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Abstract 

The thesis is divided into two parts, the first dealing with closed invariant curves 

of dissipative mappings of the cylinder, and the second dealing with the splitting of 

separatrices for a particular area preserving cylinder map. 
Chapters 1 and 2 provide some motivation for the main results of Part I. Chapter 1 

contains a brief discussion of Hopf bifurcation theory, and also an analysis of a dissi-

pative 'standard map' of the cylinder, while Chapter 2 surveys some of the literature 

on the breakup of invariant curves for dissipative systems, with particular emphasis on 

the renormalisation approach to the subject. The main results of Part I are contained 

in Chapter 3, and depend on the concept of normal hyperbolicity of invariant mani-

folds. This condition guarantees that an invariant curve of a C' map f is itself C', and 

that it persists under small perturbations to f. We prove that a C' invariant curve 

F of f is normally hyperbolic if the rotation number of f restricted to r is irrational. 

One consequence of this result is that if an irrational invariant curve is at the point of 

breakup, as described in Chapter 2, then it cannot be C'. 

Part II of the thesis is concerned with the splitting of separatrices for the rapidly 

forced pendulum system 

• 
= sin 9 + t cos t- 

for 5 > 0 fixed and e -* 0. In Chapter 4 we explain why the classical methods of analysis 

do not work, and introduce the Poincaré Map f of the system. This is a map of the 

cylinder, which for e small enough, has a hyperbolic fixed point. We prove that the 

associated stable and unstable manifolds intersect. In Chapter 5 we extend f into C2 , 

and construct parametrisations 7_(r) and 'y(r) for the stable and unstable manifolds 

respectively, such that 7(r + 1) = f(7(r)). We find that for Rr large and negative, 

'y(r) is close to 

(r) = (4tan'e27 ,2sech27rer), 

the parametrisation of the separatrix for the case S = 0. This is also true for 7_(7- ) 

when Qr is large and positive. To facilitate the study of orbits on the separatrices we 

introduce the variables 

T = T(9) =--- In tan 	and H = H(0,0) = 2  + cos 9, 
2ire 	4 
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and study the behaviour of T('y(r)) and (yj 	for rlying in the strip IrI < 4e 2rl 

with q > 0 fixed large. In Chapter 6 we construct analytic periodic functions E1(7-) 

and E2(r) which are close to H o -y_(r) and H a -y(r) when Qr 	. An analysis of 
the Fourier series for these functions then reveals that 

E2(r) - Ei(r) = 4iröe' cos2irr + o(1)e, 

and this behaviour is related back to the separatrix splitting in the original system. 
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Part I 

Invariant Curves of Dissipative 
Cylinder Maps 



Chapter 1 

Introduction 

In this chapter we review briefly some of the theory and motivation relating to invariant 

curves of dissipative dynamical systems of the cylinder. Formally, if 5' is the quotient 

space R/Z, we shall look at systems defined by x,, 1  = f(x,), where f: S' x R -+ S' xR 

and det(Df(x)) < 1, x ES' xR. A closed curve r c S1  xR is said to be invariant under 

f if x E F 	1(x) E 1'. The invariant curves we study shall be homotopically non-trivial, 

that is they wind round the cylinder, and divide it into two subcylinders. 

One motivation for looking at such systems comes from a consideration of attracting 

(or repelling) closed invariant curves of planar maps. By restricting attention to a 

neighbourhood of such a curve, we obtain a map of the annulus, which is topologically 

equivalent to a subcylinder. The existence of a simple attracting set such as a curve 

contrasts with the occurrence of more complicated attractors, which may appear as the 

nonlinearity of the system increases. It is also of interest to study the dynamics of the 

map restricted to the invariant curve, and since this curve is topologically equivalent 

to a circle, the properties of the induced map are those of a map of the circle. An 

extensive theory exists for such one-dimensional systems. 

One mechanism whereby invariant circles are created is the Hopf bifurcation. In 

this situation an attracting (or repelling) fixed point loses its stability as some param-

eter is varied, in the process spawning an attracting (resp. repelling) invariant circle 

surrounding the fixed point. Because of the importance of this bifurcation as a means 

of creating invariant curves, we describe it in more detail in the following section. 

1.1 	Hopf Bifurcation 

We begin by recalling some standard definitions. 

Definition 1.1 The map f : R' -* R" is said to be of class C,  r > 1 if the n 

components off are each r times continuously differentiable. If the components of f 

are each continuous, we say f is of class Co . 

Definition 1.2 The map f is a c' diffeomorphism if f is a bijection, and both f and 

are of class C.  A Co  diffeomorphism is called a homeomorphism. 
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We shall be interested in the occurrence of smooth invariant curves of planar maps, so 

we must specify what we mean by 'smoothness'. 

Definition 1.3 A closed curve r E R2  is said to have Cr  smoothness if there exists a 
cr diffeomorphism h : S1  -+ R2  s.t. r = h(S'). 

We now state the Hopf bifurcation theorem for one-parameter families of maps. 

Theorem 1.1 If f(x) is an analytic, one-parameter family of maps of the plane, 

satisfying 
(a) f(0) = 0 for y in some neighbourhood of 0, 

(b)Df(0) has complex eigenvalues ), 	with I)'oI = 1, 

(c) )' 54 1, m = 1,2,3,4, 

(d)dp IA()I > 0 
then, depending on the sign of some coefficient (which generically will not vanish) the 
origin is surrounded by an attracting (repelling) Lipschitz invariant circle for it > 0 

(p < 0). 

We shall sketch very briefly a version of the proof. A more thorough version may be 

found in Whitley [1983]. 
Condition (d) implies that the eigenvalues cross the unit circle with nonzero speed, 

so we can choose the parametrisation so that ) = (1 + i)e1). 

We can now make a smooth change of variables to get 

Df(0) = (1+/2) 
cos c() - sin c(t) 

sin a() cosa(p) 

and if we now let z = x + iy, we find that the dynamical system reduces to 

= F(z,2), 

where 

00  F(z,2)=Az+( E  a,,,zm 2). 	 (1.2) 
r2 m+n=r 

Now make a change of coordinates to bring F into its normal form. That is, try to 

remove as many nonlinear terms as possible (those which cannot be removed are called 

resonant terms). 

The theory of normal forms (see Arrowsmith & Place [1990]) shows that if m+n = 
then there is a resonant term of order r if 	= A, that is 14  IS 	U 

(1 + p)m ei Xm-n) = (1 + p)e. 	 (1.3) 

When ju = 0, this equation will always be solved by rn = n+1, n E N, but if o0  = 27p/ q, 

it will also be solved by m = n + 1 - lq, 1 E Z. Thus if 1 = 1, n = q - 1 we have the 

resonant term 	Hence, if condition (c) is satisfied, we can write 

	

F(z, ) = Az + a(p)z22  + O(I z IN), 	 (1.4) 
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where N = min{5, q - 1). If we write z = 	we can transform the system to polar 
coordinates. Then 

= (1+,i)r0+Arg+O(r') 

(1.5) 

= 00  + a(/2)  + Br  + O(r'). 

A0  (= {a(0) o}) is the coefficient that was mentioned in the statement of the theorem. 
We need only consider the case A0  > 0, corresponding to the creation of the circle as 
ji becomes negative. 
The form of (1.5) suggests that we look for an invariant curve close to 	If we 

make the change of variables x =(sJr - i), we arrive at the system 

xi  = (1 - 2p)xo  + 
3 
 X(xo, Oo, p) 

(1.6) 

01 = 00 + /3(JL) + P 2O(x, 0, it) 

where X, 0 are smooth in x, 0 and /2. (Note that a further change of variables will be 

needed to write F in this form if ) = 1). 
We look for an invariant curve of the form {(x, 0): x = 4>(0)}, where 4> is Lipschitz 

and periodic with period 27r. The function 4> will correspond to an invariant curve if 
= 4>(0) = x1  = 4>(0), that is, 

+ 22 itX(4>(0), 0, p) = 4>(0 + /3(/2) + p0(4>(0), 0,/L)). 	(1.7) 

We can prove the existence of such a function 4> by defining a sequence 

0,12)) - .tX(4>(0), 0,p)}, 	(1.8) 

with 4>(0) = 0, and showing that the sequence {4} converges uniformly in an appro-
priate space. A similar result is proved in our treatment of the standard cylinder map 
in Section 1.2. 

Thus we have an invariant curve which is the graph of x = 4>(0), corresponding to 
an invariant curve of radius O(Iit)  for the original system, and the sketch of the proof 
is complete. 0 

If we now restrict the planar map f to its closed invariant curve r, the resulting one-
dimensional system is equivalent to a circle map, that is, a map from S' to S'. If 
F = h(s') then h' o f a h : S1  -* S1  is the induced circle map. We will wish to 
examine such restricted systems, so we now review some basic theory associated with 
maps of the circle. In the definitions and results that follow, it is not necessary for F 

to be a diffeomorphism, but it must at least be a homeomorphism. Furthermore, we 
assume that F is orientation preserving. 

First we note that it is often useful to deal with the lift F of F, rather than work 

with F directly. 
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Definition 1.4 F:R — R is a lift ofF:S' - S1  if 

iroF_—Foir 	 (1.9) 

where ir : R -* S1  is defined by 
r(x) = xmodl. 	 (1.10) 

It can be shown that any lift 1' of F: S' -* S1  satisfies x + 1) = F(x) + 1 , x E It 

(see Arrowsmith & Place [1990]). Although the lift F is only determined up to the 

addition of an arbitrary integer constant, we can specify F uniquely by requiring that 

0 < F(0) < 1. Henceforth, when we refer to the lift of a circle map, we assume that 

it satisfies this condition. Also, we will usually be able to use the term 'circle map' to 

refer to either the map of the circle, or its lift to the real line, without any confusion. 

It will be important to know whether or not the circle map has any periodic orbits, 

and to this end we introduce the concept of rotation number. 

Definition 1.5 (Poincaré) The rotation number, p(F), is defined by 

p(F) = urn 
P (x) 

 n_oo fl 

The rotation number exists and is independent of the x in definition (1.11). It is also 

a topological invariant, that is, if h : S1  - S' is any orientation preserving homeomor-

phism, then p(h' o F o h) = p(F). Proofs of these results may be found in Nitecki 

[1971]. 
The rotation number provides us with a criterion for deciding whether or not F has 

any periodic orbits. 

Proposition 1.1 p(F) E Q if and only if F has a periodic orbit. 

In fact p(F) = p/q if and only if there exists an x0  such that P(xo) = xo  + P. Usually 

there will be an even number of such periodic points, with stable and unstable points 

alternating around the circle. 

A theorem of Denjoy states that if the circle diffeomorphism F is C' with F' Lips-

chitz, and has irrational rotation number a, then F is C°-conjugate to a rigid rotation 

through a. Various refinements have been made to this result, giving smooth conjuga-

cies and usually requiring that a satisfies a Diophantine condition. For a summary of 

such results, see Sinai and Khanin [1989]. 

Now return to the problem of studying the dynamics of the original planar map on 

the bifurcating circle, and in particular, the possibility of having periodic orbits on the 

circle. Bearing in mind Proposition 1.1, we expect to find orbits of period q occurring 

when the eigenvalue A,, is close to e27nik,  since (1.1) shows that DF0(0) is a rotation 

through angle 2irp/q when AO  = e 27riP/  As Y is varied, ) follows a path in the complex 

plane, but we would like to have a more complete understanding of how the position 
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of the eigenvalue in the complex plane corresponds to the dynamics of the map on the 

circle. Hence we must consider two-parameter families of maps. 

Let f, be a two-parameter family of maps of the plane having eigenvalues A(, a) 

and A(p, a), with A(O, 0) = 	q ~! 5. If det(DA(0, 0)) 36 0, then there is a smooth 

local parametrisation such that )t(p, a) = (1 + j1)e21ri(P/+T). 

As in Theorem 1.1, we can make a smooth change of coordinates to bring 	into 

its complex normal form 

[(q.-2)] 

F(z, ) = ), a)z + 	a2m+i(1i, C)Zm+m + b(ii, a) 1 + O(1z19) 	(1.12) 
M=1 

where [(q -2)] denotes the integer part of 	- 2). 

Writing in polar coordinates, the system becomes 

[(q- 2)] rl 
= (1 + IL)?'o + 	c2m+i(I1,a)rm + eq_i(,i,a,eo)rg' + 0(r) or, 

M=1 
: 	 (1.13) 

[1(q-2)] 

91 = 9 + 2ir + a + E d2m(,U, a)rm + 	a, 90)rg 2 + Q(r) 0 
q 	 m=1 

Now, for a map having the properties just described, an analysis similar to that sketched 

in the proof of Theorem 1.1 gives the following result. 

Theorem 1.2 For sufficiently small (au, a) with 	a)l > 1 (IA(, a)I < 1 resp.), 
has an attracting (repelling) invariant circle if c = c3(0, 0) < 0 (c> 0). 

Furthermore, if b = b(0, 0) 0 0 and d = d2(0, 0) 54 0 then there are two orbits of 
period q on the circle, one stable and the other unstable, for values of (y, a) lying within 
the cusped region with boundaries 

((q-2)] 	
1b12 ,(q-2) 	 (1.14) a 	Ak pk ±  

k=1 

with A1 = d/c. 

The theorem is proved in Whitley [1983]. 

This result shows that for q ~! 5, each point e2rth has a 'tongue' emanating from 

it, such that if (jz, a) lies within this tongue, Fp,a has period q orbits on the bifurcating 

circle. If (ii, a) does not lie within any tongue, there is no periodic orbit. In terms 

of rotation numbers, a given rational rotation number has an associated tongue in 

parameter space, and an irrational rotation number has an associated arc. 

This brief discussion of two-parameter families shows that the behaviour of the 

induced circle map corresponds closely to that of the much studied 'standard' circle 

map 

g."(9) = 0 + + E sin 9, 	 (1.15) 



o < i < 2r, 0 < e < 1. In particular, measure theoretic results about the likelihood of 

periodic orbits occurring for the standard map, will also be true for the induced circle 

map. 

If we now return to the one-parameter family f,, considered originally, we may 

embed it in a two-parameter family by taking the real and imaginery parts of the 

eigenvalue A to be parameters. As jz is varied, A traces out a path in the (A, £A)-

plane. From a measure theoretic point of view, A. will not, in general, cross the unit 

circle at a root of unity, but it will intersect an infinite number of tongues soon after 

the bifurcation. The results mentioned in the previous paragraph show that the set 

no periodic orbits on the bifurcating circle} will have positive measure. 

We now turn our attention to maps of the cylinder. 

1.2 Cylinder Maps 

As mentioned previously, diffeomorphisms of the cylinder may be thought of as equiv-

alent to diffeomorphisms of the annulus. For instance g(9, r) = r(cos 9, sin 9) maps the 

half-cylinder S1  x (0, oo) diffeomorphicaily onto the punctured plane R2  - {0}, so that 

if f is a map of the annulus {(x, y): a2  <x 2  + y2  <b2 }, 9' 010  g(9, r) is an associated 

cylinder map defined on the subcylinder {(9,r) a < r < b,O E S'}. 

However, examples of cylinder maps also arise directly from analysis of physical 

systems. Consider the so-called 'standard map' 

9n+1 = On + Q  + Xn+i 

I = 
	

(1.16) 

= Jx,, - K - sin 27r On  
2ir 

with 0 < J,K < 1, 0 < Q < 1. 

This may be interpreted as a generalised model of a ball bouncing on a sinusoidally 

vibrating table (see Guckenheimer & Holmes [1986] for the derivation of the model and 

a discussion of chaos in the system). Note that the Jacobian det(Df(9, x)) equals J, so 

that for J < 1 f is uniformly area-contracting, and when J = 1 it is area-preserving. 

Now (1.16) is a diffeomorphism of R2, rather than of S1  x R, but we may think of 

f as a lift of a cylinder map 1. We say f : R2  -+ R2  is a lift of the homeomorphism 

f:S'xR—*S'xRif 

7r(f(9,x)) = A70, X)) 	 (1.17) 

where ir : R2  -* S1  x R is defined by 

ir(0,x) = (Omodl,x) 	 (1.18) 

As with diffeomorphisms of the circle, the lift f of an orientation preserving diffeomor-

phism J of the cylinder has the property that f(9 + 1, x) = f(O, x) + (1, 0). 
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We now turn our attention to the problem of locating a region in (J, K) parameter 
space such that the standard map is guaranteed to have a periodic invariant curve. The 
reason for wanting to know this is that if an attracting invariant curve exists, then the 
long term behaviour of orbits starting close to the curve is relatively predictable. 

Proposition 1.2 If J,K satisfy J + K < 1, then f has a unique Lipschitz, periodic 
invariant curve. 

Proof We look for an invariant curve of the form x = 0(0). We show that there exists 
a curve invariant under f', where  f is given by 

= on - a n  - ci 
(1.19) 

1 	K 
= j(X n  + - sm27r0_i). 

A given qS corresponds to an invariant curve if for any 9, f 1(9, (9)) lies on the 
curve {(0,(0)) : 0 e R}, that is, 

K 
- 	+— sin 2ir(0-(0)-ci)) = 0(0-0(9)—cz). 	(1.20) 

27r 

Define the sequence {4} by 

= J4_1(9 - _(9) - 1) - K  - sm2ir(0 - 5_(0) - ci),  
2ir 

with (9)  0. Now, Oo  is a smooth (C) function, and assuming 4k-1  smooth 

qA, is smooth. Therefore, each on  is smooth. Similarly we see that each On  has period 
1. We now show that the sequence Ion } is uniformly convergent for certain parameter 
values. We prove that Jjq5,, - 0.-111  - 0 as n-+ co, where 

II 	- 4_iI = sup I4(0) - qn_1(0)I. 	 (1.22) 
OE(O1) 

Note that there exists Oo E [0, 1) such that the supremum is attained at Oo.  Now 
differentiate (1.21). 

(9) = J:,_1(9 - _(0) - QX1  - 
-K(1 - 	0)) cos 27r(O - 	- 11). 	(1.23) 

Suppose II0_1jI <B, some B>0. Then 

7(0)I :5  JIIc_iII(1  + II_Il) + K(1 + II4_II) 

< JB(1+B)+K(1+B). 

