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ABSTRACT 

The purpose of this thesis is to examine some non-universal 

quantities which occur in field theories. It comprises the analysis 

of two field theoretic models set up on a lattice; one is a 

statistical mechanics model describing a phase transition and the 

other is a lattice gauge theory. The method of analysing field 

theories ties the two models together conceptually while the common 

lattice nature of the models lends similarity to the methods of 

calculation. 

A field theoretic model, derived from a lattice spin model of 

dimensionality d, is studied within the framework of the renormalisation 

group. The non-universal fixed point for two types of lattice is 

calculated, working to second order in c=4-d. The analysis of the 

renormalisation group equation allows the amplitude of the leading 

correction to scaling for the susceptibility to be determined within 

the s-expansion. The results for the two lattices are compared with 

estimates available from high temperature series work and are found 

to be in good agreement for the body centred cubic lattice in three 

dimensions. For the simple cubic lattices both methods give less 

certain estimates which may still be in fair agreement. 

Working with Wilson fermions in a lattice gauge theory we consider 

the definitions and renormalisation properties of various currents. 

Using the a-model we can relate currents to meson operators and their 

non-universal renormalisation factors can be used to relate estimates 

from non-perturbative lattice gauge theory calculations to experimental 

measurements in the continuum. The corrections to the estimates are 

slightly too small to bring the rival values into total agreement but 

are close enough to be encouraging in view of the current developments 

in this field.. 
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CHAPTER 1 

In the last decade much progress had been made in two branches 

of physics; quantum field theory and statistical mechanics. They 

appear to have little in common at first sight but a deeper probe 

into these areas has shown that they can both be expressed as field 

theories with very similar properties. The technique that ties 

critical phenomena such as scaling to calculational aspects of 

models describing the interactions of elementary particles is that 

of renormalisation. Renormalisation and its associated machinery 

(Stueckelberg and Petermann, 1953; Gell-Mann and Low, 1954) dates 

back to the foundations of Quantum field theory expressed in terms 

of a Feynman graphical expansion and it is the means by which the 

divergences occurring in Quantum Electrodynamics are removed. 

There is a certain latitude in the way in which these divergences 

can be removed and this lies at the heart of the renormalisation 

group equations. Contact with problems in statistical mechanics 

was made through the renormalisation group equation which yields 

universal (i.e. model independent) scaling in thermodynamic 

variables as criticality is approached. 

It is the purpose of this work to deal with two calculations, 

one in statistical mechanics and the other in lattice gauge theory, 

using the framework of the renormalisation group applied to perturba- 

tion expansion of functional integrals and to demonstrate the parallels 

and contrasts between these two theories when calculating non-universal 

quantities with both theories set up on a lattice. In this chapter 

we will give a general introduction to field theories and their 
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problems, the solution of these by renormalisation and the consequences 

of the resulting renormalisation group equations. Later chapters will 

deal with specific calculations. 

SECTION 1.1 	FIELD THEORIES AND THEIR PROBLEMS 

In a statistical mechanics problem we know that we can derive all 

the thermodynamic quantities of interest from the expression for the 

partition function, Z, of the system. The partition function is the 

sum over all configurations of the Boltzmann factor eE where E 

is the dimensionless energy of the configuration. 	It has been shown 

that this sum over configurations can be turned into a functional in-

tegral of scalar fields with the Hamiltonian expressed in terms of 

these fields (Baker, 1962; Hubbard, 1972). In the presence of an 

external field J(x), which may be used as a source for generating 

correlation functions in the field 	x), the expression for the 

partition function has the general form: 

Z{J(x)} = fD exp{_Jddx[[(x)]/kT - J(x)(x)]} 	(1.1) 

where the functional integral is over all possible values of the 

field at each point in our d-dimensional Euclidean space, ' 1(x)] 

is the Hamiltonian density, T is the temperature and k is the 

Boltzmann constant. 

Expression (1.1) has obvious parallels with the path integral 

formalism of quantum mechanics (Feynman and Hibbs, 1965) and hence 

quantum field theory. Indeed, all we need to do is to replace the 

Hamiltonian density by the Lagrangian density for a scalar field and 

we will find that (1.1) describes the quantum field theory of a scalar 
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particle in Euclidean space. 

The physical quantities that we will be interested in will be 

correlation functions of the field 	x) or expectation values of 

composite operators. We can obtain such correlation functions by 

taking functional derivatives of the partition function with res-

pect to the external field and then evaluating the resulting ex-

pression for zero external field. 

<i(xi) 	 = fD i(x) ... 	c)exp{- [(x)]/kT}/Z 

-I  
- Z BJ(x1) 	J(xN) Z{J(x)}I 	. (1.2) 

This expression for the N-point Green (or correlation) function is 

one we will encounter many times and techniques in field theory have 

been developed to evaluate expressions of this type. 

The elegant method we shall use is the Feynman graph approach 

which is a method for solving a general functional integral where 

the Hamiltonian density is a polynomial in the field. It is a per-

turbative method, making use of the fact that a Gaussian functional 

integral (one containing terms quadratic in the field only) can be 

performed exactly. The Hamiltonian density can be split into two 

terms, one quadratic in the fields and the other containing all the 

higher monomials. The quadratic term determines the propagator 

that connects the interaction vertices generated by the monomials. 

It is a perturbation expansion in the interaction terms and the 

coefficients of these terms provide the coupling constants of the 

theory. A connected N-point Green function has a diagrammatic 

expansion, starting with N external propagator 'legs' connected 
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to interactions, with the interactions being connected by internal 

propagators. The expansion in interactions leads to more closed 

propagator loops. As each closed loop in the diagrammatic expansion 

will typically require one d-dimensional integral, our expansion 

will be limited by our ability to perform these integrals. This 

will be quite a severe restriction as the integrals are frequently 

nested. 

It is much more convenient to discuss the properties of a field 

theory in terms of vertex functions rather than Green functions. 

Formally we may obtain the vertex functions-from the connected 

Green functions through a Legendre transform with respect to the 

source (see Br.zin, Le Guillou and Zinn-Justin, 1976, for all the 

formal manipulations concerning field theories) but they can be 

viewed more simply as the one-particle-irreducible diagrams from 

which the Green functions can be constructed. Thus an N-point 

vertex function will be the sum of all diagrams with N external 

legs which cannot be disconnected by cutting only one internal 

line and with no factors for the external line themselves. We 

shall often consider the Fourier transforms of vertex functions 

and Green functions as the evaluation of the integrals from the 

diagrammatic expansion will be much easier in momentum space. 

It is when we turn to the evaluation of these integrals that 

we encounter the generic problem of field theories. For the pur-

poses of illustration we will examine the standard 4(x) theory 

of statistical mechanics, which also describes a scalar particle 

in quantum field theory. The reduced Landau-Ginzberg-Wilson 

Hamiltonian (absorbing the (kT) 	factor, into the normalisation) 

is 
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i 	2+1 22  

= 	J 
ddx{(V)) 	(x) + 	(x)} . 	 (1.3) 

The requirement that the reduced Hamiltonian is dimensionless means 

l-(d/2)2 that the field 	x) has dimensions L 	, in has dimensions 

L 2  and g, the coupling constant, has the dimensions Ld4  where 

L is some length. Dimensional analysis will be a very powerful 

tool when we examine the theory, particularly its scaling properties. 

The parameter in2  plays the part of a conventional mass in quantum 

field theory and is a temperature parameter in statistical mechanics. 

To see this we examine the propagator we obtain from the quadratic 

terms of (1.3) after Fourier transforming to momentum space. The 

propagator has the form (k2  + m2) 	where k is the momentum. It 

is the first term in the diagrammatic expansion of the two point 

correlation function, which, at zero momentum, corresponds to the 

magnetic susceptibility. We expect the susceptibility to diverge 

as criticality is approached and so identify in2  as the deviation 

from the critical temperature with in2  = 0 corresponding to T =-T 
C Tc 

Let us look at the expressions for the two and four point 

vertex functions at zero external momentum, keeping terms up to 

first order in the coupling constant, g, with respect to the leading 

term: 

r(2)(o;m2,g) = 	2  + 	g 	1 ddk - 1 	+ 0(g2) 	(1.4) 2(2)d 	
(k2  + m2) 

and 

r(4)(o;m2,g) = g - 3g2 	Iddk 	1 	+ 0(g3) . (1.5) 
(k2  + m2)2  

The role of the dimension d is crucial in (1.4) and (1.5). We will 



deal with equation (1.5) from two viewpoints, that of quantum field 

theory and that of statistical mechanics. Similar remarks can be 

made for equation (1.4) but we shall deal with it in more detail 

later. 

In quantum field theory we will generally be concerned with 

massive particles so that the infra-red behaviour of the integral 

in (1.5) (small momentum) is well regulated and does not give rise 

to any divergent behaviour. When we attempt to integrate over the 

full range of momenta we find that the integral will have an ultra-

violet divergence for d 4, diverging logarithmically in four 

dimensions, the dimension of physical importance. This is due to 

the lack of a restriction on the allowed internal momentum. 

When we examine the same integral from a statistical mechanics 

point of view we are much more interested in the infra-red behaviour 

of the integral as criticality is approached. We can argue that the 

ultraviolet problem is spurious, since all statistical mechanics 

models contain a minimum length scale such as a lattice spacing. 

We can insert this fact by placing an upper bound on the range of 

momenta over which we integrate corresponding to this minimum length. 

The modified integrals will diverge as criticality is approached 

(m2  - 0) for d < 4, again diverging logarithmically in four 

dimensions. This behaviour fits with our knowledge that thermo-

dynamic variables either diverge or tend to zero as criticality 

is approached. It connects with our picture that these diver-

gences build up as we consider fluctuations over all length scales 

between the lattice spacing and the correlation length, which 

diverges as the critical temperature is approached. It is a problem 

dominated by the fact that all the fluctuations are of equal 
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importance and no one small range can be singled out as being res-

ponsible for critical behaviour. When the dimension is greater than 

four, we know that fluctuations are less important and that mean 

field calculations are qualitatively correct with the critical ex-

ponents being those predicted from Landau theory (Landau and 

Lifschitz, 1968) which can also be seen to be the classical solution. 

to the functional integral (1.3). Our perturbation theory is an 

attempt to perform a systematic expansion about these results, 

starting in the marginal dimensionality of four. In the succeeding 

sections we shall see that it is not straightforward to proceed to 

less than four dimensions and progress only becctme, possible when 

the expansion in c = 4-d was found (Wilson and Fisher, 1972). 

We find that the problems of statistical mechanics and quantum 

field theories are related. One has infra-red divergences and the 

other ultraviolet divergences but both are concerned in taking the 

limit m2/A2  -+ 0 although in different ways. The unifying feature 

of these disparate theories is that they are both independent of a 

minimum length scale except in a trivial fashion as a dimensional 

parameter and not in the underlying nature of the theory. 

Though statistical mechanics does indeed possess a minimum 

length, the lattice spacing, we examine the theory in the region 

where the correlation length is very much larger than the lattice 

spacing. It is the unbounded range of fluctuations to be con-

sidered in both cases, with each range of fluctuations of equal 

importance that forms the core of the problem and is the one that 

the method of the renormalisation group and its techniques addresses 

and forms the topic of the next section. 
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SECTION 1.2 	RENORMALISATION GROUP 

We have seen how divergences may arise when one looks at the 

perturbative expansion of vertex functions. We have stated the 

existence of a minimum length scale in statistical mechanics without 

being too explicit as to how it enters the integral in (1.5). To 

keep the discussion general we shall consider any general field 

model. 	In quantum field theories the divergences are unexpected 

and unwelcome and we would like to find some method by which they 

can be removed. This process of removing divergences by a suitable 

redefinition of the parameters of the theory is called renormalisa-

tion and the method by which this is done yields the renormalisation 

group equation, a powerful tool that will enable us to rise above 

the confines of our perturbation expansion. 

The intermediate step towards removing these divergences is 

that of regularisation. This is a device (real in solid state 

physics) to introduce an extra parameter into an integral so that 

integral can be evaluated, producing a finite answer which will 

diverge only as the regulating parameter is removed. There are 

many ways of regulating a theory, such as putting a cut-off into 

the integral restricting the range of integration (sharp cut-off, 

corresponding to the Brillouin zone for a lattice in a statistical 

mechanical calculation), adding a term in the propagator to kill 

the growth at large momentum (smooth cut-off) or to continue the 

integral analytically in the dimension d so that poles appear as 

where c = 4-d (dimensional regularisation). Once the theory 

has been made temporarily finite by one of these schemes then the 



process of renorinalisation can be carried out. We define new 

renormalised temperatures, coupling constants and fields so that 

when the renormalised vertex functions are expressed in terms of 

these new variables, they are finite even in the limit of the 

regularisation being removed as all dependence on the regulating 

parameter has been removed. This can be done by choosing the 

relations between the renormalised parameters and the original 

parameters as power series in the original coupling constants 

whose coefficients include the divergent terms at that order 

in such a fashion that they will cancel in the renormalised 

vertex functions. This is a perturbative process with the can-

cellations being made at each order in the coupling constant. 

To give a concrete example of this procedure we will consider 

(1.4) regulated by restricting the range of integration to lie 

within a sphere of radius A. 

	

r(2)(o;m2,g,A) = 	2  + 	g 
__ IkI<A ________ ___ 	

J 	
dk 	1 	+ 0(g2) 

(k2  + m2) 2(2ir)1  

	

= 	m2  + gA2 - g (m2  2n 
M2 	4 
- + O(—)) + 0(g2) 

327r2  32112 	A2  A2  
(1.6) 

In (1.6) we have evaluated the integral correct to a certain order 

in2  in an expansion in 	 In the critical regime that we aim to 

study, the ratio 
m12 

 will be vanishingsma1l as we will be 

interested in the limit in2  -* 0. 

The two point vertex function is the inverse of the full pro-

pagator. The zeroth order contribution to the propagator is 

(k2  + m2) 	so that we would expect it to diverge as m2  + 0 

for zero external momentum. Instead we find that the one loop 
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contribution will now cause the two-point vertex function to vanish 

at a non-zero value of m 2  = rn 2 : 

= 

c 	
32ir2 

(1.7) 

Returning to the terms in the Hamiltonian (1.3) which are quadratic 

in the field we split them as follows: 

4(vc (x))2  + i2c2(x) = +(( ))2  + +tc 2 (x) + 	c24)2( 	(1.8) 

where the renormalised reduced temperature variable t is defined as 

t = m2 -rn 2  
C 

We can now calculate the renormalised vertex functions using the 

zeroth order renormalised propagator (k2  + t) 1  but with extra 

graphs at each order in g coming from the insertion of the mass 

counterterm I rn 22 (x) in (1.8). This will cancel the pertur-

bative corrections to the critical value of t order by order in 

the expansion in g so that we obtain 

R (Ol t = 0,g,A) 	= 	0 
	

(1.10) 

Here we have an example of a relation which is independent of A 

so that we may remove the regularisation by taking the limit 

A - 	. It should be noted that in this example the renormalised 

propagator has the same form as the original propagator due to 

the simple form of the terms occurring in (1.8) but in general 

a much more complicated result will be obtained. Similar procedures 

can be followed to define renormalised coupling constants and fields 
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in terms of the original coupling constants and fields. These 

relations are summarized by the equations below. 

MR 2 

r(k;m 2,g ) 

= Z. t 
In 

= 	Zq  4(x) 

= z 2r(k;t,g, A) 

(1.12) 

(1.13) 

(1.14) 

Z 
g 	m 	4) 
, Z and Z are renormalisation factors for the parameters and 

variables of the theory. Each renormalisation factor is a power 

series in the original coupling constant whose coefficients depend 

on the reduced temperature and the regularisation parameter A. 

These renormalisation factors may be calculated using the renor-

malisation conditions that specify the renormalised parameters in 

terms of the renormalised vertex functions at some momentum scale 

(see Ainit, 1978, for a comprehensive treatment of this point). 

When we are choosing these renormalised variables the only 

criterion we impose is that the resulting renormalised vertex 

functions remain finite at every order when the regularisation is 

removed. In addition to subtracting divergent terms we may also 

remove different finite terms as well. One original theory can 

give rise to several different renormalised theories, all of which 

are free from divergences. The physics of the theory is surely 

independent of the choice of which renormalised theory we use, 

however, and this is embodied in the renormalisation group equation. 

The property that ties these associated renormalised theories 
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together is their independence of the regularisation parameter since 

we have removed this dependence specifically. We take the partial 

derivative of the renorinalised vertex function with respect to the 

regularisation parameter A at constant values of the renormalised 

parameters. Using relations (1.11) to (1.14) we may turn this into 

an equation for the original vertex functions (after performing a 

partial mass renormalisation to obtain a reduced temperature) with 

the result, 

{A- 	+ (g) 	+ y 2(g)t -- - 

	

= 	r(k; t,g,A) • 	 (1.15) 

This formulation of the renormalisation group equation is due to 

Zinn-Justin (1973). 	Lr(k;t,g,A) denotes terms that are 0(t/A2) 

or 0(k/A2) (up to powers of £n(t/A2) or  £n(k/A) in four dimen-

sions)with respect to the leading terms .kept in r(k;t,g,A). In 

the critical regime t/A2 m/A2 << 1 and so we may replace (1.15) 

with the homogeneous renormalisation group equation: 

{A- 	+ (g) 	+ y42(g)t -J - y4(g)}r(k;t,g,A) = 0. (1.16) aA 	Dg 

The renormalisation group functions 	(g), y 2(g) and y4(g) are 

power series in the coupling constant g (and c when working below 

four dimensions with e = 4-d) which are finite in the limit A - 0 

They are independent of t/A2 both because terms of this order have been 

dropped and also because a s-function may be obtained for the massless 
theory and equations (1.16) may be obtained from this theory in a 
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perturbative fashion (see Amit, 1978, for details). The renormalisa-

tion group functions may be obtained by differentiating the renor-

malisation factors defined in (1.11), (1.12) and (1.13) with respect 

to the cut off A. The double expansion in g and c is necessary 

to control the individual divergences at each loop and so a constant 

order in g and c must be kept. This requires that the low order 

graphs must be expanded to a high order in c while graphs with 

many loops will be required to a low order in e. 

Similar equations can be derived for vertex functions contatuing 

composite operators. In general each composite operator will have 

its own renormalisation factor as in (1.13) for a field 	x) and 

will give rise to an additional term in the renormalisation group 

equation of the same form as y(g) in (1.16). In fact this is 

the simplest possible case and there will often be mixing of operators 

in the renormalisation process so that there will be a matrix of 

y-functions. We will leave these considerations until Chapter 3 

when we consider various composite operators of fermionic fields. 

SECTION 1.3 	 SCALING 

We wish to see how scaling behaviour of thermodynamic functions 

can arise from the renormalisation group equation (1.16). The general 

solution of this equation gives rather complicated behaviour as the 

momenta (or cut-off) in the vertex functions are rescaled. We do 

however recover scaling behaviour as criticality is approached for a 

special choice of the coupling constant. The condition that we re-

quire to hold is that the s-function should vanish which defines 
* 

the fixed point g satisfying 

* 
8(g ) 	= 	0 . 	 (1.17) 



Note that that as (g) is also a power series in c as well as g then 
* 
g will be dependent on E. 

For this special value of the coupling constant the renormalisation 

group equation (1.16) becomes 

*@ a N * {A+ y 2(g )t 	- 	y(g )}r 
	
(k; t,g,A) 	= 	03t 	2 

We shall analyse this equation to find expressions for the critical 

exponents ri and v defined respectively as 

and 

(1.19) 

-v 
C t 	 (1.20) 

where C is the correlation length of the system. 

