

method A to determine his anharmonic parameters and 

neglected anharmonicity in the Coulomb forces altogether.

Two further features of these results are 

particularly worthy of comment since thev substantiate 

remarks made earlier, firstly the results for both 

KBr and NaCfc demonstrate the anomalous!-' small value 

of the lowest-order contribution to the damping function 

in the vicinity of the T.O. mode frequency. This 

arises because, in each case, this frequency is too 

high to be included in the range of the two-nhonon 

difference band, whicr. fives rise to the low frequency 

maxima in the damping functions, and too low for the 

range of the two phonon sum processes. Although the 

thin film experiments, being least accurate in the region 

of the T.O. mode frequency, do not give a clear 

indication as to the extent to which this lowest-order
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contribution to the damping can account for the T.O. 

line-width, calculations of the real and imaginary 

parts of the refractive index (figure 4.8) and of 

the bulk reflectivity (figure 4.9) of KBr provide 

clear evidence that, an expected, the calculated 

damping in th5s frequency repion is indeed too spall, 

fore quantitative considerations of this point are 

postponed to the next section.

The second point illustrated by f5pure 4.4 and
(2)4.5 5s that r (yjjfi) does indeed assume its largest

values in the vicinity of the L.O. mode frequency. In 

part this is due simply to the form of the two-phonon 

density of states, but the effects of the matrix elements 

in equation (4.4,4) are by no means insignificant, Tn 

particular, as noted by F.P. Cowley (197?) s the size 

of the major peak in the dampinr function is considerably 

enhanced bv virtue of the larpe value of the matrix 

element that describes the coupling of the T.O. mode 

to the T.A. and T.O. phonons at the L-point: the sum 

of the freauencies of these modes occurs close to the 

frequency of this major peak.

This last fact ir probably responsible for a major 

part of the discrepancy observed around 7-5 THz 

(^250 cm" 1 ) in the thin film reflectivitv of NaCfc, for 

the simple shell model of NaCfc is least satisfactory 

in describing the modes close to the L-point (fipure 

2.4). with this exception, however, the agreement
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Figure 4.8

Experimental (full curve) and theoretical (broken 

curve) values of the real and imaginary parts of 

the refractive index of KBr at 300°K. The experimental 

results are taken from Johnson and Bell (1969).
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Figure *1.9

The bulk reflectivity of KBr at 300°K. The broken 

curve represents the results of a calculation 

including only the lowest-order contributions to 

the one-phonon self-energy; the full curve results 

when the simplest three-phonon contribution to the 

one-phonon self-energy is taken into account, as 

described in the text. The experimental data is 

taken from the work of Lowndes (1970). The inset 

represents a frequency interval of 0«1 THz and gives 

a measure of the uncertainty associated with the 

shell model's representation of the two~phonon density 

of states.
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between theory and experiment shown in fipures 4.6 

and fc.7 is most encouraging, particularly for KBr, 

where the calculations account for the structure in 

the reflectivity around the L.O. frequency in a very 

satisfactory way. Indeed, these result- provide the 

clearest confirination to date of Cowley's (1?63) 

prediction of the possibility of considerable structure 

in the response functions of the T.C. and L.O. modes 

in alkali halides around the L.O. mode frequency.

Finally, in this section, consideration will be 

piven to the implications to be drawn from evaluation 

of the lowest-order contributions to the real part of 

the self-energy of the T.O, rode. In these calculations, 

and in those reported below, attention i" confined to 

the case of KBr for which the harmonic model is more 

reliable. The anhamonic parameters used throughout 

are those generated by method C(i) which, In the case 

of KBr, do not differ significantly from those Riven 

by method C(ii).

The result of a calculation of the frequency- 

independent contribution to the T.O. mode self-energy 

(figure lJ.l(a)) is civen in table U.2, alongside the 

contribution to the "shift" of the T.n. node, 

A (2) (0j ti, o)(Cj)). Now, from equation* (3-5,26), (3.5,27) 

and '3.5,2^) the temperature-dependent renomalised 

frequency of the T.O. mode mav be written 5n lowest- 

order perturbation theory
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Hw(0j) = (0(OJ) + A(0jj, w(0j)) + A(0jj, w(Oj))

(1.8,2)

The temperature-dependence of CD (0,1) arising from

the volume-Xtemperature-dependence of the quasi-
OH harmonic frequency W (C,j) may be determined from

the crystal f s coefficient of expansion and the 

Gruneisen constant of the T.O. mode. The latter has 

been obtained for the T.O. mode in KBr by Postmus et al. 

(1968) from observations of the pressure-dependence

of the T.O. mode frequency: they found Ym n = 2-86±0-l.j. • u .
A direct measurement of the temperature-dependence of 

the renormalised frequency then allows the determination 

of the net effects of the terms A' ' and A' ' in equation 

(1.8,2). On the basis of such an analysis Postmus et al. 

(1968) concluded that the temperature-dependence of 

the renormalised frequency is so close to that calculated 

(with their Ortmeisen constant, y™ 0 ) for the quasi- 

harmonic frequency, that the contribution to the 

temperature-dependence of w(0j) made by A^ and A 

must be small. Since each of these terms has a linear 

temperature-dependence, at high temperatures, these 

results suggest a strong cancellation between A^
( 2 }and A : clearly this is in excellent agreement with 

the results shown in table 4.2..'

The rather embarrassing extent of the cancellation 

between A and A^ shown in table 1.2 should not, 

however, be regarded as anything like a literal measure



of the reliability of the numerical calculations 

reported here, particularly in the light of more 

recent experiments on KDr by Mooij (1970) and 

Lowndes (1971). The former author made further 

observations of the temperature-dependent renormalised 

T.O. mode frequency, finding a small difference between 

this temperature-dependence and that of the quasi- 

harmonic frequency calculated by Postnus et al. From 

the sign of this discrepancy, Mooij concluded that

the quartic self-energy shift, A^ , must be larp.er
(2)than the magnitude of the cubic term, A x . "ore dis 

turbingly, Lowndes (1P71), from experiments similar 

to those o* Postmus et al., obtained a Qruneisen constant 

YT 0 « 1»59±0«24, for KBr, and thence concluded that 

the temperature-dependence of the renoriralised T.O. 

mode frequency must be quite different from that of 

the quasi-harmonic frequency, the difference corresponding 

to a situation in which the cubic contribution to the 

shift dominates the quartic contribution!

The essential origin of this rather disturbing 

discrepancy Is the different values assigned to Y-, n
JL • U .

This quantity may also be calculated from the par meters 

of an anharmonic model (c.f. section 6.3), and the 

enharmonic parameters yielded by methods C lead to a

valuo of Yfp n *** 2»5« -A-pain this is in quite satisfactory>..»/•
agreement with the result obtained by Postmus et al. 

(1068). The fact that both results (the cancellation
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of A* 1 ' and A^ 2 ', and the value of Ym n ) are
j. • U •

compatible with the work of these authors, and 

incompatible with that of Lowndes (1971) suggests 

that the value obtained by the latter author for the 

Griineisen constant is in error. Indeed it is difficult 

to see how the anharmonic model parameters could be 

changed to accommodate Lowndes' results: for his 

value of the frriineisen constant would suggest a value 

of |<f> | considerably smaller than that used here, 

while his conclusion about the relative sizes of A' ' 

and A^ ' would indicate that 14> | should be increased,

In view of these considerations, it is felt that 

it is reasonable to interpret these results as a further 

favourable indication of the reliability of the model 

parameters; a more quantitative assessment of the 

uncertainties to be associated with these parameters 

is made at the conclusion of the following section.

(iii) Detailed analysis.

In this section a more detailed examination is 

made of the dielectric properties of KBr, using the 

results of further calculations of the one-phonon self- 

energy and the multi-phoncn contributions to the 

susceptibility, based on the anharmonic parameters of 

method C(i). The specific intentions are firstly to 

provide a quantitative understanding of the T.O. mode 

line-width and secondly to establish the extent to 

which other effects may modify the results of the 

calculations of the thin film reflectivity described
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in the preceding section.

Firstly further consideration must be given to 

the lowest-order contribution to the damping. This 

contribution has been evaluated for different values 

of e (equation (4.4,15)), namely O05 THz, 0*1 THz and 

0-15 THz. The resulting contributions, r (2 ̂  (Oj j ,w(0j ) ) , 

to the T.O. mode line -width (strictly, the half -width 

at half maximum) are listed in table 4.2. Clearly 

the size of this contribution depends quite markedly

on the value of e, the reason for this being that a
(2 )significant proportion of the contributions to r

near fi = w(0j) arise from the 'tails' of the ^-functions

(actually taken as Lorentzians ) in equation (4.4,4),

that contribute principally at higher or lower frequencies.

Unfortunately, the value of e, regarded as a measure

of the line-widths of those phonoris to which the T.O.

mode is coupled, is far from being well-defined, for

these widths are known to vary considerably from mode

to mode (Cowley and Cowley, 1965). There appears to

be no way of treating this effect satisfactorily, short

of undertaking a (self-consistent) calculation of the

self-energies of all the modes in the Prillouin zone:

this idea will not be pursued further! As a result it

is felt that this effect - the finite life-times of

the phonons into which a T.O. phonon can decay - ic

probably the major source of uncertainty in the calculation

of the lowest-order contribution to the T.O. mode

damping.
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It should be remarked that variations in e also 

produce some modifications of the thin film reflec 

tivity calculated from the lowest-order contribution 

to the self-energy; this is illustrated in figure 

1.12. Figure 1.12 (a) is the same as figure 1.6(c) 

and shows the reflectivity calculated from the one- 

phonon dielectric susceptibility, with the lowest- 

order self-energy contribution specified by the para 

meters of method C(ii); figure 1.12(b) shows the 

result of a similar calculation when the parameters 

of method C(i) are used. The small differences pive a 

measure of the sensitivity of the calculations to the 

anharmonic parameters. These calculations were made 

with c = 0*1 TKz; figures 1.12(e) and (f) shov the 

results of the calculations with e = 0-05 THz and 

0»15 THz respectively. The latter would appear to give 

a better account of the reflectivity in the L.O. 

frequency region.

The three-phonon contribution to the T.O. mode 

damping functions will now be considered. Both

r (3) (0jj,n) and r^)(oj.i,P,) (equations — ap p —

1,9)) have been evaluated. Since these calculations 

are lengthy the representation (1.8,1) was used for

the 6-functions and only a sinple value of e, 0-1 THz,
f\j 

was investigated. The quantity |c| 2 , equation (1.1,9),

was evaluated in the two ways described in section 1.1(11): 

the results apreed to within 2*. The validity of the
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Figure

The three-phonon contribution to the imaginary part 

of the one-phonon T.O. mode self-energy of KBr at 

300 K. The full curve represents the results of a 

calculation taking account of the mode-dependence of 

the coupling- coefficients; the broken curve 

represents the results when this mode-dependence is 

ignored.



FR
E

Q
U

E
N

C
Y

 
(T

H
Z

)



- 119 -

high-temperature approximation for the Bose factors 

in the expression for T ^ was also confirmed by

evaluating the approximate expression, r ^ , withoutapp
this approximation.

Thr contributions to the damping function of the 

T.O. mode are given in figure 4.10. It is evident

that, in contrast to r^(0jj,ft), r(Ojj,B) has a

maximum value very close to the T.O. mode frequency, 

the sharpness of which is enhanced by the correct treat 

ment of the mode-dependence of the anharmonic coef 

ficients. The resulting contribution to the T.O. mode 

line-width is given in table 4.2. Clearly these cal 

culations confirm the inadequacy of lowest -order per 

turbation theory for dealing with the T.O. mode camping.

Quantitatively, the total contribution to the 

line-width made by the two terms r^(0jj, o)(0j)) and 

r (2) (ai,j, w(0j)), with E = 0-1 THz, is in remarkably 

good agreement with the experimentally determined value 

(Mooij , 1970), also shown in table 4.2 (error assigned 

by the author). Separately, however, the contributions 

do not agree with the estimates made in section 4.6 

on the basis of the temperature-dependence of the damping. 

This may be because in that analysis no account was 

taken of the fact that the relatively strong temperature- 

dependence of the renormalised T.O. mode frequency, 

w(0j), means that measurements of the temperature- 

dependent line-width will effectively be sampling the
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damping functions r (2) (0jj,n) and r (3) (Ojj,H) at the 

varying frequency ft = w ^2^ a As n°ted by Cowley and 

Cowley (1965) this effect may change the effective 

temperature-dependence of the damping: in view of the 

predicted sharpness of the peak in r^(0jj,fl), it 

might be expected to produce a significant decrease 

in the effective temperature-dependence of this con 

tribution. This observation is compatible with the 

discrepancy between the calculated contributions to 

the damping (table 4.2) and the estimated contributions 

(section 4.6).

However, further evidence that these calculations 

do not correctly apportion the damping around the T.O. 

mode, is afforded by a calculation of the bulk reflectivity 

of KBr, including the self-energy contribution of the 

three-phonon process. The result (figure 4.9) shows 

clearly that the damping function in the frequency 

region immediately above the T.O. mode frequency, is 

now too large. *"<

If these calculations do indeed exaggerate the 

three-phonon contribution, the error may be attributed 

to a number of sources - to errors in the anharmonic 

parameters, particularly $ , to errors in the shell 

model frequencies, which will be accentuated in a cal 

culation of the three-phonon density of states, or to 

the crude histogram technique used to represent the 

6-functlons in this calculation. A further possible
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source of error is the omission from these calculations 

of the self-energy contribution (also 0(X % )) shown 

in figure 4.2(c), Fhich has, in part, the character 

of the three-phonon density of states and which might 

well produce a significant reduction in the damping 

near the T.O. mode frequency.

Further contributions to the T.O. mode line-width 

can, in principle, be made through intra-ionic an- 

harmonic interactions, end through the effects of iso- 

topic impurities. Estimates, discussed in reference II, 

suggest, however, that these contributions are small 

and they will not be investigated further.

Finally it is necessary to consider those processes 

which have little direct effect upon the dielectric 

properties near the T.O. frequency, but which have an 

indirect effect on the calculated T.O. line-width through 

the limits which they set on the reliability with which 

the thin film reflectivity experiments can specify the 

anharmonic parameters.

In contrast to the three-phonon process considered 

above, the evaluation of the contributions to the 

self-energy from the process shown in figure 4.2(a), 

and from the corresponding infinite series, (equations 

(4.4,11), (4.4,14)), shows that these terms have a 

significant effect only at frequencies rather higher 

than that of the T.O. rode. The self-energy contributions 

are shown in figure 4.11: the sum of the series 

differs little from the first term, but the resulting
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Figure

Upper: contribution to the imaginary part of the 

one-phonon T.O. mode self-energy of KBr at 300°K, 

made by the process represented in figure 4.P(a) 

(full curve), and by the corresponding infinite 

series (dotted curve).

Lower: contribution to the real part of the one-phonon 

T.O. mode self-enerry of Kp-r at 300°K, irade by the 

process represented in figure *J.2(a) (full curve), 

and by the corresponding infinite series (broken curve)
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Figure

Comparison of the observed (broken curve) thin-film 

reflectivity of KBr (d = !•? Pm,6 = 65°) with that 

calculated allowing for the various effects described 

in the text.
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self-energy contribution does have an observable 

effect on the thin film reflectivity (figure 4.

Calculations of the multi-phonon contributions 

to the susceptibility are certainly less reliable 

than calculations of self-energy contributions since 

they depend not only upon the anharmonic parameters, 

but also on the model adopted for the dipole moment 

operators. It is reasonable to expect, however, that 

the simple model used here will give a fair estimate 

of the effects of these processes. The modification 

of the "first approximation" to the reflectivity 

(figure JJ.12(b)) produced by the inclusion of the multi- 

phonon contributions to the susceptibility is shown in 

figure 4.12'c). As expected, the effects in the immediate 

vicinity of the T.O. mode frequency are negligible, but 

at higher frequencies, as predicted by qualitative 

arguments (Szigeti, 1965) the effects are by no means 

negligible, producing a marked asymmetrical modification 

of the reflectivity near the L.O. mode frequency. This 

modification is similar to, but more pronounced than,
(oo)that produced by the self-energy contributions A v '

(m)and T v , discussed above: both effects accentuate the

discrepancies on the high frequency side of the major 

structure in the reflectivity. The calculated damping 

in this frequency region appears to fall off too slowly 

with increasing frequency, perhaps because of errors 

in the shell model frequencies. The inclusion of the
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additional self-energy term does, however, allow a 

slightly better representation of the two-peaked 

structure in the reflectivity around the L.O. frequency.

In the light of these results, what statements 

can be made about the anharmonic parameters? Bearing 

in mind the calculations of the line-width and the 

Qruneisen constant of the T.O. mode it is felt that 

the value assigned to the parameter | <f> | is probably 

correct to within 15/, although the results presented 

here do not offer an unequivocal suggestion as to 

whether this value is too high or too low. The value 

of the Grlineisen constant, as determined by Postmus et al, 

(1968), suggests that the value of the parameter is, 

if anything, too low, but an increase would seem to be 

incompatible with the observed thin film reflectivity. 

With regard to the parameter 4> the situation is even 

less clear. The value assigned to this parameter rests 

initially upon the assumption that the short range part 

of the interatomic potential has the simple form of 

equation (4.7,1). It derives some support from the 

cancellation of A (1) (0jj, w(OJ)) and A (2) (0j,j, w(0j)), 

but the available experimental data on this point is, 

as has been described, somewhat confused. The cal 

culation of the three-phonon contribution to the line-
TV 2

width, which depends essentially on | $ | , would suggest 

that the value assigned to <j> is rather too large. 

Clearlv it is difficult to quantify the uncertainties 

in this parameter, but a reasonable estimate is probably 

~ 25*.
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**.9 Concluding remarks

With the aid of the results of experiments on the 

dielectric properties of thin films, the anharmonic 

theory of alkali halides has been examined in greater 

detail than has been possible hitherto. The analysis 

prompts the following conclusions:

(i) Anomalous structure, exhibited in the thin film 

reflectivity near the L.O. mode frequency, can be largely 

accounted for by structure in the lowest-order con 

tribution to the frequency-dependent self-energy of the 

T.O. mode.

(ii) The line-width of the T.O. mode in KBr cannot 

be treated satisfactorily in lowest-order perturbation 

theory, largely because of the anomalously low value 

of the two-phonon density of states and the large value 

of the three-phonon density of states in the vicinity 

of the T.O. mode frequency.

(iii) At other frequencies lowest-order perturbation 

theory will give a fairly satisfactory account of the 

self-energy, but contributions from second-order terms 

will not be totally negligible. In particular, the 

effects of phonon-phonon interaction on the two-phonon 

density of states may modify the lowest-order contribution 

to the self-energy by as much as 2055.

(iv) At frequencies higher than that of the T.O. mode, 

multi-phonon contributions to the susceptibility are 

likely to be significant; indeed these calculations 

suggest that in this frequency region the latter are
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at least as important as the nodificationn to th« 

one-phonon susceptibility produced by self-energy 

terms 0(X*).

(v) The major uncertainties in the calculation of the 

lov;est-'^rder contribution to the T.O. node line-v'dth 

would seem to be the values to be assigned to the para 

meters e and cfr 9 while, in the calculation of the 

three-phonon contribution to the damping, the limiting 

factors are uncertainties in $ , the accuracy of the 

shell model frequencies and, again, the value of e. 

In the light of these uncertainties the values obtained 

from these two calculations are not at all unreasonable. 

(vi) As to further developments in this field it seems 

to the author that, although this investigation as 

revealed that the problems of a theoretical description 

of anharmonic effects may, on occasion, be exacerbated 

by the need t •> go to second-order perturbation theory, 

the major obstacle to a quantitatively satisfactory 

account of anharmornc properties of alkali halides remains 

the determination of the anharmonic parameters. Sub 

sequent efforts to tackle this problem might profitably 

exploit, or extend to other crystals, the experimental 

studies made recently (Lowndes, 1970) on the pressure- 

and temperature-dependence of the ?onfitudinal optic 

mode 5n certain crystals (Pbl, CsBr and Csl). ^urther 

experimental investigations of the pressure-dependence of 

transverse optic modes in alkali halides would also be 

of considerable assistance.
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CHAPTER 5

The theory of Paman scattering by phonons

5.1 Introduction: the basic problems.

5.2 The polarisability coefficients.

5.3 The effective two-phonon density of states

5.*J The results of calculations - a review.
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Foreword

In this chapter a review is given of a theory of 

Raman scattering by phonons developed by the author 

elsewhere (Bruce and Cowley, 1971, 1972; Bruce, 1972 - 

referred to in this chapter as references I, II and 

III respectively). These publications have stimulated 

renewed interest in the theory of two-phonon Raman 

scattering, resulting in a number of papers (Haberkorn 

et al. , 1973; Rieder et al. , 1973; Krauzman, 1973; 

Pasternak et al. , 1973) on this topic. Consequently, 

since a detailed exposition of the formalism is to be 

found in references I to III, the intention here is to 

convey the essential ideas of the theory and to review 

the current state of understanding of two-phonon 

Raman scattering in the light of the results presented 

in these references, supplemented by the recent work 

of other authors.
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5 . 1 Introduction: the basic problems

In the Raman scattering process light is scattered 

inelastically from a crystal, with a change in 

frequency determined by the energies of the crystal 

excitations involved in the scattering process. In 

the case of Raman scattering by phonons the intensity 

distribution of the light scattered into unit solid 

angle is given by (Born and Huang, 195*0

Here the vector n describes the polarisation of the 

scattered light, E is the electric field of the 

incident light, ft its frequency and nfl the energy 

gained by the crystal in the scattering process. The

tensor I oxC^) » which will be called the Raman tensor,

is a spectral density function which is given in terms 

of the effective polarisability operator of the crystal 

(defined in section 2.1) by a relation of the form of 

equation (3.5,19):

The effective polarisability operator may be 

represented by a Taylor series expansion analogous 

to the expression (2.2,1) for the effective potential 

function. The expansion is written as (Rom and 

Bradburn, 19 1*?)

P f*n lT (*iu I p
aB

t l<2&

+ .... (5.1,3)
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It is frequently more convenient to use a Fourier 

representation analogous to equation (3.1,5), giving

P 2 P<°)+ 7 P fiUfS-l + Y P f^^- A L l

£2^*2 

+ .... (5.1,4)

Raman scattering by phonons arises through the terms 

in equations (5.1,4) or (5.1,3) which express the 

modulation of the crystal polarisability by the motion 

of the atoms. For crystals in which each atom is 

situated at a centre of inversion symmetry, the first- 

order terms in these equations are zero. Thus in alkali 

halide crystals the Raman scattering is of second- or 

higher-order. The two-phonon contribution to the Raman 

tensor is given by equations (5.1,2) and (5.1,4) as

x Im Q(A*A*i, AiAi,n + ie)
J i J i . J 2 <J2

(5.1,5)

where use has been made of the conservation of wave- 

vector required by the translational invariance of the 

crystal, and the wave-vector of the radiation has been 

taken as effectively zero.

Equation (5.1,5) delineates the problems of a 

theoretical description of two-phonon Raman scattering. 

The incident light couples to pairs of phonons of equal 

and opposite wave-vector. The strength of the coupling
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is given by the polarisability coefficients

P R (-7 & ) and the first problem is to find a model 
.1 j f

to describe these coefficients. The second problem 

is the calculation of the two-phonon Green's function 

in equation (5.1,5), that is, the evaluation of the 

two-phonon density of states effective in determininp 

the Hainan scattering.

5' 2 The polarisability coefficients

As in the case of the effective potential function, 

the calculation from first principles of the coefficients 

in the expansion of the effective polarisability operator 

presents formidable difficulties, since it requires 

detailed knowledge of electron band structure and 

deformation-potential matrix elements. Consequently, 

various approximations, not dissimilar to those used 

in the analogous dynamics problem, have been made in 

order to reduce the problem to one of manageable pro 

portions.

The most sweeping approximation used has been to 

ignore altogether the mode-dependence of the coefficients 

(Karo and Hardy, 1966) so that the calculated Raman 

spectrum, for all polarisations of incident and scattered 

radiation, simply reflects the structure in the 

(imaginary part of the) two-phonon Green's function. 

Although such calculations, combined with a critical 

point analysis, may yield information about the normal



~ 133 -

mode frequencies (Hardy, 1966) they provide little 

understanding of the Raman scattering process. This 

is evident from an examination of the differently- 

polarised second-order Raman spectra of alkali halides 

measured by Krauzman (1967a, 1967b, 1968, 1969): 

the spectra differ considerably, both in structure and 

in overall intensity.

More realistic approximations have been made on 

the basis of the expansion (5.1,3) (Born and Bradburn, 

19^7; Hardy et al., 1969; Krauzrran, 1973). In this 

approach the coupling coefficients are treated as 

disposable parameters; it is assumed that they may 

be restricted to near-neighbour interactions. Symmetry 

considerations, together with additional assumptions, 

reduce the number of independent coupling coefficients 

to a level at which a calculation of the Raman scattering 

may be meaningful. This technique has met with not 

inconsiderable success. Cunningham and co-workers (1971) 

have used it, in conjunction with their deformation- 

dipole model of the crystal dynamics, to give a fairly 

good description of the Raman spectra of NaF. Recently 

Krauzman (1973) has shown that this approach may be 

used to give a good representation of one of the three 

independent components of the Raman tensor in KBr.

In the author's view, however, this approach is 

rather unsatisfactory in that the assumptions made about 

the various coupling coefficients are necessarily opaque.



A potentially more informative approach is to develop 

a simple theory that shows explicitly how the polaris- 

ability coefficients are related to electron-phonon 

interactions. The use of shell model formalism, as 

suggested by Cowley (196Ma), and developed in references 

I, II, and III, permits a simple description of such 

interactions and makes contact between the Paman 

scattering theory and standard anharmonic theory, such 

as that discussed in the preceding chapter.

The way in which shell model concepts may be used 

to describe Paman scattering is illustrated in figure 5.1. 

Figure 5.1(a) and (b) represent the formal stages of 

the two-phonon Hainan process, while (c) and (d) indicate 

their analogues within the conceptual framework of the 

shell model.

The initial and final stages in the three-stage 

process consist of a coupling of the radiation to the 

electronic system with the virtual creation/annihilation 

of a dipolar excitation (an electron-hole pair state). 

In shell model terms the radiation couples to the electron 

shells, which oscillate with the field, yielding high- 

frequency fluctuating dipole moments. The direct coupling 

to the ion cores leads to a negligible response at 

typical laser frequencies (Loudon, 196*0.

In the intermediate process an electron - (or hole-) 

phonon interaction occurs with the creation or 

annihilation of two phonons, either simultaneously,
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Figure 5*1

Formal ((a) and (b)) and shell model ((c) and (d)) 

representations of possible contributions to the 

two-phonon Raman scattering process.
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figure 5.1(a), or successively, (b). In the shell 

model framework these interactions are realised as 

anharmonic couplings (either one of fourth-order, 

or two of third-order) between the high-frequency 

fluctuations of the shells and two normal modes of 

vibration of the ions.

Thus, within the framework of an extended 

(anharmonic) shell model, expressions for the polaris- 

ability coefficients may be derived either by solving 

by iteration the non-linear equations of motion of the 

shells in the laser field (Cowley, 1964a, reference II) 

or by regarding figures 5.1(c) and (d) as diagrammatic 

representations of terms in a perturbation expansion 

of the crystal polarisability. They may be evaluated 

by associating appropriate factors with each line and 

vertex: the electron-photon interaction gives a con 

tribution YKE; the "dipolar-excitation" line corresponds 

to a shell propagator, describing the response of the 

shells in the high frequency laser field; the electron- 

phonon interactions yield appropriate anharmonic 

coefficients, and there are the usual combinational 

factors.

The results then express the crystal polarisability, 

and thus the Raman scattering, entirely in terms of the 

formalism of the anharmonic shell model (references I 

and II). The contributions to the polarisability 

coefficients may be conveniently subdivided into three
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classes according to the nature of the anharmonic 

interactions from which they are derived. 

(i) Contributions arising from the fourth-order terms 

in the interatomic potential:

Within the "first approximation" (section 3.3) 

to the anharmonic potential of a crystal with polarisable 

ions, in which the interatomic forces act entirely 

through the shells, the contributions to the polaris- 

ability arising from fourth-order terms in the inter 

atomic potential are of essentially the same form 

as those given by the purely phenomenologi cal approach 

through equation (5.1,3). The symmetry properties of 

the coefficients are determined by the eipenvectors 

of the motion of the ion cores (or, to bf precise, the 

"absolute" eigenvectrrs of the shells) and the real- 

space coupling coefficients (equation (5.1,3)) are 

given essentially in terms of the fourth-order coefficients 

in the expansion of the interatomic potential (equation 

(3.1>*0). Thus, in this extended shell model picture, 

approximations made about the real-space polarisability 

coupling coefficients are, more fundamentally, approximations 

about the (anharmonic) interatomic potential, and must 

be viewed in this light.

(ii) Contributions arising from fourth-order interactions 

among the pseudo-electronic degrees of freedom:

Intra-ionic terms in the crystal potential 

(equation (3.3,1)) yield further contributions to the
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polarisability coefficients. The symmetry properties 

of the coefficients arising from these forms of 

enharmonic interaction are determined by the shell 

eigenvectors, but, as remarked earlier, the anharmonic 

constants characterising the intra-ionic potential 

(equation (3-3,1)) must be treated as disposable 

parameters.

(iii) Contributions arising from cubic terms in the 

crystal potential:

There are additional contributions to the polaris 

ability made by processes, represented in figure 5.1(d), 

involving two third-order anharmonic interactions. 

These terms are not included in simple theories based 

directly on equation (5.1,3).

5.3 The effective two-phonon density of states

While all theoretical treatments of Raman scattering 

by phonons either explicitly or implicitly allow for 

effects of anharmonic interactions in as far as such 

interactions are necessary to make the radiation- 

electron-lattice coupling possible at all, further 

effects of anharmonicity are frequently overlooked. 

Thus, at least in treatments of second-order Raman 

scattering, it is usually assumed that the phonons 

involved in the Raman process propagate v/ithout inter 

action.

In recent years, however, it has become evident
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that phonon-phonon interactions can considerably affect 

the form of the Raman spectral function. Mixing of 

one-phonon and two-phonon processes is apparently 

responsible for certain features of the Raman spectrum 

of quartz (Scott, 1968) while mixing of one-phonon 

processes gives rise to interference effects observed 

in MPO^ (Scott, 1970; Zawadowski and Huvalds, 1970) 

and possibly *n BaTiO, (Rousseau and Porto, 1968). 

Furthermore it has been shown that magnon-magnon 

interaction can considerably alter the shape of the 

two-magnon Raman spectrum (Elliott et al. 1968). 

