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1. 

CHAPTER I 

INTRODUCTION 

It is on rare occasions that an engineering component or structure exists 

without being subjected to vibratory conditions during some part of its life. 

As it is not always possible or practical t: carry our laboratory tests, it is 

essential for design engineers to be able to predict analytically,, how struc-

tures and components will react to vibrating conditions • Exact theoretical 

analysis is possible for a wide range of vibrational problems and, for the solu-

tion of many others, approximate methods, which have proved to be very satis-

factory, have been developed. 

Among the problems for which approxinate methods have been developed is 

that of the vibration of thin, flat, rectangular plates of uniforn thickness. 

It is possible to derive a differential equation for a thin, flat plate of 

uniform thickness subjected to lateral vibrations, but it has been solved only 

for rectangular plates which are simply supported at all four edges and for 

rectangular plates which are simply supported at two opposite edges and having 

any conditions at the two other edges. For rectangular plates having any 

other boundary conditions, the solution of the differential equation is ex-

tremely complicated and it becomes necessary to use an approximate method to 

calculate their natural frequencies and corresponding modes of vibration. 

One of the best known approximate methods of calculating the natural 

frequencies of thin, flat rectangular plates of uniform thickness and having CL  

combination of fixed, simply supported or free edges is the Rayleigh-Ritz 

method and consists of equating the maximum potential energy and the maximum 

kinetic energy of the vibrating plate. The method was first introduced by 

Rayleigh (1 ,94.) and later by Ritz (1909) and was used by Ritz to calculate 

the natural frequencies, and the corresponding nodal patterns, of square 
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plates with all edges free. 

In recent years the method was used by Young (1950) and Warburton 

(1954) to calculate the natural frequencies of rectangular plates having 

various combinations of fixed, simply supported and free edges, and by 

Barton (1951) to calculate the natural frequencies of cantilevered, rec-

tangular and parallelogram shaped plates. Young obtained the first six 

natural frequencies and the corresponding nodes of vibration of a square 

plate fixed along two adjacent edges and free along the other two edges, of 

a cantilevered square plate and of a square plate fixed at all four edges. 

I'Iarburton derived a simple approximate expression which can be used to 

calculate the natural frequencies of all modes of vibration of rectangular 

plates having any combination of free, simply supported and fixed edges. 

Barton obtained the first five natural frequencies and the corresponding 

nodal patterns of cantilevered rectangular plates having length to breadth 

ratios of , 11  2 and 5 and the first two natural frequencies and the cor-

responding nodes of vibration of cantilevered parallelogram shaped plates 

having sides of equal length and skew angles of 15°, 300 and 45
0 . 

With the advent of high speed aircraft arid missiles, it has become 

necessary to extend tho work on the vibration of thin, flat plates to in-

clude cantilevered, triangular and trapezoidal shaped plates, as they are 

first approximations to the shape of the wings and fins of the aircraft and 

missiles. 

Gustafson .1Stokey and Zorowaki (1953) obtained experinental],y the first 

six natural frequencies and the corresponding nodal patterns of five canti-

levered, right-angled, triangular plates having length to fixed edge ratio 

varying from two to twenty, and of five cantilevered, triangular plates 

having constant length to fixed edge ratios with sweep back angles varying 

from 00  to 45g.  In a further series of tests (1954) they investigated, 
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experimentally, the effect on the natural frequencies of removing in-

creasing amounts from the tip of cantilevered, triangular plates. They 

obtained the first six natural frequencies and the corresponding nodal 

patterns of three sets of six plates. Two of thets originated from 

right-angled triangular plates and the other from a triangular plate of 

swept back plan form. They have also described methods, (1953 and 1954) 

which depend on known experimental frequencies of calculating the natural 

frequencies of plates differing in plan form from those investigated experi-

mentally. For their experimental work, the fixed edge of the plate was 

obtained by clamping it, at  the base of the triangle, between two steel 

blocks, h'eiba (1954), whobtained experimentally the first six natural 

frequencies of a series of cantUevered rectangular and trapezoidal plates, 

also obtatned the fixed edge of the plate by clamping it at one end, ik, 

however, expressed doubts about the effectiveness of that method of ob-

taining a fixed edge. As a result the experimental results, which are 

presented in this report were obtained from test specimens which originated 

from thick steel blocks which were machined over a portion of their length 

to make a thin flai plate of uniform thickness. 

Cox and Klein, two American investigators, have publihed several 

papers, in which the method of collocation is used to calculate the funda-

mental natural frequency of triangular and brapezoidal shaped plates, having 

varicas combinations of fixed and simply supported edges. 

Kawashima (1958) used the finite-difference method to calculate the 

first five natural frequencies of a cantilevered, right-angled, triangular 

plate, having a length to fixed edge ratio of one, and the first three 

natural frequencies of a cantilevered, tight-angled., triangular plate, having 

a length to fixed edge ratio of a half. 

Stanisic and McKinley (1961) used the Galerkin method to calculate the 
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fundanental natural frequency of synetrical trapezoidal plates with all 

edges fixed. 

Andersen (1954) w;ed the ay1eih-Vitz nethod to calculate the natu-

ral frequencies of the first two symmetric and the first two antisymmetric 

nodes of vibration of four cantilevered, isosceles triangular plates, 

he 1. ng length to fixed edge ratios of one, two, four and seven. He also 

calculated the natural frequencies of the first two symmetric nodes of 

vibration of three cantilevered, right-angled, triangular plates having 

length to fixed edge ratios of two, four and seven. The results for the 

symmetric modes were compared with results obtained for a cantilevered, tri-

angular beaq of uniform thickness, and it was found that the agreement was 

good. Agreement between the calculated frequencies of the sywnetrical 

modes and the experimental frequencies of Gustafson, Stokey and Zerowski 

was also good. He does not, however, compare the calculated frequencies 

of the antisymnetric nodes of the isosceles triangular plates with other 

results, and on comparing then with the exrerinental results in this report 

Andersen's values for the antisynmetric modes tend to be high. 

Andersen assumed the deflected form of the vibrating plate to be a 

series consisting of the appropriate functions which represent the normal 

nodes of vibration of uniform beans. In the calculations a co-ordinate 

transformation was used to give constant limits of integration over the 

area of the plate. The co-ordinate transfornati. n altered the expressions 

for the maximum potential energy and the maximum kinetic energy of the 

vibrating plate, and made it necessary to modify slightly the bean functions 

which were used to represent the deflected form of `,he vibrating plate. 

Because of these alterations the functions to be integrated in the expres-

sions for the maximum potential energy and the maximum kinetic energy, are 

extremely complicatid. It has been found, however, as a result of the 
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present investigations that the problem of calculating the natural fre-

quencies of triangular plates by the dayleigh-Ritz method can be simpli-

fied, by avoiding the co-ordinate transformation used by Andersen. 

Although the problem of the vibration of thin, flat triangular and 

trapezoidal shaped plates has been tackled both from the experimental and 

the theoretical point of view, there remains a great deal of work to be 

thne in this field. Most of the authors who have investigated the problem 

theoretically have confined their investigations to the fundamental or the 

first few natural frequencies of these plate shapes. The object of the 

present research programme is to try to obtain a method which can be used 

to calculate the natural frequencies of all modes of vibration of thin, 

flat, cantilevered, triangular and trapezoidal shaped plates and, if success-

ful, to investigate the possibility of extending it to include triangular 

and trapezoidal shaped plates havLng other combinations of boundary condi-

tions. 
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CHAPTER II 

XPERIM12TAL PROCEDURE AND RESULTS 

2.1 xperi ental Procedure 

The natural frequencies between 0 and 8000 c.p.s. and the correspond-

ing nodal patterns of two thin, flat, cantilevered, rectangular plates of 

uniform thickness and having length to breadth ratios of two to one, were 

obtained experimentally. To obtain a "good" fixed edge, two test speci-

mens were manufactured froq mild steel blocks of dimensions 18" x 6" x 311. 

The thickness of the blocks was reduced from three inches to one quarter 

of an inch over a length of twelve inches from one and of the blocks, equal 

amounts of material being machined from the top and bottom of each block 

(see Fig. 2,2). During the tests the specimens were securely bolted 

through the portion, three inches thick, to two mild steel joists which 

were built in to a concrete plinth of convenient height for carrying out 

the experimental work. 

Vibration of the plate was achieved by jeans of a small electro-

magnetic Goodman vibrator, the power being supplied by a variable frequency 

Goodman oscillator • The pick-up, used in conjunction with a Philip's 

amplifier and a Cossor oscilloscope to measure the variation of the ampli-

tude of transverse vibration of the plate as the frequency was varied, is 

shown in Figure 2.3. 

The natural frequencies, which coincide with maximum values of deflec-

tion of the plate, were obtained by observing on the oscilloscope the varia-

tion of deflection as the frequency at which the plate was vibrating was 

varied from 0 to 8000v/sec. The exact value of each natural frequency was 

obtained by connecting the Muirhead decade oscillator to the oscilloscope 

and adjusting the frequency indicated on it until a stationary Lisaj one 



corresponding to many of the natural frequencies do not take the form of 

lines approximately parallel and perpendicular to the fixed edge of the 

plate. To determine the nodal patterns of these frequencies the pick-

up was moved along each of the lines drawn parallel and perpendicular to 

the fixed edge of the plate, and the points of zero deflection on each 

line were marked. The shape of the nodal pattern was then determined by 

using the pick-up to deter aine the shape of the lines which joined the 

points of zero deflection. 

At several of the natural frequenicee of some of the plates investi-

gated an attempt was made to obtain the exact shape of the nodal patterns 

by sprinkling sand on the vibrating plate, In each case, the only nodal 

pattern to be outlined was the one which had one nodal line parallel and one 

nodal perpendicular to the fixed edge of the plate. Because of the failure 

of the sand to outline the nodal patterns corresponding to the natural 

frequencies, the method described above was used. 

2.2 Nal Patter 

In general the nodal patterns corresponding to the natural fre-

quencies of rectangular plates having any combination of boundary condi-

tions, take the form of lines which are approximately  parallel to the 

sides of the plate. Cantilevered, rectangular plates are not an excep-

tion and their nodal patterns can be used to divide the natural frequencies 

of the plate into families. The modes of vibration of the frequencies in 

any particular family have the sane nuiber of nodal lines perpendicular to 

the fixed edge of the plate. 

For the range of frequencies investigated it was found that for the 

rectangular plate natural frequencies of the fanilies with no, one, two 

and three nodal lines perpendicular to the fixed edge were included • As 

the area of the plate was reduced, the value of the natural frequency of 
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each mode increased. As a result the number of natural frequencies which 

were in the range of frequencies investigated, decreased as the area of 

the plate was reduced. 

With only a slight reduction in the area of the plate from a rec-

tangle, the nodal patterns corresponding to the natural frequencies of the 

particular trapezium under consideration still take the form of lines which 

are approxi:nately parallel and perpendicular to the fixed edge :;f the plate. 

As the shape of the plate approached a triangle, the nodal patterns do not 

take the form of lines which are approxFiately parallel and perpendicular 

to the fixed edge. It is still possible, however, despite the peculiar 

nodal patterns, to group the frequencies into families. 

The exact shape of the nodal patterns of the first few natural fre-

quencies in each family were obtained in the manner described in the pre-

vious section for the plate shapes which had nodal patterns with lines 

parallel and perpendicular to the fixed edge. When the shape of the plates 

were such that the nodal patterns did not take the form of lines parallel 

and perpendicular to the fixed edge, the exact shape of all the nodal pat-

terns were obtained. 

The nodal patterns which were recorded are shown in the next section 

and it can be seen that the drift from being parallel and perpendicular to 

the fixed edge starts when the reduction in area of the plate is approxi-

mately half way towards a triangle. 
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23 EXDprjnlental Results 

NptLtrpl Frecnwncies and cQrr2Vonding 4odes of VibraLioa of Cantilevered 
Srnietrjca]. Plates, 

(a) iectangular Plate 

I 	 ' 
L. 	12

4 
 

P 
No, of nod.-,! lino in y 'iroction 	3 

c. ofnoü 1110 1 	2 in x direction 0  4 	5 	 7 

iatural Prequency 58 	359 	1003 	1970 	3255 	4823 	6690 

No* of nodal lines in y direction = 1 

Na, of nodal lines 
in x direction 2 	 6 3 	4 	5 	 7  

Natural  Frequency 256 	N20 	155 	2545 	308 	5353 	7251 

Jo, of nodal lino in y direction = 2- 

of of nodal lines 
in x direction 4 	5 	6 

Natural 7roqeency 161 	2111 	2963 	40f2 	5435 	704.1 

o. of nodal limos in y direction 3 

o, of nodal lines 
in x direction 	1 	2 	3 	4 	5 

Natural'reauency 4143 4591 	 0599 d024 
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(b) Syrnraetic). Trarezoidal Plates 

ii. 

Plate No. 1 

ho. of nodal ithea in y direction = 0 

do, of nodal lico 1 6 4 	5 	 7  in x direction 

atural ireQ11Oncy 63./f 	369 	1011 	1)66 	3237 	446 	663 

o, of nodal line,  in y direction = 1 

d. of nodal lines 
4 	5 	6 	7 in 	direction 

itural 	roquency 322 	939 	1728 	2739 	4016 	5577 	7417 

i . 
o. of nodal lines in y direction = 2 

.0. 01. nodal lines1 
in x e.rection 2 	3 	4 	5 	6 

..aturl dreqLioncy 2192 	2725 	3581 	4706 	6127 	7773 

do. of nodal I,nco in y direction = 3 

iro*  of nodal lines 
in x direction - 3 	4 

atural dreauency 5324 	63)4 	7079 	8133 
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Plate No. 2 

12. 

.o. of nodal lines in y 93irection = U 

No. of nodal lines 1 	2 	3 	4 	5 	6 	7 in 	(LLroction 

:tura1 Troquency 70.2 	3d) 	1022 	1976 	3233 	4757 	6663 

No. of nodal lines in y direction = 1 

of nodal lines . 	 r 2 	3 	4 	 6 	7 in x direction 

atura1 Frequency 430 	1119 	1)94 	3079 	4395 	5963 	7776 

iO. of nodal 1ins in y rl,.Lrectlon = 2 

t'oe  of nodal lines 	1 	2 in x direction 

Laura1 Freouenc 	2745 	3334 	4980 	6022 	7414 	0987 

No. ot nodal lino$ in y direction = 3 

io. of nodal lines 
in x direction 1 	2 

Natural  Frequency 6191 	7992 
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Plate No, 3 

13. 

do. of nodal lin in y irctiori = U 

do. of £odai liflOS 
/ 	 6 ) in x ciroction 

atra1. Frequency $3.4 	409 	1341 	1996 	 /7)2 	6604 

o. of nodal lines tn y direction = 1 

o. of node' 	icslE  1 	2 	3 	 5 in x iirection 

datural rroe.oncy 597 	-1.1,4L 	2473 	3712 	5175 	6d33 

do. of nodal nus 1:. y ir3ction = 2 

do, of nodal lines 
in x direction 

:atural Frequency 2277 	4)d7 	d730 
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Plate No L 

14. 

No. of nodal lines in y direction = 0 

No. of nodal lines 1 	 r 
in :- drction ) 1 	 U 	7 

:ataral l're;uoncr 90.1 	/22 	1362 	2011 	3250 	407 	6632 

io, of nodal lines in y J.roction = 1 

No. of nodal lines _. 1 	2 in x direction 4 

atural Freeency 666 	166 	2722 	4 ;56 	5607 

c. of nodal Lth in y :iroction 2 

Lo. of nodal lines 1 	2 in x direction + 

Na,'iral Frnuency 3429 	5363 	7375 	9515 
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(c) IaQce13s 2tanu.1ar Plate 

15. 

. of no:JaI ILns La y direciton = 0 

No. of aodal liacs 
1 	2 	3 	4 	5 	6 	7 In x direction 

Natural Frequency 114 	4--) 	1193 	22)2 	3485 	51(0 	6964 

of nodal lLlos in y direction = I 

HO. 	OLL lillc,3 
in x 	iroct1on 3 	4 	5 

"'Aural Lroouency d21 	1994 	3416 	5U96 	7009 

:, of rIocia]. 1ins ifl :Y dirotjo 	2 

0. )f nodal lines 
in 	J.rctiGn 3 

utural .'requency 75 	1'j 53 
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16. 

Natural Frequencies and corresponding odes of Vtbration of Catilevered, 

Right-angled Pja&eS 

(a) Rectangular Plate 

o, o. nodal linos in y diroction = () 

No. of nodal !;-nos 
iniroction 2 

athral Rrsçioncy 57.9 	362 1)06 	1969 	3251 	4017 	6695 

N. of nodal 1Lno sin y dirocjon = I 

o, of nodal lines 
in 	iirectiozi 1 5 	6 7 

atUral Frequency 255 024. 155S 2:44 3003 	5337 7235 

Oo. of no0. lins in y direction = 2 

o. of nodal lines 
1 in x :].r3Ctiofl 4 	5 	o 

Natural Frequency 1556 	2111 	2963 	4)79 	5449 	7053 

£O. of nodal lines in y direction = 3 

Jo. of nodal lines 
inirection - 	2 

Nstu.raj. Nrc iacy /141 	45)0 	 6600 
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(b) IU.glit-anglod Trapezoidal Plates 

P1stoo._o1 

17. 

jJ1 

a. of nodal lines in y iroetion = 0 

. of nods? lines 1 in x direction 2 	3 	4 	5 	6 	7 

1tura1 drcuoncy 32.4 	363 	1015 	1367 	3239 	4355 	6691 

do, uf nodal lines in y direction = 1 

of nodal lines 1 	2 	3 	4 	 6 in x 	irection 7 

Iiatural Frequency 319 	930 	1714 	2724 	3988 	5519 	7325 

No.. of nodal lines in y direction = 2- 

3o- 3o. of nodal lines 1 	 4 	5 o lirection in 

atural Prnqency 2195 	2729 3584 	4700 	6114 	/800 

No. of nodal lines in y direction = 3 

do, of nodal lines 
in x d. Lroction 4 

3etural.7reqnoncy 5333 	6316 	7)61 	3115 
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Plate No, 2 

18. 

U 

12 

No. of no:1 lines in y ireotion 0 

10, O 	 le 
1 	 I  in x d.rection 2 	 5 	6 

iatural Froquency 71.6 	376 	1)00 	1905 	3327 	4857 

No, of nodal 1ins in y direction = 1 

o0 of nodn1ljn.c 
in x 	irccton 2 	 4 	5 	6, 	7 

atural 	'reqiency 461 	fl5 	2112 	3;64 	4321 	5911 	722 

At.). of nodal limos in y ±Lrostjon = 2 

do. of nodal lines 
I in x -iraction 2 	3 	4 	5 	o 

tt Ina 3. frec:oy 2260 	4137 	5378 	 7970 	944, ) 
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No. of noth1 1iro; in y d.troction = 0 

iu, of nodal lino 1 	2 	3L 	 o 	7 in 	direction 

ujl ?requincy 76.4. 	92 	iJ1 	123 	3067 	5019 	6801 

flo. of fl)(11 J.1flL, izl y 	 = 1 

O. 	Of flOd.. 	linos 11. 	 7 in x direction 

Oatural Frequency 533 	1323 	2291 	315 	!41 	6002 	0054 

No of nodal linoo in y dirootion = 2 

o of nìodal iiao 1 	2 	3 L11 X ::LrOi 4 

aturai 	roneny 3168 	47)6 	6306 	7796 
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Plate No. I 

20. 

U 

12 	uJ 

nodal lLnE in 	irctioi = 3 

lb. of nodal ?in 
in x direction 1 	2 	3 	4 	5 	 7 

Natural Frequency 37.9 	4091032 	1)59 	3164 	,660 	3361 

of nodal 11n in y direction = I 

No. ,--f nodal lines 1 	2 	 4 	 6 	7 in x 	ircton 

Natural rrocency 663 	1593 	2634 	4027 	5639 

3o. Of £iO]1 1U 	! 	r1)ct.Lon = 2 

. of nodal lines 1 	2 	 4 in x - iroction 

Nturl lruoncy 3513 	533J 
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(c) Rjht-ang1ed Triangular Plate 

21. 

a' 
12 

No. of nodal lines in y direction = 0 

Lo, of nodal liu:s 
in x direction 4 	5 	6 	7  

atural  !'roquency 112 	477 	1157 	215 	3557 	5250 	7223 

O. of noial linos in y irectjon = 1 

:O, of nodal lines 1 	2 in x diroc Lion 

Latura1Froc:iency 820 	1924 	137 	4670 
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2.3. 