We know how the vertex functions will scale when we rescale 

the momenta by a factor p from our knowledge of the canonical 

dimensions of the field and the reduced temperature 

N+d -Nd (N) 
k; t, A) 	= 	p 	r 	(k; tp2,Ap) (1.21) 

The solution of (1.18) for zero reduced temperature is par-

ticularly simple and is 

* 
r(N)(k; 0,g  *,A) 	

= 	+NY(g F(k) 
(1.22) 

for an arbitrary function of the momenta. Taking (1.21) and (1.22) 

together with the identification that the two-point vertex function 

is the inverse of the correlation function in equation (1.19) yields 

the scaling relation 



-15- 

r2(pk; O,g*,A) 	= 	2-y(g
* 
 ) r 2 (k; O,g,A) 	(1.23) 

allowing us to identify 

T1 	
= 	.4(g*) 	

• 	 (1.24) 

The solution of (1.18) for a general non-zero value of the reduced 

temperature is 

r((k;t,g*,A) 	= 	 (k; At '0) 	 (1.25) 

where we have used (1.24) for n and defined a new constant to 

simplify notation 

	

8 	= 	yq2(g*) 	 (1.26) 

It can be seen that the vertex function depends on a specific com- 

bination of A and t and when we rescale the momenta by a factor 

p using (1.21) we obtain 

(N) 	* 	 d4f(2-d-ri) 
'NTI (N) -1 	-1 	-2 l/e 

I, 	(k;t,g ,A) 	= 	p 	A 2  F 	(p k;[p A][p t) 	) 

(1.27) 

This equation is valid for arbitrary p and so we use this freedom 

to make the arbitrary function F(N) a function of one variable only 

by choosing 

[pA][ -2 1/6  p t] 	= 1 	 (1.28) 

reducing (1.27) to 

(N) 	* 	d4 (2-d) 
r 	(k;t,g ,A) = A 	(tA- 2)[d+N(2_d_r1)/2]X 

8+2 

x F 	(A 1k(tA 2)162 	1) 	. 	(1.29) 
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This result shows that the vertex function depends only on dimension- 

less variables with the form kC where 	is the correlation length 

and so 

C cc t
_l/(e+2) 	 (1.30) 

and comparison with equation (1.20) leads us to identify 

= e±2 	 (1.31) 

Results (1.24) and (1.31) for the critical exponents 11 

and v will depend on the dimensionality of the system. There are 

two sources of this dependence; y(g) and yc 2(g) are power series 
* 

in c as well as g and g itself is a power series in C. How- 

ever the remarkable feature of these results is that they turn out 

to be universal. In this sense universal means independent of de-

tails and values of parameters in the Hamiltonian and depending on 

broad features of the model only such as the spatial dimension, 

number of components of the field and whether there are any long 

range forces present. To understand this phenomenon we must consider 

the role of the fixed point. 

SECTION 1.4 	FIXED POINTS AND UNIVERSALITY 

We have seen that for a simple field theoretical Hamiltonian 

we can obtain scaling behaviour from the solution of the renor-

malisation group equation for a special value of the coupling con-

stant. We have stated that critical exponents are the same for 

all models in the same universality class, for example the para-

magnetic transition described by the Ising model and the liquid- 
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vapour phase transition. To explain how universal behaviour arises 

we consider flows in the multi-dimensional space of coupling con-

stants and thermodynamic variables. 

The renormalisation group equation describes how the theory 

changes as we rescale the parameters, particularly the length. One 

method of solving the general renormalisation group equation is to 

define effective or running variables to examine how the system 

behaves when it is rescaled (an explicit definition of such variables 

will be given in the next chapter). The idea of flows of parameters 

is also a key feature of alternative formulations of the'iortnalisa-

tion group due to Wilson (1971), Wilson and Kogut (1974), Niemeier 

and van Leeuwen (1973 and 1974). These approaches focus on per-

forming iterative steps to thin the degrees of freedom in the prob-

lem (a concept originally due to Kadanoff, 1966) with the iterative 

procedure being a renormalisation group transformation that tends to 

a fixed point. These methods work with many coupling constants and 

so it is possible to have quite complex behaviour in the multi-

dimensional space of coupling constants. In this space the fixed 

points have a very important role to play. As the name implies, the 

fixed points are invariant under changes of scale or renormalisation 

group transformations. In the multi-dimensional space of all possible 

coupling constants there may be several fixed points and it is the 

stability of the fixed points that will concern us. 

When we examine the variables and parameters under rescaling 

we are led to divide them into two main classes according to their 

behaviour and in fact they can be classified most simply by determining 

the correct anomalous dimension of the operator in question. Those 

operators with positive dimensions in the vicinity of a fixed point 
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will be relevant and will flow away from it unless the parameter has 

a special critical value. Temperature and external magnetic fields 

are such relevant variables as is the four point coupling constant g 

in the vicinity of the Gaussian fixed point which describes the free 

theory only, the fixed point being unstable to perturbations in g in 

less than four dimensions. 

Many operators and variables turn out to be irrelevant in the 

vicinity of a fixed point. Under rescaling or renormalisation group 

transformations these variables tend to zero, giving the fixed point 

stability against perturbations in these parameters. This means that 

the system is insensitive to the inclusion of these operators as far 

as most of the critical properties of the system are concerned. 

We can now present the overall picture in our coupling constant 

space and relate it to the observed phenomenon of universality. We 

can carve up the space into regions of attraction for the stable 

fixed points, which will always have at least one unstable direction, 

usually corresponding to the temperature. When we examine a par-

ticular model we must identify the relevant variables and their 

number and assign it to an area of the coupling constant space. 

The model will include many irrelevant operators of the most stable 

fixed point. We have seen that critical exponents come from re-

normalisation group functions evaluated at the fixed point and so 

all models lying in the region of attraction of a certain fixed 

point will be characterised by the same exponents. This is well 

borne out by experiments on paramagnetic systems and liquid-vapour 

transitions and a comprehensive review of the current status of 

theoretical estimates for exponents with respect to experimental 

measurements has been given in Zinn-Justin (1982). It should be 



noted that that irrelevant variables are only irrelevant at the fixed 

point itself; they will affect how the system flows towards the 

fixed point and may also affect the position of the fixed point. 

An illustration of this point will be made in Chapter Two. 

So far we have discussed properties of the system at the 

fixed point itself, corresponding to the system at criticality. 

To study the approach to criticality we shall solve the renormalisa-

tion group equation perturbatively as a series in (g - g*) to 

examine the region close to the fixed point. We start by defining 

a temperature with a dependence on the coupling constant through 

t(g) 	= 	t exP{J 	dg'  r2() - y2(g*)]} . 	(1.32) 
g* (g') 

We define an auxiliary function to examine the deviation from pure 

scaling behaviour at the critical point by 

	

r(k;t,g,A) = exp{- N 
	
dg? * 
(g') [y4(g) - •y'g )]} x 2 f 

(N) 	* 	(N) 

	

r 	(k;t(g),g ,A)C 	(kt(g),g,A) 	(1.33) 

- 	Substituting this equation into the renormalisation group equation 

shows that the auxiliary function satisfies a renormalisation group 

with some of the renormalisation group functions having 

their fixed point values; 

{A-+ (g)-+ y2(g*)t 	}C(k;t,g,A) = 0 . (1.34) 

The auxiliary function must also satisfy a boundary condition at the 

fixed point 
* 

	

(k;t,g ,A) 	= 	1 	 (1.35) 
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which allows us to solve (1.34) perturbatively as a power- series 
* 

in (g - g ) 

c(k;t.g.A=l) = 1 + (g_g*)t  D((kt_V) + 0(t2wv  ) . 	(1.36) 

The correction to scaling exponent is given by (Wegner, 1972) 

* 

	

W 	= 
	

(1.37) 

We can see that the scaling behaviour of thermodynamic variables at 

the fixed point given by 

	

x
t=0 	

k 	 (1.38) 

Y 	cc 	t-b 	 (1.39) 

is modified when the coupling constant is not at its fixed point 

value or the temperature has not quite attained its critical value 

replacing (1.38) -and (1.39) by 

	

t=o 	
ka(l + A(g)kW + O(k2W)) 	 (1.40) 

or 

Y 	cc 	t_b(l + AI(g)tW+ O(tLW)) 	 (1.41) 

- 	where 

= WV 

The amplitudes in (1.40) and (1.41) depend on the coupling constant g 

via the expansion in (g_g*) in equation (1.36). These two equations 

tell us what the next-to-leading behaviour is near the critical point. 

It is appropriate to conclude with some remarks about universal 

and non-universal quantities and why non-universal quantities may be 

of interest. Universal quantities are associated with the fixed 

point itself and include such quantities as critical exponents 
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including the correction to scaling exponent w as this is the 

derivative of the s-function at the fixed point, and ratios of 

amplitudes for susceptibilities and specific heats above and 

below the critical temperature. Because these quantities pertain 

only to the fixed point the details of the models, embodied in all 

the irrelevant variables, do not manifest themselves. If we con-

sider quantities that also depend on the way in which we approach 

the fixed point such as the amplitude of the leading corrections 

to scaling or the position of the fixed point, then the irrelevant 

variables will have a part to play. Many quantities concerned with 

the practical aspects of renormalisation, such as renormalisation 

factors for various composite operators, are non-universal as 

the freedom in choosing the renormalised quantities demonstrates. 

Some non-universal quantities can be measured experimentally 

and so there is some relevance in calculating these theoretically. 

In other cases they can provide a link between estimates obtained 

from simulation methods and experimental measurements. Due to the 

non-universal nature of the results we shall obtain by field 

theoretical techniques in the following chapters we must be sure 

that the models on which we base our calculations have physical 

relevance. We have mentioned regularisation and the different 

choices that this presents us with. The unifying feature of this 

thesis is that we shall work with theories defined on a regular 

lattice in d dimensions where a natural cut-off is supplied by 

the Brillouin zone of the lattice type and hence fixes the 

regularisation procedure. It means that there will be no ultra-

violet divergences and the scale invariance will hold only at 

length scales much greater than the lattice spacing but much less 
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than the correlation length of the system. We can circumvent the 

arbitrariness introduced by the choice of renormalisation scheme 

by working with the bare vertex functions. Indeed we have treated 

only this case in this introduction and the approximations made in 

obtaining a homogeneous renormalisation group equation are entirely 

justified in the critical regime. It allows us to maintain the 

essential contact with the original parameters we feed into our 

models. 

Chapter Two will take a variant lattice spin model and go 

through the standard procedures laid out in this introduction. The 

non-universal quantities of interest are the position of the fixed 

point and the amplitude of the leading corrections to scaling for 

the susceptibility which can be compared with estimates from other 

theoretical methods. 

Chapter Three will address a problem in lattice gauge theories. 

We shall calculate certain renormalisation factors for composite 

operators (particularly currents) for Wilson fermions. We shall 

show how these may be used to relate non-perturbative estimates 

on the lattice to experimentally determined values. 
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('UAI"rrD ') 

This chapter will deal with a calculation lying wholly within 

the province of statistical mechanics. As demonstrated at the end 

of the last chapter we expect that statistical models undergoing a 

second order phase transition will, in general, display corrections 

to scaling. This should be the case for lattice spin models such 

as the Ising and Heisenberg models and we will analyse a variant 

spin model using field theoretical techniques to examine such 

features and discuss the comparison of our results with those 

available from other methods. We will concentrate on some cal- 

culational features that differ from the standard 	(x) theory 

especially where they highlight certain properties of irrelevant 

operators. Once we have determined the numerical coefficients 

we require, easing our burden by using the universality of ex-

ponents, we will move on to derive an expression for the suscep-

tibility which is interestingly different from the standard one. 

To obtain the amplitude of the leading corrections to scaling, 

our primary aim, we introduce the formalism of the method of 

characteristics for solving the renormalisation group equation 

to enable us to express the amplitude as a power series in c 

with dependence on the coupling constant g. We can then pro-

ceed with a discussion of the results and a comparison between 

them and results from high temperature series. Finally we extend 

the work to include spins with more than one component while the 

details of the evaluation of the numerical coefficients are 

banished to the Appendix. The bulk of this work has been published 

(Smith, 1983). 
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SECTION 2.1 	 MOTIVATION 

There are two main theoretical methods for obtaining estimates 

of critical exponents. We have dealt with one method in the last 

chapter; the renormalisation group approach which yields expressions 

for exponents as asymptotic series in C within the c-expansion, 

possibly improved by Borel resulmnation (Vladimirov et al., 1979; 

Brzin, Le Guillou and Zinn-Justin, 1977), by working directly in 

three dimensions (Baker et al., 1976, 1978; Le Guillou and Zinn-

Justin, 1977, 1980) or using the Monte-Carlo renormalisation group 

(Ma, 1976; Swendsen, 1982). The other method is the high tempera-

ture series expansion technique. This methods expands the Boltzmann 

factor as a series in a variable proportional to (kT) 	in 

expectation values for thermodynamic variables. The coefficients 

of this power series expansion yield estimates for critical ex-

ponents using various methods of numerical analysis to find the 

parameters in the assumed functional form which displays scaling 

behaviour. The accuracy of this method is determined principally 

by the order to which the coefficients in the high temperature series 

can be evaluated. This presumes, of course, that the correct scaling 

form has been chosen to which the fit will be made. 

For many years workers in this field were content to use 

functional forms consisting of the leading non-analytic behaviour and 

of sub-leading non-analytic behaviour that was down by integer 

degrees from the leading behaviour. When they considered the form for 

the susceptibility they proposed a behaviour of the form (T - T) 

where y was the critical exponent they wished to estimate and 
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allowed sub-leading terms of the form (T - T) 	but no other 

terms which had stronger-sub-leading divergent behaviour than -y+l. 

This category of terms which they excluded are of course exactly 

those terms that emerge from the renormalisation group analysis 

that leads to corrections to scaling (Wegner, 1972). They found 

no reason to doubt this assumption because their series were too 

short to detect the presence of such confluent singularities and 

so they concluded erroneously that the amplitude of such terms must 

h 
be zero (see Rusbrooke et al., 1974, for a review of high tempera- 

ture series results). 

As the accuracy of the estimates coming from both the high 

temperature series work and renormalisation group calculations 

continued to improve, a discrepancy between the estimates from the 

two methods appeared which could no longer be resolved by appeal-

ling to their respective estimates of errors. This discrepancy 

was particularly marked for the exponent y. 

The situation has since been resolved by work performed 

initially by Nickel (1981, 1982) and subsequently by others 

(Roskies, 1981; Adler et al., 1982; Chen et al., 1982). By 

obtaining series up to twenty first order for the three dimen-

sional Ising model on a body centred cubic lattice Nickel was 

able to demonstrate the presence of corrections to scaling and 

by using the value of the correction to scaling exponent, w, 

calculated by field theoretical techniques, he was able to show 

that the discrepancy between the exponent estimates could be 

resolved. Furthermore he showed that the amplitude of the 

corrections to scaling was a function of the spin s of the 

Ising system and changed sign between s = 1  and s = 
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Roskies (1981) has also estimated this amplitude using Nickel's 

series but has analysed the series in a different fashion which 

allows him to make a much tighter estimation of the amplitude 

of the leading correction to scaling for the spin Ising model 

than Nickel did. 

From the description of the general behaviour of corrections 

to scaling at the end of the last chapter it can be seen that 

these high temperature series results suggest that the spin of 

the Ising model is analogous to a coupling constant in a field 

model. If this is the case then we would expect to find a 

"fixed point" value of the spin for which the amplitude of the 

leading corrections to scaling will vanish. We shall examine 

a variant spin model to see to what extent these results from 

high temperature series are in agreement with field theoretic 

calculations and particularly to compare the numerical value 

of the amplitude of corrections to scaling for the spin 

Ising model. 

SECTION 2.2 	 MODEL 

The lattice spin model we shall base our calculations upon 

is a variant of the Ising model due to Wallace (unpublished). The 

reason we will work with this variant model is that it gives rise 

to a well ordered field theory with a useful connection between 

spin and the coupling constant whereas this is not the case for 

the Ising model. 

The model consists of a spin variable sitting at each site 

1  on a lattice of dimensionality d and lattice spacing A. We 
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will leave the type of lattice general for the time being but ulti-

mately we will be interested in the simple cubic and body centred 

cubic lattices only. This spin variable is a composite object and 

is the sum of L independent copies of a "spin if at that site 

normalised by a factor of L 2  

0im 	 (2.1) 
tn=l 

where 

a. 	= 	± 1 , 	in = 1,..., L 	. 	 (2.2) IM 

The dimensionless configurational energy has the usual form 

for a lattice spin model namely 

	

N 	 N 
- 	= 	E 	K.. s. 	

i=1 
S. + 	H.s. 	 (2.3) kT 	

i,j=1 ij ij 	ii 

where the sums over the sites i and j run over the N sites of 

the lattice. The transkionaliy invariant exchange coupling con-

stant K.. ii connects the spins at sites I and j and can be 

thought of as a matrix in the space of lattice sites. We shall 

consider the case of ferromagnetic nearest neighbour interactions 

only. The spatially dependent external field H. couples linearly 

to the spin variable s.. 

This model differs from the standard Ising model of spin S = L12  

in that though the maximum spin magnitude is the same for both models 

the Ising model has a flat distribution of spin lengths, whereas the 

copy model has a binomial distribution of spin lengths. The special 

case of only one copy is of course merely the usual spin 1  Ising 

model and this will allow us to make contact in a quantitative way 
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with the work of Nickel (1982) and Roskies (1981). The other special 

case of the copy model is that of L = 	which is the free Gaussian 

model which can be solved exactly and gives rise to the standard 

mean field exponents. 

We wish to turn this lattice spin model into a field model and 

this can be done by performing a Hubbard transformation (Hubbard, 

1972; Baker, 1962). This transformation makes use of the generalisa-

tion of the result of performing a Gaussian integral, namely 

CO 

f 

N 
 II dx. exp {- x.A 1x. + 

i=l 	1 	i ijj 	11 
CO  - 

= 	Constant x exp(y.A 
1 ij j y ) 	 (2.4) 

where A. is a matrix. It allows us to perform explicitly the 

summation over all configurations {s1} to obtain the following 

functional integral for partition function Z which is a functional 

of the external fields H.: 1 

Z{H.} 1 	
{s.} 

00 
N 	 N 	 N 

= 	E CJ 
	

II d 	exp{- 	E K 1 	+ E s( 	+ H)} 
{s ) 	1=1  1=1 i 

-CO  

00 
N 	 N 	 N 

C 	i 
= 	11 d4 exp{- 	E K ii ' 	+ E L 2ncosh 

J 	 ii i=l 	 i,j=l 	 i=1 
-CO 

-i 
>< 	[(c. + H. 1  )L 

2]} 	 (2.5) 1  

where C is a constant independent of 	. and H. which contributes 

only to an overall scale factor and will be omitted in the following. 
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The external field H does not couple linearly to the field 

. in (2.5) and this will have important consequences when con-

sidering the susceptibility of the model which can be found by 

taking derivatives of the partition function with respect to the 

external field H.. For the present it will be convenient to set 

the external fields equal to zero and to introduce a normal source 

term into the exponential of (2:5) in order to generate the N-point 

vertex functions. The partition function of (2.5) is then modified 

to 

00 
f N 	 N 	 N 

z{.} = 
	

II d. exp{- 	E 1(1 	f E L in cosh( L 2 ) ijij 	 i 1=1 	 i,j 	 i=l 

N 
+ 11 (2.6) 

Interaction terms in 	. will be generated by expanding the 

in cosh term in (2.6). One of these terms will be quadratic in 	
. 

and it is convenient to separate the terms occurring in the exponen-

tial of (2.6) into three pieces; 

N 	 N (2) = -
12 
 

I K 1 	+ I 	2 	 (2.7) ii 	 i i,j=z1 	 1=1 

N 

int 	= 	I [L in cosh(.L 2) - 	2] 
i 	 (2.8) 

1=1 

N 

= S 	 E 	J.4. 	 (2.9) 11 

+ 	mt + fco 
Z{J.} 	= 	d4. exp 4 ) . 	(2.10) ' S 1 	

i=l 
-Co 
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The reduced Hamiltonian 4(2) defined in (2.7) contains all the 

terms quadratic in the field, 	mt defined in (2.8) specifies 

the interaction terms while 	is a source term for generating 

correlation functions in 4.. 1 

We introduce discrete fourier variables by 

= 	N' 	k exp(- ik.r.) 
	

(2.11) 

where r is the position vector of the site i and the summation 

over k, a d-dimensional vector, extends over the N points on 

the Brillouin zone of the lattice. When considering an isotropic 

nearest neighbour exchange coupling 
K ij .. of magnitude K > 0 we 

may express the quadratic reduced Hamiltonian defined in (2.7) 

in momentum space by using relation (2.11) as 

(2) 	= 	- 	
N' E 	(K(k) - 1) 	(2.12) 

with 

K(k) = K E exp(ik.a) 	 (2.13) 
n1 

where {a n } are the lattice vectors of the nearest neighbours and — 

V is the coordination number of the lattice. The form of K(k) 

will obviously depend on the type of the lattice. 

