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SYNOPSIS  

This thesis presents an analycis of interconnected skew bridge 

girders based upon the method of harmonic analysis. 

The analysis is first developed for a three longitudinal girder 

bridge and then extended to the case of bridges having several longitudinal 

girders. In the analysis the variables affecting the solution appear in 

the form of dimensionless parameters. The effects of these parameters on 

longitudinal moments are investigated for a three girder bridge. The 

limiting values of these parameters are chosen and for bridges having 

intermediate values, interpolation functions for the moments are suggested. 

To verify the method, both theoretical and experimental comparisons 

are made. For the theoretical comparison a skew grid frame, having a large 

number of transversals representing a deck slab, is analysed by the slope-

deflection method. For the experimental comparison models of three steel 

skew grid frames and one reinforced concrete T-beam bridge were tested. 
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LIST OF PRINCIPAL SYMBOLS 

The letter symbols are defined in the text where they first appear. 

The principal symbols without subscripts are listed here for convenient 

reference. 	In the text, unless .etherwise stated, the first number (or 3) 

used as subscript, refers to the longitudinal girder to which the symbol 

belongs. 

A, B, C 	Amplitudes .f first, second and third harmonics 

of free deflection of a longitudinal, carrying 

total load by itself 

a, b, c 	Amplitudes of first, second and third harmonics 

of deflection of a longitudinal 

at., b', c' 	Amplitudes of first, second and third harmonics 

of moments of a longitudinal 

03 	 Torsional rigidity of a longitudinal 

Total torsional rigidity of the transverse medium 

d 	 = htan 

d3, e3 	 Fourier-type amplitudes of rotation of a longitudinal 

El 	 Flexural rigidity of a longitudinal 

EIT 	 Total flexural rigidity of the transverse medium 

F 	 Shear force in a longitudinal 

F31(p), 	F33(p) Referring to J th longitudinal, first, second and 

third harmonic component of internal loading 

deflection 



PJ4(P) 	 Referring to J th longitudinal, torsional 

equilibrium expression 

F 5(p) 	 Referring to J th longitudinal, torque rotation 

expression 

h 	 Transverse spacing of longitudinals 

h1, h2, h3 	Amplitudes of first, second and third harmonics of 

loading functions 

k 	 Dimensionless skew parameter = tan ). 

Ic' 	 =(l-k) 

L 	 Skew span 

M 	 Bending moment in a longitudinal 

P 	 =11k 

r 
q 	 =i; 

r 	 Distance of concentrated load from support, x = 0 

T 	 Torsional moment of a longitudinal 

W, 'j2-' 2  w 3 	Referring to J th longitudinal, amplitudes of first, 

second and third harmonics of external loading 

x 	 Distance of a section along x-axis 

Y, y 	 Deflection of a longitudinal along Y-axis 

_12 L3 EIT 
El 

'4 

.11T 

h C5 
2 () ç  

P'T 	 =P k' 



e 	 Rotation of a longitudinal. lng x-axis 

Skew angle 

Poisson's ratio 

CJ T 

12 L1 EIT 

A general moment coefficient 

+ 	
Slope of a longitudinal 
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CHAPTER 1 

1.1 	Introduqtion 

A bridge provided with longitudinal girders and transverse diaphragms 

in the form of stiffners or cross-beams comes into the category of inter-

connected bridge girders. The common T-beam bridge is one example of an 

interconnected bridge girders. If the centre-line of the bridge and the 

face of the abutments do not intersect at right angles, it is said to be a 

skew bridge. The skew angle is defined as the angle between the centre-line 

of the bridge and the perpendicular to the face of the abutments. 

The importance of a detailed study of the behaviour of the inter-

connected bridge girders was not realised in the past as the live loads were 

not heavy and particularly their size with respect to dead loads was much 

less. The design catered more for dead loads than for live loads. During 

recent years, the magnitudes of live loads have been steadily increasing and 

the ratio of the dead load to the live load has been decreasing. 

When the longitudinal girder of a bridge is loaded it generally 

deflects and rotates. Due to the presence of transverse medium, the unloaded 

girders also undergo some deflections and rotations. The whole structure 

thus deforms and the unloaded girders carry a fraction of the applied load. 

The deformation and the load distribution depend upon several factors such 

as the stiffnesses of the different members, the type of connection between 

them, the span and spacing of the girders and also the skew angle if it is a 

skew bridge. 
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Various methods of analysis have hon recently dro1pod fir right 

bridges but no satisfactory method is available for skew bridges. The 

number of bridges which are built on skew is very considerable and this has 

necessitated the present work. 

1.2 	Object and Scope 

The object of this thesis is as follows: 

To evolve a general method of analysis for interconnected 

skew bridge girders. 

To study the influence on longitudinal moments of individually 

varying over a large range, all the parameters involved. 

To propose interpolation functions of moment coefficients based 

on limiting values of these parameters. 

To compare the results with a more theoretical method of 

analysis. 

To compare the computed results with experimental results 

obtained from laboratory model tests. 

In the analysis, the existence of a continuous transverse medium along 

the length of the longitudinal girders is assumed. The analysis is thus 

applicable to the usual T—beam bridges or to frames having an adequate number 

of transversals. It is also assumed that the moment trajectories are parallel 

and perpendicular to the lengitudinal girders. This assumption becomes 

inaccurate for a skew bridge with a small span/breadth ratio and a large angle 

of skew. This puts limits to parameter k. 

* Refer to Section 3.3. 
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Only elastic analysis is attempted. The structures considered are 

simply supported at the ends. The longitudinal girders may or may not have 

the same torsional or flexural stiffness. The method is general and the true 

values of stiffness appear in the analysis. The method is applicable to 

structures having any number of longitudinal girders. 

1.3 	Outline of the Thesis 

The outline of the thesis follows the order of objectives stated in 

Section 1.2. 

The development of the method of analysis is presented in Chapter 2. 

The method is first developed for a three girder bridge and then generalised 

for bridge having several longitudinal girders. Certain dimensionless 

parameters are introduced which depend upon the dimensions of the bridge, 

the stiffnesses of the longitudinal girders and transverse medium and the 

skew angle. 

In Chapter 3, attention is focused to longitudinal moments. The 

moment coefficients are defined and the dimensionless parameters affecting 

these are listed. For a three girder bridge, the range of variation of 

these parameters and the variation in moment coefficients over this range is 

studied. Certain interpolation functions for moment coefficients are then 

proposed. 

In Chapter 4, the procedure for obtaining numerical results is 

explained by analysing a grid frame. The results are compared with those 

calculated from the slope-deflection method of analysis which serves as a 

theoretical verification of the proposed method. 

In Chapter 5, experimental investigations on skew grid frames are 
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described. Three steel grid frames were fabricated and tested in the  

laboratory. 	The results of these tests and of analysis are compared. 

A model concrete T—beam bridge was also tested. The test and the 

results are described in Chapter 6. 

Chapter 7 contains the summary of the thesis and the important 

conclusions. 

There are two Appendices to this. thesis. Appendix A explains the 

method of calculating the harmonics of various loading functions. The first 

three harmonics of the various loading functions required in the thesis are 

also given. Appendix B gives the detailed calculations for the grid frame 

of Chapter 4.. 
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METHOD OF A1'ALYSIS 

2.1 	Histcrical Review 

Although much work has been acne on the analysis of right bridges, 

very little literature is available on skew bridges. The chief reason may 

be the complexity of the problem. 

For the analysis of skew slab bridges the method of finite differ-

ences was first suggested by Jensen ' / . He treated the bridge as an 

isotropic plate supported at the ends and used normal Lagrange equation. 

This was further pursued by Robinson (2)  and he gave tabulated influence co-

efficients for deflections to be used for design. Chen, Siess and Newmark(3)  

carried out work on girder bridges. Their research is based on the theory 

of continuous isotropic parallelogram plates supported by flexible girders. 

Naruoka and Ohmura 	6), in their method replace the girder bridge with 

an equivalent orthotropic plate supported on the opposite two skew sides. A 

very limited number of tables of influence coefficients for deflection and 

bending moments have been given for the two extreme cases of no-torsion and 

full-torsion cases without any interpolation formula. 

Another approach to the problem has been by the method of harmonic 

analysis due to Hendry and Jaeger 	They extended their method of grid 

frame analysis to the torsion less girder bridges. General formulae and 

graphs are given for the amplitudes of first harmonic of deflections as 

* Numbers in parenthesis refer to the list of references at the end. 



distribution coefficients. These distribution coefficients can be used for 

calculating bending moments and deflections of the torsional less girder 

bridges. 

A skew bridge can also be replaced by an equivalent grid frame and 

then more rigorously analysed by moment distribution method or slope-deflection 

method. Lightfoot and Sawko 8' 	have given a generalised computer 

programme for the analysis of grid frameworks employing slope-deflection 

method. The method can not be used in producing design graphs and involves 

solving a large number of equations for any loading on the bridge. 

The analysis of torsionally stiff skew girder bridges and frames 

employing the method of harmonic analysis has been attempted in the work 

presented herein. The method can be used to produce design graphs. 

2.2 	Basic Assumptions 

The method of analysis is based on the following assumptions: 

The bridge elements are made of homogeneous, isotropic material obeying 

Hook's law. 

The deformations due to shear are small and negligible. 

The connection between the longitudinal beams and transverse medium is 

rigid. 

The applied loads act vertically downward. 

The load distribution takes place along a line perpendicular to the 

direction of the longitudinal beams. 

All the longitudinal beams are equidistant, simply supported at the 

ends and free to rotate. 

The transverse medium is replaced by a uniform continuous medium of the 

same total transverse moment of inertia. 



2.3 	Co-ordinate ixBs and 3ign Conventin 

Figure 2.1 shows a sketch of a skew bridge of K 1ngitudinal beams. 

The figure indicates the manner of referring to longitudinal beams and 

reference axes. 	The sign ccnven±ions assumed in this thesis are as follows: 

(1) Deflections are measured along y axis and are positive downwards. 

Loads w, W are positive downwards. 

Bending momEnt in longitudinal beam, M is positive when sagging. 

Shear force in longitudinal beam, F is positive when rotating clock-

wise (i.e. upwards to the left of the section considered). 

Rotation of longitudinal beam, is positive clockwise when looking 

along the positive direction of x-axis. 

Transverse moment in transverse medium, in is positive clockwise when 

looking along the positive direction of x-axis. 

2.4 	Harmcnics 

The bending moment N and deflection y at any distance x of a beam 

are related by the well known flexure formula, 

2 
M 	EI 

dx 

where El is the flexural rigidity of the beam at the section. For a simply 

supported uniform beam 

d14 	
3 

shear: 	F = 	= -FI4 
dx 

loading: 	w = -
dF 	

4y' El ~L ex 

A loading w = w sin ILLC acting on a span L, on successive integration will. 

give: 



w.L 
shear: 	F = 	ja COB 

L 

w.L 2 

moment: 	M = ---- sin 
j I 

w. L3  
slope: 	+ = .1 	cos JIrx 

EIj u 3 	L 

w . L4  
deflection: 	y = 

EIj44 sin L IY 

The constants of integration are zero each time because of the end conditions. 

We can analyse any given loading w = w (x) into a harmonic series 

211x 

	

Sifl 
L + 
	-" 	+ .....+ w sin L + •••• using Fourier analysis. 

The harmonic series for a point load W at a distance r from the left hand 

end of a simply supported beam is given by, 

2W 	--VTX  . 2r 	2#—ox 	3r . 31x W 	
- (

sin 	sin 	+ sin 	sin 	+ sin 	sin 	+ ..... 

From which 

2W ilr cx 1 2Ur 2Vx 1 39r 3vrx 

	

F = -- (sin - cos 	+ sin 	cos -r + sin -- cos -- + ....... L 

214L rrr 	irx 1 . 	2r 2Vx 1 3ur 	3irx sin  
L 	s in 
	L +....) 

2WL2  ii r (sin 1 + 2.ti r 2'x cos 1 + . 	3ci'r sin 3icx c's 	+ i:-  L 2 3
sin 

 L 
3 

2Sr3 rrr Y (sin 	- ix sin 1 + . 	2c(r 2x 1 + . 	3ir --sin sin 3x + 
2 

sin -i-- sin -r 
3 

—j— 

2.5 	Three Longitudinal Girder Bridge 

Figure 2.2 shows a three longitudinal girder interconnected skew 

bridge. 
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There are five unknowrs pertaining to each girder, we now proceed to 

frame five equations for each girder. 

2.5.1 load-Deflection Equations 

Load - external and internal 

For the sake of clarity, load on each longitudinal girder is 

considered in two parts namely external load and internal load. 	The 

external load comprises of the dead loads and live loads directly acting on 

the longitudinal girders. The external loads acting between the main 

girders may be dealt with by replacing them with equivalent external loads 

acting on the longitudinal beams. 

When external load act on interconnected girders, due to inter-

connection of the longitudinal girders through the transverse medium, this 

load is distributed. The amount by which the load alters is termed here as 

internal load, the final results are obtained by superimposing this over 

the external load results. 

External loading and load deflection equations 

The concentrated and distributed loads acting on the girders are 

replaced by their harmonic components. The series for various types of 

loading are given in Appendix A-2. considering only the first three terms of 

the loading series, total external loading on girder (1) is: 

w 	= w sin 
lix 	 217x1 	 3r,ix1  

le 	11 	L 	12 	
L + w13 	

L 

Integrating four times, dividing by corresponding flerral rigidity El1  

and denoting the deflection due to this external loading by Yle 
 we obtain: 



L4  2Tx1 1 
1e (w sin - 

+ 	
w12  sir 	

+4 
w13  sin 	L 

fix 1 2x1 	3-x1  
= 	Al  S1.fl + B1sinL + 	Sifl (2.4) 

Similarly deflection equations of external loading for girders(2) and (3) 

will be 

uX2 	 2ix 	:3x 2  
Y 	= A 2 	L 	2 sin - + B sin 2 2e 	 + c2sin 

 L 	 (2.5) L  

	

fix 	 2lTx 	 3i7x3  
Y 	A sin - +B sin =+C sin 	 (2.6) 3e 	3 	L 	3 	L 	3 	L  

where 

ll L 4 	 w 1 L 4 	 W1 
3 
L4 = - () 	B = - () 	Cl  = EI 	-34 

A - 2l 1L4 
2 	El2  '1T 

A - : 
3 - El3  'V 

B -  aa I1!\4 
2 - JI2 2• 

B- 	(k)4 
3 - El3  2I 

o I 

	

- 	.L\4 
2 - E12  '3jr1  

	

C- 	(L)4 
3 - El3  3ir 

(c) 	Internal Loading and Load Deflection Equations 

The length for which interconnection is available in the case of 

deck bridgeF is assumed as (L-d). 	In general the transverse medium will 

have flexural rigidity as well as torsional rigidity. It is proposed to 

consider the internal loading due to flexural rigidity and torsional rigidity 

separately and then combined. 

(I) 	Internal loading due to flexural rigidity of the transverse medium 

Total moment of inertia of transverse medium: 

I
T nI +(L-d-nb)I TB 	 s TS 
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where 

n = number of the transverse beams acting with the 

longitudinal beam. 

'TB = total moment of inertia of transverse beams. 

nb3 = total length of the slab acting with the transverse 

beams. 

'Ts = moment of inertia of the slab per unit length. 

El 
Hence transverse rigidity per unit length of the slab is 

The bending moment per unit length at the edge of the transverse medium, 

referring to figure 2.3 (a) can be written as: 

 

m12  = Q(-2h 1 -- he2 1 3(y2 - y1) ) 

In21 - Q (- he1  - 2he2  + 3 (y2  - y1)  ) 

m 2 = Q (-2h - h + 3 (y3  - Y2 

In  32  = Q (- he  - 2h@3  + 3 (y3  - y2) ) 

(2.7) 

where 
2E1 

T 

L(l-k) h 

d k 	L 

 

These moments cause loading on the longitudinal girders. The load coming 

due to interconnection from the girder on the right will be downward or 

positive and that coming from the girder on the left will be upward or 

negative due to the sign convention adopted. 

Hence the load on longitudinal (1) due to its interconnection with 
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longitudinal (2) in the region x1  = d to x,1  = L is given by: 

+ m21  
w]_f  = + 
	h 

substituting from equations (2.1) - (2.3) and (2.7) 

1 	•Ti'x1 1 
	 1-1

Thc1 
1.1 	= if 	h 	(d1  + d2) - e1  cos 	- e cos 	( 	- d) - a1  sin 

- 	
11' 	 • It 

+ a2  sin 	(x1 	
211' x1  

d) - b1  sin L + b2  sin 2r-  (x1  - d) - C1  Sill 
L 

tt 
+ c2  sin 

j 
- (x1  - d) (2.) 

Similarly load on longitudinal (3) due to its interconnection with longitu-

dinal (2) in the region x3  = 0 to x3  = L-d will be: 

m23  + 1fl32) 

3f 	h 

h 

Thc 	 21.x 211' 	 ____ 
-a3sin-2+b2in--(x3+d)_b3sjn L +C2S1flL (+d) 

3Y3  
-c3sin L (2.9) 

Loading on longitudinal (2) is made up of two parts (a) due to its inter-

connection with longitudinal (1) between x2  = 0 to x2  = L-d and is equal to 

- 12 	
21 and (b) due to its interconnection with longitudinal (3) between 

m23  + m32  
x2  = d to x2  = L and is equal to 	

h 



- 14- 

M12 + m21 	Tfl23  + m32  

+ Hencew2f- h h 

- 	hL2l 
r-1 

(d 	
1 

+d2) +2elc0sL(22 d) -t 	e 	
2 

2 	cos --- 

+ a1  sin (x2  + d) - a2 sin -r- %'x2 2 
11' 

 

+ b1  ' + d) 

21x2 	
3 

3'x2 
- b2  Slfl L 	+ c1  sin - 	(x2  + d) - C2 L - 

+[- 
Ix,. 