Using the Rayleigh-Ritz method to calculate the natural frequencies, 

the deflected form of the vibrating plate is assumed to be 

N,P + 	+ - 	C4, n 	 2.5 

in which each of the functions fm(xy) must satisfy the geometric boundary 

conditions but need not satisfy the natural boundary conditions of the 

plate. Equation 35 is substituted in equation 3.4, and the resulting 
expression differentiated with respect to each of the constants am and 

equated to zero giving a series of equations of the form 

- [u 	- 
e x?-  ; \ 	Jo 	

-- 

wlii ch boco.o 

(ca -  Xkai)c 1+-------  + 
3.7 

in which X is a non-dinorisional frequency factor. 

The natural frequencies are obtained by equating to ero the deter-

minant of the coefficients of the constants am in equations 3.7. 

(c.1 — Xkp)(ia Xk12) -----Cc-Xk1 ) 

Hence 	 0 

from which the values of X and hence the natural frequencies, &) are 

obtained by obtaining the roots of the resulting polynomial, 

3.9 
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O(n x + CX -ru -I ~ + 	 + 0(0 

The ay1oigh—itz :nethoci has been used successfully by Young (190) 

and Barton (1951) to calculate the natural frequencies of rectangular plates 

having various combinations of boundary conditions • Each of these authors 

used a series consisting of a oonbination of the characteristic functions, 

which represent the normal modes of vibration of uniform beans, to re—

present the deflected form of the vibrating plate. The deflected form of 

the vibrating plate, is therefore, assu. ed to be of the form 

W 	 - + OYL A(-34) O'x  

A%O 	GO 	 ---+A Ith ~%(bo 6%V 	3.10 

in which (o), () - - - and 	S 1 () - - - are the appropriate 

boa i functions miependng on tho boundary cnditions Of the plate, 

iiLure 3.1 

If, for exaaplo, it iu recutred to calculate the natural frecjoncies 

of a plate (Figure 3.1) fixed at x = 0 and free at x = 	, y = 0 and y = 

d2 (x, 4 () - - - would be the functions which represent the nor-ml modes 



25. 

of vibration of a uniform cantilavered beasl  and 

be the functions which rearesent the nornl iode; of vibration of a uni-

form beam free at each and. 

The normal modes of vibration of a uniform cantilevered beam are 

given by the expression 

	

'At 	 I 	fi 	 9 	0 	3. ILI 

where m = 11  2, 

The normal modes of vibration of a uniform beaii which is free at each 

end are g.-Lven by the foUowin oxransions 

	

60 
	1 	 3.12 

3,13 

3,14 

whore ffl = 2, 3, 4 . . . 

In these expressions, 0, 1, 21  3 . . 	are the number of noce ooints 

on the be. for the particular 'node at which it is vibrating and E , oc. 
In 

2 ru  and 	are constants depending on the mode and the end conditions. 

(Timosheriko, 1955, p. 338) 

harburton (1954) also used the Rayleigh-Ritz method for the calculation 

of the natural frequencies of rectangular plates. He used the method to 

derive a siizrle, approximate expression which can be used to calculate the 

natural frequencies of all modes of vibration of thin, flat rectangular 

plates, of uniform thickness, having any combination of fixed, simply sup-

ported or free edges. He assumed that the waveforms of plates and beams 

are similar, and that the nodal patterns corresponding to the natural fre-

quencies of rectangular plates take the form of lines which are approxi-

mately parallel to the edges of the plate. The expression for the do- 
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deflected form, which is used to derive the frequency expression, is, 

therefore, a combination of the appropriate functions which represent the 

normal modes of vibration of uniform beams. 

The nodal pattern corresponding to any natural frequency is defined by in/n, 

where in and n are the number of nodal lines in the x and y directions res- 

pectively. When an edge is fixed or simply supported it is considered to be 

a nodal line • Thus if two opposite edges are fixed or simply supported, in 

or n must be at least two, and if one edge is fixed or simply supported, in or 

n must be at least one. 

If it is required to calculate the natural frequency of the mode with 

four nodal lines in the x-direction and two nodal lines In the y-direction of 

a rectangular plate (Figure 3.1) which is fixed at x = 0 and x = t and free 

at y = 0 and y = b, the expression for the deflected form of the vibrating 

plate would be, 

= R4x)B() 	 3.15 
In equation 3.15 A is a constant, 	is the deflected form of the mode 

with four node points, of a bean fixed at both ends and 	is the de- 

flected form of the mode with two node points, of a beam, free at both ends. 

Equation 3.15 is substituted in the expressions for the maximum kinetic 

energy and the maximum potential energy of the vibrating plate, and the 

natural frequency of the mode being considered is obtained by equating these 

two expressions. 

For any combination of boundary conditions, therefore, the natural fre- 

quency, corresponding to any mode of vibration, can be obtained, and in each 
case a non-dimensional frequency factor )%i, proportional to the natural fre-
quency can be derived, 

X 
1 	

= 9zJ4 

i1 	
3.16 
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For all combinations of fixed, simply supported and free boundary 

conditions 
4 

4 ,,.4

3.17 

j 	a 
+ 

aLju.UxH+U jLL)JxJJ 

in which the coefficients G: 	H 	J :J depond on the nodal 

patterns and the boundary conditions. 

For some of the combinations of boundary conditions Warburton found 

no reference to known frequencies. For the remainder, the method has 

proved to be highly successful for almost every combination of boundary 

conditions. The values of the natural frequencies obtained using the 

simple approximate method compare favourably with values obtained pre-. 

viously by more exact analysis or by experiment. 

The main exception occurs when the method is used to calculate the 

natural frequencies, with one nodal line perpendicular to the fixed edge, 

of a rectangular plate with one edge fixed and the others free, Suppose 

for example that it is required to calculate the natural frequencies cor—

responding to the modes T./l of a rectangular plate fixed at x = 0 and free 

at x = /e, y = 0 and y = b. The deflected form of the vibrating plate 

for those modes is assumed to be 

	

W 	(P(x)a() 	18 • 
Th values obtained for the natural frequencies, corresponding to these 

modes, are much higher than the values obtained by more exact analysis or 

by experiment. The biggest discrepancy occurs for the node 1/1. The 

value of the natural frequency obtained for that mode can be gretLy im—

proved, however, if the deflected form of the vibrating plate is assumed 

to be, 

	

W - 	el  (Y) 8CP2(81() 	
39 
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CHAPTER IV 

GALCULATION OF THE NATURALFREQUENCIES OF CANTILEVERED PLATES tJSING 

8F.AN FUNCTIONS TO R&RES14ja THE DEFLECTED FORM OF 

THE VIBRATING PLATE. 

h..l Single term apiwoxiTuation of the deflected form of the vibrating plate. 

In view of the success of the method used by Warburton for the calcula-

tion of the natural frequencies of rectangular plates, it was decided to 

investigate the possibility of extending it to include thin, flat trapezoidal 

and triangular shaped plates of uniform thickness. it was used, therefore, 

in an attempt to calculate the natural frequencies of the thin, flat, canti-

levered, rectangular, trapezoidal and triangular shaped plates, of uniform 

thickness, which were investigated experimentally. In the work that is to 

follow, therefore, the functions which will be used to represent the de-

flected form of the vibrating plate will be those which represent the normal 

modes of vibration of a uniform cantilevered beam and a uniform beam which 

is free at each and. These functions are given by equations 3.11 to 3.14. 
During the calculations the symmetrical and the right-angled plates 

were considered separately, and the natural frequencies under consideration 

were divided into families, according to the shape of their nodal patterns. 

The natural frequencies in any particular family have the same number of 

nodal lines perpendicular to the fixed edge of the plate. 

4.1.1 Natural Frequencies of Symmetrica' Plates, 

Figure 4.1 

UL 
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The maximum potential energy of a thin, flat plate, of uniform thick-

ness, which is subjected to lateral, harmonic vibrations of amplitude W(x,y) 

and frequency L) and having a plan form which is either a rectangle, a 

symmetrical trapezium or an isosceles triangle, is given by the expression 

u vtx1 	a 	 $%2)
DL 

4.]. 

and the ma mum kinetic energy by the expression 

TWWVYJ 	a2, 	 4.2 

where  

and 	= (C- - -X 't4"L 6) 
By equating the expressions for the maximum potential energy and the 

maximum kinetic energy an expression for the natural frequencies of the plate 

can be obtained. 

Hence 	z 
- 	 4.3 

(a) Calculation of the natural frequencies of the fwnij.y with no nodal lines 
ierpendicu1ar to the fixed edge. 

Using the i'ayleigh-Ritz method to calculate the natural frequencies of 

the family with no nodal lines perpendicular to the fixed edge of the canti-

levered, symmetrical plates, investigated experimentally, the deflected form 

of the vibrating plate is assumed to be - 

W =A Q (x) Go 	 4.4 

$ubstituting equation 4.4 in equation 4.3, the natural frequencies of 

the first seven modes of the family, of the plates under consideration, were 
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calculated. The calculated and experimental frequencies are shown in Table 1. 

The percentage difference between the calculated and experimental fre—

quencies included in Table 1, and subsequent tables, is defined as, 

Percentage Difference = Calculated Frequency --Experimental Frequency 
Experimental Frequency 	 x 100 

The angle a , which is used to express the variation in area of the 

symmetrical plates, is shown in Figure 4.1. 
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Table 1: Ixierirnental and Calculated Natural repencjes of the family ru/p 

of Syiuietriopl plates. 

Assumed Deflected fori for calculated frequencies:- 

Gan 19 1/16  

J 	
l/ /16 /24 

1/4 

Nodal 
rattrn r?qu'ncie3 (c.p.c.) 

8xpt. 58 63.4 70.2 83.4 90.1 114 
i/o Cab. 59.7 65.2 7.3 87.5 9.3 122 

age cliff. 2,9 2.8 4.4 4.9 5.8 7,u 

xpt. 359 369 3180 409 422 494 
2/0 Cab. .74 385 398 418 428 453 

age cliff. 4.2 4.3 4.7 2.2 1.4 -8,3 

pt. 1003 1011 1022 1046 1362 1193 
3/3 Oalo. 1046 1056 1069 1087 1096 1115 

3tge cliff .4-3 4.4 4.6 3.9 3.5 -6.5 

7-pt. 1970 1966 1976 1996 2011 2202 
4/0 Cab. 2050 2059 2072 2090 2098 7118 

1age cliff. 4.1 4.7 4.9 4.7 4.3 

.Jxpt. 3255 3237 3233 3250 34.85 

51 Jaic. 3387 3398 31+11 3425 3438 345'7 
e 	31f. 4.1 5.0 .5 5$ 

11;xpt • 4823 4,846 4757 4792 4807 5100 
0jaic. 5,062 5Y72 5084 5132 5110 5130 

aLe 31ff. 5.3 4.7 6.8 6,5 6.3 0.6 

3xpt. 6E93 6683 6668 6604 6632 6964 
7/0 Cab. 7070 7)00 7092 7111 7118 7130 

Cage 81ff. 5.7 5.9 0.4 7.7 7.3 2.5 
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(b) Calculation of the Natural Frequencies of the fanily with one nodal line 

perendiou1ar to the fixed edge. 

Using the Rayleigh-Ritz method to calculate the natural frequencies of 

the family with one nodal line perpendicular to the fixed edge of the canti-

levered, symmetrical plates, investigated experimentally, the deflected form 

of the vibrating plate is assumed to be, 

\4 	A 44x) G1 () 
	

4.5 

For the calculation of the natural frequencies of the fa illy rn/1 the 

function 61 (y) as expressed by equation 3.13 nust be ?Iodiflod, due to the 

,c-axis coinciding with the centre line of the plate. For the calculation 

of the natural frequencies of the faily a/i, 	will therefore be as 

expressed by equation 4.6. 

4.6 

Substituting equation 4.5 in equation 4.3, the natural frequencies of 

the first four modes of the faiily, of the plates under consideration, were 

calculated. The calculated and experimental frequencies are shown in 

Table 2. 

Table 2: 	''S 
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Table 2: ixperinientgl ad Calculated Natural Frequencies of the family ni/1 

of symmetrical plates. 

Assumed deflected form for calculated frequencies:- requencies:- 

tan t 	G 	0 	1/1/ 	 /24 	
1/4 

Nod 
aur1 Froquency (c.p.s.) 

,pt. 	256 	322 	43) 	597 	666 	821 

Cale. 	305 	390 	59 	773 	873 	1138 

te difi. 	19.1 	21.1 	23 	29.5 	31.1 	38.6 

xpt. 	823 	)39 	1119 	1446 	16D6 	1994 
2/1 	Cale. 	874 	989 	1083 	1228 	1241) 	1253 

go diff. 	6.6 	5.3 	-3.2 	-15.1 	-22.8 	-37.2 

txpt. 	1558 	1728 	1994 	2473 	2722 	3416 

3/1 	Caic • 	16o8 	1739 	1876 	1967 	1980 	1967 

age cliff. 	3.2 	3.6 	-5.9 	-20.5 	-27.2 	-42.4 

xpt. 	2545 	273 	3079 	3712 	4056 	5396 

4/1 	C.lc. 	2638 	2786 	2938 	3351 	3070 	3067 

e 31ff. 	,6 	1.7 	-4,6 	-17.8 	-24,3 	-39.8 
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The natural frequencies of the first two modes of the family with one 

nodal line perpendicular to the fixed edge of the dantilevered,, $ynmetrical 

plates investigated experimentally were calculated using the Rayleigh—

Rita method and assuming the deflected form of the vibrating plate to be, 

(x) + B 0,- ( x)J 6 (i')  
the natural freqierxcy f the ecnd :ioe of the faiily of these plates 

was calculated using the Rayleigh—Ritz nethod and assuming the deflected 

form of the vibrating plate to be, 

The calculated and expori nental frequencies are shown in Tables 3 

and 4. 

Tpbles 3 and h: . . 
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Table 3: Experimental and Calculated Natural Frequencies of the family rn/i 

of Cantilevered Symmetrical Plates. 

Assumed Deflected Form for Calculated Frequencies:- requencies:- 

LA 	t Et  

tfl 0 1 	. / 16 1 /o 3 /16 5 
/24 

1 
 

ocial 
nWorri 

atura1 Fronucocies (c.i.s,) 

xnt. 256 322 430 597 666 821 
1/1 Caic. 254 324 436 615 692 865 

age cUff. -0.8 0.6 1.4 3.0 3.9 5,4 

ixpt • 820 939 113.9 1446 1606 1994 
2/1 Gale, 891 1149 137 1851 2149 3003 

age diff. 0,7 11.7 16.8 20 33.8 50.6 

Table I: xper.trnenta1 and Calculated Natural Frequencies of the family rn/i 

of Cantilevered Symmetrical. Plates. 

Assumed Deflected Form for Calculated Frequencies:-

\vAJ 
•: [ 42 (x.) + a (3 (x)] & (y) 

I 1/if /0 
 /24 1/4 

Nodal 
at tern :latarai 1roquencios (c.p.a.) 

.XD t, 12) 939 1119 1446 1626 1994 
Gale, 816 916 1126 1141 1177 1230 
age I 	. -.5 -2,4 -0.3 -21,1 -26,7 -38,3 
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4.1.2 Natural Frequencies of Ritht—aiig1ed Plates, 

Figure 1.2 2- 

 

2 
Th .  naximixn potential energy of a thin, flat plate of unifor thickness, 

uich is sibjocted to lateral, harnonic vibrations of airaitu.da \4(,1) and 

:rucvusncy 	, and havLng a plan forri which is either a rectangle, a right— 

angled traooziurt or a right—angled triangle, is Vcn by the expression, 

= 	 __  

taJ the aaxi'n.rTl kinetic eflei'gy by the expression 

T = *zs; 
iiere y1 	3 	 and y2  = (b - x  

By equating the expressions for the maxLaum potential energy,  and the 

maximum kinetic energy, an expression for the natural frequency of the plate 

can be obtained. 

QLilence 	 U(rrt//" 
E 	o 	

4.11 

(a) Calculation of the natural freçpncies of the faoily with no nodal lines 

perpendicular to the fixed edge. 

Using the Rayleigh—kLttz aethod to calculate the natural frequencies of 

the family with no nodal lines perpendicular to the fixed edge of the canti— 

levered, right—angled plates, investigated experimentally, the deflected form 
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of the vibrating plate is assumed to be 

Substituting equation 4.12 in equation 4.il the first seven modes of 

the faTnhly of the plates under consideration were calculated. The calcu-

lated and experimental frequencies are shown in Table 5. 

The angle G , which is used to express the variation in area of the 

right-angled plates is shown in Figure 4.2 

Table 5: . 
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Table 5: Experimental and Calculated Natrai Frequencies of the fa!ljly in/0 

of Cantilevered Rjht-Qng1ed Plates. 

Aciswaed Deflected Form for Oaleulated Frequencies: - 

\\J = A 0%.. (-X) ê 0 j) 

tan U 1/  1.1/  1/3 

L/I? 
1/2  

iJatural Frocuenciec (c..s.) 

xpt. 7.9 62.4 71.6 76.4 37.9 112 

i/o Caic. 59.6 65.1 75.7 81.9 95.5 122 

:age dif. 4.9 4.3 5.7 7.2 8.6 8.9 

cpt. 362 368 376 392 409 477 
2/0 Cab. 375 385 403 412 429 453 

5ge cliff. 3.6 4.6 7.1 5.1 4.9 -5.0 

Oxpt. 1006 1015 1000 1013 1032 1157 

Gale • 1050 1o60 1076 1064 1099 1120 

rage cliff. 4.4 4.4 7.6 7.0 6.4 -3.2 

xpt. 19(19 1967 1905 1923 1959 2185 

4/0 Cale. 2058 2,967 2084 2092 2107 2127 
,ae Jiff. 4.5 5.1 9.4 3.8 7.6 -2.7 

• 3251 3239 3327 3)67 3164 3559 
5/0 Gale. 3402 311 3423 3436 3451 3471 

ace 01ff. 4.6 5.3 3.0 12.0 9.1 _25 

xt. 4817 4355 142575019 4660 5250 
6/0 Gale. 5032 5092 5108 5116 5131 5150 

ace 01ff. 5.5 4.9 5.2 1.9 b0;.1 -1.9 

Ext. 66956691 6601 6361 7220 
7/0 Caic. 7,098 7108 7124 7132 7147 7166 

Jae 01ff. 6.0 6.2 4.9 12.4 9.7 
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(b) Calculation of the natural Frequencies of the family with one nodal line 

"perpendicular" to the fixed edge. 

The nodal patterns corresponding to the natural frequencies of right- 

angled trapezoidal and triangular plates, tend to be parallel to the x and y 

directions shown in Figure 4.3. The experimental results show that the nodal 

line in the x direction of the family with one nodal line in that direction 

coincides approximately with the x axis. To calculate the natural fre-

quencies of that family, using the Rayleigh-Ritz method, the deflected form 

of the vibrating plate was represented in terms of the skew co-ordinates x 

and Yi 

The maximum potential energy of the vibrating plate in terms of the 

skew co-ordtzr.t x and y is given by the expression, 

D f-L-  ;zw+
41 [ oc 

_W 
c/ fl 	J..l3 

and the maximum kinetic energy by 

 

.1/ 
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where:' 	(e—c) 	(X, .4MJo(C) 

andy2 = (c 	(c - T ) 

quating the expressions for the maximum potential energy and the 

maximum kinetic energy,, an expression for the natural frequency of the plate 

is obtained. 

S f Hence 	 w 
- 

Using the ayleigh-Ritz method to calculate the natural frequencies of 

the family with one nodal line in the x direction, of the cantilevered right-

angled plates investigated experimentally, the deflected form of the vibra-

ting plate was assumed to be, 

\AJ 	 fl (P~ (.0c) el w 
	

I. 16 

aquation 4.16 was substituted in equation 4.15 and the natural fre-

quencies of the first four modes of the family of the plates under considera-

tion were calculated. The experimental and calculated frequencies are 

shown in Table 6. 
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Table 6: E2=rin2ental and Calculated Natural FreQuencies of the family mu 
of Cantilevered Right-angled Plates. 