The interaction terms of (2.8) can also be expressed in momentum 

space using (2.11) as follows; 
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:14 mt 	= 	-(l2LN) 1  E 	 ( Z k) 
k1.. .k4  n=l 	n 	iii=1 

6 	6 
+ (45L2N6) l 	E 	

k 	( E k ) m k1.. .k6  n=l 	n m=1 

8 	8 
- 17(252OL3N8) 	E 	 k L( E k ) m k1.. .k8  n=l 	n 	m=l 

(2.14) 

where the vector nature of the momenta {k} has been suppressed and 

the s-function imposes momentum conservation at a vertex modulo 

a reciprocal lattice vector C by 

x 
N 	if 	E k = C for C some reciprocal 

k ) 	
= 	 m=1' 	- lattice vector 

m1 m 	0 otherwise 	 (2.15) 

This h-function allows Umklapp processes to take place but we shall 

show later that these extra terms cause no difficulties in the 

vertex functions we will consider. 

We shall follow the standard practice in statistical mechanics 

and consider the thermodynamic limit in which the number of sites 

of the lattice, N, tends to infinity. In this limit the discrete 

sum over the N points on the Brillouin zone is replaced by an 

integral over the momentum k according to the prescription for 

a general function 

urn 1 E f 	_____ 	
BZ 

N + 	N k 	 (2)d J 	
d d k (2.16) 

where the integral runs over the Brillouin zone of the lattice and 

V is the volume of the unit cell. For a lattice of spatial dimen- 

1  sionality d and the lattice spacing A, A takes the form 
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V = w Ad 
	

(2.17) 

where w is a dimensionless constant dependent on the lattice type 

but is independent of the dimensionality for the simple cubic and 

body centred cubic lattices. 

Taking the thermodynamic limit of (2.12), using the pre-

scription just stated in (2.16), we obtain: 

(2) 	 V 	BZ 

= 	d J 	ddk (K (k) - 3-kk 	(2.18) (2rr) 	.1 

The field 
4k  may be rescaled so that it assumes its usual 

field theoretic canonical dimension in terms of the momentum scale, 

A: 

(2.19) 

This is to high-light certain features of the calculation where 

having the canonical dimensions of various operators made explicit 

can give valuable insight but it is done for convenience only and 

is not essential in any of the following manipulations or calculations. 

In terms of the rescaled field 4(k) defined in (2.19) 

of (2.18) becomes 

1 	
f 

BZ d 
	(A2K(k) - 

(2.20) 

This expression together with (2.13) for K 1(k), and the definition 

of the zeroth order bare propagator in momentum space in terms of the 

fourier transform of the two point correlation function as 
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<q1)q2)> 	= 	G  
(2) (q

1, K, A)(q + q2) 
	

(2.21) 

enables an explicit form for the propagator to be given; 

A2 v 	ik.a -1 	-1 
G2(k,K,A) 	= 	( E 	e 	- A2] 

n1 

V ik.a 
—n 

E e 
nl 

A2 	V 	
--ii 
ik.a 	 (2.22) 

-- A2  E e 	) 
n1 

The exact form of the sum over lattice directions of the exponential 

of lattice vectors will depend on the lattice type and is given in 

the Appendix at the end of this chapter for simple cubic and body 

centred cubic lattices. 

We will proceed now to express the interaction terms of the 

theory given by (2.14) for44 int  in terms of the rescaled field 

4(k) which we introduced in equation (2.19). We shall do so after 

we have taken the thermodynamic limit using the prescription of 

(2.16). As a result of these manipulations we find that the inter-

action terms may be ordered as a power series in the dimensionless 

coupling constant g defined by 

g = 2wL 1 
	

(2.23) 

where w was defined in equation (2.17) for the volume of a unit 

cell. The expansion of (2.14) in this coupling constant yields 
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3 	BZ 	 3 
int 	= 	- 	3d 	J 	ddk(k1)J(_ Z k ) 

m (27r) 	i=1 	 in=l 

+ 4g2 A 	1 	BZ 	 5 
6! 	5d 	if 	ddk.(k.)](_ E k ) 

1 1 	 In (27r) 1=1 	 m=1 

7 rBZ - 34gA34 	1 	
[J 	ddk(k)](_ 	k 8! 	

(21r) 7d 
	 ) 1 1 	 in 

	

i=1 	 m=l 

+ O(g) 
	

(2.24) 

We have kept all the terms that may contribute to vertex 

functions at the two loop level in a diagrammatic expansion. We 

have removed the explicit L-functions occurring in (2.14) in the 

following manner. We note that the propagator with momentum k 

given by (2.22) is invariant under the replacement of the momentum 

k by k + G, where C is any reciprocal lattice vector, because 

the scalar product of a lattice vector and a reciprocal lattice 

vector vanishes. We can use this fact to keep track of all the 

tJmklapp terms that arise by replacing the s-function by an ordinary 

5-function and at the same time lift the restriction on one of the 

momenta so that it no longer has to lie within the Brillouin zone 

but is instead the sum of the remaining momenta which individually 

lie within the Brillouin zone. Whenever the unrestricted momentum 

takes values outside the Brillouin zone this corresponds to an 

allowed tlinklapp process and this correspondence is one to one with 

(2.24) automatically including all tJxnklapp processes. 

It should be noted that no approximations have been made in 

obtaining our field theory from the lattice spin model other than 

in taking the familiar thermodynamic limit to obtain our field 

k) with a continuous momentum variable. We have a well-defined 
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field theory, slightly more complicated than the standard 4(x) 

theory, with a bare propagator in momentum space given by (2.22) 

which explicitly displays the presence of the lattice and inter-

action terms given by (2.24) where the canonical dimension of the 

vertex is mode explicit (see Brzin, 1982). We are now in a 

position to carry out a similar analysis to that in Chapter One 

for the standard model but noting the interesting points of dif-

ference. 

SECTION 2.3 	RENORNALISATION AND GRAPHICAL EXPANSION 

We may derive expressions for the vertex functions of our 

theory in the usual diagrammatic expansion. Before we do so we 

note that we are still working with a bare temperature parameter 

K and not with a reduced temperature variable t which measures 

the deviation of K from its critical value K. We must carry 

out the process of mass renormalisation laid out in Chapter One 

embodied in equations (1.6) to (1.10). The corresponding steps 

for our field theory are as follows. The two point vertex function 

will identify the critical value of K, K, by vanishing when 

calculated at K 
C  for zero external momentum. Once we have 

identified K c we must write an identity for the quadratic terms 

in the reduced Hamiltonian, i.e. 4 (2)  given by (2.20), 
splitting them into a momentum independent mass counterterm and 

the remaining terms from which we will be able to extract the 

reduced temperature and, in this case, a renornialised propagator 

whose form differs from that of the unrenormalised propagator 
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ik.a 
BZ E- e----n 

(2) 	

J 
d 
d  k n1 

2 
 2 	\' ik.a = 	(2 

Tr 
 )d 	

- A2 	e - 
K 	n=1 

BZ 	rA2(K' - v) 
- 1 

 J 
ddk{ 

- (2)d  

ik. a 
rA2KV/K - A2  E e 

+ 	(v K )' I 
C 	 V 	ik.a 

--n 
E e 

L n=' 

(2.25) 

The first term in (2.25) is the momentum independent mass counter-

term while the second term is the inverse of the renormalised pro-

pagator. This already represents a deviation from the straight- 

forward procedure in the 	(x) theory derivation. 

The condition that the bare two point vertex function vanishes 

at criticality together with equation (2.22) for the bare propagator 

requires that 

A 
= g + 0(g2) 	 (2.26) 

where we have anticipated the later graphical expansion and 

evaluation of numerical results to find the 0(g) coefficient. 

This has immediate consequences for the renormalised propagator 

determined by the second term in (2.25). The numerical prefactor 

(vK) 	in front of this second term can be expressed as a power 

series in g with coefficients which are purely numerical and are 

determined by (2.26). When we perform our graphical expansion in 
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in the coupling constant g with this renormalised propagator 

there will be additional terms at each order in g coming from 

lower order graphs but with the propagator expanded as a power 

series in g. For calculational purposes it is convenient to 

separate off the power series in g coming from the prefactor 

(K v) 1  and to define an effective propagator 

G 	 E 	e 	
K 

2(k,t,A) 	
v 	ik.a 	A2K 

C  V 
	 v 	ik.a 

_____ 	 ---n (2.27) = 	 -A2 E e 	) 
n1 	 n=l 

where the reduced temperature t is defined by, 

t = A2(K/K-1) . 	 (2.28) 

We now have all the necessary tools to set up the renormalisation 

group equations (1.16) for the N point vertex functions as functions 

of the reduced temperature which we restate: 

{A
- K 	 2 

(g) 	+  'y 2(g)t -p--- 	y(g)}r(k;t,g,A) = 0 

(1.16) 

remembering that terms of 0(t/A2) or 0(k2/A2) with respect to 

the leading terms will be dropped. We wish to obtain the renormalisa-

tion group functions as power series in g and c and this we may 

do by applying equation (1.16) to three independent vertex functions 

and then solving the three resulting equations simultaneously for 

(g), y02 (g) and Yg). There are many possible choices for these 

three vertex functions butthe choice of r 4 (o;t,g,A), r 2 (o:t..A) 

and r 2 (k;0,g,A) proves to be the most suitable from the calculational 

Point of view. 
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The graph with up to two loops contributing to the two and four 

point vertex functions are displayed in Figures 1 and 2. When cal-

culating the coefficients of the power series in g of this graphical 

expansion it is important to include contributions that come from 

expanding the mass counterterm and the renormalised propagator as 

power series in g. The overall sign of the graphical contribution 

will be made explicit as will the canonical dimensions in terms of 

the momentum scale of the graph 

= [G 2 (k,t,A)] 	+ g 1(k,t,A) 

- 92E2(k,t,A) + 0(g3) 	 (2.29) 

r 4 (k;t,g,A) = A E:  (g -  g2 1(k,t,A) + g3112(k,t,A) + 0(g)). (2.30) 

Z1(k,t,A) is the sum of Figures 1(b) and 1(c) plus a contribution 

from figure 1(a) at 0(g). E2(k,t,A) is the sum of Figures 1(d) 

to 1(f) plus contributions from Figures 1(a) to 1(c). 111(k,t,A) 

denotes Figures 2(b) and 2(c) and !12(k,t,fi) is the sum of Figures 

2(d) to 2(9.) plus contributions from Figures 2(b) and 2(c) at 

the appropriate order. Note that each graph can be expanded as a 

power series in E but this will be left until later. 

The presence of six and eight point vertices gives rise to 

additional diagrams such a Figures 1(g), 2(c) and 2(k) not seen in 

a pure 4(x) field theory. These diagrams have a higher degree 

of ultraviolet divergence but this is tempered by dimensional 

factors present in the six and eight point coupling constants in 

equation (2.24). The result of this trade off is that diagrams 

containing a six or eight point vertex are no more divergent than 



[ii 
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10 

Figure 1 - Graphs contributing to the two point vertex function 

ii 	 k 	 I 
Figure 2 - Graphs contributing to the four point vertex function 
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the normal 	(x) theory graphs (Brzin, 1982). The result is 

that dimensional factors cancel leaving a finite contribution only 

whose coefficient is that of the integral's leading ultraviolet 

divergence. 

We now apply the renormalization group equation (1.16) 

to the vertex functions given in equations (2.29) and (2.30) for 

the three independent vertex functions r 2 (k;o,g,A), 

r 2 (o;t,g,A) and r 4 (O,t,g,A). Solving the equations simul-

taneously allows the renormalisation group functions 8(g), y4(g) 

and yg) to be expressed as sums of diagrams. For r 2 (k;o,g,A) 

only the graphs of Figures 1(a) and 1(c) contribute, the others 

vanishing at zero temperature, which simplifies the evaluation of 

2(1c,0, 	yielding 

YO (g) = _g2[G(2)(ko)E (koA)j 
	] + 0(g3, Eg2) 	(2.31) 0 

The 8-function is obtained from the equation for r 4 (o;t,g,A) 

together with the preceding equation for Y(g): 

8(g) 	= -cg + g2A -- fl1(0,t,A) -cg2.111(0,t,A) - g3{A - -TIDA 2(0,t,A) 

- 2111(0,t,A)A -L fl1(0,t,A) 
- 	t 1  [A - 	111(0,t,A)][A - ç 1(0,t,A)] - 2yg 2) 

+ 0(g2eE2,93&1 gL+) 	 (2.32) 

Finally (2.31) and (2.32) together with the renormalisation group 

equation for r 2 (0;t,g,A) yield an expression for the last re-

normalisation group function y42(g): 
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ty 2(g) = -gA - 	1(O,t,A) + cgZ1(O,t,A) + g2{A - E2(O,t,A) 

- t[A 	E1(O,t,A)]2  + EaA 	 1(OtA)A7ç[tZ1(O,t,A) 

- 11(0,t,A)] + tg 2  + O(g2c, g3) . 	 (2.33) 

The renormalisation group functions given by (2.31), (2,32) and 

(2.33) must be finite in the limit t/A2  - 0 so any divergences in 

individual diagrams must cancel in the appropriate combinations. We 

will use the idea of universality to simplify the calculation by 

specifying which diagrams must be evaluated to obtain these func-

tions to second order in g. 

SECTION 2.4 	 UNIVERSALITY 

As discussed in the introduction critical exponents are obtained 

from the renormalisation group functions at the fixed point g = g *  

where the s-function vanishes. The universality of these exponents 

has important consequences for the renormalisation group functions 

expanded as power series in g and e as we will proceed to demon-

strate. Let the first terms in such series be 

	

(g) 	= 	-eg + 	g2  - $1cg2 - 29 + O(g, EgI, c2g2) 

(2.34) 

	

y 2(g) 	= 	yg + y1  cg + y2g2  + O(g3, Eg2) 	 (2.35) 

Y4(g) 	= 	-y3g2  + O(g2, g3) . 	 (2.36) 

* With this expansion for the s-function the fixed point g , satis- 

fying 	(g*) = 0, is given by 
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a 2 	al g* 	
(1 + c (+ 	+ 0(c2)) 	 (2.37) 

	

0 	0 

Substitution of (2.37) into expression (1.37) for w, the cor-

rection to scaling exponent, yields 

82 
= 	- 	2 + 0(63 ) 

0 
(2.38) 

The ratio 82/82  is fixed by the universality of the exponent w. 

There will always be the freedom to rescale the coupling constant 

g which is reflected in the numerical value of 8c  in (2.34). 

Once the scale of 8 has been fixed then the value of 82  is 

uniquely prescribed. The graphical content of 82 can be found 

from (2.32). It should be noted that all contributions to 82 

arising from the presence of the six and eight point vertices 

explicitly cancel so that 82  is independent of their inclusion 

in the field theoretic model as required, demonstrating that they 

are irrelevant operators. We have reduced the task of finding the 

non-universal fixed point to 0(c2) to evaluating the contributions 

to the coefficients 8 and 81 but  81 contains a contribution 

from a diagram with a six point vertex demonstrating that irrelevant 

variables do affect non-universal quantities. 

Similarly the universality of the exponent r obtained from 

yg*) means that 13  in (2.36) is determined once the coefficient 

ao  has been computed. Universality of the exponent v requires 
* 

that y4 2(g ) has given coefficients as a power series in c. 

	

* _ Yo 	 61 82 Ii 2 
- r -y4 2  (g ) 	c [1 + c (---+-+--+ 	+ O(c2fl. (2.39) 

	

0 	 0 	0 	0 

This equation allows us to express Y
2  in terms of 8i 82 and y. 
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This means that only the one loop graphs that contribute to 

and 	need be evaluated in order to perform a two loop calculation 

for the amplitude of the leading correction to scaling for the 

susceptibility. 

The two integrals that arise from these one loop graphs are 

those with one and two powers of the propagator but at zero external 

momentum: 

1 	
f 
BZ 

11(t,A) 	- 
	
A G 2 (k,t,A) 	 (2.40) (2)d  

and 

12(t,A) = ____ f BZ ddk[G(2)(k,t,A)]2 	 (2.41) (2)d 	0 

We will separate the AC momentum dependence of these integrals 

coming from the integration measure as it will be cancelled by a 

corresponding AC factor from the coupling constant. We may then 

expand the integrands as power series in C to obtain the following 

general forms in the critical regime t << A2: 

11(t,A) = A0A2_B1t.n(t/A2) + c1t - D1tn(t/A2) 

- 	 + .E1tn2(t/A2) + cF1t + cKA2  + 0(C2) 	(2.4 2) 

12(t,A) = _B2n(t/A2) + C2 - D 2n(t/A2) + .E n2(t/A2) 

+ CF2  + 0(C2) 
	

(2.4 3) 

We wish to express 111(k,t,A) and E1(k,t,A) in terms of the 

integrals in (2.40) and (2.41) and hence find 	
, 	'YO 

and y 	in 

terms of the coefficients in (2.42) and (2.43). We will also need to 

evaluate the 0(g) term in (2.26) for the mass counterterin and hence 
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the prefactor (K') 	in (2.25), a result already stated in (2.26). 

This enables the contribution to E1(k,t,A) from Figure 1(a) to be 

expressed in terms of the coefficients of (2.42) with the results: 

E1(O,t,A) = 	 tA [I1(t,A) - 11(o,A)) - 	2  11(0,A) 	(2.44) 

and 

111(0,t,A) 	= 	- 12(t,A) + 2A 2  11(t,A) 
	

(2.45) 

The first equation shows explicitly the effect of mass renormalisatjon 

by subtracting the quadratically divergent term from the same integral 

at non zero reduced temperature leaving it with only a logarithm term 

proportional to the reduced temperature. The other term in (2.44) is 

the contribution from the power series expansion of the (K y) 1  factor. 

In the second equation, (2.45), in addition to the standard term we 

have the additional term involving the six point interaction where 

we can see that in this expression the divergence of 11(t,A) is 

cancelled by the A 2  factor leaving a finite part only. We shall 

miss out the intermediate step of expressing 11(O,t,A) and 

111(O,t,.A) in terms of the coefficients introduced in (2.42) and 

(2.43) for 11(t,A) and 12(t,A) and proceed directly to equations 

	

(2.32) and (2.34) for 	(g) and y4 2(g). When we compare these 

equations expressed in terms of the coefficients of (2.42) and 

(2.43) order by order in c and g with the general expansions of 

(g) and y4 2(g) as power series in c and g given by (2.34) and 

(2.35), then we are lead to the following identifications: 

= 

= f(C2 -D)+2A 
2 	o 

= 

	

= 	4
(C - D - A ) 	 (2.46) 1 1 0 
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together with the consistency conditions, 

E2  = 

E1  = -B1 	 (2.47) 

which are necessary to ensure that 	and y remain finite as 

t/A2  -. o. 

The remaining task is to compute the coefficients B2, C2, D2, 

B1, C19  D and A of (2.42) and (2.43) by analysing the asymp-

totic behaviour of the two integrals 11(t,A) and 12(t,A) in the 

critical regime. We shall deal with two types of lattice only; 

simple cubic and body centred cubic. Some coefficients (B2, C2, 

B1, C13. A) can be calculated by performing the four dimensional 

integrals numerically butthe terms at O() in the expansion of 

the integrals (E2, D2, E1, D1) require that the integrals can be 

analytically continued to arbitrary dimensions. This can be done 

by means of integral transforms reducing the d dimensional 

integral to a one-dimensional integral where the dimension d appears 

as a parameter. Numerical methods are again required to calculate 

some coefficients but this method provides useful checks on the 

direct calculations of B2, C2, B1, C1 	and 	A. Details of these 

transform methods may be found in the Appendix at the end of this 

chapter but the numerical results are listed in Table 1 which 

appears on the following page, where an expression for the fixed 

* 
point g , calculated using (2.37), may also be found. 



A 
0 

B1  

Cl  

D1  

B2  

C2  

0.239 

-0.811 

-0.974 

0.175 

0.811 

0.058 

0.386 

0.237 

-0.811 

-0.276 

-0.230 

0.811 

-0.794 

-0.051 
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TABLE 1 

Some numerical results for the simple cubic and body centred 

cubic lattices. 

For the definitions of these coefficients see equations 

(2.42) and (2.43). 

Simple cubic 	 Body centred cubic 

(1+0.618c) 	 (1-$-0.103c) 



-46- 

SECTION 2.5 	 SUSCEPTIBILITY 

Now we turn to the derivation of the susceptibility for the 

original lattice spin model and its re-statement in terms of the 

field model and vertex functions. The zero field isothermal mag-

netic susceptibility, X, is given by 

x 	
=M'  I H=O 	 (2.48) 

where M. is the magnetisation at the site i. We note that in 

equation (2.3) giving the Hamiltonian for the lattice spin model, 

the spatially dependent external field ll acts as a source for 

the spin at that site, s.,, so that 

M = 	- 1 3ZH} . 	s . > 	-  
1 	 1 	 Z 3H. 

