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ABSTRACT 

The major part of this thesis is an investigation of the lattice 

dynamics of the molecular crystal orthorhombic sulphur. Coherent 

me stic neutron scattering experiments have been carried out on 

a single crystal of orthorhombic sulphur and the experimental 

results have been compared to computer model calculations of the 

dynamics in an attempt to increase understanding of the inter-

molecular forces acting in crystals. In these calculations it is 

assumed that the dynamics of sulphur can be formulated in terms 

of interactions between molecular group of S8  rings which behave 

as rigid bodies. Various functional forms for the potential 

acting between atoms of different molecules were investigated in 

order to find the most suitable description for the molecule-

molecule interactions. 

The last Chapter is conceri&d with a neutron structure investigation 

of orthorhombic sulphur. The experimental results are presented 

and the results of a series of constrained refinements performed 

in order to yield information about the extent of the molecular 

distortion in the crystal environment and the molecular thermal 

motion are here discussed. Such analyses relate the structure 

work to the dynamics  investigation in the main body of the thesis 

through examining the validity of the rigid molecule approximation 

there assumed. 
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INTRODUCTION AND REVIEW 
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CHAPTER I : 

(1.1) Review of Molecular Lattice Dynamics 

The lattice dynamics of "atomic" solids, that is solids in 

which the chemical unite are individual atoms or ions, is a well 

developed field in physics. The work of Born and Huang [1] 

dealing with the theory of small vibrations as applied to periodic 

solids, is the classic. There are, however, serious limitations 

in applying this formalism when "molecular" solids are considered. 

These solids generally exhibit low crystal symmetry and each primitive 

cell contains many atoms; then a standard Born-von Karman type 

analysis [1] of the lattice dynamics would involve a considerable 

number of force constants and the computational difficulties arising 

from the large number of degrees of freedom per unit cell would be 

substantial. Further, the physical picture of molecules 

executing motions as a whole, like translational oscillations or 

rotational oscillations, would not be immediately obvious, and this 

type of motion is a distinguishing characteristic of "molecular" 

crystals. That is, in such crystals the molecules preserve their 

individuality in the first approximation. This is because the 

interaction forces between molecules are small in comparison with 

the forces acting between atoms of a single molecule. Then the 

atomic vibrations in a molecular crystal can be divided into two 

groups, 

(i) The vibrations of the atoms of a molecule relative to 

one another. In these vibrations the centre of gravity of a 

molecule is not displaced and there is no rotation of the molecule as 
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a whole. As a result of the strong bonds between atoms in a 

molecule, these vibrations possess relatively large frequencies 

(35 - 350 meV). In view of the small connection between the 

vibrations occuring in neighbouring molecules, witnessed by the 

fact that these modes preserve the seine frequencies (with small 

variations [21) in various states of aggregation, the frequencies 

of these vibrations are little dependent on the wave-vector a. 

(2) The external or lattice vibrations which appear 

because of the rotational and translational degrees of freedom of 

the molecule; the frequencies of these vibrations are rarely 

greater than about 12 meV. They are generally strongly dependent 

on the wave-vector .1, and it is the study of these external modes 

that can increase understanding of the nature of the forces which 

bind, molecules together in the condensed state. In general, if 

a crystal has 11 molecules in the primitive unit cell, then there 

will be 6n external branches, each molecule possessing three 

rotational as well as three translational degrees of freedom. 

(This n1inber is modified for a linear molecule which possesses 

only five external degrees of freedom). 3 of these branches are 

the so-called acoustic branches and these branches tend to zero 

frequency as , tends to zero. The remaining 6n - 3 external 

branches behave like optic branches in that they tend to finite 

frequencies as q approaches zero. 

The detailed study, both theoretical and particularly experimental, 

of the external modes of molecular crystals is a relatively new field 

of research. Prior to 1964 most theoretical calculations on 

molecular crystals were based solely on one-dimensional model 
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considerations. Reference to these early works can be found in 

the review article of Venkataraman and Sabni [3]. Briefly, the 

earliest considerations were those of Frenkel [4, 51, who 

investigated the angular oscillations of identical dipoles in a 

linear chain. In 1949 Ancelme and Porfireva [6] examined the 

dynamics of linear chains of molecules containing one and two 

molecules per unit c 11, taking into account the translational 

as well as the rotational degrees of freedom. In 1957 Asano 

and. Tomiahima [7] did formulate the problem for a three-dimensional 

crystal by writing down formal expressions for the kinetic and. 

potential energies in terms of linear and angular displacements. 

They then indicated how the equations of motion could be 

obtained; but their treatment was restricted to molecules whose 

principal axis could be chosen at will. Then Sandor [8] 

considered the problem from the point of view of understanding the 

contribution of the external vibrations to the diffuse spots 

seen in X-ray scattering, and re-investigated a few one-dimensional 

models, since he saw objections in the analysis of Asano and 

Tomishima: the consequences of translational and rotational 

invariance are not mentioned in their work. Sandor deduced the 

dispersion curves for his model employing essentially an extension 

of the methods commonly used in the discussion of the Born-von 

Karman problem for one dimensional chains (see Kitte]. [1 9]). 

In 1964 Cochran and Pawley [10] did the first complete lattice 

dynamical treatment of a molecular crystal. They chose 

hexamethylenetetramine which has only one molecule in the primitive 

cell and is a body-centred cubic crystal. In fact, work is still 
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in progress on this crystal [ii],  since it is one of the few 

molecular crystals for which substantial coherent inelastic 

neutron scattering data now exist. This is an important point. 

In the case of molecular crystals, any neutron scattering experiments 

performed have almost exclusively utilised incoherent scattering 

methods with polyorystalline specimens [12, 131. These experiments, 

often on hydrogenous materials, on account of the large Incoherent 

scattering cross-section of hydrogen, provide qualit. itive 

information about the frequency distribution function of the normal 

modes and, in favourable cases, particular peaks in the scattered 

neutron spectra may be interpreted as arising from particular 

normal modes. However, to make reliable quantitative measurements 

of the phonon dispersion curves and thereby obtain detailed information 

of the interactions in molecular solids, it is necessary to carry 

out coherent scattering experiments on single crystal specimens. 

This was the a?proach used in the present work on orthorhombic 

sulphur. Thus while a good deal of useful work has been done on 

a large body of molecular crystals, both organic and inorganic 

(see review article by Schnepp and Jacobi [41),  comparing theoretical 

calculations with Raman and infra-red data, for the remainder of 

this brief review those molecular crystals for which fairly extensive 

coherent scattering experiments have been reported will be considered. 

As mentioned above, hexanethylenetetramine (deuterated to 

avoid the problem of large incoherent background due to the presence 

of hydrogen) falls into this category. The fact that there is 

only one molecule in the primitive cell greatlr assists the 

interpretation of the experimental results, since there vill be only 

six branches in the phonon dispersion curves. In fact the frequencies 



-5— 

of intermolecular modes propagating along several different symmetry 

directions could be measured throughout the Brillouin zone. As 

will be seen this type of approach following branches through the 

Brillouin zone, becomes increasingly more difficult as the number of 

molecules in the primitive cell increases because of the problem of 

resolving overlaring 'eaks in the scattered neutron distribution. 

Dolling and Powell [1 5] used a parametric approach similar to that 

of Cochran and Pawley [10] to interpret their large body of experimental 

results. Twelve parameters were used to characterise the nearest 

and next—nearest neighbour intermolecular force constants and a 

good fit to the dispersion curves was obtained. Dolling, Powell 

and 1'awley [ii] have since carried out further analysis of these 

results. Following Powell and Sandor [16] the intermolecular 

mode frequencies were expressed specifically in terms of phenomenological 

interatomic force constants. This formalism provided a good fit 

to the experimental results; but the intermolecular formalism of 

reference [15] and an "extended—mass" formalism applied by Bafizadeh 

and Yip [17] also provided excellent fits, with few independent 

parameters. Dolling, Powell and Pawley [ii] suggest that this 

apparent ambiguity may be due to the high symmetry of hexamethylenetetramine 

and that similar analycis of a less symmetric crystal would throw more 

light on this uestion. 

The lower the symmetry of the molecular crystal however, the 

more difficult such "parametric" approaches become; with many 

different sets of bonds having to be included, the number of independent 

parameters required becomes prohibitively large. In these circumstances, 

an alternative formalism is required, postulating a specific 

interatomic pair ptential for each type of bond. (See Chapter II 

for further discuion on pair potentials.) 



In 1967 lawley [8] gave the first complete atoin.atom potential 

approach to the problem of lattice vibrations in his treatment of 

naphthalene and anthracene. Naphthalene is a monoclinic crystal 

with two molecules in the primitive unit cell and Pawloy calculated 

the dispersion curves in the (oio) direction, the only symmetry 

direction in the crystal. The results for = 0 were satisfactorily 

compared to the then available experimental data. Since then, 

coherent inelastic scattering experiments on a deuterated sample of 

naphthalene have been carried out yielding experimental data on 

the dispersion curves throughout the Brillouin zone and analysis of 

these results is now in progress. 