More recently it has been suggested that interaction 

between the pair of Raman-scattered phonons can 

significantly affect the two-phonon density of states 

effective in determining second-order Raman spectra, 

producing two-phonon "bound states" or "resonances" 

(Cohen and Puvalds, 1969; Ruvalds and Zawadowski, 1970). 

In particular these authors suggest that such interactions 

are responsible for the anomalous peak observed at 

(or beyond?) the high-frequency extreme of the two- 

phonon Raman spectrum of diamond (Solin and Ramdas, 1970).

In view of these developments it is of interest 

to investigate the extent of these effects on the Raman 

spectra of t v^e alkali halides, ar-i, in particular, to 

establish whether they are of as much importance as 

the form of the polarisability coefficients, discussed

in the previous section.
•

The effects of interaction between the pair of Raman-



Figure 5*2

The diagrammatic representations of the three lov;est- 

order contributions to the two-phonon Paman scattering. 

The filled circles correspond to the polarisability 

matrix elements, and the open circles to the anharmonic 

coefficients.
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scattered phonons are represented by including 

additional term? in the perturbation expansion of 

the t^o-^honon '"'reen's function »? sho"rn in figure 

5.2. "iM-f^ure 5. 2 (a) corresponds to the non-inter- 

actinn phonon case and yields an effective two-phonon 

density of states described by the function 

introduced in equation (*J.*J,6). The resulting con 

tribution to the ^.arcan scattering will be called the 

"harmonic" contribution, although in view of the remark 

at the beginning of this section, and the discussion 

in section ty.Miii), this is not an entirely appropriate 

tern, ^he diagrams in figure 5.2(b) and (c) correspond 

to the lowest-order processes that miprht be expected 

to alter, significantly , the effective t~ o-phonon density 

of states.

The work of Ruvalds fnd Zawadowski (1970) and of 

the author (ITT) has been concerned with the process 

shown in figure 5.2(c), or, more precisely, with the 

infinite series of such terms, shown in figure 5. 3 (a), 

and similar to the series considered, briefly, in 

section 4.J|(iii). It is important to consider the 

perturbation series in infinite-order because of the 

possibility that the resulting- contribution to the two- 

phonon Green's function has a new pole (i.e. a pole at a 

frequency other f:an the response frequencies,

fi = twCnJ.) ±wCq.]_), of the "harmonic 0 crystal) cor-*~» 1 ••* 2

responding to a qualitatively new type of excitation.



scattered phonons are represented by including 

additional terms in the perturbation expansion of 

the tvo-r>honon ^reen f<5 function 9.1 sho"rn in figure 

5.?. Figure 5.2(5) corresponds to the non-Inter 

acting phonor. case and yields an effective tvo-phonon

density of states described by the function c . . (H),
£J j J 2

introduced in equation (4.4,6). The resulting con 

tribution to tho ^.airan scattering '-rill be called the 

"harmonic" contribution, although in view of the remark 

at the beginning of this section, and the discussion 

in section 4.4(iii), this is not an entirely appropriate 

tern, ^he diagrams in figure 5.2(b) and (c) correspond 

to the lowest-order processes that might be expected 

to alter, significantly, the effective t o-phonon density 

of states.

The work of Ruvalds rm.d Zawadowski (1970) and of 

the author (ITT) has been concerned with the process 

shown in figure 5.2(c), or, more precisely, with the 

infinite series of such terms, sho^n in figure 5.3(a), 

and similar to the series considered, briefly, in 

section 4.4(iii). It is important to consider the 

perturbation series in infinite--order because of the 

possibility that the resulting contribution to the two- 

phonon Oreen's function has a new pole (i.e. a pole at a 

frequency other t':an the response frequencies, 

n = ±o)(n,j) ±w(qj\), of the "harmonic" crystal) cor-
*M ^ ••» ^

responding to a qualitatively new type of excitation.
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(a) The first three of the infinite series o** bubble 

diagrams .

(b) The form of the infinite series, with separated 

vertices (shown as a and D ) corresponding to the 

serarated anharmonic coefficients vs .
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Such an excitation is designated a tvro-phonon "resonance" 

if the response frequency lies within the tvro-phonon 

continuum, and a two-phonon "bound state" if it lies 

above this continuum (Maradudin, 1971).

Although the rules of diagrammatic perturbation 

theory provide a prescription by which it is immediately 

possible to write down an expression for the contribution 

of the general terms in this series, the sum of the 

series can be written in a tractable form onlv in 

certain circumstances. The essential requirement is 

that it must be possible to decouple the "bubble" 

diagram of figure S.2(c) so that the series, figure 

5.3(a), can be represented schematically in the form of 

figure 5.3(b). This condition corresponds to the 

requirement that the algebraic counterparts of the 

anharmonic vertices, namely the fourth-order anharmonic 

coefficients, be "separable" in the sense defined in 

section 3.^. It is, of course, possible to effect this 

separation by neglecting altogether the mode-dependence 

of the anharmonic coefficients: thin is the approximation 

used by Ruvalds and Zav/adowski (1970). It is, however, 

considerably more satisfactory to include the effects 

of the mode-dependence of the coupling coefficients, 

and thus to treat the symmetry properties of the inter 

actions adeauately.

As in the similar problem discussed in section

again proves possible to define "separated"



coefficients that effectively satisfy equation (3.4,6), 

although in this case the fact that the polarisability 

coefficients are even in their wave-vector arguments 

means that only the even components of the separated 

coefficients are retained, as discussed in the 

appendix of Til. This separation then permits the 

derivation of a tractable expression for the contribution 

to the Rarcan scattering of the infinite series of 

terms of the form of figure 5.2(c).

Unfortunately a satisfactory treatment of the 

process represented in figure 5.2(b), and of the cor 

responding- "ladder" series, is considerably more demanding 

since it does not appear to b<» possible in this case 

to perform a "separation" analogous to that discussed 

above. Consequently it is necessary to rely on the 

argument of Msradudin (1971), as outlined in TIT, which 

suggests that the contribution of the ladder series is, 

in this case, small in comparison with that of the 

"bubble" diagram series.

5•^ The results of calculations - a review

(i) The importance of the polarisability coefficients.

One of the few indisputable inferences that may 

be drawn from the recent proliferation of calculations 

of second-order Raman spectra is the fact that a model 

for the polarisability coefficients is, indeed, an 

essential prerequisite for a satisfactory description



T „ (Stokes) component of the Paman tensor of
X/ A, /

KBr at 300°K as observed (full curve) by Krauzman 

(196?b), compared with the calculated thermally 

weighted two-phonon density of states (broken curve).
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of the Raman scattering. This is illustrated starkly 

in figure 5.*J which compares the observed F«

tn® above notation) component of the Raman 

tensor of KBr, measured by Krauzman (196?b), with 

the Raman spectrum calculated from equation (5.1,5) 

assuming constant polarisability coefficients. This 

spectrum is essentially the (thermally-weighted) two- 

phonon density of states function of the "harmonic" 

crystal. (Discussion of anharmonic modifications of 

the two-phonon density of states is confined to the 

end of this section). Clearly, calculations which 

ignore the mode-dependence of the polarisability 

coefficients can be of only limited usefulness.

(ii) The importance of the model for the polarisability 

coefficients.

The second non-trivial - but not surprising - 

conclusion prompted by these calculations is that the 

form of the polarisability coefficients depends markedly 

upon the model from which they are derived. In 

particular, coefficients derived from inter-ionic 

anharmonic interactions yield very different Raman 

spectra from those calculated assuming only intra-ionic 

anharmonic coupling. As an example, figure 5.5 shows

the I component of the Raman tensor of NaCfc cal- xyxy
culated (reference III) with a model that incorporates 

only dipolar intra-ionic anharmonicity (the first term 

in equation (3.3,1)), compared with the Raman spectrum



Figure 5.5

The "harmonic" I component of the Raman tensorxyxy
of NaCfc at 300°K, as calculated from an intra-ionic 

(broken curve) and an inter-ionic (full curve) 

anharmonic model.
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fiven by a model that includes only quartic inter- 

ionic anharmonic terms. In the latter calculation 

it has been assumed, as described in section 3«3> 

that the anharmonic forces act entirely through the 

shells, and the anharmonic parameters used are those 

determined by the analysis given in the preceding 

chapter (Method C(ii)). Clearly, the spectra are 

very different.

Further differences are found between spectra 

calculated assuming the same origin for the non-linear 

polarisability but using different harmonic models. 

Thus it was shown in II that calculations based on a 

rigid shell model of KBr and calculations based upon 

the breathing shell model, used throughout this work, 

lead to quite marked differences in the resulting spectra, 

Since the models give very similar frequencies it seems 

probable that these differences are largely due to 

the differences in the eigenvectors of ionic motion 

yielded by the two models. This indicates that, at 

least potentially, second-order Raman scattering results 

offer a means of testing the extent to which models of 

crystal dynamics actually describe the motion (rather 

than simply the frequencies of motion) of the ions.

(iii) The effects of inter-ionic anharmonicity

It is clear from the results obtained by Cowley 

(196^a) and from the analysis outlined in II that it 

is not possible to describe the second-order Raman
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scattering from alkali halides within the framework 

of the simplest anharmonic shell model, if it is 

assumed that the dominant anharmonic interactions occur 

in the forces between nearest-neighbour ions. This 

is illustrated by a comparison of the ^xvxv component 

of the Raman tensor of NaCfe, calculated on this model, 

and shown in figure 5.5, with the observed spectrum 

(figure 5.6), as determined by Krauzman (1968).

At the same time, it is scarcely possible to over 

look the quite reasonable agreement with experiment 

obtained by Cunningham et al., (1971) in calculations 

of Raman scattering from NaP and by Krauzman (1973) in

a calculation of the A, (i(I + 21 )) componentIg xxxx xxyy'' *
of the Raman scattering from KBr. These authors 

adopted the policy, described above, of a direct para- 

meterisation of the polarisability coupling constants 

in equation (5.1,3); they thus assume implicitly that 

the dominant anharmonic interactions are inter-ionic 

in character. An examination of the approximations 

made by Krauzman (1973) shows that, if interpreted 

within the anharmonic shell model picture that has been 

described here, his assumption that all the nearest- 

neighbour polarisability coupling const? ts allowed by 

symmetry are equal, implies an interatomic potential 

in which the fourth derivative, 4> IV , and the difference 

between the first two derivatives, $ \ are equal. Clearly 

this is incompatible with the results of the analysis
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described in the preceding chapter. The approximations 

involved in Cunningham et al. ! 8 (1971) calculations 

on NaP are equally difficult to understand on this 

model.

A number of alternative interpretations of these 

results offer themselves for consideration. Firstly, 

it is possible that the conceptual framework of the 

anharmonic shell model that has been discussed is 

quite adequate for describing Raman scattering and that 

the puzzling parameters given particularly by Krauzman f s 

(1973) analysis are the result of false assumptions - 

about the origin of the dominant anharmonicity, namely 

that it arises in interactions between nearest neighbours 

and that it is legitimate to ignore intra-ionic and 

second-nearest-neighbour inter-ionic contributions to 

the polarisability coefficients.

Secondly, while still maintaining the validity of 

the general shell model picture of ionic crystals, it 

might be argued that these results demonstrate that 

the simplest form of the anharmonic shell model, in 

which the anharmonic forces act entirely through the 

shells, is not acceptable. It will be recalled from 

the analysis of the previous chapter th,,. the effects 

of ionic polarisability on the T.O. mode self-energy 

were found to be small. Thus the self-energy calculations 

provide no indication of the extent to which the an 

harmonic forces act through the shells. In contrast,
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the calculated Raman scattering depends critically 

on this factor, because the radiation probe produces 

a response only of the shells. Indeed, in the 

(unphysical) limit in which the interatomic forces 

act only between ion cores, the ionic motion cannot 

affect the crystal polarisability and the resulting 

model allo/s no Raman scattering; by phonons.

There is no requirement, save the aesthetic one, 

that the short range anharmonic forces act entirely 

through the shells, so that it is possible that the 

anharmonic parameters effective in determining the inter- 

ionic contributions to the Raman scattering are different 

from the anharmonic parameters effective in determining 

the phonon self-energies. Some distinctly tentative 

support for this suggestion is offered by the analysis 

of the effects of the non-linear dipole moment operators, 

given in Chapter *l, which indicates that the assumption 

that the anharmonic forces act entirely through the 

shells leads to what is probably an overestimate of the 

multi-phonon contributions to the dielectric susceptibility.

Finally, the least appealing alternative is that 

shell model concepts, while adequate for describing the 

dynamics of ionic crystals, are not sui+^ble for describing 

the Raman scattering. Thus it is possible that, while 

the shell model appears to give a good account of the 

rfile of dipolar excitations in determining the dynamical 

matrix, the excitations of the shells do not rive a



- 152 -

good representation of the virtual electric dipole 

transitions involved in the Raman scattering process. 

This is certainly a possibility - but an unpalatable 

one to which, in the present state of the theory, 

it seems premature to resort.

(iv) The effects of intra-ionic anharmonicity

The results of the calculations reported in I, 

II and III indicate that a fairly good representation 

of the Raman scattering from KBr and NaCfc is afforded 

by a model which assumes that the dominant anharmonic 

interactions occur among the pseudo-electronic co 

ordinates of the highly-polarisable negative ions. 

The agreement with experiment is most satisfactory for 

the I spectrum. Figure 5.6 compares the observed
«v,y Jt,.y

spectrum for NaCJl with that calculated with the quartic 

dipolar anharmonic term: it thus involves only a single 

(scale) parameter, Hj(2) of equation (3.3,1). Clearly 

the agreement is remarkably good. The results for the 

other components of the Raman tensor (references II 

and III) are less satisfactory but nevertheless reproduce 

many of the features and polarisation properties of 

these spectra, particularly if the contributions from 

the quartic radial-deformation anharmonic term (H % (2) 

in the notation of equation (3.3,1)) are included. 

Further support for the contention that these two forms 

of intra-iunic anharmonicity are of importance in Raman 

scattering from ionic crystals is given by a calculation
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Figure 5*6

The "harmonic" intra-ionic contribution to the I 

corponent of the 7aman tensor of NaCA at 300 K
xyxy

(broken curve) compared vith the experimental results 

(full curve) of Krauzman (1968).
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of the I component of the Hainan tensor of SrTiO-, xxxx ->
as reported by Stirling (1972a), which produced quite 

good agreement with experiment, usin, only these 

forms of intra-ionic non-linearity, associated with 

the highly polarisable oxygen ions.

Recently, independent support for the idea that 

the dorinant anharmonic interactions involved 5n the 

Paman process are intra-ionic in character has been 

given by Haberkorn et al. (1973). These authors 

argue that the effects of intra-ionic anharmonicity 

are likely to be manifested more clearly in the second- 

order Paman spectra of the alkaline earth oxides, 

where, in contrast to the alkali halides KBr and NaCJl, 

the strongly polarisable ion is also the lighter one 

so that ionic deformations, associated largely with 

optic modes, might be expected to be particularly 

significant. Using Sangster et al. f s (1970) analysis 

of the dynamics of MgO, they have been able to obtain

impressive agreement with the observed A. spectrum•i-S
of this crystal, using a model that includes only the 

quartic dipolar anharmonic term. Thus this model again 

uses only a single variable parameter and gives results 

that compare most favourably with those obtained by 

Pasternak et al. (1973) on the basis of a 3~parameter 

inter-ionic model similar to that used by Krauzman (1973) 

in his calculations on KPr. Calculations of the Raman 

spectrum of CaO have also been made assuming only 

intra-ionic anharmonicity (Pilz, 1972) with similar



success, although it appears that in this case the 

polarisability of the metal ion may be important.

A systematic examination of the T?aman spectra 

of alkali halides and alkaline earth oxides has led 

Rieder et al. (1973) to suggest that the Parnan 

scattering from these crystals is dominated by an 

"effective" intra-ionic anharnonlcity Tfhich is dependent 

to some extent upon the nature of inter-ionic couplings 

and, in particular, upon the degree of overlap of 

(^econd-nearest-neiphbour) negative ions.

It would appear, therefore, that while it is clearly 

a p^ross simplification of a complex system the idea 

of intra-ionic anharmonicity has acquired some claim 

to respectability. Correspondinplv, if this inter 

pretation of Raman scattering is indeed correct, it 

has considerable bearing upon the question of the 

physical significance of the shell model, raised in the 

Introductory chapter. It sups-eats, firstly, that the 

dipolar depree of freedom incorporated into the shell 

model can n;ive a satisfactory account of the virtual 

dipolar excitations induced by the applied laser field. 

Secondly it indicates that Raman scattering from ionic 

crystals is largely attributable to modulation of the 

c""V^tal polarisability by precisely those deformations 

of the electronic distribution that are described by 

the pseudo-electronic coordinates of the radially- 

deformable shell model. Calculations of second-order
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spectra may therefore provide the most direct 

evidence of the competence of the shell r.odel to 

describe the charges in the elcctrortc distribution 

accompanying ionic motion.

(v) The effects of anharmonic interactions on the 

two-phonon density of states.

Finally the results of calculations implementing; 

the theory of section 5.3 will be considered. Cal 

culations performed in the case of NaC*, (reference III) 

indicate clearly that, if the polarisability coefficients 

are derived from an intra-ionic anharmonic model, the 

corrections to the two-phonon Hainan scattering arising 

from the bubble diagram series (figure 5.3) are small. 

The corrections to the !«...... spectrum of NaCfc are
^-, * Jx ,jf

shown in figure 5.7, and may be compared with the scale 

of the "harmonic* contribution, figure 5.6. The correction 

is rather smaller than an order of magnitude estimate 

might suggest because, in contrast to the analogous 

problem discussed in section 4.4(iii), the symmetry 

properties of the "end 1' coupling coefficients in the 

diagrammatic representation (figure 5.3(a)), namely 

the polarisability coefficients in this nroblem, are 

very different from those of the separated anharmonic 

coefficients. Thus some caution must be exercised before 

using these results to draw firm conclusions about the 

possible importance of anharmonic modifications of the 

effective two-phonon density of states, for it is by
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Fipure 5.7

Anharmonic corrections to the I component of thexyxy
Raman tensor of NaCA at 300°K.
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no means clear that these corrections would remain 

small if the nolarlsaMHtv coefficient* w*r* deter 

mined on the basis of an inter-ionic enharmonic 

model.

(vi) Concluding remarks

In short it appears that the second-order Raman 

spectra of alkali halides can probably be understood 

in terms of polarisability coefficients derived from 

a rather complex mixture of anharmonic interactions, 

the relative importance of which may vary from one 

alkali halide to another according to the polarisability 

and degree of overlap of their constituent ions. 

While significant contributions may be made by nearest- 

neighbour, and, perhaps, next-nearest-neighbour an 

harmonic couplings, and possibly through the cubic 

terms in the crystal potential, there is strong evidence 

to suggest that the concept of intra-ionic anharmonicity 

is meaningful, and of importance in determining the 

Raman scattering. It seems likely that examination of 

the Paman spectra of the alkaline earth oxides can 

provide a less ambiguous demonstration of the importance 

of this concept, and thus implicitly provide a com 

pelling vindication of the theoretical framework of 

the shell model.
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6.1 Introduction

(i) The soft mode theory of a displacive phase 

transition.

After the alkali halides, the crystals of ionic 

character that have stimulated the most experimental 

and theoretical interest are almost certainly those of 

the perovskite group. The principal fascination of 

these crystals is that they are among the simplest to 

exhibit displacive phase transitions. Considerable 

advances have been made in the understanding of such 

phase transitions since the development of the "soft 

mode" theory (Anderson, I960; Cochran , I960). Originally 

proposed as a microscopic basis of ferroelectric behaviour, 

this theory accounts for displacive ferroelectric phase 

transitions in terms of a strongly temperature-dependent 

"soft" transverse optic mode of vibration, of long 

wavelength, the (renormalised) frequency of vrhich goes 

to zero as the transition is approached. The vanishing 

of the soft mode frequency corresponds to an instability 

of the crystal against the form of atomic motion charac 

teristic of that mode, and the crystal distorts to a 

low-temperature phase, the pattern of distortion being 

determined by the atomic displacement profile of the 

soft mode.

Extensive experimental investigations using the 

techniques of inelastic neutron scattering, field- 

induced Raman scattering and infra-red spectroscopy have
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established that such soft mode behaviour is a recur 

ring phenomenon in the perovskite group. Furthermore, 

the soft mode concept is not restricted to long-wave 

length (zone-centre) modes: softening of a zone- 

boundary mode can equally well precipitate a displacive 

phase transition (Cochran, I960; Cochran and Zia, 1968), 

and it is now known that transitions of this type also 

occur in crystals of the perovskite group.

The anomalously low frequency of a soft mode of 

vibration in a perovskite crystal is attributed to a 

strong cancellation of the long range Coulomb forces 

and the short range repulsive forces effective in resisting 

the pattern of atomic displacements associated with the 

mode. Although it has been suggested that soft mode 

behaviour might be due to a breakdown of the Adiabatic 

Approximation (see, for example, Bersucker (1966)), it 

is now generally believed that the strong temperature- 

dependence of the soft mode frequency arises through the 

anharmonic terms in the crystal potential, which couple 

the mode to other modes of vibration. Within the 

approximations discussed in section 3.5(iii) the re- 

normalised soft mode frequency is given by equation 

(3.5,25):

w 2 (qj) = w 2 (qj) + 2o>o (£j) A(qjj, u>(qj)) (6.1,1) 

The theory developed in Chapter *J shows that in lowest- 

order perturbation theory and at sufficiently high 

temperatures (T > Debye temperature), the one-phonon 

self-energy has an explicitly linear temperature-dependence,
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so that eouation (6.1,1) may be written as

w 2 (oj) = X(T - T ) (6.1,2)
c

with

-W0 (cu) = XTQ (6.1,3)

Equation (6.1,2) describes the characteristic soft 

mode temperature-dependence. It implies that the purely 

harmonic frequency of the soft mode is imaginary, and 

that the crystal is stable against this mode of vibration 

at temperatures T > T only because of anharmonic 

interactions, the strengths of which determine the 

gradient of the temperature-dependence of the soft mode 

frequency. This is the essential content of the an 

harmonic soft mode theory; it is the aim of the work 

described in this chapter to develop a coherent an 

harmonic model of one particular perovskite, strontium 

titanate, and thence to provide a convincing demonstration 

that anharmonic interactions are indeed responsible for 

the soft mode behaviour.

(ii) Soft mode behaviour in strontium titanate.

The convenient physical properties of SrTiO,, and 

the availability of single crystals, make this perovskite 

particularly suitable for experimental study. Early 

neutron scattering and infra-red investigations (Cowley, 

196^b; Barker and Tinkham, 1962) confirmed the 

existence of a strongly temperature-dependent transverse 

optic mode, although subsequent experiments (Fleury
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and Worlock, 1968; Yamada and Shirane, 1969) showed 

that the frequency of this soft mode does not, in 

this case, vanish and that a transition to a ferro 

electric phase does not, in fact, occur. Nevertheless 

SrTiO- does undergo a second-order displacive phase 

transition at around 105°K. At this transition the 

crystal distorts from its cubic high-temperature phase 

to a phase of tetragonal symmetry. On the basis of 

an analysis of the temperature-dependent Hainan spectrum 

of the tetragonal phase, Fleury et al. (1968) correlated 

this transition vrith a softening of a zone-corner,

q = — O, J, |), mode of vibration of the cubic crystal,—~ a

a theory subsequently confirmed by neutron scattering 

experiments (Shirane and Yamada, 1969; Cowley et al. , 

1969). The soft mode in question is the three-fold 

degenerate Rpj. mode, in which the octahedra, formed by 

the oxygen ions of the cubic unit cells (figure 2.2(b)), 

rotate as (almost) rigid units about one of the 

three cubic axes, the rotation of each octahedron 

being exactly TT out of phase with the rotations of its 

neighbours. At the phase transition the expectation 

value of the normal coordinate of one of the components 

of the soft mode becomes non-vanishing, yielding the 

distortion characteristic of the low-temnerature nhase 

(Unoki and Sakudo, 1967); a coupling of the soft mode 

coordinates to the elastic strain coordinates induces 

the small spontaneous tetragonal strain observed by
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Lytle (196*0. The P-point in the Brillouin zone of 

the cubic phase then occurs at the zone-centre in the 

low-tenperature phase, and the BJS mode is split into 

modes of A and E symmetry, both of which are P.aman 

active.

The nost detailed theoretical investigations of 

soft mode behaviour in perovskites have also been made 

on SrTiO,. The properties of the crystal arising from 

its would-be ferroelectric soft mode were considered 

by Silverman and Joseph (1963, 196A) who, however, 

restricted their attention to the static dielectric 

properties. A considerably more detailed anharmonic 

model of SrTiO, - indeed, until now, the most com 

prehensive model of a perovskite crystal - was developed 

by Cowley (1965), who showed that such a model can be 

parameterised to rive a quite reasonable account of 

those anharmonic crystal properties associated with the 

zone-centre modes. Cowley f s calculations suffered, 

however, through the inadenuacy of the available ex 

perimental data, reouired to determine both the parameters 

of an adequate "harmonic" model of the crystal dynamics, 

and the parameters characterisinr the anharmonic inter 

actions. Furthermore, his investigation was largely 

concerned with the near-ferroelectric properties, since 

the nature of the 10?°K phase transition had not, at 

that time, been elucidated.

The clarification of the displacive phase transition 

at 105°K stimulated a considerable amount of theoretical



- 165 -

interest: the work of two groups of authors is 

particularly worthy of note.

Thomas and Miiller (1968) and later Slonczewski 

and Thomas (1970) developed a phenomenological model 

of the phast* transition, based on an expansion of the 

crystal free energy in terms of the normal coordinates 

QJ ( i - 1>3) of the R25 soft mode, and the macroscopic 

elastic strains e. (i = 1,6), in the Voigrt notation. 

In this model, also used by Pietrass (1971) and 

Rehwald (1971), the free energy per unit volume is 

written as

P = JKQ* + AQ* * An (QjQ* + P*Q| + 0*Qj) 

- B t ( ei Qj + e 2 Q* + e s q*) - B 2 (^(o* * oj)

ej)

The quantities A. A_, P , 3 and R are taken as* n i ' 2 3
temperature-independent parameters, while K is 

assumed to vary linearly with temperature, vanishing 

at the phase transition,

K = k(T - Tc ) (6.1,5) 

A formal justification of these assumptions is 

afforded by the work of Kwok and Miller (1966) on the 

free enerp-y of an anharmonic crystal. Their analysis 

indicates that the essentiel terms in the free energy 

may indeed be written in the form of equation (6.1,4),
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where all the parameters with the exception of K 

are only weakly temperature-dependent quantities, 

related to the coefficients in the anharmonic crystal 

Hamiltonian. The quantity K is related to a

"renormalised" soft mode frequency by
2m 

K r T" (W0 (^j) * 2w0 (<y> A ^<J>°)) (6-1,6)
2m, 

where -r=- is the mass density of the oxygen ions

participating in each component of the soft mode, m s 

being the oxygen ion mass and V s a s , the volume of 

the cubic unit cell. As emphasized by Cowley (1965) 

the "renormalised" frequency defined by the expression 

within the brackets in equation (6.1,6) does not 

correspond to the renormalised soft mode frequency in 

the sense of equation (6.1,1), since the anharmonic 

renormalisation term is that appropriate to zero probe 

frequency. Theories based upon the phenomenological 

expansion, equation (6.1,4), ignore this effect on the 

assumption that, for small but finite renormalised soft 

mode frequencies, the difference between A(£jj,0) and 

A(£jj, w(Qj)) will be negligible, so that it should be 

legitimate to use the same model parameters (K, in 

particular) to characterise both the equilibrium properties 

and the essentially dynamical properties, such as the 

renormalised mode frequencies as measured by inelastic 

scattering techniques. Justification of this assumption 

is far from trivial and, indeed, the work described 

below suggests that it is not altogether satisfactory.
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Furthermore, although the phenomenological model 

provides a reasonably satisfactory account of the 

105°K phase transition, in the sense that, as described 

in section 6.3, it is possible to assign to the model 

parameters values that lead to a moderately good 

representation of the observables associated with this 

transition, it is clear that this approach is ultimately 

unsatisfactory in that it is not competent to provide 

a satisfactory explanation of the linear temperature- 

dependence (equation (6.1,2)) since this is effectively 

assumed from the outset, through equation (6.1,5).

In this respect the rather more refined approach 

to the problem adopted by Pytte and Peder (1969) is 

potentially considerably more acceptable. In their 

theory, further developed by Feder and Pytte (1970) and 

reviewed by Feder (1971 ), a "model Hamiltonian" replaces 

the phenomenological free energy expression (equation 

(6.1,4)). This Hamiltonian is derived from the full 

crystal Hamiltonian with the aid of approximations which, 

in the absence of a satisfactory model for the crystal 

dynamics, are necessarily extensive. In particular 

their calculations make reference only to the modes 

belonging to the three "soft" branches, and include only 

quartic anharmonic interactions derived from anharmonicity 

in the strontium-oxygen interatomic potential. The 

validity of these approximations is by no means obvious: 

indeed, the results of the work described here suggest
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that they are quite unacceptable. Moreover the model 

Kamiltonian approach also fails to provide a wholly 

convincing quantitative account of the soft node 

temperature-dependence, for, as with the phenomeno- 

logical model approach, it culminates in an attempt 

to determine model parameters by a least-squares 

analysis of all the relevant experimental data, including 

this temperature-dependence.

One final respect in which both the phenomeno- 

logical model and model Hamiltonian theories are 

unsatisfactory is that neither pives a sufficiently 

comprehensive description of the anharmonic crystal 

properties to permit an account of the effects associated 

with the zone-centre soft mode.

It is clear that a satisfactory account of soft 

mode behaviour in SrTiO, requires the development of a 

coherent anharmonic model that describes the majority 

of the anharmonic crystal properties and, in particular, 

gives a quantitatively satisfactory description of the 

temperature-dependent properties of both the zone-boundary 

and zone-centre soft modes.

The work described in this chapter represents an 

attempt to put this programme into effect, with the aid 

of the shell model of the crystal dynamics of SrTiO 

developed recently by Stirling (1972a,b) and described 

in section 2.4. This model represents the results of 

by far the most comprehensive study yet made of the
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dynamics of a perovskite crystal, and is the essential 

basis of the anharmonic model of SrTiO, described here. 

The parameters characterising the interatomic an- 

harmonic interactions have been determined with the 

aid of the phenomenological model of Slonczewski and 

Thomas (1970), so that the resulting anharmonic model 

gives a good account of the majority of the observables 

associated with the 105°K phase transition* The model 

has then been used to calculate a number of other an 

harmonic effects, including the temperature-dependent 

properties of the soft modes not used to determine the 

model parameters. The analysis provides an extensive 

test of the anharmonic soft mode theory, and, in 

addition, affords some information on the limitations of 

the validity of phenomenological models of such structural 

phase transitions.