Assimed deflected fori for calculated frequencies:- 

W 

tan e 	
[ 

o  
1 	

l/  1/3 /l2 1P2 

Nodal atural Frequencies (c.p.u.) 
Pattern 

;:"-pt . 255 319 461 535 608 820 

1/1 a1c, 306 394 712 942 1234 

a,-)e diff. 20 23.5 34.1 41 50.4 

xpt. 824 930 12.85 2323 1598 1924 

2/1 Caic. 877 1300 1239 1318 1343 

;ia%e 01ff. 6.4 7.5 -..3 -17.5 -30.2 

8t. 1558 1714 2112 2291 2684 3137 

8 ale. 1614 1754 2000 2367 2081 

Oage 01ff. 3.6 2.3 -12.7 -23 -33.7 

8xt. 25/4 2724 3834 3515 4129 4670 

4/1 Cab. 2642 2807 3092 3176 3207 

ae 01ff. 4.1 3 -12 -21.2 -31.3 
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The Rayleigh-Ritz method was then used, assuming the deflected form 

of the vibrating plate to be 

\j = Lii 4), () ± b (Pa (-)1 e, (k') 	
/.17 

to calculate the natural frequencies of the Aodes i/i and 2/1 of the canti-

levered right-angled plates investigated experimentally. 

The natural frequency of the second mode of the family of the rec-

tangular and right-angled triangular plates investigated experimentally was 

calculated using the Rayleigh-Ritz method, and assuming the deflected form 

of the vibrating plate to be, 

E' j2a(x)  a (P3(x)I () 
The calculated and experimental frequencies are shown in Tables 7 and 

NP 

Tabla1: xperiinental and Calculated Natural Frectuencies of the famiig nil 
of Cantilevered Right-an1ed Plates. 

Assumed deflected form for calculated frequencies- 

W ={R,()+aP)]G1() 

tan 
• 1/3 /l2 1/2  

ocIal aturai. irequencies (c.p..)  
1-'atern 

xpt. 255 319 461 535 660 20 

1/1 Cab, 255 328 565 928 
01 age diff. () 2.8 5.6 13.2 

ixpt. 24 930 U5 1323 1593 1924 

2/1 'Cale. C94 1055 1671 326) 

Yage dif f 8.5 13.5 26.3 9.4 
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Table 8: Experimental and Calculated Natural Frecuencies of the family rail 

of Gantilevered. Rectangular end Right-angled Triangular Plates. 

Assumed deflected for'n for ealcultod frequencies:- 

\4 = I A ~? (2K) + a ~3 Wj 6 & (I) 

ectangular 
Plato 

Triangular 
Plate 

:tural Frequencies (c.p.s.) Pattern 

xpt. 824 1924 

2/1 Cale. 820 1312 

ao 5iff. -0.5  

On oxanination of the results shown in Tables., 1 to 8, it can be seen 

that the calculated values of the natural frequencies of mode 1/0 of all 

plate shapes are higher than the experimental values. In the case of the 

higher nodes of the family, the calculated frequencies of the rectangular 

and trapezoidal shaped plates are higher than the experimental frequencies, 

but the calculated frequencies of the triangular plates are, in general, 

lower than the oxperi nental frequencies. This is due to the fact, that the 

experimental frequencies of the higher modes of the family tend to be con-

stant as the area of the plate is reduced, and then increase rapdily as the 

shape of the plate approaches a triangle. The rapid increase in fre-

quency was not, however, predicted when the Ra leigh-Ritz method was used 

to calculate the natural frequencies of the higher modes of the family, 

assuming the deflected form of the vibrating plate to be a single term 

combination of the functions which represent the modes of vibration of 

uniform beams. As a:result the calculated frequencies of these modes of 

the triangular plates are lower than the experimental frequencies. 

The results show that, for all plate shapes, the calculated fre- 
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frequencies of mode 1/1 are higher than the oxperinental frequencies • The 

discrepancy between the calculated and experimental results varies from 19% 

for the rectangular plate to 38% for the triangular plate in the case of the 

symmetrical plates, and from 20% for the rectangular plate to 50.4% for the 

triangular plate in the case of the right-angled plates, when the frequencies 

are calculated assuming the deflected form of the vibrating plate to be 

\Aj 	R((30 61() 
iho discrepancy between the calculated and experinental results is, however, 

considerably reduced for all plate shapes, when the frequencies are calculated 

assuming the deflected fori of the vibrating plate to be 

W = L n 	+ 8 4 (J6, () 
The results of the higher oodos of the farLily u/l show that the in-

crease in frequency, with the reduction in area of the plate, is less rapid 

for the calculated frequencies than for the experimental frequencies when the 

deflected fxm of the vibrating plate is assumed to be, 

W = 	A Q411t- (-.) C) a , 
For examnple, the experimental ñquency of aede 2/1 of the isosoeles trian-

gular plate is 30.2% higher than the calculated frequency. No improvement 

was obtained when the natural frequency of mode 2/1, of the cantilevered 

symmetrical and the cantilevered right-angled triangular r1ates was calculated 

assuming the deflected form of the vibrating plate to be, 

W = [A 4- (x) + B 4)] 01 ~1) 
The calculated value of the natural frequency of oode 2/1 is, however, higher 

than the experimental value, for all plate shapes, when, for the purposes of 

the calculations, the deflected form of the vibrating plate Is assumed to be 

W= LRcX)+  a Q ( x)..7 a , () 
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The discrepancy between the calculated and experimental results varies from 

8.7% for the rectangular plate to 50.6 for the triangular plate in the case 

of the symmetrical plates. The corresponding discrepancies of the right-

angled plates are 8.5% and 69.4% 

The comparison between the foregoing experimental and calculated 

results has shown, that the method used successfully by Warburton for the 

calculation of the natural frequencies of rectangular plates, is unsatis-

factory when applied to cantilevered, trapezoidal and triangular shaped 

plates. It becomes necessary, therefore, to use some other assumed deflected 

fol'ni, if the Eayleigh-Ritz method is to prove successful for the calculation 

of the natural frequencies of cantilevered, trapezoidal and triangular shaped 

plates. 

4.2 Series appronation of the deflected form of the vibrating Dlat. 

The results of the previous section have shown that the eyleigh-Ritz 

method of calculating the natural froquenciei; of cantilevered, triangular 

and trapezoidal shaped plates is not, in general, satisfactory if the de-

flected form of the vibrating plate is assumed to be a single term com-

bination of the appropriate finctions which represent the normal modes of 

vibration of uniform beams. If the Rayleigh-Ritz method is to prove success-

ful as a method of calculating the natural frequencies of these plate shapes, 

some other assumed deflected forms must be used. It was decided, therefore, 

to calculate their natural frequencies using a series consisting of the 

appropriate beam functions, to represent the deflected form of the vibrating 

plate. The natural frequencies of each family were again considered 

separately and for the calculation of the natural frequencies of the families 

with no nodal lines and one nodal. line perpendicular to the fixed edge the 

shape of the deflected form was assumed respectively to be of the form 

[06. (, (x) + a a  Pa (x) -4- - - - -J 0 () 19 
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\J =L1 ( () + 4(x)+  -- -161  () 	 4.20 

4,2.1. iiatural Freguancies of Symmetrical Plates. 

(a) Calculation of the natural frequencies of the faml1y with no nodal lines 

perpendicular to the fixed edge. 

Using the Rayleigh-Ritz iethod to calculate the natural frequencies of 

the family with no nodal lines perpendicular to the fixed edge of the plate 

of the cantilevered, symmetrical plates investigated experimentally, the 

deflected form of the vibrating plate was assuned in turn to be, 

W 	Ea1c) + Ca(j7)J 	 4.21 

W - 	4 ()+ a33(Jb() 	 4.22 

- 	N + 	+ c 3  j2' () ± a44 ')I1 & 	4.23 

Using the first of the3e expressions, the first two natural frequencies 

of the family of the cantilevered, rectangular, symmetrical, trapezoidal and 

the isosceles triangular plates were calculated. With the deflected form 

assumed, respectively, to be equations 4.22 and 4.23, the first three and 

the first four natural frequencies of the family of the rectangular and isos-

celes triangular plates, were calculated. The calculated and experimental 

results are shown in Tables 9, 10 and U. 

Table 9: . , 
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Assu-,.iel deflected -'Lorq for calculated frequencies: - 

\4 = k1 	+ e (P?(4J 60('j) 

tan e 0 1/16 1/8  ji6 /2 

hxtura1 Frequencies (Copts*) 

53 63.4 70.2 83.4 90.1 114 

Cab, 5.5 E4.9 73 37 94.7 121 

ae dill. 2,6 1,7 4 4.3 5.1 6.1 

359 369 383 409 422 494 

2/3 Gale, 373 303 100 14 26 443 523 

Ulf , .9 3.3 5.3 4.2 5.0 6.9 

Table 10: ixperi!nental and Calculated Oatural 3reouenciesof the faiiJs rn/C) 

of Canttleverod, Rectangular and Isosceles Triangular Plates. 

Assined deflected forn for calculated frequencies:— 

\4 =Ia, c ()+ C, 42 (bc) + o t'.P. 	&i) 

ectangulai 0ria.:u1ar 
Plate Elate 

03a1 :aturai. 	requerieies (c.o.s.)  
r 	' tern 

Oxt. 58 114 

i/O Cab, 59.5 .121 

age Cliff. .6 6.1 

xot. 359 494 

2/0 Gale. 373 526 

ape 

 

Cliff. 3.9 6.5 

Oxpt. 1303 1193 

3/0 Oaie. 1046 1283 

:e dill. 1,3 7.5 
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Table U: Exporiuental and Calculated Natural Frequencies of the family rn/0 

of Cantileverd. ReotanEular and Isosceles Triangular Plates. 

Assumed deflected fora for calculated frequencies:— 

()+ 	0-3. 	o,4Q4(x)1 O() 

i3ctan(ular Triangular 
Plate Plate 

.)dal natural 	roquenc1OS (c.p.s.) 
Pattern 

t. 58 114 

i/o c,alc. ;9.5 121 

wage 3lff. 2.6 6.1 

xnt. 359 04 

2/0 3aic. 373 526 
ae 	1iff. 3.7 6.5 

xot. 1303 1193 

3/3 Gale. 1346 1280 

ago'Lff. 4.3 7.3 

8xpt. 1973 2202 

4/0 Cue. 2 J4 2371 

Yago dlff. 4 7,7 

(b) Calculation of the natural frec1uencies •f the fa i1y with one nodal line 

pernendicular to the fixed edgy. 

Using the Rayleigh—Ritz method to calculate the natural frequencies of 

the faully with one nodal line perpendicular to the fixed edge of the canti—

levered, symmetrical plates, investigated experimentally, the deflected form 

of the vibrating plate was assa'ned, In turn, to be 

\(sJ 	[CA 4 (x) +C42(x) 	0 () 	 4.24 

W _ 	( x) 1- CC2: (1:32 (g) + Q 3  ( 3  (:) 
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Using equation 4.24 to represent the defloted fori of the vibrating plate, 

the first three natural frequencies of the family of the rectangular plate 

and the first two natural frequencies of the family of the isosceles tri-

angular plate were calculated. With the deflected form assumed to be 

equation 4.25, the first four natural frequencies of the fa-mily of the 

rectangular plate were calculated and the first three natural frequencies 

of the family of the isosceles triangular plate were calculated. The cal-

culated and experLiiental results are shown in Tables 12 and 13. 

Table 12: .'xperi ental and Calculated Natural frequenojes of the family rn,'l 

of Cantilevored, Rptangu1ar and I3Osceles Triangular Plates. 

tssu ed deflected fora for calculated frquenc.tes : - 

\,i =1 	 +C.34)3(C)JG,() 

Rectangular
, 

 risnguiar 
Plate !lete 

Oodal -  Thtural Frequencies (copes*) 

256 221 

Gale. 254 861 
i/I 

ae Oiff. ).8 4.9 

Ixt. 23 1994 

2/1 Cab. 232 8 128 

ago 01ff. 1.5 

1556 

Caic. 1639 

:ao 	01f f. 5.2 

Table 13: . . 
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Table 13: xporimental and Calculated Jtural Frequencies of the fanil mu 

of CrtUeerod. Rectangular and Isqes Trjangiiar Plates. 

Assumed deflected fori for calculated frequencies:- 

'4 = LOL, ~, (X) + 1, a (Z () + Q. ~ ~, (ZC) + CL. ~. (:).e) j 6. ly) 
bcta;Lir rina1ar 

Plate 1te 

iuraFrequencies (c.p.a.) 
attcrn 

256 821 

i/i Caic, 252 061 

Yage diff. -1.6 4.9 

Oxpt. ;2) 1994 

2/1 Cab. J3  2137 

age diff. 1.3 7.2 

itxpt. 155 3416 

3/1 Caic. 1601 3679 

Elze . - _..J f. 

xpt. 2545 

4/1 1c. 2651 

aO difi. .2 

4.2.2 Natural Frecuencies of ight-ang1od fl.ates 

(a) Calculation of the natural frequencies of the family with no nodal lines 

rerpendicular tptho fixed edge. 

Using the Ray1eigh-Ritz method to calculate the natural frequencies of 

the family with no nodal lines perpendicular to the fixed edge of the canti-

levered, right-angled plates investigated experimentally, the deflected form 

f the vibrating plate iras asiied, in turn, to be 	--- 

- \ 

+ a 	(Pa ('iJ o () 	 4.26 

W 	 4.27 
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With the deflected for:ii assuied to be equation 4.26, the first two 

natural frequencies of the family of the cantilevered, rectangular, right—

angled, trapezoidal and right—angled triangular plates were calculated. 

Using equations 4.27 and 4.28 respectively, the first three and the first 

four natural frequencies of the family of the cantilevered rectangular and 

right—angled triangular plates were calculated. The calcuL ted and exr)eri—

nental results are shown in tables 149 15 and 16. 

Table 14: 	erinentl nd 3a1cUated Natural .Yrepueneies of the fainil.v _riL 
of Cantilevered Right—anizlod Plates. 

sued deflected for 11 for calculated freaaoncies:— 

v\j = F a,. 0, (X) + CL - ~?- (X) 7 6 0 (,.~ ) 

tanO ) l[ 1.1/4 1/3 1/2 

etrai drquencioo (c.p.s. 

3xpt. 57.9 12.4 71.6 76.4 {7.) 112 

1/.. 8ale. 59.6 b51 81.6 55.1 122 

;af 	diff. 2.9 L1..3 6.8 3.2 

xpt. o2 368 -7o ;)2 49 477 

2/0 Cale. 375 385 417 145 530 

¶l.aCo 81ff. 3.6 4.6 6.4  8.1 11.1 

Table 15; 0 0 
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Table 16: Experimental and Calculated Natural FreQuncies f th failrs  

of Cantilevered, ieatangular and Right-.angled. Triangular Plates. 

;;ssLlned Jeflected form for calculated frequencies:- 

'\4 = [CA,, ~, (-)C) + CL,- (~ W + Is ~3 (-X) + CL4 4 W1 0 0 (Y) 

ectari0ru1ar rianrular 
Plate 

;od.a1 taDural Frequencies (c.p.u.) 
Pattern 

.xot. 57.9 U2  

i/o 59.6 122 
.rc 	itT. 2.9 8.9 

• 362 477 

2/0 Cale, 375 528 

'age diff. 3.6 10.7 

1 0 1157 

3/') Celo, 1053 .1285 

g0 diff, 4.4 11,1 

xpt. 1'1169 2135 

4/0 a1c. 2) 58 2383 

age Jiff. 4.5 8.9 

(b) Calculation of the natural frequencies of the fan 	thMe.- nodal 

"perpendjcularto the fixed edge. 

Using the Rayleigh-Ritz method to calculate the natural frequencies of 

the faiii],y with one nodal line in the x direction, (figure 4.3) of the canti-

levered, right-angled plates investigated experimentally, the deflected form 

of the vibrating plate was assaned to be, 

Tith the 1of1eeted fore assaecl to be equation /.27 the first three 

natural frequencies of the family of the cantilevered, rectangular plate 
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and the first two natural frequencies of the family of the cantilevered, 

right-angled triangular plate were calculated. ihe calculated and experi-

mental frequencies are shown in Table 17. 

Table 17; Jixper1iienta1 and Calculated Natyral Frequencies of tap family raLi 
of Cantilevered. Rectnglar and Right-angled Trianiu1ar Plates. 

ss'raod deflected fora for calculated frequencies:- 

\4[C~1Q() +a4a(x) +0(03(x.)7() 

c tan gui:r T:iigrJr 
lato lte 

Nodal Ha 	ralHroienelos (c.p..) 
Pattern 

ix)t. 255 820 

Gale. 255 918 

age dLii. 0 12,0 

xpt. 24 1924 

2/1 calc. 035 .275 

iage diff. 1.3 18.2 

H:pt. 1558 

3/1 1c. 1645 

age IIIff. 5.6 

It can be seen iro.tl he resulto that the use of the hayleigh-rlttz 

method to calculate the natural frequencies of cantilevered, rectangular, 

trapezoidal and triangular shaped plates, assuming the deflected form of the 

vibrating plate to be a series consisting of the appropriate bean functions, 

is, In general, satisfactory. Apart froi node 1/1 of the rectangular plates,* 

the calculated frequencies of all nodes considered, of all plate shapes, are 

higher than the experimental frequencies. For the family 1/0 of the syn-

ietrtca1 plates, the discrepancy between the calculated and experimental 
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frequencies varies from 0.% to 7.7. In the case of the right-angled 

plates, the discrepancy between the calculated and experimental frequencies 

of the family m/0 varies from 2.9% to 11.3% and the discrepancy between the 

calculated and experimental frequencies of the family rn/i varies from 0% to 

18.2%. 

The use of a series of beam functions to represent the deflected form 

of cantilevered, trapezoidal and triangular shared plates leads, however, 

to the solution of integrals of the type so 	(P1 (bc) QaS'' 

the expression for the deflected form is subtitute'3 	the expressions for 

the 'maximum potential energy and the ixirnu k I rietiC inergy of the vibrating 

plate. The solution of these integrals is extremely difficult without the 

use of an electronic digital computer. They were solved, therefore, with 

the aid of a Ferranti Pegasus Comnuter, and the results obtained are tabu-

lated in Appendix No. 2. 
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CHAPTER V 

Clcu1p1jon of the natural freau4es of cantilevered Diates using alaebraio 

Functions to rprn'eeent the deflected form of the vibrating n1ate. 

When it was found that theRaleigh-Rttz method, using a single term 

combination of the appropriate beafl functions to represent the deflected 

form of the vibrating plate was unsatisfactory for the calculation of the 

natural frequencies of cantilevered, trapezoidal and triangular shaped 

plates, the use of two alternative types of deflected form were investi-

gated. These were a series consisting of the appropriate bean functions 

and a series of algebraic functions. It can be seen from the work of the 

previous chapter that satisfactory results are obtained for the natural 

frequencies of the families with no nodal lines and one nodal line perpendi-

cular to the fixed edge of cantilevered, rectangular, trapezoidal and tri-

angular plates, if the deflected form of the vibrating plate is assuned to 

be a series of beam functiona. In this chapter, the possibility of using 

a series of algebraic functions to represent the deflected form of the 

vibrating plate will be investigated, 

To calculate the natural frequencies of the families with no nodal 

lines and one nodal line perpendicular to the fixed edge, respectively of 

cantilevered plates, the deflected form of the vibrating plate was 

assumed to be of the form 

\cI = (CL, x 
a + Cx+ ------) 

w =(eAxz4a,3C3+ - - - 

As in the previous chapter theynnetrical and the right-angled 

plates will be considered separately and the natural frequencies of the 

plates will be divided into families. 
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5.1 Natural Frequencies of Synietr12g1 Plates 

(a) Calculation of the natural frecw.enoies of the fwnt1v with no nodal 

lines perpendicular to the fixed odcze. 

Using theRayleigh-RitZ iiethod to calculate the natural frequencies 

of the fani],y with no nodal lines perpendicular to the fixed edge of the 

cantilevered, aynnietrical plates, investigated experimentally., the do-

floated form of the vibrating plate was assuiied, in turn, to be 

- 	 5.3 

\J=: 	 5.4 

W 
	

CL, XZ+CA X3± QX4+ CxS 	 5.5 

tJsLng equations 5.3 and 5.4,  the first two natural frequencies of the 

family of the cantilevered, symimetrical plates were calculated and using 

equation 5.5 the first three natural frequencies of the tani1y of the canti-

levered, rectangular and the cantilevered isosceles triangular plates were 

calculated. The calculated and exerimental results are shown in Tables 

180  19 and 20. 
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Table 18: 	 ad Nptxa FeS  	l 	 oueacies  of the fanily rn/C) 

J)antileyezd Synnnptrjpa], Plates. 

, 	•ied doflectod for i for calculated frcq:enc es : - 

\4 - 

tan  1/8  1 	3/16 5/24 
1/ 

aturai ;?recon c Los (copes*) 
P 	rs 

52 63.!. 70.2 03.4 90.1 114 

Gale. 59.6 64.9 73 27 94.7 122 

52go d.LCIT. 2.8 1.7 4 4.3 5.1 7 

.rpt. 359 369 380 409 422 494 

2/0 Gale. 590 583 573 565 566 630 
cliff. 64.5 58 5),2 32.2 3/.1 27.6 

Table 19: Experimental a  Calcalated Naturai Frepencies of the farii].y La/0 

of Cnti1evered. Synrnetica1 Plates. 