The various models discussed above all assumed the molecules 

to behave as rigid bodies in the course of vibrations. In the 

case of hexamethylenetetrainine this is probably a reasonable 

approximation since the lowest frequency internal mode is approximately 

3.5 times higher than the highest frequency external mode. For 

napthalene, however, this ratio is not as high and to test the 

validity of the riid molecule approximation in this case, Pawley 

and. Cyvin [19] calculated the lattice vibrations of napthalene 

allowing for molecule deformation. The frequency shifts proved to 

be quite large for naphthalene and a recent similar calculation on 

hexamethylenetetramine [ii] showed that even in a crystal in which 

the molecules are fairly rigid, the shift in the external mode 

frequencies is not negligible and it is still desirable to take into 

account molecular defornability. 

Another crystal in which an atom-atom potential approach has 

been used in an attempt to fit experimentally observed dispersion 



curves is is paradichlorobenzene, p - C6D4C12  [20). Neutron 

measurements were carried out on the —phase of the crystal, which 

is triclinic with only one molecule per primitive cell. Comparison 

between calculated and measured dispersion curves showed the atom—

atom potential used to be a good approximation crystal potential. 

The last molecular crystal on which substantial coherent 

inelastic scattering experiments have been reported to date is solid 

carbon dioxide [21]. Carbon d!ioxide, ike orthorhombic sulphur, 

is an inorganic molecular solid with 4 molecules in the primitive 

cell and the work on 002  highlighted a problem which was to be 

encountered in the investigation of sulphur; the problem of assigning 

the peaks in the scattered neutron distribution unambiguously 

when there are large number of modes in the Brillouin zone. Carbon 

dioxide crystallises in a highly symmetric cubic structure. The 

molecules are linear and consequently, viewed as rigid units, each 

has 3 translational and 2 librational degrees of freedom. For 

a general momentum transfer many of these will be observed as 

overlapping peaks in the scattered neutron distribution, leading 

to severe difficulties of resolution and identification. To overcome 

this difficulty Dolling et al [21], rather than attempting to follow 

all the branches of the dispersion curves through the Brillouin zone, 

concentrated their observations on certain symmetry points where the 

number of modes havinc distinct non—zero frequencies is appreciably 

reduced by degeneracies. 

The experimental results were analysed with a force model 

that employed axially snmetric forces between two pairs of near—

neighbour oxygen atoms in different molecules and point charges at 
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each atom site. In addition, a finite axially symmetric interaction 

was introduced for the C = 0 band within a molecule, thus allowing 

for coupling between internal and external modes. The authors 

concluded that the model gave generally good agreement between the 

measured and calculated frequencies, but that some significant 

discrepancies did exist between the measured and calculated neutron 

cross-sections. 

(1.2) Subject of Study 

It is convenient at this point to set the background for the 

main body of the thesis with discussion of some of the properties 

of the molecular crystal chosen for the present lattice dynamical 

study. 

(1.2A) structure 

The present work was carried out on orthorhomic sulphur 

(a-S8). This is the familiar form of sulphur stable up to 95.3100 

where it transforms to monoclinic sulphur. X-ray structure 

determinations have established a crown configuration for the cyclo- 

molecule (see Fi,rire 1.1). The most recent X-ray data are due 

to Abrahams and co-viorkers [22] who carried out the determination 

of the lattice constants by a precision sin-le crystal technique [23] 

and gave the following values for the lattice parameters: 

a = 10.4646 -- .0001A 

b = 12.8660 .000IA 

a = 24.4860 .0003A 

The values they gave for the bond distances and bond angles are: 



Figure I  

The a - 98  molecule 
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S1 - = 2.0431 - 	1 - = 108°14 

- 	A' 2.050 S3  - S2  - S4  = 108°00' 

S2 - S3  = 2.051A a, - 33  - S2  = 107°10' 

- 34  = 2,048A S2  - S4  - S4  = 108°5'7'  

- S = 2.045A 

Average = 2,048A 	 Average 	= 108°05'  

Average 	 Average 
Deviation= 0.002A 	 Deviation 	= 	30 

Caron and Donohue [24] later reworked the original data 

of Abrahams [25] using a rigid body analysis [26] in an attempt 

to take account of the effect of thermal vibrations on the bond 

lengths. Because molecular libration about an axis perpendicular 

to a bond has the effect of shortening the apparent bond length, 

the corrected parameters led to a new set of molecular constants 

in which the S-S bonds are slightly longer, but the S-S-S bond 

angles virtually unchanged. Their treatment assumed that the 

internal molecular vibrations are negligible compared to the translational 

and librational displacements of the molecule as a whole. A 

structure investigation is at present in progress which will explicity 

take account of the internal vibrations [27].  As part of this 

work, a neutron diffraction investigation of orthorhombic sulphur 

has recently been carried out (see chapter vi). 

The packing mode of the S5  molecules is fairly complex. 

Figure 1.2 shows a model constructed to assist in the present work. 



-11— 

Figure 1.2 

I'iodel of orthorhombic sulphur 
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Orthorhcrthicculphur belongs to the space group D 24  (Fddd) and 

each sulphur molecule is at a site of 02  symmetry; that is, 

each moleóule has a two-fold rotation axis in common with the two-

fold crystalline z-axis. The primitive cell is comprised of four 

molecules as shown in Figure 1.3. The origin is placed at the 

intersection of the three diad axes and there is a centre of 

inversion at reduced co-ordinates (1/8, 1/8, 1/8). The other 

molecules are related to molecule I by the following symmetry 

operations; 

-4 

IO  : /1 0 0\  

(0-i a) 	(D-tpe 

0 

13 =/ 
	0 O. /.2\ 

0 -1 o)±(o.25J  

0 0 -1 

1 = -I _i I-' 

4 
o 	i 	0 ± 0.25 

0 0 1 0.2 

The orthorhombicpoint group mmm contains the eight elements: 

E 2x 2y 2z I m m m 
X y  z 

The group table for this point group is shown in table 1.1. The 

full symmetry of the crystal is represented by figure 1.4, taken 

from the International Tables of Crystallography. With a face 

centred direct lattice, the reciprocal lattice will be body centred 

and the Brillouin zone is shown in figure 1.5. 



Figure 1.3 

The primitive cell of orthorhombic sulphur 
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Figure 1 .4 

Elements of the space group Fddd 
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Ji_ 	ii 
14 

JJ_ 	Ij_ 
14 	4 

Orthorhombic in in in 
	

F 2'cI 2/a7  2/1 

00-. 
c):b ( 

o e 
0 

•® 
' -O 

+ 
(Th1,4 	.-Q 

—01 O 

0± -0  

0 
01 + 4  

0- 1  -. - 

Ji- 
14 

Origin at 222, at 	from 1 

Nnrnbr of positions, 	 Co-ordinates of equivalent positions Wyckoff notation, 
and point symmetry 

(0,0,0 ; 
fl , fl ,, fl. 	0,!-,,12-; 	2, 0'2, 	- 	0 

32 	Ii 	I ...,y,z, .,i,z, }— .A, --),+— z,  

	

.X )y,Z, .X,)',Z, — .X,+Y,++Z, 	±l  4y, z. 

Conditions limitin 
possible reflections 

General: 

liki: li-i-/c. k + I, (i-1i) 	- 
0/el: k -i - i. 	tin; 	(k, I- 2/!) 
ItO!: i-li 	(I, h: 	2n) 
IikO: h+k=4n; 	(Ii,k-2ii) 
hOD:  

0/cU: (k-An) 
00/:  

Special: as above, plus 

h/c-i: h+le+1=21i-i-1 or 

1 hki: /1, I, 1=2n + I or 4i,- 
or 

i:

or 

j 	(not mixed) 

uk!: Ii+/c -i=2/i + I OF 

16 g 2 0,0,z; 0,0,2; —z; 

16 f 2 O,y,O; 0,5,0; —y,j-; 

16 c 2 x,0,0; ,0,0;x,4  4; -+x,d. 

I 1 1 577. 
8,,S, 

757. 
88S, 

161 C 1 	J 	7. 3 	3. 3 	1 . 	3. 	3 i 	ef 	8,8)8- 1 

8 b 222 0,0,; 434)1* 

8 a 222 0,0,0; I,. 
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Figure 1.5 

The first Briflouin zone 

of orthorhombic sulphur 
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(1.2B) Choice of Subject 

Although in many ways a complicated crystal to study, there 

are certain considerations which commend sulphur to an examination 

using neutrons. 

Large, single crystals of high quality (low mosaic spread) 

were obtainable. The crystal used in most of the experiments 

(approximate dimensions 24-"  x  14"  x 1 4-") is shown in Figure 1.6. 