S07  if 
JB(1 + B) + K(1  + B) :5 B, 	 (1.24) 
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then 11411 < B Vk > 0. Now suppose that Ikk - q5k.-1II :~ AIjk_i - 4'k-211, some A < 1, 

for k=2,...,n-1. 

	

- On-1(0)1 :5 JIc5m-1(0 - - 	 -0.-2(0 - - 

sin 2r(9 - fl  - 	 - sin 27r(O - - q5_2(9)) 

~ J{I-1(0 - - 	 - 	 - - 

	

- - 
	 - 	 - - fl 

 +KI_1(e) - 

< (J(B + 1) + K)I_i -On-211 

~_: 1\4_1 - n-2II 

if 

J(B+ 1)+K < A. 	 (1.25) 

Since we have 1I2 
- 4111 :~ (J + K)II1 - o)t, we have shown that Vn > 2, 

IIn - 4'n-1II :5 All—' - 4'n-211. 
Thus, IIn 

- 4'n_iIj 
5 An-1110, 

- 0011 

In - mIl ~ (A 1 + A2 + ...  + Am) 	
- ofl 

~ 1
AM 

—A' 

So {q,,} is a Cauchy sequence in the space of Lipschitz (with Lipschitz constant B), 

periodic, real valued functions, and hence converges to a limit 0. Since this limit is a 

fixed point of (1.21) , corresponds to a Lipschitz, periodic, invariant curve. 

Suppose b is another continuous periodic function satisfying (1.20). qS - is a 

continuous function on [0, 1), and so 30 E [0, 1) such that 	- 	 = 10(0) - &(0)I. 

Then, using (1.20),we have 

if 10(0 - (0) - l) - 0(0  - '(°) - 

— 0(9) - c) 
- t'(O - (0) - )I} 

+KI(9) 
- 

:5 (J(B--1)--K)II—bII. 

So, if (1.25) is satisfied, 

The value B in conditions (1.24) and (1.25) is arbitrary, so to find the region in J, K 

parameter space such that f has an invariant curve, we consider all values of B > 0. 

That is, we are interested in the set 

{(J,K):B>0 s.t. JB(1+B)+K(1+B) < B and J(1+B)+K<1}. 
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Now, JB(1 + B) + K(1  + B) < B is the stronger of the two conditions. We rewrite it 

as JB2  + (J + K - 1)B + K < 0 and note that if (1 - J - K)2  > 4JK this quadratic 

has two positive roots for B. Thus, the set of J, K values such that f has an invariant 

curve is given by (1 - J - K)2  > 4JK, or, on rearranging, J + K < 1. 0 

Corollory 1.3 The induced circle map F(9) = 8 + Q  + JO(0) - 4 sin 27rO is a 
homeomorphism with a well defined rotation number. 

Proof We have 

F'(0) = 1 + J4/(9) - Kcos2ir8 

> 1-JB-K 

> 0, by condition (1.25). 

This means F is invertible, and has a well defined rotation number. 0 

As we shall see in the next two chapter, it is often necessary to start with the existence 

of a C' invariant curve in order to proceed further with the theory. The following 

proposition defines a region within which f is guaranteed to have a C' invariant curve, 

although the actual region such that an invariant curve exists will be somewhat larger. 

Proposition 1.4 If J,K satisfy 

((1+J+(2_ 1)K)) <((1+2J_K))3 , 

then f has a unique periodic C' invariant curve. 

Proof We have already proved the existence of a continuous curve using successive 

approximations. Now differentiate (1.23) to get 

= J{4_,(O II 
	
-0.   (8) - 1)(1 

-_i(8 - n_1(8) - 

+K{ 27r sin 27r(8 - 	(9) - 1)(1 - 

+ cos 27r(O - On- ,(8) - 1l)4,'_,(8)}. 	 (1.26) 

Suppose 	<C. Then 

IIII <J{C(1 + B)2  + BC}  + K{27r(1 + B)2  + C}, 

and so 	<C if 

JC{(1 + B)2  + B}  + K{2ir(1  + B)2  + C} < C. 	(1.27) 

If this condition is satisfied, then I4(8) - 4,(62)I < C181 - 021. Hence  {,} is an 

equicontinuous, uniformly bounded sequence, and so by the Ascoli-Arzela Theorem, 
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it has a uniformly convergent subsequence in the space of Lipschitz, periodic, real 

functions. The limit of this subsequence is b' and hence the invariant curve is C1. 
To simplify the analysis of conditions (1.24) and (1.27), choose C = B(1 + B)2, so that 

(1.27) becomes 

JB3  + 3JB2  + (J + K - 1)B + 2irK < 0. 	 (1.28) 

For fixed B > 0, the region defined by this condition is contained in the region defined 

by (1.24), hence a C' invariant curve exists if J, K satisfy (1.28) for some B > 0. 
Let o(B) = JB3  + 3JB2  + (J + K - 1)B + 2irK. We find that c has a maximum at 

B_ 	—1 —(1 + (1 - J - K)) and a minimum at B = —1 +(1 + 	- J - 
Since a(0) = 2irK> 0, it is clear that a has one negative root and either two positive 

or two complex roots. If J, K satisfy a(B+) < 0, then there is an interval of values for 

B> 0 such that (1.28) holds. Now, 

= 1+J+(2ir_1)K_(1+2J_K)(1+--j(1—J—K)) 

= 1+J+(2ir_1)K_2J 1 (-j(1+2J_K)) 

from which the result follows. 0 

As already mentioned, the actual region in parameter space such that a C1  curve exists 

will be larger than the one specified in the proposition, since we restricted the constant 

C for convenience. 

Although we have proved the existence of an invariant curve for (J, K) in some 

region of parameter space, we have said nothing about the dynamics of the map re-
stricted to the curve. In the proofs of the propositions, no mention was made of the 

parameter fl, but if we fix (J, K), then the induced map is 

F,(0) = 0 + n  + J,(0) - 	sin 27rO, 
2ir 

and a knowledge of the dependence of F. on Q is important for an understanding of 

the dynamics of the map. For instance, p(F) is continuously dependent on R. 

In fact, it is natural to fix J < 1, and then look at what happens to the invariant 

curve as K varies, while simultaneously varying ci to keep the rotation number fixed. 

This way we may study how the existence and smoothness of the invariant curve is 

linked not only to the strength of the nonlinearity of the system, but also to the 

rotation number of the induced circle map. This topic will be pursued in the next two 

chapters. 
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Chapter 2 

Breakup of Invariant Curves 

The Hopf bifurcation theorem proves that a one-parameter family of maps of the plane, 

can give rise to an invariant circle as it passes through some critical value /2g. 

However, the theorem does not explain what happens as p moves farther from Po.  In 

general, the curve will warp and lose its smoothness until eventually it is no longer 

even topologically a circle. Several studies have been carried out (e.g. Aronson et al. 

[1982], Bohr et al. [1984]) into the way in which this 'breakup' takes place, based on 

both numerical and analytic techniques. We shall consider the results of some of these 

studies in this chapter. 

As with the Hopi bifurcation, however, the restriction of attention to one-parameter 

families obscures what is really happening. We saw that generically, as the parameter p 

changes, the rotation number of the induced circle map passes through infinitely many 

rational and irrational values. We shall see that the smoothness of rational invariant 

curves depends on the position of the parameters in the tongues in such a way that it 

would be difficult to analyse the breakup for one-parameter families. In fact, we would 

expect to see the curves lose and regain smoothness many times as the parameter was 

varied. We concentrate on two-parameter families. 

2.1 	The Structure of Resonance Tongues 

One of the first detailed studies of how invariant curves lose smoothness was carried out 

by Aronson, Chory, Hall and McGehee [1982]. They looked at invariant curves of the 

two-parameter family of planar maps FO,b(x, y) = (y + bx, ay(1 - x)). It can be shown 

that this map undergoes a Hopf bifurcation as described in the previous chapter, with 

p/q resonance tongues emanating from the line a = 2, at b = 2 cos(27rp/q). 

The authors looked at how the position of the parameters within a particu1r tongue 

(for rotation number p/q say) affects the smoothness of the invariant circle, which we 

shall denote by ra,b. Within the p/q tongue, there is a region corresponding to the 

overlap with nearby tongues, and the parameters within this region correspond to the 

existence of infinitely many orbits of different periods. Aronson et al. relate this 

chaotic behaviour to the occurrence of non-degenerate homocinic points. Although 
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chaotic behaviour implies that the invariant curve has broken down completely, the 

loss of smoothness of the curve doesn't imply the immediate onset of chaos, and the 

parameter region corresponding to the non-existence of C1  curves will contain the 

overlap. To determine the boundary of this larger region, Aronson et al. looked at the 

ways in which the invariant curve can cease to be C'. Since Fa ,b is the union of the 

unstable manifolds of the periodic saddles with the periodic sinks, the Stable Manifold 

Theorem implies that smoothness is lost at the sinks, because the unstable manifolds 

are as smooth as Fa ,b. 

One way in which the loss of smoothness occurs is when a parameter change causes 

periodic sinks to become foci. If {(x, y), i = 0,. . ., q - 1} denotes a stable period q 

orbit on ra,b, and if the point (a, b) in parameter space is such that the eigenvalues 

of DF,b (x1 , y) are equal, then the transition from sinks to foci will take place on the 

curve formed by the set of such points (a, b), within the p/q tongue. 

There is another way in which C1  smoothness is lost, and that is when the curve 

'crinkles up' around the periodic sinks. It can happen that a fold in Fa ,b close to a 

periodic sink becomes trapped in the curve under successive iterations of Fb,  due to 

the stong transverse contraction of the map at the periodic sink. This means that 

arbitrarily close to the sink, the tangent vector of the curve varies wildly and hence 

a,b is not C1 . Aronson et al. discuss this case in detail. 

Aronson et al. were able to determine the structure within a typical tongue through 

numerical studies, and Figure 2.1 is a crude representation of some of the features of 

this structure. In the interior of the region bounded by OeIFEO, the invariant curve is 

C'. On the curve bfFB, the eigenvalues of the sinks are equal, and so above this curve 

the stable periodic points are foci. The arcs ef and EF give the transition to the loss of 

smoothness through folding of the invariant curve at the sinks, and the wedge-shaped 

regions adc, ADC correspond to the overlap with nearby tongues. A more detailed 

representation is contained in Aronson et al. 

2.2 The Critical Line 

The study of invariant circle breakup was continued by Bohr, Bak and Jensen [1984], 

who looked at the case of the dissipative standard map already mentioned in Chapter 1. 

Fixing J < 1, they found a similar tongue structure in the (, K) parameter space to 

that occurring for the map studied by Aronson et al. They extended the study of circle 

breakup beyond single tongues, and looked at the structure of the 'critical line', defined 

to be the set of points in (fl, K) space where the smoothness of the associated invariant 

curve is lost. When we vary the parameters across this line, we may vary them in 

such a way as to keep the rotation number of the associated invariant curve fixed, so 

for rational rotation numbers the parameters must lie in a tongue, and for irrational 

rotation numbers the parameters lie on an arc. For a curve with rotation number p/q 

the C' smoothness is lost on the line segment corresponding to efFE in Figure 2.1. 
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Figure 2.1: Sketch of a typical resonance tongue for a two-parameter family of maps 

The critical line is then the union of all such line segments together with the points 

corresponding to the loss of smoothness of irrational curves. Bohr [1985] showed that 

the criterion for the existence of a smooth invariant curve could be reformulated as 

an eigenvalue problem, and proved that the critical line is continuous, and approaches 

smoothness in the very high order tongues. Numerical experiments suggest that on the 

critical line, almost all parameter points lie within resonant tongues, and this means 

that in contrast to the rational case, the loss of smoothness of an irrational curve does 

lead to the immediate onset of chaotic behaviour, since crossing the critical line leads 

to entry into the overlap regions of nearby tongues. We show in Chapter 3 that below 

the critical line, an irrational invariant curve is as smooth as the map, whereas on the 

critical line it ceases to be C'. This demonstrates another difference between rational 

and irrational invariant curves, since the former seem to undergo a much more gradual 

loss of smoothness as the parameters approach the critical line segment. Aronson et al. 

describe a sequence of curves similar to bfFB, where C" smoothness is lost. 

Having obtained a continuous critical line, Bohr et al. then looked at the irrational 

rotation number Cantor set, and measured its fractal dimension D as 0.86 ± 0.01. 

Other researchers have found this same quantity occurring on the critical line for planar 

maps other than the standard dissipative map (for instance see Wang, Mainieri and 

Lowenstein [1989], where D = 0.870 ± 0.003) and laboratory experiments have been 

performed which yield the same scaling properties. 

To understand the significance of these results, we must look at the scaling proper-

ties of critical circle maps. The most frequently studied circle map is the 'sine map' 

F(0)=9+Q--- sin 2ir9, 	 (2.1) 
2ir 

which undergoes a transition to chaos at K = 1. The complement of the reso-

nance tongues filling up this line is a zero measure Cantor set with fractal dimension 
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0.8701 ± 0.0003. Other scaling phenomena (such as the scaling of the widths of tongues 

at K = 1, for sequences of rational rotation numbers converging to particular irrational 

values) are the same as observed for planar maps (see Wang et al.). It is not imme-

diately obvious why there should exist a connection between critical circle maps and 

invariant curve breakup, but the explanation is provided by renormalisation theory. 

2.3 	Universal Breakup of Invariant Circles 

2.3.1 Golden critical circle maps 

The discussion of universality given in this section relies heavily on the explanation 

presented in Rand [19881. We shall look first at the renormalisation scheme as applied 

to cubic critical circle maps, and explain later why this theory describes the breakup 

of invariant curves. We use the term 'cubic critical map' to refer to an analytic home-

omorphism of the circle which has a single cubic inflection point (for instance the sine 

map with K = 1). The aim of the renormalisation procedure is then to explain the 

existence of universal scaling properties in a wide class of these critical circle mappings. 

Our focus of attention shall be on cubic critical circle maps having rotation number 

equal to (/5 - 1)/2, the golden mean, which we shall denote by v. This is the only 

value for which the theory has been worked out rigorously (see Rand [1992]), but we 

indicate later how the same ideas may be used to handle general irrational rotation 

numbers. 
We now introduce a method of approximating irrational numbers, which will be 

necessary for an understanding of the effect of the renormalisation transform. 

Consider the sequence {p/q}, where 

pn/qri = 	1 
a1 + 1 

a2+... 
+-i- 

a 

with a• N. Each sequence of this form converges. For convenience, we shall represent 

the above expression by [al , a2,. .. , a,], and the limit by [al , a2  .... ]. This limit is called 

an infinite continued fraction, and [ai,. . . , a,] is its nth convergent. The numerators 

pn  and denominators qn  are given by 

Po' p1 =a2 	pn=anpn_1+pn_2 7>2 
q0 =a1  qi =a1a2 +1 q=aq_1+qn_2 n>2. 

Every irrational number in (0, 1) has a unique continued fraction representation, 

and the golden mean has the representation [1, 1, 1, . . .], with pn /qn  = Q/Q+1, where 

Q j  are the Fibonacci numbers defined by 

Qo = 1 Qi = 1 Qm = Q- + Qn-2 n > 2. 
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Figure 2.2: Representation of a circle map by a commuting pair 

A full discussion of continued fractions may be found in Hardy and Wright [1938]. 
Returning now to the renormalisation analysis, consider the space E of commuting 

pairs (, i) of analytic maps satisfying: 
0< (0) 	(0)+ 1<1 
"(0) = 0, C(ri(0)) 54 0 0 i'(E(0))  and "((0)) 54 0 

( o - 77  o e)(i)(o) 0 for 0 < I < 3. 
It is clear how a commuting pair satisfying these conditions represents a circle map. 

	

Given (, ) E E, we can define a homeomorphism F = 	by F(x) = e(x) on 
[j(0), Q] and F(x) = (x) on [0,i(0)], and then identify the points (0) and (0) to 
get a map (not necessarily analytic) of the unit circle. Similarly, given an analytic 
homeomorphism F : R - R satisfying F(x + 1) = F(x) + 1 and 0 < F(0) < 1, we may 
define e(x) = F(x) on [F(0) - 1,0] and TI(x) = F(x) - 1 on [0,F(0)], showing that the 
space of analytic circle homeomorphisms is embedded in E. 

Let E1  be the subset of E such that pairs in E1, satisfy the additional condition 

(0)) > 0, 
and let E c E be the space of critical pairs, i.e. commuting pairs which satisfy the 
condition 

We can now define the renormalisation transformation T : E1  - E by 

T(e, j)(x) = (a'(ax), a'i a e(ax)) 	 (2.2) 

where a = -(E((°)) - 
The new mapping defined by T(, i) can be interpreted as the map which takes a 

point x E [i(0), (7(0))] and iterates it round the circle n > 0 times under F = 
where n = n(x) is the minimum value such that F"(x) E [(0),e((0))]. If x E 
[0, e((0))] then F(x) E [0, 7(0)] and one iteration is sufficient, whereas if x E [(0), 01 
then F(x) e [E(7 (0)), e(0)] and two iterations are required. Identifying the points 77(0) 
and (0) makes this new mapping a homeomorphism of the circle, and introducing the 



scaling factor a makes it a homeomorphism of the unit circle. 

It can be shown that p(T(, )) = p(, ii)—' - 1, so that p(T(e, ii)) = p(, ) if and 

only if p(, ) = v. This suggests that we look for fixed points of T, and in fact, it is 

the behavour of T in the neighbourhood of one of these fixed points which accounts for 

the golden scaling phenomena. 

Now, it can be proved that if 9(x) = x + v and T(x) = x + v - 1 then the 

pair (9, ijT)  is a hyperbolic fixed point of  with a one-dimensional unstable manifold 

(with associated eigenvalue —v 2) and a codimension-one stable manifold. This is 

referred to as the trivial fixed point. Consider the sine map F,K with K < 1, and 

let {1,} be a sequence of parameter values such that p(FcK) = Q/Q+i. Clearly 

p(T(F,K)) = Q.-,IQ,,, and the quantity —v 2  measures the rate at which the 

values approach 	where p(Fç,K ) = v. In particular, 

lim On- 	= —v 2. 	 (2.3) - Qn 

We are more interested, however, in the universal sealing properties of critical golden 

circle maps. When K = 1, the sine map exhibits behaviour which includes the following: 

F1(0) - Qn decreases as as', where a —0.776 

a(F''(a'x) - Q) converges to an analytic function of x3  

if the sequence {1} is defined as before, 

li
•  
m 	= 6 —2.834. 	 (2.4) 

n+1 - 

Numerical experiments show that many two-parameter families of golden critical maps 

also behave in this way, with the same numbers a and 6. 
Now, it can be shown that there is a unique non-trivial hyperbolic fixed point of 

T, which exists in a subspace of E1  consisting of pairs of analytic functions of. x3. 