(d2  + d3) _ 	e 	cos 	-2 	2  1 
-I  

e3  cost ( 	- d) 

U 
2x,., 

-a2  sin ---+a3  sin 	(x2-d)-b2sin L 

+ b3 
2i1' 

(x2  - d) - C2 
____ + C3  

* 
S±fl 	(x2  - d)J 	(2.10) L L L 

(ii) 	Internal loading due to torsional rigidity of the transverse media 

Consider a transverse section of the bridge distance x from the left 

band support. 	Then at this section, the slope of longitudinal (1) is: 

dy - 	'x 	 2'xi 	 3 xl 
(adxl 	1  cos 	+ 2b1 	L + 

3c1 	L 

and the slope of longitudinal (2) is: 

dy 	 2x2 	3x 
= 	(a2  cos -- + 2b2  COS L + 3c2 L 

As the two slopes above are different, the transverse medium is under twist. 

The torque per unit length in the transverse medium and hence the applied 

* The two parts in the square brackets exist in different regions and are 

not further simplified at this stage. 
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bending moment per unit length on the longitudinal (1) is thus: 

CJT 1 2 dy-1 
- 

 
7-(l-k) h ddx 

where CJ  = Total polar moment of inertia of the transverse medium, and is 

to be calculated in the same way as EIT. 

The effect of applying a moment of varying  intensity is equivalent to 

applying a load per unit length to the longitudinal, the intensity of this 

load being equal to the differential of the moment per unit length. Thus 

load per unit length on longitudinal (1) is: 

cJ 
T lp  - - hL (1-k) 

2 	2 
dy-2  dy1  

( 
dX2 2 -dxl 

 2 

2ix1  

= 	_als1nT_+a2sin(xl_d)_4blsin L 

2 	 ___ + 4b2  sin - (x1  - d) - 9c1  S]J1 L + 9c2  sin 	- d) 	(2.11) 

T12 h2 0 T  
where ) = 	() 	EI, 

Similarly loading on longitudinal (3) between x3  = 0 and x3  = L-d is: 

211 i-Q 	
•Tx 

'I 

- 	h (a2  sin (x3  + d) - a3  sin 	+ 4b2  sin - (x
3  + d) 

3ix 
- 4b3  sin 	+ °2 sin? (x3  + d) - 9c3  Sifl L 

3) 	 (2.12) 

and loading on longitudinal (2) will be: 

t,x221-11  

w2 =(a1  sin (x2 +d) -a2  sin --+4bisinr-  ( +d) 



MOM 

21(x 	 3ix 
- 4b2 	

L 
____ + 9c1  sin -- 

	

3 (x2  + d) - 	sin L 

2t-I  - 	 x2  
(-a2sin--+a3sin(x2-d)-4b2sin L 

25 	 _ 	 3i + 4b3  sin 	(x2  - d) - 9c2 	_L_ + 9c3  sin - (x2  - d) ) 	(2,13) 

Total internal loading on longitudinal (1) from equations (2.8) and (2.11) 

is: 

wli = 'if + wTh 

11 	 1 lix 

h -2(d1+d2)-e1cos---e2cos(x1-d) 

1x 	 2Tcx 
-a1  (1+') sin-+a2  (1+')') sin 	(x1 -  d) -b1  (1+4')) 5111 L 

3ix1  
+b2(1+4) sin ?(x1_d)_c1(1+9) sin L 

+ c2  (1 + 9') sine (x1  - d) ) 
	

(2.14) 

similarly total internal loading for longitudinals (2) and (3) will be: 

1 	 1 If X2 

2i h 

+ a1  (1 +.') sin 	(x2  + d) - a2  (1 	sin 

n -, 

+b1 (1+4) sin ?(+d)_b2  (l+4) sin L 

+ C1  (1 + 9) sin - 	- (x2  + d) 	c2  (1 + 9 1) sin 
3  x2 
--- ) 

-I 

+(_ 	(d2  + d3) _ e2  cos 	_ e3  cos 	(x2  -d) 
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if 
 X22 - a2  (1 +) sin -y- + C 3  (1 -ri)) sink (x2  - d) - h2  (1 + 4.) sn- ,-- 

31 
+ b3  (1 + 4) sin? (x2  - d) 	c2  (1 ± 99) 5111 

+ c3  (1 + 9) sin 	( 	- d)) 
	

(2.15) 

((3) 	
cos 	) 1 

'I w = 
3' 	Ii 	 + 2 02 	(x3  + d + ' e cos - 

-, 
+a2  (1+Y) 	(x3  + d) - a3  (1 + ?) sin -t 

2x 
+ b2  (1 + 4') sin 	(x3  + d) - b3  (1 + 4"?) sin 

+ c2  (1 + 9) sin 	(x3  + d) - C3  (1 + 9) Slfl L 

3x3 	
(2.16) 

Replacing each term of the right hand side by its first three harmonics 

from Appendix A-3 and rearranging, we obtain 

ix1 	 2T'x1 	 31ax1  

'li= 
	(F11  (p) sin 	+ 16F12  ) 	+ 	 L 

Integrating four times, dividing by EI and denoting deflection due to 

internal loading of longitudinal (1) as y1., we get: 

yli 

 lix 	 2t'x1 	 3x 
= 	(F11  (p) sin -f- + F12  (p) 	L + F13  (p) 	L 	(2.17) 

Similari:T deflections due to internal loading for iongitudi1a1s (2) and (3) 

will be 

2ui'x 	 3'x 
2i 	°?2  (F21  (p) sin -- + F22  (p) sin 	+ F2. (p) sin L 2 

	(2.18) 

- 	 -J 

2x 	 3'x 
I. =• 	(F31  (p) sin- 	+ F32  (p) 	L 	+ 33  (p) 	L 	(2.19) 



where 

F11  (p) = 	(- (1 + cos p) (d1 + 	+ 	(1 -- cos 2p) e - 	i'k! e2  sin p 

- 	(Zook' + sin 2p) (1 + ') a1  + (sk' cos p + sin p) (1+?) a2  

(3 sin  - sin 3p) (1 + 4) b1 + 	(2 sin  + sin 2p) (1 + 4) b 

+ 	(2 sin 2p - sin 4p) (1 + 9) c1  + 	(3 sin p - sin 3p) (1 + 9) c2) 

F12(p) = 	
( (1 - cos 2p) (d1  + d2) - 	(4 + 3 cos p + cos 3p) e1  

2 - 	(cos p + cos 2p) e2  + 	(3 sin  - sin 3P)  (1 +v) a1  

- 1  (2 sin p + sin 2p) (1 +) a2  - 	(4k' + sin 4p) (1 + 	) b 

+ 	(2c' cos 2p + sin 2p)  (1 + 4) b + 	(5 sin  p - sin 5p)(1 + 9)c1  

+ 2  0 sin 2p + 2 sin 3p)  (1 + 9) c2  

F13  (p) =(_ 	(1 + cos 3p) (d1  + d2) +. (3-2 cos 2p - cos 4p) e1  

+ 	(cos p - cos 3p) e2  + 	(2 sin 2p - sin 4p) (1 +?) a1  

+ 	(3 sin p - sin 3p) (1 +Y) a2  + 1  (5 sin p - sin 5p) (1 + 4) b1  

- 	0 sin 2p + 2 sin 3p)  (1 + 4') b2  - 	(64k' + sin 6p) (1 + 9) c 

+ 	(3k' cos 3p + sin 3p) (1 + 9) c2  ) 

F21 	=((1 + cos p) (d1  - d3) -k' sin p (e1  + e3) + 	(1- cos 2p) e2  

+ 	(Tk1 cos p + sin p) (1 +)) (a1  + a 3 ) - (27k' + sin 2p) (1 +) a2 
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-(2 sin p+ sin 2p)(1+4'/)(b1 -b3) 

+ (3 sin p - sin -,p)  (1 ± 9'i (c + ci 

(2 sin 2p - sin 4p)  (1 + 9) c2  ) 

	

11 	 2 F22  (p) = 	, ( (1 - cos 2p) (a1  + 2d2  + d3) + 	(cos p + cos 2p) (e1  - e3) 

+ 	(2 sin p + sin 2p) (1 + Y) (a1  - a3) 

+ 	(2k' cos 2p + sin 2p) (1 + 4) (b1  + b3 ) 

- 1 7  (4k' + sin 4p)  (1 + 0 b2  

- 	(3 sin 2p + 2 sin 3p) (1 + 9') (c1  - c3) ) 

F23  (p) 	( (1 + cos 3p) (a 
 81-if 3 	

1  - d3) + 	(cos p - cos 3p) (e1  + e3) 

(3-2 cos 2p - cos 4p) e2 + 	(3 sin p - Sin 3P) (1 +?) (a1  + a3) 

+ 1  (2 sin 2p - Sifl 4p) (1+ ) a 

+ 	(3 sin 2p + 2 sin 3p)  (1 + 4) (b - b3) 

+ 	(3k' cos 3p + sin 3p) (1 + 9) (c + c3) 

- 	(6k' + sin Ep)  (1 + 9) c2  

F31  (p) = 
 71 ( (1 + cos p) (d2  + d3) - 	k' (sin p) e2  + 	(1 - cos 2p) e3  

+ (ik T cos p + sin p) (1 +') a2 _ 	(2-Ilk' + sin 2p) (1 +) a3  

-2 (2 sin p + sin 2p)  (1 + 4)  b2  - (3 sin p - sin 3p)  (1 + 4) b3 



- 20 - 

+(3 sin p_ sin 3p)(1+9)c2 +(2 sin  2p-  sin  4P)(1 +9)C3) 

F32  (p) = -I- (1  (1 - cos 2p) (d2  + d3) + 2 (cos p + cos 2p) e2  

+ 1  (4. + 3 cos p + cos 3p) e3  + 	(2 sin p + sin 2p) (1 +Y) a2  

- (3 sin p - sin 3p) (1 +i') a3  + 	(2k' cos 2p + sin 2p) 	(1 + 4-i) b 

- (4k' + sin 4p) (1 + 4) b3  - 	(3 sin 2p + 2 sin 3p) (1 + 9) c2  

- - (5 sin p - s:'i 5p) (1 + 94) C3 	) 

F33  (p) = 	( (1 + cos 3p) (d2  + d3) + 	(cos p - cos 3p) e2  

+ 	( 3 - 2 cos 2p - cos 4p) e3  + 	(3 sin p - sin 3p) (1 +) a2  

+ 	(2 sin 2p - sin 4p) (1 +) a3  + 	(3 sin 2p + 2 sin 3p) (1 + 4)b2  

-1 
(5 sin p - sin 5p) (1 + 4) b3  + 	(3k' cos 3p + sin 3p)(1 + 9c2  

- 	(6k' + sin 6p) (1 + 94) C3  

p = 11 

kl = (1-k) 

12 L3 LIT 1 
4 h El1  (1-k) 

7 

12 L3 EIT 	1 = 	= 
4 h 	El2  (1-k) 

12L3 'IT 1 
'3 	k' = 4 h 	EI (1-k) 
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(d) 	Final load-deflection equations 

Combinding equations (2.4)  and (217), the dei1 ction of longitudinal 

(1) is: 

2Ti 

= 'Lie + 'Lii = 	
+ -i' F11  (p) ) sin 	+ (B1  + &.' F 	(p) ) sin 

3' 
+ (C

11  Xi  
i +cI.i ?  F13  (p) ) sin —i— 

But according to equation (2.1) we have: 

21x1 	31, Xi  

	

= a1  sin 	+ hi 	L 	+ l 	L 

Hence by equating the amplitudes of first, second and third harmonics we 

obtain: 

	

a1 = 1 + 1  F11  (p) 	 (2.20) 

	

hi = B1 + i' F12  (p) 	
(2.21) 

	

= C1 + d F 3  (p) 	 (2.22) 

Similarly for longitudinals(2) and (3)  we obtain: 

	

a2 = A2 +e121  F21  (p) 	 (2.23) 

= 	B2 + 	2 F22  (p) 
(2.24) 

= 	02 	2' F23  (p) 
(2.25) 

a3 - A3  +b5 F31  (p) (2.26) 

b3  = 	B3  +O 3' F32  (p) (2.27) 

C3  - 	C3  + 013! F33  (p) (2.28) 
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Thus we have obtained three load deflection equations for each 

longitudinal. This is so because we have considered only the first three 

harmonics of loading and deflection. 	In gtneral, iii bhis manner, we can 

obtain as many equations for a girder as many harmonics of loading and 

deflection we choose to consider. 

2.5.2 Torque-Equilibrium Equations 

Transverse moment produces torque in the longitudinal girders. For 

longitudinal girder (1), the torque per unit length at a section x, from 

support is given by equation (2.7), which on substitution from equations 

(2.1) - (2.3) gives: 

Ix1 	
xl 

m12  = Q (- 2d1  - d2  - 2e1  cos -- - e2  cos (x1  - d) - 3a1  sin -1-- 

2x1 	2v' 
+ 3a2  sin (x1  - d) - 3b1  Sfl L + 3b2  sin - (x1  - d) 

-J 
3f1X1  

- 3c1 	L + 3c2  sin 	(x1  - d) ) 	 (2.29) 

As no restraint is applied to longitudinals at ends, for torsional 

equilibrium of girder (1) we have: 

1" L 
m 	dx1  = 0 12 	

Jd 

which from (2.29) gives: 

(- k' (2d1  + d2) + (2e1  - e2) sin p - 3 (1 + cos p) (a1  - a2) 

+ 	(1 - cos 2p)  (b1  + b2) - (1 + cos 3p) (Cl  - 02) ) = 

Or 

F14  (p) = 0 	 (2.30) 
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and the torque at a distance Y from support is: 

T1 = 0 	 0<x1 <d 

(2.31) 

12 	 d<x1<L J Jd 

For torsional equilibrium of longitudinal girder (2) 

L-d 	 çL 

\ 	21 2 + in23 2 

Jo 	 Jd 

Or 	(-ik' (d1 	+ d 
3 
) + (e1 - 03) sin p - 3 (1 + cos p) (a1 - a3) 

+(1- Cos 2p) (b1 +2b2 +b3) -(1+ Cos 3p) (C 	C3 ) 	0 

Or 	 F24 (p) = 0 	 (2.32) 

and the torque at a distance x2 from support is: 

T2 	m21 2 	
O<x2d 

0 

rx2 

- 	

m 1 dx2 + 	m23 dx2 	d < x2 5 L-d 	 (2.33 

Jo 

L-d 	 X2 
M23 

= 	m21 dx2 + I fl123 dx2 	L-d < ;,~ L 

Jo 	 Jd 

For torsional equilibrium of girder (3) 

L-d 

j 0 

Or 	(- iik' (d2 + 2d3) + (e2 - 2e3) sin p - 3 (1 + cos p) (a2 - a3) 
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+ 	(1 - cos 2p) 	2 + b3) - (1 + cos 3p) (c2  - c3) ) = 0 

Or 	 F34  (p) = 0 	 (2.34) 

and torque at a distance x3  from support is: 

p 
x3  

T3 	m32 	 O<x<L_d) 

J o 	 (2.35) 

0 	 L_d<x<L) 

Thus we have one torque equilibrium equation for each longitudinal 

girder or three torque equilibrium equations for the bridge namely equations 

(2.30), (2.32) and (2.34). 	Equations (2.31), (2.33) and (2.35) above give 

torques along the longitudinal girders. 

2.5.3 Torque Rotation Equations 

Referring to equation (2.29) we replace each term of the transverse 

moment expression by its first cosine component, i.e., 
Xl*  

let m 	u1  cos -i-- 	 (2.36) 

For evaluating u1, we have: 

u 	= 	m12  cos r Xi 	Q F 5  (p) 

* 	This is an approximation. This is adopted to facilitate integration and 

is valid because, pertaining to girder (1), m is the second derivative of 12 

the rotation 9 and the assumed curve is he1  = d1  + e1  ccc 
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where F15  (p) = (2 (2d1  + d2) sin p - (2&t - in 2p) e1  

- (kt cos p - sin p) e2  + 	(1 - cos 2p) a1  - 3k (sin p) a2  

_(4+3 cos p+ cos 3p)b1 +4 (cos  p+  cos 2p)b2  

+ (3 - 2 cos 2p - cos 4p) c1  + 2 (cos p - cos 3p) C2 ) 

substituting in (2.36) 

X1 
= QF15  (p) cos--- 

integrating both sides between the limits o to 

a IN
lxi 	 - 	 "xl  

m12 dx,-F i; 	15 
Jo 

Or 

de 	 7x1  
- CJ1 	£ & F () sin -  dxl - _ 15  p 	-f- - 

V. 

integrating again between the limits o to L 

CJ1 	L 	QL2 	
L 

- -i;:-• (he,) 	- --2  F15  (p) (cos T 
'I 	 0 

substituting from (2.2) and simplifying 

F15(r) = ni" e1 	 (2.37) 

Cjl  where Pill = l k' = - ( 
h 
 ) ç (1-k)  

similarly for girders(2) and (3) we obtain: 
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F25  () = 	2It 
 
e2  (2.38) 

F35  (p) = 	P 31' e3  (2.39) 

where 

(p) = 	(- 2 (d1  - d3) sin p - (T'k' cos p - sin p) (e1  + e3) 

- 2 (2kt - sin 2p) e2  - 3k' sin p (a1  + a 3  ) + 3 (1 - cos 2p) a2  

-4 (cos p + cos 2p) (b1  - b3) + 	(cos p - cos 3p) (01  + c3) 

+ 1  (3 - 2 cos 2p - cos 4p) c2  ) 

F35  (p) =, (- 2 (d2  + 2d-) sin p - (ikt cos p - sin p) e2  

- (2k' - sin 2p) e3  - 3tkt a2  sin p + 	(1 - cos 2p) a3  

-4(cos p + cos 2p) b2  + (4+ 3 cos p + cos 3p) b3  

+ 	(cos p - cos 3p) c2  + 	(3 - 2 cos 2p - cos 4) 03  ) 

h CJ9 

2 	= 	2 k 1  = 	L)EI 	(1-k) 

h 5 (1-k) ft = 133k' 	
L EIT 

2.5.4 Solving the Bridge 

Thus we have forimilated five equations for each girder or fifteen 

simultaneous equations for the entire bridge. They are the nine Loaci 

deflection equations (2.20) - (2.28), the three torque equilibrium equations 

(2.30), (2.32), (2.34) and the three tor0ue rotation equations (2.37) - (2.39). 
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An analytical solution may not be attempted and instead these may be 

solved numerically for specific loading and bridge parameters. The 

solutions of the equations will give all t fifteen unknowns pertaining to 

the deformed shape of the bridge, under loading. The deflections, slopes, 

moments and shears of longitudinal girders are calculated employing equation 

(2.1) and its successive derivaties. Rotations of the longitudinals are 

calculated from equation (2.2). For calculating longitudinal torques and 

transverse moments successive derivatives of equation (2.2) could be employed 

but for more accurate results torque equations (2.31), (2.33) and (2.35) for 

torques and slope deflection equation (2.7) for transverse moments may be 

used. 