2ss;. '-ted deflected fort for ogle tiatod freciu3 neles : - 

Od,X+C&,aX3+C3X4  

tan 0 L/16 /o '/16 /24 
1/. 

Nodal 
Fattora Natural Frecaencles (c.p.s.) 

6;.4 7.2 23.4 90.]. 114 

i/a Gale, 59.5 64.9 73 27 94.7 121 

Sage cliff. 2.6 1.7 4 4.3 5.1 6.1 

359 .,o9 380 409 422 494 

2/0 Gale. 377 326 401 428 445 530 

Sage cliff, 5 4.6 5.5 4.4 5.4 7.3 
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Table 20: ELc2erjmental and Calculated Natural Frepuenices of the fanthr n/0 

of Cantilevered, Reg&Mprular and Isosceles Trianjij Plates. 

Assumed deflected form for calculated frequencies:- 

'vJ - ix~aax3±c.3x'+ 

Lectangular I'2:iançu1ar 
Plato Plate 

;,at-iral :requencios (c.p.s.) 
Pattern 

.xpt • 5C 114 

i/o Cale. 59,5 121 

age cliff. 2.6 6.1 

xpt. 359 494 

2/0 Cab. 376 
ge diff. 4.7 6.9 

xpt. 1X)3 1193 

3/3 Gale. 1,074 1315 

rage Cliff. 6.9 10.2 

(b) Calculation of the naturl froouenoie j's' ho faii1y 4thno npl line 

perondieu1ar to tho fixed edge. 

With the deflected forn of the vibrating plate assumed, in turn, to be 

\AJ 	 5.6 

W(o1xa+ a.ax3)' +cx 3 	 5.7 

W = (OIIX + CL2-y-3± Cx4)'/ 5.8 

W =(c 1 	O aX3± Cx4± 0-4x 	 5.9 

the ..Layleigh-;Ritz ethod was used to calculate the natural frequencies of the 



oas 

1000 

500 

o 	O-OS 	oa 	0.1s 	oa 

TA, Ne 

VARIATION OF NATURAL FREQUENCY OF MODE 2/I 

WITH AREA OF PLATE 

rL,IaBJ 

3SOo 

O 
a: :000 
U 

50O 

0O0 

iO 



Np-rURAL FRELJENC (c.$) 

1) 	- 	 5 0 	0 	0 	o o 	0 	 0 	a 
Lol 

0 
0 
111 

H 9  
3, 
z 

0 
ul 

rv 

DD 

—I 
0 
z 

I  0 
I -Il 

r' 
3' 

C 
F 

- 

iii 

'- 

I'l 
z 

I 

D 

rTl 

C 

' 
r 

rn 
o 

11 

fl_I 
o 
c 

z 

H 

r 

11 
A 
ITI 
joH 
c 
ni 

ox 
-ii 

ITI 

Vt 
U 

2 
rt 
< 

flu 
z -n 

U' 3 
0 
0 
Ill 



62. 

family with one nodal line perpendicular to the fixed edge of the cantilevered 

symmetrical plates investigated experimentally. 

Using equations 5.6 and 5.7, the.rst two natural frequencies of the 

family of these plates were calculated. With the deflected form assumed 

to be equations 5.8 and 5.9 respectively, the first two natural frequencies 

and the first three natural frequencies of the family of the cantilevered, 

rectangular and the cantilevered isosceles triangular plates were calculated. 

The calculated and experimental frequencies are shown in Tables 219  22, 23 

and 24. 

T14 ?l: Eçoer%iienial and, Calcted Natural Fr2guencies of the  fiis/ 

of Cantilevered.;ynrnetrical 

Assuied deflected for i for calcuiabod freaueneos 

\tJ =(C,x2+ a..2x) 

tan 0 1/16 l: /l6 /24 
1/4 

iTatural itroquenc tes (c .p. 

256 322 430 597 666 621 

VI Gale. 266 33.6 42645 916 

%ago cUff. 4.7 5 5.3. 6 11.6 

Expt. 3.23 939 111 14461606 199 4 

2/1 3alc. 1227 1422 1761 2499 4136 
ae cliff. 49.7 51.5 57.4 72.6 112 
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Table 22: Jwerjental and Calculated Natural Frequencies of the faidl Wi 
of Cantilevered. SymmetriggI Plates. 

Assu:ned deflected forn for calculated froc-uencies:- 

W C&aX3 )+ a3X%3 

ten 0 11 1/. /16 /24 
1/4 

Pattern 
.atura1 	reuonce 	(c .p • 

iixpt. 256 322 430 597 666 021 

1/1 Cale. 263 452 640 893 

0 djffe 4.7 5.9 5.1 7.2 08.8 

939 1119 146 16o6 1994 

2/1 Cab. 1204 1406 1755 2423 4050 

ae diff. 46.0 49.7 57 67.9 108 

Table 23:oeri tental and Calculated Natural eguences of the Caathr Wi 
nti1evered, Rectancu1ar and Isosceles Triangu.1r Plates. 

Auned deflected form for calculated frequencies:- 

W =(ox2~ a2x3+a3x)' 

0ooianguiar z.angular 
Iato, e 

1 	1 

attLai ireeencies (c.p.s.) 
Pattern 

256 02.1 

1/1 Cab. 253 063 

age J .L. -. 

xet. 320 1994 

2/1 Cab. 356 2432 

.ge .. 
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Sable 24: Experirnental and Calculated Natural Frequencies of the fanily rz/l 

of Cantilevered. Rectangular and Isoseoles Triangular Plates. 

Assumed deflected form for calcilatod frequencies:- 

(ax-Cax.+ c 3x*+ 04x) 

Telate :late 

Nodal Natural Frequencies (c.p.s.) 
Pattern 

pt. 256 821 

Cab. 257 859 

lage cliff. 0.4 4.6 

pt. 8210 1994 

2/1 CaJ.c. 856 2142 
1ae diff. 4.4 7.4 

Expt. 1558 3416 

3/1 Cab. 1842 4248 

age 01ff. 18.3 24.4 

5.2 Natural Froq nojes of iht-an1ed Plates  

(a) Calculation of the natural frequencies of the family with no nodal 

lines perpendicular to the fixed edge. 

The taybeigh-Ritz nethod, assuming the deflected form of the vibra-

ting plate to be, in turn, 

cL i X+Q a X 	 5.10 

Qd1X+CX 3+CX4 	 5.11 

\J al X+X+X' -+Q.4 X 	 5.12 
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was used to calculate the natural frequencies of the family with no nodal 

lines perpendicular to the fixed edge of the cantilevered, right- angled 

plates investigated experimentally. 

The first two natural frequencies of the family of these plates were 

calculated using equations 5.10 and 5,11, and the first three natural fre-

quencies of the family of the rectangular and the right-angled triangular 

plates were calculated using equation 5.12. The calculated and experi-

mental results are shown in Tables 25, 26 and 27. 

Table 25: 4xperinnta1 and Calculated iTptura]. Frequencies of the family mJ 

of Cantilevered. Rtght-anpled Plates. 

Assumed ef1eoted form for calculated frequencies:- 

w - 
tan 0 1/8  1h//. l/ /12 1/2 

i:atural 0rocu.ncies (c.p.a.) 
Pattern 

Oxpt. 57.7 62.4 71.6 76.4. 07.9 112 

1/0 OnIc. 59.6 0 02.2 95.1 123 

,age oW. 2.9 / 7.6 .2 7.8 

1xpt. 362 3c 76 372 477 

2/0 Cab. 592 505 569 568 632 

ge diff. 62.4 59.3 4!.2 3.8 32.3 
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Table 26: jxperinientpl and Cacated iJatural Frecuencies of the fanitly /Q 

of Gantilevered, Right-angled Plates. 

Assumed deflected form for calculated frequencies:-

= QX ±O.2X,± CX 

tn 1 /4  1/3 /12 1/2 

.-,,... atura1 	eqaacL oJ 
i, t, 

4t. 137.9 62.4. 71.6 76.4 87.9 112 

1/u Cab. 59.6 65.1 1.6 95.1 122 

aGe cliff. 2.9 4.3 6.8 8.2 8,9 

ixpt. 362 368 376 392 419 477 

2/0 Cab, 378 3u$ 419 447 532 

;age cliff. 4.!. 5,4 (.9 9.3 11.5 

Table 22: xreriraenta1 and Caicuatod jaturE.I Frequencies of the faidly a/0 

of CantU.evex'ed. Rectangular and Right-angled Triangular Plates,, 

Assunod deflected fora for calculated frequencies:-

W = C4 1X2+ C(aX3+ O.X+O..4X 

Rectangular Triangular 
'late Plate 

Rodal .. ...aural 	irequoncios 
Pattern 

57.9 112 

1/3 Gale, 59.5 122 

'age  cliff. 2.8 8.) 

Gxpt. 362 477 

2/0 Gale. 377 

,.age diff. 4.1 11.1 

)'xpt. i:,o6 1157 

j j  Cab. 1078 1320 

'ao cliff. '7.2 14.1 
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(b) Calculation of the natural frequencies of the family with one nodal line 

"perpendicular" to the fixed edge. 

Using the Rayleigh-iitx method to calculate the natural frequencies of 

the family with one nodal line in the x direction (Figure 43) of the canti-

levered, right-angled plates investigated experi:iientally, the deflected form 

of the vibrating plate was assuned, in turn, to be, 

W 	(CL'X e + Qax)', 

(o. 1 x + ax + 

'sing equations 5.1. and 5.14 the first two natural frequencies of 

the family of the cantilevered rectangular and the cantilevered, right-

angled triangular plates were calculated. The calculated and experimental 

results are shown in Tables 28 and 29. 

Table 28: Exoerimental and Calct1ated Natural Frequencies of the çad3s rI1 
of Cantileverod. Rectawular and Riht-ang1ed. Trtanmilar Plates 

Asaued c3oflected for Ti for calculated freauencies:- 

W =(o 1 x+ O..2X3)3-- 
::oetangular langular 

Plate Plate 

odal uturai 

 

Frequencies (c.p.a.) 
Pattern 

xpt. 255 23 

1/1 Cab. 2(b) lO4 

age cUff. 5.5 27.8 

xot. :24 1)2.4 

2/1 Cab. I2) L737 

;age diff. I. 	.5 



le 29: xier1nientai and Calculated natural Frcxiuencies of the faxnjtv rn/i 

of Cantilevered. 1tectang1r and Rihan,zled Triangular Plates. 

Assuaod deflected form for calculated frequencies:— 

W 

.ectnng1ar Triangular 
Plate ulate 

Nodal atiral 	'roquoucios (c.p,s.) 
Pattern 

.xpt. 2)5 220 

1/1 Caic, 255 926 

age diff. 0 12.9 

xpt. 224 1924 

2/1 Cale, 259 2909 

agu CILIT. 4.2 51.2 

It can be soon from the results that when the Hy1eigh—ultz method 13 

used to calculate the natural frequencies of the families m./O and rn/i of 

rectangular trapezoidal and triangular plates, assuming the deflected form 

of the vibrating plate to be a series of algebraic functions, the results 

obtained are, in general, satisfactory, It was found, for example, that 

when a four term series Is used to calculate the natural frequencies of the 

family rn/0 of rectangular, isosceles triangular and right—angled triangular 

plates, agreement between the experimental and calculated results is satis—

factory, for the first three frequencies of the family, for each of these 

plates. The discrepancy between the calculated and experimental frequencies 

of the syrrnetrical plates varies fran 2.6% for mode 1J0 to 69%  for mode 3/0 

in the case of the rectangular plate and from 6.1% for mode i/O to 10.2% for 

mode 3/0 in the case of the Isosceles triangular plate. The corresponding 



discrepancies, when the four tern series is used to calculate the natural 

frequencies of the fanily m/0 of the right-angled plates, are 2.81P for 

node )JO  and 7.2% for mode 3/0, in the case of the rectangular plate, and 

8.9% for mode i/o and 14.1% for mode 3/0, in the case of the right-angled 

triangular plate. 

Using a four tern series to calculate the natural frequencies of the 

family rn/i of the symmetrical plates it was found that, for the rectangular 

and isosceles triangular plates, the calculated value of the natural fre-

quency compared favourable with the experimental value for the first two 

modes of the family. The differences between the calculated and experi-

mental results were 0.4% for ode 1/1 and 4.4% for mode 2/1, in the case of 

the rectangular plate, and 4.6% for mode 1/1 and 7.4%  for node 2/1 in the 

case of the isosceles triangular plate. The discrepancy between the cal-

culated and experimental results for node 3/1 was 18.3%  for the rectangular 

plate and 24.4%  for the Isosceles triangular plate. 

A three term series was used to calculate the natural frequencies of 

the family rn/i of the right-angled plates, and it was found that the dis-

crepancies between the calculated and expori nental frequencies were 0% 

for node ]Jl and 4.2% for node 2/1 in the case of the rectangular plate 

and 12.9% for node 1/1 and 1.21/10 for node 2/1 in the case of the right-

angled triangular plate. 

During the course of the investigations, the possibility of cal-

culating the natural frequencies of the family nV2  of the symmetrical 

plates, using algebraic functions to represent the deflected form of the 

vibratLng plate was investigated. The possibility of using an algebraic 

series of twelve terms to represent the deflected form of the vibrating 

plate for the calculation of the natural frequencies of the family m/l 

of symmetrical plates was also investigated. The results of these 
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investigations were, however, unsatisfactory. Details of the results 

and the series which were used to represent the deflected form of the 

vibrating plate are given in Appendices 5-and 6. 
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CHAPTER VI 

ASSIMILATION OF RSUI/8 

In this chapter the results, which are shown In oliapters two, 

four and five are presented for comparison in three tables. In the first 

the experimental results are presented to show the variation of experimental 

frequency with the angle of taper of the plate. In the second table, each 

mode is considered separately, and the results are presented to show for 

each assumed deflected form, the variation of frequency with the angle of 

taper of the plate. In the third table each plate shape is considered 

separately and the caloulated results which were obtained for each mode 

of the plate are shown. The results are presented In the second and third 

tables to enable the frequencies, which were ob ain*d from different deflected 

forms, of each mode to be compared. The experimental results of the modes, 

for which calculated frequencies have been obtained,, are also included, in the 

second and third tables. 

The values of the non—dimensional frequency factor, X , which 
was obtained for each mode from the various deflected forms, and the values of the 

coefficients in the deflected forms are also included in this chapter. 

(7 

 

Using the the expression 

A 

the now-dimensional frequency factors may be used to ociculate the natural 

frequencies of cantilevered plates having the same angles of taper as those 

which were considered in the present research programme and having are' 

dimensions which make the length to fixed edge ratio two to one. 

The value, of the coefficients a which were obtained from the 

series of bean functions of the form 

\4(X) + k RW + 	E)O 
and. 	 (equations 4.19 and 

[ 	( (x) -i- ( ( (ac) + 	] 1 ('s) 	4-20, pps • 46 & 47) 
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*ay be used for plates, having the same angles of taper as those which were 

considered in the present research programee, and any dimensions which make 

the length to fixed edge ratio two to one. If the coefficients, am,  had 

been oaloulated for the algebraic series of the form, 

= 	 - - - - 
nd 	 (equations 5.1 & 5.2, p. 57) 

they would have applied only to plates having the dimensions of those which 

were considered in the present research programs. In order that the algebraic 

series may be used for any plate having a length to fixed edge ratio of 

two to one, the series which were used to calculate the values of the 

coefficients, 5m  were of the form 

CL, (r 	Y 
and

± - - 

\4  V ft 3 

-L) + 
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i) Symmetrical Plates  

Tan 0 1/16 1 	1/8J 3/16_]5/24 

Mode Natural Frequency (c.p.a.) 

1/0 58 63,4  70.2 83.4 90.1 1114. 
2/0 359 369 380 409 422 494 
3/0 1003 1011 1022 1046 1062 1193 
1/0 1970 1966 1976 1996 2011 2202 
5/0 3255 3237 3233 3250 3485 
6/0 14.823 14846 4757 4792 4807 5100 
7/0 6690 6683 6668 6604 6632 6964 

1/1 256 322 1430 597 666 821 
2/1 820 939 1119 3.446 1606 1994 
3/1 1558 1728 1994 2473 2722 314.16 
4/1 2545 2739 3079 3712 4056 5096 
5/1 3808 4016 4395 53.75 5607 7009 
6/1  5353 5577 5968 6833 
7/1 7251 7417 7776 

1/2 1561 2192 2745 3277 314.29 3785 
2/2 2111 2725 3884 4987 5363 6111 
3/2 2963 3581 4988 6780 7375 353 
4/2 4082 4706 6022 9515 
5/2 5435 6127 7414 
6/2  7041 7773 8987 

1/3 4143 53214. 

2/3 4591 63911. 6191 
3/3 7079 7992 
4/3  6599 8133 
5/3 8024 

2) Ritht-arzi].ed Plates 

Tan 0 0 1/8 T 1. 1/'4 1 	113 J_5/3.2 
]1/2 

Mode Natural Frequency (c.p.a.) 

1/0 57.9 62.4 71.6 76.4 87.9 112 
2/0 362 368 376 392 409 477 
3/0 1006 1015 1000 1013 1032 1157 
4/0 1969 1967 1905 1923 1959 2185 
5/0 3251 3239 3327 3067 3161. 3559 
6/0 14.817 4855 4857 5019 4660 5250 
7/0 6695 6691 6801 6361 7220 

1/1 255 319 461 535 668 820 
2/1 824 930 1185 1323 1598 1924 
3/1 3.558 1714 2112 2291 2684 3137 
4/1 25144 2724 3034 3515 14.029 4670 
5/1 3803 3988 4383. 1414.61 5689 
6/1  5337 5519 5911 6002 
7/1 7235 7325 7422 8054 

1/2 1556 2195 2880 33.68 3513 
2/2 2111 2729 4137 4706 5300 
3/2 2963 35811. 578 6306 
4/2 4079 4700 7796 
5/2 5449 61114. 7970 
6/2 7053 7800 9440 

1/3 4141 5333 
2/3 4590 6316 
3/3 7061 
4/3  6608 8115 
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6.2 	VARIATION OF NATURAL FREQUENCIFS. WITHGLE' 0F TAPER 

COMPARISON OF EXPERIM1TAL AND CALCULAThI) RESULTS 

1) lodes JnL1QQf $yimmetjca3. Platee 

Tan 	9 0 1/16 1 	1/8 3/16 J 5/24 1/14. 

Natural _Frequency _(c.p.e,) 
Mode 3./p 
Experimental 58 63.4  70.2 83.14. 90.1 1111. 
Calculated:. 

59.7 65.2 73.3 87.5 95.3 122 
59.5 64.9 73 87 94.7 121 

\,.J 59.5 121 
J •='[c1  Q1  () +C..(P(X) 1- C) 

59.5 121 

59.6 614.9 73 87 94.7 121 
- 59.5 64.9 73 87 94.7 3.21 

w 59.5 121 

Mode 2/0 
Experimental 358 369 380 409 422 4914 
Calculated:. 

374 385 398 418 428 1453 
W 4(p) + c 373 383 400 426 1443 528 

'4 =L1('- 	P(x)+ Ct 4(je0() 373 526 
\.J 	1+H-cbt) 

373 526 

-CL   590 583 573 565 566 630 
W = Oc+ Cx3+ Q zsC 377 386 401 428 4145 530 
W 	C,%Y+c+ CCt 2( 376 528 

Tan 	9 0 1 1/16 J 118  J 3/16 1 5/24 J 	3,14 

Natural _Frequency _(c,p.s.) 
Mode 3/0 
Experimental 1003 1011 1022 1046 1062 1193 
Calculated:- 

'4 	a Q3(-) @(.) 1046 1056 1069 1087 3.096 1115 
' 1014.6 1283 
'4 

1046 1280 
'AlC,  0&C 3+ o3-x + 1074 1315 

Mode 4/0 
Experimenta]. 1970 1966 1976 1996 2011 2202 
Calculated: - 

fl 4.cJ & 2050 2059 2072 2090 2098 2118 
\p4J 

tOq. QQIj10() 2O). 2371 

Mode 5/0 
Experimental 3255 3237 3233  3250 3485 
Calculated:- 

1 3387 3398 3411 3425 3438 314.57 

Mode 6/o 
Experimental 4823 14846 14757 14792 14807 5100 
Calculated: 

'4 5062 5072 5084 5102 53.10 5130 

Mode 7/0- 10
Experimental Experimental 6690 6682 6668 6604 6632 6964 
Calculated:- W 7070 7080 7092 7111 7118 7138 
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2) Modes rn/i or Srnmetrioal Plates 

75. 