(iii) The breakdown of the simple soft mode theory 

in SrTiO,,

Although this chapter is primarily concerned with 

providing a quantitatively convincing vindication of 

the anharmonic soft mode theory described above, it is 

important to emphasize at this stage that it is now 

known that the simple soft mode picture of the 105°K 

phase transition in SrTiO, is qualitatively unsatisfactory 

very close to the transition temperature. Departures 

from the predictions of the soft mode theory are mani 

fested in two particularly striking ways.
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Firstly, Muller and Berlinger (197D have rrhown 

that, below T , the order parameter for the phase
C

transition, namely the "frozen-in" amplitude of the 

mode, has a temperature-dependence

Q0 * QO (TC - T) 6 (6.1,7)
with

8 = 0-33 ± 0-02

in contrast to the predictions of the simple soft 

mode theory which, being equivalent to the Landau theory 

of second-order phase transitions (Cochran and Zia, 1968), 

necessarily leads to a critical exponent 3 = |. 

Similar behaviour has been observed in the temperature- 

dependence of the A-symmetry soft mode in the tetragonal 

phase (Steigmeier and Auderset, 1973).

Secondly, neutron inelastic scattering studies 

by Riste et al. (1971) and Shapi.ro et al. (1972) have 

revealed anomalies in the spectral function of the F 25

mode above T . In addition to the inelastic peaksc
the scattering cross section exhibits a strong quasi- 

elastic component - the so-called "central mode".

These effects indicate a breakdown of the Landau- 

type anharmonic soft mode theory which consider," the 

temperature-dependence only of the soft mode itself, 

and ignores the concomitant low frequencies and large 

amplitudes of the modes belonging to the same branches 

as the soft mode and occurring close to it in reciprocal
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Although it would appear that these two effects 

are manifestations of the same phenomenon, namely 

interactions between critical fluctuations close to 

the transition temperature, a unified treatment of 

these effects is not offered here. The subsequent 

chapter does, however, develop a theoretical treat 

ment of the effects of such fluctuations on the static 

critical properties of SrTiO_, while the analysis 

presented in this chapter casts some light on recent 

proposals by Silberglitt (1972) and Cowley and Coombs 

(1973) on the origin of the "central mode".

6.2 Theory

(i) The one-phonon self-energy in lowest-order 

perturbation theory.

This section summarises those peneralisations of 

the theory given in Chapter ^ which are necessary in 

considerations of the self-enerpy of modes with non 

zero wave-vector, and modes which are coupled to one 

another by off-diagonal self-energy parts.

The real part of the irreducible one-phonon self- 

energy is given by lowest-order perturbation theory as 

the sum of three contributions: 

A(qjJ',«) = A (1) (qjj',P.) + A (2 ) (qj .} ' ,Q ) + ATh (q.ij',n)

(6.2,1)

where the first two terms arise respectively from the 

quartic and cubic terms in the interatomic potential
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and are riven by equation?* of the fom 

(4.4,3) as

v(a-aai -a

and
(2)

; nd

1.) + D
(6.2,2)

<a.i;J'.3> * - if- I v(-a a. a.)ir(S -a,
l 2 J ^* 0 ,-t 2

(6.2,3)

Here P (n) 5s etralr^t forward, ^en^rali nation

of the function R . . (P. ) introduced in ecuationaJ|J,
(4.4,5), the frequencies w and o> in that defining 

relation now corresponding to the r^nnrnalised frequencies 

W (n.i1.) wri <5 o»(r..1.) respectively.
— 11 — Z *

The third terr ariser from the effects of thermal 

expansion and is riven in terms of the coefficients 

introduced in section 3.2 as

^(aw^-ljv^- a-*, ,3 <6. 2 .»>
Th where e « is the thermal strain and is riven by

anharmonic theory as (Cowley, 1065)

v- -
*

•
where S

(6.2,5) 

denote tho components of the elastic

compliance tensor.

Finally, the lowest-order contribution to the 

imaginary part of the one-phonon self-energy is given 

by a penerali nation of equation (4.4,4) as

a,
J! .it

(6.2,6)
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Although the above eouations suggest that, 

formally, a theoretical treatment of the anharmonic 

properties of modes coupled together by off-diagonal 

self-energy parts requires only a trivial extension 

of the theory described in Chapter *J, in practice, 

in implementing this theory, a new problem is en 

countered. It will be recalled that the models used 

in this work to describe the dynamics of crystals 

in the harmonic approximation are not truly "harmonic" 

in as much as they are constructed so as to reproduce 

renormalised phonon freciuencies. Consequently, in 

determining the one-phonon Oreen f s function, it is 

necessary to choose values of the true harmonic frequencies 

such that the resulting Green's function exhibits poles 

at the appronriate renormalised frequencies. This 

consistency problem can be solved relatively easily, even 

with the complication of off-diagonal self-energy elements. 

In addition, however, a non-diagonal self-energy means 

that the eigenvectors of the modes, as well as their 

frequencies, become temperature- and probe-frequency- 

dependent. This is evident from the fact that the matrix 

implicit in the Dyson equation (3.5,1*0, namely

'.n) (6.2,7) 

is the direct anharmonic analogue of the dynamical 

matrix g, equation (2.3,4). If the anti-hermitian 

parts of the self-energy matrix are ignored, the matrix 

D ! may be diagonalised to give a set of frequencies 

with corresponding eigenvectors determined as linear



combinations of the eigenvectors appropriate wit i 

ro off-diagonal self-energy elements (i.e. those 

pertaininr to the "harmonic" model). Both frequencies 

and eigenvectors will be dependent upon the probe 

frequency ft, with the result that the set of eigen 

vectors corresponding to the renormalised mode fre 

quencies will, in general, no longer be orthogonal.

Again, if the initial model were truly "harmonic" 

there would be no consistency problem; but the eigen 

vectors of such a model display an unfortunate mixture 

of harmonic and anharmonic characteristics. They are 

eigenvectors of the harmonic crystal in as far as they 

are independent of probe frequency, and are orthogonal; 

they are "anharmonic" in a:i far as they are associated 

with anharmonic (= renormalised) crystal frequencies. 

In contrast to the case of the mode frequencies, therefore, 

it is not at all clear what relationship should exist 

between the "harmonic" model eigenvectors and the sets 

of eigenvectors determined by the diagonalisation of the 

matrix D ? .*d

The only other author to have encountered this 

difficulty is Cowley (1965), and the procedure aiopted 

here follows his suggestion of subtracting from the off- 

diagonal self-energy elements their values for Q= 0 and 

for the temperature of the harmonic model (300°K) so 

that, for these values of ft and T, the eigenvectors yielded 

by diagonalising D f are the same as those of the harmonic
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model. 'This procedure has little more than aesthetic 

justification, although it recognises the fact that, 

were the self-energy not frequency-dependent, it T -.fould 

be expected that the eigenvectors given by the diago-

nalisation of D f at room temperature should correspond
%

to those of the original model.

(ii) The failure of the perturbation theory.

It has been established that, in treating the 

ultrasonic response (Cowley, 196?) and the dielectric 

response (Cowley, 1970; Coombs and Cowley, 1973) of 

certain crystals, the perturbation theory leading to 

equations (6.2,3) and (6.2,6) breaks down in the small 

wave-vector- and frequency-transfer refine. Thus it 

is found that, for crystals in which the coefficients

(6.2,8)
are non- vanishing, a satisfactory account of the self- 

enerpy £(q,jj,Q), and thus of the response of the mode 

(q,i ) , in the small q and Q limit, requires consideration 

of the self-enerprv contributions made by the infinite 

series of "ladder" diagrams (ficrure 6.1(a)). It has 

been shown (Sham, 1967; Klein and Wehner, 1969^ that 

the evaluation of the sum of this series is equivalent 

to the solution of a Poltzmann-like transport equation, 

which describes the fluctuations in the phonon-density 

that manifest themselves in tl is reVime. Furthermore, 

it is found that the effective self-enerpy contributions 

made by this series differ according to whether the
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figure 6.1

(a) The infinite series of ladder diagrams.

(b) An additional contribution to the soft mode self- 

energy in strontium titanate, arising at low probe 

frequencies, below T .
"~ ~r - —"- - - u - w C

(c) An additional contribution to the soft mode self- 

energy in strontium titanate, arising at low probe

frequencies, above T . The internal phonon line~ c
represents the propagator of a mode belonging to one 

of the soft mode branches, and near the R-point in 

the Brillouin zone.
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system response is determined in the adiabatic or 

isothermal limits. For the isothermal limit the self 

energy contribution may be written as (Coombs and 

Cowley, 1973)

where

(6.2,10)

and T is a relaxation time of the order of the mean 

thermal phonon lifetime.

For an adiabatic response the result is

-rrri -
where
L' = L - ' • " ~'°

(6.2,12) 

and cv is the specific heat at constant volume.

Clearly, these effects manifest themselves only at 

frequencies small in comparison with the inverse mean 

phonon lifetime: they thus lead to a difference between 

the response of the mode concerned in the low-frequency 

("collision-dominated") and high-frequency ("co:lisionless") 

regimes.

As noted by Cowley (1970) the spectral function of 

a mode with such an anomalously frequency-dependent 

self-energy can exhibit quasi-?lastic scattering, 

similar to that found in the cross-section of the R.
2 5
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mode in SrTiO-, above T . The theory outlined above,3 c
however, cannot be used, as it stands, to give an 

account of the central mode in SrTiO, since, above

T , the soft mode is at the zone-boundary and cannot c
couple to the phonon density fluctuations through the 

third-order anharmonic coefficients. In the low- 

temperature phase, however, the soft modes occur at 

the zone-centre and the coefficients of the form (6.2,8) 

coupling these modes to phonon density fluctuations 

are non-zero, being given by

-ii -ai) <A(£R)> (6.2,13)
J j Q J 1 J 1 J Q

where <A(^H)> is effectively the order parameter forJo
the transition and describes the static distortion 

arising from the "frozen-in" component of the R 25 soft 

mode. The resulting contribution to the self-energy 

is represented diagrammatically in figure 6.1(b). An 

examination of the importance of this self-energy con 

tribution might be expected to cast some light on the 

suggestion made by Cowley and Coombs (1973), developing 

a proposal by Silberglitt (1972), that the quasi-elastic

scattering observed above T arises through the self-••• ~ c

energy contribution shown diagrammatically in figure 

6.1(c). This contribution is analogous to that (figure 

6.1(b)) arising below T , but results through a coupling
C

of the phonon-density fluctuations with the slow 

fluctuations (rather than with the static part) of the 

order parameter.
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6.3 The anharmonic model

The problem of the determination of the parameters 

characterising anharmonic interactions, described in 

great detail in Chapter 4 for the case of the alkali 

halides, is naturally intensified by the greater 

complexity of the unit cell in SrTiO,. Clearly it is 

essential to adopt the approximations made in the 

simpler case, namely to ignore the effects of ionic 

deformability and to assume that the anharmonic inter 

actions are described by central potential functions, 

although it should be noted that the Cauchy relation 

is certainly not obeyed in SrTiO, (Rehwald, 1971). 

The analysis of the crystal dynamics of SrTiO, given 

by Stirling (1972a,b) suggests, in addition, that the 

short range forces are dominated by titanium-oxygen 

and strontium-oxygen interactions. Consequently, it 

has been assumed that the most significant contributions 

to the anharmonic crystal potential are also made through 

nearest-neighbour Ti-0 and Sr-0 bonds, resulting in an 

anharmonic model containing six parameters defined in 

dirnensionless form by
e 2 II e' _ a*4> 1 3<{>

2V ~ 3r* r 3r •=r 2

.III e' -f3Ji1 .III e* -Pa 1 
2VF7 " * *
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Here ip and 4> denote, respectively, the total Ti-0 

and Sr-0 near-neighbour potential functions, with r f 

(2 a/2) and ra (= a//2) the corresponding equilibrium 

nearest-neighbour distances. No distinction has been 

made between the Tt short range" and electrostatic 

contributions to these interactions, since the wealth 

of information afforded by experimental investigations 

of the 105°K structural phase transition suggests that 

a direct parameterisation of the derivatives of the 

interatomic potential is, in this case, the most reason 

able procedure.

It may be remarked that it is not immediately obvious 

that contributions from the Sr-0 potential will be of 

importance in determining anharmonic properties, for 

Stirling*s (1972a) results indicate that the Ti-0 forces 

are an order of magnitude larger than those arising 

from the Sr-0 interaction. Somewhat unfortunately, it 

is,however, necessary to include the effects of Sr-0 

interactions in order to account satisfactorily for 

the anharmonic properties of the P 25 soft mode, for 

the motion characteristic of this mode produces strong 

deformations of the Sr-0 bonds, but involves only a 

second-order stretching of the Ti-0 bonds.

In order to facilitate the derivation of relation 

ships between the six anharmonic model parameters, 

introduced in equation (6.3,1), and the observables 

associated with the 105 K phase transition, it is con 

venient to use the phenomenolop-ical model of Slonczewski



- 181 -

and Thomas (1970), described in section 6.1(ii). 

It can be shown by a comparison of the expansion 

(6.1,4) with the formal expression for the anharmonic 

crystal free energy (Kwok and Miller, 1966), that 

the five temperature-independent parameters charac 

terising the phenomenological model are given in terms 

of the anharmonic model parameters by the equations

(6.3,2)

An = -2A + jy + 4> - 2* + 7* (6.3,3) 

B i * -B s ° -

B 2 « - fr + 3^ + 2r (6.3,5) 

Thus the four model parameters appearing in these

equations may be determined by exploiting relationships 

similar to those derived by Slonczewski and Thomas 

(1970) and by Rehwald (1971), which express the phenomeno 

logical model parameters in terms of the observables 

characterising the structural phase transition. The 

requisite relationships will now be summarised,

Firstly, the order parameter for the transition is 

given by 

Q* = - Tip- (6.3,6)

where A 1 is the parameter A of equation (6.1,4) 

renormalised to include the effects of the strains 

characterising the low temperature phase: 

A' * A - (.%!*? * ^S^BjB, + 2(SM * S 12 ) B*) (6.3,7)
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where the S. . are the elastic compliances. A similar ^- « j
renormalisation of the parameter A define? a newn
parameter A* :

(6 - 3 > 8)
Within the limitations of the phenomenological model 

(c.f. the discussion in section 6.1(ii)) the soft mode 

frequencies in the two phases may then be related by

U)!(T - AT) ..
_L___2————— s - 2A (6.3,10)
u> 2 (T + AT) A*

\*

where <o s and u> l correspond, respectively, to the 

soft modes of A and E symmetry in the tetragonal phase, 

while u>, equation (6.3 S 10), refers to the R 25 soft 

mode in the cubic phase.

The pressure-dependence of the transition temperature

can be expressed as
2(B + 2B )(S + 2S ) 

— * - ——-————V-1^—————— (6.3,11)

and
dT 1 c 2B,S»»

3 L^iso (6.3.12)
[ill]

where PT^O and Pfiiil refer » respectively, to an isotropic 

strain and a uniaxial strain applied to a [ill] crystal 

face.

Finally, the spontaneous strain in the tetragonal
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phase is given by

ef = < S ,, B , + 2E l2VQo (6.3,13) 

It should be noted that, in the spirit of simple

soft mode theories, the phenomenological model suggests 

a linear temperature-dependence for the squares of 

the order parameter and soft mode frequencies in the 

low-temperature phase, while, as remarked in section

6.1(iii), close to the phase transition, experiments
X

indicate a temperature-dependence of the form (T - T) 3 ,

reverting to a linear temperature-dependence further
i

away from the transition temperature. Thus, in exploiting 

the above equations, it was assumed that this linear 

region can be extrapolated to give an effective transition

temperature about 6 K above the observed T , and thisc
extrapolated transition temperature was used to 

determine the gradient of the temperature-dependence 

of the ol ;iervables in question.

These relations provide an adequate means of 

specifying four of the anharmonic model parameters. A 

fifth, fy , is instrumental in determining the Griineisen 

constant of the zone-centre soft mode:

•l (ev (2,0j) - e (3,0j)) 2 + ;
%/ V

x (e v (l,0j) - e (3,0.1 )) 2 + 2* 11 ' 
«y «^

where the soft node is denoted by (£j) and the atoms
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Table 6.1

The labelling convention for the atoms in the unit

cell of SrTiO

Atom Number Position

Sr 1 (0, 0, 0)

Tl 2 (|, j, Da

°j 3 (J, I, 0)a

* (I, 0, Da

5 (0, |,
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in the unit cell have been labelled according to the 

notation shown in table 6.1. The parameter ty 

also appears in the expression for the coefficient 

of thermal expansion, a, obtained by differentiating 

the thermal strain, equation (6.2,5), with respect to 

the absolute temperature.

The relationships outlined above have been used 

to determine the five model parameters (j> , <f> , 

4> , ip and $ by a least-squares refinement of 

the data listed in table 6.2; the corresponding values 

of the observables given by the resulting anharmonic 

model are also shown in table 6.2, while the anharmonic 

parameters themselves are given in table 6.3. The 

agreement shown in table 6.2 is gratifying: the only 

observable which the model is unable to fit (within the 

limits of experimental error) is the low-temperature 

thermal expansion, and since the model used in this and 

all the other calculations reported below generates 

frequencies and eigenvectors appropriate to 300°K, this 

discrepancy is not too surprising.

The values of the phenomenological model parameters, 

corresponding to the anharmonic parameters of table 6.3, 

are listed in table 6.4 where they are compared with 

the values assigned by other authors: the differences 

between the various sets of parameters are quite marked. 

In part this may be attributed to the fact that 

Slonczewski and Thomas (1970) assumed that B t = -2B 2 ,
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Table 6.3

The anharmonic model parameters yielded by the least- 

squares analysis

Parameter Value Uncertainty (from least
squares analysis)

-43 ±6

111 -97 ±14

2084 ±186

170 ±20

-757 ±73

18000 ±1800
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thus eliminating the coupling of the soft mode to a 

volume strain; this assumption was not made in this 

work, but the microscopic central force model, used 

here, imposes the condition Bj = -P 3 (equation (6.3,4)). 

Further discrepancies in table 6.4 are due to different 

choices of the experimental data to which the parameters 

are fitted. Clearly, in these circumstances, the un 

certainties associated with the parameters of both the 

phenomenological model and the anharmonic model must 

be quite high.

The analysis described so far yields five of the 

six requisite parameters. In the absence of further 

satisfactory experimental data, it was decided to deter 

mine the last parameter, $ , by constraining the model 

to fit the temperature-dependence of the ^one-centre 

soft mode. Although this clearly invalidates the use 

of this observable as a test for the anharmonic model 

and the anharmonic soft mode theory, there remain 

sufficient independent soft mode properties (i.e. pro 

perties which the model is not constrained to fit - the 

temperature-dependent frequency and line-width of the 

R 18 mode and the line-widths of the zone-centre modes) 

to provide a fairly rigorous test for both model and theory.

Turning now to the values of the anharmonic para 

meters yielded by the analysis described above, it is 

of interest to compare these with the results which 

would be expected if the interatomic potential functions
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"ere of a simple form such as that given by equation 

(4.7,1). If the formal ionic charges are used to 

calculate the electrostatic contributions to the 

derivatives, the results in table 6.3 suggest that, 

in the case of the Sr-0 interaction, the "short range" 

contributions to the parameters <J» , <J> and $ 

are approximately 22, -230 and 2700. These results 

suggest that the short range strontium-oxygen potential 

follows a simple /rn law with n *> 10. Furthermore, 

the value of $ given by this analysis lies within 

the range of values suggested by the variety of harmonic 

models developed by Stirling (1972a,b). In the case 

of the Ti-0 parameters, however, the short range con 

tributions to tp , if> and if) are found to be approxi 

mately 550,-1600 and 21,000 and clearly do not suggest 

a simple interatomic potential. In addition, the value 

of ty is considerably larger than that expected on the 

basis of Stirling f s results.

It seems likely, therefore, that, while the Sr-0 

potential is probably fairly well described by the model, 

the parameters characterising the Ti-0 interactions
\

are less satisfactory. This conclusion is, to some 

extent, uorne out by calculations of further anharmonic 

properties. The changes in the elastic constants at 

the phase transition, largely dependent upon the Sr-0 

interactions, are found to be well within the large 

range of experimental values (Rehwald, 1971, and references
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cited therein). On t v e other hand, calculations of 

the electrostrictive and non-linear dielectric coef 

ficients (table 6.5) which depend upon the Ti-0 inter 

actions lead to values that are far from satisfactory, 

even allowing for the considerable uncertainties 

associated with the experimental values.

It is evident, therefore, that - not surprisingly - 

the simple model that has been adopted here has some 

deficiencies. Nevertheless, it accounts in a quan 

titatively satisfactory manner for a sufficient number 

of anharmonic properties to warrant some confidence 

that it offers a representation of the anharmonic inter 

actions that is by no means unreasonable.

6.M Results and discussion

(i) Details of the calculations.

In implementing the theory outlined in section 6.2, 

the main obstacle is, again, the complexity of the an 

harmonic coupling coefficients. In these calculations 

the effects of ionic polarisability were ignored and 

the anharmonic coefficients obtained, after some tedious 

algebra, by way of the defining relations (equation 

(3."' 6)). An additional check on the expressions derived 

for these coefficients was made by ensuring through 

direct calculations that they satisfied the symmetry 

relations described in section J>.b. These relationships 

were then exploited to the full in the lengthy
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computations required to evaluate the one-phonon self- 

energies. The separability of the fourth-order coef 

ficients appearing in equation (6.2,2) also proved 

to be of considerable assistance in shortening the 

calculations.

Except where otherwise stated, the results pre 

sented below were obtained with a mesh of 1000 points 

in the Brillouin zone and using* a value of c of 0*Jl THz 

in the representations (equation (*J.*J,15)) of the 

6-functioris and principal parts implicit in equations 

(6,2,3) and (6.2,6).

(ii) The R 25 mode self-energy in lowest-order 

perturbation theory.

Usinp equations (6.2,1) to (6.2,6) the lowest- 

order contributions to the one-phonon self-enerpy of 

the R 2§ mode were evaluated for a range of temperatures . 

Since the R ts representation appears only once among 

the irreducible representations characterising the modes 

at the F-point, this self-energy is diagonal.

The forms of the real and imaginary parts of the 

frequency-dependent self-energy for a temperature 

T = 300°K are shown in figure 6.2. Strictly these results 

givv the contributions to the square of the soft mode 

frequency rather than to the self-enerry itself: thus 

figure 6.2 shows the functions 2w (OJ )T(QJ J ,CJ) and••— * "•*

2u> (OJ) A (QjJ.fi), which are independent of the harmonic o — ~
soft mode frequency w (QJ), since the self-enerpy con-o —

tains a built-in factor of (wc (y))~ . To a lar^e extent
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Figure 6.2

The frequency-dependent self-energy of the R 25 mode 

in strontium titanate, at 300°K. The full curve

represents 2w (Qj) r(Qjj,ft), and the broken curveo •— —

(Qj)
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the forms of these self-energy functions are, in fact, 

of only academic interest since experiments are able 

to probe only the low frequency region close to the 

(renormalised) P 25 mode frequency. Thus the quantities 

of fundamental interest are the real and imaginary 

parts of the self-energy evaluated at this frequency.

Firstly the real part of the self-energy will 

be considered. The three (real) contributions to the 

square of the soft mode frequency arising from the self- 

energy terms given by equations (6.2,2), (6.2,3) and 

(6.2,*0, are shown in table 6.6. Qualitatively, these 

results illustrate two points of especial interest.

Firstly, it is clear that thermal expansion makes 

only a very small contribution to the temperature- 

dependence of the soft mode frequency. This is due to 

the fact that the thermal expansion, the value of which, 

as calculated from the anharmonic model, is shown in 

figure 6.3, is itself small. These observations are 

in accord with the conclusions reached by Feder and 

Pytte (1970).

Table 6.6 also shows, however, that the remaining 

two contributions to the soft mode frequency arising 

from the cubic and quartic self-energy terms, are quite 

comparable in magnitude and opposite in sign: these 

results suggest, therefore, that it is essential to 

include both terms in any calculations of the R 25 mode 

temperature-dependence. Consequently, since the model
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Flrure 6.3

The thermal expansion of strontium titanate as 

calculated from the anharmonic model.



THERMAL EXPANSION (x 1O6 /°K

O
ro
T

o 00 O
T

O 
O

ro 
Oo

m

-̂o
m
70

73
m

CO

~ O 
o O

Oo

Cn 
O 
O

O
O 
O



- 200 -

Figure 6.*1

The temperature-dependence of the square of the R25 

soft mode frequency in strontium titanate. The 

dashed line describes the contribution from the 

lovrest-order quartic self-energy term, the dotted 

line the contribution from the lowest-order cubic 

self-energy term, and the finely-dashed line the 

effects of thermal expansion. The full curve gives 

the resultant temperature-dependence, with a harmonic 

frequency chosen as described in the text. The 

experimental points are taken from the work of Cowley 

et al. (1969) and Otnes et al. (1971).
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Hamiltonian developed by Peder and Pytte (1970) did 

not include the effects of the cubic term, it is 

perhaps not surprising that these authors were unable 

to fit the temperature-dependence of the soft mode. 

For the soft mode frequency to vanish at T

the square of the harmonic frequency, w 2 (Qj), musto "—
exactly cancel the self-energy term at that temperature 

(equations (6.1,1) and (6.1,2)); the results in table 

6.6 thus indicate a strictly harmonic frequency 

u) (Qj) * i 1*48 THz. The temperature-dependent re- 

normalised F 2§ mode frequency that results with this 

value of w (Qj ) is also shown in table 6.6, where it 

is compared with the temperature-dependence determined 

by the neutron scattering studies of Cowley et al. (1969) 

and Otnes et al. (1971); this comparison is also made 

in figure 6.4. It is as well to emphasize at this 

point that, in contrast to previous models of the 105 K 

phase transition (reviewed in section 6.1(ii)), the 

model used here has not been constrained to fit the R 2g 

mode temperature-dependence. Consequently, the extent 

of the agreement shown in figure 6.4 is most satisfactory, 

particularly since the results depend critically upon 

the degree of cancellation of the cubic and quartic 

contributions to the square of the soft mode frequency. 

The larger discrepancy at 900°K may be attributed to a 

number of sources, including tha fact that these cal 

culations do not allow for the temperature-dependence
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of the renormalised frequencies implicit in the one- 

phonon self-energy. This discrepancy could, however, 

arise from as little as a 205? error in the quartic 

self-energy term.

Turning now to the imaginary part of the self- 

energy, table 6.7 shows the value of the line-width 

(here, the full width at half maximum) of the R 2S mode 

calculated for a. temperature T = 110°K. The accompanying 

experimental values are those given by neutron scattering 

(Sha] iro et al., 1972) and by Raman scattering (Worlock 

and Olson, 1971). In the former case the value assigned 

to the line-width was obtained by a fitting: analysis 

using the spectral function of a damped simple harmonic 

oscillator with an additional central mode resonance. 

In the latter case the width quoted corresponds to that 

observed for the soft mode of E symmetry in the low- 

temperature phase, extrapolated to 110°K:. Bearing in 

mind the uncertainties introduced in the interpretation 

of these experimental results, the agreement between 

calculated and observed line-widths is quite satisfactory

(iii) The R25 mode self-energy in the low frequency

regime.

Calculations have also been made of the additional 

contributions to the soft mode self-energy arising below 

the phase transition at very low frequencies (equations 

(6.2,9) and (6.2,11)). These contributions are non 

zero only by virtue of the distortion in the low-
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temperature phase, manifested by the non-vanir>hinp 

value of the order parameter (c.f. equation (6.2,13)). 

Thus, in these calculations the chanpe in crystal 

structure occurring at the phase transition was taken 

into account by usinp the measured tennerature- 

dependent order parameter (Muller and Berlinper, 1971) 

to determine the cubic anharmonic coefficients in 

equation (6.2,13): in all other respects the chanpe 

in structure at the transition has been ignored.

The results for the additional contributions to

the A and E soft nodes in the limit of zero probe 
iR £

frequency are shown as a function of temperature in 

figure 6.5. The contribution to the A-mode self- 

energy differ* according to whether it is evaluated in 

the adiabatic or isothermal limit; the E-mode self- 

enerpy contributions are the name in each case because 

the symmetry of this mode precludes any coupling to 

fluctuations in the local temperature.

Perhaps the most significant feature of the results 

shown in firure 6.5 is the order of magnitude of the 

additional r?elf-enerpy contribution to the A-mode. 

It will be recalled from the discussion in section 6.2(ii) 

that this contribution, arising from the procesn re- 

preoented diarrammatically in flrure 6.1(b), occurs 

only at low frequencies (P < /T, equations (6.2,9), 

(6.2,11)), and BO these results five a direct measure 

of the difference between the hiph- and low-frequency
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Fifure 6.5

Additional contributions to the self-energy of the 

A and E soft modes at low probe frequencies, in the 

low-temperature phase of strontium titanate. The 

dashed line shows the difference between the high- 

and low-frequency self-energies of the .^ 28 soft 

mode above T , as determined from the experiments of 

Shapiro et al. (1972).
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self-energies below the phase transition. As remarked 

earlier the occurrence of quasi-elastic scattering 

in the R 2 s mode spectral function above T has been'•'--•"" C

correlated with just such a difference between high- 

and low-frequency self-energies. The experiments of 

Shapiro et al. (1972), mentioned in the preceding section, 

provide a measure of this difference: they analysed 

their neutron scattering results with the aid of a 

spectral function incorporating such a strongly frequency- 

dependent self-energy in the phenomenological way 

suggested by Schwab1 (1972). The results of their 

analysis are also shown in figure 6.5. Clearly, the 

difference between high- and low-frequency self-energies 

obtained by analysis of experimental results above T* " "*""""" L C/

is of a very similar size to the difference predicted 

by this theory below T . This result lends considerable
""•--• i- •- - Q^

support to the suggestion (Cowley and Coombs, 1972)

that the observed effects above T can be attributedc
to a coupling of the phonon density fluctuations with 

slow fluctuations in the R 25 normal mode coordinates. 

A complete vindication of this theory, however, requires 

a detailed analysis of the relevant self-energy term 

(figure 6.1(c)) in which the intermediate phonon lines 

have to be treated self-consistently (Silberglitt, 1972). 

This analysis falls beyond the scope of the present work.