2.6 	Bridge with Several Longitudinal Girders 

Figure 2.4 shows the sketch and the principal notations of an inter-

connected skew bridge with several longitudinals. 

Similar to equations (2.1) - (2.2), let the deformations of the 

longitudinal girder (J) be given by, 

2tTx 	 31(x 
Y. = asin - +bsin L 
	

+csin L 

he3  = d3 +e3  Cos - 

All the longitudinal girders of the bridge have interconnections 

with adjoining girders through deck slab and transverse beams. As before, 

the effective length of the interconnection is assumed as (L-d), viz, the 

region of interconnection of girder (J), with girder (J-l) is between 0 to 

(L-d) and with girder (3+1) is between d to L. 



To formulate the equations to solve the 5N unknowns of deformations, 

use with advantage could be made of the equations of three girder bridge, 

derived earlier, as follows: 

The equations for girder (1) will be same as those for girder (1), 

of the three girder bridge. 

The equations for interior girders could be written from those of 

girder (2), of the three girder bridge. 

The equations for girder (N) could be written from those of girder 

(3), of the three girder bridge. 

Further for simplification it is assumed that all the longitudinais 

have same flexural and transverse rigidities. 

Therefore: 

Equations for girder (1) are: 

a1 	=11 1 
+ 	F11  (p) 

b1 	= B1  + 	F 1-2  (p) 

= c1  + b:.1 p13  (p) 

F 14 (p) = 0 

F15  (p) 	13" e1  

Equations for girder (2) to girder (N-l) are obtained by substituting 

respectively 2, 3 ... (N-i) for 3 in each of the following equations: 

a3  = A3. +.(' F3.1  (p) 

b3. = B3. 	F32  (p) 
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c 3. = c  + 	F (p) 

F 4 () = 0 

F 5  (p) = 3" e 

where 

"TJl L4 	- 	WJ2 1)4
= 	

B = EI 211 
-1,12 ()4 

El 31 

F 1  (p) = = ( (1 + cos p) (d1 - 	- 	k' sin p (eJ  -i + e 	) J+1 

+ 	(1 - cos 2p) ej + (uk' cos p 4  sin ) 0 -i 'i> ) (a3_1  + a J +1 ) 

- (2i-i'k' + sin 2p) (1 + -,) a11, 

- 	(2 sin p + sin 2p) (1 + 4) (b1 - 

+ (3 sin p- sin 3P) (i+9) (C 	+c 	) ji J+] 

	

+ 	(2 sin 2p - sin 4p) (1 + 9?) c ) 

11 

	

F 2  (p) = 	( (1 - cos 2p) (dj  -i + 2dj  + dj+1 ) 

	

+ 	(cos p + cos 2p) (e1 - 

	

+ 	(2 sin p + sin 2) (1 + ) (aj1 - a 1) 

+ 	(2' cos 2p + sin 2p) (1 + 4) (b 1  + 

- 	(4kt + sin 4p) (1 + 4w?) b 

- 	(3 sin  2p + 2 sin 3p) (1 + 9) (Cj1 - c + ) ) 
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F33  () 	(. (]. + co 3p, 	J-i - 	-f 	(oos p - 000 3p) 	± 

(3-2 cos 2p - cos 4p) e3  

+(3 sin p- sin 3p)  (1+') (a 	+a 	) 31 	3-1-1 

+ 	(2 sin 2p - sin 4p) (1 +) a3  

+ 	(3 sin 2p + 2 sin 3p) (1 + 4) (b31  

+ 	(3ik' cos 3p + sin 3p)  (1 +94)  (c3_1  + c 	) 3+1 

- 	(6Tk + sin 6p) (1 + 9) c3) 

F34  (p) = (_iTkl (d31  +4dj  + d 1) + (e31  - e31) sin p 

_3(1+ Cos  p)(a31 -a31)+(1- cos 2p)(b3 1 +2b3 +b3+1 ) 

- (1 + cos 3p) (c31  - c31) 

FJ5  (p) = (- 2 (d31  - d31) sin p - (k' cos p - sin p) (e 3-1  + e 	) 3+1 

- 2 (2k' - sin 2p) e3  - 37k' sin p (a31  + a 	) 3+1 

+ 3 (1 - cos 2p) a3  - 4 (cos p + cos 2p) (b31 - 

+ -2 (cos p - cos 3p) (c31  + c 	) + j (3 - 2 cos 2F - cos 4p) c3) 3+1 

t  12  43 
EIT 	1 	r2 h CJ 

4 	El 	(1 - k) 	- 2 	- (1 - k)
if 	 T 

Equations for girder (N) are: 

a 	= AN + (' F 

b  = B  +-J% F12(r) 
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c 	=c N 
+r FN3 

= 0 

FN5 (P) = p" e  

WN1 (L\4 where 	Aft - 
— T— 

WN2 /L\4 	- WN3 (_\4 
= El 	 0N - El 3'' 

F 	(p) = ((1 + cos p) (dN l + 	- 	k' (sin p) eNl + 	(1 - cos 2p) e
Ni 	it N 

+ (Tk' cos p + sin p) (1 +?) aNl - 	(2k! + sin 2p) (1 +) aN 

- 	(2 sin p + sin 2p) 0- + 4) bNl 

- 	(3 sin p - sin 3p) (1 + 4) b + (3 sin  - sin 3p) (1 +9)cN1 

+(2 sin 2p- sin 4p) (1+9) ON) 

FN2 (p)16 	(1- cos 2p)N_l  +0  2 	dN) + (con p + cos 2p) eNl 

+ .(4 + 3 cos p + cos 3p) eN + 	(2 sin p + sin 2p) (1 + ') aNl 

_(3 sin p- sin 3p)(1+ )aN 

+ 	(Zlkl cos 2p + sin 2p) (1 + 4?) bNl - (ak' + sin 4p)(1 + 4)bN 

_(3 sin 2p+2 Sin 3p) (1 + 9 )cN1 

- 	(5 sin p - sin 5p)  (1 + 9) ON) 

N3 (p) 	
(1 + cos 3p) (d

8141 3 Nl + dN) + 	(cos p - cos 3p) eNi 

1 	 1 
+ 	(3 - 2 cos 2p - cos 4p) eN + ( 3 sin p - sin 3p) (1 +) aNl 
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1 	sin 2p - sin 4,p Ij (l +y) aN 

+ 	(3 sin 2p + 2 sin 3p) (1 +4) bN l 

- (5 sin p - sin 5p) (1 + 4) b 

+ 	(3k' cos 3p + sin 3p) (1 + 9) cNl 

- 	(6k 4 sin 6p) (1 + 9) C) 

FN4 (p) 	(_ikt (d N
-1+ 2dN) + (eNl - 2eN ) sin p -3 (1 + cos p) (aNl - 

+ 	(1 - cos 2p) (bNl + bN) - (1 + cos 3p) (cNl - cN) 

F 	(p) = (- 2 (dNl + 2&) sin p - (ffkt cos p - sin p) eNl 

- (2'kT - sin 2p) eN  - 3k' (sin p) aN i + 	(1 - cos 2p) aN 

_4 (dos  p+  cos 2p)bNl + (4 + 3 cos p + cos 3p) b N 

+ -2  (cos p - cos 3p) CN1 + 	(3 - 2 cos 2p - cos 4p) ON) 

The above 5N simultaneous equations are solved by using a digital 

computer. The solutions of these will give all the deformations of the 

bridge under loading, from which slopes, moments, shears, loading, torques 

and transverse moments could be calculated as explained in ection 2.5.4 - 

referring to a three girder bridge. 
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CRAPTER 3 

STUDY OF LONGITUDINAL MOMENTS DUE TO CONCENTRATED LOADS 

3,1 	Introduction 

The equations derived in Chapter 2 give all the deformation 

quantities for a bridge under loading. From the knowledge of these, the 

complete analysis is easily obtained. 

If a, b, c are the amplitudes of the first three harmonics of 

deflection of a longitudinal, then the deflection y at a distance x is 

given by: 

211x 
= a sin 	+bsifl+Csin L 

from which 

M = El (11)2 (a sin '!—x  4b sin 	+ 9c sin 
3X) 

dividing both sides by WL to make the equation dimensionless 

lvi 	- El 11 2 	 2u
-I
x 	317x 

- 	(a sin 	+4bSi11 + 9C 8hh It  1 ) 

rr x 	2Thc 	 3uix 
= a sin - + 	sin -f- + c T  sin 

where a', b', C' are termed as moment coefficients. 	It is proposed to 

transform the final equations of analysis of Chapter 2 in terms of these 

coefficients. These are more suitable for moments and have more direct 

meaning than the deflection terms a, b, c etc. It is further proposed to 

restrict the scope of this Chapter to the bridges or frames having three 

identical longitudinals, that is: 
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N=3 

= 	= d3  = 

p1  = p2 = p3  = 

3.2 	Parameters affecting the Moments 

Reproducing equation (2.20) 

a1  = A1  +(' F11  (p) 

Let a load W is acting on longitudinal (1) at a distance r, then from above 

on substituting and rearranging, 

2(1-k) (_ (1 + cos k) (d11 t + d21') + 	(1 - cos 2k) e11' 

-U(l-k) e21 t sinik - ( (2T(1-k) + sin 2k)) (1 +i') + 	,, ) all  

+ ((1-k) cos 	+ sink) (1 +?)a21' + 	(3 sin i11 k - sin 31k)(1 + 4') b 
 12 	

1 

+ 	(2 sin-k + sin 2k) (1 + 4'1 b21' + 	(2 sin 2ik - sin 4k)(1 + 9) 011' 

-I 

+ 	(3sin ik - sin 31ik) (1 + 9) 021') = - sin ti q 

The other remaining fourteen equations of analysis could similarly 

be written in the above forms but are omitted herefor brevity. 

where * 

El i2 	 El 	2 
a11t = 	() a1 	a21 t = 	() a2 	a31' = El ii 2 a3  

* The first subscript refers to the longitudinal to which the coefficient 

belongs and the second subscript refers to the longitudinal on which the 

load is acting. 
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b 
II 

= 
WLL 1 

' cli 
El = WL 
32 
L 	

Cl  

ci 11 
= 

WL 
2 d 

L' 	1 

El 11 2 
e1  

b ' = I 24 2 
21 	

TL  (7) b2  

(.22;r)2  
21 =WL 	c2 

d I = 	.
I (1()2 

21 	WL L d2 

El (IS 2 
e21' = 	) e  WL L 	

2 

b EI (1,)2 b 
31 WL L 	3 

31 = WL "L 	3 

d 	' 31 
= 
WLL 3 

e31  
El 

= 
5; 2 
() 	e3  

and 

q= r 

If, the above transformed equations are solved analytically, the 

moment coefficients will be obtained as functions of dimensionless parameters 

p , ) k and q. 	Similarly, if the load is on longitudinal (2) or (3) 

the moment Coefficients will be functions of,p ,.?, k and q. 	The 

following nomenclature is used for the moment coefficients: 
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NOI'NCLfTUBE FOR 1,10'1ENT COEFFICIENTS 

	

Moment 	
Harmonic order of moment 

Load on 	 __________coefficients  
Girder 	

Coefficient for 
 

	

Girder 	First 	Second 	Third 

1 

1 	 a11t 	b11 	C11' 

2 	 a21' 	b21' 	C21' 

3 	 a31' 	b31 	C31' 

2 

1 	 a12' 	b 12 	c 12 

2 	 a22' 	b22 	C22 

3 	 a32' 	b32 	C32' 

3 

	

1 	 a13' 	b13 	C13' 

	

2 	 a23' 	b23 	C23 

a33' 	b 33 ' 
	C331 

Thus due to a load W on girder (1) then, 

moment along girder (1): 

2i1x1 	 3"' X,  

(a11'in -f- + 	' sin 	+ c111  sin -f-) 4L 

moment along girder (2): 
"-I 

IIX 	 II 	 311 

(a21 I sin -f-- + b21' sin -fl-- + c21  sin -f-) 14L 

moment along girder (3): 

1(x 	 2fix 	 3x 

(a31' sin 	+ b31  sin 	+ 031' sin 
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3.3 	Range of Variation of Parameters 

EIT 12 
(a) 	

()3 

Tr 
( is considered between the range 0.5 - 32. 	It is expected that all the 

practical bridges will lie in this range. However, general conclusions 

drawn from this range of ,(are expected to be true outside this range also. 

11 	h 	CJ 

	

- 2 • L 	EIT 

pis representative of the torsional stiffness of the longitudinal girders 

of the bridge. It has not been possible to generalise the solution for 

13 =oGbut the values for actual bridges are not likely to exceed 10 and 

hence it is considered between the range 0 - 10. 

h2 CJT 

12 L RIT 

'? is representative of the torsional stiffness of the transverse media. 

It is small for most of the actual bridges and is considered between the 

range 0 - 0.2. 

k = 	• tan  

k is the measure of the skew angle of the bridge. In the method of 

analysis, vide section 2.5 
(c), the length of interconnection for load 

distribution is assumed as L (1_k). In an actual bridge dua to the 

presence of decking slab some load distribution will also take place in 

the left-over length kL and thus this assumption will introduce some error. 

The error is expected to give a conservative design but limits the range of k. 



It is suggested to apply the present method up to a limit of k = , pending 

further investigations, This by no means puts any direct restriction on 

the angle of skew of the bridge, as long as k lies between 0 d 	k 0 

represents a right bridge. 

(e) q = r 

q defines the longitudinal position of concer-trated load. As the load could 

lie any where on the bridge, q is considered between 0 - 1. If a load lies 

in the region where no interconnection is assumed, it is to be borne by the 

loaded girder itself. 

3.4 	Effect of Variation of parameters 

The structure is anti-symmetrical about the vertical axis passing 

through the centre. Depending on q, the load position, the following 

relationship can be written between the various moment coefficients: 

(a', b', c')12  for q = (a', -b', c')32 
 for (l-q) 

(a', b', c')22  for q = (a', -b', c')22 
 for (l-q) 

(a', b', c')13  for q = (a', b', c')31  for (1-q) 

(a', b', c')23  for q = (a', -b', c')21 
 for (l-q) 

(a', b', c')33  for q = (a', -b', c')11 
 for (l-q) 

It has been found neither possible nor necessary to consider all the 

possible combinations of the parameters to understand their influence on 

moment coefficients and instead, a bridge case termed as tt
andard bridge 

case" with 13 = 1, = 0.05, k = and q = 0.5 
is arbitrarily chosen and the 

equations are numerically solved for various variations in one of these 
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parameters at a time, for several values of ck in thp range 0.5 - 32. To 

restrict the number of figures, variations of a11 1  and a22' only with d,, 

for various values 	k and q are presented in Figures 3.1 -3.4. 
Table 3.1 shows the variations in these coefficients due to the various 

parameters. 

A study of Figures 3.1 - 3.6 and Table 3.1 reveals that: 

With the increase in any of the values of, P or?, the moment 

distribution in the bridge improves and out of these three parameters usually 

.is the most influencing parameter. 

When the load is in the central part of the span, the moment effect 

of the load for the bridge (sum of the maximum moments) decreases as k 

increases. 

The section along which maximum longitudinal moments occur is not 

parallel to the supports, but rotates towards a perpendicular drawn on the 

loaded girder from the point of maximum moment. This rotation increases 

with k. 

For the loaded girder, as the load moves away from the centre of the 

span (a) the moment effect tend to decrease and (b) the higher harmonics of 

moments become more important. 

3.5 	Interpolation Functions 

Based on Figures 3.1 - 3.6, Table 3.1 and similar other studies 

following interpolation functions, applicable to all the twenty—seven moment 

coefficients, are suggested: 
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Interpolation function for 

,0 	.1-11  

'13 = + 	- ) j 

where 4 is the required moment coefficient and/0 and/101are  respectively 10 

the moment coefficients for 13 = 0 and 13 = 10. 

Interpolation function for i' 

The moment coefficients are not found to be sensitive to small 

variations in ? and simple arithmetic interpolation is found to be 

sufficiently accurate, thus: 

/ =100 +0.2 

where /? is the required moment coefficient and 	and f 2  are respectively 
the moment coefficients for = 0 and' = 0.2. 

Interpolation function for q 

/10 q = 
P1/3 	

sin +'/3 	q + 1/3  1 3  sin 2q 

+ ( l/3 /'2/3
- 	 3_q 

where ,Pq  is the required moment coefficient and P1/3'P1/2 and 4/3 

1 	1 	2 
are respectively the moment coefficients for q = -, q = 7  and q = 7. 
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CHAPTER 4 

THEORETICAL APPLICATION OF THE THOD 

4.1 	Introduction 

A general method of analysing a skew bridge or a grid frame with a 

skew span is evolved in Chapter 2. To illustrate the use of the method 

a particular example is solved in this Chapter. The results are compared 

with those obtained by another published method which is more exact for the 

particular example, with a view to compare the accuracy of the results 

obtained by the presented method. 