Using this expression for the magnetisation at a site we can express 

the susceptibility as 

- 1 	13 3 
X 	- 	 Z{ H} 	 (2.50) 

i,j1 1 j 

and when we substiture (2.5) for the partition function, Z{H}, 

introducing our field variable, we obtain the following expression 

in terms of correlation functions of the field 4.: 
1 

	

1 N 
	 - 

X 	= 	E L<tanh(41L 2)tanh(.L 2)> 
1, j =1 

N 
I <sech2  q;L2)> . 	 (2.51) 
i=1 

In this expression the second term is purely local and negligible 
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compared to the first term of (2.51) in the critical limit and will 

be dropped. We may expand the remaining hyperbolic functions in 

(2.51) to obtain a power series in L 	whose coefficients are 

correlation functions in the fields 4). 
1 

and 4).. 	It is more 

illuminating to express these correlation functions in momentum 

space using the rescaled field 4)(k) defined in (2.19) yielding 

the following power series in the coupling constant g defined 

in (2.23): 

X 	= 	G(2)(o;t,g,A) - g A P_-2 G3 

1 2 2c-4 (1) 
+ T g A 	G5  (0 	A) 

+ 	92p4 G ° (O;t,g,A) + 0(g3) . 	 (2.52) 36 	 3,3 

The subscript on the Green functions denotes the insertion of a 

composite operator of the degree given in the subscript, one for 

each subscript. A composite operator of degree in is the product 

of in fields at one point which may carry external momenta although 

in our case we will be interested only in insertions with zero 

external momentum. The 4(x) interaction is an example of a 

composite operator. 	The superscript on the Green functions 

refers to the number of external legs as before. 

We factorise the Green functions with insertions of composite 

operators into vertex functions and the external propagator legs. 

We do this in order to demonstrate that G 2 (0,t,g,A) is a factor of 

the non-vanishing terms to this order. 

A2G(0,t,g,A) = 	 (2.53) 

A2E 4G(0;t,g,A) = G(2)(;,g,)[2 r 	(OtgA)3 (2.54) 
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A264G 0 (O;t,g,A) = 

+ A2E4r0(o;t,g,A) . 	 (2.55) 3,3 

The graphical expansions of the vertex functions in (2.53), (2.54) 

and (2.55) are shown in Figures 3, 4 and 5 respectively, keeping 

terms to a constant order in g in (2.52). Let Figure 3(a) be 

denoted by H1(k,t,A), the sum of figures 3(b), 3(c) and 3(d) by 

H2(k,t,A), Figure 4 by H3(k,t,A) and Figure 5 by H4(k,t,A). 

Then the diagrammatic expansion of the vertex functions may be 

expressed as 

A 2r(o;t,g,A) = AE2[H1(0,t,A) - gH2(0,t,A) + Og2)] (2.56) 

	

A2C4r(o;t,g,A) = A24[H3(O,t,A) + 0(g)] 	 (2.57) 

A2C4r 3,3 0(o;t,g,A) 	= A2 [H4(0,t,A) + 0(g)] 	 (2.58) 

As we have seen earlier when discussing the contribution of 

terms in r'4 (0;t,g,A) containing a six point vertex, the result 

of the explicit powers of the momentum scale Li multiplying the 

- - 	graphical contributions in (2.56), (2.57) and (2.58) is to pick 

out the leading ultraviolet divergence of these graphs only. Other 

contributions will be O(t/A2) with respect to this divergent term 

and may be dropped in the critical regime, eliminating the dependence 

on t in these vertex functions. In (2.56) and (2.57) the momentum 

factors from the graph and the explicit momentum scale cancel with 

the result 

= 3A - gP + 0(g2) + O(t/A2) 	(2.59) 

= 15A + 0(g) + O(t/A2 ) 	 (2.60) 



p 
ci 	 b 

-Co. -0 

Figure 3 - Graphs contributing to r'(o;t,g,A) 

Figure 4 - Graph contributing to r'(o;t,g,A) 

Figure 5 - Graph contributing to 	(O;t,g,A) 
3,3 
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where P is the coefficient of the leading ultraviolet divergence 

of the graphs contributing to H2(0,t,A) and A is defined in 

(2.42). H4(0,t,A) has only a A22  ultraviolet divergence so 

that (2.58) for the zero point vertex function with two 3(x) 

insertions is left with an overall momentum scale of A 2. As 

G 2 (0;t,g,A) has its leading divergence as t 1  then when (2.58) 

is substituted into (2.55) for the Green function with no external 

legs and two 4 3(x) insertions, the second term can be seen to be 

0(t/A2) with respect to the first tern and so the second term may 

be neglected in the critical regime. Having done so we may pull 

out G 2 (0;t,g,A) as common factor of (2.55) and using (2.59) 

and (2.60) for the remaining vertex functions we have the following 

useful expression for the inverse susceptibility: 

-1 - (2) 
X 	- r 	(O;t,g,A)[l + Ag + P 1g2  + 0(g3)] 	(2.61) 

where P' = p....2 
4o (2.62) 

and we have used the fact that r'2 (o;t,g,A) is the inverse of 
G 2 (0;t,g,A). In the introduction where the external field coupled 

linearly to the field 4(x) then the susceptibility was identified 

with the two-point vertex function. In this model the external field 

couples in a more complex non-linear fashion to the field 4(x) but 

this analysis shows that the only difference is that F(2)(0;t,g,A) 

is multiplied by a power series in g. The coefficients of this power 

series are purely numerical and are independent of t and A which 

will simplify the calculation of the next section. 
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CORRECTIONS TO SCALING 

It is the aim of this section to obtain an expression for the 

amplitude of the leading corrections to scaling for the susceptibility 

within an c-expansion. To do so we shall work out the crossover 

scaling function for the susceptibility which describes the behaviour 

of our model as criticality is approached, changing from behaviour 

described by the Gaussian fixed point (L = , g = 0) to that des-

cribed by the Heisenberg fixed point (g 0) in the critical 

regime. This means that the scaling form of the susceptibility will 

change and it is the expansion of the asymptotic form of crossover 

scaling function as t -'- 0 that will yield the expected cor-

rections to scaling. We shall have to find an expression for the 

two point vertex function (and hence the susceptibility) for arbitrary 

reduced temperature t. This can be done by solving the renormalisa-

tion group equation for r 2 (o;t,g,A) by the method of charac-

teristics (Bruce and Wallace, 1976). It will allow us to relate 

vertex functions close to criticality to those far from criticality 

where each term in the perturbation expansion in g is small and 

so the perturbation comparison may be trusted. 

We start by restating the renorinalisation group equation for 

the N point vertex function, 

{A 	+ (g)--- + y2(g) 	
- 2 
	(g)}T(O;t,g,A) = 0. 	(2.63) 

We introduce a running coupling constant g(T) and a running tempera-

ture t(T) to examine the vertex functions when the cut-off A is 

rescaled by a factor e . When the running variables are chosen to 

satisfy 
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dg(T) 
dT 	= 	(g(t)) 	 (2.64) 

and 

dt(T) 
dT = y 2(g(T))t(T) 	 (2.65) 

together with the initial conditions 

g(T=O) = g 	 (2.66) 

and 

t(T=O) = t 	 (2.67) 

then we obtain the formal solution of (2.63) as 

r(o;t,g,A) = exp(- f fo'  

(2.68) 

To make any progress with this equation we require the solution of 

(2.64) and (2.65) for the running variables subject to the initial 

conditions (2.66) and (2.67). We shall solve them perturbatively 

in g and - correct to the required order using a form suitable 

* 
for expanding around the fixed point g . This will be consistent 

with the way in which r(2)(o;t(T),g(T),AeT) will be calculated. 

The solution of (2.64) for the running coupling constant g(T) 

is 
*C/u) 	

ET ( -g(T)) 	g 
= e 	 (2.69) 

g - g 	g(T) 

where u is the correction to scaling exponent 

W d$(g) 	= 	- 	
+ 0(c3) . dg g 
	

0 	

(2.70) = 
* 	 82 

The solution of (2.65) for the running temperature t(T) is 

(IT) 
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* 	a 
t(1) 	= 	( 	

- g(r) 	
' + b(g() - g)) 	 (2.71) 

g -g 

where a is universal and given by 

10 	12  2y o 2  _____ 	11 	____ 
a 	= 	- + c(-- + 	+ - + 	) + O() (2.72) 

0 	O 	0 

but b is model-dependent and non-universal, 

b 	= 
	o2 + 	

(2.73) 
0 

The other ingredient we need to interpret (2.68) for the two-

point vertex function is an explicit expression for the exponential 

prefactor which we can obtain using (2.69) and (2.71) as 

T 

exp{- 
J 
y(g(T'))dT'} 	= 	(9* g) 	(1 + d(g(r) - g)) (2.74) 

0 	 g - g 

where c is universal 

13  
C = --- 	 (2.75) 

and d is not universal (dependent on the scale of the coupling 

constant) 

13  
b = ---- . 	 (2.76) 

0 

r(2)(o;t(r),g(T),AeT) has a power series expansion in g(T) 

and e from (2.29), the integrals of which have terms involving 

the coefficients defined in (2.42): 

r(2)(o;t(T),g(T),AeT) = t(T) - g(T) B1in(t(T)A2e_2T) + C1t(T)-At(T) 

-2t -2 	 -2 -2T 	 -2 -2T + O(t(T)e 	A ) + O(g2(T)9.,n2(t(T)A e 	), cg(T)2n2(t(r)A e 	)) 

(2.77) 
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We wish to choose a value of T such that the perturbation series in 

g(T) in (2.77) may be trusted. Let us choose to set the momentum scale 

A = 1 for convenience and then a suitable choice of T is 

t(T) = e2T 	
(2.78) 

which eliminates the logarithms occurring in (2.77). The choice 

(2.78) for r means that the terms we have neglected in the deri-

vation of (2.77) as being of order (t(r)/A2e2T) are 0(1); this 

causes no problems. This is due to the fact that the renorinalisation 

group equation (2.63) holds for the leading divergent terms alone 

regardless of the presence of less divergent terms that may be of 

the same order for particular choices of T (see Bruce and Wallace, 

1976). Condition (2.78) allows us to express g(T) in terms of t 

using (2.69): 

'1 	
(T)_E /W + ca/2 

* 
	-I2 	

- c/w + ca/2 

g 	 g 	 g 	g 
(2.79) 

We can solve for g close to g * (and hence g(T) close to g *) 

yielding 

* 
= 	1 + t [1 - 	](8/*)(l-2w/E) + O(t2W) 	 (2.80) g g 

where the corrections to scaling, governed by the exponent w, make 

their eventual appearance: 

-25 2 W 	= 	 c - 	c + 0(c3) (2.81) 

for the Isirig model which we expect to belong to the same universality 

class as our variant spin model. 



-54- 

Collecting the results of equations (2.68) to (2.80) allows 

(2.61) for the susceptibility to be recast in the following form 

* 
in the asymptotic t -- 0 regime for g close to g , explicitly 

displaying the corrections to scaling introduced at the end of 

Chapter One: 

(1 + Ag + P 1 g2  + O(g))r 2 (O;t,g,A=l) 

* 
t(1 + A 0  + P'g2  + 0(g3))(g9(T))a+c 

g- g 

x [1 + (b+d)(g(t)-g) + 0([g(T)-g]2)] 

X [1 + 21  (C1  - A)g(r) + 0(cg(T),g2 (T)) 

= 	Z(g)t1[1 + tA(g) + O(t2W)] 	 (2.81) 

where Z(g) is an overall non-universal scale factor of no interest 

to us, A(g) is the amplitude of the leading corrections to scaling 

and the susceptibility exponent y for the Ising model is, 

1 25 2 Y 	= 	1 + 	+ - 	c + 0(E3) . 	 (2.82) 324 

We may obtain an c expansion for A(g) consistent with the order 

in g to which we have worked: 

1 	25 	1 A(g) = { + c[ 	+ 	(C -A ) + o2 
	2 	3 

1 o 
0 	 0 	0 	0 

162 j(g/g*)] + 0(
2 ) }(

1 - g*/g) 	
(2.83) 

Expressions (2.8 1) and (2.83) are only valid in the critical regime 

* 
with g close to g and for the situation further from criticality 

then the full crossover scaling functional form should be used for 

the susceptibility (see Bruce and Wallace, 1976, for the full parametric 

form). 
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SECTION 2.7 	 RESULTS AND DISCUSSION 

The model examined in the foregoing sections has some interesting 

features as a field theory which serve to exemplify certain properties 

of field theories that were discussed in the introductory chapter. 

In that chapter the role of irrelevant operators was discussed and 

it was stated that such operators do not affect properties of the 

fixed point itself but may affect the approach to critical be-

haviour and hence non-universal quantities. In the model we have 

just studied there are higher order interactions which are absent 

in the standard c(x) model. We have seen that effect of these 

interactions has been to introduce extra diagrams into vertex 

functions and so into the graphical expressions for the renormalisa-

tion group functions given by (2.31), (2.32) and (2.33). When we 

obtain an expression for the fixed point (2.37), by finding the 

zero of the s-function, a contribution at 0(E2) can be found 

that has its origins in the graph of Figure 2(c) for the four point 

vertex function. This extra graph arises from the presence of 

the six point interaction. In contrast when we consider terms 

-- 	contributing at 0(c2) to the correction to scaling exponent 

in (2.38), a quantity that we expect to be universal and hence 

with fixed coefficients as a power series in c, we find that 

there is an exact concellation between graphs containing these 

extra vertices so that the result is independent of whether such 

vertices are included or are absent in the Hamiltonian. This is 

also the case when evaluating the other renorinalisation group 

* 
functions at the fixed point as in (2.39) for y42(g) which 
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gives rise to the universal exponent '. However these higher order 

interactions do have an effect when we consider the amplitude of the 

leading corrections to scaling and we find that the higher order 

interactions influence the coefficients appearing at 0(2) in 

(2.83) which is in keeping with the non-universal nature of this 

amplitude describing the approach to critical behaviour at the 

fixed point. 

The introduction of an external field coupled non-linearly to 

the field c(x) was found to have only a trivial effect at the 

order to which we have worked. It modified the usual identifica-

tion of the inverse susceptibility with the two point vertex 

function at zero external momentum by merely multiplying the two 

point vertex function by a power series in g. This power series 

has coefficients which are purely numerical with no dependence on 

t or A and the leading scaling behaviour will be unaffected by 

such a factor that only alters the overall amplitude. When we 

carried out the analysis in section 2.6 we extracted this overall 

amplitude in (2.81),. Z(g), trivially without any contribution 

towards the amplitude of the leading corrections to scaling from 

this non-linear coupling of the external field. If we were to 

repeat the analysis of that section to obtain expressions correct 

to the next order in 	then much more careful factorisation to 

obtain Z(g) would have to be performed and we would find contri-

butions to the amplitude A(g) in (2.81) coining from the corre-

lation functions of composite operators. 

Turning to specific results of this calculation the fixed points 

for the two lattices are expressed as a presumably asymptotic series 

in c in Table 1. It should be noted that the term of 0(c2 ) is 
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much smaller for the body centred cubic lattice than for the simple 

cubic lattice. To check the convergence of these series it would be 

necessary to calculate higher order terms and perform a Padé-Borel 

resunnnation (Zinn-Justin, 1982). Unfortunately this would be 

rendered very difficult by the need to calculate graphs with more 

than one loop where the complicated form of the propagator and the 

shape of the Brillouin zone prohibit the use of many of the common 

tricks for evaluating higher order graphs (e.g. Feynman parameters, 

shifting the origin of integration). We must draw what conclusions 

we can with the figures available from Table 1 and hence can pre-

sumably attach more confidence to numerical results for the body 

centred cubic lattice than those for the simple cubic lattice due 

to the smaller coefficient at 0(c2) for g
* 
 for the former case. 

* 
The expression for the fixed point of L corresponding to g 

* 
can be calculated by two methods. We may identify L = 2w/g 

* 	 * 
having evaluated g for a given value of c or we may express L 

as a power series in c and then insert the prescribed value for c. 

The difference between the two methods is considerable for the simple 

cubic lattice but only slight for the body centred cubic lattice. 

- 	- 	We shall use the first method for calculating L 
*

as the specifica- 

tion of L in a given dimension uniquely defines g and vice versa. 

Using the fact that w = 1 for a simple cubic lattice and w = 12 

(independent of d) for a body centred cubic lattice with w defined 

in (2.17), we obtain the following results in three dimensions: 

* 	2w L = - 	 (2.84) * 
g 

* 
d = 3 	Lsc = 	1.50 	 (2.85) 

* 
d = 3 	LBCC = 	1.10 	 (2.86) 
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Before these results can be compared to high temperature series 

work the relationship between the number of copies L and the spin s 

of an Ising system must be considered. The number of possible spin 

states is the same with L copies of a spin 12  and an Ising model 

of spin 
L,2 

 The copy model will have a binomial distribution of 

spin values as opposed to the flat distribution of the Ising model. 

We may identify the L copy model with an Ising model of spin 

= L,2 but this spin model will be impure with traces of behaviour 

of lower values of s in addition. This identification is exact 

for L = 1 as one copy model is the spin 12  Ising model and, pre-

sumably, is reasonable for low L. Results (2.85) and (2.86) sug-

gest that the amplitude of confluent singularities should vanish 

for a spin value slightly greater than s = I for both lattice types. 

There is little in the literature with which to compare this result 

but the fact that confluent singularities have proved very difficult 

to find for the spin 1  model on any lattice may partially substan-

tiate this result. 

Nickel (1982) has shown that the amplitude of confluent 

singularities is dependent on the spin s of the body centred cubic 

- 	Ising model in three dimensions. Further the amplitude of corrections 

to scaling does indeed change sign between s = I and s = 	in- 

dicating that there is a zero in the amplitude for some s between 

s = I and s = 

We may proceed to evaluate (2.83) for the amplitude of corrections 

to scaling for the two lattice types in a given dimension using the 

coefficients from Table 1: 

= 	{4 + c[O.329 - j25j £n(g/g* )J}(l - g/g*  ) 	(2.87) 

and 	
1 	 25 

{- + c[O.334 - 
	

£n(g/g*)]}(l - g/g*) 	(2.89) 



Ma 

With the connection made between spin s and number of copies 

L (and hence the coupling constant g) the functional form of the 

amplitude given by (2.89) is seen to be in good agreement with 

Nickel's findings of a change in sign in the amplitude together 

with a zero in the region between s = 12 and s = 

Due to the equivalence of L = 1 to s = we may use (2.88) 

and (2.89) to determine the amplitude of the leading correction to 

scaling for the spinIsing model in three dimensions for both the 

simple cubic Lattice and the body centred cubic lattice within an 

expansion neglecting terms of O(E 2): 

A(s = , 	d 
=SC 0.243 (2.90) 

A(s = , 	d = 
BCC 	= 0.062 	. (2.91) 

Nickel (1982) estimates the amplitude for the spin 1 case on 

the body centred cubic lattice using high temperature series methods. 

He does this by determining the difference in amplitudes between 

s = 12 and s = 	and assigning most of the difference to the 

amplitude for s =12,, an assignment which seems a trifle arbitrary. 

Nevertheless the value that he quotes is 

A(s = , d = 3) BCC = 0.13 . 	 (2.92) 

This value depends crucially on what value he takes for the correction 

to scaling exponent w. 	This number is taken from renormalisation 

group estimates but the series in c which determines w converges 

poorly and it is only by resuimxiing the series using Padé-Borel methods 

that the value w "- 0.5 is obtained. 

Roskies (1981) also estimates the amplitude for the same system by 
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high temperature series methods. He obtains his estimate directly 

without Nickel's arbitrary assignment procedure, but again this 

value is heavily dependent on the assumption w = 0.5. His bound 

on the amplitude is 

0.05 < A(s = , d = 3) 	< 0.07 	. 	(2.93) BCC 

While there is very encouraging agreement between (2.91) and 

(2.93) this must not be over-stressed. Indeed the comparison between 

(2.91) and (2.92) would be considered quite acceptable, given-the 

methods by which the results have been obtained. In obtaining the 

amplitude of the leading corrections to scaling as a power series 

in E from (2.87) and (2.88), it must be noted that the term of 

0(E) 15 of the same magnitude as the leading term. Additionally 

contributions to the amplitude contain terms in the series that 

determines w (which is poorly convergent as already stated). 