Finally consideration must be given to a further
/ 

interesting and disturbing feature of the results
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presented in this section - one which casts some doubt 

upon the validity of the phenomenological model of 

the phase transition. It will be recalled from the 

discussion in section 6.1(ii) that the phenomenological 

model characterises the renormalised frequency of the 

soft mode(s) by a self-energy that is independent of 

probe frequency. Thus, for example, the renormalised 

frequency of the A soft mode is described by a fre-
1 o

quency-independent self-energy of the form k.(T - T),
/A C

with kA * 26 x icf 3 THz 2 /°K. An examination of the 

results shown in figure 6.5, however, reveals that, 

5.mmediately below the phase transition the low- and 

high-frequency self-energies differ by an amount

Ak.(T - T) with Ak A « 3 * 10~ 3 THz 2 /°K. Ac A
This result emphasizes that while it is, of course, 

valid to use an expansion of a thermodynamic potential 

to describe static crystal properties such as the order 

parameter, the macroscopic strains and the pressure- 

dependence of the phase transition, it is invalid to 

use a model based on such an expansion to correlate these 

static properties with dynamic crystal properties such 

as mode frequencies determined by Raman or neutron 

scattering. This sets a limit upon the usefulness of 

the phenomenological model, and a corresponding limit 

on the validity of the method used here (section 6.3) to 

determine the anharmonic model parameters.
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(iv) The self-energy of other modes.

In the cubic perovskite structure there are three 

doubly-degenerate infra-red active modes characterised 

by the same irreducible representation. According 

to the theorem stated in section 3.5(iii), these modes 

are coupled to one another by off-diagonal self-energy 

elements to produce a 3*3 self-energy matrix. As 

discussed in section 3.5, the form of the spectral 

function of such a coupled mode system depends upon the 

experimental technique used, and the concept of a re- 

normalised frequency and line-width of each individual 

mode becomes more of an approximation. Within this 

approximation (i.e. ignoring, for the present, the 

off-diagonal self-energy elements) the results of cal 

culations of the line-widths of the three coupled T.O. 

modes are shown in table 6.7, where they are compared 

with the available experimental data obtained by Raman 

scattering (Fleury and Worlock, 1968) and infra-red 

analysis (Barker, 1966). As noted by Fleury and Worlock 

(1968) these different experimental techniques lead to 

values of the line-widths that are in violent dis 

agreement with one another. These authors argue, not 

unreasonably, that their Raman scattering results 

should be more reliable than the infra-red values ob 

tained from a many-parameter classically-damped- 

oscillator fit to the bulk reflectivity of SrTiO,. 

The results shown in table 6.7 lend support to this
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contention: in general the agreement with the Faman 

scattering experimental values is quite satisfactory. 

A more complete test of the frequency-dependent 

self-energy matrix of the T.O. modes, calculated from 

equations (6.2,3) and (6.2,6),is afforded by determining 

the one-phonon dielectric susceptibility (equation 

(M.I,5)) and thence the bulk reflectivity (equation 

(M.3,2)). Previous analysis of the reflectivity spectra 

of perovskite crystals (Barker and Hopfield, 196*0 has 

demonstrated the importance of the coupling between the 

infra-red active modes in determining the dielectric 

properties. Consequently the off-diagonal elements in 

the one-phonon Green's function have, in this case, been 

included, and have been treated in the manner described 

in section 6,2(1). Although the dipole-moment operators 

defining the one-phonon susceptibility can be obtained 

from shell model formalism (equation (M.5,2)) the failure 

of the "harmonic" model to give a satisfactory repre 

sentation of the low-frequency dielectric constant 

(Stirling, 1972a) suggests that these should be more 

realistically determined by a least-squares analysis of 

the observed bulk reflectivity. The results of such an 

analysis are listed in table 6.8, while the calculated 

reflectivity, corresponding to these parameters, is shown 

in figure 6.6, where it is compared with the observations 

of Spitzer et al. (1962), used in the fitting analysis. 

The agreement is remarkably good: in particular, the
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Table 6.8

The values of the coefficients of the dipole morcent 

operator, yielded by the least squares analysis of 

the bulk reflectivity of SrTiO, at 300°K.

Mode

-19-81

2-02
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Pipure 6.6

The bulV reflectivity of strontium titanate at 

300 K, as calculated from the anharmonic r.odel (full 

curve). The experimental data is taken froir the 

work of Spitzer et al. (1962).
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Pirure 6.7

2ir The tenperature-dependence of the q = (0*2,0,0)—— 3.

transverse acoustic node as piven by the anharmonic 

model (open circles) and as measured by Cowley 

(196'Jb) (filled circles).
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spurious structure appearing in Cowley's (1965) earlier 

calculations has been eliminated in this more detailed 

analysis. Furthermore, the sharp shoulder appearing 

near 22 pm is reproduced well by this calculation - a 

fact ifhich reflects favourably on the treatment (section 

6.2(1)) of the off-diagonal self-energy elements which 

are largely responsible for this feature (Barker and 

Hopfield, 196H).

Finally, the measurements ma'de by Cowley (1964b)

on the temperature-dependence of the q = — (0-2,0,0)~ a

transverse acoustic mode offer one further test of the 

anharmonic model. Using a reduced mesh of 125 points 

in the Brillouin zone and neglecting the small effects 

of thermal expansion and off-diagonal self-energy elements, 

a calculation of the cubic and quartic contributions 

to the temperature-dependent shift of this mode leads 

to the results shown in figure 6.7, with a harmonic mode 

frequency chosen as 0*6 THz. The good agreement with 

experiment affords further evidence that the anharmonic 

model parameters, particularly ty ~ and ty which dominate 

the self-energy terms involved, are by no means 

unreasonable.

6.5 Conclusions

The work described in this chapter represents the 

most comprehensive theoretical investigation yet made 

of the anharmonic properties of a perovskite crystal.



It has been shown that the model of SrTiO, which 

has been developed is able to give a satisfactory 

account of the considerable number of anharmonic pro 

perties to which it was fitted - the order parameter 

and pressure-dependence of the phase transition, the 

soft mode frequencies and spontaneous strain charac 

terising the low-temperature phase, the thermal expansion 9 

and the Griineisen constant and temperature-dependence 

of the zone-centre soft mode. Calculations with this 

model have shown that it offers a very reasonable re 

presentation of the temperature-dependent frequency and 

line-width of the zone-corner soft mode, of the self- 

energy of the coupled zone-centre modes, and thence of 

the dielectric properties. Despite the deficiencies of 

the model noted in section 6.3, this success affords a 

fairly convincing vindication of the anharmonic theory 

of soft mode behaviour in SrTiO,.

Unfortunately it is difficult to visualise further 

improvements to the model which would not also render 

the calculations impracticable. It has been assumed, 

for example, that only nearest-neighbour Ti-0 and Sr-0 

interactions contribute significantly to the anharmonic 

properties. This is quite possibly an unsatisfactory 

approximation in view of the importance of lonp; ranpe 

Coulomb interactions in bringing about soft mode behaviour 

in perovskites. Without this assumption, however, both 

the calculations themselves and the determination of the
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model parameters would present considerably more 

complex problems.

The calculations described here indicate, in 

addition, that while phenomenological models based upon 

the expansion of a thermodynamic potential may offer an 

attractively simple, and, in some respects, an informative 

picture of structural phase transitions, their use 

fulness in correlating static and dynamical observables 

is strictly limited by virtue of the difference between

the high- and low-frequency self-energies of the (A )
. • •'• • i&

soft mode below T . Since a mode precipitating a 

structural phase transition must always have a component 

below T that transforms according to the identity
\s

representation, a coupling of the soft mode to both 

thermodynairic and non-thermodynamic fluctuations in 

the phonon density is always possible, so that this 

limitation of such phenomenological models of displacive 

phase transitions is thus quite general. In consequence 

the method which has been used here to parameterise the 

interatomic potential is not wholly satisfactory.

It would seem, however, that with the origin of the 

simple soft mode behaviour now fairly firmly established, 

future efforts may be more profitably directed towards 

understanding the deviations from the predictions of this 

simple theorv observed close to the phase transition. 

This breakdown of mean-field theory, which has been 

touched upon in the work described above, is the topic 

which will now be considered.
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CHAPTER 7

of strontium tit an ate (II) ;

static critical behavi our

7.1 Introduction.

7.2 The philosophy and methodology of the 

renormalisation group.

7.3 The renormalisation p;roup equations - a

general formulation. 

7.^ Application to the displacive phase transition

in SrTiO,. 

7.5 Concluding remarks.
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7.1 Introduction

The failure of the Landau-like soft mode theory 

close to the phase transition in SrTiO^ is, in a 

sense, neither surprising nor distressing. It is 

hardly surprising in view of the fact that, as is 

now well known, similar classical theories of phase 

transitions in fluid systems (the van der Waals model) 

and ferromagnetic systems (the V/eiss mean-field model) 

also make predictions that are generally at variance 

with the observed properties close to the critical 

temperature. In addition, the predictions of mean- 

field theory have proved to be incompatible with the 

results found in the comparatively few cases when an 

exact solution of a model system is possible. For a 

substantiation of these remarks and for a review of 

the state of the theory of critical phenomena prior to 

the developments discussed in this chapter, reference 

may be made to the work of Stanley (1971a).

By the same token, the failure of the simple soft 

mode theory can scarcely be regarded as distressing, 

for it lends considerable support to the aesthetically 

pleasing concept of "universality" (Kadanoff, 1970). 

The essential content of this concept is the belief 

that the critical behaviour of a system (that is, its 

behaviour very close to the critical point), as 

specified by the set of critical exponents (e.g. 3 in 

equation (£.1,7))> i R determined not by the details
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cf the microscopic interaction? described by the 

coupling parametern in the system Hani Itenian, but 

essentially;?' by the r>y rime try end d linens i on p. 1 i ty of 

the Kanlltontan. Thus, a? noted by duller and 

Perlin^er (197C), the value of the exponent 3 found 

in the case of SrTiO- is essentially the sane as that 

found for the phase transition in ^erronarnetic EuS 

(Heller and Benedek, 1965) in which the high-temperature 

phase r.lso has cubic symmetry. Indeed, values of f? 

close to /3 have been observed for both fluid and 

magnetic systems, although it is now clear that the 

hope that all transitions are characterised by exactly 

the name values of exponents is unfounded. It la 

informative to note, in addition, that the phase 

transition in KMn17 , IP also characterised by an exponent 

P * /3 (Borsa, l r ?3) even thouph the overdo ped 1

character of the F, 0 _ m,oft rrcde and the occurrence of25
a second phnsn transition , precipitated by a soft

1^- phonon, nhow unequivocally that the parameters des

cribing the microscopic ^ntfrractionn in thir, crystal

are different fron those appropriate to ^rTiO .

Posed in a form which anticipates the nature of 

the solution offered by the techniques described below, 

the problem of universality is essentially this: 

riven a syrten described by a F ami It on i. ar. »-;ith specific 

microscopic couplinp conntantn, hov can one penerate 

the Tamiltonian which is effective in determining the
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nature of the cooperative behaviour near the critical 

Doint, and which itself would appear to be determined 

largely by the symmetry properties (and not the 

microscopic coupling constants) of the original 

Hamiltonian? Of course, a solution to this problem 

does not constitute a complete solution of the problems 

of the critical region, for it is then necessary to 

establish the nature of the critical behaviour produced 

by the effective Hamiltonian.

The recent development of the philosophy and 

techniques of the renormallsation rroup and the c- 

expansion (Wilson, 1971a, b; Wilson and Kop-ut, 1973) 

offer - or, at least, show encouraging sipns of offering 

a solution to both of these problems. In the view of 

the author, however, their essential triumph lies in 

the insipht which they afford Into the former - the 

origins °f "universality" as defined above.

These techniques have been develoned within the 

context of phase transition* in ferromagnetic *ysterna 

(Wilson, 1972; Wilson and ^isher, 1972; Brezin et al., 

1<)72). In this chapter the same formalism and methods 

are used to discuss, for the first time, a structural 

phase transition - the displacive transition occurring 

in SrTiC, at 105°K, Throughout, attention is restricted 

to static critical properties, namely the exponent^ 6 

and v associated with tlme-indenendent phenomena - 

the static order parameter, and the correlation
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the problem may then be legitimately formulated in 

terns of a thermodynarnic potential.

Hitherto, virtually no theoretical progress has 

been made in understanding these equilibrium critical 

properties of SrTiO,. Mention need be made only of 

the tentative suggestion of Stanley (1971b) that the 

critical behaviour of SrTiO- might be described in 

terms of an effective Haniltonian of the forin approp 

riate to the planar (2-dimensional) Feisenberfr model. 

This suggestion appears to be incompatible with the 

predictions of the analysis described below.

Since the ideas and technioues used In this 

analysis have, as vet, been described in the literature 

only in a few somewhat terse letters, it seems app 

ropriate to preface the discussion of the case of 

SrTiO, vrith an outline of the motivation, formalism, 

and techniques involved in the renormalisation group 

approach to critical phenomena - at least, as the author 

understands them at present. Consequently the following 

sections present an introduction to the philosophy and 

methodology (section 7.2) and the general formulation 

(section 7.3) of the renormalisation croup equations: 

this introduction parallels, but does not seek to 

emulate, the discussion riven by Wilson and Koput 

(1973) in an as vet unpublished series of lectures.
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The essential features of the techniques 

employed in the work described below may best be 

illustrated by considering one of the simplest and 

moat familiar model systems of interest to theorists 

of critical phenomena - the Ising model.

Consider, therefore, a three-dimensional periodic 

array of one-component spins, with interactions between 

nearest neighbours only. The system may be described 

in terms of a reduced Hftniltonian H defined in units 

of l:BT by

H a K I Wn (7.2,1) 
r,r+n ~ ~ -

where the coupling coefficient K IF. related to the 

usual spin-spin interaction coefficient J by

K « /IP (7.2,2)

The summations in (7.2,1) run over all the interactions 

between each spin (at site r) and its nearest neigh 

bours (at site r+n) .

Fundamentally, the concepts inherent in Wilson's 

formulation of the renormalination r**oup approach to 

critical phenomena may be regarded as an extended 

expression of an idea suggested by Kadanoff (19^6) 

in a heuristic, but intuitively appealing, analysis of 

the Tsinr problem. Kadanoff ^uprrested that a quali 

tatively - and, ultimately, quantitatively - informative
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insight into the nature of critical behaviour in the 

Isinp system is afforded by (mentally) partitioning 

the array of spins into a series of p-roups of neigh 

bouring: spins. The motivation for this construction 

lies in the supposition that close to the phase trans 

ition where the correlation length is' lar^e, neigh 

bouring spins are highly correlated, so that it would 

seem reasonable to associate an "effective npin" , S', 

with each group of the original spins S, in the 

expectation that the resultant "block-spin" system 

will behave in a very similar fashion to the initial 

Ipinf system. Thus the new system should be describable 

in terms of an effective lainp: interaction,

H f • K' X s;s; (7.2,3)
r,r+n ~ ~ --

where the block-spin variables are scaled so that they 

also have values ±1. The parameter K* describes 

the strength of the coupling between the new spin 

variables, and it is assumed that it may be related to 

the original coupling coefficient Y. by

K' « f(K) (7.2,4) 

where f is an analytic function, the form of which 

the Kadanoff theory does not seek to define.

These ideas may be developed as a basis for the 

static scaling theory originally attributed to Widom 

(1965a, b). The methods of the renormalisation proup, 

however, require a more detailed consideration of both
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the implications and, ultimately, the structure of 

equation (7.2,4).

Suppose, for the sake of beinr definite, that 

the dimensions of the blocks of spins are twice the 

original lattice spacinr, so that each block contains 

ei^ht of the original spins. Tt is to be noted that 

the choice of the factor two here, and in the more 

detailed theory outlined below, is quite arbitrary: 

the final results are (pleasinplyJ) independent of this 

choice. Tt is clear that the spin-spin correlation 

length of the original system, £(K), and of the block- 

spin system, C(K'), quoted in units of the respective 

lattices, are related by

S(K') » 1 C(K) (7.2,5) 

Now in the limit as the transition temneratur* is 

approached (from above), the correlation length 

diverges:

-»• « as K •* K i T^r-

Equation (7.2,5) then shows that, in this limit, the 

correlation length in the block spin nicture also 

s, so that

Linit K * Limit K' a K (7.2,6)
T+T T^-T c c

Taken torether with equation (7.2,4), equation (7.2,6) 

shows that the value of the counlinr constant K at 

the critical point is determined as the solution of 

the equation .

K * f(K) * (7.2,7)
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It Is interesting to note that, starting with 

an Hl£iyM£ function f, the conditions (7.2,5) and 

(7.2,6) force non-analyticity on the correlation 

length 5 at the critical temperature: tils point is 

developed further by Wilson (1971a). For the purposes 

of this Introductory discussion, however, the ideas 

and relationships introduced above are sufficient to 

define the philosophy and methodology of the re- 

normalisation frroup.

The equation (7.2,*0 is a simple example of an 

equation of the renormalisation proup. The relation 

ship (7.2,7) expresses the fundamental tenet of the 

theory, namely that the critical behaviour of a system 

is determined by the t; fixed point 3 *? of the renormalisation 

ftroup equations, that is, by the solutions of equations 

of the form (7.2,7), which are obtained by iteratinr 

the generalised form of equation (7.2,1*),

Thus, within this theory, the "universality " character 

istic of critical phenomena arises because the nature 

of the behaviour in the critical region is determined, 

not by the values of the parameters in the initial 

Kamiltonian, but by their fixed point values which are 

properties of the structure of the renormalisation 

jrroup equations.

Unlike Kadanoff's (19^6) analysis, the renormal 

isation rroup procedure thu? demands that an explicit
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expression be derived for the function f (or, 

more generally, for a set of such functions). The 

Kadanoff model does, however, provide some indication 

of the way in which this may be effected, for it is 

clear that, in the simplest approximation in which 

all the spins within each block are regarded as being 

perfectly correlated so that all are either "up" or 

"down" , equation (7.2,4) assumes the simple form

K' = 3K (7.2,9) 

Evidently this result is incompatible with the con 

clusion that K ? =K = K at T = T. the reason beingc c
that the derivation of equation (7.2,9) ignores the 

presence, in the spectrum of fluctuations in the spin 

system, of modes with wavelength less than the block 

spacing. The assumption that the spins in each block 

will be totally aligned is invalidated by the presence 

of these modes, which must therefore be taken into 

account in the determination of the form of the re- 

normalisation group equations. A general formulation 

of this problem will now be given.

7•3 The renormalisation group equations - a general 

formulation

In developing the formalism of the renormalisation 

grouD it in convenient to work in a Courier rep 

resentation in which the system Hamiltonien may be 

formally written in units of kRT as
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H = H[{Q}] (7.3,1)

where {0} denotes the set of ^ourier components 

P(C[) of the spin density. For the moment, the details 

of the functional form of H need not be considered; 

it is sufficient to note that, quite p-enerally, the 

Hair.iltonian will consist of two parts

H * H0 + Hj (7.3,2) 

where HQ denotes the part of the interaction quad 

ratic in the variables {Q> - the "harmonic" part of 

the Hamiltonian - while H T contains term? of higher 

order which describe the interactions between the 

various modes.

It is convenient to write

Q(q) 5 O (q) + Q (q) (7.3,3)• — a. ' — u —

where

0 <

QM/2

and

°.M / 2
=0 , 0 <

vihere qM denotes the upper limit on the wave-vectors 

of the modes contributing to the Hamiltonian (7.3,1). 

It follows that this Hamiltonian may be subdivided

thus :

H[(Q}J = H 0 [(0>] ^ H T [{0>]

(7-3,5)
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Now the partition function for the system may be 

defined as the functional integral 

Z «

a 1

-H0 DV]-HT [{Q}] 
e - i e

y b

(7.3,6)

Introduce now an effective Haniltonian H T 

analopoun to the block-spin Hamilton!an H f described 

in the preceding section. The "block-spin" character 

of this new interaction is expressed in the require 

ment that, while havinr the same functional form as 

the original Haniltonian (7.3,1), it should make 

explicit reference only tc modes with wave-vectors 

lesfi than Q» T /p» ^e effects of the short wavelength 

coders, which, it will be recalled fron the previous 

section, play a crucial role in deterinininr the structure 

of the renornalisation proup equations, are retained 

only in an far as they produce a significant 

I^Z*°2Td^i5 â APIl °^ ^^e coefficients in the new Kami It on i an. 

The nev spin amplitudes Q'(£) are related to those 

of the original syster by

Q(q) = CQ f (2a)» ° < lal < nM/2 (7.3,7) 

where the factor C is chosen (c.f. the scaling of 

the spin variables S f in the Kadanoff picture) to
i

the new Interaction a form a? closely similar as
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. ensures that the new 

a new partition function 

ntially the same properties 

ion function (7.3,6) while 

ance only to the modes of wave-

;ial problem is to determine the 

i new Hamiltonian by analysis of 

which defines the reriormalisation of 

of the original Hamiltonian produced 

;f the modes of short wavelength, (Qi^)* 

expressing this renorrealisation are 

of the renormalisation group. Their 

determine the coefficients of an effective 

that describes the effective interactions 

modes of long wave length (q <« q^.) which 

the behaviour of the system within the critical

implementing the programme of renormalisation 

by equation (7.3,8), it proves convenient to
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Now the partition function for the system may be 

defined as the functional integral

a }
e " a /

b
(7.3,6)

Introduce now an effective Haniltonian H' 

analop,our» to the block-spin Hamiltonian H f described 

in the preceding section. The "block-spin 11 character 

of this new interaction is expressed in the require 

ment that, while having the same functional form as 

the original Hamiltonian (7.3,1), it should make 

explicit reference only tc modes with wave-vectors 

less than QM/P' The e ^^ct* of the short wavelength 

podes, vrtiich, it will be recalled from the previous 

section, play a crucial role in determininp the structure 

of the renomalisation rroup equations, are retained 

only in an far an they produce a significant 

renorma1isation of the coefficients in the new Hamiltonian 

The new spin amplitudes Q'(£) are related to those 

of the original systen by

Q( a ) = CQ ! (2a), 0< |q| < qK/2 (7-3,7)

vrhere the factor C is chosen (c.f. the scaling of 

the spin variables S 1 in the Kadanoff picture) to
i

pive the new interaction a form as closely similar as
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possible to the initial Hamiltonian. Formally, the 

new Hamiltonian is then defined by the relation

s e x ——

{ % r W " "~ (7.3,8) 

The form of this equation ensures that the new 

Hamiltonian will define a new partition function 

which will lead to essentially the same properties 

as the original partition function (7.3,6) while 

making explicit reference only to the modes of wave- 

vector < qM/2 .

Thus the essential problem is to determine the 

coefficients of the new Hamiltonian by analysis of 

equation (7-3,8), which defines the renormalisation of 

the coefficients of the original Hamiltonian produced 

by the effects of the modes of short wavelength, {Qi^)-' 

the equations expressing this renormalisation are 

the equations of the renormalisation group. Their 

fixed points determine the coefficients of an effective 

Hamiltonian that describes the effective interactions 

between the modes of long wavelength (q <« qv ) which 

determine the behaviour of the system within the critical 

region.

In implementing the programme of renormalisation 

defined by equation (7.3,8), it proves convenient to
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consider the generalised d-dimensional analogue of 

the initial Kamiltonian. The renormalisation rroup 

equations can then be formulated with the aid of a 

perturbation theory that, retrospectively, can be 

shown to be good to a given order of e, where e * *J-d. 

The oririn of the u^efulnesr* of this "e-expansion'1 lies 

in the fact that the form of the renormalisation rroup 

equations, and thus critical behaviour Itself, depend 

strongly upon the dimensionality of the system. In 

particular, for d > 4 the fixed points of these 

equations assume a particularly simple form, leading to 

mean-field values for the critical exponents (Wilson 

and THsher, 1972).

Clearly the use of the e-expansion in treatments 

of three-dimensional svstems (e = 1 I ) would appear to 

be questionable. Nevertheless, calculations of critical 

exponents have also been made in terms of such a per 

turbation expansion, and the low order theory has 

been shown to <• ; 've ruite reasonable agreement with the 

predicted three-dimensional values (Wilson, 1972).

Strictly, however, the results which will be 

presented in the following section are rif-orously true 

only for c small. The assumption made here, that 

the behaviour of SrTiO in the critical repion can be 

extrapolated from its 3-99-dimensional analogue with 

the aid of a low-order e-expansion, will require further 

careful examination.
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7• ** Q 0̂ ^16 _diaplacive phase transition

in SrTiO..

The formalism developed in the previous section 

for a sp5n system mav be applied directly to the 

description of static critical properties near a 

structural phase transition by identifying the effec 

tive Hamiltonian Hpo}] with the confi^urational 

internal energy associated '-.'ith a crystal distortion 

specified by the set of classical normal Tr>od« coordinates

, where
I

(7.1,1)

In particular, close to the phase transition in 

SrTiO- the crystal properties will be dominated by the 

large slow fluctuations in the modes belonging to the 

same branches as the three-fold degenerate P?t- mode, 

and with wave-vectors close to the R-point. Tt is 

appropriate, therefore, to write the internal energy 

in a form that 7-^.kes explicit reference only to tnese 

particular moden: the effects of all the other nodes 

are retained only in as far as they produce a signi 

ficant renormalisation of the coefficients in this ex 

pansion of the internal energy which, according- to 

symmetry, must then have the form 

U * J
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The wav!?-vectors in this expression are measured frow 

the F-point as oripin, and are restricted to the 

vicinity of this point by a cut-off wave-vector, 

c^. The sums over the branch indicea j run over 

the branches terminating: in the three-fold degenerate

R~ c fode t in this notation the mode (0,j) corresponds t- !? ' —
to a rotation of the oxyren octahedra about the ,1-th 

cube axis. The coefficient? b and b may be 

related to the coefficients of the anharr.onic Hamiltonian 

in principle they ape vave-vector dependent, but to a 

rood ar>rvpoxirr>ation thev rnay be written in the form

b = a S(q. * o + c + o )
~i -i -i -•» (7.1,3)

b 2 = ^2 6 ^i * £a * 2.J * 2J 
vhere 8j and a 2 are onlv weakly teiriDerature-dependent

and Tuav be taken as T'rave-vector-independent constants, 

For future reference it should ^e noted tliat the pheno-

menolorj cal nodel of the rsha^e transition in FrTiO, , 

discussed in the preceding chapter, sugpents a value 

h 2 /bj « 1-2.

The frequency w(al) appearing in enuation (7.^,2) 

corresponds to the frequence of the rode (nj ) partially 

renormalised (in the sense of equation (6.1,6)) through 

the anharmonic .interactions couplinr this node to 

those nodes which do not appear explicitly in equation 

(7. 4,2). Since these modes are essentially unaffected 

bv the approacb to the critical tenperature this inter 

action should be accounted for satisfactorily by the
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simple anharmonic soft mode theory, and w 2 (0j) may 

then be taken to vary linearly with temperature - 

at least in some small temperature region close to

7 . Thus c
I « (T - TQ )

where TQ is a temperature close to T but differing 

from it because of the interactions between the soft 

mode and the other modes retained in equation (7.4,2).

Now, in analysing the results of their electron 

paramagnetic resonance (E.P.R.) investigations of the 

spectrum of fluctuations of the oxygen octahedra in 

SrTiO,, von Waldkirch et al. (1972, 1973) have assumed 

that the fulljr renormalised (again in the sense of 

equation (6.1,6)) frequencies of the modes around the 

R-point may be described in the manner suggested by

Schwabl (1972), namely
•v

(7.4,5)

The quantity A is introduced to allow for the strong 

anisotropy observed in the dispersion curves of the

soft branches around the R~point (Stirling, 1972a, b).
%

Physically, the small value of A observed (O02-0-03)

implies that the spectrum of fluctuations of the oxygen 

octahedra will contain, with more or less equal like 

lihood, modes in which neighbouring octahedra along 

the J-axls rotate about that axis in phase with one 

another, and modes in which they rotate out of phase 

with one another. In contrast, neighbouring octahedra
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within the plane perpendicular to the j-axis are 

etron.fly constrained to rotate (about that axis) in 

antiphase, in a cogwheel- like notion.

The temperature-dependence of the reriormalised 

eoft r<ode frequency is described by the exponent v 

of the correlation length (Schwab 1, 1972),

5(0,i) « (T - T ) v (7.^,6)
c

and the E.P.B. experiments give a measure of the
. . * 

quantities v and A, on the assumption that the latter

is not strongly temperature-dependent.

The form of equation (7.^*5) in strictly correct 

only In the approxination in which one ignores the 

off -diagonal elements of the truncated dynamical matrix 

describing the mode^ around the R-point (Shapiro et al. , 

1972): physically, these elements express the wave- 

vector-dependence of the eigenvectors of the modes 

close to q p . Since Stirling's (1972a, b) neutron
\ .

scatterinr results suppeot t);at an expression of the 

fonn (7.^, 5) gives a quite reasonable account of the 

normal mode frequencies clone to the R~point, the effects 

of these off -diagonal element n vill not be considered

here.

Vith^n thir aprroxipat^on tY* partiallv-renorm

-introduced above nay also he described by 

of the form (7. 2»,5):

Py en appropriate c^»rr* of v*r*nM<"*, erupt ̂ n (7.^,2)



may then be recast In a form which permits contact 

to be made with the work of other authors on the 

critical properties of spin systems. The reduced 

Hamiltonian for the system is then written in units 

of k~T aa
b

K * I / 7 (r + q* - (1-
a J 

/ / / I tu 3ca J

(7.1,8)
3

where

r « w f (OJ) / (Aq«)

U * a.kpT / (Aq*) f
B M (7.1,9)

g « a2 kBT /

and / stands for w~ / d a, with V. the volume
a d

of the unit sphere in d dimensions. The summations 

over wave-vector have been replaced with integrals 

which, for the purposes of the e-expansion, are to 

be regarded as being over a d-dimensional space, with 

c « 4-d. The change of variables defined by equations 

(7.^,9) defines a new wave- vector cut-off of unity. 

The similarity between the Hainiltonian (7.**,B) 

and that for a spin system is not immediately obvious. 

It can be shown, however, (Wilson and Kogut , 1973)
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that by extendinc the usual model for a spin systerr 

to allow for continuous spins of unbounded magnitude, 

restricted by a ^eifhtinr factor containing quadratic 

and quart! c powers in the spin components, the 

partition function of the system mav be defined in 

terms of a reduced Kaniltonian of the forr of equation
»

(7.^,8). Other authors have investipated the critical 

behaviour of systems described by Haw! It on i an 5? similar 

to (7.^,8) (V/ilson and Fisher, 1972; Fisher and 

Pfeuty, 1972; Wefmer, 1972) usin? vilson's (1971b) 

"approximate recursion formula" to express the re- 

normalisation proup equations. The systems examined by 

these authors have, however, differed nonevrhat from 

that described by (7.^,8); in particular the effects 

o^ the ani sot ropy term A have not been investigated 

until recent (independent) work by Aharony and Fisher 

(1973) which overlaps sone of the work presented here.