Lightfoot and Sawko ' 	have given a generalised computer 

programme for the analysis of grid frameworks. The method makes no 

simplifying assumptions and is based on slope-deflection equations and thus 

could be regarded as one of the most exact method of analysing grids. 	It 

is proposed to solve a grid frame having a large number of transversals 

representing a uniform transverse medium, by the presented method and by the 

above method of grid analysis, henceforth called, 'slope-deflection method' 

for this comparative study. 

4.2 	The Grid Frame 

Figure 4.1 shows the main dimensions and loading on the grid. It 

has three identical longitudinals of 30 in. skew span, skew angle 45
0 
 , 

simply supported at both ends and 2  x-2  in. sections interconnected by 

x . in. transversals. As shown in the figure, there are eleven trans- 

versals each between the longitudinals (1) and (2) and (2) and (3). 	The 
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transversals and the longitudina].s meet each othr orthogonally and their 

interconnections are rigid. The material of the grid frame is assumed as 

steel. 

4.3 	Analysis by the Presented Method 

The important steps involved in the analysis are summarised below, 

The actual calculations are given in Appendix B. 

From the dimensions of the grid frame and the sectional properties of 

	

the members the dimensionless parameters 	and k are calculated for 

the grid frame. 

	

=
C~2 = 	= 7,227 

= 1 = 2 

	33 = 1.971 

= 0.024 and k= 

From the loading on the grid, the amplitudes of the first three 

harmonics of free deflections are calculated for the longitudinals. 

Al = 02847l 
	

B1 = —0.01658 
	

Cl = 0 

A2 = 0.32875 
	

B2 = 0 
	

C2 = -0-00334 

A3 = 0 
	

B3 - 0 
	

03 = 0 

The final fifteen simultaneous equations of analysis evolved in Chapter 

2, namely, equations (2.20) - (2.28) 2 (2.30), (2.32), (2.3) and (2.37) - 

(2.39) are to be used. The coefficients of all the fifteen unknowns and 

other terms of these equations are calculated from the above obtained values. 

The equations are then solved numerically. The solution is single valued 

and. is: 
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a1 = 0.223326 

= -0.022002 

ci  = 0.001445 

di  = -0.043534 

el  = -0.035081  

a2  = 0.161905 

b2  = 0,009522 

= -0.002826 

d2  = -0.054143 

e2  = -0.045719 

a. = 	0.070429 

b3  = 	0.0.12787 

c3  = -0.000477 

d3  = -0.065624 

e3  = -0.030520 

(d) The actual expressions for deflections, slopes, moments and shears for 

the longitudinals, at a section x from the support are written from equation 

(2.1) and its successive derivatives, by substituting the above obtained 

solation. For rotation equation (2.2) and for torsion equations (2.31), 

(2.33) and  (2.35) are similarly used. 	These expressions are plotted for 

x = 0 to x = L for all the three longitudinals in Figures 4.2 - 4.7. The 

results are also given in Tables 4.1 - 403 for selected values of x along 

the longitudinals. 

4.4 	Analysis by Slope-Deflection Method 

The grid frame is analysed by slope-deflection method employing 

generalised computer programme of grid frameworks due to Lightfoot and Sawko. 

The results of analysis are tabulated in Tables 4.1 - 4.3 and plotted in 

Figures 4.2 - 4.7 for comparison. 

4.5 	Comparison and Discussion 

Referring to Figures 4.2 - 4.7 and Tables 4.1 - 4.3 it could broadly 

be said that there exists a close agreement between the results of both the 

methods. It is now important to consider whether it is always so. From a 

number of similar comparative studies made, it could be said that the 

presented method always gives acceptable estimates of deflections, slopes, 
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TABLE 4..1 

COMPARISON OF DEFLECTIONS AND SLOPES OF LONGITUDINALS 

Section 
Deflections (in x io) Slopes (radians x lo) 

Presented 	Slope-Deflection Presented Slope-Deflection 
Method Method Method Method 

Longitudinal (1) 

O 0 0 192 188 
o.167L 94 92 179 176 
0.250L 137 134 162 160 
0.333L 174 171 135 134 
0.417L 204 200 97 97 
0.500L 222 219 46 48 
0.583L 226 223 -17 -17 
o.667L 212 209 -89 -91 
O.750L 181 177 -162 -164 
0.833L 132 128 -226 -223 
0.917L 70 67 -269 -261 
1.000L 0 0 -284 -274 

Longitudinal (2) 

O 0 0 181 178 
o.083L 45 44 175 171 
0.167L 86 85 157 151 
0.250L 122 119 126 121 
0.333L 148 144 84 82 
O./+17L 163 159 33 33 
0.500L 165 161 -20 -21 
0.583L 154 149 -67 -70 
o.667L 132 127 -104 -106 
0.750L 103 98 -126 -124 
0.833L 70 66 -137 -130 
0.917L 35 33 -140 -131 
1.000L 0 0 -141 -132 

Longitudinal (3) 
0 0 0 99 93 

0.083L 24 23 93 88 
0.167L 46 43 77 72 
0.250L 62 58 53 50 
0.333L 72 68 25 24 
0.417L 75 71 -3 -2 
0.500L 71 67 -27 -24 
0.583L 62 59 -43 -40 
0.667L 50 48 -52 -50 
0.750L 37 35 -53 -52 
0.833L 24 22 -50 -48 
1.000L 0 0 -45 -43 
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TABLE 4.2 

COMPARISON OF MOMENTS AND SHEARS OF LONGITTJDINALS 
Moments (i shear (ibs) 

Slope--Deflection Method! Slope-Deflection 1ethod 
Section Presented Left of the Right of the Preened Left of the Right of the Method section 	section 

Method section section - 

Longitudinal (1) 

0 0 0 0 4.9 4.9 4.9 
0.167L 26 24 24 6.0 4.9 6.4 
0.250L 43 40 41 7.4 6.4 7.9 
0.333L 64 6o 61 9.1 7.9 9.4 
0. 417L 88 84 85 10.4 9.4 10.7 
0.500L 114 112 112 10.0 10.7 11.9 
0.583L 136 142 143 6.9 11.9 2.8 
0.667L 146 151 152 0.9 2.8 -6.7 
0.750L 138 136 138 -7.4 -6.7 -17.1 
0.833L 109 95 98 -16.0 -17.1 -19.0 
0.917L 60 51 54 -22.5 -19.0 -23.2 
1.000L 0 -4 0 -24.9 -23.2 -30.4 

Longitudinal (2) 
0 0 0 0 9.2 12.7 11.1 

0.083L 23 28 27 9.6 11.1 9.6 
o.167L 48 51 50 10.1 9.6 7.9 
0.250L 73 69 68 9.6 7.9 7.7 
0.333L 94 87 86 6.8 7.7 8.7 
0.417L 105 108 107 1.7 8.7 0.4 
0.500L 102 108 107 -4.3 0.4 -7.4 
0.583L 84 89 88 -9.2 -7.4 -14.7 
o.667L 58 51 50 -11.1 -14.7 -11,3 
0.750L 32 22 21 -9.6 -11.3 -6.7 
0.833L 12 4 2 -5.8 -6.7 -0.2 
0.917L 3 2 4 -2.1 -0.2 -2.5 
1.000L 0 -2 0 -0.5 -2.5 -67 

Longitudinal (3) 
0 0 0 1 9.1 7.5 7.8 

0.083L 22 21 22 8.4 7.8 6.6 
0.167L 41 38 39 6.4 b.6 4.4 
0.250L 53 50 49 3.3 4.4 1.8 
0.333L 57 54 52 -0.2 1.8 -1.0 
0.417L 52 50 48 -3.5 -1.0 -3.2 
0.500L 41 40 38 -5,8 -3.2 -4.6 
0.583L 25 27 24 -6.6 -4.6 -5.1 
o.667L 9 12 10 -5.6 -5.1 -4.4 
0.750L -2 -1 -3 -3,3 _4.,4 -21 
0.833L -7 -9 -11 -0.6 -2.1 2.2 
1.000L 0 0 0 2.5 2.2 2.2 

* In Figure 4.4 higher of the two values of moments is only plotted. 
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TABLE 4.3 

CONPARISON OF ROTATIONS AND TORSIONS OF LONGITUDINALS 

Rotations (radians x io) Torsional Moments (.in-lb) 

Slope- SI?flon Method 

Left of the Right of the Section Presented Deflection Presented 
Method Method Method section section 

Longitudinal (1) 

0 -157 -136 0 0 0 
0.167L -148 -136 0 0 -4,9 
0.250L -137 -133 -4.2 -4.9 -9.8 
0.333L -122 -125 -8.9 -9.8 -14.6 
O.417L -105 -114 -14.5 -14.6 -19.2 
0.500L -87 -99 -20.3 -19.2 -23.6 
0.583L -69 -80 -26.4 -23.6 -27.5 
o.667L -52 -59 -31,2 -27.5 -30.2 
0.750L -37 -35 -33.5 -30.2 -30.5 
0.833L -26 -12 -30.8 -30.5 -26.9 
0.917L -19 9 -20.6 -26.9 -17.4 
1.000L -17 22 0 -17.4 0 

Longitudinal (2) 

O -200 -179 0 0 -2.8 
0.083L -197 -177 -1.1 -2.8 -5.5 
0.167L -187 -172 -2.6 -5.5 -7.3 
0.250L -173 -167 -4.4 -7.3 -12.5 
0,333L -154 -157 -11.7 -12.5 -19.9 
0.417L -132 -141 -22.4 -19.9 -28.3 
0.500L -108 -120 -33.2 -28.3 -35.7 
0.583L -85 -92 -42.0 -35.7 -40.2 
0.667L -63 -61 -44.1 -40.2 -39.4 
0.750L -44 -30 -36.5 -39.4 -31.1 
0.833L -29 -6 -15.1 -31.1 -12.6 
0.917L -20 4 -10.6 -12.6 -8.7 
1.000L -17 11 0 -8.7 0 

Longitudinal (3) 
O -192 -176 0 0 0.9 

0.083L -190 -177 0.4 0.9 -1.9 
0.167L -184 -175 -3.1 -1.9 -6.8 
0.250L -174 -170 -9.0 -6.8 -12.8 
0.333L -162 -160 -15.9 -12.8 -18.6 
O.417L -147 -146 -22.0 -18.6 -22.9 
0.500L -131 -128 -25.6 -22.9 -24.8 
0.583L -115 -109 -26.0 -24.8 -24.0 
o.667L -101 -90 -22.3 -24.0 -20.2 
0.750L -88 -74 -13.9 -20.2 -12.4 
0.833L -78 -65 0 -12.4 0 
1,000L -70 -65 0 0 0 
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rotations and torsions of the longitudinals. The results of moments and 

shears are also expected to be fairly accurate in an actual design problem 

where a number of concentrated loads act simultaneously, as in the present 

example. 

When moments and shears due to only one or two concentrated loads 

are required, the method is found to give inaccurate results for the loaded 

girder. The moments were further studied and the estimated maximum moments 

were invariably found to be less than their actual values and the discrepancy 

was found to increase as the load moved away from the centre of the span. 

In section 2.5.1 when evolving the load deflection equations, the loading 

terms were substituted by their corresponding first three harmonics to 

facilitate integrations. This substitution is approximate and the error for 

the loaded girder is not negligible. In such cases for an accurate estima-

tion of moments, following method is suggested. 

Referring to section 4.3, calculations for the unloaded girders are 

carried out fully as suggested in this section. tut for the moments of 

loaded girder, its actual internal loading diagram is plotted employing 

relevant equation from equations (2.14) - (2.16). From this loading 

diagram the moments are calculated and to these free moments due to 

external loading are added. The final moments so calculated are invari-

ably found to be very close to the true moments and the values of maximum 

moments are found to he within -+ 5%. Pending work on shear, it could only 

be said for the present that if similar method is employed for calculating 

the shears of the loaded girder, the results obtained are always better than 

those obtained by the usual method of successive differentiation. 



FIG. 4.1 THE SKEW GRID ANALYSED TO OBTAIN A COMPARISON BETWEEN 
PRESENTED METHOD AND EXACT METHOD OF ANALYSIS 
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CHAPTER 5 

EXPERIMENTAL INVESTIGATIONS CN SKEW GRID ?PANES 

5.1 	Introduction 

The tests on model frames were designed to evolve and verify the 

theory. The model frames chosen had the advantages of easy handling and 

formed idealised systems to which the assumptions of the analysis were 

closely applicable. On the basis of extensive investigations of Hendry 

and jaeger, it was assumed that the model frames would represent the 

behaviour of corresponding actual structures. The experimental and 

theoretical investigations proceeded side by side. For example, the form 

of rotation of longitudinal girders, hO = d + e cos
fix  
 was arrived at by 

actually measuring the rotations under various loading conditions. 

5.2 	General Description of the Grid Frames and Supporting Arrangements 

The experiments reported herein are confined to grid frames having 

three longitudinals and four transversals suitably spaced. The longitudinals 

and transversals were made of bright steel flat sections of respectively 

1 x 	in. and x in. nominal sizes. These were connected orthogonally 

1 i by 	n. diameter nuts and bolts with washers. The connections provided 

the orthogonal members in two separate parallel planes. To investigate the 

difference from a co—planer system, one butt jointed welded frame was also 

fabricated and tested. The loads were concentrated loads and were applied 

by hanging dead weights and for this 	in. diameter holes were drilled at 

specific loading points. 



- 50 - 

In the beginning, the test grids were supported on rollers; the 

roller bearings were mounted on l)exion frame. The test arrangement is 

shown in Figure 5.1. Under load, the longitudinals rotate about their 

longitudinal axes. The effect of these rotations was found to be of 

particular importance in relation to the experimental study. Consider the 

grid frame of Figure 5.2. It is supported at both ends on rollers and is 

loaded at third-points along the central longitudinal. Under no load 

condition it will be supported along lines A1B1, A2B2, A3B3  at x = 0, and 

C1D1, C2D2, C3D3  at x = L. When loaded, the rotations take place and the 

contacts with the bearings will be observed at B1, A2, A3  at x = 0 and 

D2, C3  at x = L. The rotation thus alters the spans and spacings of the 

longitudinals. For example the longitudinal (2) is now spanning across 

A 2  D  2  and the spacing of longitudinals (1) and (2) is B 1  A  2  at x = 0 and 

D 1  D  2  at x = L. 

A simple test was designed to investigate the influence of this 

change of span on deflection. Referring to Figure 5.3, a 1 x-2  in. nominal 
16 

size bar was simply supported on 1  in. diameter rods at both ends on a 

nominal span of 26 in. It was loaded at the two third-points by equal 

concentrated loads. Two different arrangements of supports, termed here 

as skew-support and right-support arrangements were alternately adopted. 

In the skew-support arrangement, the bearings were arranged at an angle 

corresponding to the case of a 30°  skew angle. On loading the bar lifted 

at points E and H and reduced to spanning across the diagonal PG 

(PG = 25.44 in.). The midspan deflections were measured under increasing 

loads. The experiment was repeated with faces reversed for average values. 
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TABLE 5.1 

LOAD-DEFLECTION TEST TO STUDY THol E1'FECT OF ROTATION AT SUPPORTS 

Deflection (inch) 
Total 
Load 2W Skew- Right-Support Remarks 
(lb) support 

L/2 L/4 3L/4. L/2 

O 0 0 0 0 

4 0.0662 0.0720 0.0507 0.0510 face (1 
above 

8 0.1325 0.1447 0.1017 0.1026 face (2) 

12 0.1992 0.2174 0.1537 0,1542 

O 0 0 0 0 

4 0.0675 0.0718 0.0507 0.0510 face (1)* 
below 

8 0.1351 0,1458 0.1034 0.1036 face (2) 

12 0.2024 0.2186 0.1554 0.1553 

* Refer to Figure 5.3. 
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In the right-supporb arrnemit,, the h--ring were arranged normal to the 

bar. 	On loading no lifting occurs. 	The d.f1.ect.ions mer increasing 

loads were again measured with normal faces and faces reversed. The load-

deflection recordings are tabulated in Table 5.1 and plotted in Figure 5.4. 

The midspan deflections in the right-support arrangement are always higher. 

Under a total load of 12 lb (two equal loads of 6 lb) the mean midspan 

deflections for the right-support and skew-support arrangements from 

Figure 5.4 are 0.218 in. and 0.201 in. respectively. 	Thus, the two deflec- 

tions are in the ratio 1.08 : 1. 	This could be explained if it is assumed 

that in the skew span arrangement the effective span was 25.44 in. The 

ratio of theoretical deflections then beccmes, (26) 	(25.44) or 1.07 : 1. 

In a grid frame as the span and spacing both will alter due to the 

rotation, the effect can not be adequately evaluated in the analysis. The 

roller bearings were thus considered unsatisfactory. 	The relative settle- 

ments of supports in grid frames can change the results considerably and the 

Dexion frames were felt to be unsatisfactory on this account. The supporting 

arrangem,nt was revised; the revised arrangement was used for all the 

final experimental results. However, many deflection and rotation 

recordings were made with the Dexion frame arrangement. These were used 

as a guide when developing the theory. The experimental results with the 

Dexion frame arrangement were superseded. They were of no further use and 

are not given. 



- 53 - 

The revised testing arrangement is shown in Figure 5.5. The 

supporting rig is made up of two steel trestles. On these, two heavy 

I-beams - each 10 x 12 in. section and 4 ft. long were clamped. The 

distance between the beams and their angle with the trestle were adjusted 

depending on the grid under test. Holes of I in. diameter were made in the 

flanges to receive the bearings. One pair of the bearings is sketched in 

Figure 5.6. These were designed to receive iT in. diameter balls. The grid 

frame was supported on these balls. The ball in unit A (see Figure) was 

fixed and provided a pinned end condition. The ball in unit B was free to 

move longitudinally on a smooth surface and provided a free end condition. 