It was grown (by Dr. E. Hampton, Strathclyde university) by the 

controlled cooling of sulphur in CS  solution. Uith the crystal 

stable in the orthorhombic phase at room temperature, its 

orientation in the spectrometer could be easily changed, a facility 

useful in neutron scattering investigations allowing the sampling 

of scattered intensity from many different equivalent points in 

reciprocal space. Another important consideration is that the main 

isotope of sulphur is of zero spin and has an abundance of 95. 

This means that the coherent scattering cross-section can be taken 

equal to the total scattering cross-section (1.2 barns), thus 

reducing the problem of background on observed neutron groups. 

Further, the fact that only one atom type is involved simplified 

the model calculation. One disadvantage from an experimental 

point of view was the relative smallness of the scattering length 

(C.31 x 10
3cms. c.f. carbon 0.66 x io'13   ems.) which would 

result in low intensity scattering, but this was offset to some 

extent by the large size of the crystal. 

From a. theoretical point of view, the project set out to 

test the validity of certain semi-empirical potential functions 

(see Chapter II) in describing intermolecular interactions. While 



Figure 1.6 

Single crystal of orthorhombic sulphur 

(001) axis vertical. Arrow indicates (010) direction. 
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such potential functions are no doubt an oversimplification, 

progress is only made by revealing the inadequacies of a certain 

approach through comparison with experiment, when more 

sophisticated models can be gradually adopted. To this end 

orthorhombic sulphur seemed likely to prove a fairly stiff test, 

while at the same time not being too large a step in the direction 

of complexity from previously studied molecular crystals. 

Furthermore, since the theoretical model for the inelastic 

scattering requires accurate structure taranieters, a neutron structure 

investigation was instigated as part of this project , (See 

Chapter v) and in addition to -'upplying an accurate structure, 

comparison of these results with the X-ray structure analysis 

being carried out by Professor coppens (Buffalo) should prove of 

interest. Some internal mode frequencies of sulphur are low, 

indicating that the molecule is easily deformed by crystal forces 

and is highly polarisable. The extent of this polarisability will 

be revealed by a comparison of the X-ray and neutron results. 

This comparison would be invaluable if the rigid unpolarisable 

molecule model used here is to be developed into a more sophisticated 

approach, along the lines of the shell model used for polarisable 

ionic crystals. 
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CHAPTER II 

INTERMOLECULAR POTENTIALS 
AND 

LATTICE DYNAMICS THEORY 



CHAPTER II II : 

(2.1) Intermolecular Potential Function 

As mentioned in the review (chapter I), for a general 

molecular crystal the number of parameters that would be necessary 

in order to represent realistically the interactions in the 

crystal becomes very large compared to the number of observable 

data; this leads to the approach adopted in the present work, in 

which an explicit functional form for the potential is assumed, a 

form which contains a limited number of parameters. 11hile it is 

outwith the scope of this thesis to go into detailcd examination of 

the theory of intermolecular potential, it is pertinent to discuss 

briefly the origins of the forms of the potential function most 

widely adopted in this type of approach. 

The first step was to assume that the interaction potential 

was the sum of pairwise interactions between molecules, that is, 

of the type 

V nm 

Then even on the simplest level, taking 

vum  = V(R nm ) 

a central force assumption, the energy and lattice constants of 
if 

crystals may often be adequately explained. But such a central 

force assumption has no means of representing the anisotropy of the 

intermolecular forces inherent in the shapes of molecules. In a 
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crystal, the molecules are packed closely together and the packing 

depends directly on the molecular shape. For this reason it is 

essential to use an anisotropic potential. 

Two general methods of representing the anisotropy of the 

V have been extensively adopted. 

The first, introduced by TJalmsley and Pople in their study 

of carbon dioxide [28] consists of a central potential and in 

addition one or more terms of multi-pole expansion, e.g. a quadrupole-

quadrupole term, dependent on molecular orientation. Approaches 

similar to the Walmaley-Pople treatment of carbon dioxide have since 

been applied to several molecular crystals with varying degrees of 

success [1 4]. 

A second method of introducing anisotropy into the potential 

function is by ue of a so-called atom-atom potential function. 

This atom-atom approach assumes that 

V 	 v.. (. xml 	. 13 ij 

where R ij  is the separation between atom ± in molecule n and atom 

j in the molecule m. Thus there is a second pair central force 

assumption but on a more detailed level. The individual V 
13
.. 

contain a small number of parameters depending on the types of atoms 

represented by i and J. A commonly used form for V33  and a form 

investigated in the present work is the Buckingham atom-atom 

potential, the so-called 116-exp" potential function, 
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= -Ar, 	+ BK exp (-.a- 
k ij H ) 

The constants A., B and a. are determined by the chemical nature 

of the two atoms, so that for sulphur where all the atom-atom 

contacts are 3-3 contacts there are only three parameters. 

Another potential investigated was the Lennard-Jones 116-12" 

atom-atom potential where 

v1=_A1R.ç +CR12 

The form of these semi-empirical potential energy functions 

can be qualitatively justified by considering the theory of inter- 

molecular forces applied to the interactions of simple, two 

molecule systems. Fig. 2.1 is a sketch of the form of the intermolecular 

Fig.2.l 
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potential function. As it is not easy to find a theoretical 

procedure appropriate through the whole range of this function, 

the potential is best considered in terms of the three regions 

indicated in the diagram. In region III the long range part, the 

two molecules are considered to be so far apart that the overlap 

between their electron wavefunctione can be neglected. It then 

becomes possible to consider an electron as belonging to one or 

other molecule and the Hamiltonian of the system can be divided 

into three parts: 

mol 1 	mol.2 

where V represents Coulomb type interactions between charged 

particles in the molecules. The effect of this term will be relatively 

small and perturbation theory is applicable to the problem. In 

region I, the approximations made in the last section no longer hold 

and a perturbation approach is much more difficult. In consequence 

such calculations have been carried out for only a restricted range 

of systems and the results are not directly expressable in a 

functional form. Significant calculations have been done only for 

the smallest of systems(n2-H21  H2-11e) and attempts have been made 

to fit the numerical answers to functional forms, such functions 

being the Be' of the 116-exp" potential or the Cr -12  of the "6-12" 

potential. 

There is no direct information available about the intermediate 

region, region II, and so invariably some approximation is made 

to the long range part and some approximation made to the short 

range part and the two are added together to give a minimum. 
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For a more detailed discussion of the form of the atom-atom 

potentials, see reference [29]. 

(2.2) Determination of Potential Function Parameters for 

In terms of the "6-exp" potential function, the crystal 

potential is written, 

= - J E 	+ B 	e'p (_or) 
J. r 	I 

The summation is over all non-bonded atom-atom interactions 

denoted by the index I, making sure each bond is only counted once. 

When the present study was started, no values for the parameters 

A, B and<x were available for sulphur. Giglio et a]. [30] had 

investigated the applicability of the Ar-Ar and Cl-Cl potential 

functions proposed by Mason and Kreevoy r31] and Hill [32] to the 

case of orthorhombic sulphur. Surprisingly the Mason-Kreevoy 

potential is not differentiable at r = 3A and is therefore unphysical 

and the results of using Hill's potential are somewhat poorer. In 

order to obtain a better potential energy function, a method was 

devised by which the known structure of a -S8  [22] and the heat of 

formation of S 8 from orthorhombic sulphur [33] were used as two 

constraints on the three parameters so that by choosing one parameter, 

the other two were fixed, leaving in effect a one-parameter () mode].. 

This method Is doscribed in the paper [34] which is included in 

appendix B. 

(2.3) Number of Interactions Sonsidered 

Inherent in the method of pairwise summation over non- 

bonded atom-atom contacts is the fact that some limit must be placed 
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on the number of contacts included in the calculation. It is 

important to extend this cOmputation over a large enough number of 

interactions. For example, Pawley in his work on the lattice 

dynamics of naphthalene [18] found that changing the radius of the 

sphere of interaction (only those contacts within this range are 

included in the summation) from 3.5A to 4A resulted in a variation 

of phonon frequencies of about 7. This variation dropped to 

only about 1'/' between the limits 5A and 5.5A and thus all inter-

molecular contacts less than 5.5A were included. In the present 

work on sulphur a limit of 5A was chosen as sufficiently large since 

the variation in frequencies in including interactions out to 5.5A 

was less than 1%. 

This is not to say that the contributions to the potential 

energy from 3-3 interactions greater than 5A limit are ignored. 

They are taken into account in the following way: 

The potential energy in the 1th bond is, 

= __ig + B 

ri 

and in the crystal as a whøle the energy is, 

Consider all the bonds, index j, between one atom and all others. 