Following the renornall nation p;roup procedure 

described in t 1>ir* previous section, the effects of r.odea 

with wave- vectors |nj > I are Interrated out of the 

partition function described bv the Kaniltonian (7.^, 

yieldinr, via the defining relation (7.3,8), a new 

Kami It on 5 an

H» = \
9. i

f • *» »J- V /
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where the normal mode coordinates have been scaled 

according to the relation

j) (7.1,11)

The parameter c is chosen (c.f. the discussion 

followlnr equation (7.3,7)) so that the leading term 

In the new Interaction (the o 8 term) has the sarce 

coefficient as the corresnondinr term In the initial 

Kami 1 ton! an, while the form of the relationship 

ineans that the integrals in equation (7.^,10) are 

apain over the range 0 < |oj < 1.

The renomalisatlon rreur> equations relatinr the 

coefficients of the neT--- Hairnltonlan ' Tf (r f ,u* ,fr f ,A f ) 

to those of the ntartlnp Hamiltonian K(r,u,r»A), and 

deflrfnr the parameter 5 , nay he ohtalned with the 

aid o** a perturbation expansion of the rlrht hand nide 

of equation (7.3,^). The technique Is similar to that 

employed in standard diagrammatic perturbation theory 

and so only the results will be quoted.

In their most general form the renorrcalination 

rroup eouation? rav be vritten 1n lowest order as
r 1 * t 2 ?""d (r + 7,)

u f * C % 2

1

nnd the *cale factor is p:iven by

3 = C f 2" d (t * M

The nuantltiefl !„. O = 1,^) are connlicwted functions
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Pipure 7.1

Diagrammatic representation of the terms contributing 

to the renormalisation croup equations. Figures (a), 

(b) and (c) £ive contributions to the equations for r f , 

u 1 and g 1 , respectively. Figure (d) fives contributions 

to the A f and £ f equation?. The open circles denote 

u-type interactions, and the filled circle? denote 

g-type Interactions.
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of the parameters r, u, g and A: their diagrammatic 

representations are shown in figure 7.1. In these 

diagrams the "internal" lines are restricted to 

modes with wave-vectors |qj > J. Figure 7.1(a) 

represents the processes contributing to the re- 

normalisation of the "two-point" function r, while 

figures 7.1(b) and (c) describe the contributions 

to the renormalisation of the "four-point" functions, 

u and g respectively. The diagrams shown in figure 

7.1(d) are the simplest to give a wave-vector-dependent 

contribution to the two-point function: they thus 

define the function 1^ entering the renormalisation 

group equation for the parameter A, and the function 

I 8 appearing in the equation for the scale factor £.

Of course, equations (7.^,12) offer only an 

approximate representation of the exact renormalisation 

group eouations implicit in the defining relation, 

equation (7.3,8). Nevertheless, analysis shows (Wilson 

and Kogut, 1973) that the perturbation theory leading 

to these *quations is valid for e small (d close to 4), 

so that the fixed points of the exjact renormalisation 

proup equations are given correctly to low order in c 

by the fixed points of their approximate representations

(7.4,12).

According to renormalisation group theory the forms

of critical behaviour of the system are determined by 

the fixed points (r*, u*, g*, A*) of the renormalisation
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group equations. The equation for the parameter r

determines the transition temperature T and thec
nature of the approach of the system to T : this

C

equation will not be examined here. The equations of 

interest in this analysis are those which determine 

the fixed points of the parameters u, g and A, which 

specify the essential symmetry properties of the 

Hamiltonian close to the phase transition. It' is 

necessary therefore to determine what these sets of 

fixed points actually are; in addition it is necessary 

to establish to which set of fixed points the renor- 

malisation group equations converge when they are 

iterated. Such a set of fixed points will necessarily 

have the property that, if the parameters in the 

Hamiltonian are changed infinitesimally from their fixed 

point values, a further iteration of the equations of 

the renormalisation group will tend to restore them 

towards these values: by analogy with classical 

mechanics such a set of fixed points is termed stable. 

In principle a system may possess more than one set of 

fixed points: in such an instance the set to which the 

equations actually converge is determined by the values 

of the parameters in the starting Hamiltonian. In this 

respect the behaviour of the system within the critical 

region may not be wholly independent of these parameters, 

and the concept of universality, discussed in the 

introduction, is correspondingly modified.
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In practice, the equation for the anisotropy 

parameter A turns out to be extremely complex, making 

it difficult to carry out the iteration of the coupled 

set of equations (7.1,12). A detailed examination 

of the expressions for I % and I f , however, shows 

that the equation for A has tv?o fixed points. One 

is pdven by A* * 0, and is a fixed point only for 

f* s 0 - but an examination of the equation for p- 

shov/s that JT* s 0 is definitely an unstable nolution. 

The other fixed point for the anisotropy is A* * 1, 

and corresponds to a wholly isotropic solution. The 

author has, as yet, been unable to establish that thin 

root is stable, but recent work by Aharony and Fisher 

(1973) on the analogous problem in spin systems su^p-ests 

that this is, in fact, the case.

The stability of a fixed point Is a necessary but 

not a sufficient condition for the renormali sation 

group equations to converge to it. However, pendinf a 

more detailed analysis of the appropriate renormali sation 

group equation, vrhich ir».ay in principle reveal another 

stable fixed point, it ia reasonable to suppose that 

the equations do indeed converge to this root, where 

they take on the distinctly more manareable form
u' « 2**~d (u - (9u l * 2r I )c>

h-* (7.1,11) 
r' » 2 {p - (6ru + 5r 2 )c}

where c is a constant.

Tor d > 1 (c < 0) there equations converge, under
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iteration, to the fixed point u* * ?* = 0. Physically 

this solution describes a situation in which the 

critical fluctuations are non-interacting, and 

necessarily results in *nean-field exponents. For d < 4 

(e > 0) this solution remains a fixed point of equations 

(7.4,14), but it is no longer stable: the equations 

"converge" to this root only in the trivial case in 

which u = f * 0. This result is non-trivial, for it 

demonstrates that critical fluctuations will indeed 

play a r6le in determining the symmetry properties of 

the system Hamilton! an in the critical refion.

A simple analysis of equations (7.4,14) reveals 

the existence of two further sets of unstable fixed 

points, namely

u* * i- <2e - 1), £* * 0
and

The former corresponds to an Isinr-like solution, in 

which the "spin components 1 ' (i.e. the arplitudes of the

components of the R?c. trode) are decoupled from one 

another; the latter corresponds to a form of stability 

limit of the model - for pr > ^/2 u the renornalination 

group equations diverge to five an unknown form of 

critical behaviour.

The only other root of the renormalisation rroup 

equations is piven by

u * = r * " ITc (2€ ~ l} ' (7.4,16)
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Numerical studies show that the renormalisation croup 

equations converge to this solution for all values of 

g satisfying 0 < ^ < ^/2u (g = l»2u for three- 

dimensional SrTiO-.') so that this root may be termed 

stable, in agreement with the result derived by Wepner 

(1972) usinp; the approximate recursion formula.

Formally, the conclusions of this analysis are, 

therefore, that the behaviour of the d-dimensional 

analogue of SrTiO,, asymptotically close to its phase 

transition,in described by an effective Kamiltonian of 

the form (7.^,8) "rith the parameters A, u, and g 

replaced by fixed point values that, to order e, are 

given by A* * 1 and g* « u*. It is to be noted that 

this Kamiltonian has the symmetry of the three-dimensional 

isotropic Keisenber^ model of a spin system, generalised 

in the manner described earlier.

A comparison between the predictions of this theory 

and experiment is complicated by the fact that 

experimentalists and crystals of SrTiO- are•regrettably 

restricted to a three-dimensional existence. There 

are, however, two ways in which such a comparison may 

be effected. The firnt, formally satisfactory, approach 

ip> to note that since the fixed points of the system 

Hamiltonian have been identified only in a leading 

order of c, the critical exponents for the system can 

strictly be calculated meaninpfully onlv to a similar 

order. Such calculations have been made for a three-



dimensional Heisenberg system (Wilson, 1972; V/ilson 

and Kogut, 1973) and yield the results

e * 0*36 + 0(e 2 )

v * 0-63 + 0(c 8 )

Alternatively one might make the assumption that the 

Keisenberfr root will remain the stable fixed point 

in a higher order formulation of the renonnalisation 

group equations. The critical exponents for SrTiO- 

would then correspond to the exact exponents of the 

three-dimensional Keiaenber? model, which have been 

fairly accurately determined by series expansion 

methods as (Ferer et al. , 1971)

B * 0*373 ±

v « 0-717 * 0*00?

Experimental investigations of the phase transition 

in SrTiO, using E.P.R. techniques yield the results 

(Muller and Be r linger, 1971; von Waldkirch et al. , 

1972, 1973)

6 * 0*33 * 0-02

v * 0«65 ± 0*05

In principle the E.P.R, experiments also allow the
^ 

determination of a value for tl anlsotropy factor A,

equation (7.^,5), with which to compare the theoretical
f\f

prediction A(*A*) * 1, at T . Unfortunately the
C

E.P.R. measurements are not sufficiently sensitive to 

permit an unambiguous determination of both the



quantities v and A. The value of v quoted above vas 

obtained (von Vfaldkirch et al. , 1973) from an analysis 

of E.P.R. measurements in the temperature range

T + 1°K to T + 11°K, and correspond? to a value c c
* of the anisotrory parameter A = OOP ± 0-01, but

these authors alro report that their measurements in 

this temperature region can equally well be described

by an exponent v = 0*7*1 ± 0-03, when the anisotropy
A»Is ignored altogether, A •* 1. Evidently the latter

re?ultn compare favourably vith the theoretical 

predictions. Care riust be taken, hov>rever, not to ascribe 

too much significance to this agreement, in view of 

the ambifuitles in the interpretation of the experimental 

results, and the uncertainties in the theoretical values 

for the exponents.

There is, in addition, a further point of uncer 

tainty, concerning the ranpe of temperature around T•*"- ITI- ^-- L ^ — - ^j

over which the parameters in the system Kamiltonian may

be approximated by their fixed point values. The
«v

anisotropy parameter A in particular, far from being

temperature independent, must, on this theory, exhibit
*\/

a marked temperature-dependence, varying from A « O02

at tenneratures sufficiently far removed from T , toc*v/
A * A* = 1, clo-?e to the phase transition: evidently

"close to" must be quantified by further theoretical

However, vhile such uncertainties In the inter-
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pretation of both theory and experiment preclude a 

rigorously quantitative test of the theoretical 

predictions, the results of this preliminary analysis 

of critical behaviour in SrTiC, are qualitatively 

encouraging, since they establish theoretically the 

Importance of critical fluctuations at the 105°K 

phase transition.

1.5 Concluding remarks
..II. ——... ..... i . , . A... ... i. il. ii • III I

Clearly, the analysis described in the preceding 

section represents only a first and sorevrhat incomplete 

attempt to apply the Wilson renormalisation proup 

theory to a structural phase transition. There remain 

problems, both in regard to the theory outlined above 

and in its extension to rive a more comprehensive 

description of phase transitions.

Firstly, it is evident that further investigations 

are necessary to establish conclusively whether or not 

the zero-anisotropy fixed point (A* « 1) of the 

renormalisation rroup equations is stable, and further, 

to discover whether or not any other stable fixed point 

exists with a non-vanishing anisotropy. In this 

connection it nay be remarked that, should such a root 

exist, it oeenm unlikely that it would correspond to 

the XY model suprested by Stanley (1971b), for the 

author has been unable to see how the renormalisation
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group equations could, even in principle, yield 

such a result. It should be noted, however, that 

the critical exponents calculated for this model, 

namely (Stanley, 1971a)

8 «

v « 2 /3

are in better agreement with the observed exponents 

than those of the three-dimensional Keisenberg model.

Secondly, it will be of some interest to 

investigate the variation of the parameters of the 

Hamiltonian (7-^,8) under iteration of the full set 

of renormalisation group equations (7.^,12) starting 

from the observed values. Though algebraically and 

numerically demanding such an investigation should 

give insight into the nature of the approach to critical 

behaviour and, if the equations do indeed converge to 

the iaotropic fixed point, it may also suggest how 

close to the transition the cross-over from two- to 

three-dimensional behaviour actually occurs.

It is also clear that an examination must be made 

of the form of the renormalisation group equations for 

SrTiO- when carried to second order in e. Such an 

analysis may be complicated by the fact that a con 

sistent second-order calculation should also include 

anharmonic terms of sixth order, since it is known 

(Wilson and Kogut, 1973) that these coupling parameters 

can have fixed point values that are 0(e f ). It is
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clear that such a calculation will yield sets of fixed 

points which contain, as a subgroup, the sets of 

fixed points of the low-order renormalisation group 

equations discussed above. In addition, however, one 

might anticipate the discovery of new fixed points 

differing from those found above by quantities 0(e a ). 

Indeed it is, perhaps, not too speculative to suggest 

that fixed points differing slightly from those of the 

Heisenberg-like model are implied by the fact that a 

perovskite crystal described by equation (7-4,8) with 

the Heisenberg fixed point values is equally disposed 

to distortions to tetragonal and trigonal low-temperature 

phases, whereas it seems reasonable to expect that the 

fixed-point Hamiltonian should determine unambiguously 

the phase to which the crystal will distort. Con 

sequently one might guess that a higher-order calculation 

would reveal two fixed points close to the simple 

Heisenberg fixed point, the one characterised by para 

meters such aa to stabilize the tetragonal phase, the 

other by parameters appropriate to trigonal distortion. 

The root to which the renormali3ation group equations 

converge would then be determined by the initial values 

of the parameters, g > u (as in SrTiO,) leading to the 

tetragonally-disposed fixed point and g < u (as in 

LaAtO ) leading to the trigonally-disposed fixed point. 

This speculation must, however, be set alongside the 

observation that the exponent 0 describing the temperature



- 248 -

dependent order parameter in LaAftO, is very close

to that found for SrTiO, (Muller and Rerlingcr, 1970)
3

so that any difference between the fixed points 

characterising critical behaviour in these crystals 

must necessarily be very small.

The extension of the theory to structural phase 

transitions precipitated by soft modes with symmetry 

properties differing from those of the ^c mode will 

also be of some interest. The extension to transitions 

induced by a singlet or doubly-degenerate zone-boundary 

soft mode should be straightforward although, experi 

mentally, it may prove difficult to determine critical 

exDonents with sufficient accuracy to provide an 

unambiguous! test of the theoretical predictions. For 

disalacive ferroelectric transitions the situation is 

complicated by the lonp-ran^e Coulomb forces, which 

produce a singularity in the disnersion relationship 

of the soft mode. An examination of this problem should, 

however, Drovide some insight into the success of the 

mean-fie Id theory of ferroelectric transitions.

The ultimate aspirations of the theory must, 

however, be in the field of dynamic phenomena near the 

critical point. It is to be hoped that the renor- 

malisatton ^roup equations can be reformulated to take 

account of the time-dependence of the fluctuations - 

perhana by integrating out of the system Hamiltonian 

the effects of high-frequency modes in order to isolate
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the slow, long wavelength fluctuations that dominate 

the critical behaviour. Although it is not, at the 

moment, clear how this procedure might be effected, 

the strong aesthetic appeal of the Wilson renormalisation 

group theory, and its encouraging success in the 

field of static critical phenomena, suggest that this 

theory offers a key to the development of a unified 

description of critical behaviour at structural phase 

transitions.
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Appendix A

The transformation properties of the third-order 

anharmonic coefficients.

This section establishes the relationship, given 

without proof in section 3-^> between the coefficients 

V(~ 2 ~2 ) and v(2 SL 1 "?.') where £* is a member of
J . 1 j J 2 J J i J 2

the star of q,

a* r 5 £ (AD
Omitting irrelevant constant factors, equation 

(3.1,6) shows that

Vf2 a' -a'l - y A f*-i*i*M 1 1 ' • J • v KKK
u u l U 2 " 1*2^1

01

e

(A 2) 

Now for any vector r

a'-r 5 <i a>-i

since ° is unitary o*

3)

Since n is a member of the point symmetry proup of the «\,
crvstal fi~ will take each atomic site ( K ) into a new' **
site (J f ) accordinp to the relation

(A *>
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The transformation properties of the real space 

couplinr coefficients are fiven by (Leib fried and 

r, 1961)
~l " 1 " 1

(A 5)

For cubic crystals this relationship is simplified 

in that only one element in each row and each column
— T

of Q or Q is non-zero, so that eouation (A 5) assumes /x, ^
the form

t*sJ, <K r*!*!*!} n-l -1 -1 ( 6) 
jKjK/ a'B'Y' VjKjKj^ a f ot "$•$ Y f Y V

Finally, the tranpforration properties of the 

eirenvectorn of the normal modes must be considered. 

Provided the ^ave-vector in rot a special roint

If attention is restricted to those symmetry 

operations satisfyinp* equation (3.^»2), une of 

equation?? (A 3), (A *0, (/ 6) and (A 7) in the relation 

ship (A 2) yields the result

£ ! £ 2 ? 3 X ^ Y K 1 K 2 * 3 X """ XX
K i^ i^* 

1 K 2 K J

n* ^/
T

(A 8)

Since there 5s a one-one mappinr linking the nrimed

and th*» unpriced coordinates, the summations in equation
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(A 8) nay formally he replaced with summations over 

the primed coordinateR ; the primes r«ay then be 

omitted throughout f as they are associated with 

suffices, yielding finally
,0 £' -p'x 
1

1C

.1 J, xx

(A 9)

Comparison with the expression for v(— 2. £L )
u- J i v 2

readily establishes the result described by the 

relationship (3.^,3).
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The theory of Raman scattering from crystals is developed in terms of shell model concepts. 
The theory is used to calculate the two-phonon spectrum of alkali halides, and quite reasonable 
agreement with the experimental results in KBr is obtained when it is assumed that all the non- 
linearity occurs in the shell-core intra-ion interactions. The one-phonon scattering in the zinc 
blende structure is discussed. Since the cross-sections depend on laser frequency, it is essential 
to incorporate a finite mass for the shells into the formalism and it is then possible to obtain a 
variety of behaviours for the cross-sections. Lastly, a theory is presented for the description 
of the multiple phonon processes observed near resonance.

THE nature of the spectrum of the light 
scattered from a crystal has been understood 
qualitatively ever since the discovery of the 

effect by Sir C. V. Raman in 1928. A phonon, 
or other excitation in the crystal may, if it is 
' Raman active ', modulate the polarizability tensor 
of the crystal, with a frequency equal to that of the 
excitation. Light is then scattered with a frequency 
which differs from that of the incident light by an 
amount equal to the frequency of the excitation. 
Thus, many of the features of Raman scattering 
may be directly correlated with, or give information 
about the frequencies of excitations in crystals.

A quantitative understanding of the intensity 
variation in the scattered spectrum is, however, 
more demanding. This requires a model for the 
computation of the various elements of the polari 
zability tensor, and, despite considerable progress 
in the past few years, the subject is by no means 
completely understood.

Loudon's approach1 to the problem involved the 
assumption that Raman scattering by phonons in 
a crystal occurs through a process in which the 
incident light excites an electronic state (virtually); 
he was then able to derive expressions for the polari 
zability tensor of the crystal, using third order 
time-dependent perturbation theory. Although 
estimates of the Raman cross-section for diamond 
and ZnS structures, based on this approach, give 
order of magnitude agreement with experiment, 
complete evaluation of the expressions requires 
detailed knowledge of the crystal electron-band 
structure, which is not normally available.

A somewhat less ambitious approach to the prob 
lem is to be found in the expansion technique of 
Born and Bradburn2 . The elements of the polari 
zability tensor are expanded in powers of the 
displacements of the atoms from their equilibrium 
positions, in a manner analogous to the Born-von 
Karman expansion for force constants. The use 
of symmetry requirements together with certain 
simplifying assumptions, which restrict the range 
of interactions, reduces the number of independent

parameters in the expansion to manageable propor 
tions. This approach has been used, with some 
success, to describe the two-phonon spectra of alkali 
halides3.

Despite these successes, a model which involves 
less parameters and less arbitrary assumptions is 
desirable, particularly in describing the two-phonon 
Raman spectra of crystals. Since the ' shell 
model >4~6 has met with a high degree of success in 
describing the vibrations of the atoms in crystals, 
it is natural to attempt to extend the theory to a 
calculation of the polarizability tensor elements. 
An earlier attempt by one of the authors to use the 
model to calculate the two-phonon spectra of alkali 
halides predicted peaks in the spectra and aniso- 
tropies which were not observed experimentally7 . 
More recently, Garrett has used shell model con 
cepts in the calculation of expressions for non-linear 
optical properties of crystals8 , and Barker has 
extended these ideas to a simple model for the 
description of electric field-induced one-phonon 
Raman scattering9 . Later, Barker and Loudon10" 
used the same model to describe Raman scattering 
from polaritons.

We feel that the strong intuitive appeal of the 
shell model, together with its success in the descrip 
tion of lattice dynamics, warrants some further 
development of its use in the theory of Raman 
scattering.

In the next section, we describe the use of the 
shell model for calculating Raman spectra, showing 
that a different mechanism is possible from that 
considered earlier. Calculations of the two-phoncn 
Raman scattering in alkali halides are shown in 
the following section and the results give very 
reasonable agreement with experimental data. In 
the remaining two sections, we discuss the frequency 
dependence of the one-phonon cross-sections, as 
given by the shell model.
The Shell Model

The shell model was introduced into the theory 
of lattice dynamics to allow for the effects produced
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by the distortions of the ions as they move with 
respect to one another. Ther? are several accounts 
of shell mod-;! formalism available11 , and we shall 
not repeat them here.

The equations of motion are written in a compact 
form as12

= AU+BW-ZE ...(I) 
Q = CU+DW-YE ...(2)

where E is the macroscopic electric field in the 
crystal. The macroscopic polarization of the cry 
stal is defined by
_ 1_ y T>(V'\ /-j\ <x = — Zj jrl/vj •••(•J)

V K
where v is the volume of the (primitive) unit cell, 
and the polarization vector is given by
P = ZU+YW ...(4)

These equations give the results for the shell model 
within the harmonic approximation.

In order to calculate the Raman scattering we 
need to derive expressions for the polarizability 
tensor elements, Pa0, defined by

In the harmonic shell model at frequencies much 
larger than typical phonon frequencies the response 
of the ions may be neglected and the polarizability 
is given by

P«a = - ...(6)

where D^(K, K^O) is the (a, ®(K, KJ element of 
the D matrix evaluated at a = 0.

Raman scattering arises because of the depen 
dence of the polarizability on the displacements of 
the ions. It is convenient to expand the polariza 
bility in terms of phonon coordinates as

This expression is the standard form of the 
expansion of the polarizability in terms of the 
phonon coordinates, except that, following Poulet13, 
it is convenient to introduce, explicitly, the macro 
scopic field associated with longitudinally polarized 
modes. In the harmonic shell model all the coeffi 
cients in the expansion beyond the first are zero. 
Non-zero coefficients may, however, be obtained if 
non-linearities are introduced into the model. In the 
earlier work7 it was assumed that all the non- 
linearity arose from the short-range interactions 
between neighbouring ions, but Garrett8 has pointed 
out that non-linearities are also possible in the inter 
actions between the shells and cores of the same 
ions. In the work on alkali halides reported here, 
we have assumed that the non-linearities arise 
entirely through these intra-ionic interactions. The 
non-linear part of the interaction was taken to be

fvi. = £ {Hi(K)+Hz(K}^}Wl(K}Wl(K}
a.fl.AT

With this interaction, the coefficients in the expan

sion of the polarizability may be obtained, using the 
same techniques as in the earlier work7 , as

X

and
-.(8)

...(9) 
where the shell eigenvectors f(qj) are defined by
W = 2f(qj)A(qj) ...(10)

j
Encouraged by the success of this model for 

alkali halides, as reported in the earlier section, we 
have attempted to extend the model to describe 
one-phonon Raman scattering. In this work, the 
theory has been developed using both the possible 
sources of the non-linearity. This has been done 
partly because the one-phonon Raman scattering 
is dependent upon cubic non-linearities which are 
absent from the shell-core interactions of isolated 
ions, so that it is by no means obvious that they 
will be dominant in producing the one-phonon pro 
cess. Also, we hoped to be able to assess the 
relative importance of the two mechanisms in this 
way.

If the non-linearities occur in the short-range 
part of the inter-ionic potential (model I), this part 
of the interaction is given by

K "K K

where the potential was taken to have an axially 
symmetric two-body character, involving only 
nearest neighbour interaction. In the zinc blende 
structure then, a, (3 and Y must all be different and
^,(112) =-^,(122) ...(11)

These expressions have been used to obtain the. 
coefficients in the expansion for the polarizability, 
for the zinc blende structure, giving

and
...(12)

X {!!(«)-!.(»)} ..-(13)
where C1 is a constant, WL is the frequency of the 
incident light, cos is the frequency of the scattered 
light and co = &>£— &>$. The coefficients X and L 
are defined by
U*(K) +W8 (K) = LKA(qj) +XKEa ...(14) 
and can be obtained from Eqs. (1) and (2) as

>Ki ...(15)

and
= s 1- ...(16)
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The above results are derived on the basis of a 
calculation which confirmed that the ion response 
may be ignored at laser frequencies.

In model II, the non-linearities are taken to occur 
entirely in intra-ionic interaction having the form

= 2

where C"(l) and Cu(2) are constants and symmetry 
considerations again show that a, {i and Y must all 
be different.

The coefficients in the expansion of the polariza- 
bility are then given by

(<•>) .-.(17)

and

K

where L#(<o) is defined by

...(18)

...(19)

Raman Scattering in Alkali Halides
The two-phonon Raman scattering in alkali 

halides can be obtained from the expressions given 
in the previous section. There are three indepen 
dent components of the Raman tensor, given by14

oca

•^aaw(w) = S Paa ( . . ) 
«Mi \hhj

...(20) 

...(21) 

...(22)

where

and n(q,j) is the usual phonon occupation number. 
These expressions have been evaluated using the 
shell model data for KBr derived15 from neutron- 
scattering measurements at 90°K. If we assume 
that only one ion (Br~) is polarizable the spectrum Y, 
specified by the Raman tensor component /fx/sa/K") 
contains only a single scaling parameter. Fig. 1(A) 
shows the results for this spectrum at 300°K, 
together with the experimental results given by 
Krauzman18. Considering the simplicity of the 
model and the lack of adjustable parameters, the 
agreement with experiment is very satisfactory. 
If both ions are taken to be polarizable then 
an additional parameter is introduced, and varying 
this parameter produced the spectrum shown in 
Fig. 1(B). In view of the uncertainties in the three- 
and four-phonon background, assumed smooth by 
us, the agreement is very encouraging and indicates 
that most of the non-linearity responsible for tne

15

---•CALCULATED SPECTRUM 
WITH ONLY ON! ION POLARlSABLE

———— ACTUAL SPECTRUM

BACKGROUND ASSUMED

1O

300 CM '

£10
z
H* 
I-

Z

B .---.. CALCULATED SPECTRUM 

WITH BOTH IONS POLARISABLE 

———— ACTUAL SPECTRUM

BACKGROUND ASSUMED

100

Fig. 1 — Two-phonon spectrum (/a00/3) of KBr at 300°K
[Experimental data are taken from ref. 16. The neutron

data used in the calculation were obtained at 90°K]

Raman scattering arises from the intra-ion terms 
rather than the inter-ion terms previously calcu 
lated. Calculations of the /aaaa and /aa^ compo 
nents have also been performed, but unfortunately 
involve further parameters, and so will be reported 
in detail elsewhere. We are also investigating the 
effects of allowing for the radial deformation of the 
shell.

Raman Scattering in Polar Semiconductors
The relative intensities of LO and TO mode one- 

phonon scattering may be found from Eqs. (12) 
and (13) (model I) and from Eqs. (17) and (18) 
(model II). In model I, the ratio /LO/^TO may be 
found directly from shell model data. In model II, 
however, the ratio depends on the relative sizes 
of C"(l) and Cn(2). However, in ZnS it is found 
that, to a good approximation, the polarizability of 
the Zn2+ ion may be neglected17, so that model II 
also yields the ratio /LO/^TO directly in terms of shell 
model parameters. Using shell model data for ZnS 
given by Hewat17 we then find

Model I /LO//TO 0-31 

Model II /LO/JTO 33-5
(at 300°K)

In GaP both ions must be taken as jiolarizable111, 
but if we assume that C H (l)/Cn (2) is equal to the
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by the distortions of the ions as they move with 
respect to one another. Ther? are several accounts 
of shell modd formalism available11 , and we shall 
not repeat them here.

The equations of motion are written in a compact 
form as12
Af(o2 £7 = AU+BW-ZE ...(1) 

0 = CU+DW-YE ...(2)
where E is the macroscopic electric field in the 
crystal. The macroscopic polarization of the cry 
stal is defined by

~P = S P(K} (3)

where v is the volume of the (primitive) unit cell, 
and the polarization vector is given by
P = ZU+YW ...(4)

These equations give the results for the shell model 
within the harmonic approximation.

In order to calculate the Raman scattering we 
need to derive expressions for the polarizability 
tensor elements, Pa0, defined by

...(5)

In the harmonic shell model at frequencies much 
larger than typical phonon frequencies the response 
of the ions may be neglected and the polarizability 
is given by

P*a = - ...(6)

where D^(K, K^O) is the (a, $)(K, KJ element of 
the D matrix evaluated at a — 0.

Raman scattering arises because of the depen 
dence of the polarizability on the displacements of 
the ions. It is convenient to expand the polariza 
bility in terms of phonon coordinates as

Jilt

This expression is the standard form of the 
expansion of the polarizability in terms of the 
phonon coordinates, except that, following Poulet13, 
it is convenient to introduce, explicitly, the macro 
scopic field associated with longitudinally polarized 
modes. In the harmonic shell model all the coeffi 
cients in the expansion beyond the first are zero. 
Non-zero coefficients may, however, be obtained if 
non-linearities are introduced into the model. In the 
earlier work7 it was assumed that all the non- 
linearity arose from the short-range interactions 
between neighbouring ions, but Garrett8 has pointed 
out that non-linearities are also possible in the inter 
actions between the shells and cores of the same 
ions. In the work on alkali halides reported here, 
we have assumed that the non-linearities arise 
entirely through these intra-ionic interactions. The 
non-linear part of the interaction was taken to be

\Vith this interaction, the coefficients in the expan- 
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sion of the polarizability may be obtained, using the 
same techniques as in the earlier work7, as

X
..-(8)

and

...(9)
where the shell eigenvectors f(qj) are defined by

...(10)

Encouraged by the success of this model for 
alkali halides, as reported in the earlier section, we 
have attempted to extend the model to describe 
one-phonon Raman scattering. In this work, the 
theory has been developed using both the possible 
sources of the non-linearity. This has been done 
partly because the one-phonon Raman scattering 
is dependent upon cubic non-linearities which are 
absent from the shell-core interactions of isolated 
ions, so that it is by no means obvious that they 
will be dominant in producing the one-phonon pro 
cess. Also, we hoped to be able to assess the 
relative importance of the two mechanisms in this 
way.