In this space, the fixed point (e, 'ii) has a two-dimensional unstable manifold (with 

eigenvalues 6 —2.834 and y = a 2 , where a = —(e(i(0)) - ij(0)) —0.776) and 

a codimension-two stable manifold. The stable manifold E consists of golden critical 

pairs, while the unstable manifold defines a universal two-parameter family of circle 

maps. The behaviour of other two-parameter families, which intersect E transversally, 

can be explained in terms of this universal family, since the two will become close under 

iteration of T. 

The scaling results can now be deduced by investigating how T acts on points near 

the critical fixed point. For instance the scaling result (i) is explained by the way that 

points in E are mapped towards (em, ii) under successive iterations of T, and (iii) follows 

from a consideration of how the eigenvalue 6 determines the rate at which submanifolds 

E1, (made up of critical pairs, the lifts of which satisfy 	(0) = Q,) are mapped 

away from E. It can also be shown that any (, ), which lies in E, is Co  conjugate to 

a rotation through v. 
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2.3.2 General rotation numbers 

The case of the golden mean rotation number is exceptional, since only golden mean 

universality can be explained in terms of a fixed point of the renormalisation operator 

T (recall that p(T(, )) = p(, n)-' - 1). However, we may treat the universal scaling 

properties associated with more general rotation numbers in a similar fashion. 

Define the set E to be the subset of E which satisfies the condition 

(d)' 	-'(j(0)) < 0, 	(j(0))> 0. 

This ensures that a pair (, ) E En satisfies 

n+1 <p(,?7)< 

We can define a renormailsation transform on this space by 

-11-n--i T(e, j)(x) = (a 1 "' o (ax), a ç 	o 

where a = -(e((°)) - 
It can be shown that if (, ij) e En then p(T(e, )) = p(, n)-' - n, so that if 

= [ni,n2,. . .], then p(T 1(,i)) = [n2,n3,. . ]. It follows that if p(,) = 

= [ni, n2,...] where n+8 = n1  for some s and all i, then the transformation S = 

o . . . o T 3  o T 1  satisfies p(S(e, ij)) = c, which suggests that it should be possible 

to prove the existence of a hyperbolic fixed point with an invariant manifold structure 

similar to that of the fixed point for T = T1. This would then explain the universal 

scaling properties for critical maps of rotation number a, in the same way that the 

structure of the T-invariant manifolds explains golden critical scaling. 

However, the set of irrational numbers with periodic continued fractions is count-

able, and hence almost all irrationals have non-periodic continued fractions, and so 

cannot be dealt with in the manner described above. 

At the golden critical fixed point, both the stable manifold and strong unstable 

manifold are contained in E, the space of critical pairs. Since we are interested in 

critical scaling phenomena, we may restrict attention to critical maps. This leads us to 

consider the subsets H C E of critical pairs. Since the H are disjoint, we can define 

the mapping T on U >1H by TIH = T. 

Now, if we look at how T = T1  acts on H1, we see that the unstable manifold 

associated with the eigenvalue 5 	-2.834 defines a one-parameter family of critical 

maps, with the dependence of the rotation number on the parameter essentially the 

same as for the critical sine map with the parameter R. Thus we have a single expand-

ing 'vertical' direction, corresponding roughly to the rotation number, while all other 

directions are contracting. We assume that this picture holds true for the action of 

T on H, i.e. there is one expanding direction corresponding to the rotation number, 

and all other directions are contracting. Thus we can think of stacking the sets Hn  in 

the vertical direction, so that their images Vn = TH are stretched and compressed 

in such a way that each Vn  intersects H1, Vi > 1. To see why this is so, consider any 
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H2 

Figure 2.3: Depiction of the action ,f T on the sets H 

number a E 	There is a pair (E, 77) E H such that p(, i) = a, and. so  given 

any /3 E (0, 1), 3(, i) e H,,, for any n, such that p(T(, i)) = 3. The action of the 

horseshoe-like transformation T on the H,, is represented in Figure 2.3. Now construct 

the minimal set A of T. 

Given a sequence a = {a1  E N: i e N}, let 

	

= {(,) : 	E H01 , 1 < i < n}. 

Clearly H01,...,01,0+1  C H01 	and so H0  = flHai a, (with the intersection taken 

over n > 1)is a codimension-one 'horizontal' manifold. The fact that T(H01,...) C H02 .. 

shows that if H = UH, taken over all natural number sequences, then II i is a 

invariant set. However it is clearly not minimal. To construct the minimal set A, take 

any natural number sequence b = {b : i = 0, 1 .. .. } and define 

	

Vb. = T(Hb0 ), Vb0 	= T(Vb0,...,b n 

Then V, = flVb0, . .,b,. is a one-dimensional 'vertical' manifold, and if V = UT4, then 

A = H ii V. This set is hyperbolic, with stable manifold H and unstable manifold V. 

Note that each Ha  consists of pairs having rotation number [ai, a2,.. .1. Now, a pair 

in A is given by (, i)= Ha  fl Vb, for some a and b, so this (, ) can be represented 

by the biinfinit sequence c = {c8  : ci  = b• for i < 0, c• = ai  for i > 1}1  contained 

in E, the space of biinfinite natural number sequences. A consideration of the sets 

H and V reveals that T(, i) = H02 ,03,... fl V01,b0,...,  and so the dynamics of TIE may 

be represented by the action of the shift map o on E. An s-periodic orbit of o•E 

corresponds to a fixed point of the renormalisation transform S = 	0.. .0 Ta,, which 

we described earlier as explaining the universality of critical maps of rotation number 

[n j,n2  .. .. 1' i+' = 
Consider again the problem which motivated the discussion of general rotation 

numbers. If f- is the critical sine mapping , then the fractal properties of the set 

{ 	: p(f) 0 Q} appear to be universal, in the sense that analogous sets for other 

critical one-parameter families seem to have the same fractal dimension. We are now 

in a position to explain why this is so. Let gp be a critical one-parameter family which 

21 



intersects the sets Ha transversely. Recalling that p(gp0) 0 Q if and only if 9,. E H, 

some a, then the parameter set described above is given by {v gy fl H}. The fractal 

properties of this set are the same as those of T4 fl H, and hence are independent of the 

particular family gp. 

2.3.3 Universal breakup of invariant curves 

The universal nature of invariant circle breakup for dissipative cylinder maps is closely 

linked to the renormalisation theory for critical mappings of the circle, and hence it will 

not be necessary to carry out as detailed an analysis as in the previous sections. Once 

again we concentrate on golden mean universality. The extension to general, rotation 

numbers is accomplished by using similar methods to those outlined for circle maps. 

The purpose of the renormalisation analysis is to explain why the breakup of invariant 

curves for two-parameter families of analytic dissipative diffeomorphisms of the cylinder 

takes place in such a universal fashion. In particular, numerical experiments suggest 

that there are many families that exhibit scaling behaviour analogous to the scaling 

of critical circle maps, with the same constants 5 and a that appeared in the one-

dimensional case. Let f be such a map, with the parametrisation chosen so that foo 

corresponds to the point of invariant curve breakup, and such that in a neighbourhood 

of the origin in parameter space there exists a function v,, such that if ii = v, (y), then 

for p 0, f, has a golden invariant circle. For p < 0 this curve is C°° while at p = 0 

it is the graph of a Lipschitz (but not C') function. The scaling properties of such a 

map include the fact that if 	has a p/q cycle with a periodic point on x = 0, then 

lim 	5'(u0+, - v) exists and is non-zero. The explanation for these phenomena is 

that, as in the case of circle maps, there exists a codimension-two submanifold in some 

function space, such that any two-parameter family f,,,, which intersects it transversely 

at fo,o  exhibits the universal scaling behaviour. 

Let 

E(x,y) = (e((x3  + y33 )),0) and F(x,y) = (77((x3  + y)),0) 

where (*, i.) is the fixed point of the renormalisation transformation T introduced to 

explain golden mean scaling in circle maps. Now (E, F) is a member of the space of 

commuting pairs of analytic cylinder diffeomorphisms. Diffeomorphisms of the, cylinder 

may be embedded in this space in a similar way to how circle maps are embedded in 

the space E of pairs of analytic maps. For (E, F) in a neighbourhood of (Em, Fe), define 

the transformation 

R(E, F)(x, y) = (A' o F(A(x, y)), A' o F o E(A(x, y))), 

where A(x,y) = (ax,a3y) and a = 77.(0) - (,q. (0)). The pair (E., F.) is a fixed point 

of IL The only eigenvalues of DR(E, F) which do not lie within the unit' disc are 

1, a 1, a 2, a 3  and 5. Of these, only a 2  and S are of interest, since the others 

correspond to coordinate changes which arise as a result of the fact that, unlike the 
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one-dimensional case, there is no obvious point to scale about. The extra eigenvalues 

can be removed by replacing A = A(E, F) by B = B(E, F), with B belonging to some 

space of polynomial maps. In this case we have a codimension-two stable manifold 

and a two-dimensional unstable manifold, and it can be shown that an invertible pair 

lying in E has a golden invariant curve which is the graph of a Lipschitz function. As 

in the case of circle maps, any two-parameter family which intersects E transversely 

will exhibit universal scaling behaviour, which is determined by the scaling of critical 

circle maps. 
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Chapter 3 

Normal Hyperbolicity of 
Irrational Invariant Curves 

In this chapter we prove the main result of Part I, namely that C' irrational invariant 
curves of dissipative cylinder maps have a property known as normal hyperbolicity. 
The idea behind normal hyperbolicity is that, in some sense, the contraction (or ex-
pansion) onto the invariant curve is stronger than the contraction (resp. expansion) 
along it. This has a number of consequences for the invariant curve, some of which 
were mentioned in Section 2.2 of the previous chapter. 

3.1 	Definition of Normal Hyperbolicity 

There are several different versions of normal hyperbolicity (see Hirsch, Pugh and 
Shub [1977]), but the definition given below is the most convenient for our purposes. 

Definition 3.1 Let f : S' x R -* S' x R be a C" diffeomorphism, r > 1, with a C1  
invariant curve F. For each x E F, let u2, denote the tangent vector of I' at x, and 
let T = {ku : k E R}, so that Df(x)u e TJ( r). Suppose for each x E I' there also 
exists v 	T depending continuously on x with N = {Iv., : 1 E R} and such that 
Df(x)v,, E N f(). Then we say that f is r-normally hyperbolic at I' if there exists 
an inner product norm 11.11 on It2, depending continuously on x E F, such that either 

IIDf(x)vII <  (IIDf(x)uII) 
II Hull 

or 
IlDf(x)vII > (IlDf(x)u II)Ic 

I 11 V-11 	I  
holds for all k < r. 

Remarks 
1. If we have a norm I . Ii defined on T,, and a norm I . k defined on N, both depending 
continuously on x E F, then we may construct an inner product on It2, which depends 
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continuously on x E r, by setting 

- 	 V 
V 

I uIi 	1Vx12 

for some u E T and v E N, and then defining 

(a, b) = (aiii + a2i3, biilr  +b2i) = a1b1  +a2b2. 

The norm IIwII = (w, w) satisfies IIuII = IUxIi, IkvII = 1t2,12. 

2. 1ff: S'x R -f S'x Ris r-normally hyperbolic at I' and g = dofod', where 

d: S1  x R -* S' x R is a C" diffeomorphism, then g is r-normally hyperbolic at d(fl. 

Proof This is simple enough to see. If for a point x E d(F) we define T = Dd(y)T 

and N, = Dd(y)N, where y = d 1(x), then u E T,, v, € N = Dg(x)u, E T )  and 

Dg(x)v, E N. Now, suppose f is normally hyperbolic with respect to some norm 

If we define 11 . 11  by Ijull = lDd'(x)ul, then 

IuII = IDd'(x)uI = lDd'(x)Dd(y)ul = IuI 

and 

JIDg(x)uII = IDd'(xi)Dg(x)Dd(y)u = IDf(y)u, 

where x1  = g(x). Similarly for v, and hence normal hyperbolicity is proved with the 

new norm. 0 

The power of normal hyperbolicity is demonstrated by the following theorem. 

Theorem 3.1 If 1: S' x R -* S1  x R is a C' diffeomorphism with a C1  r-.normally 

hyperbolic invariant curve r, then 

r is Cr 

If g is sufficiently close to f in the Cr  topology, then g also has an r-normally 

hyperbolic invariant curve. 

For a proof of this result, the reader is referred to Hirsch et al. where a much more 

general version of the theorem is proved. 

The theorem can be be applied directly to give an easy corollary. 

Corollory 3.1 Consider again the standard dissipative cylinder map 

01  =00 +R+xl  

f = fJ,K,( 

= Jx0  - K - sin 2r00. 
2ir 

For any r E N, J < 1 fixed, 3K, > 0 such that when IKI < K, fJ,K,O  has a Cr 

invariant curve. 
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Proof It is sufficient to show that the invariant curve of 	(i.e. the line x = 0) 

is r-normally hyperbolic, then part (b) of Theorem 3.1 shows that an invariant curve 

exists for small K, and part (a) shows it is C. 

Let To = {k(1, 0)T : k  It), No = {l(J,J— 1)T  :1 E 1R}- 1 

l  K = 0 = Df(O,x) 
= i 

J 

and so 

Df(00)()=() Df(90)( J 1 )=J( J 1 ). 

Thus 
IDf(6,0)vI = = ( 	

ItLrI
IDf(6O)uIV 

) IV-1   
and the result follows. 0 

Although it was easy to prove normal hyperbolicity close to K = 0 for the standard 

map, in general it is not easy to prove that an invariant curve has this property. 

3.2 	Statement and Proof of the Main Theorem 

The following theorem describes sufficient conditions under which an invariant curve is 

normally hyperbolic. 

Theorem 3.2 If f : S' x It -+ S' x It is a dissipative, orientation preserving, c' 
diffeomorphism with an irrational C' invariant curve F, then F is r-normally hyperbolic. 

A consequence of this result is that if an irrational invariant curve is at the point of 

breakup (for instance in the sense discussed for two-parameter families in Section 2.2 

of the previous chapter) then it cannot be C'. If it were, then it would be normally 

hyperbolic, and so would persist under any sufficiently small change to the parameters. 

In particular, this shows that below the critical line, as defined in Chapter 2, irrational 

invariant curves of the dissipative standard map are C°°, while on the line they are no 

longer C1. 
Before proving Theorem 3.2 we need some technical results. Consider an orientation 

preserving homeomorphism F: S' - S' with p(F) = a 0 Q. Let a = limp/q. For 

any x0  E S', consider the sequence of points {x} on the circle, where x, = F'(xo). 
Following Sinai and Khanin [1989] letdenote the closed interval with endpoints 

X0 X qn and let 	denote F(D).  We have the following lemma. 

Lemma 3.2 For any x0  E S', the points {x : 0 < i < q_, + q} decompose the circle 
into disjoint (except for the endpoints) segments 

)(n-1) O<_i<q 
O<j<q_, 
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Proof The proof makes use of the fact that the ordering of the points {x0, xi, x2, . .. } 
on the circle is the same as that of {x0, Yi, Y2 .. .. } where Yk = a 0 + kci (mod 1). The 

lemma then follows from a consideration of how the convergents p/q approach ci (see 

Slater [1967]). 0 

A description of how this decomposition 'grows' as n increases is given in Sinai and 

Khanin. 

Lemma 3.3 Let F S' 	5' be a C' orientation preserving diffeomorphism with 

p(F)=aQ. Then, given e>O, 3M>O such that Vn>M 

< DF In (x) < 
	

(3.1) 

for any x E S'. 

Proof Choose any x0 E S' and decompose the circle as described above. Take any 

z0 E S1. Since F is C' and F' > 0, in F' is a continuous function on S, and so is 

uniformly continuous. This means that given € > o, Bö > 0 such that 

Ix - yj < 8 = In F(x) - in F'(y)I <e/2. 

Now, I in F'(x)I < B, some B, and we can choose M such that 

1 (4B 
qM~ ---1 (3.2) 

for a given e and the associated 6. 

Take n> M. We have either z0 e D"' or z0 E 	(or perhaps both if z0 lies at 

the end of a segment), and a careful consideration of the structure of the decomposition 

reveals that for k = 0, 1,. . ., q,, - 1, the points Zk each lie in separate elements of the 

decomposition. We deduce that with this value of i (or j), the intervals {[xI+k, Zk] 

0 < k < q - i} and {[Xjk_q , Zk] : qn - i < k < q} lie in separate elements of the 

decomposition, and are disjoint. Suppose that of these qn intervals, the number with 

length > 8 is 1 < 1/8. 

Then, 

I1nDF In (zo) — lnDF(xo)I = 

< 

< 

q.-1 

>(lnF'(zk) ..lnF'(xk))I 

q,—i-1 

1I1nF'(zk) - lnF'(xI+k)I 

+ 	lflF'(Zk ) —In F'(Xik_ q )J 
kq—i 

E 2B + E e/2 

1(2B - e/2) + 

(2
_(4B/e - 1) + 
	

q. 
qnb 
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So, 

lInDF(zo) - lnDF(xo )l < 

since qm  satisfies (3.2). 

Finally, since z0  is an arbitrary point, it can be chosen to satisfy DF(zo) = 1, and 
the result follows. 0 

Note that if P has bounded variation, rather than just continuity, then a similar 
argument shows that DF.(x)  is bounded (see Sinai and Khanin). This result is used 

in the proof of Denjoy's Theorem, which states that F is conjugate (rather than just 
semi-conjugate) to the rigid rotation R(x) = x + c. 

A result analogous to the previous lemma holds for the restriction of a cylinder map 
to its invariant curve. 