The bearings were fastened to the flanges of the I-beams through nuts and 

bolts with washers 	The diameter of the hole in the flange was kept larger 

than the diameter of the bolt of the bearing to provide for small errors of 

fabrication. On the longitudinals, dimples were provided to locate the 

balls. The height of each bearing was adjusted to support the frame in a 

horizontal plane. 

5.3 	Loading and Measuring Techniques 

The measured quantities in the experiments were loads, deflections, 

rotations and strains. 

(a) Loads - The concentrated loads were applied at the third points along 

longitudinals. 
1 
 in. holes were drilled and through these, loads were 

16 

hung by wires having brass nipples at one end and detachable hooks at the 

other end. The details are given in Figure 5•7 	From the hooks hangers 

were suspended and in these necessary pound weights were placed. The total 



load on the grid was decided from the criteria that (a) the mad.m.u.m deflection 

did not exceed L/100 and (b) the maximum stress did no exod 12,000 lb/in2. 

Deflections - Bety dial gauges reading to 0.0001 in. were used for 

measuring deflections. These were placed underneath the grid frames and 

were mounted to magnetic bases. The dial gauges were tapped before reading. 

Deflections were measured at L/4,  L/2 and 3L/4 along all the longitudinal-s. 

Rotations - These were obtained by measuring appropriate deflections 

with dial gauges. Figure 5.8 shows the arrangement. Referring to the 

1 1. 
Figure, when the longitudinal rotates, a x in. section aluminium bar 

attached to it through two small magnets also rotates. 	This rotation, 

changes the readings of the two dial gauges placed against it. The dial 

gauges were arranged 4 in. apart. An upward or downward deflection of the 

longitudinal will alter both the deflection gauge readings equally and thus 

will not effect the rotation computations. 
1 1 

Strains - Foil type electrical resistance strain gauges, x in. size 

and 70 ohm resistance, were used for measuring strains. These were supplied 

by Saunders Roe Division of Westland Aircraft Limited. The strains were 

measured for longitudinal-s. The usual procedure of sticking the gauges was 

followed. Philips quick hardening strain gauge cement PR 9244/04 was 

used. In preparing the metal surface, care was taken to keep the amount 

of material removed to a minimum. All the gauges were covered with wax 

to keep the moisture out. To £liminate any unbalance of the bridge 

circuit arising either from self heating or changes in ambient temperature, 

the gauges were affixed in pairs at top and bottom of the longitudinal at 

each section and used as active and dummy gauges. 	A further 
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advantage obtained from this .rrm±gmaiit e Lhat, the strain readings were 

magnified by two. The measurements of strains wro acoomplished by a meter 

manufactured by Messrs. Savage and Parsons, called 50 Way Strain Recorder. 

It was capable of handling fifty pairs of gauges at one time and the required 

gauge was selected by turning a numbered knob. The meter was graduated to 

measure up to ten micro-inches per inch. 

5.4 	Control Tests 

These were designed to determine the physical properties of the 

sections and to interpret the results of strain recordings. 	The bars 

required for the fabrication of the grid frames were received in one consign-

ment and the test-pieces chosen for control tests were assumed to represent 

the properties of the consignment. 	Similarly, the strain gauges were 

received in one batch and a few selected from it for control test were 

assumed to represent the behaviour of the remaining gauges. 

5.4.1 Cross-Sectional Measurements 

The thickness and width of a number of bars were measured by micro-

meter. The mean sectional dimensions were found to be 1 x 0.190 in. and 

0.5 x 0.127 in. These values were used in all calculations instead of the 

corresponding nominal sizes 1 x 3  in. and x in. 

5.4.2 Modulus of Elasticity of the Material 

For this, the observations of the earlier described load-deflection 

test of the right-span arrangement were used. The test is described in 

Section 5.2 and the observations are recorded in Table 5.1 and plotted in 

Figure 5.4. For two equal loads of 6 lb each (total load 12 ib), acting at 
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TABLE 5.2 

CONTROL TEST RESULTS FOR MOMENT-STRAIN CURVE 

Total 
Load 2W 

Applied 
Moment 

at Gauge 

Readings of Strain Recorder 

Remarks 
Gauge Pair 	Gauge Pair 

(lb) Sections marked (1) marked (2) 
(in-lb) 

O 0 0 0 Gauges 
A and C 

4 17.33 0.400 0.390 in compression 
and 

8 34.67 0.805 0.800 B and D 
in tension 

12 52.00 0.1210 0.1200 

O 0 0 0 Gauges 
A and C 

4 17.33 - 0.400 - 0.400 in tension 
and 

8 34.67 - 0.820 - 0.810 B and D 
in compression 

12 52.00 - 0.1225 - 0.1215 

w 	 w 
C 

Th 

L=26in. '°  

REFERENCE FIGURE: LOCATION OF GAUGE (-) 
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third-points on a right-span f 26 in.., the mean mldspar. nd quarter-span 

deflections were respectively 0.2180 in. and 0.1545 in. 	The experimental 

values of E, from these deflections were 30.04 x 106  lb/in 2, and 30.06 x 1o6  

lb/in2. A value of 30 x 106  lb/in2, was used in all calculations. 

5.4.3 Moment-Strain Curve 

The bar of the modulus of elasticity test was again used for this 

test. Two pairs of strain gauges were fixed to the test piece and connected 

to the strain recorder. The bar was supported on rollers on a right-span 

of 26 in. Two equal concentrated loads were applied at third-points (see 

Figure with Table 5.2). 	The strain readings were taken (a) with gauges A 

and C in compression and B and D in tension and (b) with gauges A and C 

in tension and B and D in compression. 

from the applied loads and the span. 

The bending moment was calculated 

The moments and strains are tabulated 

in Table 5.2. A mean straight line graph is drawn in Figure 5.9 between 

moment and strain. This graph was used for interpreting strain readings of 

the grid frames. 

5.5 	General Testing Procedure and Loading Conditions 

The grid frame to be tested was mounted on the testing rig (see 

Figures 5.5 and 5.10). 	The bearings were raised or lowered to support the 

frame in the horizontal plane. Small initial loads were applied at all the 

loading points. 	It was checked that these initial loads were sufficient 

to keep it supported on all the six bearings under various experimental 

loadings. The frames were tested for deflections, rotations and moments. 

The testing on each frame was split into three parts ramely, the load- 



deflection test, th6 iord.-rotition to-3L c--ill  thp 3 cd-muz3nt test. 	This 

reduced the number of dial gauges to be used at any one time. It was also 

necessary because the points of measurements for deflections and moments 

were the same 	Before taking measurements, the loading point was given a 

few gentle cycles of loading and unloading. The measurements were taken for 

increasing loads only. 

The following loading conditions were investigated. 

L.C.l - Single concentrated load on longitudinal (1) 

at zL/3. 

L.C.2 - Single concentrated load on longitudinal (2) 

at 2L/3. 

L.C.3 - Two equal concentrated loads on longitudinal (2) 

at L/3 and 2L/3. 

L.C.4 - Two equal concentrated loads on longitudinal (1) 

at L/3 and 2L/3. 

Each of the grid frames were anti-symmetrical about vertical axis passing 

through its centre of gravity. Due to minute errors of fabrication, loading 

and measuring, the mean values of influences (term used collectively for 

deflection, rotation and moment) were obtained as follows: 

L.C.l First a load was applied on longitudinal (1) at 2L/3 and the 

influences were measured; these readings formed set (a). 	The 

load was then applied on longitudinal (3) at L/3 and the 

influences measured; these readings formed set (b). From 

these two sets mean values for L.C.l were obtained. As an 
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example, the mean defcti.on on longitudinal (1) at midspan 

was obtained from the mean of the midspan deflections of 

longitudinal (1) of set (a) and longitudinal (3) cf set (b). 

L.C.2 A load was applied on longitudinal (2) alternately at 2L/3 and 

L/3 and the influences measured. These readings formed 

set (a) and set (b) respectively. 	The mean influences 

were obtained from these as in L.C.1. 

L.C.3 The applied loads formed a symmetrical system of loading. 

The influences at various sections were related and from 

these mean values were obtained. For example, midspan 

deflections of longitudinals (1) and (3) should be same 

and therefore the mean was obtained from measured mid-

span deflections of longitudinals (1) and (3). 

L.C.4 Two equal concentrated loads were applied at L/3 and 2L/3 

alternately on longitudinals (1) and (3).  The measured 

influences formed set (a) and set (b). 	The mean 

influences were obtained from these two sets as in L.C.l. 

5.6 	Grid I 

Readings and curves: 

Load-Deflection Table 5.3, Figures 5.12 - 5.13 
Load-Rotation Table 5.4, Figures 5.14 - 5.1 
Load-Moment Table 5.5, Figures 5.17 - 5.18 

This was a bolt jointed frame with a skew angle of 30°. 	The lay- 

out is shown in Figure 5.11. The method of calculating the various 
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dimensionless parameters is e.:plained in Captr ! and accordingly, 

4 =
( 26_)3 	x 0.5x 0.127) 	= 3.0655 

lx 0.19 

13  - 	
1 	0.296x1x0.193  3.2559 

- 2 26 	2.6 4x0.5x0.1273
12 

= 

I = Ir 	7.5 2 	1 	0.28 
12 26 	 1 	

= 0.0884

12- 

_ k = (2) tan 300  = 0.1665 	
1 

The concentrated loads used under various loading conditions, 

referring to section 5.5 were: 

L.C.1 One load of 10 lb. 

L.C2 One load of 20 lb. 

L.C.3 Two loads of 10 lb each. 

L.C.4 Owing to the presence of connection bolt at L/3 

along longitudinal (1), this case was not 

investigated. 

The measurements were taken at half and full loads. 

The measured deflections are plotted in Figure 5.12 to obtain the 

mean values. Table 5.3 and Figure 5.13 show the comparison of computed 

and experimental deflections for various loading conditions. 

A detail rotation study was planned for this grid and comprised of 

studying rotations, (a) at supports for all the three loading conditions and 

(b) along longitudinals for loading condition 3.  In Figure 5.14 observations 

of load-rotation test at supports are plotted for mean experimental values. 



64.0 100.5 81.0 32.0 40.0 22.5 6.0 6.0 2.0 

71,2 114.2 92.0 32.5 41.0 24.6 4.0 3.5 0.5 

30.0 55.0 48.5 .80.0 132.5 112.5 61.5 80.0 50.0 

33.4 58.4 50.2 83.2 139.8 117.2 65.2 86.6 55.8 

40.0 68.0 55.5 96.5 132.0 96.5 55.5 68.0 40.0 

44.6 72.4 57.8 100.2 139.8 100.2 57.8 72,4 44.6 

1 	10 	Mean Exp. 

Theory 

2 	20 	Mean Exp. 

Theory 

3 	20 	Mean Exp. 

Theory 

TABLE 5.3 

COMPARISON OF DEFLECTIONS FOR VARIOUS LOADING CONDITIONS, GRID I 

Deflection (Unit 1/1000 inch)__________________ 
Total Experiment 

Loading 	Load 	or 	Longitudinal (1) 	Longitudinal (2) 	Longitudinal (3) 

Condition (lb) Theory 
L/4 L/2 3L/4 L/4 	L/2 - 3L/4 L/4 L/2 3L/4 

Notes: (a) For various loading conditions refer to Section 5.5. 

(b) The mean experimental values are obtained from Figure 5.12. 



TABLE 5.4 

COMPARISON OF ROTATIONS AT SUPPORT SECTIONS FOR VARIOUS LOADING CONDITIONS, GRID I 

Loading 
Total 
Load 

Theory 
or 

Rotation (Unit 1/1000 radian) 

Longitudinal (1) Longitudinal (2) Longitudinal (3) 
Condition (lb) Experiment 

x=O x=L x=O xL x=O x=L 

1 10 Theory - 9.3 - 6.9 - 7.4 - 3.2 - - 2.0 

Mean Exp. - 7.6 - 2.1 - 5.6 - 1.5 - 1.3 - 2.3 

2 20 Theory 6.6 13.8 - 1.6 3.8 - 10.6 - 62 

Mean Exp. 8.5 10.3 - 2.2 4.0 - 10.2 - 8.1 

3 20 Theory 6.4 12.2 - 2.6 2.6 - 12.2 - 6.4 

Mean Exp. 8.2 12.2 - 3.1 3.1 - 12.2 - 8.2 

Notes: 	(1) For various loading conditions refer to Section 5.5. 

(ii) The mean experimental values are obtained from Figure 5.14. 

I 



TABLE 5.5 

COMPARISON OFIOMENTS FOR VARIOUS LOADING CONDITIONS, GRID I 

Loading 
Condition 

Total 
Load 
(ib) 

Experiment 
or 

Theory 

- 

	

Longitudinal (1) 	f 
LA 	L/2 	3L/4 

Moment (in-lb) 

Longitudinal (2) 

L/4 	L/2 	3L/4 

Longitudinal 

L/4 	L/2 

(3) 

3L/4 

1 10 Mean Exp. 10.5 23.4 24.9 10.3 10.5 1.7 2.8 1.1 - 1.1 
Theory 11.7 25.5 31.1 10.7 10.8 2.8 2.1 1.2 - 1.4 

2 20 Mean Exp. .i 13.3 19.1 10.1 28.3 41.2 18.3 22.3 8.0 

Theory 2.6 13.9 19.5 10.6 29.3 42.3 19.2 22.6 9.8 

3 20 Mean Exp. .l 17.6 18.7 25.6 28.3 25.6 18.7 17.6 5.1 

Theory 62 18.2 19.3 26.5 29.3 26.5 19.3 18.2 6.2 

Notes: 	(i) For various loading conditions refer to Section 55. 

(ii) The meai experimental values are obtained from Figure 5.17. 
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The mean values so chtained 	the computd value are given in Table 5.4 

for comparison. 	The rotations along longitudinal (1) at eight suitably 

spaced sections and similarly along longitudinal (2), were separately measured. 

These values are plotted in Figure 5.15 to obtain mean experimental values. 

Figure 5.16 shows the comparison of the computed and experimental rotations 

for loading condition 3. Some difficulty was experienced in measuring 

rotations. The connecting magnets were small. The spring force and 

mechanical backlash of the dial gauge at times disturbed the setting. 

Therefore, the results were not always of high precision. 

The test loads were made of one or two concentrated loads at a time 

and therefore, referring to section 4.5, the theoretical moments for loaded 

girders were computed by superposing internal-loading and applied-loading 

diagrams. The measured strains are plotted in Figure 5.17 and from it 

mean strains were obtained. These were converted to moments using moment-

strain curve of Figure 5.9. The moments so obtained are tabulated in Table 

5.5 and plotted in Figure 5.18 with corresponding computed values. 

5.7 	Grid II 

Readings and curves: 

Load-Deflection 	Table 5.6, Figure 5.19. 

Load-Rotation 	Table 5.7. 

The orthogonal members of Grid I were connected by nuts and bolts. 

Thus these were in two different planes. To study the behaviour of a co-

planer system, Grid II was fabricated. The orthogonal members were laid 

in a single plane and were welded together with butt joints. The dimensions 



TABLE 5.6 

COMPARISON OF DEFLECTIONS FOR VARIOUS LOADING CONDITIONS, GRID II 

Loadin g 
Condition Experiment 

or 

Deflection (Unit 1/1000 inch) 

Longitudinal (1) Longitudinal (2) Longitudinal (3) or 
Set Theory 

L/4 L/2 3L/4 L/4 L/2 3L/4 L/4 L/2 3L/4 

Set (a) Exp. 63.5 102.4 82.1 31.4 38.6 20.4 7.7 8.2 3.8 
St (b) Exp. 3.7 8.6 7.9 21.0 39.3 31.8 85.3 106.5 66.0 
L.C.1 Mean Exp. 64.8 104.5 83.7 31.6 39.0 20.7 7.8 8.4 3.8 
L.C.1 Theory 71.2 114.2 92.0 32.5 41.0 24,6 4.0 3.5 0.5 

Set (a) Exp. 15.8 28.1 24.1 35.8 60.9 53.0 31.0 41.8 26.7 
Set (b) Exp. 25.8 40.9 30.1 51.1 59.5 35.5 25.0 28.6 16.3 
L.C.2 Mean Exp. 16.1 28.4 24.6 35.7 60.2 52.1 30.6 41.4 26.3 
L.C.2 Theory 16.7 29.2 25.1 41.6 69.9 58.6 32.6 43.3 27.9 

Set (a-b) Exp. 21.3 34.7 27.3 43.7 60.4 424.3 28.2 35.4 21.7 
L.C.3 Mean Exp. 21.5 35.1 27.8 44.0 60.4 44.0 27.8 35.1 21.5 
L.C.3 Theory 22.3 36.2 28.9 50.1 69.9 50.1 28.9 36.2 22.3 

Set (a) Exp. 74.9 103.5 72.6 30.3 34.6 17.2 5.8 5.7 2.4 
Set (b) Exp. 2.7 6.9 6.6 18.0 35.1 30.7 75.4 106.4 76.1 
L.C.4 Mean Exp, 75.5 105.0 74.0 30.5 34.9 17.6 6.2 6.3 2.6 
L.C.4 Theory 80.3 113.3 81.7 30.4 36.1 20.6 2.0 1.1 - 0.9 

Notes: 	(1) For various loading conditions or sets, refer to Section 5.5. 

(U) Total load for each loading eondition or set is 10 lb. 