If the non-linearities occur in the short-range 
part of the inter-ionic potential (model I), this part 
of the interaction is given by

T* j

x
where the potential was taken to have an axially 
symmetric two-body character, involving only 
nearest neighbour interaction. In the zinc blende 
structure then, a, (3 and Y must all be different and

=-^,,(122) ...(11)
These expressions have been used to obtain the. 

coefficients in the expansion for the polarizability, 
for the zinc blende structure, giving

and
...(12)

x^H -!,(«)> ..-(13)
where Cl is a constant, WL is the frequency of the 
incident light, MS is the frequency of the scattered 
light and w = toL — os . The coefficients X and L 
are defined by
I7«(tf) +W«(K) = LKA(qj) +XKEa ...(14)
and can be obtained from Eqs. (1) and (2) as
X*(o) = 2 (D-iY) K>Kl ...(15)

and
...(16)
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The above results are derived on the basis of a 
calculation which confirmed that the ion response 
may be ignored at laser frequencies.

In model II, the non-linearities are taken to occur 
entirely in intra-ionic interaction having the form

= 2

where C"(l) and Cu(2) are constants and symmetry 
considerations again show that a, {i and Y must all 
be different.

The coefficients in the expansion of the polariza- 
bility are then given by

(<•>) .-.(17)

and

K

where L#(<o) is defined by

...(18)

...(19)

Raman Scattering in Alkali Halides
The two-phonon Raman scattering in alkali 

halides can be obtained from the expressions given 
in the previous section. There are three indepen 
dent components of the Raman tensor, given by14

oca

•^aaw(w) = S Paa ( . . ) 
«Mi \hhj

...(20) 

...(21) 

...(22)

where

and n(q,j) is the usual phonon occupation number. 
These expressions have been evaluated using the 
shell model data for KBr derived15 from neutron- 
scattering measurements at 90°K. If we assume 
that only one ion (Br~) is polarizable the spectrum Y, 
specified by the Raman tensor component /fx/sa/K") 
contains only a single scaling parameter. Fig. 1(A) 
shows the results for this spectrum at 300°K, 
together with the experimental results given by 
Krauzman18. Considering the simplicity of the 
model and the lack of adjustable parameters, the 
agreement with experiment is very satisfactory. 
If both ions are taken to be polarizable then 
an additional parameter is introduced, and varying 
this parameter produced the spectrum shown in 
Fig. 1(B). In view of the uncertainties in the three- 
and four-phonon background, assumed smooth by 
us, the agreement is very encouraging and indicates 
that most of the non-linearity responsible for tne
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Fig. 1 — Two-phonon spectrum (/a00/3) of KBr at 300°K
[Experimental data are taken from ref. 16. The neutron

data used in the calculation were obtained at 90°K]

Raman scattering arises from the intra-ion terms 
rather than the inter-ion terms previously calcu 
lated. Calculations of the /aaaa and /aa^ compo 
nents have also been performed, but unfortunately 
involve further parameters, and so will be reported 
in detail elsewhere. We are also investigating the 
effects of allowing for the radial deformation of the 
shell.

Raman Scattering in Polar Semiconductors
The relative intensities of LO and TO mode one- 

phonon scattering may be found from Eqs. (12) 
and (13) (model I) and from Eqs. (17) and (18) 
(model II). In model I, the ratio /LO/^TO may be 
found directly from shell model data. In model II, 
however, the ratio depends on the relative sizes 
of C"(l) and Cn(2). However, in ZnS it is found 
that, to a good approximation, the polarizability of 
the Zn2+ ion may be neglected17, so that model II 
also yields the ratio /LO/^TO directly in terms of shell 
model parameters. Using shell model data for ZnS 
given by Hewat17 we then find

Model I /LO//TO 0-31 

Model II /LO/JTO 33-5
(at 300°K)

In GaP both ions must be taken as jiolarizable111, 
but if we assume that C H (l)/Cn (2) is equal to the
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ratio of the shell-ion force constants for the two 
ions we obtain

Model I 

Model II

MS 

0-14
(at 300°K)

Unfortunately, it is not possible to compare these 
results directly with the available experimental 
data1'- 20. Since both ZnS and GaP are semiconduc 
tors, the laser frequency involved in typical Raman 
scattering experiments is an appreciable fraction of 
the band gap. In the shell model we have assumed 
that all electronic frequencies are infinite compared 
with cot and tos- Our results are, therefore, applicable 
only in the case

In view of these difficulties, we have extended the 
shell model to allow for the possibility of resonance 
effects, by incorporating into the formalism a finite 
mass for the electron shells8 , which then appears 
on the left hand side of Eq. (2). Of course, since 
the shell model treats the electrons in a very crude 
manner we cannot expect the model to explain 
features of resonance effects which depend on the 
detailed electronic structure of the material. Never 
theless, the model is sufficiently simple to lead to 
some insight into resonance phenomena, not given 
so clearly in more complete theories1 ' 22 '23. In the 
case of the zinc blende structure it is straight 
forward to incorporate the effects of the shell masses 
tnK into the equations of motion. If the laser fre 
quency to/, is much greater than the phonon 
frequencies, then

...(24)
^vt^— tof) (<o|—<o|)

where Wj and to2 are the resonance frequencies of 
the model, which may be chosen to fit the two energy 
gaps. The expression for X2 (6>i) is given by inter 
change of the suffixes 1 and 2-

For many cases D(22) >I>(12), when
"?) -(25)

Fig. 2 shows the frequency dependence of the LO 
and TO mode cross-sections for different sets of para 
meters, as calculated on the basis of both the models. 

For model I, the ratio /LO/^TO is independent of the 
laser frequency (Fig. 2). Experimentally it has 
been found that this ratio is very dependent on the 
laser frequency suggesting that, as with the two- 
phonon case, intra-ion non-linearity is the dominant 
effect. Close to the band gap, both polarizabilities 
behave as

as given also by the simple model of Barker and 
Loudon10 . In practice while this describes the 
behaviour of the LO mode fairly well, the TO cross- 
section is observed to fall off considerably24 . This 
is because of the effects that the shell model does 
not include. The divergence in the LO cross-section 
results from the interaction of the LO mode with 
localized excitons22 . The TO mode, however, does 
not interact with these states, but with the conti 
nuum of states above the band gap, and, as shown
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Fig. 2—Frequency dependence of LO (——) and TO (---) 
mode cross-sections for various combinations of parameters 
a, b, c, d, e and / [a = Ytm1IYlm 2 ; b = (L l —Lt)l(Xl —Xt);

__ C"(2)L,.

In each case w 2 = I'Sw,. (a) may be compared with the 
results of ref. 20 for GaP, while (c) is qualitatively similar 

to the behaviour observed in CdS"]

by Loudon1 , a continuum of states does not give a 
divergent cross-section.

Since the (modified) shell model approximates 
the density of electronic states by two delta func 
tions, it is not surprising to find that the calculated 
cross-sections correspond more to the localized- 
state case than to the continuum case. Clearly, 
we cannot expect the shell model to give accurate 
results where the detailed electronic structure is of 
importance. However, despite these deficiencies 
the results shown in Fig. 2 do show that the shell 
model is capable of reproducing a wide variety of 
the observed forms of behaviour of the cross- 
sections.
Multiple Phonon Processes

One of the most striking features of the experi 
mental results of near-resonance Raman scattering 
in polar semiconductors is the occurrence of sharp 
peaks at 1, 2, 3, ... (up to 9) times the LO phonon 
frequency away from the laser line26-27 . These 
peaks cannot arise through the usual processes pro 
ducing multiphonon Raman scattering but must be 
associated with the occurrence of near-resonant 
conditions. The shell model can assist in our 
understanding of these processes if we note that, 
near-resonance terms in the matrix D"1 become 
very large so that the iterative solution we have 
used to obtain the results so far may not converge. 
If we continue to iterate the solution of the equa 
tions to higher order we obtain additional terms in 
the polarizability. In practice it is easier to use a 
diagrammatic technique (Fig. 3).

If we take the zinc blende structure, and assume 
that only one ion is polarizable, then using model II 
we find on summing the appropriate diagrams 
that the result for the polarizability is a series of
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— — (a)

(b)

(C)

— ---PHOTON ——— ———
—————— SHEU. PROPAGATOR

PHONON

Fig. 3 — A schematic representation of the calculated con 
tributions to the one-phonon polarizability, based on model 
II (a), to the two-phonon polarizability of alkali halides dis 
cussed in section on ' Raman Scattering in Alkali Halides' 
(b), and to the three-phonon term of the processes discussed 
in section on ' Multiple Phonon Processes ' (c). [ • represents 
photon-shell interactions, • represents the lion-linear interac 

tions and o represents the shell-phonon coupling]

terms of which the general term, associated with an 
w-phonon process, at low temperatures is

with the coefficient proportional to

where
+<?«) ..-(26)

and #,- = 2 <*(qp,jp)

The coefficients K are approximately constant, 
and the calculation is for T=Q.

In the shell model, the multiphonon effects are 
not restricted to LO modes but occur for all wave 
vactors q and branch indices j. This is a deficiency 
of the model because, in fact, the large interactions 
at resonance occur only for the LO modes, arising 
through their interactions with excitons, as noted 
in the section ' Raman Scattering in Alkali Halides '. 
In a real crystal, then, the wave vector q and branch 
index j are restricted in expression (26) to only the 
small q-pa.it of the LO branch, because only these 
phonons couple appreciably to the excitons26 . We 
have, therefore, calculated the Raman tensor from 
expression (26) with (q^) restricted to the zone 
centre LO phonon, and for various values of

o)1 (0) — <O L = #<OLO and Kf = C
The results are shown in Fig. 4. For small C only 
one- or two-phonon processes have appreciable in 
tensity but for larger C many-phonon processes are 
seen, particularly if cox, is greater than co^O). The 
Raman tensor may peak either at n = 1 or for 
higher n as found experimentally27 . For C = 1-6

MULTIPLE PHONON PROCESSES
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and x = 5-5 the Raman tensor at first decreases 
with increasing » and then increases, in striking 
similarity to the results of Scott et a/.26 on ZnTe.

In these calculations we have assumed that 
the shell frequencies toi.(<?) are independent of q. 
This leads to an infinity in the cross-section when 
ever WL —HCOLO = W£.(0). In practice, of course, this 
is not observed, since the spread of exciton 
frequencies is sufficient to remove the divergence27 . 
To avoid this spurious feature of the model we have 
taken x as a half-integral throughout. We would 
expect that a more realistic treatment would 
broaden the curves shown in Fig. 4, but would not 
change them qualitatively.

The theory developed here for these multiphonon 
processes may be compared with others. It is 
essentially equivalent to that of Scott et a/. 26 but 
carried to higher order. However, it differs from 
the theory of Mulazzi28 , and that of Malm and 
Haering29 , in that it does not assume an almost 
static distortion of the lattice, due to an excited 
electronic configuration.

We may conclude, then, that the shell model 
gives at least some insight into the multiple phonon 
processes near resonance. We plan to investigate 
these effects in more detail at a later date.
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The two phonon Raman spectra of alkali halide crystals
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Abstract. The two phonon Raman spectrum of KBr is calculated. The calculation is based 
on the shell model and assumes a nonlinear coupling between the shell and the core of the 
negative ions. It is found that the results are considerably improved by using a breathing 
shell model rather than a rigid shell model. The theory then contains three parameters which 
may be chosen to give a reasonable description of the experimental results. An investigation 
of the importance of inter-ionic nonlinearities suggests that they are far less important for 
describing Raman scattering than are the intra-ionic terms.

1. Introduction

Two phonon Raman scattering is the inelastic scattering of light by a crystal, during 
which the radiation is scattered by an interaction in which two phonons are either 
created or annihilated (Loudon 1964). The wavevectors of these phonons are restricted 
by the condition that the total crystal momentum is conserved.

The two phonon Raman effect is of particular interest in the alkali halide crystals, 
where symmetry precludes any one phonon effect. While certain features of the second 
order Raman spectra of these crystals may be understood in terms of a theoretical 
calculation of the thermally weighted two phonon density of states (Hardy et al 1969) 
the more detailed nature of these spectra, in particular their polarization properties, 
have hitherto been understood mainly qualitatively. The problem involved in the 
calculation of the spectra is most clearly posed by considering the formal expansion 
of the polarizability tensor of the crystal in terms of normal mode coordinates (Born 
and Bradburn 1947).

where A I q } denotes the normal mode coordinate of wavevector q and branch index j.
\JJ

The three components required for a complete description of the two phonon Raman 
spectra of a crystal with full cubic symmetry are then given by expressions of the form

qjiJ2

with similar expressions for 7aaaa and
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Here /(co) is the thermally weighted two phonon sum and difference density of states, 

/(co) = faqJi) + 1} (n(-qJ2 ) + 1} d{co - atfajj - co(-qJ2 )}

jj - a>(-qJ2)} 

n(qJ1 )n(-qJ2 )6{co + «(?,;,) + co(-qJ2 )} (3)

and n(q,j) is the usual phonon occupation number.
It is clear that the calculation of the Raman tensor elements IapyS requires a model 

which gives a detailed description of the phonon dispersion relationship (o(q,j\ and 
which also provides a means of calculating the coefficients,

appearing in the expansion of the polarizability tensor. In effect, this latter condition 
amounts to the requirement for a model which gives a simple description of the electron- 
phonon interaction.

These two requirements suggest the use of the shell model, which was introduced 
into the theory of lattice dynamics to take explicit account of the distortion of the crystal 
electron distribution accompanying the motion of the atoms (Dick and Overhauser 
1958, Woods et al 1960). Its success in describing phonon dispersion relationships, 
particularly in simple insulators such as the alkali halide crystals (Cowley et al 1963), 
suggests that it would be reasonable to extend its formalism to describe the Raman 
scattering.

An extension of the theory was reported in an earlier paper of one of us (Cowley 
1964), hereafter referred to as I. Recently Garrett (1968) and Barker (1970) have made 
use of shell model concepts in similar or related fields.

The calculations presented in I, performed before details of the Raman spectra 
for different crystal orientations and light polarizations were available, have since 
proved to be inaccurate. However, as indicated in a previous publication (Bruce and 
Cowley 1971), and as reported more fully below, we have found that a modification of 
the theory developed in I produces strikingly different and considerably improved results.

2. Theory

Full accounts of the application of the shell model to ionic crystals may be found else 
where (Cochran 1971). We shall write the equations of motion of the deformable shell 
model for a particular wavevector, q, in the matrix form

Mo}2 U= At/+ BJf + EV 

0 = CU + VW + EV

0 = E + U+ E + W + Gy (4)

where the vector U gives the displacement of the ions, W the displacement of the shells 
with respect to the ions, and V the radial deformation of the shells. The matrix M is a 
diagonal matrix with elements given by the masses of the ions, while A, B, C etc are 
matrices representing the various interactions.
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As the expansion of the polarizability shows, Raman scattering is a fundamentally 
nonlinear process. The essential problem in any theory of the Raman scattering is to 
decide on the origin of that nonlinearity. Within the conceptual framework afforded 
by the shell model this nonlinearity may occur in two distinct interactions—in the 
short range interactions between the ions or in the interactions between the core and 
shell of the same ion. In I the former choice was made and is now known to be unsatis 
factory, so that in this paper we investigate the latter choice.

The lowest order anharmonic terms in the intra-ion interactions which can contribute 
to the Raman scattering, may, for the deformable shell model of the alkali halides, be 
written in the form

0NL = 1L 
a, /?,K

H3(K) Wl(K] V(K] + H4(K) Wl(K}V\K}} (5)
a.K

where W(K) and V(K] denote respectively, the shell-core displacement and radial 
deformation of the ion K, while H^K). . . H4(fc) are constants. (The parameter H 2(K] 
arises from the effects of the cubic environment of the ion; for an isolated ion it is zero.) 
The polarization produced in a crystal under the application of an electric field of typical 
laser frequencies is given by the response of the shells, in the form

P= N 1/2 YJf(K:,0) (6)

where N denotes the number of unit cells in the crystal and W(K, 0) is the q =0 com 
ponent of the Fourier transform of the shell-core displacement of ion K. Introducing the 
effects of the nonlinearity (5) into the general shell model equations (4), and proceeding 
as in I, we solve the equations by iteration to find expressions for the shell-core displace 
ments, and hence, by way of equation 6, identify the coefficients in the expansion of the 
polarizability tensor as

, -qj2)

KK\K2

x D^(K 1 K3,q)H3 (K 3 )g(Ki,qj 1 )H3 (K l )g(K 1 ,-qj2 ) (7) 

and

x
KK 1^2

S YKD^(KKl ,0)Y,,D^(K2K3 ,0) 

x KK, 33, l3 K l )g(K l > -qj 2 ) (8)
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where the matrix D ~ * is defined as the inverse of the matrix D of equation 4. The shell 
displacement eigenvectors /(K, qj) are defined by

(9a)j
while the shell deformation eigenvectors are given by

V(K,q) = ^g(K,qj)A(qj) (9b) 
j

Ion displacement eigenvectors e(K, qj) are conventionally defined by
' 2

However, to simplify the notation we choose to define these eigenvectors by
UJiK,q) = %e,(K,qj)A(qj) (11) 

j
The shell and ion displacement eigenvectors are then related to this latter choice by

/= -(D - EG-'ET'tC - EG-'E*)* (12a) 

while the shell deformation eigenvectors are given by

(i2b)
If we make the approximation that only the negative ion is polarizable, expressions 7 

and 8 may be considerably simplified. Including the terms arising from inter-ion non- 
linearity, similar to those given in I, the results may be expressed as

, ~qj2)
12 J ft

q) + L4)g(2, qj l )g(2, -qj2 ) + P\c 

and

p (q ~ q ] = 2L
\Ji J2/

.-«/2 ) + ^ ¥ " (14) 
\J\ hj

j, L 2 , L 3 , L4 are constants, related to the H(K) of equation 5. The terms

I-, -
J2/ \Jl J2,

arise from inter-ionic interaction and may be written, following I, as

~ )/)- 1 (22, 0)
\Ji h/

x ( - I (</W(22/c*', 0^) + X DA-.J(22, q) ^,(22*.
KK

X d),. ', - q)) yy(K, qjjyd( K', - qj2 )} (15)
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The <£ coefficients are the Fourier transforms of fourth and third order anharmonic 
terms, as described in I. We have removed the cross terms appearing in equation 9 
of I by assuming that all the forces act through the shells, with the introduction of new 
eigenvectors y(K, qj), describing the 'absolute' motion of the shells and defined by

y(K, qj) = e(K, qj) +f(K, qj) (16)
The second term of equation 15 corrects an error in I which was kindly pointed out 

to us by Dr Sangster of Reading University. There is no restriction of this term to zero 
wavevector phonons. We do however expect this term to be smaller than the fourth 
order term. It is known from theoretical calculations that the anharmonic shifts in 
frequency from the square of the cubic and from the quartic terms are similar in magnitude. 
The ratio of the terms in this case is given approximately by Ma> 2(qj)/D(q), which is 
considerably less than unity. Consequently we expect the contribution from the quartic 
anharmonicity to be dominant. This was confirmed by direct calculation, so that in the 
calculations reported below, only the quartic terms were included.

3. Calculation and results

While the coefficients describing the inter-ion nonlinearity may be calculated on the 
basis of shell model parameters assuming some standard form for the inter-ion potential 
(as in I), the intra-ion anharmonic terms are unknown. The assumption that only the 
negative ion is polarizable reduces the number of unknown parameters to four, of 
which only two, L^ and L3 in equation 14, appear in the expression for spectrum, Ixyxy> 
measured in the X(Z, Y) Z configuration. Here we follow the standard notation, in which 
the letters outside the parentheses (X and Z) denote the directions of the incident and 
scattered radiation respectively, while the terms in the parentheses (Z and Y) indicate 
respective polarizations of the incident and scattered light.

Our previous computation of this spectrum for KBr (Bruce and Cowley 1971) was 
based on the 'rigid' shell model of Cowley et al (1963) (model VI). One of the failings of 
this simple shell model is the unrealistic polarizability parameters that are required 
before it can account for the neutron scattering data. Schroder (1966) showed that a 
radially deformable (or 'breathing') shell model is a considerable improvement in this

Table 1. Data for the calculation of model parameters 

Property Value Reference

Elastic constants
(x 10 n dyncm" 2 ) C tl 3-476 Haussiihl (1960)

C 12 0-57 Haussuhl(1960) 
C44 0-507 Haussuhl(1960) 

Long wavelength optic
mode frequencies «-> LO 2-98 Cowley (1963) 

(x 10 13 rads" 1 ) o> 10 2-14 Lowndes and Martin (1968) 
High frequency
dielectric constant e^ 2-36 Lowndes and Martin (1968) 
Interionic spacing a0 3-298 Tosi (1964) 
(x 10~ 8 cm)
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Table 1 Breathing shell model parameters

Parameters Value

Nearest neighbour force
constants (e 2 /2V)

Second nearest neighbour
force constant (e2/2 V)

Shell-core force constant
for negative ion (e2/V)

Shell charge (e)

A
B
A'
B'
k

Y

13-42
-1-495

0-865
-0-301
94-2

-2-79

respect. Assuming that we can take the breathing force constant, G, equal to the usual 
shell-core force constant k, the ionic charge Z as 1, and ignore the positive ion polariz- 
ability, the parameters of such a model are completely determined by equations relating 
them to macroscopic quantities (Sangster et al 1970). The data used to obtain the 
parameters for a 300 K model for KBr are shown in table 1; the parameters themselves 
are listed in table 2. The polarizability matrix elements were calculated as described 
in the last section, while the function I(co) (equation 3) was obtained from the shell model 
frequencies, using a simple histogram technique with a 'bin' width of six wavenumbers to 
represent the delta functions. The sum over q (equation 2) was carried out over 4000 
points in the Brillouin zone.

In fitting the resulting spectra to the experimental data, an exponentially decreasing 
background was introduced to simulate the scattering by three and four phonon pro 
cesses. When the inter-ionic and breathing effects in the polarizabilities were ignored 
(model I) the parameters L l and L2 were chosen to give a good fit to the experimental

1-5

1-0

I

05

XCZ.Y)Z

100 200 cm-1 300

Figure!.Experimental (full curve) and theoretical (broken curve) results of model I for the 
300 K Raman spectrum of KBr in configuration X(Z, Y)Z, measuring Ixyxy . The dotted 
curve denotes the background assumed.



The twophonon Roman spectra of alkali halide crystals 601

1-5

(/> '
CD

0-5

XY(5(Y.XY)Z

100 200cm-' 300

Figure 2.The results of model I for the spectrum j(Ixxxx - Ixxyy ) obtained in confisuration 
XY(XY, XY)Z.

results of Krauzman (1967). The results for the spectra Ixyxy, \(IXXXX - Ixxyy) and Ixxxx 
are shown in figures 1-3. Clearly the model reproduces many of the main features 
of the spectra, but fails badly in its predictions for the size of the spectrum Ixxxx (the 
calculated spectrum has been multiplied by a scale factor of 24), and in the omission of 
certain features at the high frequency end of spectra I and Ixxxx .

Considerably more satisfactory results were obtained by allowing for the radial 
deformations of the shell through the variations of the parameters L3 and L4 (model II).

15 XCY,Y)Z

0 100 200 300cm"

Figure 3.The results of model I for the spectrum Ixxxx obtained in configuration X(Y, Y)Z. 
The calculated spectrum has been multiplied bv a scale factor of 24.

OJ
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15

'8 io

XtY,Y)Z

loo-m-l

ISO-

Figure 6. The results of model II for l,xxx .

also be understood as the result of breathing effects, as the quartic anharmonic breathing 
term, H4 of equation 5, contributes only to this spectrum.

The extent to which the calculated spectra depend on the nature of the shell model 
chosen and on the assumptions concerning the origin of the nonlinearity is best assessed 
in terms of the simple one ion polarizable model applied to the calculation of the spec 
trum Ixx . Calculations were made of this spectrum, assuming only intra-ion non-xyxy
linearity but no breathing effects (H 3 and H4 of equation 5 were zero). The results

1-5

0-5

V v v
\

0 100 200 cm~' 300

Figure?. The Raman tensor element /XVJCV for a rigid shell model (dotted curve) and breathing 
shell model (broken curve); the results are normalized to the same peak intensity.
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Conclusions

The two phonon Raman spectrum of KBr has been calculated with a simple model 
which assumes that all of the nonlinearities arise within the polarizable negative ion. 
Reasonable agreement with experiment was obtained, as shown in figures 4-6, especially 
since the three and four phonon scattering will not be smooth as assumed here, but 
may have structure as well.

A number of different models were investigated and the results of these suggest 
that to obtain good agreement with experiment it is essential to use a breathing shell 
model rather than a rigid shell model both in the calculation of shell-core displacements 
and to allow for the intrinsic breathing contribution to the Raman scattering. Calcula 
tions including the inter-ionic nonlinearities lead us to suspect that their effects are small 
compared with the intra-ionic terms.

In these calculations we have not taken account of the anharmonic interactions 
between the pair of Raman scattered phonons (Ruvalds and Zawadowski 1970). We 
suspect that these effects, together with the contributions of positive ion nonlinearities, 
inter-ionic nonlinearities and three and four phonon scattering processes are all small 
and all of similar order of magnitude making it difficult to decide upon the next most 
important terms.
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Abstract. The infrared reflectivity of NaCl and KBr metal-backed thin films has been 
investigated. The experiments confirm the occurrence of anomalous structure in the frequency 
dependent self energy of the TO mode near the LO frequency. The results are compared with 
theoretical predictions based on the shell model, and fairly good agreement is obtained.

1. Introduction

Theoretical and experimental studies of the effects of anharmonicity on various physical 
properties of crystals have been carried out by many authors, in particular by Born and 
Huang (1954), Cowley (1963), Wallis et al (1966), and Berg and Bell (1971). According 
to Cowley (1963) anharmonic interactions in the alkali halide crystals should lead to 
considerable structure in the self energies of the TO (transverse optic) and LO (longitudinal 
optic) phonons, around the frequency of the LO mode. Such structure should produce 
anomalous lineshapes in the spectral function of the LO mode, but measurements of this 
mode by neutron scattering have been unable to demonstrate these.

The frequency dependent self energy of the TO mode may also be investigated using 
infrared techniques. Johnson and Bell (1969), and Berg and Bell (1971) have measured 
the infrared reflectivity of bulk specimens of KBr, KC1 and KI, and have compared the 
derived optical constants with those calculated from shell models. Such measurements 
are sensitive, however, only over a limited frequency range around the TO mode; con 
sequently they yield little information about possible structure around the LO frequency. 
Furthermore, since the damping (the imaginary part of the self energy) is small around 
the TO frequency, calculations are thought to be least accurate in this region, and so 
these experiments fail to provide a sensitive test of the anharmonic calculations.

In contrast, the technique of oblique incidence on thin metal-backed films, first 
introduced by Berreman (1963), makes it possible to investigate the behaviour of the 
self energy around the LO frequency, where the damping is largest. Berreman (1963), 
Hisano (1968), and Proix et al (1969) have made measurements on ionic crystals using 
this technique, but the crystals investigated were only weakly anharmonic and the results 
were interpreted in terms of the classical oscillator model.

In this paper we present the results of the experimental and theoretical infrared 
absorption in NaCl and KBr crystal films, which confirm the occurrence of anomalous

t Permanent address: Department of Physics and Mathematics, National Defense Academy, Yokosuka, 

Japan.
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frequency region between the TO and LO modes, due to surface modes, in both s and p 
polarizations.

3. Virtual-mode theory

The optical properties of ionic slabs can be determined from the virtual-mode equations 
proposed by Kliewer and Fuchs (1966). These are, for p polarization,

L2 = 1 + cot pa (3.16)
where ft = (Q/c)(e(Q) - sin 2 0)*, ft Q = (Q/c)cos0 and 0, d = 2a, e(O), are the angle of 
incidence of the radiation, the film thickness and the complex frequency dependent 
dielectric function respectively. Writing

(3.2fl)
(3.26)

P l =(2- 

P2 = (2- L 2 )/L2 

the transmission, reflection and absorption coefficients are then

P. 2 ) P 2 2 )

(3.3fl) 
(3.36) 
(3.3c)

In the case of a metal backed film of thickness d = a, the above coefficients reduce to

R = P (3.4fl) 
(3.46)

corresponding to contributions from virtual modes of only one parity. In the limits of 
normal incidence and very large thickness, that is 6 — 0° and a = ~s., the above expres 
sion for the reflectivity reduces to the well known Fresnel formula

1/2 (Q) -R =

The dielectric function is related to the susceptibility, /(co), by

The particular form

(3.5)

(3-6)

used in our calculations is described in the following section.

4. Dielectric susceptibility

4.1. Theory
The theory of the dielectric response of an anharmonic crystal has been given in detail 
by Cowley (1963); consequently we will only quote the requisite results here.

Expressions for the complex frequency dependent susceptibility *(Q), are readily 
derived using diagrammatic perturbation theory. The diagrammatic representations 
of the four lowest order processes contributing to the susceptibility are given in figure 2.
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(a) (i>) o
(c)

O
Figure 2. Diagrammatic representations of the contributions to the dielectric susceptibility: 
the closed circles (• ) denote coupling between the radiation and the lattice, while the open 
circles (O) denote phonon-phonon interaction vertices.

If we expand the crystal dipole moment operator in a power series of the normal mode 
coordinates, X(p,

(4.1)
then we can write the contribution to xap(&) from the renormalized one-phonon process 
(figure 2a) as (Cowley 1963)

Nvh w2 (0/) - ft2 + 2eo(0/) {A(0/, fi) - i
In this expression eo(0/) is the harmonic frequency of the TO phonon, A(0/, fl) and F(0/, ft) 
are the real and imaginary parts of the irreducible self energy of the TO phonon and Nv 
is the crystal volume. The calculation of A and F is the essential problem and will be 
discussed fully below.

Expressions for the contributions to xa/?(^) fr°m tne multiphonon processes repre 
sented in figures 2b-d may also be easily derived and the appropriate coefficients in 
the expansion can be expressed in terms of shell model parameters (Cowley 1963), 
provided one assumes that the short range anharmonic dipole forces are the same 
as the short range anharmonic ion forces. The uncertainty introduced with this assump 
tion has led us to treat Cowley's parameter X, which effectively determines the magnitude 
of the second order coefficients in equation 4.1, as a variable parameter.