Tan e ci 1 1/16 1 	1/8 J 3/16 1 	5/24 I 
Natural Frequency (e.p.s.) 

Mode ja 
Experimental 256 322 430  597 666 12 1 
Calculated:- 

\4.= Rcc) 1 E 305 390 529 773 873 1138 

254 324 436 615 692 865 

7.4 oi lv 2514. 86]. 
+C4)(3() 
+ c44 	 ) 252 861 

yj 	ztet41 268 338 452 645 918 
' =L1i- e 	± 268 341 452 640 893 

\4 1j 253 863 
'J 	L 1 + 257 859 

Mode 24 
Experimental 820 939 1119 1446 1606 1994 
Calculated:- 

-= 1 	(c:&() E() 8714. 989 1083 1228 12140 1253 
[A Q+ 13 83.6 916 1026 1141 1177 1230 

W - 	() + rs4J  G, () 891 1049 1307 1851 2149 3003 
-I- Ot 	(/i() + O 	c 	()],i) 832 2128 

(I 	++34Q- 
831 2137 

1227 1422 1763. 2499 !;.130 
W 	L 1 1-c 	Rv-+ 1204 1406 1755 2423 4050 

856 2432 
'4 	[ 856 2142 

Tan 9 0 1 1/16 1 	1/8 
J 

3/16 1 5/24 1 	1/14. 
Natural Frequency (c.p.e.) 

i;ode 3/I. 
;xperimenta]. 3.558 1728 1994 2473 2722 34L 

C1cu1cted:- 

"4 - 1608 1739  1876 1967 1980 3.967 
1639 

W 
1603. 3679 

\fJ 1842 

de1 
7,xperimenta1 2545 2739 3079 3712 	1  4056 5096 
Calculated:- 
'4 2636 2786 2938 3051 3070 3067 

J 
+ C(00J11 2651 
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76. 
3) Modes m/0 of Ricdit-angled Plates 

Tan 0 0 1-1/8 1 	1.1/4 1 	1/3 1 5/12 1 1/2 Tan ê 0 1 	1/8 
J 
	1.3,/41  1/ 5/12 1 1/2 

Natural Frequency (c..c.) Natural Frequency (c.p.s.) 

Mode 1/0 Mode 3/0 
Experimental 57.9 62.4 71.6 76.4- -- j 	. 112 Txperimenta1 1006 1015 1000 1013 1032 1157 
Calculated:- 

\(.J 	R(P1x)0(j 
\J 

59.6 

59.6 

65.1 

65.1 
75.7 81.9 

81.6 
95.5 
95.1 

122 
122 

Calculated:- 
W 	go 1050 
'vJ =, 	)+a 	()+C 34)jj) 1050 

1060 1076 1084 1099 1120 

1288 

W 	 4 	(4Jo() 59.6 122 

W 	[ -t-c')# eA4(c) 
+C 4 4(j 0t) 59.6 122 

1050 1285 

59.6 
59.6 
59.5 

65.4 
65.1 

82.2 
81,6 

95.1 
95.1 

123 
122 
122 

1078 1320 

Mode 410 
Experimental 1969 1967 1905 1923 1959 2185 
Calculated: - 

"1 
+C.4(4&, 

2058 

2058 

2067 2084 2092 2107 2127 

2380 

Mode 2/0 
Experimental 362 368 376 392 409 477 

Calculated:- 
375 385 403 412 429 453 

\,-..I 
w 	L1(+( )+ 
\rJ 	L3t)+ 4x) 

375 

375 

375 

385 417 14.5 530 
528 

928 

Mode 510 
Experimental 3251 3239 3327 3067 3164 3559 
C ]. cula ted :— 3402 34].]. 3428 314.36 3451 3471  

'4 592 585 569 - r 632 Mode 610 
'4 	Al  

W 	Dc+t+O1.1+C q  
378 

377 

388 419 L.L:.7 532 
530 

Experimental 4817 4855 4857 5019 4660 1  5250 
Calculated:- 5082 5092 5108 5116 5131 5150 

Mode 7/0 
Experimental 6695 6691  6801 6361 7220 

7098 7108 7124 7132 7147 7166 
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6.3 

78. 

i) Symmetrical plates 

a) Reptangu].pr Plate 
Modes rn,10 

Mode 1/0 2/0 1 	3/0 /° I 	5/0  I 	6/0 7/0 
Natural Frequency_(c.p.s.)_____ 

Experimental 58 358  1003 1970 3255 14.823 6690 
Calculated: -
\4 59.7 371. 1046 2050 3387 5062 1 7070 

'vJ 59•5 373 
(nc)  + Qz  (P% (X)  +34(1e0() 59-5 373 1046 

59.5 373 1014.6  2049 

\4 59.6 590 

59•5 377 
= C cZ+ 	+Q+Cc 5.5 376  10714. 

Modes rn/i 

Mode 1/1 I 	2/1 3/1 I 	'/' I 	5/' 1 	6/1 1 	7/1 
Natural Frequency_(c.p.a.)____ 

Experimental 256 820 1558 2514.5 3808 5353 7251 
Calculated:- 

305 8714. 1608 2636 
'vJ 2514. 891 
'4 	LA Oz(pc) + B 4) 

36 
 (zj Q 816 

'4 	+4).(c) + 2514. 832 1639 
'4=tcA1. + 	j+PO 252 831 1601 2651 

LZ  268 1227 
268 1204 

\4 =L 253 856 
257856 1842 

b) Symmetrical Trapezoidal Plate jKos  . 
Modes m/0 

Mode 1J0 12/01 3101 14/0 5/0 1 	6/0 7/0 
Natural Freouency (c.p.a.) 

Experimental 63.4 369 loill 1966 3237 4846 6682 
Calculat d.: - 

65.2 385 1056 2059 3398 5072 7080 
'4 - 	c 	tc -1' c 64.9 383 

- GLj..9 583 
64.9 386  

Modes rn/i 

Mode 1/11 2/1 3/1 1 	4/1 1 	5/11 6/1 
Natural Frequency_(c.p.a.) 

Experimental 322 939 1728 239 4016 5577 7417 
Calculated:-
\pJ = 390 989 1739 2786 
W 324 1049 

916 

73 338 1422 
- [ç41 c -i- cc3J I  + 0., 3141 1406 

c) Symmetripal Trapezoidal Plate No. 2 

Modes, m/0 

Mode i/o 1 2/0 3/0 I 	Li/o 1 	5/01 6/0 J 	7/0 
Natural _Frequency _(c.p.a.) 

erimental 70.2 380 1022 1976 3233 4757 6668 
1-1cu1a ted:- 

73.3 398 1069 2072 3411 50814 7092 
- 	43t) 1- 4t CPa ()J0ot) 73 1400 

73 573 
W 	±+ 73 401 

Modes rn/i 

Mode 1/1 2/1 J 3/1 14/1 5/11 6/1 J 	7/1 
Natural _Frequency _(c.p.a.)_____ 

Experimental 1430 1119 1994 3079 4395 5968 7776 
Calculated:-alculated:-

- - 529 1083 1876 2938 
[n+BQcJ8,) 436 1307 

\J 1026 

\sI 4x+ 452 1761 
W 452 1755 



77. 
4) Modes nVl of Rjgtt-anç1ed Plates 

Tan e ° 1 	1/8 1 	1.1/4 J 	1/3  J 	5/12 1/2 

Natural Frequency  
Mode 1/1 
Experimental 255 319 461 535 668 820 
Calculated:- 

\J = A 4 306 394 712 1234 
wA+ () !(.3q] 255 328 565 928 

[, 4&c) + 255 918 

+c.3J. 269 1048 
W 	[cc+ f" X14 C 3'c 255 926 

Mode 2/1 
Experimental 824 930 1185 1323 1598 1924 
C '1cu1ated : - 
vsi = A (P(&1() 877 1000 1239 1318 1343 
i 	+Al  (.4820 1312 

[R 4Q+ is cPa6-3 R, W 894 1055 1671 3260 
Lek. c) -t- 	 () 835 2275 

1230 4737 
'W 859 2909 

Mode 3/1 
Experimental 1558 1714 12112 2291 2634 .3137 
Calculated:- 1614 1754 2000 2067 2081 

= [1 4(4'- CL. CPAC)CLA&Je1 1614.5 

Mode 4/1 
Experimental 2544 12724 3034 315 4029 14670 
Calculated:- 	JA(1xG() 2648 2807 3092 3176 3207 
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Mode 1/0 2/0 J 	3/0 J 	Lb 5/0 1 	6/01 7/0 

Natura1_ Frequency _(c.p.a.) 

Experimental 76.4 392 1013 1923 3067 5019 6801 
Calculated: - 

81.9 412 1084 2092 3436 5116 7132 
81.6 417 

'vsJ. 82.2 569 
81.6 419 

Modes rn/i 

Modes rn/i 

Mode 1/1 J 	2/1 1 	3/1 14/1 

Natural Frequency (c.p.a.) 

ExperImental 820 1924 3137 4670 
Calculated:- 

P1.i 1tj 1234 1343 2081 3207 
[p 4c 	+ a Ck)}& () 928 3260 

'4 = [ 	Pc) + a 03 (z(,)] 61 tj 1312 
\4-=EPA. g()+o 	Qa )*-C 3 c 	)J4) 918 2275 

'J=LL+ OL xJa. 1048 14.737 
4=[c--ox3+ OL 	c4fJ 926 2909 

d) Riht...ang1ed Trptezojdp3. Plate No. 3 r) Riht-anied Triangular Plate 

Modes m/0 

Mode 'I' 2/1 1 	3/1 j 	Li/I j 	5/1 J 	6/1 7/1 
Natural _Frequency _(c.p.a.) 

Experimental 535 1323 2291 3515 4461 6002 8054 
Calculated: - 

W 
'y'J 	[iN 	CP. &JQi() 

712 
565 

1239 
1671 

2000 3092 

e) Rjt-angled TraDezojda]. Plate No. Li. 
Modes mb 

Mode i/o 1 2/0 J 	3/0 J I 	5/01 6/0 7/0 
Natural Frequency_(c.p.a.) 

Experimental 87.9 409 1032 1959 3164 4660 6361 
Calculated:- 

4L(g) 	() 95.5 
95.1 

429 
14145 

1099 2107 3451 5131 7147 

- 95.1 568 
_ 013Li- 	0+(X 95.2. 447 

Modes rn/i 

Mode
/1 

 2/1 3/1 I 	4/1 1 5/1 
Natural Frequency (c.p.6.) 

Experimental 668 1598 2684 4029 5689 
Calculated: 	

w-== Ak(,3A,(j 
- 

______ 942 1318 2067 3176 

Mode 1/0 2/0'f 310
1 

11/0 5/01 6/0 7/0 

Natural Frequency (c.p.a.) 

Experimental 112 1477 1157 2185 3559 5250 7220 
Calculated.:- 
\.J = A (J?%(x)&() 122 43 1120 2127 3471 5150 7166 

. ~z. jx)] 122 530 
'.J =L±+ 	3JJ) 122 58 1288 

= L 1c 	+P()+Q P) 
-+ 44400104 

2' 528 1285 2380 

123 632 
122 532 
122 530 1320 



7/01 Mode 

xDeriment a]. 

1/0 I 2/0J 3/01 14/0 1 5/0 16101 
Natural Frequency (c.p.a. 

114 I 14941 11931 2202 13485 I sioj 

1/1 

des rn/i 
Mode 

Mode 1/0 I 2/0 I 	3/0 I 	/° I 	5/0 I 	6/0 J 	7/0 
Natural Frequency_(c.p.a.) 

Experimental 03.4 409 1046 1996  4792 6604 
Calcuin-ted:- 

87.5 
07 

418 
1426 

1087 2090 3425 5102 7111 

X 	06 

b7 
87 

565 
1428 

Modes rn/i 

Mode 1/1 J 	2/1 1 311 I 	14/1 5/1 6/1 
Natural Frequency_(c.p.a.) 

Experimental 597 1446 2473 3712 5175 6833 
Calculated: - 

'4 - 	6( ) 773 1228 1967 3051 
q 615 1851 
- [$1 4?. (x) + f? (P (*)3 a,t) 1141 

j.. 64s 2499 
'yJ 640 2423 

e) Snfl2etr1ca1 Trapezoidal Plate No. 14 
Moes rn/P 

Mode ]J0 J 2/0 1 	3/0 4/0 J 	5/01 6/0 1 	7/0 
- Natural Frequency 	C.D.s.) 

Experimental 90,1 1422 1062 2011 3250 14807 6632 
Calculated:- 

A (P~~ too G o (.T) 95.3 428 1096 2098 31438 5110 7118 
= Ec 	(,(c.) + 	Le)J 0() 9•7 443 

'vsJ 914.7 566 

,.:. 	
C41 x-1-Cc+o 3 c 94,71 445 

- 	666 Ca1cuatei- 

A 	e, t- 	 873 
692 

\'4= rA(()+R&)1&1N 

2/11 3/11 4/1J 5/1 
Natural Fzeeaency (a .p s- 

272 4-c-56'7 

1240 1980 3070 
2149 
1177 

79. 

r) .isosceies Triangular Plate 
Modes rn/p 

Calculated:-
\4 = 
a1cu1ated:
\4=. 

= [c1 4j (a') -- 	 (fl)] 0 4) 

W= [ i N+ OL,Lk L)+jj]90 
4 (zx) 

+ 06.(4jZCV &.(I) 

122 1 1453 115 1 2118 1 3457 5130 7138 
121 528 

121 I 526 11283 

121 I 526 1 1280 1 2371 

'vJOLx1-Cx3 	 122 630 
- 	 12]. 530 

W 	0+CL3-I- Cc'+ tC 	121 528 1315 

Modes rn/i 
Mode 1/1 2/1 1 	3/1 1 14/11 5/1 

Natural Frequency (c.p.a.) 
Experimental 821 1994 3416 5096 7009 
Calculated:. 

1138 1253 1967 3067 

865 3003 
\J 1230 
W 	L' 4 	+&4(.) +Cia)J) 361 2128 

' 	L++&P3) 
861 2137 3679 

. 	Jq- 918 14130 
-+ r 893 4050 

EC-,.X,+ 	+ 43 XT~ 863 21432 
W L 859 2142 4248 - 

J 	'T'• 	 , 	 - 

1 	 I 

:•-. 	
•' 	 •: 	•. 	... 



a) Rectangular Plate 
Modes m/O 

Mode i/o 1 2/0 1 	3/0 1 	4/0 5/0 1 	6/01 7/0 

Natural _Frequency _(c.p.a.) 

Experimental 57.9 362 1006 1969 3251 4817 6695 
Calculated: - 

59.6 375 1050 2058 3402 5082 7098 
59.6 375 
5.6 375 1050 

\sJ 	t&,L1 
06% 59.6 375 1050 2058 

59.6 592 
59.6 378 

Wu Oc+ 	++c 59.5 377 1078 

Modes m/l 

Mode 1/2. 1 	2/1 1 	3/1 1 	/1 5/1 6/11 7/1 

Natural Frequency_(c.p.a.) 

Experimental 255 824 1558 2544 3803 5337 7235 
Calculated: - 

'yJ = A CLt,() 306 877 1614 2648 
255 894 

'4 =[R 4()+ PI 4? ix)] 	, () 820 
255 835 1645 

269 1230 
255 859 

2) Right-angled Plates 
	

99 

b) Right-angled Tajezpidpl Plate No. 1 
Modes ni/O 

ode 1/0 2/0 1 	3/0 6/0 7/0 

Natural _Frequency _(c.p.a.) 
Experimental 62.4 368 1015 1967 3239 4855 6691 
Calculated: - 

W 65.1 385 1060 2067 3411 5092 7108 
65.1 385 

\4 65.4 585 
C.1zx -I- 	~ex' 65.1 388 

Modes rn/i 

Mode 1/1 1 	2/1 1 3/1 5/1 J 	6/1I 7/1 
Natural Frequency_(c.p.a.) 

Experimental 319 930 1714 2724 3988 5519 7325 
Calculated: - 

V A 4L () 0, () 
LRLPI LWJ) + acl81t) 

394 
328 

1000 
1055 

1754 2807 

c) Right-angled Trai,ezojd.p3. Plate No. 2 

mr-On 'We 
Lb do ]Jo 2/0 1 	3/0 1 4/0 1 5/0 J 	6/01 7/0 

Natural Frequency (c.p.a.) 
Experimental 71.6 376 1000 1905 3327 4857 
Calculated 75,7 403 1076 2084 3428 5108 7124 

Modes rn/i 

Mode 1/1 J 	2/1 J 	3/1 I 	/' I 	5/' 6/1 7/1 
Natural Frequency (c.p.a.) 

Experimental 4611 1185 1 2112 13034 1 43811 591117422 



Assumed deflected form:- 

tnO 0 1/4 

12.362 51.215 

a1 1.000 1.000 

a2 0 -0.014 

a3 0 -0.001 

a4 0 0 

- [4 N +x4?, (+o I t)
-,~Pwzol &.(v 

82. 

6.4 	!ALLQ AND 	PO!!LVALtJES OF Q0EFFICIEN8 IN 
EXPRESS IONS FOR ?LE DEFLECTED FORM 

6.4.1. Vaues of coefficients troiii er1es of beam functions 

1) Symetrica1 Plates 

Assumed deflected form: - 
	() 

tan 0 0 1/16 1/8 3/16 5/24 1/4 

12.362 14.718 18.621 26.479 31.276 51.2214. 

a1 1.000 1.000 1.000 1.000 1.000 1.000 

a2 0 -0.008 -0.015 -0.018 -0.023 -0.020 

Assumec deflected form:- LPA. 4) () +4() +}J) 

tanO 0 1/4 

12.362 51.215 

a1 1.000 1.000 

a2 0 -0.014 
a3 0 -0.001 



Assumed deflected form:- 

tanO 0 1/4 

IL 485.518 964.373 

a1 0 -0.775 

a2 1.000 1.000 

a3 0 -0.029 

- [ 	t+ 4()-%- 0Q3 (;t)]0o() 

Assumed deflected form:- 

tanO 0 1/4 

485.518 963.7314. 

a1 0 -0.775 

a2 1.000 1.000 

a3 0 -0.030 

a4 0 -0.001 

[Q,. , ()+4(t)+ 	t)+cP4L4jG0() 

83. 

b) Mo&e2/0 

Assumed deflected form:- \J= [oil ~11:x) + ajwl 0, (1) 

tan 6 0 1/16 1/8 3/16 5/24 1/4 

485.518 513.186 556.541 640.358 693.055 971.598 

a1 0 -0.041 -0.113 -0.268 -0.361 

a2 1.000 1.000 1.000 1.000 1.000 1.OGO 



8LL 
) Mode3LO 

deflected tor*i'  

tEiflO a1/4 

38065!45 5727.968 

a1  0 0.652 

0 0.687 

a3  1.U. 1.000 

Le11cted to: 

tne C) 1/4 

3806.545 5702.349 

a1  0 0.658 

0 -0.693 

a3  1.000 

S4  0 -0.013 

4) 12AL  ZQ 

r'd deflected form:- 

tan8 0 3/4 

14617.269 195€2.76-3 

0 -0.571 

82 0 0.577 
a3  0 -0.649 

all, I .0 :O 1.000 



85. 

e) Mode )/1 

Assumed deflected form: \,J =[()+ g 4) 4I]&) 

tan 0 0 1/16 1/8 3/16 5/24 i/li. 

IL 223.950 366.127 661.510 1314.708 1664.623 2603.977 

A 1.000 1.000 1.000 1.000 1.000 1.000 

B 0.203 0.212 0.225 0.274 0.323 0.351 

Assumed deflected form: - 

tan e 0 1/14 

223.702 2583.358 

a1  1.000 1.000 

a2  0.209 0.338 

a3  0.001 0.002 

Assumed deflected form:- orm:- 

tan a tanØ 	 0 	 1/14. 

220.755 	2580.607 

a1 	 1.000 	1.000 

a2 	 9.203 	0.320 

a3 	 -0.007 	0.005 

a14 	 0.003 	-0.009 



t) Mode 24 
-1 

Assumed deflected form:- 	\4_[A ()+ 9 4) ( pc)J O(4 ) 

tan 6 0 J16 1/8 3/16 5/24 i/li. 