Then 

~~ >~- V. 
k j ' 
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Bummed over all atoms index k, gives 2, as each bond is counted 

twice. In the model calculation, the sum over k is a sum over 

the atoms in the basic, or reference molecule for which the equations 

of motion are set up (see section 2.0). Then all contacts 

between the atoms in this molecule and the atoms in any other 

molecule within the sphere of interaction which are less than the 

imposed limit, say RA, are included in this sum. Outside this 

sphere it is assumed that the structure can be replaced by an average 

structure. Then the total potential energy of the crystal,(, is 

given by, 

2 cD ± B 7exp(_Oerk.) + 2 (D distant 
kj 'kj 	kj 

r.<PL 	rk.< B 

where, if there are n atoms in the basic molecule 

2(t)distant = n 	V with r ? B 
j 

Substitution for V gives, 

— 	c4itr2 dr nA 100 

where p/A3  is the atomic density, being given by, 

11 x (number of molecules in unit cell) 

volume of unit cell 
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(2.4) Basic Theory of Lattice Dynamics of Molecular Crystals 

(2.4A) Foundations 

As a first step in developing the theory of molecular lattice 

dynamics, some of the underlying approximations are discussed. 

Born-Oppenheimer (adiabatic) approximation: This 

approximation exploits the distinction in mass of the nuclei and 

electrons to achieve a separation between their wave-functions. 

As a first step, the kinetic energy of the nuclei is neglected: the 

nuclei are considered to be stationary in a particular relative 

configuration. The Born-Oppenheimer approximation then shows 

that the nuclear wave-functions associated with the ground 

electronic state are elgenfunctions of a Hamiltonian given by 

in which TN represents the set of kinetic energy operators of the 

nuclei andcD is the effective potential energy function for the 

ground electronic state. 

Harmonic approximation: This approximation concerns the 

effective potential energy function . 	is expanded as a 

Taylor series about a minimum configuration corresponding to the 

crystal structure. The Taylor expansion takes the form 

~ 	 a' (ij) u (i) UPW 	(21) 
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whore the u's refer to displacements of the atoms from their 

equilibrium position. The linear terms vanish because the 

configuration about which the expanison is made is the equilibrium 

configuration. The harmonic approximation consists in neglecting 

terms of third and higher order. 

Two further approximations, more specific to the problem 

of molecular crystals, have already been mentioned: The rigid 

molecule approximation which leads to the separation of molecular 

and lattice modes. This approximation is likely to become less 

defensible as the number of atoms in the molecule increases. 

Then for such a molecule there are low frequency modes which may 

couple strongly with lattice vibrations. Finally, the pair 

potential approximation involved in the assumption made about the 

form of the potential energy function discussed earlier, an 

assumption made necessary because of the impossibility of solving 

the 3chrod1nr equation associated with the complete Hamiltonian 

of the system. The extent to which the pair potential approximation 

is justified is very difficult to assess for crystals as complicated 

as molecular crystals. The approximation is necessary if any 

progress is to be made and the pair potential is effective in 

the sense that it leads to an attempt to express the whole 

interaction in terms of two molecule interactions. 

(2.4B) Basic equations 

The first uestion that arises is the choice of axes in 



which the molecular displacement components will be specified. 

The two most useful sets of axes are the "crystal fixed frame" 

in which displacements, both linear and angular, are referred to 

a set of Cartesian axes fixed in the crystal and the "principal 

axis frame" in which the displacements of each molecule are 

referred to a set of local axes oriented ao as to coincide with 

the principal axes of the moment of Inertia tensor of the 

molecule concerned. Both systems have their own usefulness. 

In the case of sulphur, It was convenient to work in the principal 

axes frame. In immediate advantage of this is that the moment 

of inertia tensor has a diagonal form and this makes the dynamical 

equations simpler. 

Then denoting the displacement of the Kth  molecule in the 

unit cell by ((K) Lu (tic) has six components (u1, u2, u3, 

u4, u5, u6) : u1  is a translational displacement along the first 

principal axis, U4  is a rotational displacement about the first 

principal axis etc.), the kinetic energy T of the crystal is 

given by 

T=+ 
t K c=1,2,3 

++ 
I 1: O=4,5,6 

(zi Ot())2 

('i (IK))2 
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Then the equations of motion for molecule (tK ) are 

mi(L:) = - 	 0 (tx, £'K')u13(C'K') 	 (2.2) 
q 

where m is the mass of the molecule form = 1 0  2, 3 and the moment 

of inertia about the principal axes for Oc = 4, 5, 6. 

Following Botm and. Huang [1.], a plane wave solution is now 

assumed, 

U,,= U4()exp i(.(tK) - (t) 	 (2.3) 

U(K ) is the amplitude, w the frequency and.% the waveveotor, 

a vector in reciprocal space. 

Substituting (2.2) into (2.1) and manipulating, 

= > 	 tK') 

	

13K' 	2' 

expi. R(i'K') _R(rc)} 

= EUK')N(,KX')  
defining 

Not 	KK 

This can be written 

= u13(K > 

	

IC'13 	1  

expi £Li (t'x') 

= 	 (2.4) 

	

K'f3 	 - 

where 



Either of the matrices N or N may be given the name "dynamical 

matrix", but it is usually applied to N. N can then be referred 

to as the mass reduced dynamical matrix and it is N whose solutions 

are the squared frequencies of the phonons. 

Thus the solution of the problem depends on the construction 

Of N, which in turn requires a knowledge of the interaction tensors 

(1K,t'K');before considering the construction of the dynamical 

matrix, it is useful to consider some of the properties of the 

quantities 0,, 0  (LK ,I'K' ), the so—called force—constants. 

(2.40 Propertjes and. Formation-of Force Constant Tensors 

The coeffic1ent8 	(IK,t'K') are given by the deviations of 

the potential energy in the equilibrium configuration as follows, 

4' 	(tK, £'K1  ) 91 

In attributing physical meaning to the force constants it 

must be remembered that the displacements are being referred to the 

principal axes. Thus for example 015 (N, H) would be the linear 

force on molecule N along the direction of the first principal 

axis due to unit rotation of molecule M about the second principal 

axis of N. 

In much of the previous work in the field of molecular lattice 

dynamics, the force constants have been treated as parameters to be 

determined from experimental data (see Chapter I). In the present 

work an attempt has been made to evaluate them on the basis of a 

suitable potential function connecting atoms located in different 



molecules. To this end, it is desirable to write formal expressions 

for the intermolecular force constants 9L(1K,  t'K') in terms of the 

conventional Born-von Karman atom-atom force constants  

where the index k refers to an atom in molecule K. In the rigid body 

approximation this is fairly straightforward. As a first step, some 

alteration of notation is useful. Let 0 represent molecule (1K) for 

which the equations of motion apply, and any neighbours (t'K) can 

be represented by N. The equations which generate 4'(0,N) are then 

required. Further classification is obtained by considering the 

6 x 6 intermolecular force constant tensor 4) (O,N) in terms of 3 x 3 

blocks in the following manner, 

	

(4(0N) 	#tr  (o,1,-,,) \\ 

	

(o,N) 	ç6(o,N)) 	 (2.5) 

where the superscripts t and r stand for translation and rotation 

respectively and. _4' (0, N) is the torque about the 1- principal 
cLs-fe't 

axis of molecule 0 due to a 	 of molecule N along its j- 

principal axis etc. 

With this notation the displacement of atom k in molecule 0 

from Its equilibrium position (o,]c) can be written in the rigid 

body approximation as the sum of displacements produced by the centre 

of mass translations and by the rotations, 

u (o,k) = ut(0) + [r(0) x x(k)] 	 (2.6) - 
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Using the submatrices of (2.5), the second order term 2 in 

(2.1) can be expressed 

= {E Z 4tt(oN)ut(o)ut(N) +EEt(O,N)U(0)u(N) 

	

H' 

	

7, cLr) 
14- 

+ 	zEort 	+ 	 rr(OT)Ur(0)Ur(N)} 
U' KK' 	c3 	 (2.7) 

In terms of atom displacements, 

	

=+E 	j j:0,,,(Ok,Nk')u,,(Ok)u,(Nk') 	 (2.8) 

If now the displacements (2.6) are substituted into (2.8) 

and comparison made with (2.7), the following relationships are 

obtained, 

	

4(o,N) 	=E(ok, Ni-, 
kk' 

tr  

	

4(0,N) 	= 	EcP(ok,mc' )C.y xx(k' ) 
kk - 

	

rt o,N) 	= 	 mc )cx  v  (k) 

kk' pt' 

= 	Y 	Ok,k' )EEvXu(k)XX(k') 
kk .v y 

For convenience of expression, the Levi-Civita symbol 

has been used. It is defined as follows 

= 0 if any two of the Cartesian indices C, 3, y are equal 

= 1 if (Of, p, y) corresponds to a cyclic order of (x, y, z) 

= -1 if (Cc, P, y) corresponds to a noncyclic order of (x,y,z). 
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The force constants required for external mode calculations 

can thus be obtained straighforwardly provided that the interactions 

(o k,N i) are known; and these are obtained from the double 

differentiation of the postulated atom-atom potential function [35]. 