For the body centred cubic lattice the small amplitude can be 

attributed largely to the proximity of L 
*

to L = 1. We would 

expect this result to be valid to higher orders as the term of 

* 	 * 
0(E2) for g is small with g accurately estimated using the 

first two terms in the series only. In contrast the larger co-

efficient at 0(62)  for g*  for a simple cubic lattice means that 

* 
the value of g is quite likely to be changed when calculating to 

higher orders in c and no great confidence can be attached to 

* 	 * 
this value for g and hence L 

As a consequence of this uncertainty in the value of L 
*

for 

the simple cubic lattice we can attach no great confidence to the 

estimate for the amplitude for this lattice type. The much larger 
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amplitude can be attributed almost entirely to the fact that L *  

is not as close to unity as it is in the body centred cubic case, 

especially as the numerical coefficients at 0(E) in the ampli-

tude are very much of the same order for both lattice types. 

When we turn to the evidence available from high temperature 

series for the simple cubic lattice we are presented with differing 

conclusions from the same results. Both earlier work (e.g. Domb 

and Sykes, 1956, Sykes et al., 1967) and more recent work (Gaunt 

and Skyes, 1979) consistently failed to detect confluent singu-

larities for the simple cubic lattice and so this may indicate 

that a higher order evaluation of L 
*

might push it towards 

unity and thus lower the amplitude of these corrections given 

by (2.90). 

An alternative explanation has recently been put forward by 

Adler et al. 1982, and Adler (private communication). Prompted 

by Nickel's work (Nickel, 1982) they have examined the question 

of confluent singularities extensively and have generalised the 

approach to leave the correction to scaling exponent, w, as a 

free parameter so removing a major assumption in Nickel's and Roskies' 

work. They have suggested that the value obtained for the critical 

temperature depends on whether confluent singularities are included 

or not. It is still possible to obtain rapid convergence towards 

renormalisation group estimates for critical exponents despite 

ignoring the potential presence of confluent singularities. The 

amplitude of the confluent singularities merely causing a deviation 

of the critical temperature from its true value. In fact rapid 

convergence of exponent estimates from shorter series is quite 

possible when working with a false critical temperature that deviates 
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substantially from its correct value and so there is circumstantial 

evidence that the amplitude of confluent singularities for the 

simple cubic Lattice may indeed be quite large (Adler, private 

communication). Further work along these lines together with 

some re-analysis of the available series should settle this in-

triguing question. 

In summary we have found excellent qualitative correspondence 

between the variant Ising model studied by field theoretic tech-

niques and the Ising model examined by high temperature series 

methods. The quantitative agreement between the amplitude 

estimates from the two methods for the body centred cubic lattice 

is good while the less reliable field theoretic estimate for the 

simple cubic amplitude may nevertheless be in fair agreement with 

the properly interpreted high temperature series results. 

A variety of other renormalisation procedures could be applied 

to the model we have studied. These include a real space renor-

malisation scheme, perhaps based on a decimation scheme, but the 

complicated spin formulation, chosen for the property of giving 

rise to a pleasant field theory, makes this impractical. Attempting 

to use the Callan-Symanzjk equation directly in three dimensions 

(Baker et al., 1976, 1978) requires the use of renormalised coup-

ling constants, losing the essential connection to the bare para-

meters, as well as difficulties stemming from the presence of the 

six point interactions. For these reasons it seems likely that the 

analysis of this model in the chapter has been taken to its practical 

limit and so we must be content with the estimates we have obtained. 
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SECTION 2.8 	EXTENSION TO THE CLASSICAL UEISENBERG MODEL 

In this section we will consider the generalisation of the 

analysis of the preceding sections of this chapter to the case 

where the spin variable - 
	is an n-component vector. This will 

allow us to make predictions for amplitudes of confluent singu-

larities in the classical Heisenberg model. We will insist that 

the reduced Hamiltonian is 0(n) symmetric in the absence of the 

symmetry-breaking external field 

=12 E 	K.. !i.j + 	 . 	(2.94) 

Again we take the spin at site i, s, to be the sum of L 

copies of classical n-component spins a im ., m = 1, 2, ..., L 

normalised by a factor of L 2 

-i L 

-1 	
m=l im 

	 (2.95) 

with the constraint on the magnitude of the spins a 
im  
. 	(with a 

convenient normalisation) 

(2.96) 

The configurational sum over s. in evaluating the partition 

function Z becomes the product of L integrals over the solid 

angle of an n-dimensional hypersphere at each of the N lattice 

sites: 

--kT 	NL Z 	= 	e 	= 11H n 
(d-l)/21 

 d2 	e 	(2.97) 
{s.} 	1=1 m=l 	 J 	im 
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where the reduced Hamiltonian is expressed in terms of the variables 

—im 

Using a Hubbard transformation (Baker, 1962; Hubbard, 1972) 

to turn (2.97) into the partition function for an n-component field 

6. results in 

	

Z = C II 	II 
J  d 
	J D exp{- 	I 	K.. i 1=1 m=l 	m 	 i,j=l 

N 	 L -1  
+ 

	

	I 	+ B1). I L 	•im 	 (2.98) 
i=l 	 m=l 

where C is an overall constant. The integration over solid 

angles in (2.98) reduces to performing 

r 	 N 	 N L 
Z = C 

J 
D4 exp- 	I 	K. 	.•4'. { II 	II 

i,j1 	 1=1 m=l 

l
i  

it 

im 
n-2 

	

X (S 	dO 	sin 	8 	exp[(4. + H.)(Ln)2cos 0 ])} (2.99) n-lJ im 	m 
0 

where Sn_i  is the surface area of an n-1 dimensional hyper-

sphere and (4). + H.) is the modulus of (4). + H.). The one-

dimensional integral in (2.99) may be performed with the result 

(after dropping all terms contributing to an unimportant overall 

constant): 

N 	 N 
Z =  

f 
D4) exp{- 	I 	K. 	4. + I L £n 13 i,j=l 	 i=l 

	

I- 	- 	(4)+H) 1 n2L2   
(2.100) 

	

L 	1 	1 	 '/2-. 	n 2  L2 	- 

where 1(x) is a modified Bessel function of order v. This ex-

pression is analogous to equation (2.5) for the one-component case 
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with the 2-n cosh term replaced by a more complicated function. Note 

that the limit n - 1 does not exist. 

The interaction terms again may be obtained by expanding the 

Bessel function as a power series in 
1i for zero external field 

H.. We define a dimensionless coupling constant g by 

4!w 
g 

- 4(n+2)L (2.101) 

with w defined in (2.17) as the constant of proportionality in 

the unit cell volume. This definition (2.101) reduces to the one 

for the one-component coupling constant when n -* 1. The reduced 

Hamiltonian in the exponential of (2.100) may be decomposed into 

a term quadratic in the field and interaction terms ordered as a 

power series in g. Following the analysis of section 2 we intro-

duce the resealed variable in momentum space defined in (2.19) 

and so we arrive at the final expression in the thermodynamic 

limit: 

where Z - 

- 	 e 
f

D~
mt 	

(2.102) 

(2) 	1 	
BZ 

- 

	

	 = 	

- (2w)d I 	
d 
d k (A2K(k) 

- A2)±(k).j(-k) 	(2.103 

and 
3 	BZ 	 3 = gAC 1 	
II (J ddk (k.))±(- : k 

m ) mt 	4! 	3d (270j1 	 j1 

+ g 2 20(n+2) A22 	1 	( 1
BZ 

ddk 	
5 

3(n+4) 	6! 	
(k))±(_ E k ) 

(2ir)5d j

5 

=l 	- 	 - 	
m 

j =1 

+ 0(g3) 	 (2.104) 

In (2.104) scalar products between the n-component fields must be 

taken in order to maintain the 0(n) symmetry of the Hamiltonian 
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and all TJmklapp processes have again been kept track of. 

The development of the theory for this n-component model now 

parallels the discussion of the one-component model using the usual 

techniques for handling n-component fields. The vertex functions 

have the same diagrammatic expansions giving rise to the same in-

tegrals. There are two sources of dependence on the number of 

components; that arising from the coinbinatoric factors of graphs 

and that coining explicitly from the coupling constants in (2.103). 

In terms of the coefficients defined in (2.42) and (2.43) for 

11(t,A) and 12(t,A) the expression for the fixed point g* 

reads, 

* 	6 	 3(3n+14) g 	
= (n+8)B2 {1 + [ (n+8)2 + B

21(C2  - 

+ 4(n+2) A )] + 0(c2)) (n+8) 0 
(2.104) 

Inverting relation (2.101) to find L * in terms of g 
*

as before 

we obtain the following results for the simple cubic and body centred 

cubic lattices in three dimensions (using Table 1 for B2, C2, D2  

and A ) 
0 

	

L*SC(n = 2) 	= 	1.216 	 (2.105) 

	

L*SC(n = 3) 	= 	1.048 	 (2.106) 

	

L BCC  (n = 2) 	= 	0.880 	 (2.107) 

	

L BCC  (n = 3) 	= 	0.752 	 (2.108) 

* 
Again g expressed as a series in c appears to be more convergent 

for the body centred cubic lattice than the simple cubic lattice 

due to the smaller coefficient at 0(c) and so more reliance may be 

placed on (2.107) and (2.108) than on (2.105) and (2.106). 
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The analysis of section 5 for the susceptibility gives the same 

qualitative picture as before; that is modifying the relation be-

tween the susceptibility and the two point vertex function by a 

power series in g but with different numerical coefficients which 

are again independent of t and A. This allows the analysis of 

secion 6 to proceed as before to obtain the general form of the 

amplitude of the leading corrections to scaling as 

* 
A(g) 	+ 	''2+ + 	- '2 	-r3 + K

1K £n(g/g )] 

* 
+ O(c2)j[1 - g /g] 	 (2.109) 

with 	K= 
n+8 

(n+2)(n2+22n+52) = 
1(2 

2(n+8)3  

(-n +8n+68) = 
K3 

2(n+8)2  

(n+2) 

o 2(n+8)2  

YO 
	= (n+2) 

o 
(n+8)  

and 3(3n+14) 
(2.110) 

o (n+8)2 

Using (2.109) we may predict the amplitude of the confluent 

singularities for the classical Heisenberg model with n = 2 and 

n = 3 in three dimensions for the two lattice types with the results: 
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A(n = 	= 	0.216 

A(n = 	 (2.112) 

A(n = 2) BCC 	= 	-0.129 
	

(2.113) 

A(n = 3) BCC-0.359 
	

(2.114) 

Information from high temperature series for the n = 2 and n = 3 

classical Heisenberg model is much more sparse than for the Ising 

model and the shorter series do not enable accurate determinations 

to be made of exponents (see Rushbrooke et al., 1974, for a review) 

and no confirmation of the presence of confluent singularities has 

yet been reported. Again the estimates (2.113) and (2.114) are to 

be trusted more than (2.111) and (2.112) due to the smaller coef-

ficient at 0(c2) for g*  for the body centred cubic lattice. 

The most striking result from (2.113) and (2.114) is that the 

amplitude of confluent singularities for the n = 2 and n = 3 

classical Heisenberg model on a body centred cubic lattice should 

have the opposite sign from that of the Ising model on the same 

lattice and this qualitative feature may be easier to determine 

from high temperature series work. 



APPENDIX TO CHAPTER 2 

We wish to consider the evaluation of the integrals 11(t,A) 

and 12(t,A) defined in (2.40) and (2.41) and in particular 

determine the following coefficients in an c-expression of these in-

tegrals: 

11(t,A) = A0 A2 - 	B1t £n(t/A2) + C 1 t - +DictR,n(t/A2) 

+E1ct n2(t/A2) + 0(E2) 	 (2A. 1) 

and 

	

12(t,A) = 	
_B2in(t/A2) + C2 - D2cin(tIA2) + 	2cin2(t/A2) + 0(c2) 

(2A.2) 

We shall evaluate these coefficients for a simple cubic lattice in 

section 1 and for a body centred cubic lattice in section 2. An 

indication of why corresponding analyses for other lattice types 

may not be performed will be given when dealing with the body centred 

cubic lattice. 

	

SECTION 2A.1 	 SIMPLE CITRIC LATTICE 

The sum over lattice vectors in (2.27) for the effective propa-

gator may be explicitly performed for a simple cubic lattice of 

dimensionality d and lattice spacing A' with the result 

	

d 	k. 
1 

L cos— 

G 
0 

(k,t,A) = 	1- 

where k. (i= 1,..., d) are the components of the d-dimensional 

momentum and the co-ordination number of the lattice v = 2d. The 

momentum space integrals over the Brillouin zone of the lattice take 

2dA2K 	d 	k. 

	

c2A2E 	1 

K 	 cos 	 (2A.3) 
i= 1 	T  
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the particularly simple form for an arbitrary function F(k): 

BZ 	 irA 

I ddk F(k) 	H( J 	dk.)F(k) 
) 	 j=l -irA 

Using the foregoing two equations we end up with the explicit 

forms of (2.40) and (2.41): 

- 	d 	k. 1 
2E cos -K-- d 	(irA 	j=l 11(t,A) = 

	d 	
I 	dk ) 	 I (2A.5) 

(2ir) j=l 
-irA 	2dA2 	d 	k i 

	

__ 	 i I 
K - 2A2  E COST J - 	 1=1 

and 

- 	d 	k. 
1 	 12 

I 
I 1 d irA 	2E COST 

12 (t,A) = 	n ( I 	dk ) - 	i=l 	 I (2A.6) (2)d j=l 	 2dAK 	d 	k -irA 	
2A2 	 i I 

K 
	cos 

1=1 

We shall deal with 11(t,A) in detail and then sketch the corresponding 

treatment for the second integral. We start by rescaling the momentum 

k! = k.A 1  so that the momentum scale (in terms of the cut-off A) 

is made explicit. We will factor off A 	as this will be cancelled 

by a contribution of AC Coming from the coupling constant. Removing 

this factor and dropping the primes on the rescaled momentum leaves 

the following expression: 

2dK 	 1C 

11(t,A) = - A2 	( 
J 

dk.) [_l  + K _____ 
2dK 	d 

)j 
(2)d j=l 	 ____ 

-IT 	
L 	

( K C 	E cosk
i=l 

= 	-A2  + A2 	
d 
 fl ( 

f 
if 

dk.) ) 	 (2A.7) 
(2rr)

7r 	
z  

d j=l 	J y - 
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where 

2 dK 
C z 	

K 2d(l + tA 2) 	 (2A.8) = 	 = 

and 
d 

Y 	z - 2 E cos k. > 0 	for t > 0 . (2A.9) 
1=1 

In order to perform an s-expansion of (2A.7) we need to cast 

it into a form where the dimensionality d appears as a parameter 

in a one-dimensional integral. We are able to do so by writing the 

integrand Z/y 
 in (2A.7) as the result of having performed a 

Laplace transform: 

CO 

z, 

fo 
/y 	= 	dsze- 

Sy 
(2A. 10) 

which is well-defined as long as y satisfies the constraint 

(A2.9), i.e. not quite at criticality t= 0. The choice of using 

a Laplace transform was suggested by the form of the integrand. 

We wish to factorise the integrand so that the d-dimensional 

momentum integral reduces to a product of one dimensional integrals. 

This we can do because 

-sy 	-2dstJC 2  -2ds 
d 
 2s cos k 
e e 	 e 	e 	 (2A.(2A.11)- 	 = 	 11  

j=1 

which, after changing the order of integration, allows us to write 

for 12(t,A) 

-2dstA -Z 11(t,A) = -A2  + A2 
J  

ds {ze 	
e 2 

-2s 	Tr 
2scosk 	

d 
e 	dk] ) 7r 	f 

0 	 -It 
(A.12) 

This expression has achieved the object of making an expansion 

in c = 4-d possible and it can be put in a more transparent form 
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using the identity for the modified Bessel function of order zero 

I (2s) - j (71 2scosk 
0 	 - 271j e 	dk 

71 

(2A. 13) 

yielding the following expression for (2A.12) 

CO 

11(t,A) = -A2  + A2 
f 
 ds {2d(l + tA_2)e_2dSt[e 2SI(2s)]dy 

° 	
(2A.14) 

From this expression we wish to extract the coefficients A0, B1, 

C19  D1, E, defined in (2A .1) while neglecting terms of 0(c2) in an 

c-expansion or terms that are t/A2  down on the leading terms. We 

note that in taking the limit t -- 0 the integral in (2A.14) is 

well behaved so that the coefficient A0  is given by the expression: 

A 	=0 	-1 + 8fCO  ds [e 2 I (2s)] . 	 (2A.15) 

0 

To compute the remaining coefficients we note that 

	

e -2dstA 2  - 	= 1 - 2dstA 	
A 2 + (2d 	2)2 + 0(t6) - 1 

= 	-2dstA 2  e_t2+0(t2/A)] 	(2A.16) 

whereupon the final expansion in e = 4-d yields 

A 0  A2  - tJ {e41 -2 162[e-2 s 0 
I (2s)]}ds 

0 

-4stA2 2 2s + et ie 	16s [e 	I (2s)][in(e-2s  I (2s)) 

0 

0(c2) + 0(t2/A2) 	. 	 (2A.17) 
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From (2A.17) the coefficients B1. D1  and E1  can be extracted 

analytically from the asymptotic forms of the integrals for small 

tIA2  but the coefficients A and C1  can be obtained only by 

numerical methods. 

Corresponding treatment of (2A.6) for 12(t,A) leads to 

-8stA -2 
	

0 	
2s 12(t,A) 	1 	

f 
+ 	je 	[64s - 16][I (2s)e-  ]}ds 

co  
0 

-2 
-c 	e 	[I (2s)e_2S]14[(64s_ 16)9n(e_2SI (2s)) 

fco  

{ 8StA 
0 	 0 

0 

+ 32s - 4]}ds + 0(e2) + 0(t/A2 ) 	 (2A.18) 

from which B2, E2  and D2  defined in (2A.2 ) can be obtained 

analytically while numerical methods are necessary to obtain C2. 

These coefficients are listed in Table 1. 

SECTION 2 	 BODY CENTRED CUBIC LATTICE 

We will examine a body centred cubic lattice now, again with 

lattice spacing A 1  and dimensionality d. Corresponding to (2A.3) 

for the simple cubic lattice the effective propagaror is: 
d 	k. 

1 
2d 11  cosç 

(2)  
2dA2K 	

2d 	k. c 	 1 
K 	- 	cos_x. 

1=1 

- 
0 (2k. 19) 

where the coordination number of the lattice v = 2d and we have 

used an identity to rewrite the sum over the lattice vectors as a 

product of cosines. The Brillouin zone of a body centred cubic 

lattice in d dimensions is very complicated but there is a 

fortunate simplification for integrands of a certain functional form: 
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1 jBZ d 
cos 

(2rr)d 	 1=1 

TrA 

	

d 	k 	d 	k - 	1 	
il C 

J  d
'1k.)F( II cos- 	+ F(- II cos (211)d •l 
	

-1TA 	i=l 	 1=1 

(2A.20) 

This relation can be proved using the symmetry properties of the 

Brillouin zone. We can now proceed in an analogous way to the simple 

cubic case as we have limits of integration that are independent of 

the integration variables. 

When dealing with other lattice types such as the face centred 

cubic we are defeated when we try to carry out a similar analysis. 

The sum over lattice vectors cannot be recast into trigometric 

functions of only one momentum component which prevents the inte- 

- 

gral from being factorised into d independent one-dimensional 

integrals. 

Again we shall analyse 11(t,A) in detail and just state the 

corresponding result for 12(t,A). The particular forms for these 

integrals on a body centred cubic lattice are given respectively by: 

k. 
irA 	 2d 11  cost d 	

j=l 

	

A) = 
	d 	 . 