2764.639 3830.381 5951.552 11739.698 16072.565 31395.924 
A -0.203 -0.3814. -0.737 -1.393 -1.768 -2.281 

B 1.000 1.0OT 1.000 1.000 1.000 1.000 

Assumed deflected form:- 

tan 6 0 1/16 1/8 3/16 5/24 1/4 

2318.420 2918.656 3663.363 4533.717 4821.473 5265.572 

A 1.000 1.000 1.000 1.000 1.000 1.000 

B 0.230 0.254 0.290 0.310 0.245 0.204 

Assumed (iected form:- 
	

Eck. ~, (-30 + OL, ~, (-z'o + OLA (.,()] a, () 
tan 6 0 1/4 

2411.961 15757.856 

a.1 -0.207 -6.248 

a2 1.000 1.000 

a3 0.237 2.337 

Assumed de.:1:cted form:- 

tan O 0 1/4 

2403.614 15894.392 

1 -0.204 -6.168 

1.000 1.000 

a3 0.226 2.312 

a4 -0.028 0.064 



87. 
g) Mode 3/1 

Assumed deflected form:- \J c1c+ C4) (x)+ 	P)JO1() 

tan  0 

X 3514.399 
a1  -0.0141 

a2  -0,211 

a3  1.000 

Assumed deflected form: -  

tan6 0 1/14 

8927.933 147092.772 

a1  0.034 -7.844 

a2  -0.217 3.304 

1.000 1.000 

a4  0.181 -3.047 

h) Mode hL 

Assumed deflected form:- 

tanO 0 

14 24660.169 

a1  -0.020 

a2  0.052 

a3  -0.158 

r-a4  1.000 



;iined deflected torrn:- 

tans 0 1/2 

X 12.362 51.215 

a1 1.000 1.000 

a2 0 -0.014 
0 -0.001 

L  r4 0 
~: 

0 

1+ 014,(-A) +c4) +c(JaJ) 

RYM 

A,soqmd deflected form... \pJ44) k)+cP)l 0 ) 

ten 0 0 1/8 113 5/12 1/2 
12.362 124.718 23.094 31.276 

1.000 1.00 1.000 1.0CC 1.000 

2 0 -0.008 -__-O 016 -0 • 023 -0.020 

ed deflected form: - 	 4 Aw + &, A )J°() 
ton  0 1/2 

12.362 51.215 

a1 1.000 1.000 
a2 0 -0.0141 
a3 0 -0.001 



b) Mode 2/0 

Assumed deflected form:- I 	~C(XV&C'(1) . 

tan 0 0 1/8 1/3 5/12 1/2 

A 485.518 513.186 604.367 693.055 971.598 

a1 0 -0.042. -0.200 -0.361 -0.770 

a2 1.000 1.000 1.000 1.000 1.000 

Assumed deflected form:- 

tn@ 0 1/2 

85.518 964.373 

1 0 -0.775 
1.000 1.000 

93 0 -0.029 

Assumed deflected form:- 	
~3 Ix) + 4 4 (.4 6L (y) 

tan  - 	 0 1/2 

A 485.518 963.734 

Eli 0 -0.775 

a9 1.000 1.000 

0 -0.030 

0 -0.001 
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a) Mode 3/0 

9stmed deflected form:- 	- & N+ c&i.) -I CA - 

tanO 0 1/2  

X 3806-545 5727.968 

a1  0 0.652 

a2  0 -0.687 

1.000 1.000 

Assumed ef1ected form:- 	 4N4-0343c  

tan  0 1/2  

3806.545 5702.314.9 

a1  0 0.658 

a2  0 -0.693 

a3  1.000 1.000 

0 -0.013 

d) Mode A& 

Aeumed deflected form:- 

t 0 1/2 

114.617.269 19562.783 

a1  0 -0.571 

a9  0 0.577 

a 0 -0.614.9 

1.000 1.000 
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e) lode .1/1 

!d deflected fors. \J=fri4(~ 	(9J&j) 
0 1/8 1/3 

223.950 372.255 1169.656 
A 1 	r -- J 	ftJ I I 

zed 	ietjformt. 'vI Ei 4? (x) +&A- &(1) + acP3 ()], () 
0 1/2 

: 23.702 3294.2114 

1.X0 1.000 
0.29 0.3Y? 
r.cc,j 
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f) Mode 2/1 

Assumed deflected form:-  

tan 8 0 1/8 1/3 1/2 

2764.639 3895.161 10191.501 41396.234 

A -0.203 -0.391 -1.124 -2.293 

B 1.000, F 	1.000 1.000 1.000 

Assumed deflected form:- \./ {F4)(x) + a4(x):jO1 () 
tmne 0 1/2 

2318.420 6709-015 
A 1.000 1.000 

B 0.230 0.147 

Assumed deflected form:- 

tan 8 0 1/2  

2411.961 20179.208 

a1  -0.207 -6.656 

a2  1.000 1.000 

0.237 2.519 
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6,4.2. Values gr coefficientsin&erieB of a1gebraic functions 

1) §Xaaetrigal Plates 

a) Woae iJo 
ued 	CL def1ecte 	rm:- \/ 	, ()+. z 2T)  

t on e 0 1/16 1A 3/16 /24 114 

A 12.480 14,786 18.652 26.49L 31.302 51.i 
a1  1.000 1,000 1.000 1.000 1.000 1.000 

-0.383 -0.376 -0.368 r-0-360 -0.356 -0. 37. 

ton e 0 1/i6 14 3/16 5/24 1 

A 12.370 14.731 18.639 26.499 31.295 51.246 
1.000 1,000 1.000 1.000 1.000 
-0.543 0,524 -0.436 -0.342 -0.300 -0.333 
0.098 0.080 0.(32 0.004 -0.004 -0.029 

oueciI (.ef1ected form: 	 + Qaft),3  3 - 
0 1/4 

A 12.362 51-216 
0.1 1.000 1.000 
a2  -0.432 -0.108 
0.3 -0.064 -0.368 
0.4  0.064 0,128 



Assumed deflected form:- 

tan ID 0 1/14. 

490.952 971.021 
al -0.405 -0.600 

a2 1.000 1.000 
53 -0.780 0.056 

54 0.208 -0.320 

cI ( 	e' (1-3(i)+ 	' 

b) Mode 2/0 

Assumed deflected form:- 

94. 

\J=c1( 

z 	I -.-) C. ~ 3 

tan 0 0 1/16 1/8 3/16 5/24 1/4 
1211.752 1180.849 1143.666 1112.288 1117.841 1376.749 

a1 -0.821 -0.815 -0.804 -0.781 -0.766 -0.701 
a2 1.000 1.000 1.000 1 	1.000 1.000 1.000 

:c 3 Assumed deflected form:- \.J= 1(.F.c(_1)+ et3 
Lu 

tan 0 0 1/16 1/8 3/16 5/24 1/4 
494.316 519.751 559.997 639.548 690.721 977.021 

a1 -0.502 -0.515 -0.5111. -0.508 -0.503 -0.1471 
a2 1.000 1.000 1.000 1.000 1.000 1.000 
53 -0.459 -0.432 -0.1432 -0.428 -0.14.28  

a) Mode 3/0 
-a CLZ( 3 	I)q- 

Assumed deflected form:
W =0 X) 	 O..S~ 	1--v- v 5 

- 

tan 0  0 
%  14013.505 6020.075 
a1 0.212 0.180 

-0.827 -0.772 

53 1.000 1.000 

a4 -0.380 -0.392 
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a) Mode /i 

..tuzned deflected for: 
2. 

\.J41  
tine0 16 1/8  346 14 

249.385  713,801 i40.111 2934.625 
1.000 1.000 1.000 1.000 1.000 

12 -0.670 -0.716 -0.756 -0.865 

caed deflected forti: - 	-= 	() + a( z) t( 
tLne 0 1/4 

A 222.761 2589.673 
a1 1.000 1.000 

U2 -1.339 -1.655 

a3  0,528 0.767 

ued deflected fori:- 'JL°1() +('T)±O.(-L) +(i) J . 
tL:nO 0 1/4 

A 229.973 2567.373 
1.000 1.000 

11.945 —2.358 
-22245 2.275 

a4 10.438 —0.336 
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e) Mode 2/1 

Assumed deflected form:- '4 is~) z t2~:Vl ?—I- 
b 

tan 0 0 1/16 1/8 3/16 1/4 

5248.522 '.$9.oX1 10792.686 21727.544 59024.761 

81 .0.803 -0 77 -0-731 -0.644 -0-514 

82 1.000 1.000 1.000 1.000 1.000 

3 
Assumed deflected form:- \J{()+C(_i)#a3(I) j-. 

tan  o 1/4 
2548.483 20546.505 

81 -0.465 -0.332 

a2 1.000 1.000 

a3 -0.668 -0.782 

s7a. 
Assumed deflected form:-\4 . [c1 ()c() +c(.%4- 

 ±a4(1) j 
t -an e 0 1/4 

2547.608 15965.221 

111 -0.441 -0.235 

a2 1.000 1.000 

a3 -0.590 -1.264 

a4 0.062 0.512 
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2) Rht-.an1ed Plates 

a) Mode 1/0 

Assumed deflected form:- =a, () 
z 	!DC. 3 

 

tan 0 0 1/8  1/3 /12 

L:31,,-)02 

1/2  

x 12.1180 14.786 23.1111 51.251 
al 1.000 1 .000 10000 1.000 1 .000 

-.0.383 -0.376 -0.362 -.0,356 -0.374 

Assumed deflected form:- \,4 - C ()f c(1) 	Ij) 

tail 	. 0 1/8 1/3 5/12 1/2  

12.370 111.731 23,114 31.295 51 .21i6 
a1  1 1.000 11000 10000 10000 1.0000 
a2  -0.143 -0.214. -0.52 -0.300 -0.333 
a3  0.098 n 080 -0.008 0.0014 ..0.029 

z 	 31 	 OL42f  
Assumed deflected form:- \yJ = ce.,1) 	 v) + 

tanO 0 1/2  

12.362 51.216 
a1  1.000 1.000 

-0.1132 -0.108 
a3 -0.0614 -.0.368 

0.0614 0,128 
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asumed deflected örm... 

0 1/8 1/3 5/12 1/2 

1211.366 1180.849 1119,261 1117,844 1376.749 
a1  u'0.821 -0.815 0.791 -.0.766 -0.701 

a2  1.000 1.000 1.000 1.000 10000 

Ansumed deflected iw: I 	M 
tan 0 0 1/8 1,/3 5/12 

L94.316 519.751 604.999 690.721 977.21. 
a1  -.0.502 -.0 • 515 -0 • 512 -0.503 -C,47,.  
a2  1.000 1.000 1.0(0 1.000 1.000 

a3  -0.)59 -0.432 -0.426 -0.4280.444. 

Assumed cef1ected formi- 	cj(- ) +o(-1)+o..3(1)-I_C14(-1) 

tan  0 1/2 

490.952 971.021 

-014C5 -0.60O 

a9  1.000 10000 

-0.780 0.056 

0.208 -0.320 

Assumed deflected form:- \4 -+  V  + OL 

tan  0 1/2  

4013.503 6020.075 
a1  0.212 p.180 
a2  -0.827 -0.772 

a3  1.000 1.000 

a4  -0.360 -0.392 
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4) 

\J 4 
()()3] 

b 

 

LU 	e1ecte. Lorv 

ta1n e  

1.000 1.000 

-0.670 -0. C'67 

:uOI 	ccte torr- \J 	ns )+E(T) 
+Oi(1) J 

0 0 14 

X 2.761 5414, ;G7 
a1 1.000 1.000 
C2 '-1 • -1 .671 

8.528 0.007 

e) 
z 

0. -a on ]E 

 

uxe2 oc.Ciected £o3.'i 

0 ½ 
24$.522 78069.725 
...O.803 

1.000 1,000 

ucC. 	\,4 	 M) 1()~aZ(T)±r-44 I 
&fl 	6 0 

2L714f, 021 

-0.322 

1.000 1.000 

-0.6148 



CHAPTER VIX 

7l•ggg"as on 	 and glLCLULatea Results  

T 	pProrLatton of the Deflected I= qfibratirto 

Warburton (19.) used the Rayleigh-Ritz method to calculate the 

natural frequencies of all modes of vibration of rectangular plates having 

&3W combination of boundary conditions. He assumed that the wave forms of 

beans and rectangular plates are similar and used a ootnation of the appropriate 

beam functions to represent the deflected torn of the vibrating plate. In the 

present research proamee these deflected forms were used to calculate several 

of the natwal frequencies of the families with no nedal lines and one nedal 

line perpendicular to the fixed edge of cantilevered, rectangular, trapezoidal 

and triangular plates. 	As a basis of comparison the natal frequencies of 

the plates under consideration were also obtained experimentally and on 

examination of these results (tables]. to a) the main points which say be noted 

are as follows:- 

*,de 1/0 is the only mode of the family vVO for which satisfactory results 

were obtained for all plate shapes. In the case of the e,aeetrioa1 

plates the discrepancy between the calculated and experimental results 

varies from 2.9% for the rectangular plate to 7% for the triangular 

Plate (table 1, P. 32). The corresponding values for the right-

angled plates are 2.9% and 8.9% (table 5, p. 39). 

The experimental results show that the natural frequencies of the 

higher modes of the family a/0 (i.e. modes 2/0, 3/08, etc.) increase 

slightly, or tend to be constant, as the angle of taper is increased 

Initially and then increase fairly rapidly as the shape of the plate 

approaches a triangle. This rapid increase in frequency was net 

predicted when the deflected forms which are being considered. were 
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used to calculate the natural frequencies of these modes. 

3) Par all plate shapes, the value at the natural frequency of mode 14 

which was calculated Ath the deflected form of the vibrating plats 

assumed to be 

\I =M2(-x) a.() 
(equations 4.5 and 4.16, pps. 33 and 4.1) is much higher than the 

experimental Talus. The discrepancy between the calculated and 

experimental values varies from 19.1% for the rectangular plate to 
isosc.eIe' 3  

38.6% for thetrianu1ar plate (table 2, p. 3).  The corresponding 

discrepancies for the right-angled plates are 20$ and 50.4% 

(table 6, p. 42). 

4.) When the single term expression was used to calculate the natural 

frequencies of the higher modes of the family /L, it was found that 

good agreement between calculated and experimental results was obtained 

only for the rectangular plate. icr example, the calculated frequency 

of modes 24, 34 and 4.4 of the rectangular plate is respectively 

6.6%0, 3.2% and 3.6% higher than the experimental frequency. When the 

natural frequencies of these modes of the trapezoidal and triangular 

shaped plates were calculated,, it was found that, in general, the 

calculated frequency was lower than the experimental frequency, and the 

discrepancy between the calculated and experimental frequencies increases 

as the angle of taper of the plate is increased. The experimental 

frequency of the isosce3es triangular plate of modes 24, 34 and 44 is 

37.2%, 42.4% and 39.8% higher than the calculated frequency (table 2, 

P- 34.). The corresponding differences between the calculated and 

experimental frequencies of these modes of the right-angled triangular 

Plate are  30.4, 33.7% and. 31. (table 6, p. 4.2). 

5) 	The natural frequencies of modes i4 and. 24 were calculated assuming 
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the deflected form of the vibrating plate to be 

vI={R 4+(x.)J0,() 
(equations 4-7 and 4.17, ppa. 36 and 4.3). It was found that,, for 

ND" 34 of the eytrioa1 plates, the difference between calculated 

and experimental results varies from - 0.8% for the rectangular piste 

to 5.4% for the triangular plate (table 3, p. 36). For the right-
angled plate these discrepancies are C and. 13. (table 7, p. 4.3). 
For mode 24 the discrepancy between calculated and experimental results 

of the symmetrical plates is 8.% for the rectangular plate and 50.6% 
for the triangular plate (table 3, P. 36). These discrepancies are 
8.3% and. 69.4% for the right-angled plates (table 7, p. 4.3). 

6) The natural frequency of mode 24 wa alec calculated assuming the 

deflected form of the vibrating plate to be 

\.,J == E Aa 6L) + B Q, (x)] 0. (y) 
(equations 4.8 and 4.18, pps. 35 and. 4.3) and it was found that the 

Values which were obtained were lower than the experimental values. 

The difference between the calculated and experimental frequencies 

inereaeoa as the angle of taper of the plate is increased. For the 

rectangular plates the differenc, between the calculated and experimental 
values is 0.3% (tables 4- and 8, pps. 36 and 44).  no  difference 
between the calculated and experimental results of the isosceles, and 
right-angled, triangular plates is 38. and 31.8% respectively (tables 
4. and go, Ws- 36 and 44). 

7.1.2. $erles proximation of the Deflected Form of the TibratiM Plate 

In a further series of investigations a series of beam functions 

'v4i 	 --JJ) 



3.03. 
and a series of algebraic functions of the torn 

ware used to calculate the natural frequencies of modes WO. A series of bean 

functions of the form 

.= 	(R 	- ---]&) 
and a series of algebraic functions of  the  torn 

- - were also used to calculate the natural frequencies of the fimiy %/j. Natural 

frequencies of the appropriate families of the plates under consideration were 

obtained using two, three and four terms of the appropriate series. On 

examination of the results which were obtained, the following points may be noted:. 

The natural frequency of several of the aodea were obtained from 

each deflected form and it was found that in each case the  frequencies  

which were obtained for azW particular mode tended to one value. 

'hen the results were cared with the experimental results it was 

found that the value, to which each one tended, was in good agreement 

with the corresponding experimental value. 

From each particular deflected form there axe obtained for each plate 

shape a number of frequencies of the particular family under consideration 

which are not improved to arr appreciable extent by using a series with 

more terms to calculate the frequencies. 

The calculated values of symmetrical plates of the family ny'O are, in 

general, the same as the calculated values of right-angled plates of the 

same area. The calculated values or modes kq of  the symmetrical plates 

are lower than the calculated values of the corresponding modes of the 
right-angled plates of the same area. 

li) With the exception of mods 24 of the rectangular plate, the calculated 

frequency of each node for each plate is biier than the experimental value. 



Although the difference between the calculated and experimental 

results increases as the angle of taper is increased, the calculated 

results in general agree closely with the experimental results. 

The difference between the calculated and, experimental results, 

which are obtained from each deflected torn, increases slightly 

for the higher modes of the family. 

The experimental frequencies of the right-angled plates tend to be 

slightly lower than the corresponding frequencies of the symmetrical 

plates of the same area. Where there is arw ncticable difference it 

is about or 3% and in general the difference in the experimental 

frequencies of the right-angled and symmetrical plates increases as 

the angle of taper is increased.. 

Examination of the results has shown that the single term 

deflected forms, which have proved successful for the calculation of the 

natural frequencies of rectangular plates, do not, in general, give 

satisfactory results when thqy are used to calculate the natural frequencies 

of families nib and m4 of triangular and trapesoidal. plates. The only 

modes for which satisfactory results were obtained for all plate shapes 

were nodes 1/0 and 14. Satisfactory results were, however, obtained for 

the higher nodes of the families W0 and nv1 if a aeries of beam functions 

or a series of algebraic functions is used to calculate the natural 

frequencies. 

2.2. i)ecuaston of Affect. eof Assumed Deflect e4 Forms and daterns 

on Calculated Natural Pre2uen4es. 

The use of the single term deflected form to calculate the 

natural frequencies of oantilevered tapered plates assumes that the deflected 

forms of cantilevered rectangular plates and oantilevered tapered plates are 

similar to those of cantilevered beams, and is equivalent to assuming that 



FICIURE 74 VFRTION OF NODAL PATTERN OF 

MODE 3/I WITH N3LE OF TAPER 



FlcUR 7.1 VARIATION OF NODPL PVYTERN OF MODE  

2/0w1Tk ANGLE OF TAPER 
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in position of th* nodal lines as the angle of taper is increased. These 

expressions cannot, therefore, be used to calculate the natural frequencies 
i-&12.ered 

of cantileveredAP].ates. Satisfactory results are obtained for modes i/o 

and i/i because there are no nodal lines parallel to the fixed edge of the 

plate. Any changes in the kinetic energy and strain energy of the vibrating 

plate at these modes is due to the change in area of the plate. 

If the natural frequencies of the higher modes of tapered plates 

are to be calculated to any degree of accuracy using the Rayleigh-Ritz method 

the expressiaiwhioh is uded to represent the deflected term must be one which 

predicts the position of the nodal lines and hence enables the maximum strain 

and kinetic energies of the plate to-be calculated accurately. Natural 

frequencies using the Rayleigh-Rita method are obtained from the expression 

1)ygf  - 
As the numerator and d.enoaiinator depend on th assumed deflected form, they 

will both be altered by any change which is made in the assumed deflected 

form. It is, therefore, difficult to choose a deflected form which will give 

satisfactory results for the required frequencies. The reasonably close 

agreement between the calou]a ted and experimental results does show, however, 

that the series which were used to represent the deflected form of the 

vibrating plate are in general satisfactory. 