Lemma 3.4 If f : S' x R -* S' x R is a C1  orientation preserving diffeomorphisrn 

with a C' irrational invariant curve F, then given E > 0, 3M = M(e) and constants 
A1, A2  such that Vn > M, 

A1e 	< 	 < A2c 

where u,, is a unit vector in T.,, and . represents the usual norm on R2 . 

Proof By definition, F has a C' parametrisation 'h : S1  -* S1  x R, so that F(t) = 
o f o h(t) is a C' orientation preserving diffeomorphism of the circle with p(F) = 

cØQ. 

If we write x = h(t) and X q, = fn(x) then the relation F(t) = h' o fqn o h(t) 
gives us 

DF (i) = Dh' (xq  )Df (x)Dh(t) 

= Dh —'(X q.)Df qn  

since the tangent vector of F at the point x = h(t) is given by kua, = Dh(t). Now Dh 
is a bounded linear operator, so 

B,IIDf(x)ua,jj < DFl(j) I < 

However, by the previous lemma 

e-Eqn < IDF qn  (t)I < e' 

for n large, and so the result follows. 0 

We are now in a position to prove Theorem 3.2. 

Proof For any point (x0, yo) = h(to) E F, choose an associated pair of coordinate axes, 

as shown in Figure 3.1. The X-axis is chosen to lie along the tangent vector of F at 
(x0, yo)  with the Y-axis perpendicular, and similarly the X'-axis lies along the tangent 
vector of F at (XI ,y') = (x_q,,y_q j. Define the rotation matrices S(to) and R(to) by 

ri Iwl 
(3.3) 



VA 

Figure 3.1: The coordinate systems associated with each point on F 

[] = [ 	] 
+ [R(io)i' 

[ 	] 	
(3.4) 

where (w, z)T, (W, Z)T, (W', ZI)T are the position vectors of a point P in the (x, y), 

(X, Y) and (X', Y') coordinate systems respectively. Henceforth, for brevity, we shall 

denote a point (x,y)on F by x. 

We now define the map £ 0 : R2 - R2 by A,(u) = L(to)u, where L(to) = 
R(t0)Df_(x0)S(i0), so that 

Iii 	Iii 
Loi 	oj' 

for some ic. This implies that L(to) must be of the form 

L(to)
T(to) X(to) 1 

- 0 P(to)] 

If u,,0 denotes the unit vector lying along the X-axis, we see that 

IDf'(2O)t roI = r. = 

and so Lemma 3.4 shows that given e > 0, 2A such that for ii sufficiently large, 
T(to) < Ae. 

By the chain rule for differentiation, 

—1 

Df(xo) = [?1D1x1] 

and so det(Df) :!~ a < 1 on F implies that det(Df) ~, 1/a In on F. Then, since 

T(to)P(to) = det(L(io)) = det(Df (0)) ~: 1/a, 
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tan a 

Figure 3.2: Generation of real numbers by angle a E (0, 7r) 

we have P(i0) > A_l(aee) 	for n large. Thus if we choose € > 0 so that ae2e < 1, 

M such that Vn > M, we have T(t0) < Ae eqn  and (ae 21)ln  <A 2. We conclude that 
for n> M, 

P(t0 ) > Al(aee) 	> Ae qn > T(t0 ). 

Now, for a given curve F, define the metric space {E,d} by 

E = { o : F -k (o, r), where 0 is continuous with respect to d1 }, 

d(, &) = sup d1  ((x), 0(x)) 
xEr 

with 
di(ct,/3) = cot a - cot /3J. 

It is clear that this space is complete, since by Figure 3.2, we see that the convergence 
properties of sequences in {E, d} are the same as those of real sequences with the usual 
metric on R. 

Suppose 0 E E, and let F be the invariant curve of a map, with the conditions of 
Theorem 3.2 satisfied. At a point x = h(t) E F, there is an associated vector vt,, such 
that q5(x) measures the angle from us,, the tangent vector, to v. Similarly, we can 
associate the vector Df(x)v  with the point f(x), and denote by (f"(x)) the 
angle from U_q,  to Df(x)v.  Given 0, we can thus define 4' on F. 

The reason for defining L(t) as we did is now clear. Given 4' E E, let yr be the 

vector defined by 4'(x), and let a = cot 4'(x). We can write v = [ ], so that 

L(i) 	 P(t) 	 I [ 	
P(t) I - [ T(i)a+X(i) ._ 	 P(t) 

 j 
, 	 (3.5) - 	]-  

giving 
- - 	T(i) 	X(t) 

V 	 cot4'(f 	 (3.6) 

defines (f(x)). 

Now that we have this relation, we may look at the form of di(q5(x), (w)), and 
with some manipulation, we find that is continuous with respect to d1. Thus 4' E E. 
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Now, choose n large enough that T(t)/P(t) < A < 1 holds Vt, and define the 

mapping S : E —* E by S4(x) = (x). Let a = cot (x), b = cot &(x), so that 

rbl 	 b±-' 
L(t) 

[ 	] 
= P(t) 

[ 	
() 

] 
, L(t) 

L 	
P(t) 

[ 
P(t) 	P(t) I ij- 	1 	j 

= dj((f_(x)),j(f"(x))) 	
T(i) 

 = 	 - bI 

	

~ 	Adi(q5(x), O(x)). 

Since d1((f '(x)),(f (x))) and d1((x),0(x)) are continuous functions of x, we 

have 

sup di ((x), b(x)) A sup di ((x), b(x)) 
TEr 	 XEr 

i.e. d(Sq, Sib) :5 Ad(cb, ). Hence, by the Contraction Mapping Theorem, S has a fixed 

point in E. This means that for each point x E r, there is an associated vector VT with 

the property that Df (x)vT = lcvT _qn . Furthermore, the angle between u2, and v, 

changes continuously with x. 

We now have to prove that the expansion by Df-qn in the direction defined by 

the vectors v is of the required strength to give normal hyperbolicity. As before, we 

choose a local coordinate system associated with each point x of the invariant curve. 

Once again the X-axis lies along the tangent vector of r at x, but now we choose 

the Y-axis in the direction defined by the vector v,,. These axes clearly need not be 

perpendicular. Now define the transformations S1(t) and R1(t) by substituting into 

equations (3.3), (3.4) in place of S(t) and R(t) (note that [R1(t)] 1 exists because 

det(Si(t)) and det(Ri(t)) are both bounded below by some p.> 0, for all points on I'). 

This definition allows us some freedom in our choice of S1(i) and R1(t), however, and 

so we require that 

IRl(t)uT _ I = IRi(t))x _q, I = 1, 

where 	VT _ g, are of unit length with respect to the Euclidean norm 
. 

Define L1(t) = Ri(t)Df'(x)Sj(t). Then there exist £, K such that 

implying that 

11 
L1(t) 

[ I =.' [ ] and 
L1(t) 

{ I 
=L [i 

0
j' 

Li(t)
Ti(t) 0 1 

-L 	0 	N, (t) 

where T1(t), N1(t) measure the expansion by Df(x) of UT VT respectively. Now, 

= 	det(Ri(t)) det(Df'(x)) det(S1(t)) 

> On 
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and since Ti(t) <Ae q, for n large enough, 

N1(i) > 

for n large. 

In the statement of the theorem, f was assumed to be Cr, so choose e > 0 small, 

so that aee1) < 1. Then for n large enough, 

(aek+l))In < Ak+l' 

Vk < r, and so we have 

	

IDf"(x)vl > 	 > 	> 

Thus for any Ua, E T, v E Ni,, there is a q such that 

Df(x)v 
< - -(ae) < 	

(IDf(x)uxI)k 

M 	
< 	

IuI 

So, define the norm 	on N by 

IIvII = max c IDfz(x)v,,I, 
O<i<q-1 

where c = (Ajf2)aee < 1. Then 

IIDf(x)vtI = max fIDf 1(x)vI Oi<q-1 

max max a1 IDf(x)vI, 

~ 

Similarly, if we define 11 . 11  on Ti,,, by 

iIuxII = max $Df(x)uI 
O(iq-1 

with /3 = 	 then IIDf(x)uII ~: /3u11. Thus 

IIDf(x)vU
) 

c <3k 	(jjDf(x)u.jj' k 

	

11V-11 	 JtLa,I 

Vk < r, and the result is proved. 0 

Note that if f is C°°, this proof shows that for any r > 1, a norm may be found such 

that Definition 3.1 holds, and hence Theorem 3.2 proves that the invariant manifold is 

C°°. 
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Part II 

Separatrix Splitting in the 
Rapidly Forced Pendulum 
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Chapter 4 

Introduction 

In this chapter we outline the problem to be studied in the remainder of the thesis, 

namely the splitting of separatrices for the forced pendulum equation 

ö— sine = Scos!., 	 (4.1) 

where 8 is fixed and e -i 0. Similar problems have been studied by several authors. 

Holmes, Marsden & Scheurle [1988] considered the separatrix splitting of this equation 

for 6 = ?u, with It > 0 fixed and p ~: 8, and this result was strengthened by Geifreich 

[1990] who obtained an asymptotic expression for the case p> 5. A recent paper by 

Delshams & Seara [1992] derives asymptotic formulae for the splitting where the only 

restriction on 5 is that it tends to zero. 

To explain what is meant by 'separatrix splitting', consider the unperturbed pen-

dulum equation 

—sin9=0. 	 (4.2) 

We can rewrite this as the autonomous system 

4=sinO 
	 43 

which has the phase portrait shown in Figure 4.1. Because this picture is repeated 

at 27r intervals in the 0 variable, the system may be thought of as defining a flow on 

the cylinder. Note the existence of the trajectories joining the hyperbolic fixed points 

at (0,0) and (27r, O). These 'separatrices' enclose a region which corresponds to the 

oscillation of the pendulum, whereas trajectories outside this region correspond to the 

performance of complete revolutions. The trajectory given by the intersection of the 

unstable manifold of (0,0) and the stable manifold of (27r, 0) corresponds to a rotation 

which, taking an infinite amount of time (positive and negative), just settles into the 

unstable equilibrium position. Similarly for the intersection of the stable manifold of 

(0,0) and and unstable manifold of (27r, 0). However we would expect this delicate, 

non-generic behaviour to be disrupted by forcing. 

Consider the equation 

O—sin 9=b Cos —, 	 (4.4) 
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4) 

L!J 

Figure 4.1: Phase portrait for the unforced pendulum 

where 6 and e are fixed. This non-autonomous system may be expressed as 

= sin9+6cos 	 (4.5) 

with '0(0) = 0. Because this system is invariant under the transformations 9 -* 9 + 21r 

and & -f + 27re, the phase space may be taken as 

e 21rS' x IL x 27reS', 

with S' the unit circle, and since 

0 	0 	 1' 	0 
()+ 	(sin9+ öcos--) + 	(1) = 0, 

00 	'go 	 gqp 

the solution of (4.5) is volume preserving. 

The local structural stability properties of (4.3) imply that for 6 chosen sufficiently 

small, (4.5) has a unique hyperbolic 2ire-periodic orbit, C' close to (9, qS) = (0,0) (see 

Arrowsmith and Place), with two-dimensional stable and unstable manifolds, called 

stable and unstable separatrices. We do not expect these manifolds to coincide in the 

way that they did in the unperturbed case, and the question arises as to whether they 

intersect at all. 

4.1 The Melnikov Method 

The standard technique for deciding whether or not the invariant manifolds associated 

with a hyperbolic fixed point intersect, and then measuring the distance between them 

if they do, is the Melnikov method. The theory is outlined in Arrowsinith and Place, 
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but the basic idea is as follows. First fix a perpendicular line L through some point 
(9o, q5o) on the (upper) saddle connection of the unperturbed flow (the lower connection 
could just as easily be used). Let ((U(t), (t)), ) be the solution trajectory of (4.3) such 
that (U(0), (0)) = (9, qo).  Now consider the intersection of the perturbed flow with 
the & = ''o plane, for some bo. In this plane, the line L intersects the unstable manifold 
of(O,O) at the point (0, 0) = X,0, and the stable manifold of (27r, 0) at (9,4) = 

(these are the unique points closest to (9, 00)). 
Let (a, b)T  A (c, d)T = ad - be. Then the function 

[

1 
sin 00 j 

A[X,p0 —Y,110 ] 	 (4.6) 

is a measure of the distance between the stable and unstable manifolds, measured along 
L. It can be shown that /() = 5M(&0) + 0(52), where 

00 1 (t—&0) 'A1 

	

M(o)=j 
L sin U(t_o)] L cos  I dt 	 (4.7) 

is the Melnikov function for the system. If M('i/'0) has simple zeros, then for S small 
enough, the stable and unstable manifolds intersect transversely for some ''o E [0, 27re), 
pointing to the existence of horseshoes in the system. 

Consider again the system (4.3). If we set H = 02 + cos 0, then we have 

- 
— _IL 
	 (4.8) 

00' 

so that (4.3) is a Hamiltonian system with Hamiltonian 02 + cos 9. This means that 
each solution trajectory satisfies 02 + cos 9 = const. The saddle connections are given 
by H = 1, i.e. 4 = ±2 sin(9/2), and hence if (9, o) = (ir, 2), the corresponding 
trajectories are given by 

(t) = ±4 tan- 1  et 
(4.9) 

(t) = ±2 sech t. 

Choose the positive trajectory. From (4.7) we have 

M( 0) = 2 	sech(t—&o)cos-dt f00 

	

00 	 € 

	

= 2 /
..00 	 t 

sech i{cos - cos - - sin sin 

	

J—oo 	 E 	€ 	€ 	E 

= 	2cos 	f sech t COS !dt, 
00 	 E 

and using residue theory we may evaluate the above integral, giving 

M( 0) = 21r cos - sech -. 	 (4.10) 
2€ 

Clearly M(''0) has simple zeros, and so for 5 sufficiently small, the stable and unstable 
manifolds of the perturbed system intersect transversally. Furthermore, the 'splitting 
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distance' d = maxE[0,2,r) L('4) is a quantity which measures the distance between these 

manifolds, although the actual distance depends on which line segment L is chosen. For 

the forced pendulum, d = 27r  sech (7r/(27rE)) + 0(52). 
Recall that this result is for e fixed and S small. However, if we let e -+ 0, the 

Melnikov method can no longer be used to show that the stable and unstable manifolds 

intersect, since sech (ir/(2ire)) shrinks exponentially with E, leaving us with 	(4) = 
0(52). Thus the zeros of the Melnikov function have no bearing on whether or not 

intersections take place. In fact we cannot, at this stage, be sure of the existence of 

a hyperbolic periodic orbit, since the structural stability result quoted earlier required 
that the vector field of (4.5) be C' close to that of (4.3). This could only be accomplished 
if 5 was allowed to tend to zero, whereas we are considering it fixed small. We must 

take a different approach. 

4.2 The Poincaré Map 

Instead of studying the system (4.5), consider the equivalent problem of studying the 

dynamics of the map induced on the plane 1' = 0. This 'Poincaré map' is obtained 
by taking a point (0, q,  ''i) = (a, b, 0) and then following the trajectory which passes 

through this point, until it intersects the plane '  = 27r. Since the planes 'çb = 0 and 
= 2r& are identified with each other, we have a new point (01 , q) lying in the plane 

= 0. Thus we may define the 'time-27e map' f : S' x It -p S1  x R of the system 

46 	
11 

,=sin0+5cos 	 (4.  ) 

by f(a, b) = (01, 	This map is area preserving (see Arrowsmith and Place). A 

hyperbolic periodic orbit for the flow corresponds to a hyperbolic fixed point of the 

map, with the two-dimensional invariant manifolds giving one-dimensional invariant 

manifolds in the plane. Nonperiodic trajectories which do not lie on invariant sur-

faces generate orbits which appear to behave stochastically, and which tend to fill out 

bounded regions on the cylinder. 

4.2.1 An asymptotic expansion for f 

To prove that a hyperbolic fixed point of f exists, we first need to approximate the 
time-27re map. Let t = 21rer. Then (4.11) becomes 

0' = 27req5 
= 27re(sin0 + S cos 2irr), 	

(4.12) 

and the solution may be represented by an analytic power series in 27re. For convenience, 

relabel r as t and write 

9 = 0 + 27re0, + (27rE)202  + 
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Then, substituting into 0 = (2ire)2(sin 0 + S cos 2irt) we get 

oO=o 
01 = o 
92 = sin 9 + S cos 2irt 

If we have 0(0)= a and 0(0)= b, then 

Oo(0) = a 	= 0 
0(0)=0 O1(0)=b 
0(0) = 0 6(0) = 0 Ii > 2, 

and hence 

0(t) = a + 21rebt + 12ir2t2  sin a + 5(1 - cos 2irt)}e2  +7r 3 
 E 
3  bt3 cos a 

+{irt(cos a - b2) sin a + 5(272t2  + cos 2irt - 1) cos a}e4  

+0(e5). 	 (4.13) 

Since q = ---0 we also have 2re 

4(t) = b + (2r2 sin a + S sin 27rt)e + 2ir2e2bt2  cos a 

+{irt(cos a - b2) sin  + 5(27rt - sin 2irt) cos a}e3  + 0(e4). (4.14) 

Thus 

9(1) = a + 2ireb  + 21r 2E2 sin a + 7
3e3b cosa + Q(4) 

0(1) = b + 271-C sin a + 272E2  cos a + {ir3(cos a — b2) sin a + 2irS cos a}e3  (4.15) 
+O(e). 

Note that 
f(a,b) = fo(a,b) + (0,2ir5e3  cps a) + 0(e4), 	 (4.16) 

where fo  is the time-27re map of the unperturbed flow. 

4.2.2 Existence of the hyperbolic fixed point 

Proposition 4.1 For e > 0 sufficiently small, f has a hyperbolic fixed point close to 
the origin. 