1 	
C 	dk) 2 
	 d 	k. -
dA2K (27) i=l - 
	d 	

cos - 	 K 	
j=1 	

2A 
 

k. 
2 11 cos- 

- 	j=l 

2dA2K 	 k 	
(2A.21) 

	

+ 	II cos . K c 
	

2A 
j=l 



7112 	r 

	

11(t,A) 
=A2 

 d 
T1  (1 	dk) L 2 + i 

	

7r i1 I 	I 
-ir/2 

K/K c 
d 

K/K - 11 	cos k. 
c j=1 

K/Kc  

K,K+fl cos k. c.1 	j 
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d 	k. 	2 
1 11 Cos2A d 	rA 	

ii 
1 

II (J i d  dk 	

] 

12(t,A) = (2)d • 
	

-A 	 - 	
cos K 	

j=l 

k. 	-2 

2dA2K 	 k I 	c 2d 	j 
L K 	

j=l 
(2A.22) 

In (ZA.21)  we will rescale the momenta k! = k./(2A) to make 

the momentum scale explicit and again a factor of AC will be 

peeled off. This change of variable (after dropping the primes) 

leaves the following expression for (2A.21) 

A2 	
) 

	

= 	-2A2  + 
Tr 
d ( I 

7r/2 dk I 
	l + ay + 1 - y 	

(2A.23) 

- 
where 

d 
y 	= 	II 	cos k 	1< 	1 	 (2A.24) 

j =1 

K 
and 	a= 	c/K = (1 + tA 2)1  < 1 	for 	t > 0 	(2A.25) 

Here we have introduced the variables y and a in equations 

(2A.24) and (2A.25) in order to make use of an inverse Mel]rn transform: 
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i i 

y<l; 	in 
Y) 	

e 	F(m,s,s+l;±a) 

(1 ± 

ds 
 = 2iri y>l; 	 S 

C-io (2A.26) 

where F(a,b,c;z) is the hypergeometric function, in is a positive 

integer, s is a complex variable and with cz < 1 and 0 < ReC < 1 

for the integral to be well defined. The choice of representing the 

integrand of (2A.23) in such a fashion was made to decouple the in-

tegration variables into a product of components so that the d-

dimensional momentum integral factorises allowing an expansion in c. 

To do this we substitute (2A.26) into (2A.23) and change the order 

of integration. 

A2 	
[F(l,s,s+1;c) 11(t,A) = -2A2  [ 2-Tri f 	S 

C-i 

ir/2 

	

+ F(l,s,s+1;-c)U-1- 	dk 
J 	

e -sincosk I d 
(LA.27) 

Tr -ir /2 

(2A.24) may be restated in a more useful form using the identity: 

IT/2 
-sncosk = r 

r(4 
dk  e 	 - 2 1 for 	s < 1 	(2A.28) Tr fs 	2 

—Tr /2 	 L r(i - 	J 
ving 

C+i° 
A2 	

[F(l,s,s+l;c) 11(t,A) = -2A2  + — 2ii J 
C- i° 

1 s d 
r + F(1,s,s+l;cx)] 	

- ) 2 

This integral may be evaluated by contour integration techniques. 
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It may be closed at infinity in the negative half plane with a 

vanishing contribution to the contour integral (2A.29) is then the 

sum of residues of the integrand in the negative half plane. The 

hpergeometric functions have poles for s equal to a negative 

integer, n, 

urn s - -n, nO; F(',s,s+l;a)s 1  -- r (-n 	n 
)(v)(-l) a n  

x F(v+n, 0, n+l;a) 	 (2A.30) 

where F(v+n, 0, n+l,a) 	= 	1 	 (2A.31) 

and 	(\)) 	= 	
+ 	

. 	 (2A.32) 
r () 

Here we. have shown that the residue from the hypergeometric 

function is proportional to the residue of the gamma function through 

(2A.30) plus a contribution for $ = 0 leading to the final result 

from (2A.29) 

CO n -n 
(1) 11(t,A) 	= 	-2A2  + 2A2  + A2 Z (a n! 
	[rci 	 n nl 	 +  

2m,  LCO 	

"+ + m)i 	
. 	 (2A.33) = 2A2  a 

m=l 	Lri + m)7r2J 

From (2A.33) we wish to extract the coefficient of the quadratic 

divergence A0  defined in (2A.1) which we may do directly by letting 

a = 1 (t=0) as the resulting sum is convergent. Subtracting off 

the quadratic divergence from (2A.33) results in 

d 

1 	 2 	2 	2m 	
Fr( 
F(+rn)1 1(t,A) - AA 	= 2A 	Z 	(a 	- 1) 
	2-j 	

(2A.34) 

	

m=l 	 +m)7r 

which we may rewrite using (2A.25) for a as: 
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11(t,A) - AA2 = 2A2 E (1 - 2mt/A2 
+ 2m(2in+l) 2i 	+ 

M=l 

0(t3/A6) - 1) Er(+m) 
Lrl 

- 4t E mum [r(+m) I I + 
m=l 	r(l+m)ff 2J 

00 	 4 

= 
- 4t Z ma In ______ 

m=l 	r(l) Tr j + 

+ 4tc E ma 
In

[r=l 

+Ifl) 

:+M) ~T 2 m 	r(l)
kn 

j 	Lri 

+ O(t 2 /A') + 0( 2) (2A.35) 

The coefficients B1, D1 and El (defined in (2A.1)) can be ex-

tracted analytically by examining the asymptotic form of the high 

order terms in the sums. The coefficients A and C1 must be 

determined by summing the series numerically. 

The corresponding expression for (2A.22) for 12(t,A) is: 

1 CO 
	

E 12(t,A) = 	 '(4m-2) 
[r(+m)1 - E 

CO 	
21fl(42) 

2 rn-i 	 r(l+,n) 	7r m=1 

_______ 	E F(+m)l + 0(E2) + 0(t2 /A) (2A.36 
Lrl 	I 	Lrci] 

B2, D2 and E 	(defined in (2A.2)) can be obtained analytically 

from (2A.36) while C2 can be obtained numerically. 
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CHAPTER 3 

In this chapter we will calculate certain non-universal 

quantities of interest for a quantum field theory set up on a lattice. 

These quantities will be those that relate estimates for meson masses 

and decay constants obtained by non-perturbative methods on the 

lattice to the experimental results in the continuum. Our approach 

will be similar to that of Karsten and Smit (1981) in that we shall 

deal with currents on the lattice and related composite operators 

which may be identified with mesons via the ci-model. We will review 

the status of currents and their algebra in the continuum before we 

move on to discuss the differences that crop up when using a lattice 

to regularise the theory. When we have sorted out the appropriate 

analytical considerations we shall move on to calculate various 

Feynnian diagrams contributing to renormalisation factors for certain 

composite operators and currents which will yield the required 

relations between lattice and continuum estimates. Finally we shall 

discuss our results in the context of future developments in lattice 

gauge theories. The bulk of this work has been published (Meyer and 

Smith, 1983). 

SECTION 3.1 QCD AND CURRENTS IN THE CONTINUUM 

The theory we will be considering in this chapter is the one 

which is the candidate theory for describing the strong interactions 

of elementary particles; quantum chromodynamics or QCD (see Marciano 

and Pagels 1978 for a review). It is an attempt to capitilize on the 

success of QED, the gauge theory of electrodynamics, but generalising 

the gauge freedom to incorporate the non-abelian nature of the gauge 

group. It is a local gauge theory where the gauge group is SU(3) of 



colour, with an octet of gauge particles (gluons) in the adjoint 

representation of the group which interact with the fermions of the 

theory which are quarks in the fundamental representation of SU(3). 

This theory has its work cut out for it as it must explain the 

phenomenon of quark confinement which binds the quarks into mesons 

and baryons whilst allowing asymptotic freedom of the quarks at 

short distances under very energetic probes. This necessitates a 

weak effective coupling constant at small distances but a large 

effective coupling constant at large distances. We know from the 

examination of the spectra of particles that there are several flavours 

of quark and we wish to include this approximate flavour symmetry in 

our model. The fact that the colour interactions ignore the flavour 

of the quarks lets us write the fermionic part of continuum Lagrangian 

density for QCD as; 

= E(x) [i1 	- gTdGd] (x) - m(x)(x) 	 (3.1) 

We have formulated our theory in four dimensional Euclidean space so 

that the summation over ix runs from one to four with no preferred 

direction. GCI(x) denotes the gluons in the adjoint representation of 
11 

SU(3) colour with the associated matrix in colour space Td  (d = 1-----8). 

t(x) and x) denote the quark fields in the fundamental representations 

of both SU(3) colour and SU(N) flavour with the spinor, colour and 

flavour indices suppressed as have been the summations over colours 

and flavours in the Lagrangian. The y-matrices have been chosen to be 

anti-hermitian and satisfy {y,y} = 	This choice is for 

convenience only and does not affect the calculations we will perform. 

The coupling constant of the SU(3) gauge group and the fermionic mass 

are denoted by g and m respectively. 
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When we examine the behaviour of (3.1) under transformations of the 

various fields we note that the gauge fields are flavour singlets 

and so there will be additional symmetries apart from the built-in 

gauge invariance of the full Lagrangian under SU(3) colour. As the 

Lagrangian is a flavour singlet it will have a global SU(N) invariance 

which we can put together with the following transformations in 

flavour space that will affect the fermionic part of the Lagrangian 

only, characterised by the parameters e and 

exp(1OVA /2) 1(x) 	 (3.2) e  

and 

(x) + exp(iOAI5 el X/2) (x) 	 (3.3) 

with corresponding transformations for i(x). x12 are matrices in 

the adjoint representation of SU(N) flavour (e = 1,.... ,N2-l) plus 

the unit matrix Xo/2 	The Lagrangian is invariant under the 

transformation (3.2) giving rise to a family of conserved vector 

currents via Neother's theorem; 

Vc(X) = 	T(x)-y.p(x) 	(e = 1...... N2-l)
112 lie 

where the superscript denotes continuum. Applying Noether's theorem 

to the chiral transformations (3.3) gives rise to axial currents, 

x 
Ac 	(x) = 	T(x)y -y5..(x) 	(e = O ...... N2-l) 	 (3.5) i.ie 11 

which satisfy the following divergence equation 

AC (x) = 2m(x)iy5p(x) 	 (3.6) .i pe 



Myz 

These axial currents will only be conserved in the limit of massless 

quarks, which appears to be a fairly good approximation in the 

continuum. This can be related to the low mass of the pion 

which would be the massless Goldstone boson of spontaneously broken 

chiral symmetry if the theory did possess full chiral symmetry by 

the vanishing of the quark mass term. 

Currents of these types were brought into prominence by a 

fairly successful phenomenological theory of weak interactions. For 

weak interactions an effective Lagrangian can be defined in terms of 

current-current interactions where the total current is of the form 

vector current minus axial vector current. The fact that each current 

is in the adjoint representation of the flavour group means that 

current commutators satisfy the Lie algebra of the group giving rise 

to relations involving the structure functions of the group like 

c 
[Vc(x),  Vcf(y)] = if 

efg  V 
 ig (x) (x-y) 
	

(3.7) 

with corresponding relations for the axial currents. This permitted 

relations between matrix elements for various weak decays to be 

derived and then compared to experimental values where a fairly good 

agreement was found. 

It should be noted that the L}IS of equation (3.6) has the same 

quantum numbers as the pion. This suggested a connection between the 

pion and the axial vector current. This connection can be firmly 

established by considering the oP-model proposed by Gell-Mann and 

Lvy (1960). 

The a-model is a field theoretic model which displays chiral 

symmetry and partial conservation of the axial current (see Lee 1972 

for a review). The a-model has massless quarks in the fundamental 
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representation of STJ(N) flavour and scalar and pseudoscalar bosons 

in the (N,i) + (i,N) representation of the flavour group denoted by 

a. and ri. (j=0 ...... N2-l) respectively. The Lagrangian for the system 

can be written 

0L =0L. 	SB 	 (3.8) 

where 

SB = ca0(x) 	 (3.9) 

and 
N2-1 

L 	=7(x) [ + E 	y(a. (x) + iy5r (x)) - ]x) 
j=0 

N2-1 	 N2-1{
a  + 	

E 	
+ (Vir.(x)) 

j=0 	
2] _. Z 	+ 

3
.2(x)] 

2 	
2x  

	

- 	 2 

-* IN2 

1 	
2(x) + 

	

j=0 	3 	 3 	
) ) ] (3.10) 

The total Lagrangian in (3.8) has been split into two terms; 

given by (3.10) has a chiral STJ(N) 0 (SU(N) symmetry while LSB  

is the explicit symmetry breaking term given by (3.9). The form of 

(3.10) gives rise to spontaneous symmetry breaking; the direction 

of this symmetry breaking is chosen to be the a0  direction by the 

term of (3.9). We note that the scalar and pseudoscalar fields are 

degenerate in mass, interacting with themselves with strength h 

and with the massless quarks with a coupling constant y. Under 

local transformations in flavour space with the parameter n(x) the 

scalar and pseudoscalar fields transform as 
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and 

1 	1 
+ cY.(x) -f13kn(x)ck(x) 

lr.(x) - 	lr.(x) - ijk n.(x)trk(x) 

(3.11) 

(3.12) 

where the fijk  are the structure functions of the group defined by 

{x., x.] = 21ijk 	 (3.13) 

Under a chiral transformation with the parameter n.(x) the fields 

transform as 

cr.(x) •+ c.(x) - d.. n(x)yTr(x) 	 (3.14) 1 	1 	ijk . 	S k  

and 

jk j 
1T 
1 
.(x) + ir 

i  (x) + d i 	n(x)y 5k (x) 	 (3.15) 

where we have introduced the anti-commutator of the A-matrices, dijk, 

defined as 

	

{X., A. 	
ijk 

} = 2d . A 

	

1 3 	 k (3.16) 

Armed with these relations for local transformations in flavour 

space we may examine the currents and their conservation properties 

in the presence of the symmetry breaking term of (3.9). The vector 

current is given by the expression 

Vc(X) =T(x) yLe  (x) + f 	(x) 	(x) 	 (3.17) efgf 	P  

and is conserved while the axial vector current is given by 

Ac (x) = 	 Xe(x) -defg[11 (x) a (x) - a(x)rr(x)] lie 	 2 	 f 	pg 	f 	f  

(3.18) 
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and satisfies the following divergence equation; 

3 AC  (x) = -c4 (x) 	 (3.19) .i 1 e 

where the/
2-  

factor arises from the normalisation of A0. 	(3.19) is 

a very important result identifying the non-conservation of the axial 

current with the pion. This is the PCAC (partial conservation of 

axial current) result. When we examine the effects of the non-zero 

expectation value of the a field by defining a new field with a zero 

vacuum expectation value we find that the Lagrangian now possesses 

a mass term for the quarks and that the masses of the scalar and 

pseudoscalar particles have been altered. The overall result is that 

we may rewrite the PCAC relation as 

3 AC  Cx) =27r W 
p Ile (3.20) 

where m is the experimentally measured pion mass and the pion decay 

constant is introduced through the definition of the matrix element 

of the axial vector current between a pion state and the vacuum as 

-ipx <0 	
IA lie 

C (x)I 	 p r ef 
f(P)> = ip f 6 e (3.21) 

A similar relation connects the decay constants of the vector mesons, 

p, to the matrix element of the vector current between a p-meson state 

and the vacuum. 

<0 IV W1I Pf(P)> = 	
-1  

m f 6 e -ipx 
pe 	 ppp ef 

(3.22) 

_.1 
where the mass of the p-meson is denoted by m, f denotes the inverse 

of its decay constant and c is the polarisation vector of the p meson. 

We can use the PCAC result to obtain a formula that has been used 



to estimate the pion mass and decay constant. The derivation is 

straight-forward in the continuum but will require some modifications 

when examined on the lattice. We consider the following matrix 

element integrated over the three coordinates x1, x2, x3  , and 

depending only on the fourth coordinate, x, 

D(x) = fd3x <0 I Ac (x)  Ac  (0)1 0> 	 (3.23) ppe 	ppe 

This expression is also known as the time slice propagator. 

We can insert a complete, normalised set of one particle states 

into equation (3.23). The spatial dependence of the matrix element 

can then be expressed in terms of propagators of these single particle 

states. We can take the fourier transform of this expression and 

use our knowledge of the scalar and pseudoscalar propagators, 

G 2 (k,m) = (k22 -1 +m) (3.24) 

to write 

2 
D(x14) = 

Id k -ik1x1 (2) 
e 	G 	(k,m)I<0Ia Ac (X)17r (x)> 	(3.25) 

7r 	ii Pe 	e 

We have assumed that the integral will be dominated by the pole closest 

to the origin, that corresponding to the pion, the particle with the 

smallest mass, to discard other one particle states. When we evaluate 

(3.25) by contour integration techniques we arrive at 

-in x 

D(x14) = 	
2 Tr 4 	

<0lA(x)17r(x)>1 	 (3.26) 

By using the PCAC result this expression allows the pion mass and f Tr 

to be calculated from a knowledge of the spatially averaged matrix 

element of the divergence of the axial current. 

So far our discussion has been limited to results valid at the 
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classical or tree level without descending into the depths of 

perturbation theory. For a quantum field theory one can also set up 

a Feynxnan diagrammatic perturbation theory in the coupling constant 

g. It will have a slightly more complicated form due to the presence 

of fermions and gauge fields but again matrix elements of operators 

correspond to the appropriate Green functions and can be decomposed 

into vertex functions as before. We shall not go through any 

discussion of specific relations until we study the lattice theory 

but make some general comments and state a few operator relations. 

In principle we would expect every operator to suffer a 

renormalisation by a power series in the coupling constant g that 

modifies its tree level strength or behaviour. For a quantity that 

is conserved however, such as the vector current, which satisfies 

commutation relations with fixed coefficients, that quantity will not 

suffer any renormalisation. The axial vector current is only conserved 

when the theory is chirally invariant, i.e. no mass term, and so its 

approximate commutation relations may be modified as the current 

suffers a renormalisation when the chiral symmetry is not exact. When 

the symmetry is broken with a soft operator (such as the mass term) 

then most of the renormalisation structure is preserved and the 

renormalisation is purely multiplicative with no mixing. One of the 

most important results to emerge from perturbation theory is that 

equation (3.20) is modified at first order in g2  to read; 

c 2 
A (x) = f m2r (x) - i- C I F (x)F (x)rS 	 (3.27) i Pe 	iT It e 	

2r2 	pvp 	pv 	pa 	eO 

This is the famous Adler-Bell-Jackiw anomaly (Adler 1969, Bell and 

Jackiw 1969) where c JIVPa  is the totally antisymnietric tensor in four 

dimensions and F(x) is the standard gauge field tensor and this 
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additional term is summed over all colours. • This unexpected term is 

very welcome as it allows the flavour singlet mesons to decay into 

photons, a commonly occurring decay, one which would have been forbidden 

by (3.20). It is also responsible for the mass difference between 

the flavour singlet mesons and the flavour triplet mesons. Armed 

with this knowledge of perturbative effects and currents in the 

continuum we can now examine the lattice version of QCD. 

SECTION 3.2 	LATTICE GAUGE THEORIES WITH WILSON FERMIONS 

As was pointed out in the previous section we need to examine 

the entire range of the coupling constant in QCD but we find that the 

usual field theoretic perturbation expansion locks us firmly in the 

region of small g. In the field of statistical mechanics there 

exist a variety of methods for handling lattice spin models including 

high and low temperature series expansions and, for small lattices, 

explicitly calculating thermodynamic averages with the Boltzmann 

weight using Monte Carlo techniques. These methods offer the strong 

coupling expansions and non-perturbative calculation schemes that 

QCD needs to explain quark confinement and to investigate the phase 

structure of the theory. A four dimensional Euclidean lattice would 

also provide a regularisation scheme for field theoretic calculations 

as a preliminary to the complete process of renormalisation. A start 

was made by considering how a pure Yang-Mills theory could be 

represented on a lattice retaining the local gauge symmetry on the 

lattice and reducing to the standard theory when the continuum limit 

of the lattice spacing going to zero was taken. This required some 

new ideas but was implemented relatively easily (Wilson 1974, 

Polyakov 1975, Wegner 1971). When quarks are introduced a major 



problem is encountered, that of species doubling. Taking the naive 

lattice discretisation of (3.1) leads to a fermion propagator with 

the property that in addition to a pole for zero mass and zero external 

momentum corresponding to the physical fermion, the periodicity of the 

lattice forced further poles for any momentum component on the Brillouin 

zone boundary. This problem of producing spurious copies (15 in 

four dimensions) is a generic problem of fermions on a lattice 

(Nielson and Ninomiya 1981) and can be traced to the fact that the 

kinetic term contains only one derivative as opposed to two derivatives 

for a scalar or gauge field. This species doubling problem has been 

understood much better recently through the analysis of the Kahier-

Dirac equation (Kahler 1962), stressing the importance of differential 

geometry and its manifestations on the lattice (Becker and Joos 1982). 

For a comprehensive recent review of the entire field see Kogut (1983). 