The results which are shown in sections 6.4.1. and 6.4.2.(pps 82-99) 

give the values of the coefficients of the terms which were used in each 

particular series and, therefore, indicate the relative importance of the 

terms in each series. Consider for example the natural frequencies of modes 

/l and. Y1 of the isosceles triangular plates. When the single term 

expression of beam functions was used to calculate the natural frequencies 
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of these modes the calculated values were respectively 37. and 42.4$ 
lower than the experimental value (table 2, p.34) and as can be seen from 

figures 7.5 and 7.6 these deflected forms do not accurately predict the 

position of the modal lines. Using a three term series of beam functions 

to calculate the natural frequency of mode 24 the deflected form is found 

to be 

\4 [-4c)+I'QooP(:x) 	7Q)]0,() 
Using a four term series of beam functions to calculate the natural 

frequency of mode 34 the deflected form is found to be 

\ 4j . L-7-W 0, (:Y-)+ 3-30+e(4+1-000 (~(zc)-~~-04-7 
In each of these series the appropriate single term expression is under-

lined. It can be seen from the value of the coefficients of the additional 

terms that they exert a considerable influence on the shape of the deflected 

form and indicates the necessity of using these additional terms in the 

series for the calculation of the natural frequencies of tapered plates. 

The value of the coefficients in the series of beam functions 

for modes WO and 4 shows that for these families the series converges 

rapid'y. For example using two three and four terms to calculate the 

natural frequency of mode i/o of the isosceles triangular the appropriate 

series are found. to be 

\J 

W[i'000 COO 	0I1 0'00IQ36() + 

Using the first two, three and four terms to calculate the natural frequency 

of mode 2,k) of the isosceles triangular plate the appropriate series are 

found to be 

\4=[-0i77S4'1 (x) + I'ooc 
	O'O9((30]8",() 
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These series shoe that a point is reached *n the additien of terms to the 

series, for the ealouletion of the natiu'iI f**qusmwW of &W particular md*, 

exerts little if1uenos on the shape of the deflected form and honee oat 

iimro,, to air appreciable extent the Irsiwe of the mstur4 9**qusnW which 

wa obtained usift fewer terms. Theee reaulta ezpinia the reason for the 

natural hroqusW at each mode tendire to a Matt and wby little iprove.. 

mint is Obtained by the eddition of terms to the series. It ass si..o fOi 

that the use of series of been funstions of the form, 

to calculate 'bhe natural freutrnciei of the 	 of zetnu1cz' plteo 

sv exaat]y the seas result, as the appropriate single tern expression. On 

calculating the ooeffieiente of the terms in the series it was fbtmd that 

the eøelfloients of  the additional te.as are sore for each mode. These 

extra terms do net therefbrs have sz effect on the shape of the assumed 

deieeted form and their imlueton Lu the series oat., therefore, efX*eot 

the value at the natural frequo which was obtdnod using the single term 

expression. 

The Close asemeM between calculated end experimental 

results, the inthaease that the terms which were used in the series in 

the series indicates that the series of been functions which were used are 

satisfactory. It also means that the terms which were used of the series 

- 	Fk Qc)@,) 
tar the calculation at the mtuva freueriea of cntilevereI rectangular 

end tapered plates am perhaps better then nest other OOshLne*4On* that ooul4 

bass been used. 

Figase. 7.7, 7.8 aM 7.9 are apbs of the 4.f.ot.d forms of 

mode, 2/s, 3/b and 2/2 of the isosceles triangular plate. These papm ahe 

that the series of beam funettamo predicts the position of the  nodal lines of 
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the isosceles triangular plate much more accurately than the single term 

expression. They also show the close similarity of the deflected forms 

for theae series and, therefore, indicates that the results which are 

obtained from a series of algebraic functions agree closely with those 

that are obtained from a series of algebraic functions. 

Although the results which were obtained for the natural 

frequencies are satisfactory the deflected forms which were used cannot 

give the true values of the natural frequencies of cantilevered plates. 

These deflected forms do not satisfy the boundary conditions at the free 

edges of the plate and are, therefore, not a completely accurate representation 

of the deflected form of the vibrating plate. The values of the natural 

frequencies which were obtained cannot, therefore, be completely accurate. 

As the angle of taper increases the deflected form becomes increasing more 

inaccurate, as the difference between the true boundary conditions of 

bending moment and shear force being zero and the assumed boundary conditions 

at the free edges increases. The effect on the calculated natural frequencies 

is that their accuracy relative to the experimental frequencies decreases as 

the angle of taper of the plate is increased. As the natural frequencies of 

the family itL of right-angled plates were calculated using oblique co-

ordinates the difference between the assumed boundary conditions and the actual 

boundary conditions will be worse for these modes than for the corresponding 

modes of the symmetrical plates. The assumed deflected form becomes increasingly 

more inaccurate as the angle of taper increases, as the increase in angle 

between the oblique co-ordinates and the increase in the angle of taper of the 

plate makes the assumed boundary conditions less accurate as the area of the plate 

is reduced. 

The assumed deflected forms assume that the nodal lines lie 

exactly parallel to the x and y axes. This assumption is almost correct for 



FIcuE /10 COMPASON OF E2ERtMENTALND AS'uMED 

NODAL PFTTERNc OF MoDES fo, 3/0, i AND a/i OF 

R,cZHT ANCLE 0 [RIANGLJLRR 	LFVE 

Moc 

I 

MODE 



the cymmetrioal plates and any inaccuracy in the calculated value of the 

natural frequency of these plates due to the assumed shape of the nodal 

lines being different from their true shape will be negligible. For the 

right-angled plates, however, there is, in many oases, a considerable 

difference between the true shape of the nodal pattern and the assumed 

shape. In figure 7.10 the shape of the nodal patterns, which were found 

experimentally, for modes 2,k, 3/0, 24 and 3/1 of the right-angled 

triangular plate are shmm It can be seen that there is a considerable 

difference between the actual nodal pattern and the assumed nodal patterns. 

The difference is most nerked for modes 	This together with the 

inaccuracy of the boundary conditions of the assumed deflected form probably 

accounts for the discrepancy between the calculated and experimental results 

of modes n/1 being larger for the right-angled plates than the symmetrical 

plates. 

7.3 Lo uarieon of Calculated Results with Results of Barton and Anderson 

The calculated results which were obtained for the rectangular 

plate for modes 1/0, 2/0, 14 and. 2/i were compared with the calculated 

results which were obtained by Barton for these modes. The calculated 

frequencies of the rectangular plate of the symmetrical set which were 

calculated using four terms of the series of beam functions and four terms of 

the series of algebraic functions are shown along with Barton's values in 

table 30. It can be seen that Barton's values are slightly better than the 

results which were obtained in the present research programme. This is 

probably due to the fact that Barton used a nine term series of beam functions 

of the form 

and the assumed deflected form using that series Gives a slightly more 

accurate representation of the nodal patterns of the modes under consideration 



than the series which was used in the present research programme. The 

extra work involved in using a series with a larger amount of terms is 

hardly worth the effort for the slight increase in accuracy which is 

obtained.. 

Table 30. Comparison of Calculated. Natural Frequencies of 1teotankular 

Plato with DartorO a Results. 

Mode 

1/0
f_ 2/0_

24 ,A E_ 
Deflected. Porn Natural Frequencies (c.p.a.) 

w 
\4 

(o.1 .+ &x+ ()C+ 	~) ',  

59.5 

59.5 

373 

313 

252 

257 

831 

856 

&rton' a Value 58.5 366 253 825 

Experimental Value 58 339 256 820 

The calculated results which were obtained for modes 1/0, 

2/00 14 and 24 of the Isosceles triangular plate and modes i/o and 2/0 

of the right—angled plate were compared with Anderson's values. It was found 

that the values for the modes 1/0 and 2/0 of the isosceles and right—angled 

triangular plates compared favourably with 	a values. Anderson's 

values for modes i/i and 24 of the isosceles triangular plate are, however, 

almost double those which were obtained in the present research programme 

The calculated frequencies of the isosceles and right—angled triangular 

plates which were calculated using four terms of the series of beam functions 

and tour terms of the algebraic series are shown along with Anderson's values 

in table 31. 
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Pablo 31 Comrison of Calculated Natural Pr9uenotos of Isoscoles and. 
Riht-a.nled Triangular Plates vith knderson' s Results 

a) Isosceles Triangular Plate 

Mode 

i/o 
J 	

2/0 14 24 

Deflected Thra Natural Frequencies (o.p.s.) 

!? 4 (x) ±0'444  i-a34 (x)1- cc1j)J &,,() 

— C Ix  a+ Qx?+ Qc'14- Cx 

W 861 

\,I 	( 1 x 	X+C3X'1+C4)C) (' 

121 

121 

526 

526 

 85 

2137 

2142  
.ndersont z Value  120 520 1527 4370 

3cpernta1 Value 114 4%. 821 1994 

i) 	Pj.ght-2ng12. 	Plates - 	 Mode 

2/0 1 	2/0 

Deflected Form Natural Frecuenoies (c.p.a.) 

[CA,4 )  
\J 	O 1 x3+C+Qc 

122 

22 

528 

530 

Anderson's Value 111 485 

:oriniental Value 112 477 
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7.4 Diicussion of DUti.culties in Calculating Lthø  Natur4 zeguenojes o 

ud.es/2  of Cantiloveredapered Plates 

During the course of the investigations the possibility of 

caloulatirig the natural frequencies of *odes a/2 of cantilevered trapezoidal 

ani triangular plates, using the Rayleigh-Ritz method, was considered. The 

possibility of using either a series of beam functions or a series of 

algebraic functions to represent the deflected form of the vibrating plate 

was investigated. Considering first the series of beam functions, and 

assuming the deflected form of the vibrating plate to be similar to those 

which were used for the calculation of the natural frequencies of the families 

in/O and 	it vmuld be of the form 

\I 	 7.1 
Par the calculation of the natural frequencies of mode 1/2 the first term 

of the series could perhaps be used to represent the deflected form of the 

vibrating plate. It was found, however, that it leads to integrals of the 

type 

7.2 

when it is aubtituted in the expressions for the max1znm kinetic energy 

and the maximum potential energy of the vibrating plate. The accurate 

evaluations of these integrals is impossible vithout using Simpson' a rule 

on an electronic digital computer. One of these integrals was evaluated 

using autocode on a Ferranti Pegasus Computer and it was found that one 

hundred and twenty eight stations were required for its evaluation to obtain 

a sufficient2y accurate result. The time required was between three aid 

four minutes. There are sixty four integrals similar to equation 7.2 to be 

evaluated when the first term of equation 7.1 is used to represent the 

deflected form of the vibrating plate, and only the natural frequency of the 

first mode of the family would be obtaincd. If the higher modes of the 
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family were required several terms of the series would be required to 

represent the deflected form of the vibrting plate. The mabez' of 

integrals similar to equation 1.2 to be evaluated is considerably increased. 

The use of equation 7  .1 for the calculation of the family 0 of cantilevered 

tapered plates Is, therefore, impractical. 

One of the main difficulties in using a series of algebraic 

functions to calculate the natural frequencies of the family a/2 is the 

choice of a suitable series of functions to represent the deflected form 

of the vibrating plate. Before attempting to calculate the natural frequencies 

of the family of cantilevered tapered plates several deflected forms were 

used for the calculation of the natural frequencies of the mode 3/2 Of 

cantilevered rectangular plates. The results, which were obtained, were 

compared with the experimental results. Thee results are shown in table 42 

in appendix no. 6, and it can be seen that the frequency which was obtained 

from equation 8.2.3 agrees most closely with the experimental result. 

Equation 823 was used to calculate the natural frequency of mode 1/2  of the 

isosceles triangular plate and it was found that the calculated frequency 

was 12.8% lower than the experimental frequency. On the basis of these results, 

it can be concluded that equation 8.23 is suitable for the calculation of the 

natural frequency of mode 1/2 of rectangular plates, but is unsuitable for 

the calculation of the natural frequency of mode 1/2 of isosceles triangular 

plates. Further investigations are therefore required to obtain a suitable 

series of algebraic functions to calculate the natural frequencies of modes 

W2 of cantilevered tapered plates. 



115. 

7.5 iscussion of other Methods of Calculating the Natural. Preqenoies 

of Tapered Platci 

The Rayligh'-Iitz method is not the only approximate method 

which aq be used to calculate the natural frequencies of rectangular, 

trapezoidal and triangular plates. Several of the other methods which 

may be used are discussed in appendix no. 3.  Like the R41yleiRits method, 

these methods lead to the solution of a series of algebraic equations of the 

p. 

+(c j%-XQoL,==o 

The natural frequencies are obtained by equating to zero the determinant of the 

coefficients a a in equation 7 3. It a digital oouter in net available, the 

size of the determinant which may be evaluated is limited to about the fourth 

order. As a result the use of the finite-difference method is more or less 

eliminated* The Galerkin and Kantoroviob methods require that the assumed 

df1eo ted fore satisfies the boundary conditions. When a plate has free 

boundaries which are not parallel to either the x or y axis it is extremely 

difficult to obtain functions which satisfy the conditions at these boundaries 

and it would, therefore, be extremely difficult to calculate the natural 

frequencies of cantilevered tapered plates using either the GeIOXkin or 

Eantorovioh method. 

7.6 Doupsion of Further -APAIkallonsie Methods of the Present 

Research Frcras 

In the present researdh programme experimental and calculated 

results were obtained for cantilevered,, rectangular, trapezoidal and 

triangular plates. The ratio of the length to the fixed edge Of the plate 
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was two to one. The natural frequencies which were calculated successfully 

were several of those of the fpm{les /0 and s/I. At no point in the 

calculations were more than tour terns of the appropriate series used for 

the calculation of the natural frequencies and only the first tour natural 

frequencies of each family were calculated. Examdsation of those results and 

those of other investigators gives some indioation of the extent, to which the 

present approach to the problea, may be applied to cantilevered plates 

having other length to fixed edge ratios and plates having other boundary 

conditions. 

7.6.1. Dtaeussiou of extent of am14ctien to Cantilevered Tapered i.ats. 

The discrepancy between the calculated and experimental 

results of the modes which were considered increases as the angle of taper 

of the plate is increased. This is probably because the deflected ferns 

which were used do not satiny the boundary conditions at the free edges 

and, therefore, become increasingly more inaccurate as the angle of taper 

is increased. The accuracy of the results would probably improve for 

plates having greater length to fixed edge ratios, as the angle of taper 

is reduced as the length to fixed edge ratio is increased. 

The assumption that the nodal lines are parallel to the 

z and y axes is lees accurate for right-angled plates than qznmetriaal plates 

and causes, therefore, further inaccuracies in the calculated frequencies 

of right-angled plates. Exv1nition of the nodal patterns of modes 2/0 and 

/o of right-angled triangular plates, which were obtained by Gustdson, 

Stokey and Zorowaki, and which are shown in figure 7.11, shows that the 

assumption that the nodal lines of the family 0 of these plates is lees 

accurate for plates with low length to fixed edge ratios. As the length to 

fixed edge ratios of right-angled triangular plates increases the assumption 
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that the nodal lines are parallel to the x and y axes becomes substantially 

correct. In addition the assumed boundary conditions at the tree edges 

become lees inaccurate as the length to fixed edge ratio of the plate is 

increased. The deflected forms which were used in the present research 

programme will probably give better results for modes fO of right-angled 

plates as the ratio of the length to the fixed edge of the plate is increased. 

Exmi-n1ng the experimental results of modes 1/0, 2/0 and 3/0 which were 

obtained by Gustafson, Stokey and Zerowaki for right"szigled triangular plates 

having length to fixed edge ratios varying from a halt to five and comparing 

thee with the calculated results from the present research programme indicates 

that the calculated results will in tact improve as the length to fixed 

edge ratio is increased. The results which are shown in figure 7.12 show 

that the calculated values which were obtained with the deflected fore 

assumed to be 

\~ 4k, 	+0.?. 	+ (X3 W + Oj+(:XA Oo (1) 

do not vary as the length to the fixed ee ratio is varied. It is also 

shown that the calculated results are more accurate relative to the 

experimental values as the ratio of length to fixed edge is increased. 

Oblique co-ordinates were used to calculate the natural 

frequencies of the family a,/1 of right-angled plates. The angle between the 

co-ordinates is affected by the angle of taper and the length to fixed edge 

ratio of the plate. As the angle between the co-ordinates increases the 

Inaccuracy of the assumed boundary conditions at the tree edges increases. 

Considering triangular plates, this means that for law length to fixed edge 

ratios the assumed deflected form is less accurate than for high length to 

fixed ratios. Figure 7.13 also shows that the assumption that the nodal 

lines are parallel to the x and y axis is azch more accurate for right-

angled triangular plates with high length to fixed edge ratios. This means 
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that the use of oblique co-ordinates and the deflected terms, which were 

used in the present research project to calculate the natural frequencies 

of *odes /l of right-angled plates would give better results for plates 

having high length to fixed edge ratios. The use of oblique co-ordinates 

would probably be inaccurate for the calculation of the natural frequencies 

of nodes mj/l of triangular plates having swept back plan forms. 

The number' of terms which were used in asW particular deflected 

form was limited by the amount of computational labour involved to evaluate 

the resulting determinant using a desk calculator. As the labour involved 

in evaluating a determinant of order greater than four is prohibitive, at 

no point in the calculations were more than four terms of the appropriate 

series used for the calculation of the natural frequencies of the families 

/O and i/I. The maximum amount of natural frequencies which could be 

obtained from any deflected form was, therefore, four. It would appear, 

however, from the results that reasonably accurate results could be obtained 

for more than four frequencies of each family if more terms were added to the 

series which represents the deflected form of the vibrating plate. 

Due to the amount of computational labour involved it was 

considered impractical to use a series of the form 

\4 =[, 3)+e42 &)+--  — ]#h() 
for the calculation of the natural frequencies of modes 4/29  813 - - - - 
of cantilevered tapered plates. If the Rayleigh-Ritz method is to prove 

successful for the calculation of the natural frequencies of these modes 

and the labour involved is to be considerably reduced it would be better 

to express the deflection of the vibrating plate in the y direction by 

algebraic functions. For example for the calculation of the natural 

frequencies of modes a/2 and /3 respectively, deflected forms of the 
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form 

\1SJ [CA, 	+ PA, 

W 	)+&(x)+ - -) 
in which (P1 (c.), (4() - 	 are the appropriate beam 

functions depending on the boundazy conditions in the x direction and 00 (i) 
and 	(y) are the appropriate functions of a beam which is free at each end. 

If beam functions were used to represent the deflected form of the vibrating 

plate in the y direction for the calculation of the natural freauenciea of 

the twnilea m/2, m/3 - - - - 	 , the computational labour would render 

the use of such a series impractical. For the calculation of the natural 

frequencies of the families r/2, x/3 	 the series which represents 

the deflected form of the vibrating plate would, therefore, be beam functions 

in the x direction and algebraic functions in the y direction. 

If it is required to calculate the natural frequencies of a 

tapered plate which is either simply auported or fixed at one or both of 

the y boundaries, the use of bean functions to represent the deflected form 

of the vibrating plate in the y direction leads to difficulties similar to 

these, which are encountered if beam functions are used to represent the 

deflected form of the vibrating plate in the y direction for the calculation of 

the natural frequencies of modes /2 of cantilevered plates, Seas form of 

algebraic tune ti* mist be used, therefore, to represent the deflected in the 

y direction for the calculation of the natural frequencies of these platee. 

Suppose for example it is required to calculate the natural frequencies of a 

tapered plate bh1o) is simply sorted on the y boundaries and has ax 

boundary- conditions on the x boundaries. By definition there are at least two 
nodal lines in the y directions. To calculate the natural frequencies of 

families W2 and n/3 possible deflected forms are, therefore 

\V4 	&A I ~j + OL &-4) + — — —]['~ — ( 

[4c± CL, 	--HLr(c- 	e]L-(x 1t8—c)J' 
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Similar deflected forms can be constructed for the caloulatio* of the 

natural frequencies of nodes Wi and. vV2 of tapered plates having one of 

the y boundaries tree and the other simply supported. There is, however,, 

some difficulty in choosing a auitable deflected tore tor the calculation Of 

the natural frequencies at the families a/I', i/5 	- - of plates which 

are ainQly supported at both y boundaries and of the families 913s xA- ---
of plates which are aiiiply supported at one y boundary and free at the other. 

Further investigation would be required to obtain a suitable deflected torn 

for the calculation of the natural frequencies of these nodes. 