(2.4D) Symmetry Considerations on Force Constant Tensors 

The calculation of the intermolecular force constants can be 

simplified by considering the restrictions placed on the force 

constant tensors by the symmetry of the crystal. 

In the first place, the force constants must exhibit the 

translational symmetry of the lattice. That is 

!'K) =#(i ± L, h;i' ± 

In particular, 

(tx, t'K') =#(_t',K;  O,K') 

=#(o,K; t'-t,K') 

Since the order of differentiation in the definition of the 

force constants is immaterial, the force constants have the permutation 

symmetry 

£'K') =(t'K' ,tIC) 

In general the symmetry operations present in the crystal 

will be exhibited by the force constants mathematically 

cL (o' PIT') = T(O,Ii) ' 

where the symmetry operation in T is some symmetry element of the 



crystal space group that carries 0 to 0' and N to N'. Two points 

might be made concerning the 6 x 6 matrix T. In the present 

treatment both linear and angular displacements are represented by 

vectors. There is however, an important difference in their 

transformation properties under inversion. Whereas vectors 

corresponding to linear displacements change sign under inversion, 

those corresponding to angular displacements do not. The former 

are called ordinary or polar vectors, the latter pseudo- or axial 

vectors. It can be shown [36] that under an orthogonal transformation 

3, an axial vector u transforms as 

u!_-. ii.'  = S 	if S is a proper rotation 

= 	if S is an improper rotation. 

Since the determinant of S is 1 according as S is a proper or 

improper rotation, the transformation properties of an axial vector 

can be summarised as 

= det 

Then to make P of an appropriate form to transform the force constant 

tensors, which are matrices relating polar and axial vectors, it 

should be set up as 

T=(S 	0 

0 SdetS 

The second point regarding T is that since all displacements are 

being referred to the principal axes frame for each molecule, a 
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suitably modified form of the operation S must be used rather 

than S itself. This is explained in Chapter III where the various 

operations necessary for transforming between the principal axes 

and crystal fixed frame are discussed. 

In this way then the crystal symmetry can be used to reduce 

the amount of calculation necessary to set up all the interaction 

tensors. However, before setting up the dynamical matrix one set 

of tensors must still be considered. These are the tensors which 

relate the forces and torques in one molecule to the displacements 

of that same molecule; the so—called self—terms(O, 0). 

(2.4E) Self Terms 

I:t is again convenient when calculating the self—terms, to 

consider them as being composed of blocks of 3 z 3 matrices, 

(o,o) 	tt(0Q) 	tr(00) 

	

\~ rt (O,O) 	~rr(0,0)) 

One approach is then to consider the constraints arising from 

the invariance of the potential energy under infinitesimal translation 

and rotation of the crystal as a whole. The first step is to recall 

the equation of motion of molecule 0, 

= 
- 

E 0 ~, p (O,N)UP (N) 

13N 

Then consider the application of a uniform infinitesimal translation 

t to the whole crystal. That is, u(N) = t. Such a translation 
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does not produce any restoring force on molecule 0 and thus the 

left hand side of equation will be zero. Mathematically, the 

result of this operation can be represented by the two equations, 

CI = J:~tt(O,N) 	 (2.9A) 

0 	rt 
(2.9B) 

with the arbitrary translation t being omitted on the right hand 

side. 

Two further sum rules involving the "tr" and "rr" blocks 

of the force constant tensor are obtained by considering the effect 

of subjecting the crystal as a whole to an infinitesimal rotation, 0. 

As a result of such a rotation the centre of mass of molecule 0 will 

undergo a displacement 0 x X (o) where (o) is the position vector 

of the molecule. For the purposes of illustration, assuming the 

rotation to be about the x.axia, the centre of mass displacement 

of molecule C is given by (0, 
- 
o x5, e xi). Then remembering 

that rotation of the crystal as a whole does not produce a restoring 

force on molecule 0, substitution of the appropriate displacement 

in the equations of motion yields 

tt 
 0

= 0 {[t,x7(N) _.(o,N)x5(N) ±r(0,N)
D(Z

]} 

Since 0 is arbitrary, the quantity within the braces must vanish. 

This result is readily generalised to give 

Ett(J, 	(N) _t(o,N)x(N) +ç6(o,N) = 0 	 (2.9c) I Cep 

N 

The indices , 13 can be x,y, orz and for a given value of P. (f3,y ) 

are cyclic in (x, y, z). 



-37- 

In a similar fashion consideration of the torque induced on 

0 yields the condition 

(:T) -(o,N)x(I X>rt(O'!T)'-:) ±4(o ,N)] =0 	 (2.9D)Otp O(A 

and these sum-rules (2.9A) - (2.9D) place conditions on the force-

constant tensors which can be used to calculate the self-terms. 

(2.4F) Construction of the Dynamical Matrix 

Considerable reduction in the calculation necessary to 

construct the elements of the dynamical matrix can be achieved by 

taking into account the symmetry relating to molecules in the unit 

cell, for if all the molecules in the unit cell are related by 

symmetry, it is necessary to set up the equations of motion for 

only one molecule; them, with six degrees of freedom per molecule, 

six equations are required. In explaining the technique involved, 

orthorhombic aulpbur will be considered as an example. 

With four molecules in the unit cell, the dynamical matrix, 

written in the 6 x 6 block method described above, would be of the 

form, 

N(0, E, a.) 
N(D°  ,E,a.) 

D. M.= 
I  

N(I,, B , a.) 
\ N(H,, E, a.) 

N(o, D,.%) 	N(o,I,a.) 

N(DØ, D, a.) N(D0, I, a.) 
N(10, D# .%) N(10, I, a.) 
N(M0, D, a.) a.) 

where molecule 0 is the basic molecule of the type E, and D 10  and 

the basic molecules of types D, I and M respectively. (Sea 	i.2A) 



In equation (2.4) the elements of the dynamical matrix were 

defined as 

iI 3(Kx' ,q) = 1:4(tK0trKt)exp(i.. 	(( tic ')(tK)) 	(2.10) 

1' 

This equation could be applied directly in calculating all 

the elements of the matrix D.M. above, but to facilitate computation 

it is advantageous to choose one molecule, molecule 0 say, as the 

molecule for which the equations of motion are set up. The origin 

of this molecule defines the origin from which we work. Then 

for this particular value of the index K, r(W) is zero and (2.10) 

can be written 

) =  E4,X~(O,N) exp 	 (2.11) 
IT 

whrz r(L) iz a;prc:ritly zero, (D), r(I), r(M), the distance 

betrn zlule 0 and the , D, I and M molecules in the primitive 

cell respectively; these four intermolecular distances are now the 

only ones that need be considered. 

To show that all the elements of the dynamical matrix D.M. can 

be written in this form consider as an example the (2,3) element 

N(D0, I, ) = 2:~X~ (Do, i) exp I q.r (D0, I) 
I 

where r (D0, i) is the position vector of molecule I with respect 

to molecule D0. 

Applying the twofold rotation operation 

= 1 0 0 

(o..i 0 

\0 oi 



which relates relates molecule E to D and I to II, we have 

TT('0, I, CO  = 	D0, sI, S 1  q) 

= N(O, M, 	) 
	

(2.12) 

In other words, 

N(D0, I, q) = s 1  N(O, M, q') 

and substituting for N(O, M, q) from equation (2.11) we have 

exp i q'.r(M) 

Since q1  is related to q by o' = j (equ. 2.12) 

N(D0,I,q) =r / 3(O,I)exp i (Sq).r(II) 

= N(O,N,qD) 

Thus all the elements of the dynamical matrix can be constructed 

directly from equation (2.11) involving only tensors of the form 

and the four position vectors r(N) provided the appropriate 

point group operation is correctly applied to the force constant 

tensor and the avevctor under consideration. With a similar 

approach applied to tie other elements, D.M. now has the form 

IN(o, IJ, q) 

(N(O. D, q ) 
D 

N(O, I, q I 

N(o, M, q11) 

S 	-j where  = q 

N(o, I), 	qE)  N(o, 	i, q) N(o, N 	q )' 

N(O, E, qD)  N(O, h, q 	) 
D\ 

N(o. I, q ) 

N, q1) N(O, E, q 1) IN(O, N(O, D, qI ) 

N(O, I, qM)  N(o, 	, 	q) 1T(O, 	, 	q')/ 



(2.4G) 	Solution of Equations of Motion 

Raving constructed the dynamical matrix, we return to equation 

(2.4) which is now written in matrix notation as 

2() 	M(g) j() 	 (2.13) 

(213) is the eigenvalue equation for the present problem. J(q) 

is a column matrix with 6n elements (n molecules in the unit cell). 

i 	
0 

The eigenvalues j 
2  ¼q) 	= 1-6n) are obtained by diagonalisation 

of the mass reduced dynamical matrix N whereupon the diagonal 

elements are the squares of the phonon frequencies. 	In the 

computer calculation the diagonalisation is performed using a 

double Jacobi method [69].  The columns of the matrix used to 

rotate N in the diagonalisation procedure are then the eigenveotors 

of the phonon modes. 