For calculational purposes we must remove the extra species 

of fermion leaving us with the physical particle only. There are 

several methods of doing so such as the Kogut-Susskind method of 

diagonalising the action (Kogut and Susskind 1975) but we shall 

focus our attention on Wilson's method (Wilson 1977). This method 

utilizes the fact that we can choose any lattice action that reduces 

to the continuum action in the continuum limit. He introduced extra 

terms into the action, controlled by the parameter r, which 

explicitly break chiral invariance for any fermion mass and which 

altered the masses of the spurious 15 fermions in such a way that 

they will go to infinity as the lattice spacing goes to zero. Wilson's 

action is 
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S = ICE j- {T(x) (_ir)U x+a /2 (x+
11 	11 	P 
a) (Y+ir)U (x+a /2.)P (x) } 

- N(x)4(x) ) + S(U) 
	

(3.28) 

where a is the lattice spacing, a denotes the unit lattice vector 

in the p—direction, the sum over x is over the sites of the lattice 

and S(U) is the pure gauge part of the action. The unitary matrices 

of the SU(3) colour symmetry are denoted by U(x+a/2) which are link 

variables as opposed to the fermions which are located on the sites 

of the lattice. We will work with the following parameterisation 

of the unitary matrices in terms of the gluo. ns; 

U(x+a12) = exp(iagTdG(x+apI2) ) 	 (3.29) 
11 	11 

where T d  are the hermitian colour matrices in the adjoint representation 

of SU(3). The parameter M in (3.28) is the bare fermionic mass term 

and it should be noted that it will contain both the physical quark 

mass plus a term to ensure that when the continuous limit of (3.28) 

is taken then the terms involving the parameter r are cancelled. 

For (3.28) to correspond to (3.1) we see we need (at the tree level) 

N = m+- 	 (3.30) 

where m is the experimentally measured quark mass. 

For calculational purposes it is most convenient to consider 

vertex functions of the theory in momentum space. We can obtain the 

necessary Feynman rules for a diagrammatic expansion by taking the 

discrete fourier transforms of the fields in (3.28) and taking the 

thermodynamic limit to generate momentum space integrals over the 

Brillouin zone of the simple cubic lattice of spacing a. The results 
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Figure 6 - Feymnan rules for lattice QCD 
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Figure. 7 - Quark self energy diagrams 



of this are listed in figure 6 but a few remarks are appropriate. 

Figure 6(a) for the quark propagator shows the importance of the 

parameter r in controlling behaviour at the Brillouin zone boundaries 

k 1 = ±/a* Taking the continuum limit, a 0, in any of these rules 

restores the standard continuum rules including the vanishing of 

the anomalous quark-two gluon vertex shown in figure 6(d). The 

appearance of this anomalous vertex is similar to the 06(x) interaction 

of the last chapter in that it is down by a factor of the coupling 

constant on the most relevant interaction and has an additional 

dimensional factor of the lattice spacing. 

Armed with these Feynman rules we can examine the question of 

mass renormalisation by considering the quark self energy at zero 

external momentum. The diagrams contributing to the self energy 

are shown in figure 7 where the usual diagram 7(a) is supplemented by 

7(b) containing the anomalous vertex of figure 6(d). After evaluating 

these graphs we arrive at the result for the two point vertex function 

r 2 (o;g,M,a) = M _L+  g2Lf(r) 	 (3.31) 

where f(r) is a complicated function of r which is finite in the 

limit r - 0. The total contribution at 0(g2) is plotted in figure 8 

on the following page in units of a 1. This shows that the tree level 

relation (3.30) will be modified to read 

M = m + M = m + L(4 - f(r)g2) c 	a (3.32) 

and we will express the renorinalised propagator as 

k a 

G(2)(k,m,a) 	
a(am - 2rEsin .-- - r sink' a) 

= 	 Ii 
k 	2 

1Esin2k a + (ma-2rsin2  .-_ )2] 
11 	11 	 11 

(3.33) 
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a much simpler expression than that for the lattice spin model of 

chapter 2. This provides us with the basic calculational tools we 

need for our perturbation expansions but we must find a means of 

making contact with the other methods of calculations. 

The main non-pertubative calculational scheme is based on 

computer simulations using Monte Carlo techniques. To calculate the 

expectation value of an operator we must perform the functional 

integral of that operator over all possible values of the fields. 

The weight we must use is the Boltzmann factor, eS,  where S is the 

action given in (3.28). This is equivalent to summing over all possible 

configurations but even for a small finite lattice such explicit 

calculations are not feasible. Instead we may approximate this by 

a weighted sum over the more important, i.e. close to equilibrium, 

configurations. In the Monte Carlo approximations we start by generating 

a series of configurations with the correct statistical weight using 

an appropriate algorithm for the gauge fields only. When we consider 

quark dynamics we work within the quenched approximation where 

dynamical quark loops are omitted and there is no feed-back to modify 

the gauge configurations. We can calculate the quark propagator in a 

fixed background field and from a knowledge of this propagator we can 

calculate the expectation values of correlation functions of composite 

operators, those corresponding to masons and baryon, by averaging with 

the Boltzmann weight. This is a direct non-perturbative method for 

calculating the expectation values of those operators of interest. 

Given that such non-perturbative calculations can be made, what 

is the value of performing such weak coupling perturbation theory 

calculations? Though the calculations mentioned above are non-

perturbative they are not made using the continuum action of QCD but 
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that of a lattice version of QCD. In particular an extra parameter 

r has been introduced to remove the problems of species doubling. 

It explicitly breaks the chiral symmetry of the action for zero 

quark mass. It has been introduced in such a fashion so that all 

trace of it vanishes when the continuum reduction of the lattice 

action is performed. It is a parameter that is not necessary in 

the continuum and so we would like both the continuum action and the 

lattice action to have the same fixed point. This would require r 

to be an irrelevant parameter, something not immediately obvious 

from its profound affect on the symmetry of the action. Even though 

the terms proportional to r may be irrelevant operators we know that 

they may affect the approach to the fixed point and its associated 

scaling behaviour. In particular it may affect the rate of convergence 

in computer simulations which attempt to work in the region corresponding 

to the continuum value of the coupling constant. What are the 

qualitative effects of introducing a.--physical lattice into the theory 

and does the size of the lattice spacing have any qualitative effects 

on correlation functions? Such questions can be answered by 

considering the weak coupling expansion and its related renormalisations 

as we shall demonstrate in the following sections. As an important by- 

product we are able to relate estimates obtained by computer 

simulations on a finite lattice and fixed r to the corresponding 

experimental results in the continuum. 

SECTION 3.3 
	

CURRENTS ON THE LATTICE AND THEIR RENORNALISATION 

We will study the effects of local transformations in flavour 

space on the lattice action (3.28). The transformations on the quark 
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fields we will consider are (in the notation of equations (3.2) and 

(3.3)); 

VA 
+ exp(iage 	) x) 	 (3.34) 

and the chiral transformation, 

iIi(x) + exp(iage A  y 
Ae  

5 y-  ) 
*(x) 	 (3.35) 

with corresponding expressions for (x). Following Kcsten and Smit 

(1981) we shall make this transformation in the r-independent terms 

of the action (3.28) only; from which we obtain the following currents 

a vector current 

V(x) = I f P(x)-rPU(x+a/2)ip(x+a) + h.c. } 	 (3.36) 

satisfying 

LiV(x) = 	
{ ( 	 + h.c.1 - 	-'- x_ap lie 	 ] . 

where h.c. denotes hermitian conjugate (see the appendix for details) 

and 	is the difference operator satisfying 

1 
Li f(x) = - [f (x) - f(x-a)] 	 (3.38) a 

corresponding to the continuum derivative; 

an axial vector current 

A 	(x) =' {7(x)y A y Ti 
.i  (x+a/2)P(x+a) ) + 	h .c.} 	(3.39) pe 	 p e5 

satisfying  

Li A (x) = 2MT(x)iy5  X (x) - 	[(x) i'y A U (x-la /2)(x+a )+h. c.] p p  2ap 	5 e 	 p 

[x + x_a] 1 	 (3:40) 
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It can be seen that neither of these currents is conserved on the 

lattice even in the limit of zero quark mass and therefore we would 

expect both of them to be renormalised. 

When we make transformations (3.34) and (3.35) on the quark 

fields for the whole action we obtain two further currents. The 

vector current is conserved on the lattice i.e. it satisfies 

V W= 0 i lie (3.41) 

where the definition of V is 

.1 	e 31 
V 
pe  (x) = 

	

	{(x)(y' -ir)A U (x+a1
.1/2 

 )4i(x+a u ) + h. c. } 	(3.42) j  

The axial current we obtain is a stranger object 

A (x)= ' {7(x)(y-ir)y5 X U (x+a 	)i(x+a ) + h.c. } lie 11 	e 1 	l.1/ 	P 

+ sT(x+a 11 )ii5Xp(x+a) 
	

(3.43) 

It has been necessary to add the extra term with the coefficient s 

as the terms proportional to r add in this case (as opposed to 

cancelling for V) in the continuum limit. The parameter s must be 

adjusted to cancel these terms in that limit to give a current with 

the correct properties. The tree level value is s = r but again 

this will receive contributions from the perturbative expansion in g. 

This current satisfies a divergence equation of the form 

A (x) = 2MT(x)iy5 	r 

	

A i(x) - - {p(x-a )iy A U (x-a 	)(x) + h.c.] 
V ie e 	

a 1.' 	
p 	5 e 	P12-  

+ S [T(x+a)iy5A(x+a) - (x)iy5 X(x)] 	(3.44) 

a relation similar to (3.28) for Ape(x)  apart from an extra term 



involving the parameter s. It is terms of the form of this extra 

term that will give rise to perturbative corrections to the tree 

value s = r. 

We have a great freedom of choice as to what we may take to be 

the currents in our lattice theory. All that we require is that in 

the continuum limit they should have the same form and properties 

as do the continuum currents Ac  (x) and V' (x). The currents we have 
lie 	Pe 

defined so far have arisen by considering the transformation properties 

of the lattice action (3.28), the same method we used to obtain the 

continuum currents. They do not have the same structure as the 

continuum currents however and we will define two more currents which 

are purely local on the lattice and formally look the same as the 

continuum currents, 

V ue(x) = 	x)yX(x) 	 (3.45) 

and 

A "Pe(x) = 	(x)yy5 Xip(x) 	 (3.46) 

These currents obey very complicated divergence equations but due to 

their locality on the lattice they may be much easier to use in 

computer simulations and so they are worth some study. 

We have now defined some currents of interest and can move on 

to calculate their finite renormalisation factors before showing 

how these factors can be used to relate lattice and continuum estimates 

of meson decay constants. 

The renormalisation factors for the currents apply to the currents 

viewed as operators and so we may calculate them by considering any 

convenient matrix element. We shall use the one quark matrix element 
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of the currents as it is both the most natural to use and the easiest 

to evaluate. In the continuum we expect currents to couple directly 

only to quarks. It is most convenient to evaluate the appropriate 

vertex function in momentum space at zero momentum transfer where 

we can write the matrix element in terms of the vertex function for 

a current X as 
Me 

<PJX lie (0)IP> = Klu(p)rX(p,p)u(p) 	 (3.47) 

where we sandwich the vertex function between two spinor wavefunctions 

of momentum p and K1  is the renormalisation factor for the quark 

field. It is the residue to the quark propagator and we can calculate 

this from the quark self energy diagrams of figure 7 at non-zero 

external momentum. We know that these vertex functions in the 

continuum have the forms, 

V :() r: (p,p)u(p) = 	(P)Yp AeU(P) 	 (3.48) 

and 

c (p,p)u(p) = UT5 eU(P) 	 (3.49) lie 	 11 

in the limit of zero quark mass. Strictly speaking we should have 

the form factor at the appropriate momentum in (3.48) and (3.49) but, 

in anticipation of later remarks, we shall consider the form factor 

at zero momentum and normalise it to unity. It should be noted that 

(3.48) and (3.49) are valid to all ordersin perturbation theory and 

receive no corrections as both the vector and axial currents are 

conserved in the continuum for massless quarks. For our lattice 

currents, which apart from 'Qe(x)  are not conserved Ob the lattice, 

we expect (3.48) and (3.49) for vector and axial vector currents 
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respectively to be modified to read; 

(p)rX(p,p)u(p) = Kx(p)y 11 Xu(p) 	 (3.50) 

and 

p)rX(p,p)u(p) = 
	
jX 	 (3.51) 

where KX  is a power series in the coupling constant g. We may 

combine (3.50) (or (3.51)) with (3.47) to yield an expression for 

the overall renormalisation factor for the current X 
pe 
 (x), Z, as 

<pIX(0)Ip> = ZXu(p)X Y 
11 	

u(p) 
	

(3.52) 

and 

<pX(0)Ip> = Zu(P)YY 21  5 XU(P) 	 (3.53) lie 

where 

Z = R1K 
	

(3.54) 

This factor determines how the strength of the current is modified 

by the strength of the colour interactions. 

In principle it would seem that we are required to evaluate two 

vertex functions, finding the perturbative corrections for each to 

be able to find the renormalisation factors we want. We can use the 

conservation of the current V to change this requirement by noting 

that for a conserved current the renormalisation factor must be 

unity and independent of g which forces the following relation to 

hold as power series in g, 

K =K 
	

(3.55) 

This is a perturbative relation enabling us to replace K1  by K 1. 

It is more useful to do so as exact cancellations between terms can 

be made avoiding potential numerical errors that might otherwise 



occur. 

Before we can evaluate the vertex function for the various 

currents to one loop we require the Feynman rules for the various 

currents. These are listed in Figure 9 where the similarity of the 

non-local currents to gluons, whose Feynxnan rules were given in 

Figure 6, should be noted. Again we have extra vertices that were 

not present in the continuum and these give rise to two extra 

diagrams, Figures 10(c) and 10(d), in the one loop expansion of the 

vertex function which has contributions from all the diagrams of 

Figure 10 for the non-local currents but only has contributions from 

Figure 10(a) and 10(b) for the local currents. It should also be 

noted that the extra terms proportional to r in the Feynxnan rules 

for Aije (x) contribute to  renormalisation of s only and not to any 

renormalisation of the strength of the current. Since the Feynman 

rules for this current are otherwise identical to those for A Cx) Pe 

we find that A Pe (x) and A Pe (x) will share a common normalisation 

factor. 

When we come to evaluate the graphs of Figure 10 we are presented 

with expressions like the one for Figure 10(b) for the conserved 

vector current V; 
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Figure 9 - Feynman rules for the various currents 
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Figure 10 - Diagrams for the one quark—current vertex function 
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j 

/ 

d4ka 	[Ypsmn(kpa+Ppa)+r sin(kpa+Ppa)] 
(2r) 

-7r  /a a 

IYV 
sin(kva+pva)-2r sin2 (ka+Pva)_1na] 

X[YacoS( ka 
	 ka 

_— +pa)+r sin(_- +Paa)]{Ypsin(ka+Pa)_2r  sin2(a+pa)_na] 

ka 	 ka a 	 • 	a 
x [Ycos(-i-.  +pa)+r s1n(-_-_ +p y .) 

x[sin2(ka+Pa)+(ma+2rsin2(ka+p 
Ct  a))2] 2(4sin2 ka) 	(3.56) 

The first task is to find the degree of divergence of this integral 

by rescaling the momentum k'=ak leaving us with a dimensionless 

integral which diverges logarithmically. To control the infra-red 

divergence we require that either the momentum of the quarks or their 

mass does not vanish. In fact the only way in which progress may be 

made is to make an expansion in momentum over mass and so to simplify 

matters the external momentum will be set equal to zero at the 

outset. This is a formal device only and one must really consider 

small momentum compared to the mass but it will suffice for our 

purposes. This leaves the integral with only the dimensionless 

parameter ma and in the physical region we will be interested not only 

in the limit of a - 0 but also a small quark mass as it is this fact 

that led to the success of current algebra. With this in mind we 

will again ignore terms that are ma down on the leading terms. 

Now the benefit of replacing the factor K1  with K 1  can be seen. 

Each of these power series has a term at 0(g2) which goes as ln(ma) 

and so the limit a - 0 cannot be taken. When we multiply the series 
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for 	with that for any current, I(, then there is an exact 

cancellation between these divergences with the result the limit 

a - 0 can be taken in the remaining parts leaving pure numerical 

constants. This is the explicit cancellation which ensures that 

the currents require at most a finite renormalisation. All the 

currents have the logarithmic term with the same coefficient and 

this is another aspect of universal behaviour. K1  is the renormalisation 

factor for the quark field and so the derivative of this factor with 

respect to the lattice spacing, the regularisation parameter, will 

- 	enter as a renormalisation group function in the renormalisation 

group equation for vertex functions involving quarks. The derivative 

will act only on the logarithmic term at this order and so the 

requirement of universality fixes the value of the coefficient of 

this term (up to a trivial rescaling of the coupling constant). That 

there should be any connection between the quark renormalisation factor 

and the factor for the current vertex is the result of the Ward 

identity of quantum electrodynamics between the electron-gluon vertex 

and the electron propagator. It is ED rather that QCD that is 

applicable as the current vertex is a colour singlet and so the one 

loop graphs in Figure 9 have the same colour structure as the one loop 

fermion self-energy graphs of Figure 7. 

The other integrals that appear for the non-local currents 

involve anomalous vertices and are given by the following two 

expressions for Figures 10(c) and 10(d) respectively; 
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ff/ 

1 	
dka3 

(27r)1+ 
j 
—it! 'a 

V~v ka 	 ka 
[_.Yp sin (4_. + Pa)+r cos(-- + ppa)] 

u,v 

x 
	

[Y'V 
sin(kva + pva)-2r sjn2(ia + pa) -ma] 

ka 	 ka 
X[J Cos( ___ + pa) + r sin( y. + pa) 

x[I sin2(ka + p a)+(ma+2rsin2(ka + pa))21_1 [4jsin2 jk a al-1 

(3.57) 

and 
it' 

(27T) 	:a2 [

pcos pa + r sin Pa] 
, 

[4jsin2jkaa]_' 	(3.58) 

Both of these integrals are ultraviolet divergent after rescaling the 

integration variable and so we may discard external momentum and 

mass immediately. As we found in the last chapter when considering 

the overall degree of divergence of graphs involving the six point 

vertex, dimensional factors in the coupling constant rush to our aid 

leaving the overall contribution of Figures 10(c) and 10(d) 

dimensionless and hence finite in the limit a - 0. There is no 

logarithmic term and these graphs contribute only additional finite 

pieces to the factor for the current-quark vertex. 

Of the three integrals that we must perform only the third 

(3.58) may be evaluated using the Laplace transform technique of the 

last chapter. The behaviour of the numerator in the other two 

integrals (3.56) and (3.57) is too complicated to allow it to be 

expressed in terms of the denominator. Fortunately four dimensions 

is the physically relevant dimension and it is not necessary to 
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continue these integrals analytically to provide an expansion in c. 

We may instead evaluate all the integrals directly by numerical 

techniques in four dimensions. One other point to be made is that 

care must be taken when sorting out the algebra of the y-matrices as 

each matrix is multiplied by a trigometric function carrying the 

same Euclidean index. 

A detailed analysis of the numerical coefficients for each graph 

is not very enlightening and so a graph of the overall renormalisation 

factor for the various currents as a function of the Wilson parameter 

r is given on the following page as Figure 11. For a current X 
lie 

 (x) 

it is presented in the form 

Z 	= 1 + A(r)g2 + 0(g4) 	 (3.59) 

with A(r)  plotted, with Z being calculated from equations (3.54) 

involving factors for the various current-quark vertex functions. 

Some comments on these results are called for. In the limit of 

r -* 0 we see that the renormalisation factor for the non-local currents 

approaches unity as the coefficients at 0(g2) go to zero. This is in 

agreement with the results from the continuum where both the vector 

and axial vector currents are conserved for zero quark mass, a 

condition we have assumed in deriving our expressions for AX. On the 

lattice chiral symmetry is broken explicitly by the Wilson term and 

so as r - 0 chiral symmetry is restored and so the non-local currents 

are not conserved although there is now-the problem of species doubling. 

The local currents-are.-not consèrvedeven in r 0limit;noturprising 

as they were not constructed using the invariance properties of the 

Lagrangian. The absolute magnitude of the correction will be 

determined by the value of g and also by the higher loop corrections 
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that we have not calculated. Unfortunately the value of the coupling 

constant that is typically used in Monte Carlo experiments is 

approximately unity so that we see there is between an eight to 

eighteen per cent correction from the one loop calculation. For 

such a value of g it would be very useful to have some higher loop 

calculations but the involved nature of the eight dimensional 

integration that would be needed defeats evaluation by us. We must 

be satisfied with the present results and hope that we have the 

correct qualitative behaviour and that the first correction is the 

dominant one, giving some quantitative weight to our result. 