Proof Let a denote (a,  b) and let 11all = max{IaI,IbI}. This norm has associated matrix 
norm 	= maxj(IxjiI + Ix2I), (recall that . induces a matrix norm '  if 

ii--ij :5 	II'IIII ). 
Define g() = f(s) —, and try to find a sequence Ia. } that converges to the root 

of g. Define a sequence recursively by 	= a, — [Dg()]'g() with ao  = 0. This 
is just the two-dimensional Newton method for finding roots, with 

1 	1 
2 	2,re cos a 
; — +0(1). 	 (4.17) 



If e is small, IIg(ll)II = IIfo(ll) + (0,27röe3) + O(e4)II < AE' and 3r > 0 such that 
Ild <r = 

and 
192 M

R) 2 
1 192g, 
	

102g, (A

) <Ce + i9ai9b + 0b2 

where y = (91,92). Choose e small enough that 2ABe2 < r and 2AB2 Ce2 < 1 both 
hold. We shall prove by induction that 	

- 
gnIl  <ABe22", and hence that {} 

is a Cauchy sequence. 

tIi - oII = JI[Dg(ll)]'g(R) :5 II[Dg()] 1 j'IJg(ll)I < BAe2, 

and assume that 

II&+1 4k II <ABE22_k 

fork= 0,..., n — 1. Now, 

InhI < II —-II + ... + IILII < ABe2 E 2_1 < 2ABe2, 

so An lies inside the disc IIgII < r. Hence 	 < . Also, 

II()lI :!~ IIg(_1) + Dg(_1)(, 
- 
an 

1 

K 

+—max (a - a_1)— + (b - bfl_1))gj(*) 2 1 	 Oa 	 L  

where = 4_ + 9( - 	
9 e (0, 1). Then 

2 Ila,1 	 (IO2gj(a*) 

II()II 
:5

—Qn_iII 
Max 	

0a2 	
+ 	OaOb + 	0b2 

< Ceflg,, .g_1II2, 

and 
Ilan+1 a, 11 < BClJi& 	< A2B3Ce42' 2' <ABe22, 

since 2AB2Ce2 < 1. Thus for any n> m > 0, we have 

IIn - mJJ :5 IIn - 4n-iII + . . + IIm+i - a ll 

< 	ABe2(21 ' + ... + 2") 

< 

and hence {} converges to the fixed point a of f, with Ilgil <2ABe2. Now, 

1 + 272e2 cos a 	27re 
Df(a)= 	 +O(e) 	(4.18) 

2ire cos a - 27r 2e2b sin a 1+2r 2 E 2  cos a 
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with eigenvalues 	= 1 ± 27rev/ 	+ 0(E2). So if e is small enough, )L() > 1 
and A() < 1 and hence the fixed point exists and is hyperbolic. 0 

We can find an approximation to the fixed point (a, 3) by writing 

a = a0  + 27r6a1  + (2ire)2a2 + 0(e3) 

13 = /3 + 27re/31  + (27re)2/32  + 0(e3) 

and substituting into (4.15), with a = 9(1) = a and b = 4(1) = P. Equating the 
coefficients of the powers of e gives (a, /3) = (-5e2  + 0(e3), irc5e3  + 0(€ 4)). 

We may use a similar method to approximate the form of the invariant manifolds. 
Suppose we describe the unstable manifold by 

= g€ (9) = 2sin + 'y(9)  + 27re7i(0) + (27re)272(9) +.... 	(4.19) 

The curve defined by 0 = g(9) will be invariant under f (to 0(e3)) if 

g(9)+2ire sin 9+2ir2e2g(9) cos 9+0(e) g(9+2*eg(9)+2ir2e2 sin 9+0(e)). (4.20) 

If we expand this out using (4.19) and compare the coefficients of the 0(e) terms, we 
require that 

7(9) cos + 7(9)(2 sin + 70(9)) 0. 	 (4.21) 

Because the fixed point of f is 0(e2) close to the origin, we have 1ime0ge(0) = 0. 
However, from (4.19), lime. 0 ge(0) = 7o(0). Thus 7(0) = 0. Similarly, lime.+0 g(0) = 1 
and lime. o g(0) = 1 +7(0)=  'y(0) = 0. We can then write 7o(9) = a292  + a393  +..., 
and after substituting this into (4.21) and solving for the a1, we find that 7o(9) 	0. 
Similarly 7i(0)  0. 

Thus g(9) = 2 sin(9/2) + O(e2). We note, for use later, that in fact this may be 
written as 

\ 
—/3=2sin 	

2
(9—a 

 )+0(e2l9—aD 	 (4.22) 

where (a, 0) is the fixed point. The same method as above yields the expression 

- 	= —2 sin (9
;  a) + 0(6219 - aI) 	 (4.23) 

for the stable manifold emanating from (a, /3). 

4.2.3 Intersection of the separatrices 

Having proved the existence of a hyperbolic fixed point near the origin, and having 
determined that the stable and unstable manifolds of fb  lie close to the stable and 
unstable manifolds of fo,  it is natural to ask whether or not the invariant manifolds of 
fb  intersect. To prove that they do, we shall need the following lemma. 

Lemma 4.2 If F is any closed, continuous curve going round the cylinder, then 

f (çb jdOj  - qd9) = 0, 
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where 
Jr cbjdo1=if 

(F) 

Proof Let 
r(f) = j(5jd9, - çi5d0), 

and let 1'1, r2  be two closed curves going round the cylinder, both having the same 
orientation. The area enclosed by these curves is 

Jr, — Jr2 OdO. 

However, by the area preserving nature of the mapping f, this area is the same as 

11(ri) - I/(r2) 
OdO. 

Hence, 

JI(ri) - 	
bdo=1

1(r2) 

	

-  Jr.r, 	Jr.F OdOl 

i.e. r(f) is independent of F. 
Now, let g denote the time-ire map of (4.11), and let h denote the time-2ire map of 

the system 

424 = sin 0—ö cos . 
It is easily seen that g o f = h o g. 

Now, 

r(gof) = J(/(F))  Jf(r) - 	1 
cbdo+ J

(F) F  
_Jcbde 

g 

= r(g)-j-r(f), 

since f(1') is a continuous closed curve going round the cylinder. Similarly, r(f o g) = 
r(f) + r(g), and hence r(f) = r(h). 

However, we also have 1(0, 0) = —h(--0, -), and so 

J

J + J çtd0 
= J + 4-r) 

bd0 
= 11(r) + Jr -r 	1(F)  	-h(r) 

_Jcbdo=J -J 4d0=  I_f 440, 
f(F) 	Fr 	-h(r) 	h(F) 

i.e. r(f) = —r(h). Hence 

j (q51dOj  - qd0) = 0. 

Proposition 4.3 For e small enough, the upper (or lower) stable manifold intersects 
the upper (resp. lower) unstable manifold. 
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4) 	section of unstable manifold 

hyperbolic fixe 
of stable manifold 

0 

Figure 4.2: Contour constructed from the invariant manifolds 

Proof Assume that there is no intersection. Then one manifold must pass beneath the 

other. Form a contour F by joining sections of the invariant manifolds by a vertical 
line segment pq, as shown in Figure 4.2. The curve 1(F) is also a closed contour on 

the cylinder, and is composed of sections of invariant manifold joined by the image 
of pq. Lemma 4.2 shows that the area enclosed by F and the 0-axis on the cylinder 
equals the area enclosed by f(F) and the 0-axis. The graphs of F and 1(F) coincide, 
except at pq, f(pq), the section of unstable manifold joining p and 1(p), and the 
section of stable manifold joining q and f(q). These four curve segments define a small 
region which we require to have zero area. However, if a and b are any two points on 
the line segment pq, then the distance between f(a) and 1(b) is 0(e2), whereas the 
distance between a and f(a), b and 1(b) is 0(e), implying that pq and f(pq) do not 

intersect. As this means that the small region described above has non-zero area, we 

have a contradiction, and hence the manifolds intersect. 0 

Note that if the manifolds intersect at the point x0 , then they intersect at all points 
f"(xo), n E Z. However, between the points fk(x0)  and fk+l(x ) there must be at least 
one further intersection (we show later that there is only one), and between fk(x0) 

and f'(x o), the region enclosed by the separatrices and lying above the unstable 
manifold has the same area as the enclosed region lying below the unstable manifold. 
This area is independent of k and may be used to measure the 'distance' between the 
split separatrices as e -* 0. 
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Chapter 5 

Structure of the Invariant 
Manifolds 

5.1 	Statement of the Main Theorem 

We now state the main result of Part II. 

Theorem 5.1 Consider the system (4.11) with 5 fixed and s small. Then there exists 
a point x0  where the separatrices intersect transversally, and between x0  and f(xo) a 
further transverse intersection occurs at a point yo. Denote by A the area of the region 
enclosed by the separatrices, between x0  and Yo.  Then if we let e -* 0, we have 

Ae  = 87r5e(1 + o(1))e. 

The remainder of the thesis shall deal with the proof of this result. The technique we 
use is to consider f as a mapping of C2 , and then examine the complex separatrices 
in a region of C2  in which their structure is brought out more clearly. These results 
can then be related back to R2. The extension to the complex case is accomplished by 
considering the definition of f as the time-2ire map of the system (4.11), and letting 
0(0), 4(0) be complex valued. This generates a complex valued flow and hence f is a 
complex valued mapping of C2. 

5.2 	Parametrisation of the Separatrices 

In order to investigate the dynamics of f on the complex separatrices, we must 
parametrise them, and we make use of the following result. 

Proposition 5.1 Let f : C2  -* C2  be an analytic mapping with a hyperbolic fixed point 
at the origin. Then there exists a parametrisation 7(7-) of the unstable manifold such 
that 'y(r + 1) = f(7(r)) and y  is analytic for Rr large and negative. 

Proof First consider g = 	92) = do f  d', where d is a linear change of coordinates 
chosen so that 

D9(0)=[0 
it ], 
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with IAI > 1 > I M I. For convenience, we take A and p to be real and positive. Define 
(r) = 	g(A_T, 0). If this limit exists, for Qr large and negative, then 

(r + 1) = lim g o gn_i(A_(_T, 0) = g((r)) n—oo 

and hence the parametrisation may be extended to all values of T. The unstable 
manifold for f may then be parametrised by letting 7(r) = d a (r), so that 

Jo d'((r)) = d 1  o g((r) = -y (r + 1). 

In what follows, we take II(x, )Ii = max{ixI, iyl}, and let 11 . ' denote the associated 
matrix norm. We prove that 

- gn(A-nX,  0)11 < ica', a < 1, 

for lxi sufficiently small. 

g1(A2+1)x, 0) = gfl a g(A'(C"x), 0) 

= g"((A'x, 0) + h(Ax)) 	h(X) = O(iX12) 
1 

= gTh(A"x, 0) + J 0 
1 n—i 

= gT'(A'x,0) + 	fl Dgi9k((A_,o)th(A_n))h(AThx)dt 1 k=0 

If 3N such that Vu> N and k = 0, 1,—, ., n - 1 we have 

Jgk((A_•flxO) + th(A"x))iI <F(x), 

where F(x) -* 0 as x -+ 0, then by taking lxi sufficiently small we can ensure that 

3 

< 1%, 

and hence that 

gm+l(A_(t+l)x, 0) _ g gTh(A'x, 0)11 < AKA  An 	_ 2 lxi 2  = KIxi2(A )'. 

Choose Xo  small. If li(u,v)ii < 2Xo  then 

02y3(u,v) < 

OXJ OXk 	8' 

for some constant C. Let x0  be such that if D =CA(A - 1)_i, then ii(w,z)il < 
2x0  + Dx implies that Dg(w,z)' < A. 

Take x satisfying lxi < min{xo, X0}, with n large, and define 

Rk,n = 9(A"x(1 + O(ATh1x1)), O(A2lxl2)) - (Ak_nx(1 + O(A_nixl)),pkO(A_ 2n1x12)), 

where k < n. We prove by induction that 

IIRk,nD < DA2lxI2(1 - 
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First, prove for k = 1. 

	

I 	 1 

	

g1((Ax,O) + O()C2'IxI2)) 	
Ax(1 + O(A 

	

= Dg(0) 
L 	

O()c2JxI2 IxI)) ) 	] 

+1 
 1  
(1 - t)V'D2gII{(A-nX,o)+o(A-a1a)}Vodt, 

Jo 

where 

- [ Ax(1 + O(A'3IxI)) 

	

- 

	

11ko(A_2n1x12) 	
1• 

Then 

jRi, II <4. A_2nIx2(1 + O(AIxI))2  < CA -2nIXI2' 

since j(t{(Ax, 0) + OC2IxI2)}tI < 2X0. 

Now assume the result is true for k = 0, 1,. . ., m (m < n). Then 

gm+l((A_nx,0) + O(A 2 Ix 2)) 
= g((Am x(1 + Q(.)cnlxI)), pmo(A_ 2nI xI2)) + Rmn) 

= 9(Am x(1 + o(A_nlxI)),j2mo(A_ 2nIxI 2)) 

+ 
j 

and 

g(Am 'x(1 + O()CIxI)),,1mQC2YIxI2)) 
I Amx(1 + O(A'IxI)) = Dg1(0) [ 
	mO(_2nIXI2) 	] 

+  1
1 

(1 - t)VD2y1  It(m-nz(l+O(A-nII)),pmO(A_7nII2))Vmdt. 
Jo 

So 	

IIRm+i,nIi 	
CA2(m_n)II2(l + O(IxI))2  + 	IIRm,nII, 

since II(Amx(1  + o(A_nIxI)), /1m0(A_ 2n1x12)) + iRm,nII < 2x0  + Dx 

and 	 <2X0. 

Hence 

I C,\2(m-n)IX12 	-' 
IIRm+i,nII < cA2(m_n)1x12  + 	

A2 (A-21 - 1) (1 - 

12 

A2 -21  
(1 - = 

as required. Thus, gt3+l(n+l)x,  0) - g(Ax, 0)1! < K)C and so if p> q are large 

positive integers, we have 

K gPcPx,o) - y(A_x 
0)11 < - 



This shows that the sequence {g '(A "x, O)} converges uniformly (i.e. independently of 
x), and hence the limit is analytic in x. 0 

Clearly the same argument can be used to parametrise the stable manifold. Now return 
to the original time-27re mapping. 

Corollory 5.2 The invariant manifolds of the time-2ire map f may be parametrised, 

as described in Proposition 5.1. 

Note that in the case of the time-22re map f, if r is real, then 7(7-) is real valued. 

Slight modifications in the proof of Proposition 5.1 can be made to give similar 

results. We mention some of these in passing. 

Proposition 5.3 Suppose g: C2 -+ C2 is analytic and has a fixed point at the origin. 
Suppose further that 

D9(0)=['1 A2]' 

where the eigenvalue ) and A2 are real and satisfy A> A ~: A2 > 1. Then 

g"(Ajx1, A2 'X2)exists for II(xi, x2)II sufficiently small. 

Proof The proof is essentially the same as that of the previous Proposition. The 
condition A > Al> A2 > 1 ensures that 1> 0 such that A'+'<Ar, and then if we 
take II(u,v)II small enough that jDg(u,v)' < )4 we can prove that 

CA 	x 	A 
2" 	2 

II!I (1— r). 0 IIRknhl < A2_apc - 1) 

Corollory 5.4 If the analytic mapping g : C2 -* C2 satisfies the conditions of the 

previous proposition, then there exists an analytic linearisation of g in a neighbourhood 

of the origin. 

Proof The map 5 : C2 -* C2 defined by (x1,x2) = limo 	g"(Aj"xi,Arx2) is well 
defined, and has the property that (Aix1,A2x2) = 9((x1,x2)). Near the origin, is 

close to the identity, and so is invertible. Hence (Aixi, )t2x2) 
= 	o g o 5'(x j, x2). 0 

Clearly, there are analogous results for mappings with stable fixed points. There is 

also an easy extension to higher dimensional systems - simply replace the condition 

A> Al ~ A2 > 0 by A > A ~ ... ~ AN> 1 to get a linearisation of f: CN CN in 

a neighbourhood of a fixed point. 

Returning to the study of the invariant manifolds of the time-27rs map, the question 

arises as to whether the parametrisation constructed above is in any way unique. 

Lemma 5.5 Suppose the analytic map g : C2 - C2 has a hyperbolic fixed point. The 

unstable manifold may be parametrised by 70(r) = ]!Mn—,,.gn(A+T, 0). Suppose there 
is another parametrisation satisfying 

71(7- + 1) = 
= c(AT, 0) + 0(IA2nI), 
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for some constant c and Rr large and negative. 

Then -11  (r) = -yo  (r+ r0), where ro  =lnc/lnA. 

Proof If 

7i(7-) = c(Ar,0)+O(IA2TI) 

= (Ar+Too)+o(IA2nl) 

for Rr large and negative, then for n > 0 

71(r - n) = (A'+'-n, 0) + O(IA2(T_I). 

So, 

71(r) = gn71(T._fl)) 

= gfl((T+TO_fl,) O(IA2(T_l) 

1 
= 	gn(AT+r0_n, 0) + JO 

Dg(Ar+o_o)+to(1A2(r_n)1)O(IA2'l)dt 

n—i 
117i(T) - gfl()T+TO_fl, 

0)11 < [I IIDglakAf+ro_,o)+o(IA2_n)IIcIA21:T_l. 
k=O 

As in the proof of Proposition 5.1, for Wr sufficiently large and negative we have 

3 

I I.1 	 < P\12  

and hence ll71(T) - gn(.;T+To_n,o)J < 

=71(r)= lim gn(;\T+ro_n,o)=7Q(r0)•  0 n—.00 

Recall that the unstable manifold for fo,  the time-27re map of the unforced pendulum 
equation, can be parametrised by the flow passing through the point (ir, 0), i.e. 

(r) = ((r), (r)) = (4tan_e21T,2sech27re7-). 	 (5.1) 

Now, 
U(r) = 4(e2lrt)T + 0((e2)2T) 

(r) = 4(e2,,),+0( 
(e  2

1re 3R7- 

for Rr large and negative, and the above lemma shows that 

5(r)= lim f(AT+To_nAT+7o—n) 
n —oo 

where A = e 2re > 1 is the eigenvalue of Df0(0) associated with the unstable manifold. 
Note that has poles at T = 	+ irn), n e Z. 
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5.3 	Approximation of the Parametrisations 

Proposition 5.1 provides us with a parametrisation, y(r) = (9(r), 0(7-)), for the unstable 
manifold of the time-27re map of the forced pendulum system, and for E sufficiently small 
we expect the form of this parametrisation to be close to (5.1). To help find out how 
close, we introduce the new variables T and H, defined by 

H = H(0,0) = 	
- 	+ cos(O - 0*) 	 (5.2) 

T 	= 	T(9, ) = ----- in tan 
(0 - 0* \ 

	

in 	\. 4 ), 	
(5.3) 

where = (9*,  0*) is the hyperbolic fixed point off and A = e273) is an eigenvalue 
of Df(7*).  Note that in this definition, the letters T and H refer to both variables and 
functions. There should be no confusion however. When ö = 0, the fixed point is at the 
origin and A = e2', so that T corresponds to the parameter r in (5.1). This shows that 
along an orbit on the unstable manifold, T increases by 1 at each step, while H 1. 