TABLE 5.7 

COMPARISON OF ROTATIONS FOR VARIOUS LOADING CONDITIONS, GRID II 

Loading 
Condition 

Experiment 
or 

Rotation (Unit 1/1000 radian) 

Longitudinal (1) Longitudinal (2) Longitudinal (3) 
or 
Set 

Theory 
x=O x = L x=O xL x=O x = L 

Set (a) Exp. -9.1 -3.0 -5.2 -0.5 2.3 -1.7 
Set (b) Exp. 1.9 2.3 0.5 5.8 3.0 8.3 
L.C.1 Mean Exp. - 8.7 - 3.0 - 5.5 - 0.5 - 2.3 - 1.8 
L.C.l Theory - 9.3 - 6.9 - 7.4 - 3.2 - 3.3 - 2.0 

Set (a) Exp. 3.3 6.3 - 1.1 2.3 - 4.2 - 3.4 
Set (b) Exp. 2.7 4.3 - 1.8 1.3 - 5.6 - 3.3 
L.C.2 Mean Exp. 3.3 6.0 - 1.2 2.1 - 4.3 - 3.1 
L.C.2 Theory 3.3 6.9 - 0.8 1.9 - 5.3 - 3.1 

Set (a-b) Exp. 3.0 5.3 - 1.5 1.8 - 4.8 - 34. 
L.C.3 Mean Exp. 3.2 5.1 - 1.7 1.7 - 5.1 - 3.2 
L.C.3 Theory 3.2 6.1 - 1.3 1.3 - 6.1 - 3.2 

Set (a) Exp. - 10.0 -3.0 - 5.8 -0.6 -1.6 -1.5 
Set (b) Exp. 1.6 2.0 0.6 6.3 3.0 9.1 
L.C.4 Mean Exp. - 9.6 - 3.0 - 6.1 - 0.6 - 1.8 - 1.6 
L.C.4 Theory - 10.1 - 6.8 - 7.7 - 2.9 - 2.9 - 1.8 

Notes: 	(1) For various loading conditions or sets, refer to Section 5.5. 

(ii) Total load for each loading condition or set is 10 lb. 

M 
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and dimensionless parameter cf Grids I and TI vere same. These could be 

referred from section 5.6 and Figure 5.11. 

The loads used under various loading conditions, referring to section 

5.5 were: 

L.C.l 	One load of 10 lb. 

L.C.2 	One load of 10 lb. 

L.C.3 	Tro loads of 5 lb each. 

L.C.4 	Two loads of 5 lb each. 

The experimental and computed deflections are given in Table 5.6. 

Figure 5.19 shows the deflected forms of the longitudinals under various 

loading conditions. The load-rotation test vas carried out for support 

sections. The experimental and computed rotations are given in Table 5.7 

for various loading conditions. 

5.8 	Grid III 

Readings and curves: 

Load-Deflection 	Table 5.8, Figure 5.21. 

Load-Rotation 	Table 59. 

Load-Moment 	Table 5.10, Figures 5.22 - 5.23. 

This was a bolt jointed frame with a skew angle of 45g. The  lay-

out is shown in Figure 5.20. The various dimensionless parameters are: 

= 12 ( 30 )3 ( 4 x 0.5 X 0.127) = 15.8934 
.i.4 5 	 lxO.19 

2 	
1 	O296 x 1 x 0.l9 = - (--) (- x 	 ) = 1.8812 2 30 	 x 0. 
	--- 
5 x 0.127 12 II 



= T2_ TO () 	
12 	

= 0.0295 

k 	() tan 450
30 	 T 

1 

The concentrated loads used under the various loading conditions, 

referring to section 55 were: 

L.C.1 	One load of 5  lb. 

L.C.2 	One load of 5 lb. 

L.C.3 	Two loads of 5 lb each. 

L.C.4 	Owing to the presence of connection bolt at 

load point, this case was not investigated. 

Table 5.8 shows the measured deflections, mean deflections and 

computed deflections for various loading conditions. Figure 5.21 shows 

the experimental and computed form of deflections of longitudinals under 

various loading conditions. The measured rotations and the corresponding 

computed rotations are given in Table 5.9. 

In load-moment test, comparatively small loads were required to 

ensure contact with bearings under various loading conditions. This enabled 

additional load-moment observations at double the above mentioned loads. 

The measured strains are plotted in Figure 5.22,to obtain the mean strains. 

These were converted to mean moments using moment-strain curve of Figure 

5.9. The theoretical moments, computed according to section 4.5, and the 

experimental mean moments are presented in Figure 5.23. 



TABLE 5.8 

COMPARISON OF DEFLECTIONS FOR VARIOUS LOADING CONDITIONS, GRID III 

T 
	 Deflection (Unit 1/1000 inch) 

Condition 
or 

Set* 

Total 
Load 
(lb) 

xperiment 
or 

Theory 
Longitudinal 

L/4 	L/2 

(1) 

3L/4 

Longitudinal 

L/4 	L/2 

(2) 

3L/4 

Longitudinal 

L/4 	L/2 

(3) 

3L/4 

Set (a) 5 Exp. 26.7 44.4 36.1 19.4 22.5 10.1 6.4 4.8 5.0 

Seat (b) 5 Exp. 4.0 4.8 6.2 9.7 22.2 19.2 35.4 43.8 26.7 

L..C.1 5 Mean Exp. 26.7 44.1 35.8 19.3 22.4 9.9 6.3 
8.3 

4.8 
6.1 

4.5 - 0.2 L.C.1 5 Theory 35.3 57,6 48.4 24.3 29.2 15.1 

Set (a) 5 Exp. 6.2 13.7 13.8 13.0 24.8 22.7 18.0 
13.6 

25.0 
13.0 

16.2 
6.1 

Set (b) 
L.C.2 

5 
5 

Exp. 
Mean Exp. 

16.4 
6.2 

25.7 
13.4 

18.4 
13.7 

22.7 
13.0 

24.8 
24.8 

13.0 
22.7 18.2 25.4 16.3 

L.C.2 5 Theory 7.6 16.9 17.5 17.2 31.3 27.3 24.4 31.5 19.6 

Set (a-b) 10 Exp. 23.6 41.1 33.9 37.4 522 37.5 33.4 40.5 23.2 

L.C.3 10 Mean Exp. 23.4 
27.1 

40.8 
48.4 

33.7 
41.8 

37.5 
44.5 

52.2 
62.6 

37.5 
44.5 

33.7 
41.8 

40.8 
48.4 

23.4 
27.1 

L.C.3 10 Theory 

For various loading conditions or sets, refer to Section 5.5. 



TABLE 5.9 

COMPARISON OF ROTATIONS FOR VARIOUS LOADING CONDITIONS, GRID III 

Loading 
Condition 

Total 
Load 

Experiment 
or 

Rotation (Unit 1/1000 radian) 

Longitudinal (1) Longitudinal (2) Longitudinal (3) 
or (lb) Theory 

x=O x=L/2 x = L x=O x = L x0 x=L/2 xL 

et (a) 5 Exp. - 3.3 - 3.5 - 0.5 - 2.6* - 0.3 - 2.2 - 1.8 - 1.2 
et 	(b) 5 Exp. 1.3 2.0 2.1 - 0.4* 3.5 0.5 3.6 3.3 

LC.1 5 Mean Exp. - 3.3 - 3.6 - 0.5 - 3.5 - 0.4 - 2.2 - 1.9 - 1.3 
5 Theory - 5.7 - 4.7 - 3.6 - 5.5 - 1.8 - 3.6 - 2.7 - 1.7 

Set (a) 5 Exp. 1.1 1.8 2.7 - 0.3* 2.1 - 1.4 - 0.7 - 0.2 
Set 	(b) 5 Exp. 0.2 0.8 1.2 - 1.2* 0.7 - 2.9 - 1.6 - 1.0 
L.C.2 5 Mean Exp. 1.1 1.7 2.8 - 0.7 2.1 - 1.3 - 0.8 - 0.2 
L.C.2 5 Theory 0.7 2.1 3.5 - 0.5 2.2 - 1.4 - 0.5 0.4 

Set (a_b) 10 Exp. 1.8 2.9 4.7 - 1.9* 3.0 - 4.8 - 2.6 - 1.5 
L.C.3 10 Mean Exp. 1.7 2.8 4.8 - 3.0 3.0 - 4.8 - 28 - 1.7 
1.0.3 10 Theory 0.3 2.6 5.0 - 2.8 2.8 - 5.0 - 2.6 - 0.3 

* Observation not considered for mean values 

Note: For various loading conditions or sets, refer to Section 5.5. 



TABLE 5. 10 

COMPARISON OF MOMENTS FOR VARIOUS LOADING CONDITIONS, GRID III 

Loading Total 
Load 

Experiment 
or 

Moment (in-lb) 
- 	 - 

Longitudinal (1) Longitudinal (2) Longitudinal (3) 
Condition (lb) Theory 

L/4 L/2 3L/4 8L/9 L/4 	L/2 3L/4 L/9 L/4 L/2 3L/4 

1 10 Mean Exp. 5.7 15.2 18.1 4.8 10.2 	11.4 - 1.5 3.8 6.7 1.8 - 3.0 
Theory 8.4 17.6 26.3 14.9 13.0 	13.0 - 1,0 4,4 7.5 2,8 - 5.2 

2 10 Mean Exp. - 1.3 4.3 10.9 6.3 1.1 	9.0 14.3 2.5 8.0 11.2 3.8 

Theory - 1.9 5.2 13.0 8.2 1.1 	9.5 15.0 5.7 11.4 12.5 4.2 

3 20 Mean Exp. 2.7 15.6 19.8 9.2 15.8 	18.3 15.8 9.2 19.8 15.6 2.7 

Theory 2.3 17.6 24.4 13.9 16.1 	19.1 16.1 13.9 24.4 17.6 2,3 

Note: For various loading conditions refer to Section 55. 
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5.9 	Discussion 

The following three concI.usion coui.d ho drawi ±m:rocl:Lately from the 

study of the various Tables and Figures: 

(1) There is good agreement between the test results on Grids 

I and II. Thus the theory is applicable to (a) the structures in which 

the longitudinals and transversals are in different planes - the beam and 

slab bridge and (b) the structures in which these are in the same plane. 

There is good agreement between the computed and experimental 

values of moments for both the Grids tested. 

The experimental deflections and rotations are usually lower. 

The difference is more for Grid III. 

When studying the difference between the measured and computed values 

of deflections, rotations and moments it may be noted that: 

In the tests, the frames were loaded with one or two loads at a time. 

In a bridge design problem, usually a number of wheel loads act simultaneously 

and the superposition of the results has the effect of reducing the, overall 

discrepaicy. 

In the experimental grids, there was a concentration of transverse 

stiffness around the load. This enabled the transverse medium to act more 

effectively. The transversals, including the end one, distribute the load 

by shear as well as torsion. The effect of concentration of transverse 

stiffness at the end becomes more important as the skew angle increases. 

This partly explains the increased difference for Grid III. The concentra-

tion of stiffness around load is particular to the grids tested and in general, 
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when the transverse stiffness is distributed, a lesser difference could be 

expected. 

(c) 	The tests show more difference in deflection and rotation as compared 

to moment. It could be that the stiffnesses of the longitudinals were more 

than assumed. Part of the transversals could have acted with the 

longitudinals; similarly at the connections nuts, bolts, washers, welding 

etc. could have contributed to stiffnesses. 	In a bridge it is customary 

to take into account the slab width acting with the longitudinals and the 

predicted values would then be closer to the true values. 
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I/- 

TEST TEST ON A CONCRETE T-BEIN BRIDGE 

6.1 	The Structure 

A 51 ft 6 in. span, simply supported skew bridge, skew angle 45 

degrees, having three longitudinal girders and a monolithic slab was chosen. 

It represented a two lane bridge designed for Ministry of Transport HA 

loading and 45 units of UB loading (11, 12) 

The bridge tested was a model of this prototype having a liner scale 

ratio of T  . The model was designed for the corresponding reduced loading. 

The final dimensions were dictated by several requirements, the main ones 

being, (a' the 1 ft 6 in. bolt spacing of the laboratory strong floor, (b) 

the maximum size of the coarse aggregate as 1  in. and (c) the available 

welded mesh for the slab reinforcement. The various details of the model 

bridge are shown in Figure 6.1. 

A stiff form was made employing 2  in. thick shuttering plywood. 	It 

was supported rigidly all round on a system of beams resting on the floor 

and levelled. The concrete mix proportions were 1 cement : 2 sand : 3 coarse 

aggregate by weight. The cement was rapid hardening portland cement. The 

water cement ratio was 0.52. The concrete was compacted by electric hammer 

vibrator and tamping bars. The slab reinforcement, at the top and bottom 

consisted of a 3 x 1 in. welded mesh made from 1  in. diameter bars. The 

bridge was cured in its mould for ten days under wet sacking. The views of 

the bridge, at the time of casting are shown in Figures 6.2 and 6.3. 
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As toot sp.ctmern, a imber of 4 in. and 6 in. cubes, 6 x 12 in. 

cylinders and 4 x  4 x 20 in, beams were also cast. These were transferred 

from the mould after twenty-four hours to a tank and kept submerged in water 

until the time of testing. 

6.2 	Supporting Arrangement 

The bridge girders were supported on 1 in. diameter steel balls 

through in. thick steel plates. 	The steel plates had grooves and dimples 

to guide the balls. Load cells* were positioned on the test rig under the 

balls. 	The test rig was constructed out of 4 x 12 in. channels bolted 

together. 	It was 5 ft high, providing the necessary space for working 

underneath. Figure 6.4 shows the bridge supported on the test rig. 

6.3 	Loading Apparatus 

A 12 ft high portal frame employing 4 x 12 in. channels fixed to the 

strong floor was erected around the bridge. The loading jack could be moved 

and fixed along the upper horizontal channel, see Figure 6.4. Point 

loadings were applied through 1  in. thick, 3 in. square steel plates bedded 

on rubber pads. 

A control panel 341 and the loading jacks EPZ 20 supplied by 

Losenbausenwerk of sse1dorf were used in the test. The control panel 

consists of a load indicating device, a pump and a motor. The pump can 

either be regulated by automatic electric switches or manual controls, latter 

being used in the tests. A pendulum arm at the back of the control panel 

For details refer to Section 6.4. 
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receives exchangeable weight discs. Three measuring ranges 1/1, 1/2 and 

1/5 are available for the jacks. The full load is 20 metric tonnes. The 

1/2 and 1/5 ranges giving maximum loads of 10 and 4 tonnes were used. The 

experiment was limited to short term loading tests with concentrated loads. 

6.4 	Measuring Instruments 

The measured quantities are the deflections and the reactions. 

Deflections - Baty dial gauges reading to 0.0001 in., mounted on magnetic 

bases were used to measure deflections. Two channel sections were laid on 

the test rig, one below each exterior girder of the bridge. 	The dial gauges 

and the magnetic bases were arranged on them. The arrangement was later 

discovered to be unsatisfactory as the channels deformed with the load on the 

bridge. Independent dexion frames were later erected to support the dial 

gauges. Deflections were measured at mid-points and quarter-points of the 

girders. 

Reactions - Reactions at all the six supporting points were measured with 

Davy united toroidal load cells. A load cell consists of a high tensile 

steel toroidal loading element. Four strain gauges are bonded to it. 	These 

are connected with their trimming and temperature compensating resistances 

in a Wheatstone bridge configuration. When the load is applied, the bridge 

balance is disturbed. The voltage across the otherwise balanced points is 

measured. A digital voltmeter DM 2001 Mk 2 manufactured by Digital Measure-

ments Limited was used to measure the voltage. Voltage could be measured over 

five ranges covering 50 micro volts to 1999.5 volts. 

The load cells were of 3 ton and 5 ton capacity. Each one was 
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separately calibrated in a 100 ton Avery testing machine. The load/voltage 

relationship was always found to be linear. Usually 5 microvolt corresponded 

to 22 to 23 lb on the 3 ton load cell and 35 to 40 lb on the 5 ton load cell. 

The various calibration curves are not given and instead the corresponding 

loads after conversion are given in the experimental recordings. 

6.5 	Control Tests 

These consist of testing cubes and cylinders for compressive strength 

and beams for flexure test. 	The consistency of the test results also served 

as a check to the quality of the concrete. 	The specimens were 75 days old 

on the day of testing. 

Compressive strength and modijiar ratio - The concrete cubes and cylinders were 

tested in a 250 ton Denison testing machine. The compressive strength was 

found to vary from 6450 to 7250 lb/in2. The cubes were 4 in. and 6 in. size. 

The size of the cube was not found to influence the strength. 

CF 117 (14) recommends the following formula for modular ratio m, 

based on the cube strength Uw of concrete: 

M = 500 - (applicable to transient loads) 

This gives m = 6 for the above concrete. This is adopted for all calculations 

giving a value of the modu1uof elasticity for concrete as 5 x 1 6 
 0 lb/in2. 

The cylinder strength of the concrete was found to vary from 5100 to 

5700 lb/in 2. 

Modulus of rupture - This was obtained from flexure tests 
(13) on  4 x 4 x 20 in. 

beams. The load was applied by the Avery testing machine. The rupture 

always occurred in the middle third span. The modulus of rupture was found 

to vary from 870 to 900 lb/in 2. 
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6.6 	Tests on the Bridge  

The bridge was sixty three days old at the beiu:ing of the test and 

one hundred and sixty five days old at the conclusion of Jie test. 

6.6.1 Cracking Test 

In actual bridges the concrete cracks under the design loads. 	To 

simulate this condition, the concrete was first cracked in the tension zone. 

The design moment for the longitudinal was 60000 in lb. The cracking loads 

were so chosen that the maximum moment produced by these were within + 	of 

the design moments. The loads were distributed through a distribution beam 

to two points at a time from a central position of the jack. 	The loads 

were repeated three times. With reference to Figure 6.5, the loads and the 

corresponding moments are given in the Table below. 

Total 
Load 
(lb) 

Maximum 
Moment 
(in—lb) 

Loaded Point 

5000 61750 E 

6950 6i000 equally distributed between B and B' 

9000 58550 equally distributed between B and B' 

8250 57900 equally distributed between A and A' 

8000 62750 equally distributed between C and C' 

6.6.2 Single Point Load Test 

Referring to Figure 6.5, single concentrated loads were applied on 

the longitudinals at each of the points A, B, C, B and E. Under each loading, 

checks were made to ensure that contacts with all the six supports were 

maintained throughout the test. Necessary dead weights were placed on the 
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deck slab for this. 	Initially the bridge was _Loaded tIirec times before tacing 

readings. 	Deflections and Reactions wore reccrded for ircrefsing loads. 	A 

few intermediate readings were taken tc keep a check on the linearity of the 

results. 