4.2. The irreducible self energy of the TO mode: theory
We now return to the main problem mentioned above—the calculation of the irreducible 
self energy of the TO mode. The various contributions to this self energy in an alkali 
halide crystal have been considered by other authors (Wallis et al 1966, Ipatova et al 
1967), and are shown diagrammatically in figure 3. Of these, we need consider only the 
processes represented by (b) and (c) since those represented by (a) and (d) yield only 
frequency independent contributions to the real part of the self energy, the effects of 
which on the susceptibility can be accounted for by a suitable renormalization of the 
'harmonic' TO phonon frequency.
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(o)

O
(c) (d)

Figure 3. Diagrammatic representations of four of the lowest order contributions to the 
irreducible self energy of the TO mode.

The contribution from process 3(b) is given by

18

9JU2

'0, -q'

JJl J2 ,
(4.3fl)

and

9JU2

V
JJl J2

(4.36)

where

1
(co 1 + co 2 + Q)p ^ 1

B y '

1
(«! + C0 2

4-

)
1

- Q)

and

")r

1 + w 2 - Q) - 5(co 1 + co 2 + Q)} 

(« 1 — n 2 ) {<>(&>! — co 2 + Q) — ^(cOj - co 2 — Q)}

(4.4a)

(4Ab)

here co 1 = co^J^, and n 1 = n(qjj) is the usual Bose factor for the normal mode (qjj. 
The coefficient V{?. q. ~ 9) is the usual Fourier transform of the third order anharmonic

V Jl J2

force constants: an explicit expression for the form of this coefficient in alkali halide 
crystals is given by Johnston and Bell (1969), though our calculation also includes a 
similar term to allow for the effects of ionic polarizability, as described by Cowley (1971). 

The contributions from the process represented by figure 3c are more complicated 
and considerably more difficult to evaluate, as are the contributions from the six 
other processes of the same order of magnitude. Estimates of the importance of this 
term have been made by Ipatova et al (1967) and more complete calculations are at 
present being performed by one of us (ADB) and will be reported elsewhere. The results 
of Ipatova et al suggest that the contributions from this term are comparable with the 
contributions from the process of figure 3b around the TO frequency, where r(0/, Q), 
equation 43b, has a minimum (figure 4). However, since the experiments reported
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here are most sensitive to the form of the susceptibility in the frequency range around 
the LO mode where r(0;,Q) is a maximum, the process 3fe is expected to dominate. 
We have therefore neglected the processes 3c in these calculations.

4.3. The anharmonic parameters
The determination of the anharmonic parameters implicit in the anharmonic coefficients 
appearing in equation 4.4 presents a considerable problem. The generally accepted 
procedure—indeed the only one possible in the current state of anharmonic theory— 
is to assume a particular form for the short range interatomic potential, so that the total 
interatomic potential can be written as a function of the interatomic spacing as

(4.5)

where Z is the ionic charge. The parameters are then obtained from the derivatives of 
this potential. The parameters 00 and p were determined in three different ways. 
Firstly (method I) they were obtained from the harmonic force constants describing 
the short range interaction in the shell model and used to calculate the normal mode 
frequencies. This model includes short range forces between nearest neighbours, and 
next nearest neighbour forces between negative ions. The results for the third deriva 
tive of the short range potential calculated by this method are listed in table 1.

Table 1. The values of the anharmonic parameter <f>m for NaCl and KBr (in units of e2/2vr0) 

Method I Method II Method III Method IV Least squares fit

NaCl 
KBr

- 125-2 
-320-5

-85-7 
-113-3

-96-0 
-119-5

-72-0 
-95-5

-74-7 (from figure 6b) 
-91 -3 (from figure 9o)

The second method of estimating the parameters is to assume only a nearest neigh 
bour short range interaction and, as in the simplest Born Mayer model, to determine 
00 and p from the interatomic spacing and compressibility. In method II the com 
pressibility was taken from Born and Huang (1954) and in method III from the elastic 
constants measured by Haussuhl (1960).

As noted by Berg and Bell (1971) methods I and II yield significantly different 
results: the differences between them are a result of the second neighbour forces assumed 
in the shell model. We suspect that these small forces are not physically significant 
although they may help the model to reproduce phonon frequencies more accurately. 
Consequently we believe that the results of methods II and III are more reliable; of 
these, method III is preferred because it is based on the more recent results.

Finally, the effects of anharmonic Coulomb interaction were considered. Cowley 
(1971,1972) has demonstrated that, despite the long range nature of the Coulomb forces, 
in calculations of the self energy it is an adequate approximation to include anharmonic 
Coulomb interactions between nearest neighbours only. In method IV, then, the anhar 
monic parameters were determined from the total nearest neighbour potential, with the 
short range part determined as in method III.

Since the Coulomb and short range contributions to the first and second derivatives
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of the total potential almost cancel, the anharmonic self energy essentially scales with 
the square of the third derivative of the total potential.

5. Calculations and results

(i) The expressions 4.3 have been evaluated for KBr and NaCl using a simple breathing 
shell model described by Bruce and Cowley (1972): the shell model parameters for KBr 
are given in that paper, while those for NaCl are listed elsewhere (Bruce 1972).

The sums over q in equation 4.3 were performed over 4000 points in the Brillouin 
zone, while the <5 functions and principal parts were represented in the customary way by

s< \ <5(x) =

and
n x + €

X2 +62

where € = 0-1 THz. The inaccuracies introduced with this representation have been 
discussed by Cowley (1971).

Figures 4 and 5 show the results for the shift (full curve) and width (broken curve) 
functions in KBr and NaCl respectively with the anharmonic parameters determined 
by method IV. As the forms of the results are very similar to those calculated previously 
(Cowley 1963, Cowley 1971) we will remark only on their overall size, which differs 
considerably from the earlier calculations. In both cases this can be largely attributed 
to the difference in anharmonic parameters used, as discussed in §IV. In the case of 
NaCl the results are approximately 0-7 times those of Cowley (1972). The difference 
arises from the choice of anharmonic short range parameters; his were obtained in a 
similar way to our method I. In the case of KBr the results are 0;45 times those obtained

cm" 1 T

20

10

-10

- 0

-0-4-

50 100 150 200 
Frequency (cm"')

Figure 4. The calculated shift and width functions for KBr. Full curve, F; broken curve A.
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crtr

40

THz 
- 12

20 -0-6

- 0

-20 --0-6 -

"\

TO LO

200 
Frequency (cm-')

400

Figure 5. The calculated shift and width functions for NaCl. Full curve, T; broken curve A.

by Cowley (1963). His calculations neglected the anharmonic Coulomb interactions and 
determined the short range part of the interaction as in method I.

(ii) The reflectivity has been calculated using equations 3.4a, 3.6 and 4.2, for various 
film thicknesses and angles of incidence. The harmonic frequency of the TO mode, 
eo(0/), the coefficient Ma(*) of equations 4.1 and the high frequency dielectric constant 
ero were chosen so that the model gave agreement with the experimentally determined 
static and optical dielectric constants, and infrared absorption frequency (Lowndes 
and Martin 1968).

In view of the uncertainty in the overall magnitude of A and Y these were multiplied 
by a scale factor S while the magnitude of the multiphonon contribution was specified 
by the parameter X. A least squares analysis was then performed for the parameters 
X and S. The results indicated that the multiphonon terms do not make a significant 
contribution to the susceptibility, and X was set equal to zero. The values of the para 
meter S give effective third derivatives of the total nearest neighbour potential; the 
results obtained from the least squares analysis are given in table 1. These are remarkably 
close to those obtained by method IV.

The measurements were also compared with the spectra calculated using the para 
meters of method IV. The calculated spectra for p polarization (broken curve) are 
compared with the experimental (full curve) in figures 6 to 9. Figures 6 and 7 are spectra 
of NaCl of thickness 0-6 urn and 2-5 urn respectively, and figures 8 and 9 are of KBr of 
thickness 1-1 jun and 1-7 urn respectively. The angle of incidence is 45° in the upper half 
and 65° in the lower half of each figure. The agreement is generally quite good, especially 
for KBr where the calculation reproduces the structure observed around the LO fre 
quency in a very satisfactory way. The greater discrepancy for NaCl, especially around 
250 cm * is probably due to differences between the true and shell model frequencies 
of phonons at the L point, which obviously leads to some uncertainty in the calculated 
two-phonon density of states.
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w 140 220 300 
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Figure 6. Experimental (full curve) and calculated (broken curve) reflectivity for NaCl. 
(a) d = 0-63 um,0 = 45°; (b) d = 0-63 urn, B = 65°.

120 200 280 
Frequency (cm" 1 )

Figure 7. Experimental (full curve) and calculated (broken curve) reflectivity for NaCl. 
(a) d = 2-5 urn, 6 = 45°; (b) d = 2-5 urn, 0 = 65°.
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Figure 8* Experimental (full curve) and calculated (broken curve) reflectivity for KBr. 
(a) d = 1-1 urn, 0 = 45°; (b) d = 1-1 urn, 6 = 65°.

0-8

0-4

I 0

0-8

0-4

(a)

(b)

40 280120 200 
Frequency (cm- 1 ) 

Figure 9' Experimental (full curve) and calculated (broken curve) reflectivity for KBr.
(a) d = 1-7 Mm, 0 = 45°; (fe) d = 1-7 urn, 0 = 65°.
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40 120 200 
Frequency (cm- 1 )

280

Figure 10. Experimental (full curve) and calculated (broken curve) bulk reflectivity for normal 
incidence, (a) KBr ;(fc)NaCl.

We have also calculated the reflectivity of bulk crystals for normal incidence. This 
is shown in figure 10a (broken curve) for KBr and lOfr for Nad along with experimental 
results taken from Johnson and Bell (1969) and Mitsuichi et al (1962) for KBr and NaCl 
respectively. These results indicate that our calculated values of A(Q) and F(Q) are too 
small around the TO mode; this is consistent with our results for the thin films and is

220 °'OI40 
Frequency (cm- 1 )

Figure 11. Experimental (full curve) and calculated (broken curve) real (n) and imaginary (/c) 
parts of refractive index of KBr.
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only to be expected in view of our omission of the higher order contributions discussed 
in §IV. Finally, figure 11 shows our calculations of the real and imaginary parts of the 
refractive index (broken curves) for KBr compared with the experimental results 
derived by Johnston and Bell (1969) (full curves).

6. Conclusions

We have observed anomalous structure around the LO mode frequency in the infrared 
reflectivity of NaCl and KBr using the technique of oblique incidence on thin films. 
Calculations using anharmonic theory have been successful in explaining the main 
features of the results.

Because the experiment samples the self energy over a much wider frequency range 
than is possible with bulk samples, it provides a much more sensitive test of the size of 
anharmonic parameters. The results indicate that method IV provides a fairly satis 
factory prescription for the determination of these parameters, while it appears that it 
is unreliable to determine them from the harmonic shell model parameters.

Although our calculations give a reasonable account of the damping near the LO 
frequency for both KBr and NaCl, agreement around the TO frequency is poor. In this 
region we must consider additional contributions to the anharmonic self energy; 
this will be discussed in detail by one of us in a later publication.

Acknowledgments

The authors wish to express their thanks to Professor R A Cowley for many helpful 
discussions, and for a critical reading of the manuscript. One of us (KH) gratefully 
acknowledges a fellowship from the University of Edinburgh, while FP and ADB are 
grateful recipients of SRC research grants.

References

Berg J I and Bell E E 1971 Phys. Rev. B 4 3572-80
Berreman D W 1963 Phys. Rev. 130 2193-8
Born M and Huang K 1954 Dynamical Theory of Crystal Lattices (London: Oxford UP)
Bruce A D 1972 to be published
Bruce A D and Cowley R A1972 J. Phys. C: Solid St. Phys. 5 595-605
Cowley E R 1971J. Phys. C: Solid St. Phys. 4 988-97
—— 1972 J. Phys. C: Solid St. Phys. S 1345-59
Cowley R A 1963 Adv. Phys. 12 421-80
Haussuhl S 1960 Z. Phys. 159 223-9
Hisano K 1968 J. Phys. Soc., Japan 25 1091-9
Ipatova I P, Maradudin A A and Wallis R F 1967 Phys. Rev. 155 882-95
Johnson K W and Bell E E 1969 Phys. Rev. 187 1044-52
Kliewer K L and Fuchs R 1966 Phys. Rev. 150 573-88
Lowndes R P and Martin D H 1968 Proc. R. Soc. A 308 473-96
Mitsuichi A, Yamada Y and Yoshinaga H 1962 J. Opt. Soc. Am. 52 14-6
Proix F and Balkanski M 1969 Phys. Stat. Solidi 32 119-26
Wallis R F, Ipatova I P and Maradudin A A 1966 Sov. Phys.-Solid St. 8 850-61



J. Phys. C: s°'Jd State Phys., v°'- 5, 1972. Printed in Great Britain. © 1972

Phonon-phonon interaction and two-phonon Raman 
scattering in NaCl
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Abstract. The second order Raman spectrum of NaCl is calculated on the basis of a nonlinear 
shell model. Good agreement with experimental results is obtained with a two parameter 
model. The theory is developed to allow for certain of the interactions between the participat 
ing phonons and calculations show that these have a small effect on the room temperature 
Raman spectrum of NaCl.

1. Introduction

In two-phonon Raman scattering light is scattered inelastically from a crystal by a 
process involving the creation or annihilation of a pair of phonons of equal and opposite 
wavevector. The form of the frequency dependent cross section for this process depends 
both on the two-phonon density of states and on the polarizability matrix elements 
describing the coupling between the radiation and each pair of phonons.

In a recent paper (Bruce and Cowley 1972), hereafter referred to as I, a modification 
of an earlier theory (Cowley 1964) was presented for the description of the two-phonon 
Raman spectrum of alkali halide crystals. The theory leads to expressions for the polariz 
ability matrix elements in terms of the formalism of a breathing shell model, extended 
to allow for a nonlinear coupling between the shells and cores of the same ions. The theory 
was applied with some success to the calculation of the Raman spectrum of KBr.

The nonlinearity in the model is essential in that without it the polarizability matrix 
elements vanish identically. More generally, however, anharmonic terms in the crystal 
potential have other effects on the Raman spectra, which were not considered in I. In 
particular they lead to the possibility of interaction between the pair of phonons involved 
in the Raman scattering process; these may result in quite striking effects, such as two- 
phonon bound states or resonances (Ruvalds and Zawadowski 1970). Unfortunately 
calculations of these effects have been limited, partly by a lack of knowledge of the two- 
phonon bound states of resonances (Ruvalds and Zawadowski 1970). Unfortunately 
describing the interactions. In the present paper the theory given in I is extended to allow 
for one form of the interaction between the two phonons participating in the Raman 
scattering process, and the theory is applied to the calculation of the room temperature 
Raman spectrum of NaCl.

2909
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2. Theory

To facilitate the extension of the theory of I to account for phonon-phonon interaction 
we use the formalism of thermodynamic Green functions (Cowley 1964). This allows us 
to relate the Raman tensor I lpy6 (Q), describing the frequency dependent Raman cross 
section, to the Fourier coefficients of the appropriate thermodynamic Green functions 
(Abrikosov et al 1965).

Thus, with ftQ defined as the energy lost by the crystal in the scattering process,

IIf} .id (Q) = lim {£(/>*,, /V Q - ie) - G(Pa% P^ Q + if)] { 1 - exp (/*fl) ~ l (1)

Here G(F*^, P.. 6 ,Q ± ie) denotes the analytic continuation of the Fourier coefficients of 
the thermodynamic Green function, defined by

where /l(^) is the normal coordinate of the mode (qj). The calculation of the Fourier 
coefficients, (2), thus falls into two parts—the calculation of the polarizability coefficients

P,n\ K defined as in I, and the calculation of the Fourier coefficients of the
Vl /!/

two-phonon thermodynamic Green function.

2.7. The polarizability coefficients
Since the theory of the calculation of the polarizability coefficients has been dealt with 
extensively in I, only the relevant results will be quoted here.

The theory is based on a breathing shell model which includes a nonlinear coupling 
between the shell and core of the negative ions. In NaCl it was found adequaic to take a 
simplified form of the equations 13 and 14 of reference I, when the polarizability coeffi 
cients are given by

and

, , . ._ _ -- -„ -«;"iH ji Ji/ ft
where, as in I, f(2,qj) and g(2,qj) denote the eigenvectors, respectively, of the relative 
displacement of shell and core and the radial deformation of the shell of the negative 
ion in the normal mode (qj). L t and L4 are related to anharmonic parameters describing 
the shell-core coupling in the negative ion.

2.2. The two-phonon thermodynamic Green function

The Fourier coefficients of the two-phonon thermodynamic Green function are calcu-
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^ Usin8 diagrammatic perturbation theory (Maradudin and Fein 1962. Covvley 
1963). This technique exploits the fact that there is a one to one correspondence between 
each term in the perturbation expansion of the Fourier coefficients, and a diagram con 
sisting of a series of phonon 'lines' and vertices, denoting phonon-phonon interaction. 
The appropriate diagrammatic series is constructed by drawing all possible configura 
tions in which a pair of phonon lines, labelled (qJJ and (- q^j\) enter from the left. 
and another pair, labelled (q 2j2) and (- q^'2 ] leave on the right; the pairs are coupled up 
directly to one another in a harmonic crystal, or through an arbitrarily complex system 
of vertices and additional lines in an anharmonic crystal. Expressions for the correspond 
ing contributions to the Fourier coefficients may then be obtained with the aid of a set 
of rules given, for example, by Maradudin and Fein (1962).

(-6)

(c)

Figure 1. Diagrams corresponding to the three lowest order contributions to the Raman 
scattering. The closed circles correspond to the polarizability matrix elements, and the 
open circles to the anharmonic coefficients.

Within the harmonic approximation for the Green function we find, corresponding 
to the diagram in figure la, a contribution to the Raman tensor of

= 2{5xp (/toft) - 1} (4)

where S(Q) is given by
= (n, + n2 + 1) co 2 - Q) - Q)}

i - "2) Q) - (5)

Here co 1 = co(^'i), and n l is the usual Bose factor for the mode (qj^. The expression 
(4) is equivalent to that used in reference I, and will be called the 'harmonic' contribution 
to the Raman scattering.

The effects of interaction between the pair of Raman scattered phonons are represented 
by including in tfie perturbation series terms corresponding to the diagrams in figure 
\b and c. We shall return to discuss the contribution of diagram b, but the work presented 
here is primarily concerned with the derivation and evaluation of expressions for the 
diagram c or, more precisely, for the infinite series of similar terms, shown in figure la.
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It is important to consider the infinite series of terms because of the possibility that the 
resulting (total) contribution to the two-phonon Green function has a new pole (other 
than at the response frequencies Q = ± to, ± o>2 of the 'harmonic' crystal), correspond 
ing to a qualitatively new type of excitation (Ruvalds and Zawadowski 1970, Maradudin 
1971).

Figure 2. (a) The first three of the infinite series of bubble diagrams; (b) the form of the 
infinite series with separated vertices (shown as D and a) corresponding to the separated 
coefficients V s of equation 6.

Although the rules of diagrammatic perturbation theory provide a prescription by 
which we can immediately write down an expression for the contribution of the general 
term in this series a derivation of a tractable expression for the sum of the series is only 
possible in certain circumstances.

The essential requirement (Wortis 1963) is that we should be able to 'decouple' the 
bubble diagram of figure Ic, so that the series can be written in the form represented 
schematically in figure 2b. That is, we require that the algebraic counterparts of the 
interaction vertices, denoted in the usual notation by

and given essentially by the Fourier transforms of the anharmonic force constants 
(Cowley 1963), should be expressible in the form

f ~ \ / - \
(6)

where the Vsx are new coefficients which depend only on their arguments, and n is some 
finite (hopefully, small!) number. It is of course possible to effect this separation by 
ignoring altogether the q dependence of the anharmonic coefficients; this is the approxi 
mation used by Ruvalds and Zawadowski (1970). Although in some situations this may 
be satisfactory, in general ignoring the q dependence of the coefficients may lead to 
unsatisfactory results. This is clear from the results of I, for example, where it was shown 
that the inclusion of the q dependence of the polarizability matrix elements is essential 
to an understanding of the Raman scattering.

Whether or not it is possible to perform the separation depends on the symmetry 
of the crystal and the form of the interaction: in the case of alkali halides with anharmonic
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interactions only between nearest neighbours, it does in fact prove feasible, as shown

in the Appendix, where we indicate the form of the new coefficients Vs ( q }X \JJ'J

We now introduce an n x n matrix M by

(7)
" 9h)\

and an additional array by

(8)
/i/l Wl Jl/ VLM/

where £(Q) is given by

(CD l + C02 + Q)p (£»! + C0 2 - Q)F

-co2 + Q)p (co, - co2 - Q)py

and S(Q) by equation 5.
We then have, finally, a total contribution to Raman tensor elements of the form 

Iapap, given by
9WQ) = CUQ) + T- U - CXP(£fcn)y- 1 x im f ^rn)[{i - M(Q)}~n, x

P P P P f$K r vr- /. ^^ xi\ /LI V /J Jjdx2

X ^*2(^) (10)

where I is the n x n unit matrix.
We now return to discuss the effects represented by figure Ib and the corresponding 

infinite series. Although it is a relatively simple, but tedious, matter to derive expressions 
for the contribution of this diagram its numerical evaluation puts wholly unreasonable 
demands on the time of even a high speed computer. The essential difficulty is that the 
wavevector (q) and 'frequency' (icon) associated with the phonon line coupling the two 
horizontal lines is inextricably correlated by the conservation laws with those of the 
other lines (cf contributions from figure Ic), so that although formally we could write the 
contribution of the series of ladder diagrams in a similar form to that of the bubble 
diagram series given by the second term in equation 10, n would be of order N, the 
number of wavevectors in the Brillouin zone. Correspondingly the evaluation of even 
the first term (figure Ib) requires a double summation over q and over five branch indices. 
Consequently we are forced to rely on the arguments of other authors (Maradudin 1971, 
for example) which suggest that the contribution of the 'ladder' series is in this case small 
in comparison with the bubble diagram series which we have considered, even though 
at small wavevector and frequency transfer the former series is known to be dominant 
in determining thermal conductivity (Klein and Wehner 1969).

Maradudin's argument is based on the realization that the frequencies of any new 
excitation arising through the anharmonic effects will be determined by those fre 
quencies (if they exist) at which the matrix analogous to our (I - M) (equation 10) 
becomes singular. An examination of the matrix of this type arising from the sum of the
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bubble and ladder diagrams then shows that the ladder type terms do not contribute to 
the leading term in the expansion of the determinant of this matrix, because of the par 
ticular symmetry properties of the third order anharmonic coefficients.

3. Calculations and results

The calculations are based on a similar type of breathing shell model to that which was 
used for KBr in I. However, to obtain good agreement with the phonon frequencies 
determined by Raunio et al (1969), it was found necessary to relax the constraint that the 
force constants G and k are equal, G being determined by fitting to the experimental 
frequencies at the L point. The macroscopic data used in determining the shell model 
parameters are listed in table 1, while the parameters themselves are given in table 2.

Table 1 . Data for the calculation of model parameters 

Property Value Reference

Elastic constants
(x 10u dyncm" 2 )
Long wavelength optic
mode frequencies
(x 10 13 rads-')
High frequency
dielectric constant
Interatomic spacing

Cu 4-936
C 12 1-29
C44 1-265
(0LO 4-93
(UTO 3-08

e» 2-33

a0 2-82

Haussiihl(1960)
Haussiihl (1960)
Haussuhl (1960)
Raunio et al (1969)
Raunio et al (1969)

Lowndes and Martin (1968)

Tosi (1964)

In the calculations, the d functions of equation 5 and the principal parts of equation 9 
were represented in the customary way by

W-;FT?
and

-p ~ X 2 + €2

with e = 0-15 THz. As in I the sums over the Brillouin zone were performed using a total 
of 4000 points.

Table 2. Breathing shell model parameters

Parameters Value

Nearest neighbour force constants (ez/2v)

Second nearest neighbour force
constants between negative ions (ez/2v)
Shell-core force constant for negative ion (e2/v)
Shell charge on negative ion (e)
Breathing force constant for negative ion (e2/v )

A
B
A'
B'
k
Y
G

10-749
- 1-094

0-2169
-0-121
87-54

-2-654
371-7
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The anharmonic parameters implicit in the F coefficients were obtained in the usual 
way by assuming a particular form for the short range interatomic potential, namely

<D(r) = <D0 exp (- r/p)

The parameters <I>0 and p were determined from the measured interatomic spacing 
and compressibility derived from the elastic constants (Haussiihl 1960). The anharmonic 
parameters were then specified in terms of the derivatives of this potential, and corrected 
to allow for anharmonic Coulomb interaction between nearest neighbours (Cowley 
1971, 1972). This method has been shown to yield fairly satisfactory parameters in 
calculations of the self energy of the TO mode in alkali halides (Hisano et al 1972).

3.7. The 'harmonic' contribution to the Raman scattering
Using equations 3,4 and 5 the 'harmonic' contribution to the Raman scattering in NaCl 
has been calculated for the spectra Ixxxx and Ixyxy. The results are shown in figures 3 and

I

Frequency (THz)

Figure 3. The 'harmonic' (see text) contribution to the Raman spectrum: / 
compared with the experimental results of Krauzman (1968) (full curve).

(broken curve)

4 which are obtained with LJL^ = — 110-0 (equation 36). The calculated results are 
compared with the experimental work of Krauzman (1968). Agreement is quite en 
couraging, especially in the spectrum Ixyxjn which involves only a single 'scale' parameter. 
Unlike the case of KBr, it was not found to be necessary to introduce the exponential 
backgrounds appearing in I, suggesting that at least some of this background might have 
arisen from impurity scattering. As in I, the structure at the high frequency end of the 
spectrum Ixxxx is largely due to the modulation of the polarizability tensor of the crystal 
by the breathing motion of the ions.
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6 9 
Frequency (TH?)

Figure 4. The 'harmonic' contribution to Ixyxr

3.2. The contribution to the Raman scattering from the infinite series of bubble diagrams
The additional contributions to the Raman scattering arising from the bubble diagram 
series have been calculated for the spectra lxxxx and lxyxy using the theory developed in 
§2 and in the Appendix. The results are shown in figures 5 and 6: the intensity scales are 
the same in each of figures 3 to 6, although the units are arbitrary.

-0-06

-0-09

6 9
Frequency (THz)

15

Figure 5. Anharmonic corrections to the spectrum /,
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o-oi

0-005

-0-005

-0 01 •
"3 " 6" " 9 12 15 

Frequency (THzJ

Figure 6. Anharmonic corrections to the spectrum Ixyxy .

Clearly the contributions are small—no more than 1 or 2% of the corresponding 'harmonic' contributions, at room temperature. There is no suggestion of any two- phonon bound state; correspondingly, the additional contributions within the two- phonon continuum are dominated over much of the frequency range by the first dia 
gram in the series (figure Ic).

The overall size of the corrections is rather smaller than an order of magnitude esti-
'" "Viand. .
j J

the separ-mate might suggest because the polarizability coefficients F

ated anharmonic coefficients Vsx (. q\ depend very differently on the nature of the branch
indices; and/ so that, for any pair of modes, while one may be large the other tends to be small. In the case of the Ixyxy spectrum this effect is accentuated by the fact that, in this spectrum, symmetry precludes any contribution to the anharmonic coefficients from terms involving the largest anharmonic parameter, namely the fourth derivative of the 
interatomic potential.

4. Conclusions

The two-phonon Raman spectrum of NaCI has been calculated and it has been shown that the simple two-parameter model is capable of explaining many of the features and polarization properties of the spectrum. The theory has been extended to take account of one form of interaction between the participating phonons and the resulting; correc tions to the Raman spectrum of NaCl calculated, and found to be small. The resu ts indicate the important of treating.he symmetry of .he interaction correct*, both m regard to the , and the; dependence of the polarizability coefficients and the anharmonic
C°1n1iew of this our considerations of the contribution to the Raman scattering from .he proems represent in figure It. become rather unsatisfactory, for the third order

020
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anharmonic coefficients involved in this diagram can have totally different symmetry 
from their fourth order counterparts. Consequently there remains the possibility that 
this process does contribute significantly to the Raman scattering. It would seem that 
this question can be resolved only by a lengthy calculation.

In the light of our results for the series of figure 2 it is perhaps rather surprising to 
find such qualitatively different theoretical predictions in the case of diamond (Ruvalds 
and Zawadowski 1970). Clearly it would be of considerable interest to apply the above 
formalism to this case, for, if as Ruvalds and Zawadowski (1970) suggest, anharmonic 
interactions are indeed sufficiently strong to induce a two-phonon bound state, effects 
within the two-phonon continuum would also be expected to be pronounced. However, 
compared with the alkali halides, the interatomic forces in diamond are less well under 
stood and, in general, shell models have met with less success. Consequently accurate 
estimates of the magnitude of anharmonic effects are even more difficult to obtain, and 
the significance of such a calculation would be questionable.
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Appendix

The fourth order anharmonic coefficients of equation 6 are defined by

y(<l\ ~<7l 92 -«2

Jl h h hj WN* " ^' \*l*2*3*4/
/I/2^3^4 

KiK2K3>C4

a^yd

(A.I)

where the O*^ ( 1234 J are the fourth order anharmonic force constants, and
\*1*2*3*4/

C(K, qj) is essentially the eigenvector of the displacement of the ion K in the normal 
mode (qj) (the frequency and mass factors which would normally appear in (A.I) have 
been subsumed into the 'eigenvectors').

To illustrate the separation of the coefficients, according to equation 6, we will treat 
the problem only within an approximation in which we ignore all contributions to the 
fourth order force constants arising from any but the fourth derivative (0>IV) of the inter 
atomic potential: this we will call the O™ approximation. Within this approximation 
the only nonzero coefficients are of the form (Liebfried and Ludwig 1961)
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Expanding equation A.I we find, using a contracted notation

i ./: 

= 20>IV £[(1 1 1 1) + (2222) + (1 122) + (221 1)

+ cos (4, + ,2 )a {(l 2 1 2) + (2 1 2 1)} + cos( 9l - q2 )a

x {(1 22 1) + (2 1 1 2)} - cos^a {(1 222) + (2 1 22) + (2 1 1 1)

+ (1211)}- cos(q2 l {(1 1 2 1) + (22 1 2) + (1 1 1 2) + (2221)}] (A.2)
Here we have adopted the notation 

cos(g)a = cos(|ga a0 )

and

(2121) = ea(2, q JJ ea(l, - qj\)ea(2, q^2 ) ea(\, - qJ2 ] etc 

Introducing the array D by

we can then define separated V coefficients by 

q
>i K 2)e*(Ki,<lJ i)ejK2 , -qj\)

Then it is straightforward to confirm that equation 6 is effectively satisfied, provided that 
we note that the terms in equation A.2 of the form cos (q± ± q2 )a can be written as 
cos (q l ±q 2 )a = cos (q 1 )a cos (q 2 )x + sin (q 1 )a sin (q 2 )a, and in the summations over q l and 
q2 required in the final calculation the sine terms make no net contribution, so that they 
may be ignored from the outset.