Table 2.1 

Flow diagram for lattice 

dynamics of C- S8  programme 

Part 1: calculation of 

eigenvalues and eigenvectors 

of normal modes 



READ IN CELL PARAMETERS 

calculate cell 
volume,reciprocal 
cell parameters 

READ SYMMETRY OPERATIONS, 
S ,NECESSARY TO GENERATE 
CRYSTAL FROM BASIC MOLECULE 

position 15 neighbour 
molecules relative to 
basic molecule 

READ ATOMIC COORDS. FOR 
BASIC MOLECULE 

find S-S contacts less 
than limit of interaction 

work out bums, 
e.g. 1/r 
necessary for 
potential caic. 

CALCULATE ATOM-ATOM POTENTIAL 
FUNCTION PARAMETERS 

SEEK POTENTIAL MINIMUM 

AT MINIMUM RESET ATOMIC 
POSITIONS AND CELL PARANS. 

SET UP MOMENT OF INERTIA 
TENSOR 

CALL 

calculates moments of inertia and 
yields T,transformation matrix between 
crystal and inertal frames 

TRANSFORM SYMMETRY MATRICES 
S1K,USING T 

CALCULATE FORCE CONSTANTS 

CALCULATE SELF TERMS 

read in wavevectors 

TRANSFORM WAVEVECTOR 

SET UP DYNAMICAL MATRIX 
b-CALL DIAGONALISATION SUBROUTINE 

yields normal mode frequencies and 

I

eigenvectors 

STRUCTURE FACTOR CALCULATION (see table 3.1 for description) 

DIAGONALISATION SUBROUTINE 



.- 	- 	f 	-i* 

CHAPTER III 

NEUTRON INELASTIC SCATTERING: 
THEORY AND EXPERIMENT 
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CHAPTER III : 

(3.1) Scattering Theory 

(3.1A) Foundations 

Most theoretical treatments of the inelastic scattering of 

neutrons from a crystal are based on an atomic picture of crystal 

dynamics; the motion of the 3th  atom in the cell is expressed by 

an atomic eigenvector; (g,j). However, as the present work is 

concerned specifically with molecular crystals, it is most convenient 

to express the dynamical properties in terms of the translational 

and rotational motions of entire molecules. This involves some 

modifications to the standard approach and these will be discussed 

in the present chapter after a brief consideration of some of the 

concepts involved in the derivation of the expression for the inelastic 

one phonon coherent scattering cross-section. 

There have been many previous calculations of the cross-

section for scattering from a crystal (Van Hove [37], Glauber  [38], 

Marshall and Lovesey[39]).  The essential features of the calculation 

of the cross-section are the following: since the de Brogue wave- 

length of a thermal neutron is much greater 	times) than the 

size of the nucleus, only s-wave scattering from the nucleus is 

important and this is isotropic and independent of neutron energy. 

Then the interaction between the neutron and the nucleus is represented 

by the Fermi pseudo-potential 

2ith bt SLr - 	) 	 (3.1) 
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where b is the so-called bound atom scattering length of the 1th 

nucleus (mass in) at position (t) and the subscript t serves as a 

reminder that the scattering length b varies from isotope to isotope 

and indeed from one nucleus to another of the same isotope when 

there is non-zero nuclear spin. It must be emphasised that v() 

is not the true potential. Perturbation theory would really be 

inapplicable to the case of the scattering of a neutron by a nucleus 

since, although the interaction potential has a very short range, it 

is very strong. The Fermi pseudo-potential as given by equation 

(3.1) is introduced to give, in the Born approximation t4019 what is 

known to be correct for s-wave scattering. (The magnetic interaction 

between neutron magnetic moment and the spin of the electrons has 

not been considered here: that is, a non-magnetic scatterer is 

assumed.) Then the scattering for the entire assembly of nuclei 

is obtained by suimnin over the scattering for individual nuclei, with 

due regard to the relative phases of these scattered waves. 

The partial differential cross-section for the scattering 

of neutrons from a state 	to a state 4ij  while the specimen undergoes 

a transition from state n0(j) to n1  (j) is then 

d6 	m 2 k1 E Pn0 E < i n1  v 	2 	
(3.2) 

- 2th2 0 

There is usually a 9-function attached to this equation to 

express the fact that energy is conserved during the scattering process. 

is the probability of occurrence of initial state n0. The 

factor - originates in defining the cross-section per unit incident 

flux: the flux is proportional to the incident neutron velocity, i.e. 
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to Ic0. The k term in the numerator is another proportionality 

factor originating In the calculation of the density of final 

scattering states. 

Expressing the incident and final neutron beam in plane 

wave form and substituting for V from equation (3.1), that part of 

(3.2) involving neutron coordinates is easily evaluated as 

< 	i v 	> = 22Eb1  dr exp, i 	 exp 

21th2  7,  b exp i m (3.3) 

where =ko  - 	is the neutron momentum transfer vector. 

(3.1B) Coherent and Incoherent Scattering 

At this stage it is advantageous to introduce a purely 

mathematical division in the cross-section. To explain this 

division consider the case where all the nuclei in the specimen are 

rigidly fixed. All the scattering must then be elastic. Then 

with Ic0  = k1  the integxtion over the specimen coordinates is 

trivial and the differential cross-section is just 

	

dO = 	 2 

dQ ILI exp i .'Zt / 

	

= 	b1b1i exp I a. (Zt -it,) 
£ C' 

=2:b  - b 1b1 I exp I . 	- £1' 

where 	indicates a summation not including £ = £'. The first 

term in (3.4) is N <b?where  N is the number of nuclei and the 

(3.4) 
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brackets < > denote the average value. 

There is no correlation between b1  and be and so 

Kb,b11> = < b1> <be> 

= Kb1> 2 

and the second term can be written 

N(h,> 2Eexp
I Zr') 

£1'  

or, removing the prime from the summation 

+ N<b1>2E exp 
eel  

Thus finally, 

= IT( b2 > — b> 2) + N<b> 2\E  exp I u. Lr t  — r1 ? (•) do 

The term N(b2> —<b>2)  in (3.4) can be written 11 <(b —(b> ) 

showing that it depends on the mean square deviation of the scattering 

lengths from their average value. It is known as the incoherent 

scattering cross—section. Ignoring the effect of the Debye—Waller 

factor, the incoherent elastic scattering is isotropic and gives 

a uniform backround to the coherent scattering which Is represented 

by the remaining term, 

Nb)2  
I I' 
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Note that the coherent scattering cross-section takes into 

account interference effects arising from the relative locations 

of the nuclei in the Assembly. The incoherent scattering cross-

section on the other hand, has no phase term and so gives no 

information about relationships between different atoms. 

An important feature of the coherent part of the cross-section 

is that if.Q is not equal to B, a reciprocal lattice vector of the 

specimen crystal, the scattered wave from each atom site will be 

more or less out of phase and will interfere destructively. The 

coherent scattering is thus far from isotropic and is instead 

strongly peaked at the reciprocal lattice vectors ; these are the 

well-known Bra-,g peaks. 

This distinction between coherent and incoherent scattering 

goes beyond the case of elastic scattering from a rigid monatomic 

crystal lattice and is applicable to inelastic scattering from real 

crystals in which the atoms are vibrating about their equilibrium 

positions. Substituting (3.3) into (3.2) and expanding the 

notation to allow for n distinct atoms, labelled a, within each of the 

N unit cells, labelled 

d 
 2,6 	k 1 Z: 

E<n1 	: b f8 	(i 	no> 
2 
 (3.6) 

dQ.dE 	k 1 	0 no 	n1 	es 

where the instantaneous position of the 
5th  atom in the 1th  unit 

cell is expressed 

Zj5 =.g 	ts 

with  ts  the displacement of the 
(j8)th  nucleus from its equilibrium 

position. Usinr the ideas developed above (3.6)  can immediately be 
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divided into coherent and incoherent parts. 

The coherent cross-section is 

d25c0h k1 > Pii E I <fli 	bcoh expti dQd 1 = To 0 

exp[i.(+u )Ji 	2 	 (3.7) 1s n0>  

Describing the initial and final states of the specimen 

crystal in term3 of h:rmon1c oscillator functions, it is convenient 

to expreos the diFplacer1enta in terms of the operators a(qj) aml a+ 

(j) which respectively annihilate and create phonons (j), 

La = 	21-In 1: ~ 	ç [a (j ) (,g.j) exp (ia. (t + 

- ij(a) t) + a(oj) *(a) sip (-ig.( 1 +,) + ij(g)t)J 	(3.8) 

where .(j) is the elgenvector associated with the 8th atom of 

mass m5 in each cell, for a normal mode of wavevector a, polarisation 

index j and circular frequency j (.). 