It was later discorered that the channels on which the dial gauges were 

mounted, deflected under test loads. 	The deflection observations were thus 

not reliable. The load-deflection test was to be repeated. After it was 

repeated for point C (Figure 6.5), only, the bridge was accidently over loaded 

and damaged. Due to shortage of time a second bridge test was not feasible. 

The load-reaction recordings for all the single point load tests and 

load-deflection recordings for point C together with the corresponding computed 

values are given in Tables 6.1 and 6.2, 
6.7 	Discussion and Conclusion 

Reactions - From a study of Table 6.1 the following two points are drawn: 

There is a difference between the experimental and the computed 

reactions. 	It is up to 10% when load is on the exterior girder and. 4% when it 

is on the interior girder. 

The sum of the computed reactions is less than the applied load. 	The 

discrepancy is about 4% when the load is on the exterior girder and 7% when it 

is on the interior girder. 

The probable reasons are 

There are various experimental errors and limitations. 

The stiffnesses assumed in calculating the various dimensionless 

parameters are only approximately true. 
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TABLE 6. 1 

E)ERIMENTAL AND COMPUTED REACTIONS FOR VARIOUS LOAD POSITIONS 

Applied 

(lb) 
Load on Lod 

position 

Reaction 

Girder 

Measured 
Reactions 
(lb) 

Reaction Expressed as Percentage of 
Applied Load 

Remark 
Observed Adjusted Computed 

x0 	xL x 	x x  x  x0 x 

2650 L/4 on 1650 	730 62 27 63 28 55 21 

i?i  

400 	10 
1 

18 0 19 0 20 1 
-200 	-100 -7 	-4 -6 -4 2 -2 

2570 96 100 97 Sum for all Girders 

3525 L/4 on 2 1 310 	470 9 13 9 14 7 12 
2 1550 	320 44 9 45 9 46 10 

3 710 	80 20 2 21 2 17 1 
3U 97 100 93 Sum for all Girders 

2650 L/4on3 1 -110 	-130 -4 	-5 -4 -5 -2 5 
2 220 	340 8 13 8 13 4 14 

3 1800 	480 68 18 69 19 64 13 
2600 98 100 98 Sum for all Girders 

2300 L/2 on 1 1 850 	1110 37 48 38 49 28 41 
2 450 	80 20 3 21 3 25 0 

3 -170 	-100 -7 	-4 -7 -4 5 -3 
2220 97 100 96 Sum for all Girders 

4400 L/2 on 2 1 280 	930 6 21 6 21 3 22 

2 1030 	970 23 22 23 23 22 22 

3 890 	260 20 6 21 6 22 3 
4360 98 100 94 Sum for all Girders 



TABLE 6.2 

COiRISO OF DEFLECTION$ OF GIRDERS 

Deflection (Unit 1/1000 in.) 

( Lod 	Loc 
/ P'sition 	1h) 

Eerinient 
or Girder (1) 	Girder (2) Girder (3) 

Theory 
L/4 	L/2 3L/4 L/4 L/2 3L/4 L/4 L/2 3L/4 

I4 n r 3 	1100 Experiment 0 	0 0 4.5 3.5 1.5 16 13 7 

2200 Experiment 0 	0 0 10.5 8 4.5 32 29 15.5 

3300 Experiment 0 	0 0 16,5 14.5 7.5 47 44.5 23.5 

3300 Theory 2.5 	5 4.5 	
j 

14 22 16.5 47 54 33.5 



(c) 	The higher harmonics are neglected for the mloaded girder for 

simplification - fo: the loadod girder alou1ations a-z' -,iae according to 

Section 4.5 and this error is not introduco1 

An overall discrepancy of 10% in experimenai and computed reactionc 

is quite small. 	It will be further reduced when more loads act simultanousl31 

on the bridge. 	The test results thus support the theory. 

Deflection - One set of load-deflection recordings is only available. It i 

not possible to make conclusions as to the extent of the discrepancy. 

In deflection calculations, the flexural stiffness of the longitudinal 

girder is of great importance. 	It is required, (a) for calculating the 

dimensionless parameters and (b) for calculating the amplitudes of free 

deflections. 

In a concrete T.-beam bridge, there are uncertainties surrounding the 

effective width of slab acting as flange and the extent of cracking of tension 

concrete. A uniform width of 17 an. based on CP 11 (15)  i 4 	s assumed and 

concrete below the neutral axis is neglected. A more exact analysis based 

on a variable moment of inertia will be difficult. The available set of 

load-deflection recordings demonstrate that the predicted deflection values 

are near enough. In a concrete bridge, unless deflections are expected to 

be critical, a more rigorous analysis may not be worth-while. 
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CHAPTER 7 

SUI4RY AND CONCLUSIONS 

This thesis presents an analytical and experimental study of 

interconnected skew bridge girders. The study covers the usual T-beam 

bridges and rigid jointed frames. 	It is restricted to single span, simply 

supported structures. 

The study is carried out in four stages: 

A. 	Develcpment of the Method if Analysis 

In addition to the usual assumptions of the theory of simple bending, 

the following two assumptions are made: 

The transverse medium is replaced by a uniform continuous 

medium of the same total transverse moment of inertia. 

The load distribution takes place along a line perpendicular to 

the direction of the longitudinal girders. 

A general analytical method applicable to three longitudinal girder 

skew bridge is first presented. The solution is based on Fourier Analysis. 

A general deformed shape for each longitudinal is assumed. For each 

longitudinal the deflection and rotation are assumed to be made up of the 

first three harmonics of the sine series and the first two tQ.9r0f the 

cosine series respectively. The three coefficients of the sine series and 

the two coefficients of the cosine series introduce five unknowns for each 

longitudinal girder. A transverse section of the bridge is considered and 

the shear and bending moment per unit length at the edge of the transverse 



medium are obtained by the usu.l opo*dfJ ctior cq11a+i one. 	Theee with 

the externally applied loads are used to formulate fifteen simultaneous linear 

equations for the bridge. There are nine load-deflection equations, three 

torque-equilibrium equations and three torque-rotation equations. In the 

process harmonics of the loading terms are required. The method for 

calculating these is given in Appendix A. Dimensionless parameters, which 

depend on the dimensions of the bridge, the torsional and flexual stiffnesses 

of the longitudinal girders and transverse medium and the skew angle are also 

introduced. The equations are to be solved numerically by digital computer. 

The solution will give five unknowns pertaining to each longitudinal. From 

this solution the deflections and rotations become known. Successive 

differentiation of the deflection series will give the slope, the bending 

moment and the shear of the longitudinal. Similarly the differentiation of 

the rotation series or alternately substitution in the torque expression gives 

the longitudinal torque 

To solve the problem of an N girder bridge, the 5N equations needed 

are obtained from the three girder bridge equations as follows: 

(1) The equations for girder (1) are same as those of girder (1) 

in the three girder bridge. 

The equations for intermediate girders are similar to those 

of girder (2) in the three girder bridge. 

The equations for the exterior girder (N) are similar to those 

of girder (3) in the three girder bridge. 

From the solution of these 5N equations the deflections, the slopes, 

the moments, the shears, the rotations and the torques of all the girders of 



the bridge are obtained in the same way as in the three girder bridge. 

B. 	Study of the Longitudinal Moments 

In design problems, most importance is attached to the longitudinal 

moments. The equations of analysis developed in stage A are modified with 

this in view. The harmonics for the deflections are replaced by harmonics 

of the moments and made dimensionless for more general use. For the 

concentrated loads the moment is found to depend on the five dimensionless 

parameters c4 f3 , , k and q. 	The range of these parameters and their 

influence are studied with respect to a three girder bridge. The following 

are drawn; 

(i) 12   ( 3 EIT 
h El 

For most of the actual structures A lies between 0.5 and 32. This 

parameter affects the load distribution most. The load distribution improves 

with the increase in the value of o. 

(ii) 	= 2 h 

13  is representative of the torsional stiffness of the longitudinal 

girder. 	It is expected to lie between 0 and 10. The load distribution 

improves with increase in the value of(3 . 	The moment coefficient At for 

an intermediate value of (3 can be obtained from the moment coefficients for 

the two limiting values of P by using the interpolation function: 

A13  = 0 + 10 -,P0) 
[3P7+ (3J 



Ci  2 h2T 
12 L () EI 

'? is representative of the torsional stiffness of the transverse 

medium. It usually lies between 0 and 0.2. The load distribution 

slightly improves with the increase in the value of?. The moment coefficient 

/0-. ?for an intermediate value of ,? can be obtained from the moment coefficients 

for the two limiting values of ? by using the interpolation function; 

-/'0 + (?0. 2 -,'°0) L 
0.2 

k = h tan  

k is the measure of the skew angle of the bridge. The present 

investigation is restricted to values of k lying between 0 and 1 . For 

central loads, the moment effect of the load for the bridge (sum of the 

maximum moments) decreases as k increases. The section of maximum moment 

is not parallel to the support but rotates towards a perpendicular drawn from 

the loaded girder at the point of maximum moment. This rotation increases 

with k. 

q=f 

q defines the longitudinal position of the concentrated load. For 

the loaded girder as the load moves away from the centre of the span, (a) the 

higher harmonics become more important and (b) the moment effect of the load 

for the bridge (sum of the maximum moments) decreases. The moment coefficient 

/Oqfor any value of q can 'be obtained from the moment coefficients for q = 

q = 	and q = using the interpolation function: 



=A 3 	2/3 sincrq I°13 1'-' sin 2ITq 
JTi 	 13 

+ 	 l/2 sin 3q 
' /3 

C. 	Theoretical Application of the Method 

The application is demonstrated by analysing a three girder rigid 

jointed grid frame. The following steps are involved in the analysis: 

(1) 	The values of the parameters o, 1 , -i and k are calculated for the 
grid frame from its specifications. 

The Fourier sine series for the external loads are obtained for the 

loaded longitudinals. These load series are integrated four times and 

divided by the flexural stiffnes see to obtain the corresponding free deflection 

series and hence the amplitudes of the free deflections. 

The values obtained from (i) and (ii) plus the frame specifications 

are entered into the fifteen equations of analysis which are then solved. 

The solution gives the amplitudes for the deflection and the rotation 

series from which the appropriate series are written. 	The successive 

differentiation of the deflection series provide the slope, the moment and 

the shear series for the various longitudinals. The torsion is obtained by 

substituting the above solution in torque equations (2.31), (2.33) and (2.35). 

The method proposed by Lightfoot and Sawko is a more rigorous method 

of analysis. It is based on the slope-deflection method and makes no 

simplifying assumptions other than those of the theory of simple bending. 	It 

is available in the form of a generalised computer programme. From the frame 



poifioations a data tape is preparci and tijo reu1t of analysis are 

obtained. 

The results of both the methods of analysis are in very good agree- 

ment. 

It is concluded that the presented method gives accurate estimates 

in any design problem where a number of wheel loads act simultaneously. In 

cases where only one or two concentrated loads act the estimates for the 

deflections, the slopes, the rotations and the torques are acceptable. 	The 

moment and the shear become inaccurate, especially for the loaded girder. 

A suitable alternative method of calculating these is suggested. The error 

in the madmiEn moment is then less than ± 5%. 

D. 	Model Tests 

Three steel grid frames and one concrete T.-beam bridge were tested. 

In each of these models there were three longitudinals. The skew angle 

varied from 30 to 45 degrees. The skew parameter k was kept to 

Grid Frames The longitudinals and the transversals were made from 1 x 0.19 in. 

and 0.5 x 0.127 in. steel flat sections respectively, These were connected 

orthogonally. In two grid frames the orthogonal members were connected by 

nuts and bolts and in the third by welding. The orthogonal members of the 

nut-bolt connection grids were in two separate parallel planes and those of 

the welded connection grid were in the same plane. During tests it was 

discovered that if tested on roller bearings, the span and the spacing of 

the longitudinals alter owing to rotations. All the grids were tested on 

ball bearings. The deflections, the rotations and the moments were studied. 
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The following conclusions are drawn: 

The theory is applicable to structures having orthogonal members 

either in the same plane or in slightly displaced planes. 

There is good agreement between the computed and the experimental 

moments. 

The experimental deflections and rotations are lower than the computed 

deflections. 

It was felt that part of the discrepancy was particular to these 

model grid frames. In an actual structure when the transverse medium is 

more uniformly spread and more concentrated loads act simultaneously, the 

discrepancy is likely to be fairly small. 

Concrete T-Beam Bridge A one-sixth scale, 8 ft 6 in. span, concrete T-beam 

bridge was chosen, representing a 51 ft 6 in. span, two lane prototype bridge. 

The model was designed for the equivalent reduced Ht. and HB loadings. The 

concrete mix was 1:2:3 by weight. The water cement ratio was 0.52. The 

bridge was supported on a strong rig and tested under concentrated loads. 

To simulate the conditions of actual bridges, first tension cracks were 

produced in the longitudinal girders without any measurements. The reactions 

and deflections were measured under concentrated point loads. While testing 

for deflection, the bridge was accidently damaged and insufficient deflection 

recordings could only be made. 

The maximum difference between computed and experimental reactions is 

10% under single concentrated loads. This difference is small and with more 

loads acting simultaneously, the difference will reduce. On comparing the 
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available deflection recordings with the computed df1ctions some difference 

is observed. 	The main reason is the difficulty in estimating the flexural 

stiffness of the longitudinal girders. 	The stiffness calculations are 

based on the recommendations of OP 114 and OP 117. Unless deflections are 

expected to be critical the analysis, with stiffness calculations based on 

OP 114 and OP 117, appears to be satisfactory. 
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..PPENDIX A 

HiRMONICS CF TOi.DIG 

11.1 	General 

When writing the load-deflection equations, the loading functions are 

replaced by their first three harmonics. The method of Fourier analysis is 

adopted. The choice of origin is such that the harmonic series is always a 

half range sine series. If the amplitudes of the first three harmonic terms 

of a loading f (x) are h1, h2  and h3, then the terms substituted for f (x) are 

2ffx 
hl  sin - + h2  sin -j- + h3  sin L • 

The loading functions which come in this thesis are divided into two 

groups and are dealt seperately in the following sections. 

A.2 	External Loading Functions 

These are due to external loadings on a bridge or a frame. The 

harmonics are independent of the length of interconnections. The loading 

functions analysed are: 

Distributed load 'w' on the span. 

Point load 'W' on the span. 

1 (a) Let the load of a uniform intensity 'w' is acting on the part eptn; 

i.e. 

	

f(x) = 0 	 0<x<r1  

	

= w 	 r1<xr2  

	

= 0 	 r2<x<L 

Then from Fourier analysis we obtain: 



r 
2 x = 	Jf x) sin 	dx = 	w sin - 

j 

2w 	1r1 	ir2  
dx 	-- 

(Co. -f- 	r'os 

	

2lrx 	2 	
r7 	. 2-,ox 	

2 rrr
1 	

2flr 2 
(x) sin 	dx = - I 	w sin - 	dx = (cos L 

 - '° 	L 

	

3TIr 	3rrr 

h3  = 	['f (x) • 
3ux 

dx  2 	2 w 	3rix dx = 	(cos L - COS 
L 2) 

J 	
r  

1 (b) Let the load of uniform intensity w is acting on the entire span. 

Then from 1 (a) above substituting r1  = 0 and r2  = L, we will obtain: 

	

h - 	
- 

Lw h 	0 h - 1 IT 	2 	3 	3r( 

2. 	Let a concentrated load W is acting at a distance r from the left 

support, i.e. 

f(x) = 0 	 0 < x < r 

W 

= 0 	 r<xL 

2f 	'x 	2W  sin 	hijf(x)s in _T dx=-sin- 

22T(x 	2W. 2tr 
h2  = 	f (x) sin 	dx = - sin --- 

h3 Jf(x)sin 	dx= 1-1  sin ILE 

A.3 	Skew Bridge Functions 

These are due to internal loading of a skew bridge. The length of 

interconnections is (L-d) and these are valid in this region only. The 

functions analysed are: 
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(1) D 	(a constant) (2) e cos r -x L (3) o cos (x 	d) 

(4) 
x a sin -f (5) a sin 	(x d) (6) b sin 

2'x 

(7) b sin L. (x 	d) () 
3lix c sin (9) c sin 3" - 	(x 	d) 

(1) 1' (x) = D (This is pertaining to d1, d2  and d3  in the analysis) 

(i) f(x) 0 0 < x < d 

f(x) 	= D d < x < L 

= f (x) sin 'njx dx = 	D 1x sin - 
2 dx = 	(1 + cos p) P 

h2  f (x) sin 2irx 
21L 

dx 	P 
2ii.c 

sin (1 - cos 2p) P 

U 

= - 
h3 

3x (x) sin 
2 3'x dx= 

3,  
(1+ Cos 3p)D 

id 

(ii) 1' (x) 	= 	D 0 < x < L-d 

0 L-d<x<L 

From 1 (i) above we can write: 

h1  = 2  (1 + cos p) D h2(1 - cos 2p) P 	h3  = (1 + cos 3p) P 

(2) 	f (x) =e cos
WX  - 

(i) f(x) 	= 	0 0 	x < d 

ecos - 	d < x < L 

hRX 
i=Jf (x) sin 

&=

i 

L ecossin  dx 

d 
_-(1-cos 2p)e 



= 	If (x)sin
2iX  dx = 

= 	(4 + 3 cos p + cos 3p) e 

	

11x 	3Ux 3ix 
h3  = J 1' (x1  sin 	dx = 	

L  

J 

e cos 	sin 

d 

= - 	(3-2 cos 2p - cos 4p) e 

f (x) = o cos 	0 <x < L-d 

= 0 	 L-d<x<L 

From (1) above 

h1  = 	(1 - cos 2p) e 	h2  = 	(4 + 3 cos p + cos 3p) e 

h3  =- (3 -2 cos 2p - cos 4p) e 

As the method of derivation of these harmonic coefficients is same, 

the derivation is omitted for the remaining functions and only the co-

efficients of their harmonics are given. 