To see how these factors tie into computer simulations and 

experiments and hence how they could be tested both quantitatively and 

qualitatively we turn to the definition of the meson decay constants 

on the lattice for axial and vector currents respectively 

and• 

<0 	J X (x) 	ir (p)> = p f X 
	

(3.60) e 
Pe 	f 	 7r 	ef 

<0 	J X (x) 	Pf(P)> = 	m(f) e -ipx (3.61) pp p 	ef 

corresponding to the continuum definitions given in equations (3.21) 

and (3.22). By measuring the corresponding matrix elements for the 

various lattice currents and axial currents in a computer simulation 

we can obtain a non-perturbative estimate for these decay constants 

for a fixed value of r. However we have seen that the mere presence 

of a lattice (through the parameter r) will produce a non-universal 

renormalisation of the current strength and so we will have to correct 

our lattice estimate as follows 

7r 	 Tr 

(3.62) 

Cl -,A1(r)g2)fX 
Tr 
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where f1  is the true experimentally determined decay constant and 

f  is the Monte Carlo estimate using the current X. A similar 

equation will hold for f' but we note that if we use the conserved 

current lie (x) in our lattice matrix element there will be no 

correction factor though of course we have neglected terms of order 

a with respect to the leading terms and these will have a small effect. 

As yet no direct calculations for f11  using this matrix element have 

been made to test this relation but an indirect test can be 

made and we will examine this avenue after looking at the results for 

f i. 
P 

There are only a few estimates available for f 1  on the lattice. 

Hainber and Parisi (1982) working with r=l quote a value of 0.5 ± 0.1 

while Bowler, Pawley and Wallace (to be published) obtain a similar 

preliminary value (0.55 ± 0.1) at the same value of the Wilson parameter. 

These must be compared with the experimentally measured valuE in the 

continuum of 0.19. To relate the continuum and the lattice results 

we use the renormalisation factor for the vector current that is local 

on the lattice, V 
lie 

 (x) so that 

-1 -1 -lv 
= Z. (fr ) 

AV (r)g2)(f)V 	 (3.63) 

When we substitute the values g2  1, r = 1 into (3.63) we find that 

the resulting correction factor of 0.82 is insufficient to reconcile 

these lattice estimates with the experimental value. We will postpone 

the discussion of this failure until we have examined the relationship 

between lattice and continuum estimates for f,1  which we will do in the 

next section. 



SECTION 3.4 	 lATTICE a-MODEL AND f Tr  ESTIMATES 

We will now discuss the a-model on the lattice and derive the 

lattice PCAC relation before we see how this ties into the lattice 

parallel of equation (3.26) to estimate the LTr  on the lattice by 

finding the renormalisation of the pion operator which has been used 

in Monte Carlo simulations. 

We follow Kawamoto and Shigemoto (1982) and take the most naive 

discretisation of the continuum a-model that will give rise to Wilson 

fermions when we include an explicit chiral symmetry breaking term; 

S = -fa-{(x)yU(x+ 
 11 

a/2)(x+ia) - h.c.} 

NZ-1 
- y1 	 x)X.(a.(x)+iy5tr.(x))p(x) 

x i=O 

N2-1 
- y2  

x,piO 

+ 	7(x+a 
1.1 1 

)A. 
1  

(a.(x)+iy
5i  ir(x))U(x+a JA  /2)(x) } 

N2-1 
+ 	x, i=O cY(x)[a.(x+a)_2a.(x)+cr.(x_a)] 

+ir.(x) [Tr .(x+a)-2rr.(x)+lr.(x-a)] I 

2 N2-1 	 N2-1 
c4(x)+ir(x)} - * { 	(a(x)+(x))_c2}2+p2c cr(x) 

xi=O 	 xi=O 	 x 

(3.64) 

This differs slightly from (3.26) in that we have subtracted the 

vacuum expectation value of the a-0(x) field in the interaction term 
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for the scalar and pseudoscalar fields. This ensures that the 

vacuum expectation value for the flavour singlet scalar field is 

equal to c. We need two independent coupling constants, y1  and y29  

with the different interactions between the fermions and the other 

fields as we must reproduce both the fermionic mass term and the 

Wilson term with parameter r when we substitute the vacuum expectation 

value of cr0(x). We can examine the effects of performing chiral 

transformations on this action (with the fields transforming according 

to (3.35), (3.14) and (3..15))and are led to define the following lattice 

current 

A lie (x) = 	(x)y 
11 y5 e i 	li 	 11  

X U (x+a /2)(x+a ) + h.c.} 
  

-d a efg {1rf (x)ag (x+a)irf (x+a Cr) (x)) 	 (3.65) 

where diik  has been defined as before in (3.16). This current obeys 

the divergence relation 

4 
L A (x)= ,, 	e  cii2lr (x) + 	IF 	- Fe(x_ap)} = 0 	(3.66) p pe 

p=l 

where 
8 

F e  (x) = y2 	[(x+a )A X 	(a (x)+iy5 r.(x))U(x+a/2)(x) p 	ei .y  5 i 	 p 	p. i=l 

+ 	(X)A.Xy5(a.(x)+iy5ir.(x))U (x+a 
11 
J2)(x+a 

11 
)] 

(3.67) 

We can see that the last term in (3.66) is 0(a) and in the spirit of 

neglecting such terms we see that the lattice PCAC has a form very 

similar to the continuum PCAC relation. 

A small note about the choice of (3.64) to represent the lattice 



a-model is appropriate. The scalar and pseudoscalar fields have 

not been introduced in a symmetric fashion; they are located only 

on the site x despite the fact that they are coupled to quark fields 

both at x and x+a 
11 
 . If the interaction term involving quarks and 

the scalar and pseudoscalar fields is altered so that the 

fields are introduced in a symmetric manner then the current A(x) 

(with appropriate additions involving the scalar and pseudoscalar 

fields) rather than A 
ve  (x) will be generated by local transformations 

in flavour space. A divergence equation for this current which is 

similar to (3.66) can be obtained as 

(x) - 	c11 n 2 (x) + 0(a) = 0 	 (3.68) i pe 

where the terms of 0(a) are differences of functions similar to 

defined in (3.67). 

Now that we have identified the lattice pion as a composite operator 

in the quark fields we can turn to the derivaton of a relation 

similar to (3.26) in which a method for calculating the pion mass 

and decay constant from the time-slice pion-pion correlation function 

was given. In the continuum we found that the matrix element of 

interest was 

=2m<0I(x)iy5X  e 	e 	7r 7r (x)l > = m 
2 

 f 	 (3.69) 

a purely local expression, but now we have (using (3.40) for the 

divergence of A 
lie 

 (x)) 

<oJ A A (x) 1 7r >= 2m<0(x)iy5 X lp(x)fTr> + 2M <0i!(x)iy 3X ppe 	e 5e 	e 

+ r<0I{i(x)iy jX U (x+a /2)(x+a) + h.c.) 
V 	

5 e 	p 

+{4,(x—a P
)  'Y5 A eU p (x-a  p  /2)(x) + h.c.}Iir> 	 (3.70) 
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which clearly involves non-local matrix elements. We have used 

equation (3.32) for the bare mass term to split it into two terms, 

one proportional to the quark mass and the other proportional to 

the Wilson parameter. Now the statement of the mass renormalisation 

procedure as an operator relation comes into its own. As we saw the 

mass counterterm was chosen in (3.32) so as to remove, in a 

perturbative fashion, the effects of introducing the parameter r in 

the two point vertex function. This was a statement about a particular 

matrix element but it is also an operator relation valid in any 

matrix element that can connect both to the mass term and the terms 

proportional to r. This is the case in the matrix element we are 

considering now as we may view the pion state as a composite operator 

of the quark fields thus allowing the mass term, as well as the non-

local terms proportional to r to couple to this operator. Again the 

Ward identity connects the quark self energy with one-quark matrix 

elements of composite operators. Here we have a non-universal operator 

relation whose effects are independent of the value of r. Of course 

such a cancellation can be checked by explicit calculation of the 

matrix elements involved but that does not improve our understanding. 

It leaves us with the important result that when we calculate a purely 

local matrix element on the lattice we can relate it to the pion decay 

constant associated with a non-local current; 

2 L -ipx 2m<Ol7(X)iy5 Ai4(x)1(p)> = m f e 	 (3.71) 
1171 

Note that we distinguish between f 
Tr  and f IT  as these are estimated by 

computer simulations of different matrix elements. Each matrix 

element will have its own renormalisation factor and so various lattice 

estimates of the same quantities will differ and it is only when the 
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appropriate renormalisation factors are used to correct these estimates 

that a common result is achieved. We wish to calculate the 

renormalisation factor for the estimate fL 

We start by returning to equation (3.71) which relates the pion 

decay constant to a matrix element of the divergence of the axial vector 

current. Basically it states that the pion operator is proportional 

to a composite fermionic operator with the f11  being the constant of 

proportionality. We can examine the one quark matrix element of the 

pion operator in a similar manner to that for the currents. Again we 

decompose the matrix element into fermionic legs and the vertex 

function: 

- 	 - 5 
= K1u(p)r(p,p)u(p) 	 (3.72) 

and it will be our task to evaluate the renormalisation factor for 

this vertex function, K5, defined by 

(p)r5(p,p)u(p) = K5 (p)y5 Au(p). 	 (3.73) 

The diagrammatic expansion for the vertex function is the same as 

that for the currents, namely figures 10(a) and 10(b) with the Feynman 

rule for the composite operator vertex substituted for that of the 

current. This amounts to the replacement 

[Ysin(ka+pa) + r sin(ka+pa)] 	 (3.74) 

in equation (3.56) for the one loop corrections to this vertex function. 

This minor change in the integral has a profound effect on its divergent 

properties. It is still logarithmically divergent when we analyse 

it as before by ignoring terms that are down by a factor of the external 
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momentum or the mass with respect to the leading terms. The 

coefficient of this logarithmic term is changed and in fact is four 

times that for the current. The reason for this is that in the 

previous calculation the y matrix acted as a Kroner 'S-function 

and removed one of the sums over the Euclidean indices. Now the 

pion operator does not carry any Euclidean index and this cancellation 

of a sum does not take place. Considering that the pion operator is 

no more than the divergence of an axial current formed by summing 

over the four Euclidean indices this result should not come as a 

surprise. We find that the product K1K5, which gives the naive overall 

renormalisation factor for (3.71), contains a divergent term at 0(g2) 

as there is no fortuitous cancellation of divergences and so, in 

contrast to before, we cannot take the limit a -- 0 immediately. 

The solution to this problem is already at hand in equation (3.7) 

itself. The parameter m was arranged to be the physical or experimentally 

measured quark mass by absorbing the ultraviolet divergent terms in 

the quark self-energy into the bare mass counterterm which is proportional 

to r. In addition to these terms we also expect to obtain terms at 

0(g2) of the form m ln(ma) i.e. sub-leading divergences which will 

renormalise the value of the quark mass on the lattice. This does not 

mean we have been cheating in the last chapter; there we were concerned 

with the critical limit t -+ 0 and so any correction of this form 

proportional to t ln(tA 2) would also vanish. Here it will do the 

trick for us by producing a non-universal but finite renormalisation 

factor for the entire R.H.S. of equation (3.71). 

We can work out the renormalisation factor by considering the 

quark self energy whose diagrammatic expansion was given in figure 7. 

We have explicitly removed the terms with a linear ultraviolet divergence 
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and when we look at the remaining integrals for zero external 

momentum we find that the term at 0(g2) for the renormalisation 

factor is given by; 

(2 	_J ad4k m [ cos (kaj2)+r sin(k 11  a,2)] [-Y 11 
cos (k 

'P 
 a /2)  +r sin (ka/2)] 

x [I sinka +(ma+2rsjn2 k a) 2] -1 [4 sin2 k a] ' 

(3.75) 

This integral is again logarithmically divergent but with a coefficient 

which is four times that which determines the renormalisation factor 

for the quark fields. The reason is similar to that in the case just 

described; the absence of a y-matrix means that a sum is not 

giving rise to the factor of four. Let us call the renormalisation 

factor we obtain K , then the true renormalisation factor for the mass 
UI 

term, Z 
UI 
, will be 

Z m ml 
	 (3.76) 

as the factor Km  is for the quark two point vertex function and picks 

up a factor of K1  from the renormalisation of the quark fields. 

Putting all these renormalisation factors together we arrive at 

the relation between .a matrix element estimated on the lattice by 

computer simulation and the experimentally measured matrix element as 

m<0I1p(x)y5A1p(x)lTr>I 	= 	KK11m<0IK1K5l(x)y 2 p(x)l 7r>I 
Lattice 	 Continuum 

(3.77) 

and so using (3.71) to relate the two estimated values of f by this 

method; 
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f 	= (K K )lfL 	 (3.78) 1r 	m5 	ir 

with the superscript denoting lattice. 

The factor K 
m 5 K is the renormalisation factor for the pion 

operator. In relation (3.71) factors other than the f 
Tr  enter. The 

pion state, on both the left and right hand sides, is normalised to 

be orthonormal with all the other states of the system; we used 

this information when we introduced the complete set of states in the 

derivation of this relation. The pion state does not renortnalise on 

the lattice, only the pion operator renorinalises. The pion mass can 

be measured directly from the experimental decay of the correlation 

function in equation (3.26) and so is a fixed parameter having the 

same value in the continuum and on the lattice. Having dispatched 

these potential worries we are left with equation (3.78). 

How does this relation hold up when we insert the estimates from 

Monte Carlo simulations and the experimental value of the f 
Tr  ? The 

result for the 0(g2) term as a function of r for the renorinalisation 

factor (K K5) is displayed in figure 12. The experimental value for m.

the f is 93.5MeV. There are several sources of Monte Carlo estimates 

spread over a sizeable range. Hamber and Parisi (1983) quote the 

estimate of 150 ± 50 MeV for the f 
Tr  with r=l while Bowler et al (1983) 

quote the value of 130 ± 45 NeV for the same value of r. The error 

bounds are determined by extrapolation and the convergence of the 

results and reflect terms of 0(a) affecting the lattice simulation. 

When we compute the value of 0(g2)  correction for r=l we find 

(K1K5)-' = 1 - 0.057g2  + 0(g) 
	

(3.79) 

and since the non-perturbative calculations are made at g z 1 we see 
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that this correction factor is certainly qualitatively correct in 

bringing down the simulated estimate for f. on the lattice towards 

the experimental continuum value. Quantitatively the correction 

appears to be slightly too small but as usual we have no idea about 

the size of the next correction term at 0(g4) and the estimates from 

the Monte Carlo simulations have large errors so that the figures 

available are far from being hard and fast. It should be noted that 

similar work has been carried out independently by Martinelli et al 

(1983) and is in agreement with all our numerical results. 

SECTION 3.5 
	

CONCLUSION 

We have obtained our correction factors for various estimates on 

the lattice and it is appropriate to say a few words about the current 

state of work in the computer simulation field. It is a relatively 

new field and as such is only beginning to reach the stage where 

reliable results may be obtained as experience is gained. The availability 

of larger lattice sizes has helped to reduce finite size effects although 

these problems have been replaced by the worry that these larger 

lattices are still not large enough for some purposes, especially 

concerning the simulation of baryons. Longer runs are improving the 

statistics of Monte Carlo methods helping to firm up extrapolation 

procedures for physical quantities measured on the lattice at g2' 1 

to their continuum values at g = 0. Despite these improvements the 

errors in the various estimates are still quite large so that the 

correction factors we have obtained could reconcile lattice and 

continuum measurements although the central estimates from simulations 

may well indicate that these factors are slightly too small. For the 
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same reasons as in the statistical mechanical calculation, i.e. the 

very complex structure of the higher order integrals, it is not 

possible to calculate the O(g) term to see what effect this may 

have on the correction factors. This is particularly disappointing 

as the interesting value of the coupling constant is very close to 

unity. All that we can glean from our calculations is that the 

corrections are certainly qualitatively correct and we must await 

further simulation work to tighten the lattice estimates before 

anything about the quantitative aspects can be said with any degree of 

certainty. 

Two other developments may provide the opportunity to perform 

more calculations along the lines in this chapter and extend the work 

presented herein. The first of these concerns the axial anomaly introduced 

in (3.27). In the pioneering work on currents on the lattice Karsten 

and Smit (1981) found that both the structure and the numerical value 

of the anomaly on the lattice were the same as that in the continuum. 

A further investigation by Kawarnoto and Shigemoto (1982) puts forward 

the hypothesis that there are a variety of anomalies that can be 

defin'ed and that the one responsible for physical processes, such as 

-- 	the decay of the pion into two photons, differs from the conventional 

anomaly calculated by Karsten and Smit and in fact vanishes. This 

would mean that the Wilson action does not give rise to the correct 

physics in the continuum limit and it may be necessary to introduce 

new terms and parameters to cure this problem. The other development 

concerns the problem of 0(a2) corrections which affect the simulation 

estimates (Symanzik 1983). By adopting improved lattice actions which 

push corrections to a higher order in a by explicitly cancelling the 

0(a2) terms it is hoped that results may be obtained more cleanly by 
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improving convergence. 

Both of these developments, leading to different actions, might 

require a corresponding analysis for the renormalisation factors for 

different definitions of currents. The lattice a-model introduced in 

equation (3.64) provides the natural tool to examine relations 

between currents and mesons. The work we have presented in the 

preceeding sections certainly provides the appropriate programme to 

follow to investigate any lattice current and indeed many ofA numerical 

results of evaluating terms in the integrals may be applicable in such 

cases. 

This brings us to the final point; the many possible choices of 

currents on the lattice. We have investigated only a few which have 

fairly straightforward calculational significance. Many others could 

have been chosen but until work on alternative lattice actions is 

performed there is little point in pursuing such calculations. Most 

currents will give rise to integrals with the same broad characteristics 

as indeed did the lattice spin model in the last chapter. It is 

interesting to contrast the unique definition of quantities in the 

lattice spin model with the choice of currents presented to us in our 

lattice version of QCD. While both the calculation presented in this 

chapter and in the last chapter required the evaluation of similar 

integrals the use to which these results have been put has been different, 

covering a broad spectrum of non-universal quantities and interpreting 

the renormalisation procedure in different fashions, varying from the 

asymptotic scaling properties in statistical mechanics to calculational 

correction factors in lattice gauge theories. 
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APPENDIX 

This appendix states the convention of what hermitian conjugate 

means for expressions involving quark fields and also contains the 

evaluation of the integral given by (3.58). 

We follow the convention of Karsten and Smit (1981) and define 

the hermitian conjugate of an expression which is bilinear in 

fermionic fields to be 

Bip(x1)r.0 
11 
 (x2)ii(x3) + h.c. 

B(x1)r.TJ(x2)p(x3) + Bi7(x3)r.U(x2)ip(x1) 	 (3A. 1) 

where B is a complex number andr. is any of the following matrices 

in spinor space 

, 1' 11, a r. = i 	115 	
5 	

= 	 (3A.2) 

The integral given in (3.58) may be evaluated by the use of a 

similar Laplace transform as that used to evaluate (2.40) on a 

simple cubic lattice. We will rescale the momentum in (3.58) 

= ak; to make the momentum scale of the integral explicit and 

then dropping the primes on the resealed momentum so that (3.58) reads, 

'if 

(2ir)' 	
d1ka2y 1:4 	sin2k 1_1 

P 	 a 
a 

'if 	CO 

- 1 -2 -sy 

- (2'rr) 
a y 	f dk  f ds e (3A. 3) 

where we have dropped terms proportional to the external momentum and 
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inserted the Laplace transform 

1 	-sy 
= 	f 

CO 

e 	ds 	 (3A.4) 

where 

y = 4 sin2ic 	 (3A.5) 
cv. 

Interchanging the order of the integration allows the integral 

to be factorised with the result 

CO 

ya fds 
-2 	r 	

dk e 	
sin2k] 

CO 

 -2 	 -2s 
P 

= y a 	fds(10(2s)e 	) (3A. 6) 

This integral has already been discussed in the appendix of chapter 2 

and its numerical value is given as 

_2 1 
ya 	•- (A0  + 1) 

in terms of the coefficient A0  listed in table 1. 
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