For the perturbed system, we first try to approximate the parametrisation close 
to the fixed point. Recall from (4.22) that for Rr sufficiently large and negative (i.e. 
(0(7-), 0(7-)) sufficiently 0(1) close to (0*, 0*)), we have 

2sin (0 
2 0*) + 0(e210(r) - 0* 

and so H(7(r)) = 1 + 0(62 10(r) - 0* 1 2). A similar result holds for T(7(-r)), which we 
now prove. 

Lemma 5.6 For Rr sufficiently large and negative, 

00 

- k)) - T(7(r - (k + 1))) —1) 

exists. 

Proof For 7(7-) sufficiently close to 7*  (say 117(r) - 	= c, some small fixed c), we 
have 

* 	 * =A(7(r)-7 )+0(l0(r)-0* I2 ) 

so 

f0(r+ 1)_0* 
T('y(r+l)) = lflAlntan 	4 	) 

1 
= 	j -ln tan (A0(T)4_0* + 0(10(r) - 0* 1 2)  

-1  In  (X  
°(0* 

+ 0(10(r) - 
0* 12)) 

- In A 	 4 
/ 

= 	1+j-, ln(  tan ( 	
4 

0(7') - 0* 
   )+OI0r_0*12) 

= 	1 + T('y(r)) + 0(C'lO(r) - 9*1) 
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where the O(e110(7-) - 0*1) term is analytic in 0(r) - 0*,  and hence in V. Also, using 
the asymptotic form of f(0, 0) derived in the previous chapter, it is straightforward to 
show that 

	

T('y(r + 1)) = 1 -1n tan 
(0(r)_0* 	ire 	q5(r) ) 

+ 	
(0(T)2_0) 

+ 0(62) 

= 	T('y(r)) + 1  + Q(2). 	 (5.4) 

Thus T(7(7- + 1)) - T(7(r)) - 1 is an analytic function of x = AT which vanishes at 
x = 0, and since we also have (5.4), Schwartz's Lemma shows that 

IT(-t(7- + 1)) - T('y(r)) 	- 11 < CeA. 	 (5.5) 

Thus 
00 	 00 

E !T(7(r - k)) - T(7(r - (k + 1))) - ii < Ce2A' 	\R7--k 

k=O 	 k=O 
1 = 	Ce2 ART 

A—i 
< KeA 	 (5.6) 

and the result follows. 0 

We can use this result to approximate the form of the parametrisation as follows. We 
have proved that 

lim{T(f"(7(r))) + n} = T(7 (r)) + 0(e), 

and since 'y(r) = lim00 
fTh(7*  + A_+Tu), where u = [u1, ui]T  is a vector lying in the 

eigenspace associated with A, we may use the fact that the convergence of the sequences 
{T(f'(x)) + n} and {ffl(7* + A_Tu)} is uniform, to write 

lim 
fl00 

(T(f(7(r))) + 	= lim  (T(f'(f(7 + AFTu)))  + 

= 
	lim (7' + A_fl+TtL)  +n) 

Now, 

T(7*+A_Th+Tu) = jlntan 	U1 

= 	In ATu1 + O(A_3_T))) 
In 	4 
1 A+Tui  

= 	In 	+ O(e_lA_i_T)) 

- ln(ui/4) n + ,r + 0(e_lA_2(_T)), 
- In  

T('y(r)) 
= mn(u/4) +

,r + 0(e). 
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We can take u = [4,4]T + 0(e3), giving 

Fn_ 
—lLta1 

(9(r) - 

 .A 	\. 	4 	) 
= T((r)) = r + 0(e). 

Thus for small fixed c, 10(r) - 0 *1 = c corresponds to Rr - 	for some II > 0 fixed 
large. With such a value of r, 

9(7-) = 9* + 4 tan_' AT+O(e) 

= 4taif 1  e2 ' ° 	+ 0(e2), 	 (5.7) 

and since ((r) - *)2 + cos(9(r) - 9*) = H(-y(7-)) = 1+ 0(621  tan 1  'I2), 2 0 

	

OM = 	
+ Ar+O(e) + 	

+ 0(e2AT) 

	

= 	2sech27re(7- + 0(e)) + 0(e2). 	 (5.8) 

We can use exactly the same arguments as those presented above to approximate the 
parametrisation of the stable manifold. With Qr sufficiently large and positive (as 
opposed to large and negative for the unstable manifold), this parametrisation is also 
given by (5.7) and (5.8). The problem here is that the results for the stable manifold 
and the results for the unstable manifold hold in completely different regions of C2. 
Since we ultimately wish to examine the structure of both separatrices in some fixed 
region of C2, we must extend these results away from the fixed point. We choose r0 

satisfying Rro < -, some large fixed ll > 0, and then generate an orbit2we 	{7(rj)} 

where r1 = r0 + i, i < N. We choose N large enough that 7(rN) lies in a region of 
C2  where the 'wiggles' in the unstable manifold are large compared with those of the 
stable manifold. For small e, we expect the parametrisation to be given approximately 
by (5.1), and so we expect the poles of y to occur close toTire 2 + irm), m E Z. Thus 
we begin by setting 7-0 = - 	+ i( - ) with II > Ho  fixed, and io < < , some 
?lo > 0. We concentrate on 77 fixed, since the case 77 = o/e is similar, but very much 
simpler. 

Rather than study directly how close 7(r) is to (r), it is easier to investigate 
how T(7(7-1)) and H(-y(7-1)) change along the orbit. For convenience, we redefine the 
variables T and H, so that 

H 	= 	H(0,)=2+ COS  0 	 (5.9) 

T 	= 	T(0,c6)=----ln tan . 	 (5.10) 
2ire 	4 

(the difference between the new and old definitions of T(7(ro)) and H(7(ro)) is 0(e2)). 

Let T1  denote T(7(7-1)) and Hi  denote H(-y(r1)). First we extend the parametrisation 
from Rr=-9 

Lemma 5.7 For 0 < m <and e sufficiently small, there exist constants 1(, L 

such that 

111m+i  HmI < K6  e3  

ITm+i - T. - ii <L5  e2. 
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Proof In what follows, let (Om(t), 4,,,(t)), 0 < t . 2ire, denote the solution of (4.11) 
satisfying (0m(0), m(0)) = (Om, 4m) = (9(Tm), (Tm)), and let Tm(t) = T(Om(t), 4>m(t)), 
H. (t)= H(Om(t),çbm(t)). 

We prove the result by induction. By substituting the asymptotic expansions for 

(Or, 	into the definitions of T1  and H1, we get the result for 	m = 0. Assume the 
result is true for m = 0,1,..., n, where n < 	Then 

n+1 	 Lb E 
- To  - (n +01 <Eli - 	- ii < -(ll - T) 

2 5=1 	 ir  

0n4-1 =4tan1 e2(T0+(Th+1+3) 

l9+il <2. 

Also, 

	

n+1 	 I.Ce2 
lH+i - i < >2 lH - H5 _11 + lHo - i < 	(II - T) + ie2  

2rj=1 
so 

-1 
n+1 	= 2 (i + 2 sin' 2. 	sin 

	

= 	2(1 + 0(e2)) sech (2ire(To  + (n + 1)) + Q(2))  

lti+il < 2. 

However, for e small, the expansions (4.13) and (4.14) show that when 2 E (0, 27reJ 

and max{lOml, lml} < 2, there exists an absolute constant R > 0 such that 

max{l9m(t) - 9m1, 10m(t) - 0,,, 1} < Re. 
Now, 

2,re d 
- H1 = j 	H1(t)di 

= 	5,' 	
+

1(i) 
COS 

.dt 

	

Jo 	 C 
2,re 

= —Se f 	ni(t)sin!dt 

	

Jo 	 C 
2,re 

= 	—Se 	sin 0ni(t) sin 

	

10 	E 

	

2ire 
 sin 9(t) cos 	- 5e2 

12,re 
'(t) cos O(i) cos 

2ire 
= 5e21 c5 +i(t) COS  O +i(t) {i - COS }dt, 

since 

I
2,re 

' (t) cosO 1(t)dt = sin °n+2 - sin O,,.. 
Jo 

We conclude that 

H+2 - H+1l <4ir5e3I+i(ti) COS  O+i(ti)I 
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for some t1 E (0, 2ire), and hence that 

IH+2 - H+1I < 4 r5e3(In+iI + Re)I cos(O +i + aRe) some fr E (0,1) 

< 36r5e 

for e small enough. 
Also, 

2,re d 
T2—T1 = j 	T,+(i)dt 

1 12we 

- 	
251o+i(t) 

2ire 	{1 + 
	

1(t) - 2sin 
- 	 2sin° 	

}dt 

1 	2,re(/ 	 I 
H 1(t) - i\ 2 

= 	1 + 2r,- fo 
 j + 2 sin 2 Oi(t) 	- 

} 

dt 
2/ 

1 2irefl (t)-1 	dt 
= 	1 + 	

Jo 2 sin  O,+() 
(ji 2 	 + _______________ + 

2sin3  

= IT +2 —T +1 -1I < IH +i -1I 	 1 

- 	2 sin  8,i.101) 	
+ Hj(t 1 )-1 	I 

2sin 841(g1) + ii 
V  

1H 2e 	
+1(t) - H +1 	 dt I! 	_____________________ 

Jo 	2 sin 	 H,.+i (t)— 1 
i + 

2sin 	+ 

Recall that 

Hm(i)Hm = 51 4'm(s) Cos d8 
.io 	 C 

t
e 

122 2 

E 
= 	5e4(t) sin - - Se I sin 0,,, (s) 5111 ds - 

2 
62E2 

sin  
e 

so that 

IT +2 - 	 - 	
= 0(e) + 	

1 	2,re H 1(i) - H+1 	dt 	I  'I 
47reIsin2 ' - I IJ0 	1+0(e) 	2+0(e)l 

Q(e2)+ 
1  

	
(H(i) - H~1)dt

8ireIsin2l

112re 

I 
5 	

110 

2irt 
+1(t)sindt1O(e2)+ 

8lsin2j 	 C 

S 
= 	0(e2) + 	291{eI+1 - qS+2I + 127re2 I sin O+il + ir5e2 } 

= 0(e2), 
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completing the proof. 0 

Remarks 
We could have set r0 = - 	 -i( 

- ) and obtained the same result. 21re 	4e 	2w 

Lemma 5.7 would clearly also hold for T > 0 close to fixed values other than 1. In 
particular, if we fix any M < II and take m < 	, ,then for e small, 

Hm+i - H. = 0(e3) 

Tm+i - T. - 1 = 0(e2) 

and so for i- satisfying fr < 1M 
, the form of 'y(r) is given by (5.7) and (5.8). 

Analogous results hold for 7_(r), the parametrisation of the stable manifold. H 
N > 0 is fixed and 1r> 	then _(r) is given by (5.7) and (5.8). 

The next task is to study the changes in T(7(r)) and H('y(r)) as Rr approaches 0. 
Resetting 7-0 = - 	 + i( - ) for convenience, with °m cbm, Hm and Tm redefined 

2re 	4e 	27r 

so that 9m = 9(ro + m) etc, we have the following result. 

Lemma 5.8 For fixed 6>0, we can fix i >0 large such that for 0 ~ m ~ [] + 1 
and any e > 0 sufficiently small, we have 

K6e3 
111m+i - HmI <Km ((T - 2irem)2 +772EI)A.  

ITm+i T. 11< Lm = L6 E2, 

where K is an absolute constant. 

Proof We may take To = - + i( - ), since the difference between this value and 
27re 4e 2Y 

the value of T('y(ro)) is 0(e), and hence is not important. Also, JH0 - 11 <te2. 
Again, we prove the result by induction. Assume that the result holds for m = 

0, 1,. . ., n where n < [ a ]. We first show that for m = 0, 1,. . ., n + 1 we have 

IOm(t) 
- OmI <2tI4m I 	 (5.12) 

Jm(t) - On  <t(61 5111 OmI + 6) 	 (5.13) 

for 0 < t < 2re. 
(i) Assume that IOm(t) 

- 9m1 :~ 221q5m1 for 0 < I < s < 27re, and try to prove that 
jq5m(t) - Om I <1(61 sin Om I + 8) for the same range of I values. Since 

0m(t) 
- 0.  = j(sin Om(r) + 6 cos 

we have I4m(t) - 4m1 <1(1 sin Om(ti)l + 6) for some tj E (0,t]. 
Using the assumed bound, we have 

sin Om(ti) = sin(9m + 2tiaI4m I), 	0 < IaI :!~ 1 

= sin°m cos(2tiamI) + cosOm sin(2t1aq5m ), 	(5.14) 
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where 

0m = 4tane2 Tm 

= 4tan' e2TeT0+m)+02) 

= 	4 tan-  ' e2T+m) + 0(e) 

and 
Hm - 1 \ 

.1 

25lfl(8m/2)1+ 2 . 29 rn  

We need to investigate the form ofHm -1,m> 1. 'If n< [] —1= 	—a-1,then 

rn-i 
IhIrn hI < 

j =0 

+te2  = 1(8e3 
o ((T - 2ej)2  + 72e2) 

1 
= 	 > 	 3 +€ 

arn+1 ((27re(k + a))2 + 71262)'a 

1(5 	 ___ +162 1 
3 = 	

-a-m+1 ((k + a)2  + (L)2)  

1(5 dx -'- 3,r 

< 	
3+te2 

2.c 	2w -m (2 + ()2)  
T 

1 3e 

- 1(5 42 I 	
1 	+.ee2 

x2r 
 2\5 I - 	LX2+ 	J-rn 

Kb 2 

(T-2em)2+2e2 
+1  

after some manipulation. If n = 	- a and m = n + 1, 

-- -a K5 2 - 	1 

	

I -urn — ii < 	
0 ((k + a)2  + (!L)2) 

2,r 
T Kb 87r3 	dx 	l+€2 

	

< 	lJa 	(x2+( 17  )2)3 J 
K5( 2ir' 

te2 

	

< 	 +. 
2iri2 

Also, Sifl(Orn /2) = sech2ireTm  = sech(2irem — T + i( - tie) + 0(e2)) 

I Slfl(Orn/2)I = I cosech(2irem - T - ir,'e + 0(e2))I 

	

1/2 	 2 
< Iuu1(9m /2)I < 

I2irem - T - iije 	 I27rem — T - iiiel 
1/4 4 

(2em - T)2  + e 22 
< Sj112(Om /2)I < 

(2,-m - T)2  + 772E2 
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I Hm 1 I 
2 	=Q(e2). 

I2si (9m /2) 

Hence 
= 2(1 + 0(e2)) sin(Om /2) = 2(1 + 0(e2)) sech2ireTm, 

1/2 	 8 

((2irem — T)2  + j2e2 ) 2 	((2irem — T)2  + 

2t1 0 j< 	
32ire 	< 32ir 

— 
((2irem - T)2 +,q2E2)126 11 

and referring to (5.14), we can choose 77 large enough to give 

cos(2tialml)l < 2, I sin(2tiaI m I)I < 8ire0m I 

sin 9m(ti) <2I sin Om I +87CI45m IIc0S9m I 

where 

sin O. = —2 sech 2IICTm  tanh 2ireTm  

cosOm  = 1 — 2sech 22ireTm. 

Now, I cosh 2lreTml = I sinh(2rem — T — ie + O(e2))I 

1/2 	 2 
= 	 <Isech 2lreTmI< 

((2irem - T)2  + 7 22) 	 ((2irem - T)2  + 77262)12 

and I sinh2ireTml = I cosh(2irem — T - ije + 0(e2))j 

1 
= 	<lsrnh 2 reTI <2. 

Thus we have the inequalities 

1/4 	 16 
(27rem — T)2  + ?12e2 < 

Sin 9m1 < (27rem - T)2  + 772E2 

4 	 4 
I cos(O,.,, /2)1 = I tanh27reTmI 	

((27rem - T)2  + 72e2) 	77€ 

ICOS 9m l 	1c0s2(0m/2) sin 2(0m /2)I < 	
20 

(21rem — T)2  + 7 2e2  

which we use in the remainder of the proof. The bound I sin 9m(ti)I <61 sin Omi holds if 

2ISiflOmI +87rEI0m IIcos9m I <6IsinOm I. 

This is true, since 
1 

41 sin Oml> (2irem - T)2  + ii262 

while 	
64ire 	 20 

87reImII  COS  OmI < 	 1 

((27rem - T)2  + j2e2) 	(2irem - T)2  + 772e2  
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Thus if 77 is fixed large enough, 

10. (t) 
- OmI :!~ 2tl0m 	10. (t) 

- cmI <t(61 sin Om I + ). 

(ii) Now assume that 14, (t) - 0mI :5 t(61 Sin OmI + 8) for 0 <t < .s < 27re, and try to 
prove that 10. (t) - 9m <2tq5m 1 for the same range oft values. 

190) - OmI < tIm(t2)I, some t2 E (0, t] 

t(q + l2ireI sin OmI + 2ire8) 

< 	(1+241reIcos(Om/2)I+) 

since 

sin OmI = 21 Slfl(Om/2)II cos(Om/2)i = I0mII COS(0m12)I(1 + 0(e)). 

Hence, assuming that 10.(t) - qmj :~ t(61 sin OmI + 8) gives 

96ir 
1 0-W -0-1    < tImI (i + - + irbe(T2 + 

2e2)) 
'1 

< 2i 

if i is fixed sufficiently large. 