	

(3) 1 (x) = e cos 	(x 7 d) 

	

(i) f(x) 	0 	 0<x<d 

= e COS" (x-d) 	d < x < L 

	

hi  = e k' sin p 	h2  =A.- (coo p + cos 2p) e 
3is 

h3 = - 4 (cos p - cos 3p) e 
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(ii) 	£ (x) 	= e cos I (x + d) U < x . 	L-d 

0 L-d<x<L 

= - e k1 sin p 1 	(cos p + cos 2p) e 

h3 	(cos p - cos 3p) e 

'Ix 
(4) 	f(x) 	= 	asin- 

£(x) 0 0 < x < d 

= a sin '~Ilax d < x < L 

= 	=. (2ik' + sin 2p) a 	- (3 sin p - sin 3p) a 
2 5

h3 (2 sin 2p - sin 4P) a 

£ (x) 	= a sin 0 < x <L-d 

0 L.-d.x<L 

(2Zk' + sin 2p) a 	h2 = (3 sin p - sin 3p) a 
3-4 

h3 -(2 sin 2P- sin 4P) a 

(5) 	£ (x) 	= 	a sin (x 7 d) 

(1) 	f(x) 	= 0 0<x<d 

a sin 	(xd) d < x < L 

= 	(u-kl cos p + sin p) a 	h2 (2 sin p + sin 2p) a 

h3 = 	(3 sin p - sin 3p) a 



- 

(ii) 	f (x) 	= a sin 	(x + a) o < x < L-ü 

0 Ird<X<L 

h1  = 	k' cos p + sin p) a h2  =(2 sin p + sin 2p) a 

h3  = 	(3 sin p - sin 3p) a 

(6) 	f(x) 	bsin 

f(x) 	= 0 0 < x < d 

b sin 	Hx d < x < L 

- 	(3 sin p - sin 3p) b = + 	(41k! + sin 4p) b 

h3  = - 	(5 sin p 
54 

- sin 5p) b 

f (x) 	= b sin L  0 < x < L-d 

= 0 L-d<x<L 

h1 = 	(3 sin p - sin 3p) b h2  = (Lk 	+ sin 14p) b 

h3 	(5 sin p - sin 5p) b 

(7) 	f (x) 	= 	b sin (x 	d) 

(i) 	f (x) 0 0 < x < d 

= bsin(x - d) d < x < L 

= L (2 sin p + 3r# 
sin 2p) b h2  (20kt cos 2p + sin 2p) b 2V 

h3 =j. (3 sin 2p +2 sin 3) b 
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(ii) 	f (x) 	= 	b sin 	(x + d) 0 < x < L-d 

= 	0 L.-d<x<L 

h1  4z (2 sin p + sin 2p) b 	h2  = 	(2k' cos 2p + sin 2p) b 

h3 	(3 sin 2p + 2 sin 3p) b 

(8) 	f (x) 	c sin 

f(x) 	= 	0 0 < x < d 

csin 211x d<x<L 

= - 	(2 sin 2p - sin 4.p) c 	h2  = - 	(5 sin p - sin 5p) c 

h3  = . 	(6YkT + sin 6p) c 

1' (x) 	= 	c sin MIX 0< x< L-d 

0 Le.d<x<L 

h1  =---(2 sin 2p - sin 4p) c 	h2  - (5 sin p - sin 5p) c 

1 	- 
h3  = 	(6wkt + sin 6p) c 

(9) 	f (x) 	c sin iY (x 7 ci) 

(i) 	f(x) 	0 0 < x < d 

= 	c sin 	(-d) d < x < L 

h1 	sin p - sin 3p) c 	h2  (3 sin 2p + 2 sin 3p) a 

h3  = 	(3'k' cos 3p + sin 3p) a 



101) - 

(ii) f (x) = c sin - (x d) C < x < L-d 

Ewe 
	 L-d< x; L 

sin p- sin 3p)  c 
	

112 = 	(3 sin 2p + 2 sin 3p) c 

h3  = 	(3k' cos 3p + sin 3p) c 
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APPENDIX B 

CALCULATIONS BFERRING TO THE GRID FR.E OF CHAPTER 4 

Geometrical Dimensions 

Span of the longitudinals 

Transverse spacing of the longitudinals 

Angle of skew 

Mechanical Properties of the Material 

Young's modulus of elasticity 

Poisson's ratio 

Shearing modulus of elasticity 

L = 30 in. 

h = 5 in. 

A 
— 4 

E = 30 x 10  lb/in.2 

= 0.30 

C - 	
E 

2(1+t) 

= 11.538 x 10  1b/i2 

Stiffness of the Members 

Flexural rigidity of each of the longitudinals, 

El = 30 x i6  xx - ()3 = 49438 

Total flexural rigidity of the transverse medium, 

EIT = 30 x 106  x U x 1  x 	= 13428 

* The calculations in this Appendix are carried out in in. lb. units. 
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Torsional rigidity of each of the longitudinals, 

OJ 	= 11.538 x i6 x 0.141 x 
()3 = 32173 

Total torsional rigidity of the transverse mediini, 

CJT = 11.538 x 
10  x 11 x 0.229 x ()3 = 14192 

Dimensionless Parameters 

= 121  EIT - 12 ( 0)3 13428 = 7.227 
El - 4 5 49438 

2 
L— h CJ 	1 	5 32173 - — 	

() ç =  2 30  13428 
- 1.971 

U h 	T 	u2 0   14192 - 
= i () 	= T 30 	13428 

5 2 	- 0.024 

an- 30 x - 

{armpnic of External Lpajs and Free Deflections. 

There are six concentrated loads,each of 10 lbs on the grid as 

follows: 

three loads on longitudinal (1) at respectively 

—2L 	—L 	and 	—L 12' 	12 	 12 

** For a rectangular member the polar moment of inertia J = b Ti3; where 

b and ii are the bigger and smaller dimensions of the member. k is a 

function of b and h and has the following values: 

brh 	1 	1.5 	2 	3 	4 	10 	OC 

k 0.141 0.196 0.229 0.263 0.281 0.312 0.333 
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and three loads on longitudinal (2) at respectively 

and 

Referring to section 2.5.1 (b) and Appendix 11-2 

first term of the load series for longitudinal (1) due to all the 

three loads together is, 

2W 

	

1AT = 	-sin -T 

2x10 	7;'  

	

- 	30 (sin 	+ sin 	+ sin 	= 1.6927 12 	 12 

similarly, 

2x10 7;•  
- 	30 	(sin 2 12 

81 + sin 2 () 12 
9 + sin 2 	) 12 

= 	- 1.57735 
2x10 

= 	(sin 3 12 
 8 + sin 3 () 12 

91t + sin 3 i& ) 

Ewe 

The amplitude of first harmonic of free deflection for longitudinal (1) is: 

ll L 
4 A1  = - () = 1.69271 	

' - - 0.284'71 
49438 '1t  

similarly amplitudes of second and third harmonics of free deflection for 

longitudinal (1) are: 

	

L 4 - 	1.57735 (0)4 	0.01658 
B1 = El 2i1 - - 49438 2 	= -  

= 0 

For loads on girder (2): 

A 1.95457 (Q)4 - 0.32875 2 - 49438 	ir 	- 

B2  - 0 

1.60948 	.Q 4 - 
02 	- 49438 (3_) - - 0.00334 
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As there is no load on girder (3) 

A3  = B3 	C3  = 0 

Solving the Equations 

The above calculated values of (, , ?, k and the harmonics of free 

deflections are substituted in the final fifteen simultaneous equations of 

analysis of Chapter 2, namely equations (2.20) - (2.28), (2.30), (2.32), 

(2.34) and (2.37) - (2.39). 	These equations can be written in matrix 

form as: 

[AJ [xJ = [BJ 

where [AJ is the coefficient matrix of the order 15 x 15 for the grid 

frame. 

[x_7 is the column matrix of the order 15 x 1 representing the unknown 

displacements. 

[B] is the second column matrix of the order 15 x 1 representing 

the known displacements due to the external loads. 

This is solved on the KDF9 computer of Edinburgh Regional Computing 

Centre using the library routine titled "routine I4RLINEQ (array name A, B, X, 

integer array name FEB14, integer, n, Q)" 

The solution obtained is: 

	

a1  = 0.223326 	a2  = 0.161905 	a3 = 0.070429 

	

= -0.022002 	b2  = 0.009522 	b3  = 0.012787 

	

0.001445 	c2  = -0.002826 	c3  = -0.000477 

	

-0.043534 	d2  = -0.054143 	d3  = -0.065624 

e1 	-0.035081 	e2  = -0.045719 	e3  = -0.030520 
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Deflections 

Deflection of longitudinal (1) at a distance x1  from the support, 

from equation (2.1) is, 

	

ix 	2i'x 	0x1  = a1  sin -- + b1 	L + 	L 
- 
2,x1 	 3i'x1  

= 0.2233 sin —j- - 0.0220 sin 	+ 0.0014 sin L 

and for longitudinals (2) and (3), 

OX2 	 2x2 	 ___ 
— 0.1619 sin 	+ 0.0095 sin L - 0.0028 	L 

2irx 	 3x 
= 0.0704 sin 	+ 0.0128 	L - 0.0005 sin L 

Slopes 

Slope of longitudinal (1) at a distance x, from the support is, 

lIx 	 2x1 	3flx1  

1 	L (a1  cos 	+ 2b1  cos L + 3c1  cos L 

lix 	 2x1 	 3Tx, 
0.1047 (0.2233 cos -r- - 0.0440 cos L + 0.0043 cos L 

and for longitudinals (2) and (3), 

1X2 	 __  
= 0.1047 (0.1619 cos 	+ 0.0190 cos L - 0.0085 cos L 

i'x 	 2Tx 	 32 = 0.1047 (0.0704 cos - 	+ 0.0256 cos L 	°°°' cos L 

Longitudinal Bending Muments 

Bending moments for longitudinal (1) at a distance x1  from support 

is, 



- 

	

..1 ,. 	 2nx1 	3XL 
= EI( 	(a1  sin 	•- 4b sin -h---- + 9c1  sin 

ffx, 	 211x1 	 3& 
= 542 (0.2233 sin 	- 0.0880 sin 	+ 0.0130 sin L  ) 

and for longitudinals (2) and (3), 

21&2 	 3iix2 
N2  = 542 (0.1619 sin IIX2  + 0.0381 sin L  - 0.0254 "' L 

2r4 	 3Irx 
M3  = 542 (0.0704 sin - 3  + 0.0511 sin --- - 0.0043 sin L 

Longitudinal Shears 

Shear for longitudinal (1) at a distance x1  from the support is, 

	

r 	TT'x1 	___ 	 i'x 
F1 	= El ()3  (a1 cos+ 8b1  cos L 1 + 27c1  cos 

3 

L ) 

iT'x1 	 2Tx1 	 3i 
= 56.75 (0.2233 cos 	- 0.1760 co. L + 00390 	L 

and for longitudinals (2) and (3), 

T2 	 2ix2  
F2  = 56.75 (0.1619 cos f  - 

X 	
L - + 0.0762 cos 	- 0.0762 cos L 

fix 	 ZIT 	 3x 
F3  = 56.75 (0.0704 cos 	+ 0.1022 	L - 0.0129 	L 

Rotations 

Rotation along longitudinal (1) at a distance x1  from support, 

from equation (2.2) is, 

-J lx1  

	

= 	(d1 +e1  Cos 	) 

on substituting: 

= 0.2 (- 0.0435 - 0.0351 cos 4) 
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and for longitudi.nals (2) and (3), 

82 = 02 ( 0.05 - 00457 cos 
.1 

4 X 

83 = 0.2 ( 0.0656 - 0.0305 cos -) 

Torsions 

Torsion along longitudinal (1) from equation (2.31) is, 

(i) 	T1 = 0 	 0<x1 <d 

r x 
T1 

=1 
ni12 dx1 	 d<x1~L 

,Jd 

substituting from equations (2.1), (2.2) and (2.7), 

	

-'a 	 —. 

2EIT 	 fix 	 iiX1 

T1 	,2 	( 

1x1 
+ 3a1 cos 	- 3a2 cos (x1 - d) + b cos 

L 

211 	 3tx1 	 ro 

- 	b cos 	(x1 - d) + C1 005 L - C2 COS L 	- d) 

- (- (2d1 + d2) p - 2e1 sin p + 3a1 cos p - 3a2 + 2 b1 cos 2p 

-b2 +c1 Cos 3p-c2) ) 
— 

= I0 (0.1412 	+ 0.0702 sin 	+ 0.0457 sin (x1 - d) 

IIx1 	
II 

	

- 	 2iax1 
+ 0.6700 cos -i- - 0.4857 cos (x1 - d) - 0.0330 cos L 

2t' 	 ___ - 0.0143 cos - (x1 - d) + 0.0014 COS L + 0.0028 COS L 	- d) 

- 0.1757 ) 
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Torsion along longitudinal (2) from equation (2.33) is, 

(i) 	T2 = I m21 dx2 	 0 < X2 d 

Jo  

substituting from equations (2.1), (2.2) and (2.7), 

- 2EIm T2 (_(d1 +2d2)_e1sin(+d) 

ii'h2  (1-k) 

17'x2 	- 	 Tx2  
- 2e2  sin 	+ 3a1  cos (x2  + d) - 3a2  cos 

2i1x2 	
31-! ' 

+ 	b1  cos 2i ( + d) - b2  CS L 
____ + c1  cos 	(x2  + d) 

3x2 
- 	L ) - (- e1  sin p + 3a1  cos p - 3a2  

+ 2 b1  cos 2p - b2  + c1  cos 3p - c2) ) 

- 	 Zx2  
U =410 (0.1518 	+ 0.0351 sin 	(x2  + d) + 0.0914 sin 

It 	
X2 

+ 0.6700 cos 	(x2  + d) - 0.4857 cos 

2 	
2x2 .  

- 0.0330 cos r- (x2  + d) - 0.0143 cos L 

3i7x2  
+ 0.0014 cos ? (x2  + d) + 0.0028 COS L - 

X2 
(ii)(ii) 	T2 = 	m1dX2+ 	m 3  d 	d 	<L-d 

Jo 

	f 

d 

which on evaluation gives: 
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2E1 	 7fx ___ 	 2 T2 = 	
T 	((_(d1+2+d3)-e1sin(x2+d) 

t,h (1-k) 

i1x2 	1i - 

	

42e sin--e3  sin (x2 -d) +3a1  Cos 	(x2 +d) 

- 3a3  Cos 	(x2-d)+b1  Cos 	(+d) 

- 	b3  cos 	(x2  - d) + c1  cos L 	+ d) 

-d 

- c3 cos? ( 	- d)) - (- (2d2  + d3) p - (e1  + 2e2) sin p 

+ 3a1  cos p - 3 (1 - cos p) a2  - 3a3  + b1  cos 2p 

- - 	(1 - cos 2p) b 	b 2 2 3 
+ C1  COS 3p - (1 - cos 3p) c2  - c3) ) 

on substituting, 

ux 	 Ix2  

T2  = 410 (0.3257 - + 0.0351 sin (x2  + d) + 0.1829 sin 

+ 0.0305 sin 	(x2  - d) + 0.6700 eQs 	( 	+ d) 

- 0.2113 cos 	(x2  - d) - 0.0330 cos 	(x2  + d) 

- 0.0192 cos 	(x2  - d) + 0.0014 cos 	(x2  + d) 

+ 0.0005 Cos L (x2  - d) - 0.4189) 

fx 
(iii) T2  /m21dx2 + 	23 2 	L-d

Jo 	 d 

which on evaluation gives, 
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2EIT 	 lf 
x2 

T2 	= _ 2 (1-k) 	
(- (2 + d 3 ) 	2e2  sin 

- e3  sin ( - d) + 3a 	I  2Cos 	- 3a3 	- d) 

— 
+ I b Cos 

2wx2  - 	

°°8 

2i 
L 	2 3L 	2 	

+ c 	____ 2cos L 

- C3C0SL (x3_d))-(fl(d1+2d2)-p(d1+4d2+d3) 

- e1  sin p+3(1+ cos p)a1 _3a2 -3a3 -(1- cos 2P) 1D1 

-3 (1_2 cos 2p)b2-b3 +(1+cos3p) c1 -c2 c3) ) 

Or 

Ux2  
T2  = 410 (0.1739 T + 0.0914 

+ 0.0305 sin L (x2  - d) + 0.4857 cos 

____ 
- 0.2113 cos 

*1 
 (x2  - d) + 0.0143 cos L 

- 0.0192 cos - (x2  - d) - 0.0028 cos L 

+ 0.0005 cos L (x3  - a) - 0e2669) 

Torsion along longitudinal (3) from equation (2.35) is, 

X3  

(i) 	T3 	m32  dx3 	 o < x3  <L-d 

substituting from equations (2.1), (2.2) and (2.7) 



2E1 	 It  x3 
T3 

= -r, h2  (i-k) ((_(d
2 +2d3)_e2  sin 	(X3 +d) 

fix 	 ux 
- 2e3  sin - 	

if 	d) - 3a + 3a2  eQs (x3  + 	3  cos - 

2'x 	 — 

+ 2 b2  cos 	(x3  + d) - 	cos - 	+ c2  cos ? (x3  + d) 

3x 
- 	L 

3) - (- 	e2  sin p + 3a2  cos p - 3a 

+ 	cos 2p - I b3  + C2  cos 3p - c3) ) 

ox 	 X 3 
T3 	410 (0.1854 	+ 0.0457 sin (x3  + d) + 0.0610 sin 

-d 
14X 

I' + 0.4857 cos 	(x3  + d) 	0.2113 cos 

2x 
+ 0.0143 cos 

27 (x3  + d) - 0.0192 	L 

3X3  
- 0.0028 cos 14Z  (x3  + d) + 0.0005 	L - 0.2207) 

T3  = 0 	 Ldx3L (ii)  