The operators a+ (aj) and a(j) introduced above have the 

following properties 

a(j) n(j)> = (n(.aj) + 1 )+ n(g.j) + 1> (Creation) 

a(aj) I n(j)>= (n(j))n(j)-1 	(Annihilation) 

The procedure is then to expand the exponential in (3.7) 

involving .U,, phonon expansion — and substitute (3.8) into it. 



This results in a series of terms corresponding to processes 

involving no phonons (elastic scattering), one phonon, two phonons 

etc. 

The integration over final states produces delta functions 

of the type 

5J(1 
(k2 k2 
o i'i 	elastic 

o{( 	(k - k) .± 	1 phonon 2m 0

etc. 

expressing the fact that energy is conserved in the scattering 

processes. 

The sun over crystal lattice sites 1, 	produces delta 

functions expressing conservation of wavevector 

8 (. - .) 	 elastic 

I phonon 

etc. 

In the case of incoherent scattering, the sum over 1, t' 

simply leads to an additional factor N without any condition on 

the wavevectors of any phonons involved in the scattering processes. 
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(3.1c) Multiohonon Irocesee 

Consider a scattering process in which one phonon, , is 

created and at the same time another phonon, .a2  is annihilated. 

This two phonon process is governed by the conservation conditions 

2 -.)(E0 - E1 	+ 
	

(3.9) 

What is actually measured in a neutron scattering experiment 

is the intensity at a particular neutron waveveotor transfer Q and 

energy transfer E0-E1. Clearly this intensity has contributions 

from all possible two phonon processes subject only to the 

requirement that both phonons obey the dispersion relation =tii (s.) 

as well as condition (3.9) above. In general, there will be many 

such possibilities, and it is impossible to identify which 

particular phonons are contributing to the measured intensity. The 

situation is even more confused in three phonon or, in general, 

multiphonon processes. This type of multiphonon scattering is thus 

quite unhelpful for present purposes and is normally regarded as 

a nuisance. 

(3.1D) Debye-Wafler Factor 

The phonon expansion also produces a set of cross terms in 

xamination of the coefficients of Q2  in this series shows 

that the series is the expansion of the familiar Debye-Waller 

factor 

F 	 ,i 22 exp ¼-WI = exp 	x 



In this equation x2  is the root mean square of the component of the 

atomic displacement u in the direction of . 

(3.1E) 	Inelastic Structure factor: 

Remembering that the only differences between one phonon 

creation and annihilation processes are the population factors and 

energy conservation condition which are (no  + i) 	— F, — 

and n0  S (E0 — 	+ 
ii (g)) respectively (n0(.j) = (exp iiwj  (.)/ 

k:BT 1)_i; kB = Boltmann's constant; T = crystal temperature), the 

final expression for one phonon coherent scattering can be written 

d2600h = 	(2r) 	 — E1 	wj()) 
dQdE1 k0  V0  

(n++.±+) 	
\G 

2 (a) 

where 

= 	. , 	(ai )b8°°  exp (i.-5)  exp (-w) 

is called the inelastic structure factor; then the intensity of 

a given mode for a particular wavevector transfer is given by G( with 

the appropriate population factor (ti*n  signifies complex conjugation). 

(3.2) Application to Molecular Crystals 

To make the above expression applicable in a rigid molecule 

approach to the lattice dynamics, a necessary modification results 

from the fact that the motion of the p th  atom in the K th  molecule 

of the 1th  unit cell will now be described in terms of the translational 

and rotational components j (aj) and ®.(aj) of the total eigenvector 
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of the 	th molecule, That is 

=(S.) + Q(j) x(?) 	 (3.11) 
- 	 K 

where (F) is the position vector of atom F  relative to the centre of 

mass of molecule K . Before straigbforward substitution of (3.11) 

into (3.10), account must be taken of the phase factors introduced by 

the different definition of the eigenvector. 

In equation (3.8) the displacement of an atom was defined as 

=.(qj) exp(i..( 1  +) - iw(q)t) 	 (3.12) 

Now with 

the displacement is written as 

tKi = 	(j) exp (i.C(t) +(K)) - iw()t) 	(3.14) 

where the exp(i.(K)) term is the phase factor between equivalent 

atoms in different molecules. The phase factor exp(1.g..(p)) between 

different atoms in the same molecule is now included In the definition 

of the eigenvector VK  (j). 	Comparing (3.12) and (3.14), 

£K(,i) = -es  (ai) ei.a.z() 	 (3.15) 

Substitution of (3.15) and (3.13)  into (3.10) yields 

G () =6 	a.3L <  ( j) exp(-i,.(p)) exp j.(K) + (p)] exp (-LI) 
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Then with, 	 = + 	 (3.16) 

G () = b 	.[j4 j) + Q,<  ( j) .(p)]exp i.(K) expi .(p)exp(—W) 
KP 	

(3.17) 

(3.3) 	Application to Opthorhombju Sulphur 

As discussed in section (2.4B), the dynamical calculations 

on sulphur were carried out working in the inertial axes of the molecules 

in the primitive cell, rather than in a crystal fixed system. The 

components of the eigenvectors obtained on diagonalisjng the dynamical 

matrix are then correspondingly in the inertial system of the appropriate 

molecule. To facilitate taking the dot product of the wavevector 

transfer, j, with the molecule elgenvectors in the equation for the 

inelastic structure factors (3.17), these elgenvectors are first expressed 

in an orthogonal crystal fixed system. Because of this and because 

in general the facility of interchanging between inertial and crystal 

axes systems is an important one, this coordinate transformation will 

now be considered. 

Figure 3.1 shows the molecules in the primitive cell of Ci 
- S. 

The symmetry relationships between the moleules have been described 

Previously in Chapter I. As an example, consider the transformation 

of the displacement vector z2  (see fig. 3.1), whose coordinates in the 

inertial frame of molecule 2 are (cx, 0, y), into the oryt;al. fixed 
system. The equivalent vector in molecule 1, Z1 , is a vector that in 

)-thathe inertial frame of molecule 1 also has the coordinates (oç (3, Y)-

that t is the same set of numbers as the coordinates of 	in the inertial 

frame of molecule 2. 
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Figure 3.1 

Transformation between inertial and 

crystal axes systems 
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The transformation matrix between the inertial frame of 

molecule and the crystal fixed system is 

cose sine o 

T=—sinO cosO 0 

0 	0 	1 

Then in terms of crystal system coordinates 

crystal=T 
A 

inertial -  

Molecule 1 is related to molecule 2 by the matrix 

1 0 0 

= 0 —1 0 12 

0 0 —1 

when use of the lower case s signifies the point—group operation 

associated with the space group element S. That is, we are here 

interested in the coordinates of a displacement vector from a fixed 

origin in terms of a new coordinate system and so the translational 

part of the symmetry operation can be ignored. 

Then, 
42 crystal 	crystal 

= 
inertial 

12 

But as the inertial coordinates of A are identical to the inertial 

coordinates of 

X2 
crystal = 12 T inertial 2  

Generalising, 
S-K crystal 	 inertial 

= 81K T 	
(3.18) 



-55- 

where K runs over the 4  molecule types in the primitive cell; equation 

(3.18) is then the general equation for transforming displacements 

between inertial and the crystal fixed axes systems. 

(3.3) Note on Improper Symmetry Operations 

The molecular displacements in which we are interested are 

considered small displacements. The angular rotations are represented 

by axial vectors along the axes of rotation having magnitudes equal to 

those of the rotation. In the case of sulphur, half the molecules in 

the primitive cell are related to the other half by improper symmetry 

operations and it is not immediately obvious that equation (3.18) will 

be true when applied to vibrational molecular displacements when 

is an improper symmetry operation, since axial vectors unlike $lar 

vectors, do not change sign under inversion. In determining this, 

consider first the concept of a positive rotation. This is defined 

as follows. Molecule I is given a right-handed coordinate system 

with axes along the principal Inertial axes. Each of the other molecules 

has its own system which is related to that of type 1 by crystal 

symmetry. In the case of molecules 3 and 4, which are related by 

improper symmetry operations to molecule 1, these systems are then 

left-handed. A positive rotation of molecule 1 may be defined to 

be transformed by the crystal symmetry to a positive rotation of molecule 

3. (Similarly for molecules 2 and 4 which are also related by a centre 

of inversion.) Hence a positive rotation in a left-handed coordinate 

system is simply a left-banded rotation about an axis and the direction 

of this axis gives the appropriate vector for the infinitesimal rotation. 