In practice, the Olv approximation is inaccurate and the terms involving the lower 
derivatives of the short range potential must be included. This complicates the calcula 
tion , but the principle is the same and the separation can be performed in the calculation 
for the corrections to Ixxxx with n = 15. In calculating the corrections to Ixyxy symmetry 
considerations limit the terms contributing to the V coefficients, and the separation can 
be effected with n = 3.
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crystals
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Abstract The infrared response of alkali halide crystals is investigated through a detailed 
analysis of the frequency dependent self energy of the transverse optic mode. Particular 
effort is made to understand the magnitude and temperature dependence of the width of the 
infrared absorption peak, given by the imaginary part of this self energy. The effects of 
intra-ionic nonlinearity are considered, and calculations are presented for KBr at 300 K 
indicating that these are small. The modification of the effective two-phonon density of 
states by phonon-phonon interaction is investigated, and calculations show that these can 
alter the self energy by up to 20%. Contributions to the self energy from terms reflecting the 
three-phonon density of states are also calculated, and it is found that these can have 
particularly large effects in the region of the TO frequency.

1. Introduction

The nature of the infrared response of alkali halide crystals provides one of the most 
studied examples of the effects of anharmonic interaction between the modes of vibration 
of the crystal. The simplest theories account for the observed behaviour by approximating 
the response by that of a classically damped simple harmonic oscillator. The dielectric 
response at frequency Q is then given by the frequency dependent dielectric constant 
(Born and Huang 1954)

where y, the classical damping constant, represents the effects of interaction between 
the modes, and gives rise to a characteristic 'width' in the infrared absorption spectrum. 
This simple approach, however, fails to account for the more detailed nature of the 
spectra, and yields little insight into the origin of the damping.

More complete treatments of the anharmonic interactions using the techniques of 
thermodynamic Green functions (R A Cowley 1963) lead to a modified dielectric 
function

2oKQ/)(A(Q/, H) - iT(Q/, fl)) ' 
Here A(0/, Q) and T(Qj, Q) are the real and imaginary parts of the irreducible self
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energy of the transverse optic (TO) mode. The frequency a>(Qj) is the quasiharmonic 
frequency of the TO mode, that is the frequency incorporating the effects of thermal 
expansion (Leibfned and Ludwig 1961). r(0/,Q) describes the frequency dependent 
damping of the TO mode, and may be related approximately to the classical damping 
constant by

y _ 2F(Oj, co(Oj)) __

Here/is the fractional width and co(Oj) is the frequency of the TO mode renormalized to 
include its anharmonic shift (R A Cowley 1963).

One of the most persistent problems facing the anharmonic theory has been the 
temperature dependence of the damping. Lowest order perturbation theory leads, at 
high temperature, to a damping with an explicitly linear temperature dependence. 
Since experimental measurements by Hass (1960) gave a temperature dependence 
closer to T2, it was suggested (Jepsen and Wallis 1962, Gurevich and Ipatova 1964) that 
higher order anharmonic terms might be significant, and approximate calculations 
performed by Ipatova et al (1967) provided some support for this theory.

More recently, however, Mooij (1969) and E R Cowley (1972) have suggested that 
the nonlinearity of the temperature dependence of the damping can be largely attributed 
to the temperature dependence of the frequencies and force constants implicit in the 
lowest order (cubic) term.

In a recent paper (Hisano et al 1972), hereafter referred to as I, results were presented 
for the infrared reflectivity of thin metal-backed films of NaCl and KBr. As discussed 
in I this technique provides considerably more information than the conventional 
infrared experiments with bulk samples, in that it permits a sampling of the self energy 
over a wide frequency range. As a result it provides a fairly stringent test of anharmonic 
calculations of the self energy and information about tho magnitude of the anharmonic 
parameters.

Calculations of the lowest order (cubic) contributions to the self energy of NaCl and 
KBr were also presented in I; they were shown to yield reasonably satisfactory agreement 
with the observed thin-film reflectivity, over a fairly wide frequency range around the 
LO frequency where r(0;, Q) is large, indicating that we may have some confidence in 
the anharmonic parameters used. However, agreement in the neighbourhood of the 
TO frequency, where r(0/, Q) has a minimum value, was found to be poor. In part this 
discrepancy may be attributed to the fact that the thin-film experiments are considerably 
less accurate around the TO frequency than they are at higher frequencies where the 
reflectivity is much larger. A more reliable test of the calculated width around the TO 
frequency is provided by the emissivity measurements of Mooij et al (1969): these 
confirm the qualitative conclusion of the thin-film experiments that the calculated TO 
widths are considerably too small.

In the present paper certain of the possible origins of this discrepancy are examined 
for the case of KBr. Firstly the nature of the anharmonic interactions involved is con 
sidered. Usually it is assumed that anharmonicity arises only in the interactions between 
ions. However, in the shell model picture of an ionic crystal it is also possible for non 
linear coupling to occur between the shell and core of the same ions, and, indeed, such 
nonlinearity has been shown to be largely responsible for the Raman scattering in alkali 
halides (Bruce and Cowley 1972). Here the possible effects of this intra-ion nonlinearity 
on the self energy of the TO mode are investigated. Secondly, in view of the recent interest 
in the possibility of two-phonon bound states and resonances (Ruvalds and Zawadowski
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1970) we consider the effects of phonon-phonon interaction on the two-phonon density 
of states, the character of which helps to determine the form of the lowest contribution 
to the self energy.

The simplest contribution to the self energy involving the three-phonon density of 
states is also investigated, since the approximate calculations of Ipatova et al (1967) 
suggest that this has a frequency dependence markedly different from the terms depend 
ing on the two-phonon density of states.

2. Theory

The various contributions to the self energy of the TO mode in crystals of the alkali 
halide type have been discussed in detail by other authors (Wallis et al 1966, Ipatova 
et al 1967). The problem is most readily described and the calculation most easily 
effected by using diagrammatic perturbation theory (Maradudin and Fein 1962) first 
of all to enumerate the possible contributions to the irreducible self energy, and secondly 
to obtain the corresponding analytic expressions, through the usual set of rules (Mara 
dudin and Fein 1962, R A Cowley 1963).

In order to classify the various diagrams we adopt the conventional ordering scheme 
of van Hove et al (1961), in which it is assumed that the anharmonic hamiltonian may 
be represented schematically by

Diagrams are then classified in terms of the dimensionless parameter L It is felt that 
this is a more realistic scheme than that adopted by Wallis et al (1966) since, unlike the 
latter, it suggests that the lowest order quartic and cubic contributions to the self energy 
should be of comparable magnitude, which is, in fact, the case (R A Cowley 1963). In 
this scheme, at high temperature, the terms O(A 2) have an explicitly linear temperature 
dependence, while terms O(A4) have an explicitly quadratic temperature dependence.

2.7. The lowest order contributions to the self energy

The lowest order processes contributing to the self energy areO(/l 2 ). Their diagrammatic 
representations are shown in figures la and b.

Figure 1. Contributions to the irreducible self energy of the TO mode O (A 2 ).

The process represented in Figure la is not of immediate interest here since it con 
tributes only to the real part of the self energy, that is to the shift A(0/, Q), of the TO mode. 
Nevertheless we do consider its effects, as experimental results (Postmus et al 1968) 
suggest a strong cancellation between this term and the contribution to the shift of the



Far infrared absorption by alkali halide crystals 1 77

TO mode from the process represented in figure Ifc, and it is thus a further useful test 
of the model to see whether it reproduces this cancellation.!

The contribution of the diagram shown in figure la to the shift is then,

(2)
where nfajj is the usual Bose factor for the normal mode of wavevector q and branch

are the Fourier transforms ofindex jr The anharmonic coefficients VI * 1 q*'" qn
Vl J2-" Jn ;

the nth order anharmonic force constants (R A Cowley 1963); their form will be dis 
cussed more fully below. The lowest order cubic term, represented in figure Ib, gives 
contributions to both the real and imaginary parts of the self energy. These are

2

and
18

l j\

S(fi) and K(Q) are given by 

;i = ("i + "2 + i + o>2 - Q) - S((o l + co2 + Q)} 

Q) - ^(co 1 - o) 2 - Q)}- co (4a)

where co = etc.

2.2. TTie anharmonic potential and coefficients

The anharmonic coefficients F ( l l " ' " } are related by Fourier transform to the
\JiJ2---Jn ) 

nth order expansion of the potential energy of the crystal. Usually this expansion is in
terms of the ionic displacements so that the coefficients are given in terms of the eigen 
vectors of these displacements (Born and Huang 1954). These coefficients then describe 
the anharmonic interactions between the ions, regarded as rigid units.

The shell model picture of an ionic crystal provides a way of allowing for the effects 
of the polarizability of the ions on the anharmonic coefficients (E R Cowley 1971), 
by including the interactions between the shell and core of one ion with the shell and 
core of its neighbours. As with the harmonic forces the short range anharmonic forces 
are assumed to act only through the shells, while anharmonic Coulomb interactions are 
included between all combinations of shells and cores.

This leads only to a small modification of the results of calculations ignoring the

t More recent results (Mooij 1970) indicate that this cancellation is not as complete as is suggested by the 

work of Postmus et al.

Ml
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polarizability. There is, however, another effect of the polarizability of the ions: it 
introduces the possibility of an entirely new contribution to the nonlinear potential 
of the crystal, arising through the interaction between the shell and core of the same ion. 
Symmetry restricts the form of this contribution so that the only third order term in 
alkali halides is (Brace and Cowley 1972)

3<*) WlM V^ (5)
a, K

where W(K) and V(K] denote the shell-core displacement and radial deformation of 
the ion K, and H3(/c) (K = 1,2) are constants.

If we neglect the polarizability of the positive ion, the third order anharmonic 
coefficients have the form

Aij; #2, (6)
q ~ q \ =
h fJ V h /i

where the first term on the right hand side is the usual term arising from inter-ion 
nonlinearity, n is a constant and / and g are the eigenvectors corresponding to the dis 
placements W and V.

Intra-ionic nonlinearity can make similar contributions to the fourth order coef 
ficients, but these are not investigated further here.

2.3. The effects of anharmonic interactions on the effective two-phonon density of states
The character of the lowest order contribution (figure Ib) to the width is considerably 
influenced by the form of the two-phonon density of states (equations 3a, 4a). It has 
been suggested (Ruvalds and Zawadowski 1970) that the latter may itself be markedly 
altered by phonon-phonon interaction. The simplest process taking this into account 
is shown in figure 2a; it yields a contribution to the self energy that is O(A4), and is given by

(a)

(c)

Figure 2. Contributions to the self energy O(/l4).
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Thefonn of this expression can be drastically simplified by exploiting the separability 
of the fourth order anharmonic coefficients (Bruce 1972). In general we can write these 
in the form

"*i 0i q2 ~0A £ /</, \ (Q \i -i *t 2 1 = Y r FS l * i i/s I * 2 i iy\h /t h fj h - -WJ -WJ ()
where n is some small integer, the C are constants and the new coefficients V

are functions only of (q l ^ /). Since the third order coefficients V\ q * ~ ¥l ) are odd
V h fJ 

y\q l only those terms in the fourth order coefficient which are also odd in q l (and q 2) will
contribute to the sum in equation 7. The separation can then be effected for the alkali 
halides with nearest neighbour anharmonic interaction with n = 1. In doing so, we make 
the excellent approximation of ignoring those terms in the fourth order coefficient 
arising from the first two derivatives of the interatomic potential, as explained in I. 
The contribution to the self energy may then be written as

h

(9)

so that the expression (7) can, in fact, be evaluated with only a single sum over q. Indeed, 
with a small extension of the above formalism the separation (8) permits the calculation 
of the infinite series of terms of the form of figure 2a with 1, 2, 3 ... fourth order vertices. 
This summation could, in principle, give rise to two-phonon resonance effects. We 
introduce the matrix M defined by

and the array A by

A tf\\ V T7 I ^l 9l\(n(f\\ i-n-C/DU Vs
A (La) = 2. * 1 • J l-^v^^J — ^ '•• aijiji '

The contribution to the self energy from the infinite series can then be expressed as
**

where I is the 7x7 unit matrix. Resonance effects would occur at those frequencies 
Q at which the determinant of the matrix (I - M(Q)} vanishes.

2.4. The effects of the quasiharmonic approximation

The processes described in § 2.3 are explicit expressions of the effect of phonon-phonon 
interaction on the two-phonon density of states effective in determining the contribution 
of process \b. In evaluating the latter contribution, however, (through equations 3a, 36) 
further effects of phonon-phonon interaction are implicitly considered, in that the 
frequencies a>(qj) of the normal modes involved in the summations of equations 3a, 3b
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are taken to be not the quasiharmonic frequencies but the renormalized frequencies 
(R A Cowley 1963), that is the frequencies directly measured by neutron scattering 
techniques, for example. This renormalization allows for the shifts in phonon frequencies 
arising from their temperature dependent self energies, but it ignores the concomitant 
lifetime effects (the frequencies co(qj) are purely real). This approximation then inevitably 
leads to the <5 functions of equation 4a.

In the calculations the <5 functions and principal parts are represented by

(Ua)

where e is given some small, but finite, value. Fundamentally it is taken as finite to 
eliminate the spurious effects which would otherwise result from representing the Brillouin 
zone by a relatively small number of points. To an extent, however, the finite value of 
€ may also be regarded as simulating, albeit rather crudely, the lifetime effects of the 
phonons involved in the summation. Consequently it is of interest to investigate the 
sensitivity of the results for T(2) to the value of e.

2.5. The simplest three-phonon contribution to the width
The simplest contribution to the self energy which reflects the three-phonon density 

of states is represented in figure 2b; this contribution is also O(^4)- In the high tempera 
ture approximation the contribution to the width is (Wallis et al 1966)

4i«243
±jl±J2±J3

'). (13)

Here we adopt the notation of Wallis et al, the sum over ±7. indicating that the expres 
sion is to be summed over ±a)(qj.).

2.6. The effects of bromine isotopes
The fact that the isotopes 79Br and 81 Br occur with approximately equal abundance 
will also lead to a contribution to the width of the TO mode. However, consideration 
of the spread in the reduced mass of the K + and Br~ ions produced by these different 
isotopes shows that the resulting spread in the TO frequency is an order of magnitude 
smaller than the observed width, so that this effect may be neglected.

3. The observed temperature dependence of the damping

Before presenting and discussing the results of calculations based on the theory of §2 
it is appropriate to review the current opinions regarding the observed temperature 
dependence of the fractional width of the TO mode in alkali halides.
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Both Mooij (1969) and E R Cowley (1972) suggest that, if the temperature dependence 
of the frequencies and force constants implicit in the expression for r(2)(0/,Q) is taken 
into account, the temperature dependence of the width is readily explained. Cowley's 
statement is based on calculation of T(2)(0/, Q) at different temperatures, using the quasi- 
harmonic frequencies appropriate to each temperature. He considers only NaCl and 
so his results are not immediately applicable to KBr.

The argument used by Mooij (1969) is based on the expression for the damping 
constant of a linear chain, derived by Maradudin and Wallis (1960). It thus assumes, 
implicitly, that all the phonon frequencies have the same temperature dependence as 
that of the TO mode. In fact, in KBr, the main contributions to r(2)(0j, Q) near Q = co(Qj) 
are from pairs of acoustic phonons which are much less strongly temperature dependent 
than the TO mode, as can be seen from the results of Woods et al (1963), though these 
extend only to 400 K.

If, then, we include only the temperature dependence of the TO phonon frequency 
and that of the force constants implicit in the third order V coefficient, the temperature 
dependence of the contribution of the cubic term to the fractional width, /, at high 
temperature is found to be given approximately by

{e»TO (T)} 3 T (14)

where o)TO(T) — co(0J) at temperature T, and has been measured by Mooij (1970). 
Here use has been made of the fact that, according to the results of Postmus et al (1968), 
the temperature dependence of the TO mode is largely attributable to the effects of thermal 
expansion, so that the temperature dependence of the 'quasiharmonic' force constants 
in the V coefficient may be estimated directly in terms of o)TO(T).

The expression (14) is in marked contrast to that proposed by Mooij (1969): it 
suggests that the temperature dependence of this contribution to the fractional width 
will be less than linear.

Unfortunately the phonons contributing to / through three-phonon terms are not 
restricted to acoustic modes, and so it is not possible to predict how the temperature 
dependence of the quasiharmonic frequencies and force constants will affect these terms, 
which have an explicitly quadratic temperature dependence. However, a least squares 
analysis of the experimental results of Mooij (1970) for KBr, suggests that a fairly good 
representation of the temperature dependence of the fractional width is afforded by

/ = ATco*0(T) + BT2+S (15)

with 6 = 0-19.
The values of A and B suggested by the fitting correspond to a contribution to 

r(0/, co(0/)), O(A2 ), of 0-058 THz and a contribution O(A4) of 0-025 THz at 300 K.
In arriving at the expression (14) the functional form of the damping function 

F(2)(0/, Q) has been ignored: as the temperature varies, measurements of the width will 
sample this function at the slowly changing frequency a)TO(T). If we take the functional 
form of r(2)(0/, ft) from the results of figure 3a (with p = 0) fitting leads to a slight change 
in the parameters A and B. With d = -0-09 these then correspond to contributions to 
HO/, co(0/)) of 0-058 THz and 0-03 THz respectively at 300 K, and yield an even better 
representation of the temperature dependent width. Clearly this analysis is far from 
rigorous: it does, however, give some indication of the importance of higher order 
contributions.
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4. Calculation and results

The calculations reported here are based on the simple breathing shell model used m I 
and described in an earlier paper (Bruce and Cowley 1972). This model reproduces a 
room temperature TO mode frequency of o(0/) = 3-41 THz, in close agreement with the 
results of Mooij (1970).

Methods of obtaining the anharmonic parameters implicit in the anharmonic 
coefficients were also described fully in I. We have followed the method adopted in the 
latter paper: the short range part of the interatomic potential was determined from 
compressibility measurements, and the derivatives of this potential, which give the 
anharmonic parameters, were then corrected to allow for nearest neighbour electro 
static interaction. The resulting parameters, listed in table 1, differ slightly from those

Table 1. Derivatives of the nearest neighbour interatomic potential

Third derivative </»'" -89-5 (e2/2Vr0) 
Fourth derivative <£IV 1023-5 (e2/2Vr0)

used in I, which were calculated from more recent compressibility data than that of 
Bom and Huang (1954) used here. As in I the summations over the Brillouin zone were 
performed over a total of 4000 points, except for the case of the contribution F(4), which 
was evaluated with a reduced mesh of 500 points.

4.1. The effects of the intra-ionic nonlinearity on the lowest order (cubic) contribution
Using the equations 3, 4 and 6 the contributions A(2) and F(2) to the .shift and width 
functions have been evaluated. In these calculations e (equations 12) was fixed at 
0-1 THz. The effects of ionic polarizability on the inter-ionic anharmonic coefficients 
were also included in these calculations and the others of F(2) and A(2) reported below: 
their effects were found to be small (up to 5 %), and were ignored in all the other calcula 
tions. The parameter n (equation 6) describing the intra-ionic nonlinearity was fixed 
so that F(2)(0/,Q = ca(Qj)) agreed with the experimental value (Mooij et al 1969). The 
results are shown in figures 3a and 3b, where they are compared with those obtained 
when n = 0 (no intra-ionic nonlinearity). Clearly the effect of the intra-ionic terms is 
to increase the size of the damping at the TO frequency relative to that around the LO 
frequency: this is in accordance with the results of I, discussed in the Introduction. The 
value of \i required to obtain agreement at the TO frequency corresponds to a value of H3 (equation 5) of

/ -2 
f — t.A ^ 1fl5 / ,'„ ,,^^*« ^F//, = 1-4 x 105 (in units of e

IVr ^ yr
Thus it is rather more than three orders of magnitude greater than its inter-ion counter 
part 4>m (table 1). Since the corresponding harmonic intra-ionic force constant is typically 
an order of magnitude greater than its inter-ionic counterparts this is probably rather 
too large a value, and estimates indicate that according to a theory presented elsewhere 
(Bruce and Cowley 1972) it would lead to too large a Raman scattering cross section. 
Furthermore the modification of the shift of the TO mode that results with this value of 
\i destroys the excellent cancellation (table 2) between the cubic contribution and the
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lowest order quartic contribution evaluated through equation 2. As mentioned above 
this cancellation is observed experimentally (Postmus et al 1968). In addition, although 
the fractional change in the damping arising from the inclusion of the intra-ionic non- 
linearity is most significant around the TO frequency, the changes in the self energy at

4 6 
Frequency (THz)

Frequency CTHz) 
b

Figure 3. Contribution to the width (a) and shift (b) from the lowest order cubic term with 
^ = 0 (broken curve), and with n determined as described in text (full curve).

frequency are still sufficient to produce a marked modification of the thin film
in this region. This is illustrated in figure 6. Figure 6a is taken from figure

and compares the observed and calculated reflectivity of a thin metal-backed
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film of KBr. The details of the experimental arrangement and of the calculation of the 
reflectivity from the self energy are given in I. Like figure 60, figure 6b shows the calculated

Table 2. Contributions to the shift and width of the TO mode in KBr at 300 K (all frequencies 
inTHz)

Fexperimental ——————— F< 2 > ——————————— F<3 > T<*> A(1 > A<2>

6 = 0-05 e = 0-1 e = 0-15 

0-098 0-024 0-034 0-043 -0-005 0-067 0-188 -0-188

reflectivity when only the lowest order (cubic) contribution to the self energy is included, 
but with the calculation based on the slightly different anharmonic parameters used in 
this paper. Figure 6c shows the reflectivity resulting when the effects of intra-ionic 
nonlinearity are included in the calculation of the cubic contribution as described above. 

The aim in presenting the results shown in figure 6 is not to test directly the calculated 
width around the TO frequency, since, as already remarked, it is felt that the thin-film 
experiments of I are not so satisfactory in this frequency region. Rather, the aim is to 
illustrate the degree to which the effects considered here modify the reflectivity around 
the LO frequency; it is the extent of the agreement in this larger frequency region, where 
the thin-film experiments are most sensitive, that gives a measure of the confidence that 
can be placed in the anharmonic parameters, which are instrumental in determining 
the width at the TO mode.

4.2. The modification of the effective two-phonon density of states
The expressions (9) and (11) describing the modification of the cubic contribution to 
the self energy, through changes in the effective two-phonon density of states, have been 
evaluated with e (equations 12) taken as 0-1 THz. The results are shown in figures 
4a and 4b. It is clear that the sum of the infinite series (equation 11) differs little from 
the first term (equation 9). Not unexpectedly the imaginary parts (figure 4a) reflect 
the two-phonon density of states: as with the lowest order term F(2) (figure 3a) they 
have a minimum near the TO frequency, where their contribution is also small in com 
parison with T(2), as can be seen in table 2. However, the contribution at higher fre 
quencies is not inconsiderable in comparison with F(2) and leads to a modification of 
the reflectivity shown in figure 6d.

The effects on F(2) of varying the parameter e have also been investigated for the 
reasons given in §2.4. Calculations of F(2)(0/, Q) were performed for e = 0-05 THz and 
e = 0-15 THz to supplement the calculations with e = 0-1 THz, already described. 
The resulting three values for F(0/, o>(0/)) are compared in table 2. Clearly the results 
depend quite sensitively on the value of this parameter, even though F(2)(0j, Q) is a 
slowly varying function of Q near co(0/). The reflectivity in the neighbourhood of the 
LO frequency is also modified, though to a lesser extent, as shown in figures 6e (e = 
0-05 THz) and 6f (e = 0-15 THz).

It is, perhaps, interesting to note that calculations of the Raman spectra of NaCl 
(Bruce 1972) which also involve the function S(Q) (equation 4a) yield best agreement with 
experiment with a value of e = 0-15 THz. Even with this value of €, however, F<2)(Q/,
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N

0-16

0-08

0

-0-08

-0-16

2 4 6 
Frequency (THz)

468 
b Frequency (THz)

Figure 4. (a) Contribution to the width from the diagram in figure 2a (full curve) and from 
the corresponding infinite series (dotted curve), (b) Contribution to the shift from the diagram 
in figure 2a (full curve) and from the corresponding infinite series (broken curve).

co(0/)) is still rather smaller than the estimate of the cubic contribution given in §3 on 
the basis of the temperature dependence of the damping. Nevertheless, had the parameters 
of I been used r(2)(0/,Q) would have been ~14% larger: consequently the remaining 
discrepancy is not unreasonable.

3.3. The contribution reflecting the three-phonon density of states

The evaluation of the expression (13) for r(4)(0/, Q) is by far the most demanding numeric 
ally; consequently the 6 functions in this expression were approximated by

<5(x) =1/6 - €- < 0 < €-

0 otherwise
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with e = 0-l THz. The results are shown in figure 5 where they are compared with the 
results of the same calculation performed using the approximate method suggested by 
Ipatova et al (1961) which in effect ignores the q dependence of the anharmonic coef 
ficients.

0-08

0369
Frequency (THz)

Figure 5. Contribution to the width from the diagram in figure 2b, calculated including the 
q dependence of the matrix elements (full curve), and ignoring this dependence (broken curve).

As the calculations of Ipatova et al (1967) suggested, the contribution of this term 
has a very different frequency dependence from that of r(2)(0/, Q), since the former 
reflects the three-phonon density of states. Indeed, r(4)(0/, Q) has a local maximum

80

60

(a)

80

60

40 C/J

5
(.THz)

Frequency
Ccm-')

140 180 220 140 180 220 140 180 220

Figure 6. Comparison of the observed (broken curve) thin-film reflectivity of KBr, with that 
calculated with the inclusion of different self energy contributions, as described in the text.
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near the TO frequency, the sharpness of which is enhanced by a correct treatment of 
the wavevector dependence. The contribution r4)(0/, co(0;)) is given in table 2. Clearly 
it is considerably larger than the estimate of the quartic contribution made in § 3. This 
may be partly attributed to the rather crude histogram representation of the 6 functions 
used in this calculation; certainly, the peaked nature of r4(0/,Q) in the neighbourhood 
of co(0/) means that it will be particularly sensitive to the value of e. The larger part of the 
discrepancy, however, is probably due to the omission from the calculation of the 
remaining diagrams O(i4), of which the interference term shown in figure 2c, which has, 
in part, the character of the three-phonon density of states, might be expected to produce 
significant cancellation.

5. Conclusions

Detailed calculations have been performed for various room temperature contributions 
to the self energy of the TO mode in KBr in an effort to understand the magnitude and 
temperature dependence of the damping of this mode. The observed temperature 
dependence of the damping has been used to estimate the probable contributions of 
terms O(/l2) and terms O(A4). The estimate of the former has been compared with the 
calculated result: the agreement is not wholly satisfactory and the reasons for this 
discrepancy have been considered. It has been shown that mtra-ionic nonlinearity can 
considerably alter the form of the frequency dependent damping, but the size of this 
nonlinearity required to make a significant contribution suggests that these effects 
are not as important as those resulting from the finite lifetimes of the phonons through 
out the Brillouin zone. It is felt that the latter effects, together with the remaining un 
certainty in the overall anharmonic parameters are probably sufficient to account for 
the discrepancy between the calculated and estimated contribution of the lowest order 
terms.

The calculations of the terms O(A4) show that significant contributions to the self 
energy arise both through terms describing the modification of the effective two-phonon 
density of states by phonon-phonon interaction, and through terms reflecting the 
three-phonon density of states. The latter can produce quite drastic changes in the 
damping around the TO mode frequency where the terms depending on the two-phonon 
density of states are small. At higher frequencies the lowest order term will give a better 
account of the damping, but even where it is largest corrections of as much as 20% can 
be expected from the terms expressing the changes in the effective two-phonon density 
of states: clearly this places a corresponding limit on the accuracy with which even the 
thin-film experiments of I can specify the anharmonic parameters, without a complete 
calculation of these higher order processes.

In addition it is possible that important contributions are made over the entire 
frequency range through interference effects (figure 2c) between one- and two-phonon 
processes. A completely satisfactory theory of the infrared properties will require detailed 
consideration of these rather complex effects.

Acknowledgments

I am grateful to Professor R A Cowley for his help and interest in this work, to Dr E R 
Cowley for some instructive correspondence, and to Dr K Hisano and Mr F Placido



188 ADBruce

for some useful discussions. The support of an SRC research studentship is also grate 
fully acknowledged.

References

Born M and Huang K 1954 Dynamical Theory of Crystal Lattices (Oxford: Clarendon)
Bruce A D 1972 J. Phys. C: Solid St. Phys. 5 2909-20
Bruce A D and Cowley R A 1972 J. Phys. C: Solid St. Phys. 5 595-605
Cowley E R 1971 J. Phys. C: Solid St. Phys. 4 988-97
—— 1972 J. Phys. C: Solid St. Phys. 5 1345-59
Cowley R A 1963 Adv. Phys. 12 421-80
Gurevich L E and Ipatova I P 1964 Sov. Phys.-JETP 18 162-5
Hass M 1960 Phys. Rev. 117 1497-9
Hisano K, Placido F, Bruce A D and Holah G D 1972 J. Phys. C: Solid St. Phys. 5 2511-22
van Hove L, Hugenholtz N M and Howland L P 1961 Quantum Theory of Many Particle Systems (New York:

Benjamin)
Ipatova I P, Maradudin A A and Wallis R F 1967 Phys. Rev. 155 882-95 
Jepsen D W and Wallis R F 1962 Phys. Rev. 125 1496-505
Leibfried G and Ludwig W 1961 Solid St. Phys. 12 275-444 (New York: Academic Press) 
Maradudin A A and Fein A E 1962 Phys. Rev 128 2589-608 
Maradudin A A and Wallis R F 1960 Phys. Rev. 120 442-62 
Mooij J E 1969 Phys. Lett. A 29 111-2
—— 1970 PhD Thesis University of Rotterdam
Mooij J E, van de Bunt W B and Schrijvers J E 1969 Phys. Lett. A 28 573-4
Postmus C, Ferraro J R and Mitra S S 1968 Phys. Rev. 174 983-7
Ruvalds J and Zawadowski A 1970 Phys. Rev. B 2 1172-5
Wallis R F, Ipatova I P and Maradudin A A 1966 Sov. Phys.-Solid St. 8 850-61
Woods A D B, Brockhouse B N, Cowley R A and Cochran W 1963 Phys. Rev. 131 1025-9