Now suppose there does not exist an 0 <s < 27re such that (5.12) and (5.13) hold 
for all 0 < t < s. This means that for any such s, there exists 0 < to < s such that 
either 

I0m(t0) 
- 

0.1 > 2tomI 	 (5.15) 

or 

Ic5m(to) - 4mI > to (61 sin 9m1 + 8), 	 (5.16) 

or possibly both. However, Om(to) 
- OmI < tolq5m(t')I for some 0 < t' < to, and so 

we must have q5m(t') > 210,,,1 , no matter how small s is. Clearly, (5.15) cannot hold. 
Similarly, 10,7, (to) 

- 
0m 1 < to (I sin 6m(t")I + 6), for some 0 < t" < to.. This is not 

compatible with (5.16) for s small, and we conclude that there does exist an s such 
that (5.12) and (5.13) hold for all 0 < t < .s. Define s' by 

S* = sup{s: (5.12) and (5.13) hold for 0 < t < .s} 

and suppose that s* <2ir. As a result of (i) and (ii), we know that 

19m(8*) 
- OmI <2S*I4mI 

- 0m1 < s* (61 sin Omi + 8), 

but since the inequalities are strict, there must exist an .s' > s such that (5.12) and 
(5.13) hold fort < s'. This contradicts the definition of s, and we conclude that (5.12) 
and (5.13) hold for i E (0,27re}. 

Now, as in the proof of Lemma 5.7, for m = 0, 1,. . . , n + 1 we have 

I11m+i HmI <4iröe3Im(ti) cos Om(ti )I 
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for some t1 E (0, 2ire). We have already established that 

16 
Im(t)I <2I4ml < 

((27rem - T)2 + 2e2) 

I cos 9m(t) I < 21 cos 0m 1 + I sin 0,,,  
56 

(21rem - T)2 + 7 2e2 

111m+i - IIm I <4ir5e3 	
1656 

((2irem - T)2 + i2e2) 

as required. 
To obtain the result for ITm+i - Tm - i, recall from the previous proof that 

T. 
IhImhI 	 1 

2 O(ti) 
lTm+i - 	 - i < 	m 	+ - l 2 smn 2 	2sin2!.111 

1 
+ 	

f2lre Hm(t) - H..H.. dt 
2e o 2 sin 	

(F2 	) 

Hm(2)1 + 1 

Now (5.11) implies that 

IhIm(t)h1 :!~ lHm(t)11m1+IHm1I 

< 	2öEfr,bm + 127rc5e21 sirLOm I + ö2e2 + lHm - ii 

166€ 	 E 2 

((2em - T)2 + 2e2) 
+0 (2em - T)2 + 

and 

5fl2(9m(t)/2) = 5fl2(9m /2) + sin 
0" (t)_Om) 

sin 0. 
2 ) 

= 	S1fl2(0m /2) + sin(taI4m I)sin(Om + taImI) IaI e (0,1) 

= 	sin 2(Om/2)(1 + 0(lmI)) 

.2 
= 	l52(0m(t)/2)l> 

11 
srn (0m 	 1

/2)l> 	
/8 

(27rem - T)2 + 7 2e2 

IhIm(t) 
- ii <646€ ((27rem - T)2 + 2€2) + 0(2)• 

21 5112(9m(t)/2)I 

This gives 

27 Hm(i)Hm di 
Tm+i - Tm 	Q(2) + 

4re Sin2 0 
2 

1 10 1 + 0(ImI) (i + 2thn2 	+ i) Hm(1 

and 

so 
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- O(e2)+ 	
1 	2ire 

- 	 87rej sin2 aI 110 
(Hm(t) - Hm )dt 

- 0(e2 ) + 
- 	 87r  sin2 	i L 	m(t) sin dt 

O(E2 ) 	
6 

= 	 ir I sin2 	{kbm - m+iI + l2ire2 J 
8 	

sin OmI + 

= 0(e2) 

and this completes the proof. 0 

As mentioned earlier, the proof of Lemma 5.8 is much easier if ij = a/ e, where a E (0, ] 
is fixed. In this case, if we fix any M then for m < 

Hm+i - H. = 0(e3) 

Tm+i - TM 
- 1 = 0(e2). 

This means that if J < 	M R7- 	and rI <f( - ), then again 7(r) is given by (5.7) 
and (5.8). 

Recall that we wish to study the separatrix splitting in a region where the behaviour 
of the unstable manifold is more pronounced than that of the stable manifold. If we 
chooser satisfying Qr 	, then regardless of the value of r, H('y_(r)) = 1+0(e2), 
whereas H(7(7-)) would appear to differ radically from 1 when £r = - . To find 

4e 	27r 

out how large this difference is, we extend the previous lemma to find out how H(7(7-)) 
and T(7(r)) behave for m = [] +1,..., [] + [k], where P 1. We do this in 2we  

stages. 

Lemma 5.9 We can fixq large, such that for [] + 1 ~ m [] + 	we have 

Kb,-3I1m+i - H.1 < 
((2irem - T)2 +112E2)1.  

Tm+i - T. - ii <L6_2ei 

where K and L are absolute constants. 

Proof The proof is almost identical to that of Lemma 5.8. Assume the result is true 
form = [] + 1,...,n where n < [] + [_i.}. We may prove (5.12) and (5.13) as 
before, since once again 

27reTm = 27reT0 + 27rem + 22re >(T,+i - Tj  - 1) 

= 27rm - T + i ( - 77E)  + 0(e2), 

showing that the bounds for sin 9m cos °m, Sili(Om /2) and cos(Om /2) derived in the 
previous proof still hold, and we also have 

JHm 	11 < 2 (i+) +te2 
777 	 27 
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= I0mI = 12(1 + 0(e4 )) Slfl(Om/2)1 <41 SIfl(9m /2)1. 

With these results, we have 

K8e3  111m+i - Hml <47i8E3 l4m(tj) C059m(ti)I < ((27rem - T)
2  + j2e2) 

and 

m hI 	1 
ITm+i - T. - ii 	

IhI
f2 sin  ±M(LIJ 

II - 2 	

j 
 + 

Hm(ti)1  + 4 2sin2!.l 

27rE 1 

	

+ 	2 1nI 110 
(11m(t) - Hm)c1t +0(662) 

8irelsin 2 

= Q(5_24) + 0(52), 

using the same working as before. 0 

Lemma 5.10 With ij fixed large and [J + [-} <m [J + [], 

111m+i - HmI < 
(27rem - T)3  

lTm+i - T. - 11 < Cörf 2(2irem - T)2. 

Proof The proof has the same structure as before. We assume the result is true for 

M = [ J + [-] ,. . . , n, and try to prove (5.12) and (5.13). 
For j fixed large, the expression 

—iie + 2ire >(2 +' - Tj - 1) 

is always small compared to (2wem - T), and we can show that 

(27rem - T) < I cosh 2ireTm l < 2(27rem - T) 

<lsinh 2ireTml <2. 

This gives the inequalities 

	

1/2 	
<(sin(Om 	

2 
2irem—T 	/2)I < 2irem - T 

	

1/4 	
<Icos(Om/2)I < 

2em - T 2irem—T 
1/4 	

<I sin 
OmI < (2ern - (2irm - T)2  

20 
I Cos 9,I < (27rem - T)2  

We also have 111m  - 11 <A(5?1 2, SO 

111m  - ii <2A6 2(27rem - T)2  
12 sin2  
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and hence if 77 is fixed large enough, 

1/2 	 8 
<IQmI < 2irm - T 	2irem - 

We may then prove (5.12) and (5.13) as before, which leads to 

16 
1 0-WI < 27rem - T 

I cos O(t) I <21 cos OmI + I sin OmI < (2 	
56 

irern— T)2  

I sin 9m(i) I <21 SjII OmI + 87r610mII cos Om I 

I 51fl(9m(i)/2)I > I Sjfl(Om/2)> 	
1/4 

27rem— T 
111m(t) - 11 <EIm(i)I + 2ire261 sin Om(t)I + 52e2  + Aoi7-2  < B5i7 2 . 

Thus 

H,,,+, - HmI <47r3' 	
16 	56 

(2irm - T) (2lrEm - T)2  

and 

lTm+i - T. - ii < IH,,(1) - ' I 
12 sin Om(i) 

I  < 8B5 2(2ir€m - T)2  
21 

as required. 0 

We use these results to derive a more precise estimate of H(7(7-)) - 1. 
1 	1 

Let M = [] + 	and N = LL1 [k]. Then 
2re[ri 27re  

HN -1 = (HM — Ho)  + (Ho  —1)+>(Hj+i —Hj) 

= HM _Ho +O(e*). 

Now, for s E [0,27re], 

J' i,,,(r)dr Tm()Tm =  
 
s1 r8 Hm(r)-1 	dr 

)1 
= 	+ 	

Jo 2 sin  !21  
 (b/i + 2Hm(r

sin2!1 	+ i) 

implying that for m < M, we have 

S 
Tm(s) = Tm ++O() 

2ire 	 2ire 

Om  (s)= 4t&iT' €2Te(7- 
0 +m)+8+O(e 2 ) 

= 4tan' 21re 

where t = 27rEm + S. 
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Let (0(t), 4(t)) denote the solution of (4.11) which passes through 'Y (To) at t = 0. 
Then 0(27rem + s) = Om(S) and 

2,reM 
HM - H0 = -5€ 	sin 0(t) sin !di 

	

10 	 E 

=  - f
2ireM 

sin{4 tan e2T0+* + O(e21 sech (2ir€ro + t)I)} sin !di 
JO 

2,reM 
= 	-Se 	sin(4tan_1e20+t) sin -dt 

	

10 	 E 
2,reM 

	

-& I 	O(E21 sech(2irero + t) 1) cos(4tan e27T0) sin di 

	

Jo 	 C 
2,reM e271T0+t - €_(27reroI4) 	

dt 

	

= 45€ I 	 sin - 

	

.io 	(e271To+* + e(2 'o+))2 	e 

(in

2,reM
+ €O 	(sech (2irero + t)J3di) 

 

since cos(4tan e270+t) = 1 - 2sech 2(27re7-o + t). 
So, 

ffm 	
2ireM et_T_i ± e_(t_T0 	

sin -dt — H0 = —45iej 	
(et-T-i - e_(T_ioC))2 

2,reM 	 di  
(10 eT1fle - e_(t_T_in)I3 

27rM-T/e 	+ e_e_1) 
sin 

( 	
T\ 

= -45ie2
IT/C 

	

	 r+dr 
(ee(bo) - 

+eO 
 (I

2rM-T/e 	dr 
T/C 	 - e_)I3) 

with t = T + er. Now 2irM - T/,- = 	+ 0(1), and we can write 

p2rM- 	p-e 	p-e 	

f__~ 

e* el 

fe-i 

2,rM- 

+ 	+_e* 	-e* 

and it it not difficult to show that 

2 	
2wM-T/e 	 + e' 	

dr f sin (r + 

-i e 
2 	 + e' i'1 ) 	/ 	T\ 

sin (r+ — )dr+o(1). 
-e 3 

For -e < r < e*, e(r-"?) - 	= 2e(r - iq) + O(e31r - ii 3) 

	

(ge(r_itl) 
- e (r.-it?))-2 = 	1 	

+0(1). 
462(r—i7))2  

Also, ee(_uh1) + 	= 2 + O(e21r - i7 2) 

— - _____ 
e* 	e "1 + e'1' 

sin ( + T dr 
1 	sin (r + ) 

J—— (9(i) - e-e(r-i))2 	j 	- 	 - i)2 dr + o(1). 
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We may write 
fE 	(00 	f C 	 (00 

J-e f—co J—oo J+ 
to get 

* sin 

	

	J00 sin  (r+') 	1 
dr= drlO(e L* r). 

(r - i)2 	-00 (r - j)2 

Finally, we have 

I-M, 
- dr 

- 
and 

J— 

 27rM— 	dr 
e 	Ie) - e_e(r_mn)13 = 

and so 

HM_Ho=_28ij 
sin (r+)d(l) 

00 (r zip) 

Using some residue theory to evaluate the integral, we conclude that 

HN - 1 = 275e 	+ 0(1) 
= 2e_2T0e_ +0(1) 
= 2e_2T0t)e_* + 0(1). 	 (5.17) 

Thus, given r satisfying Rr 	there exists T, P such that r = r0 + N 

- = 	H(y(r)) - 1 = 2irt5e 27rir e--2Z, + o(1). 	 (5.18) 

Similarly, if £.r = — i(-1- - 	and Q7-4e 	2,rJ 	 2,re' 

H(7(7-)) - 1 = 2e2Të + o(1). 	 (5.19) 

We now have a fairly complete understanding of the structure of the separatrices, and 
the behaviour of orbits on them. 
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Chapter 6 

Measurement of the Separatrix 
Splitting 

In the previous chapter we saw that when Rr 	and IrI < - 4e 	2,r' 

H('(r + 1)) = H(7(r)) + 0(e3), 

where y_ , y+  are the parametrisations of the stable and unstable manifolds respectively. 
We now seek to derive periodic functions E1 , E2  and B, defined on the strip IrI < 
- 	, which are close to H o , H 07 and H o - H oy_ when r 	. We may 4e 	27r

then estimate the oscillatory nature of H a 'y by examining the Fourier coefficients for 
these periodic functions. 

To help find the change of variables which allows us to define B1 , E2  and B, we 
introduce the new variable t, defined by 

da 
2re"2(H(9,q5)—cosa) . 

	 (6.1) 

The transformation T: (0, qf) .-+ (ft, H) satisfies det DE = 	, and so is everywhere 
invertible. In fact, given (ft, H), we can find the corresponding (0, 4) explicitly, for 

27reT - 
6 	da 	= 	2 Io 

(O _T)/2 	d/3 
- J7r /H --cos a /H _+1 	Ji - 	/3 

	

B = r +2sin'(sn (irEtV2(H + 1),H i)) 	
(6.2) 

where sn is one of Jacobi's elliptic functions (see Copson [1935]). When H = 1 and 
= 	(or more generally when T = *(1  + 2n), n E Z), the corresponding 0(t, H) 

is unbounded, and an analysis of the poles of sn (z, k) reveals that for any H close 
to 1, there is a corresponding 1, depending smoothly on I1, such that 0(t, H) is 
unbounded. In particular, given a > 0, 30 > 0 independent of e, such that IH - ii </3 

I2reT - 	< a. This means that if we take H0  satisfying I Ho - 11 <A5C", with 
i> 0 large, and to  satisfying 
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then I0(t0, Ho)! <M, where M is independent of e. We have 

H0 -1 0(to,z) dz 
0(i'0, H0) = 0(t0,i)+ 

27ri JC (z— 1)(z—Ho) 

where C is the contour Iz - 11 = with anticlockwise orientation, so that 

M 
I0(t0,H0) - O(D0 ,1)I < IHo - 11 1 	 <4AMöe 

2 - Ho - 11 

with a similar bound for t0 , H0). 
Recall that when (0, 0) = 0(1), we may approximate the time-27re map f of the 

system (4.11) by the perturbation expansions 

01 = 0 + 27re00  + 2ir2e2  sin 00 + 0(e3) 

01 = 00  + 2re sin 0 + 2ir2e2 0  cos 00 + 0(e3). 

It is easily seen that for H0  and to  as described above, and with 00  = 0(t0, H0), 

Oo  = (to, H0 ) we have 
H(01, 1) - H0  = O(E). 

To get a similar bound for i'(0' , ' ) - To  - 1, observe that 

	

01 	dc 	 01 	da 2e(0i,) = L 2(H(o1, 1) - cosa) = L 2(H0  --COS a) 
+ 0(e3 ). 

Also, 
(01 	da 	.. 	da 

- 2ireT0
= j00+2re0o+O(e') 

./2(H0  --COS a) 

is found to equal 2ire + 0(64  ),  evaluated by using Simpson's Method 

I'z g(z)dz = !(y(Z) + 4g(Z  + h)  + g(Z  + 2h))  + 0(h5) 

Thus t(0i, i)—t— 1= 0(e2), and soif we define F= TofoV 1,wehave 

F(t0, H0) = (i', H0) + (1,0)  + 0(e2). 	 (6.3) 

The following lemmas (adapted from results proved by Davie [to appear]) describe 
how to construct a map '& such that 

&(F(i'0, H0)) = 	H0) + (1, 0). 

Lemma 6.1 Let h : C2 -+ C2  be analytic on 

QoxSo={z=x+iy:IxI<b, jyj<a}x{w=u+iv:Iw :5c}, 

where b < 1/2 and a> b. Suppose that 

11S. A 0 

Ih(x + iy, u + iv) !dx  dydu dv < c 
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x 

Figure 6.1: Representation of the sets Qo, Q, and P6 

and take 
', 

6 such that 0 < y < c, 0 < 6 < b. Then Bg analytic on 

P6 xS.={z:—b+6<x<1+b-6, JyI<a- 6}x{w:lwJ:5c-7} 

with 

and such that g(z + 1, w) - g(z, w) = h(z, w) when 

zEQ6={z:IxI<b-6, IyI<a- 6} andwES7. 

Proof Let 

Qp{z:IxI:!~bp, IyI<a — p} 

Si, ={w :IwK c —} 

and define the contours 

'p = .9Q n {x < 0} 

Jp = OQfl{x > 0), 
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as shown in Figure 6.1, and C = 

Define 
1 38/4 I j5f5/4 f1 h(,w)cotir(_z)dedp 	—b+6 < <1—b 

g(z, w) 

=
36/4 

T6 L/4 fh(e,w) cot ir(e—z)dedp 	b<x<l+b—ö 

with jyj :!~ a - and w E S. (g is well defined for b < x < 1 - b because J,, 
- 

I. is a 
closed contour not enclosing z, and so j_ h(, w) cot ir(e - z)d = 0 ). 

Taking z E Q, w E S7 we have 

1 136/ 4 
g(z + 1, w) -- 

 
g(z, w) = 
	j 	h(, w) cot ir( - z)ddp = h(z, w) 

by Cauchy's Residue Theorem. 
To prove the stated bounds, observe that for w E S7, 

2 1 P3 	 2 
g(z,w)= -J g(z,w)d= 	

(-j 
91)d7J)d. 

So, taking w e S7 and z E P5, we have 

g(z,w)~ 	J f I(zi)I11 
77 o Jc Ii — Wl 

~ 	JJ Ig(z,q)dd 	7)711+i772 
so 

JJ
38/4 

s L4 J Ih()II cotir( - z)IIdeI dpdi 1 d712 

Co 

ff JJ 0 I( )IdEi 42 d 1 d 2 	= i + k2 

Co 
< 

where L is either Ii,, or J,, depending on the position of z. Also, 

89(Z' W) < 22Jj109(;w) 
d771 dq2 

	

19Z - - 
	 I Oz 

38/4 	Ih(e, )I 
75 

ff 

o 1/4 j sin2 ir( - z)I 	
dpdr11di2 

753JJsoJJQo 
Ih(e,)ldeid2d1d2 

Cl 
< — jE. 