It is required to calculate the natural frequencies of the 

families W2 and /3 of a tapered plate which is fixed at both boundaries in 

the y direction and having any conditions at the boundaries in the x direction 

possible deflected forms for the vibrating plate would be, 

and. 
\V4 — La I W + OL 	+ 	 (C 	04— (." ~L a — z 

\4= 	 - --][-(c- C  
Similar deflected forms can be constructed for the calculation 

of the natural frequencies at familea /2 and W3 having any combination of 

fixed and simply supported boundaries in the y direction and for the calculation 

of the natural frequencies of plates having one boundary fixed and one boundary 

free in the y direction. As before further investigations are required for 

the choice of suitable deflected forms for the calculation of the natural 

frequencies of the families /4., /5 - 	 of plates which are fixed at both 

boundaries in the y direction and of the families W3, is/i' - 	 of plates 

which are fixed at one boundary and free at the other in the y direction. 
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7.7 Conolwsions 

In conclusion the main findings and conclusions of the research 

project can be summarized as follows, 

The method which was used successfully by Warburton for the calculation 

of the natural frequencies of all modes of vibration of rectangular 

plates was found to be unsatisfactory for the calculation of the natural 

frequencies of cantilevered tapered plates and would probably be 

unsatisfactory for the calculation of the natural frequencies at tapered 
plates having other boundary conditions. 

The Rayleigh-Bits method assuming the deflected form of the vibrating 

plate to be either a series of beam functions of the form 

[CA (1?k)+C 4(x) -F - -) 
or a series of algebraic functions of the form 

Cx+ Cix3-I- - - - - 
has proved successful for the calculation of the natural frequencies of 

the family AVO of cantilevered tapered plates. The method can also be 

used for the calculation of the natural frequencies of the family Wi 
of these plates if the deflected torn of the vibrating plate is assumed 

to be either a series of beam frequensies of the tons 

\J = La. 	+c4) cj+ - - — 10, (1) 
or a series of algebraic functions of the tons 

W = (CA,ZC'I+ 	+ - - - -) 
The good agreement between the calculated and experimental results 

suggests that the choice of a deflected tore from which only the natural 

frequencies of one family are obtained, is the most suitable choice for 

cantilevered tapered plates. The natural frequencies of the corresponding 

nodes of tapered plates with other boundary conditions could probably be 

calculated using the Rayleigh-Ritz method with similar deflected forms. 



123. 

3) The Rayleigh—Ritz method, using the same deflected forms would 

probably be more accurate for the calculation of the natural frequencies 

Of the families sy'O and WI of oantileyersd tapered plates having 

greater length to fixed edge ratios than the plates which were 

considered in the present research programme.The method would 

probably be more accurate for tapered plates having fewer tree edges 

but 1es accurate for cantilevered trapezoidal and triangular plates 

of swept back plan fore. 
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C H A P T E R CHAPTER VIII. 

AtPENDIQES 

Apnpndix No. 1 	 notation 

a, o, d 	 Dimension:; used in calculation of natural frecuencies 
of triangular plates. 

g 	 Acceleration due to gravity. 

Ii 	 Thickness of plate. 

1, b 	 Length and breadth of rectangular plate 

n 	 Number of nodal lines in x and y directions 

t, x, y 	 Coordinate distances in plane of plate 

U 	 Arbitrary dependent variable in x and y 

z 	 Width of mesh in finite-difference expression 

A, B 	 Constants in approximate solution of differential 
equation 

E 3  

Young's nodulue 

G H J 

G  

xx 

J 

 x 
Functions in frequency expression 

y y yi  

L 	 Arbitrary differential operator 

T max 	 Maximum kinetic energy of vibrating plate 

U max 	 Maximum potential energy of vibrating plate 

W 	 Maximum transverse displacement of a point 

a1, a2  . . . a 	Constants in approxi nate solution of differential 
n 	equation 

• 0nn 
Constants in simultaneous algebraic equations depend- 

k11,k12  • • k j 

	

	trig oh differential equation which is being solved. 

f1(x), f2(x) . . f(x) Functions, satisfying boundary conditions in the x 
direction, which are obtained when Kantorovich' a 
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method is used to obtain an approximate solution to 
a partial differential equation. 

f1(x,y), f2(x,y) . • Functions chosen to satisfy boundary conditions in the 
x and y dlreotins when using Galerki& a method to 

f (x,y) 	 obtain an approximate solution of a partial differ- 
ential equation 

91(y), g2(y) . . g1(y) Functions chosen to satisfy bowiary conditions in the 
y direction when using Kantorovich's method to obtain 
an approximate solution of a partial differential 
equation, 

X1  x2, Yl#  Y2 	
Plate boundaries 

A00.9  All  • . , Ann  	Constants in approximate solution of differential equa- 
tion 

Wo 	2 • • • 12 	
Deflections, at points of intersection of grid lines, in 
finite-difference expression 

0(, /3, Q, 	r!Cles used in calculation of natural frequencies of 
triangular plates. 

w zi 

A, 

e 	 )enity of plate 

osson's ratio 

atural frequency 

Constants in poynoniial depending on differential 
equation which is being solved. 

Constants in expressions which represent the normal 
modes of vibration of uniform beaTis. 

xpressions which represent the normal modes of vibra-
tion of a uniform bean. 
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:ppendtx No.2: V:Llue8 of '01(  and IE and intov:rals of characteristic 

Functoan of a uniform cantilevered beam. 

Table : Values of Q( and 

1 .734095 1.75104 

2 L.694091 

3 G.999224 7.54757 

4 1.00003 1  0.995541- 

5 O.99)99.. l4.l371' 

1.0 

The functions Q ( ( () - - , which represent the normal modes 

of vibration of a uniform cantilevered bea are orthogonal in the interval 

o to 	• That is, for any two functions 	arid 	in the set, 

the follo'uing relationships hold 

Q (x) 	c  =2 ( for ')n 	1) 

(for qvti) 

The ocond derivatives of thu fanottoan are also ortogonal and satisfy 

the relationships 

E 	('go r fWL = 

Table 33: Values of 	x 4) 	(x) 41-4  

1 0.06537 -.0.1T3516 3,D20323 0.0O:d7g7 

2 -0.153516 3,5)4l49 0.02054 

3 0.020323 -3.1)0017 0,532366 -o,190971 

U.0201h4 &).1)697? 0,5L'543 
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dIZOf of 
	

x,- L  () (g%  (x) c'x 

1 2 3 4 

I )•i55I6 .2i23 

2 p.153516 )59-41/0 

19')817J.:.;32%t - 	.I96971 

77 )..)2)5C4 J.L6971 u.516543 

Tb10 5: Value of  

.1 2 3 4. 

- - 
2 

3 3.Y)729 - ).215549 ),2f7.Y) - 
- 	1J'4 

2e of2 OZ  (%) (R:(x) Q 

1 2 3 4 

I 4.47771 - 7.37)C':2 .V.154. * 
2 - '7.3762 2.4173i7 -22.352.419 13.244? 

3 :.?415Z. -.3524..IQ /f.2;i7(;4 

4 6,, 59:.L 1:?.52147 ?J7 	117] 

le l: •o of 	Q ( Q () 

1 2 3 4 

I ,J76)2 (.95754? 5,,9]. - 5,7202y 

2 - (.957547 '".77,A)" 2361 17.225232 

3 5.13591 -24.24246. 52.3466c, -/.)26517 

: 7 6517 1.4Y:.7) 



Table 38: f1ao 	A 
1 2 3 4 

1 2.391647 -11.893436 - 4.408633 - 3.735291 
2 -fl.893436 197.047784 - 259.409317 -54.836316 

3 4.4)8633 - 259.409317 1780.066222 -1469.267649 

4 - 3.735291 -54. 836316 -1469.267649 7066.806489 

Table 	Value of I 	() 

1 2 3 4 

1 0.763371 - 6.806442 3.138763 j,859U2 

2 - 	06442 119.4 )593 -216.285680 64. 

3./ 01 -210 .2$560U 1122 .69106o -i.ob63 

A. . 64,562323 -1344.083663 1j.,139861 

JO 	 I,  

T.bie: Ta1ue of 	C Q k) 	s</ 

1 2 3 4 

1 u.308997 - 3.763202 5. 68720 - 0.75624; 

2 - 3.76322 65.526)95 -163.659373 107.343089 

3 5 .o6372n -163 .65:;373 773 • 493821 -1311273009 

4 - :.758213 107.343889 -1111.2/3003 3277. 367157 
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Appendix No. 3: Solution of differential ecuations by pproxintate methods 

The exact solution ofny differential equations is extreiely difficult. 

When difficulties arise in obtaining the exact solution of a differential 

equation it is often necessary to use a method which gives an approximate 

solution. Many approximate methods of solving differential equations 

have been thveloped and several of these methods will be described briefly 

in this section. 

1. Oalerkifl'S 14ethod 

The method proposed by Galerkin (1915) may be used to obtain an approxi- 

mate solution of a complicated differential equation. 

Consider, for example, a differential equation of the type 

L()=o 	 8.1 

where L is so 23 differential operator in two variables. If it proves 

difficult to obtain the exact solution of equation 8.11, Galerkin' s method 

may 13o 	3 to obtain an approximate solution of the form 

,tv= 	 — — +cc) 	8.2 

In which each of the functions fm(xY) must satisfy the boundary condi-

tions of the problem. The approximate solution, equation 8.2j. is sub-

stituted in equation 8.1 which is then multiplied by each of the functions 

Each product is integrated between the required limits and the 

interal equated to zero giving a series of equations of the type 

L [ cj. --  + 

from which the coefficients am can be determined. Theo are substituted 

In equation oo.2 to give the approximate solution of equation 8.1. 



2 	Kantorovitch' s Niethod 

To obtain an aporoxtiiate solution of a differential equation using 

the uiethod proposed by lCantorovich (19:33), it mist be replaced by the 

corresponding variational problem. Qonsider for exap1e the solution 

of the following differential equation, 

.4 

where L is a differential operator in tvo iariablos • The corresnonding 

variational probloii is of the form, 

i- ,  

The approioate oc1tion of the problem is assumed to be of the - 

form 

=. 	() + , () 	+  

in which ;he functions g(y) satisfy the boundary conditions at y1  and y2. 

iquationZ.6 is substituted in equation 8.5 and integrated with respect 

to y. The original problem of obtaining an expression which gives a 

double integral a minimum value, is thus reduced to the eroblem of find-

ing on e:rrJr050i:)n ihich :jVOS a alngio integral of the form 

DC I F 

a mjniiu.m value, 	8s.ng  variati-rial Ca1COJLS to obtaUi the o:rresoi 

which gives equation •8.7 a minimum value, the problem reduces to the 

solution of a system or ordinary differential equations to obtain the 

functions fm(x)  satisfying the boundary conditions at x1  and x2. These 

functions, fm(x) are substituted in equation 8.6 to obtain the approxi-

mate solution of equation 8.4. 
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3, Finite-Difference Nethod 

The solution of a lifferontia1 3quation of the type 

using the finite-lifferenco aotiod i2 not,ü 	LOLi ao ac.ontinuow func- 

tion. The values of u are obtained at a finite number of points within 

a specified region for which the boundary conditions uuot be known. At 

each of an arbitrary number of points within the region, for which the 

solution is required, the derivatives in the differential equation are 

replaced by expressions in terms of the unknoi.a 11 at the particular point 

under consideration and of the unknown u at neighbouring points. The 

original differential equation is replaced, therefore, by a series of 

simultaneous, algebraic equations which can be solved to obtain the 

approximate value of u at each point. 
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Appeciix No,: Soli.tion of the equation of notion of a vibrating plate 

by approxitp methods  

One of the differential equations, which are encountered in engineer—

ing and of which the exact solution is difficult, is that of the vibration 

of thin, flat plates, of uniform thickness. The solution of that equation 

depends on the shape of the plate and the boundary conditions of the plate, 

and for -nost plate shapes and boundary conditions it is necessary to use 

an approximate method to obtain a solution. This section will be devoted, 

therefore, to discussing the application f the approxi flate methods which 

were described in Appendix No. 3, to the solution of the equation of notion 

of vibrating cantilevered, rectangular, trap3oldai and triangular shaped 

plates. 

1. Galerlcin' S .4ethod 

If Galorkin' a method is used to solve the equation of notion of a 

vibrating plate, equation 3.1, each of the f:1nctions fm(xy) in the approxi—

mate solution, equation 3.2, must satisfy the geometric and the natural 

boundary conditions of the plate. At a boundary which is parallel to the 

y axis, these are, at a fixed edge 

'V,...1 	
and 

at a ci -mlr sun ported edge 

at a free edgo 

(+,o 	- 	 (~3-W + (2 -/") 
a
3 W \o 

16 
..hen a rectangular plate has any combination of fixed and simply 

supported edges it is possible to construct a series of simple functions 

which satisfy all the boundary conditions and It would be possible, 
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therefore, to calculate its natural frequencies using Galerkin' a method. 

When a rectangular plate has free boundaries it is much more difficult 

to construct a series of functions which satisfy the boundary conditions, 

It is even iiore difficult to construct a series of functions which 

satisfy the boundary conditions when the -plate has free boun:aries which 

are not parallel to either the x or 

y axis. Consider, for example, the 

solution of equation 3.1 for the case 

of a trapezoidal cantilevered, plate 

fixed at x = 0 and free at the oUhr 

three edges. 	(Fig. 8.1) 

Fig. 8.1 

At the slopind edges 

1JA r4\ 	
8 .d 

8 

In adJition the condition 

t) 

 

8,10 

at the rree 'orners A and B must be satisfied. 

Equations 8. 8,8.9  and 8.10 become in terms of derivatives in the x and y 

dire etioris, 

L\x 
+ 	v2 19 + 	1 

".. x.L 	 LI 
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- 	( 7-G 3\J (&t& +/t 

X2  

'vJ 	3Q_ 
8.1. 

LL 8.13 

As it would be extremely difficult to obtain functions which 

satisfy the boundary conditions of cantilevered, trapezoidal plates, it 

would be impractical to use Galerkin' s method to calculate their natural 

frequencies. 

2. Kantorovich's Method 

If Kantorovich's method is used to obtain a solution of equation 3.1 

the functions 	in the expression for the assumed deflected form, 

equation 8.6, must satisfy the geometric and the natural conditions on the 

y boundaries • The method could be used, therefore, to calculate the 

natural frequencies of a rectangular plate with the y boundaries having 

any combination of fixed and simply supported edges, as it would be a 

relatively simple aatter to construct a series for the deflected form in 

which the functions g(y)  satisfy these boundary conditions. 	en one 

of the y boundaries of a rectangilar plate is free, however, it is much 

more difficult to obtain functions which satisfy the conditions at that 

edge. 

As with Galorkin's ietbod, the difficulties are further Increased 

when the plate has free edges which are not parallel to the x axis. It 

would be Impractical to try and obtain the natural frequencies of a 

cantilevered, trapezoidal plate using Kantorovich's method as it would 
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be expressed, however, in terms of points inside the plate from the finite-

difference expressions for the boundary conditions (Williams, 1960, p. 139). 

Equation 8.14  for the points on or adjacent to the boundary is adjusted ac-

oording],y. 

If the finite-difference oethod is used to solve equation 3.1 for 

trapezoidal or triangular shaped plates, it is convenient to adjust the 

width of the grid to ensure that the points lie on the sloping edges of the 

plate (Fig. 8.4).  That procedure can lead to a large number of equations. 

The use of a coarser net to reduce the number of equations would result 

in the boundaries of the plate cutting across the lines of the grid 

(Fig. 8.5). The finite-difference expressions for points adjacent to 

the boundary would have to be adjusted. (Allen, 1954, P. Us). 

Fig. 3.4 
	

Fig. 8.5 

The natural frequencies of the plate may be obtained from the 

finite-difference exressiins by equating the determinant of the coeffi- 

cients of W to zero. 	solution would also be obtained by relaxa- 

tion methods (Allen, 1954, P. 167). To obtain accurate results, how-

ever, equation 3.1 must be replaced at a large number of points. If 

the fforoor method is used to obtain a solution the use of a digital 

computer is essential, and if the relaxation method Is used the pro-

cess is slow and tedious. 
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Appendix io. 3: Calculation he frequencies of the family wi&h 
one nodal line perpendicular to the fixed edge of canti—

levered symmetrical platep 

HE 

p-J 
Fig. 8.6 

Using the Rayleigh—Ritz method to calculate the natural frequencies 

of the family tn/i of the synmotrioal trapezoidal plate which is shown in 

Fig. ..6, the deflected form of the vibrating plate was assumed to be, 

— 
(&, _ 	

- , 
	5 

+ e+ cx+ 	' + 

+ ((L 7'~L + C4 	+ CL i ZL + CL 	+ Cj- 14 	 .15 

Substituting equation u.15 in the eprossion for the axinun 

potential energy and the maximum kinetic energy of the vibrating plate 

and performing the necessary integrations and differentiations leads to 

twelve simultaneous algebraic equations of the type 

(c4—) k11)cc1 + 	- 	 \ ki1 )O.,, 	0 

c —\ k 1), + - - 
- 
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Table Table Li: Vales of non—dinensional frecuenc factor 	wLich were 

Qbtajned from Ferranti Pegasus Computer when the natural 

frequencies were calculated using equation 8.j5 

a1uo of 

1st root - 8.810 x 102  

2nd root 6.629 x 103  

3rd root 9.904 x 103  

4th root 1.854 x 1O4  

5th root - 5.009 x 104  

6th root - 2.515 x 10 4 

7th root 2.803 x 10 

8th root - 3.96/4. x lo 
9th root - 4.493 x 10 

10th root - 7.983 x 10 

11th root - 1.618 x 10  

12th root 6  - 3.536 x 10 
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Apt,endjx No 6: Calculation of the natural frecuencies of the family with 

two nodal lines terDendioular to the fixed sdae of canti-

levpred. synnietrica1 plates 

Using the Rayleigh-Ritz method to calculate the natural frequencies 

of the family with two nodal lines perpendicular to the fixed edge of the 

cantilevered symmetrical plates investigated experimentally, the deflected 

form of the vibrating plate was assumed, in turn, to be 

+ 	X? 4- 	 3.20 

\4 - 	+ 	 'J'21 

\t'J 	e4d(x -t- G X± 	 .22 

WCL x+ x-t-  x Z+ oc+f 	3.23 

With the deflected form of the vibrating plate assumed to be equa-

tions 8.20, 8.21, and 8.22 the natural frequency of the first mode of the 

family of the cantilevered rectangular plate was calculated. Using equa-

tion 8.23 to represent the deflected form of the vibrating plate, the 

natural frequency of the first mode of the fanily of the cantilevered 

rectangular and the cantilevered isosceles triangular plates were cal-

culated. The calculated and experimental results are shown in Table 42. 

Table 42: Exierirnental and Calculated Natural Frequencies of iiode 312 

of Cantilevered, 

ecanular rianu1ar 
Plato Plate 

Deflected Form :;atural Fruencie5 (Copes*) 

CL , x + 	x + 1998 

W 

\4 	+ 1730 

sj 1543 3300 

Experimental Value 1561 3785 
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The results show that when equations 8.20, 8.21 and 8.22 are used to 

calculate the natural frequency of iode 1/2  of the cantilevered, rectangular 

plate the value of the calculated frequency is 28%, 27.5ç and 11.9% greater 

than the experimental value. When equation 8.23 is used to calculate the 

natural frequency of mode 1/2 of the cantilevered, rectangular plate, the 

value of the calculated frequency is 1.2% less than the experimental value. 

Since the calculated frequency, which was obtined using equation 8.23, is 

much better than that which was obtained using either equations 8.20, 8.21 

or 8.22, it was decided to investigate the possibility of using equation 

8.23 to calculate the natural frequency of node 1/2 of the cantilevered, 

isosceles triangular plate. It can be seen, however, that the value of 

the calculated frequency of mode 1/2 of the cantilevered isosceles tri-

angular plate is 12.8% less than the experiiental value. If the Rayleigh-

Ritz tiethod is to prove successful for the calculation of the natural fre-

quencies of the family rn/2 of cantilevered rectangular, symmetrical, trape-

zoidal and isosceles triangular plates some other oonbinatlon of algebraic 

functions will have to be used to represent the deflected form of the 

vibrating plate. No other deflected forms were investigated for the cal-

culation of the natural frequencies of the family tn/2 of cantilevered, rect-

angular, symmetrical trapezoidal and isosceles triangular shaped plates. 

A suitable deflected form is, therefore, at present unknown to the author. 

The results are included, however, to complete the record of the work which 

was done during the research programme. 
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