Finally, 
Og(z,tv) - 1 f ' 9(z, 77) 

d77 dy 
Ow 	ir'yiio ic (j_w)2 

IOg(z,w) 	4 f . 

< 

I 	Ow 	-77 3 so 
C2 

^1 
3b2 
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which completes the proof. 0 

Note that g(z, w) is real when (z, w) is real. 

Lemma 6.2 The mapping F : C2  —* C2  is analytic on 

QxS={z=x+iy:ixi<1/2,y<a}x{w=u+ iv: w<1}, 

for some a> 1/2, and satisfies 

iiF(z, w) — (z, w) - (1, 0)11 < c 	(z, w) E Q X S, 

JIsJJqi'F(X+iY, 
	iv)  _(X+iY)_ 1dxdydudv <C 

JJjJi(Y 	iv) 	i , 

where F = ('F, 2F), ii(X, )Il = max{iXj, iYl}. If € is sufficiently small, then 
C2  - C2  analytic on 

P' x S' = {z : -1/4< x <5/4,Iyi< a- 1/4}x {w: iwi <3/4) 

such that for 

(Z'  W) eQ' x S' = {z lxi < 1/4,iyi <a - 1/4) x {w: IwI <3/4), 

ça(F(z, w)) = ça(z, w) + (1, 0), with IJca(z,  w) - (z, w)ii < Ac and iiDo(z, w) - III' < Ac, 
for some constant A. 

Proof Let 

P 	= {z: -3/8 — 2" < x < 11/8 + 	ii <a+2 —n - 1/81 

S. = {w: iwi < 7/8 + 2"- }. 

Define the sequences {c} and {} by co  = €, c,, = 210
' 4Cc (C = 221c, where 

C = max{co,ci,c2}, the constants from the previous lemma) and in  = 2'° CEn. For c 
small enough, it is easily proved by induction that Zn  <2_2 _5. 

We want to construct a sequence {con} which is defined on A x B ç P0  x S0, 

where ço' is defined on P2, x S2  = co (A X B) (and A+1 9 A )  B+1 C Ba,) and 
such that when (z, w) E A+ x B+1, 

I 2Pn+l(z, w) - %0. (Z, w)i < tn 

iO'cpn+i(z,w) — ô'cp(z,w) I < Zn, 

where ô represents either j-j  or 

We also want r(z, w) = ço(F(z, w)) — çon(z, w) — (1, 0) to satisfy 

i 'r,.,(z, w)i <c, 	(z, w) E 	1(Q2n x S2 ) 

752 "Q2n 
i1r((P'(Z,W))idXdYdUdV <En 
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where 

Q = {z : IxI <3/8 + 2", jyj <a + 2`3-  1/8). 

Take Wo(z,  w) = (z, w) with A0  = P0  and B0  = S0 , and assume that 	., ço, have 

been constructed. Use the previous lemma to get g analytic on P21  x S21, with 

g(Z + 1, W) - g(Z, W) = —r(ça 1(Z, W)) 	(Z, W) e Q.1  x S21 . 

We have 

max {I(zw)I 
?O g(Z,W)I 1y(Z,W)I'1 	______ 

	

oz 	' 	ow 	j) < (2-2n-4)5 '3  

= 	2'°"c2 20c 
1 

= 

for (Z, W) 6 P2+i  x S2+1. 

On çç'(P21  x S2+1), define 

	

+1(z, to) = 	w) + g( n(z, to)). 

Then 
1_ 

W) - 1çon(z, w)I = I g( (z, 'w))I < 

and 

(pn+i(z,w) - O 1ço(z,w) 
Oz 	 Oz 

	

Io'g 	0 \0n(z,w) + Og 	'Wn  
= 	Icon(z,w) 	Oz 	OW(ZW) 	Oz 

1 	

I 

o 1 (z, w)I 1.  

	

< 2' 	Oz 	 o 

< Zn, 

since 
__ 	____ 

Oz 	HIOz 	Oz I 	IOz 	 24 

and 

	

O2Wn 	1 
Oz I < 24 

Similarly, 
Oça i(z,w) -  

<in . 
Ow 	Ow 

This gives 

(IOlcon+i(zw) - i' 119 2(pn+i(z,w)I i0 1 +l(Z,to)I IO2+i(z,w) -<
m&xU 	 I' 	('I 	Ow 	i'I 	Ow 24 

implying that 	is defined on 	 x S21)). 



II (Z' W) = ço'(Z,W), with (Z, W) E P2 H1 x S21, then 

J % 	1( W) - p(z, w)I < 	'(p +i(co'(Z, W)) - Z < ,, < 

I 2ço,, 1(ço'(Z, W)) 
- Wl < 2_2Th 5. 

This means that 

X S2+1)), P2+2 x S2+2 C  

so we can define A+1 x B + =~ x S2+2), with A+1 x B C A x B. 
Take (Z, W) E Q2n+2 x S22. Then 

I 'ço(F(p 1(Z, W))) - Z - i !~ I 'w(F(p1(Z, W))) - 'ço( 1(Z, W)) 
- 

1 

+1 'p((Z, W)) - ZI 
1 

< 

< 

and similarly I 2ço(F(ça;1(Z,W))) - WI <2_2n_5. This means that 

X S22))) C P21 x S2 .1 , 

i.e. F(ço 1(Q22 x S2 ~2)) C ç1(P2 ~1 x S21). 

So, for (z, W) E 'pi(Q2n+2 X S2+2)9 

'r + (z, w) = 'co+i(F(z, w)) - 'con+i(z, to) - 1 

	

= 	'ç(F(z, w)) + 19((F(z, to))) - 1 (z, w) - 'g(ço(z, to)) - 1 

	

= 	'r(z, to) + 'g((F(z, w))) - 19@Pn(Z, to)) 

	

= 	'g(cp(F(z, to))) - 19(çon(z, to) + (1, 0)) 

= I'r+i(z,w)I < SUP 	 YI2rn(zw)I
Oz 	 OW 

1 
< 

1
ZnCn 
 

+  

= 2'° C€ 

< fn+i. 

Similarly, j 	w)I < e+i. 

We also have 

'JS2.+2ffq2n+2 
F1r+i(i(z,to))Idxdydudv 

< 	J'S2.+2 JJ 	I'r(w1(z,to))Idxdydudv 2 	Q2+2

+ 
2 
!!JJff

q 	
I2rn(-i(z,w))Idxdydudv 

an+2 

'JS2. 	'r(ço'(Z, W))II det(D 1 o ço'(Z, W))I2dX dY dU dV 
2 4.1 	q21 

+ 
En 

Jf 	IfIQ2n+2
I 2r(ço'(Z, W))II det(D 1 o ç'(Z, W))I 2dX dY dU dv. 

2 	s21  
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Consider the matrix norm IIAI' = 	Iaij I 2). Since I0+1(z,w) - 81p(z,w)I < 

c , for (z, to) E 	'(P2+1 x S2+i), we have 

ID+i(z,w) - Dco(z,w)II' < (>e) = 
ii 

Let (z, w) = ço'(Z, W) for (Z, W) E P21 x 

Then IIDcon+1I;1(z,w) - DpnI,;1(z,w)II' < 2 n 

= 	IID+i o ço'(Z, W) - I' 

= 	IIDcn+1I;1(z,w)[1)conI,;1(z,w)]' - DçflI,-.1(zw)[DcaflI,_1(zw)]' II 

~ IDç0n+1

I V 

; 1(z,w) - Dp L,;1(z,w)IIII[DcmL,;1(z,w)]II 

< 

Hence I det(Dça i o 	'(Z, W))12 < 2. It follows that 

JjS2n+2 Jjq2n+2

Ir+i(coi(z,w))dxdydudv 

< nJJ  JJ I'rn n (c'(Z,W))IdXdYdUdV 

+ ]7 JJ I2r('(Z,W))IdXdYdUdV 

< 2,e,, 
10n+

= 2'Cc 

= En+1. 

This completes the induction. We conclude that {,,} is a Cauchy sequence, and hence 
has an analytic limit p defined on P' x S', and such that (z, w) E 	x S' implies that 

(F(z, w)) = w(z, w) + (17 0). 
Finally, if € is small enough, it is easily verified that i',, :5 C2"€ for all n, and hence 

that 

IIco(z,w) - (z,w)II < >J gn < C€2" = Ac. 

Similarly for !ID(z, to) - Ia'. ° 

If we define the new variables 

I- 	 \ 
(S, G) = A(t,H) = (1' - 

"p 	1\ 
+ 	

H-1 
4irt5e—t1o)' 	

(6.4) 

where is the largest j value required by Lemmas 5.8, 5.9 and 5.10, and P = 1+ 0(e) 

is chosen according to some criterion to be specified later, then for 

(S0 ,G0 ) € {s: isi < , I!aSI < 
1 

x {G: IGI < 1}, 
2E- 

and with P = A o F a A', we have 

P(S0, G0) = (S0, G0) + (1,0) + Q(2)• 	 (6.5) 
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Lemma 6.2 then shows that 3W defined on 

{
:_ 1 <s<, IsI<-}x{G:lGl<} 4 	4 

such that çaoP(So, G0) = ço(So, Go) +(1, 0) when ISI < 1/4. This gives = A' ooA 

analytic on 

f
t : P + 1 < Rt < P + 7 , II<_}x{H:IH_ 1I< 37 oe ° } 

such that 02(T1, H1) = 0t0, H0) where defined, and such that 02(t, H) is real when 

(T, H) is real. 

Now, recall that 'y(r) and 'y_(r) are parametrisations for the unstable and stable 

manifolds respectively. If we restrict attention to r real, the manifolds intersect at 

= 'y..(r"), where r' = r"-- 0(e) (from the remarks following Lemma 5.7). For 

r e C, define a new stable manifold parametrisation 7!(r) = 7..(r + (r" - r')), so that 

= -/-'(-r'+ m), for any integer m. We now define the valueP = 1+27rea used 
in (6.4) to be any value such that for an appropriately chosen rn', t(7+(r' + rn')) and 

t(y(r' + m' + 1)) both lie in ( + , 	+ ). We are guaranteed the existence of such 

an m', since for 27rer 1, i'(''(r)) = r+O(e) and t('y+(r+1)) t('y(r))+1+O(e2). 
It will become apparent later why we must choose P in this way. 

Now, for r lying in the strip {r: IrI < 
- }, we may define 

4e 2w 

	

El (7-) = 02 	(7- + M)), H('y(r + M))) 

	

E2 (7) = 02 	(7- + N)), H(7(r + N))) 

E(r) = E2(7-) - Ei(r), 

where N, M E Z are chosen so that !P(-/+ (-r + N)) and i'(7(7- + M)) he in 

P 7 
t 2ire 4 	27re+4 fl  2e 	

(6.6) 

Ei(r) and E2(r) are independent of M and N when more than one choice exists, and 

so all three functions are analytic and periodic. If r is such that r + n0 (some n0 E Z) 

satisfies (r + n0) = 	, where Q 1, then T(7(r + n0)) = r + n0 + 0(5 2e 1), 
and so H(7+(7- + flQ )) = 1 + 0(8&°) implies that 

t(7(r + n0)) = T(y(r + n0)) + 0(öe0e7:) = r + no + 0(i7, 2e 1). 

Thus N will be given by such an n0. Similarly for M. Note that when r is real, the 

same value may be taken for both M and N. 
We examine E2(r) first. From the bounds derived in Lemma 6.2, we have 

1E2(r) - H(7(r + N))I :~ IO2(T(7+(r + N))) - H('y(r + N))j 

= 0(e), 
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so when r = - + 4e 2v , 

E2(r) 1 + 2i e2  e 	+ 0(1), 

and when r = - 
4e 	2ir' 

E2(r) = 1 + 27r6e_2r2Te_  + o(1). 

Now, we may write 
00 

E2(r) = Eane2nT , 
—00 

where 

a  = f
r+1 

E2(s)e 2,rins  ds. 
Jr 

For n> 0, f 7'+l 
E2(s)e2rTh3ds + j 	E2(s)e_2r2n8ds = 0 

r+1 	 1 
a, 	= I 	E2(r - 	- __))e 21 rdr  

4e 2ir 
r+1 = 	I 	E2(r - 	- 77  _))e2n1tMdr 

4e 27r 
r+1 

=e 	2e  	 f (1 + 2i 5e2 	+ o(1))e2rdr 

r+1 	 r+1 

= 2ee"' J 	e2 ''dr + 	I o(l)e_2nimdr 
r 	 Jr 

( (27rö + o(1))e, n = 1 
= 	

o(1)e, 	n>1 

Similarly, 
(27rö + o(1))e, n = -1 

a= 
[, o(1)e"-21-- , 	n < -1 

Thus 

E2(r) = a0  + (2irö  + o(1))e e2niT + o(1)e 2.  

+(2irö + 
0(1))e 	e27n4T + 0(1)e 

= 	a0  + 4ir5e 	cos2irr + o(1)e. 	 (6.7) 

We may also write Ei(r) as a Fourier series 

00 	 r+1 	
rin Ei(r) = 	bne2T47, 	= f 	Ei(s)e2ds. 

-00 Jr 

Since Ei(r) = 1 + 0(e), a similar argument to that for E2(7-) leads to 

	

Ei(r) = b0  + O(e)ei 
	

(6.8) 
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Ic 

b. 

a,-b 

Figure 6.2: Depiction of the graphs of Ei(r), E2(7-) and E(r) 

where b0  = 1 + 0(e). 
Considering r real, we expect the graphs of Ei(r), E2(r) and E(r) to look something 

like the representations in Figure 6.2, although we cannot yet discount the possibility 

of there being more than one intersection between r' and r' + 1. Returning to the real 

(0, 4) plane, let A represent the union of the regions enclosed by 7(r) below 7(7), and 

B the union of the regions enclosed by 7(7-) above 7(7). We showed in Chapter 4 
that area {A} = area {B}. Also, area{T(A)} = area{T(B)}, and the number of 

intersections of the separatrices is preserved in the graphs of To 7+(7-)  and To 7(r) in 
the real (D, H) plane. Define the variables (Z, W) = b(t, H) - (0, b0), and recall that 

det(Db) = 1 + 0(e), so that 

area {iboT(A)} = (1 +0(e))area{T(A)} 

area{ o T(B)} = (1 + 0(e)) area {T(B)} 

= 	area {b o T(A)} = (1 + 0(e)) area{ o T(B)}. 	(6.9) 

Suppose r satisfies r' < r < r'+l (or more generally r' +m < r <r'+m+1).  Choose 
M so that 1'(7_(r'+M)) and i'(7_(r'+M+1)) both lie in the interval (+, 	+ ). 
Then 

o To 71(r + M) = ' 1(r + M  + 0(e), 1 + 0(e2)) = r + M  + 0(e) 

01 o To 7(7- + M) = ?/)1(r + M  + 0(e), 1 + 0(6  2)) = r + M + 0(e), 

and letting Z- (7-) = 01 o T o -y(r + M), Z+  (,r) = 	o T o 7(r + M), we have 

Z(r)=r+M+0(e) and dZ*(r) =1+0
dr (e). 

Define 

Ei(r) = El(r) - bo   = O(E)e--T- 

2. 

 

E2(r) = E2(r) -bo   = (ao  - b0) + 47röecos 2irr + o(1)e. 
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Because Z,, (r) = r + M + 0(e), the graphs of the separatrices in the (Z, W) plane 
are 0(e) close to the graphs of ti(-r), E2(r) in the (r, W) plane. Assume for the time 
being that there is only one value E (r', r' + 1) such that 'y() = 	Then 

	

Z+f - 
  

	

Z_() - 
area{&oT(A)} = -

/

fZ(r') 
E2(r(Z+))dZ+_JZ_(r')E i(r 

 

(Z_))dZ_ 

e+M+O(e) 	 e+M+O(e) 

=j'+M+O(e) 
 Ei(7-(Z_))dZ._J'+M+O(e)E2(r(Z) )dZ. 

r+O(e) 	 +O(e) - 

= J 	Ei(7)(1 + 0(e))dr - J 	E2(i-))(1 + 0(e))dr 

= (bo —ao)(--r'+0(e)) 

—2öe 2.(sin  27r - sin 2ir'r ) + o(l)e--F- (6.10) 

and 

area 10 o T(B)} = / 	(E2(7_) - Ej(r))(1 + 0(e))dr 
C 

+0(e) 

= (ao —bo)(T'+1—+0(e)) 

—26e(sin 2ire - sin 2irr') + o(1)e, 	(6.11) 

and recalling equation (6.9), we have 

(ao  - b0)(1 + 0(e)) = o(1) We  e. 

Thus, 

	

E(T) = 47röe 	cos 27r7- + o(1)e. 	 (6.12) 

If we assume that E(r) has the distinct roots r1,. . ., T2m+1 between T'  and r' + 1, we 
can use exactly the same argument as above, with 

rZ(E) 	 Z(7-1)

Jz 

Z(T2m+l) 

/ 	replaced by 	I 	+...+ 
Z(r') 	 JZ(r') (r2,) 

and 
Z(r'+1) 	 (r3 ) 	 (r'+i) 

I 	replaced by 1z' + . . . + fz,(72.+I) ' JZ() 	 (ri)  

to get the same expression (6.12) for E(r). However, due to the 0(e) closeness of 
graphs described above, the number of intersections between Z(T') and Z(7-' + 1) of the 
separatrices in the (Z, W) plane is the same as the number of intersections between r' 

and T'  + 1 of Ei(T) and E2(r). This contradicts the assumption of E(T) having more 
than one root between r' and r' + 1, and so A and B are connected regions. We may 
take T'  = 1/4 + o(1) and = 3/4 + o(1), and then substituting into (6.10) gives 

	

area {&oT(A)} = 45e 	+ o(1)e, 

	

=- area {T(A)} = 4öe 	+ o(1)ë 2.  . 
Finally, recalling that det(DT) = 	we have 

area {A} = 87röe(1 + 

and Theorem 5.1 is proved. 
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