With this prescripticn the rotational displacements around the y 

principal axis of molecules 1 and 3 shown in figure 3.2 are both positive 

(and preserve the centre of Inversion). Both are described in their own 
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Figure 3.2 

Improper symmetry operations 
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inertial system by the axial vector (o, p, 0). Then if r inertial = 

(r 1, r1  r1)  is the position vector of the 
ith  atom in the molecule 

(components expressed in the inertial system of the molecule), the 

displacement of atom I due to the rotation (o, p, o) is 

(0, p, o) X (rxh, r71, r 1) =(P-r"' o, -p.r11) 

= C)inertial 	 (3.19) 

The point of Importance here Is that inertial  is the result of tiring 

the cross-product of a libration eigenvector (polar) with an atomic 

position vector (axial), and is therefore itself, a polar vector. Thus 

G) inertial can be subjected straightforwardly to the transformation 

(3.18). Applying it to the librational displacement of molecule 3, 

0crystal =S, 13 T 0inertial 

= -1 	0 	0 	 Pr 1  

-i 0 T 0 

0 -1 	-Pr ix  

= T 

0 

13r 

since T and s 13 commute. This then corresponds to the same atomic 

displacement as (3.19) above expressed now in the crystal fixed coordinate 

system. Thus as lon as the cross multiplication necessary In equation 

(3.17) is carried out before the coordinate transformation, using 

inertial system coordinates for the atomic positions, there is no difference 

between the cases of ]-thrational and translational displaceenta. Both 
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Table 3.1 

To complete the flow diagram of section 2.4G, the way in which 

equation (3.17) - structure factor equation - is programmed is now 

presented. 

Flow diagram for lattice dynamics of & - S8  programme. 

Part 2: Calculation of structure factors. 
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are reduced to atomic displacements. 

(3.4) 	experimental Neutron Scattering 

(3.4A) Introduction 

The best technique for the study of phonon dispersion curves 

is inelastic neutron scattering. The specific heat, the second order 

Pmnn spectra and the continuous infra-red absorption give an average 

over all normal modes, while the elastic constants, the first order 

Raman spectra and the infra-red absorption frequencies only give 

information about the very long wavelength end of the dispersion curves. 

The experiments employ neutrons from a reactor and therefore 

depend upon the spectrum emitted by the reactor. The neutrons available 

for the experiments have energies in a range up to about 200 meV, 

with a maximum flux at about 30 meV. The corresponding wavelengths 

range from about 5A to 0.7A. Thus thermal neutrons have simultaneously 

energies of the order of the characteristic vibrational energies of 

solids and liquids and wavelengths of the order of interatomic spacings. 

Their low energies make it possible to resolve the energy changes the 

neutrons undergo in scattering. Because of their short wavelengths, 

neutrons are sensitive to almost all types of atomic motion in the 

specimen and not, as with light, only to thosemotions in which large 

numbers of atoms move together in phase. A disadvantage of neutron 

spectroscopy is the relatively low flux available. 

Measurement of the phonon dispersion curves of crystals depends 

on coherent scattering processes which involve one phonon. These 

give rise to neutron groups, the centres of which define the energy 

and momentum of the phonons through the conservation equations 

= .L -J 1 = .L±.. 
= E -E 

o 

(see section (3.1B)) 



The principle of the experiments is that a beam of monochromatic 

neutrons of known wavelength is incident on a crystal at a defined 

angle and arrangements are made to permit determination of the 

wavelength of the neutrons after scattering through a known angle. 

There were a number of different experimental methods which have been 

used to achieve this. The most versatile, and the one used in the 

present investigation on sulphur, is the so-called Triple Axis Crystal 

Spectrometer. 

(3.4B) Triple Axis Crystal Spectrometer 

In the work on sulphur three triple axis spectoineters were 

used - Pluto spectrometer at U.K.A.E., Harwell and TASI and TAS111 

spectrometers at 1.E.K.Riso Denmark. The principles of operation 

of all three machines are the same. 

schematic diagram of a typical triple axis spectrometer 

is shown in figure 3.3. A collmator let into the reactor shielding 

provides a beam of neutrons with a broad energy spectrum in the thermal 

range. A monochromatic beam is obtained by Bragg reflecting the 

neutrons from a single crystal (the monochromator). The intensity 

of the neutrons reflected by the monochromator is larger for increased 

mosaic spread of crystal. As the mosaió spread is usually less 

than the beam collimation - a few minutes compared with say 30 

minutes - increase of the former will increase the reflected intensity 

without appreciably effecting the resultant wavelength spread. A 

good crystal monochromator is thus one with a fairly large mosaic 

spread. As intensive radiation is present from the in—pile collimation, 

heavy shielding is Drovid.ed all round by the drum (Arm i). 

Scattered neutrons of a given wavelength defined by soller 

slit collimators in the drum are monitored by a counter. A typical 

monitor detector consists of a thin layer of natural uranium inside 

a box with thin aluminium windows. Neutron detection is by means of 

the 235Ufission reaction and the efficiency, typically 10, is inversely 
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Figure 3.3 

The triple—axis spectrometer 
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proportional to the neutron wavevector 
10 

The neutrons scattered in a particular direction by the sample 

are analysed by Bragg reflection from an analyser crystal. Arm 2 is 

defined by the collimator between specimen and analyser. The neutrons 

from the ai*lyser are detected by an end-on counter, usually the 10BF3  

gas type or the more compact 3He  gas detector. The detectors are 

heavily shielded as they are operating in a background of fast neutrons 

and y-raya, and the entire counter-shield unit forms another moveable 

arm (Am 3). 

In all three instruments used the sequence of operations is 

calculated on a computer. The computer uses a teletype as an input/ 

output device and enables the spectrometer to be controlled from paper 

tape or keyboard. 

Mode of Operation: A unique feature of the triple axis 

crystal spectrometer is that the motion of the four independent parameters 

oM( O , 	)+', 	0A(El, 	can be controlled in such a way that 

various types of experiments can be performed. The most commonly 

employed scan methods are described below. 

Constant Q Method: (see figure 3.4-a) ljith fixed incoming energy, 

20 A 4) and Y are incremented so that is kept at a fixed desired 

position in reciprocal space throughout the scan. As 20A  changes, 

E1  changes and any neutron group appearing in the energy distribution 

give the frequency of a phonon of waverector . Alternatively, the 

analyser system can be kept fixed and 2P varied so that the incident 

neutron energy varies through the scan. 

Constant E Method: (see figure 3.4b) In the constant E mode 

of operation, E0  and Ej  are fixed and 4) and T are driven in steps such that 
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Figure 3.4 

Commonly employed scan methods in triple—axis spectrometry 

(a) Constant Q Method (b) Constant E Method 
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a straight line is described in a desired direction In —space. In 

this case £ is being stepped for a fixed energy transfer. This 

method Is particularly useful in the study of any steep dispersion 

curves where focussing effects (see section 3.4E) can lead to sharper 

neutron groups being obtained than with the constant method. 

(3.4c) Background 

The peaks appearing in the energy distribution of scattered 

neutrons can usually be assigned (but see section 34D - spurious 

processes) to one phonon coherent processes. These peaks are observed 

against a continuous background of scattered neutrons. The 

contributions to this background can be classified as being of two forms. 

The first originates from incoherent scattering and multi-phonon 

scattering processes as discussed earlier. The second contribution 

is not due to scattering processes, but rather to the general ambient 

neutron background in the reactor hail. 

T1e value of the background count, estimated by scanning for 

several meY beyond the wings of a neutron group was typically 5 - 6 

counts per minute. 	This was the case at both the Harwell and Ris 

reactors. The Harwell triple axis possessed a facility for separately 

estimating the second contribution: a pair of BF  counters at an angle 

of 70  above and below the main counter look just outside the analyser 

Bragg spot of scattered 3wmtrons and record this contribution to the 

background. This was typically between 1-2 counts per minute. 

(.4D) Spurious Processes 

Care must be taken in the analysis of neutron group distributions 

obtained from a triple axis spectrometer before deciding that the peak 

In a scan is in fact clue to coherent one phonon scattering of neutrons 

of the "correct" energy. 
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Figure 3.5 

The origin of order contamination. For k ' 2 and k3  it happens 

that the Ewald radius crosses the reciprocal lattice points 111, 

222 and. 333. This means that in the direction shown by k1  (it 

is the same as for k 2  and k 3 ) one will observe reflections 111, 

222 and 333 corresponding to wavelengths 	1/2 and 





One of the most serious difficulties concerns the reflectivity 

of the monochrornating crystals, particularly their ability to reflect 

neutrons of energy other than the desired energy, so that the reflected 

neutron beam is not truly monochromatic [41]. The origin of this 

"order contamination" of the neutron beam is illustrated in fig. 3.5. 

The same problem occurs at the analyser crystal where neutrons of other 

than the desired wavelength may be Bragg reflected into the detector. 

Two techniques used in the present work to reduce order contamination 

were 

use of crystals hose structure is such that the scattering power 

of certain higher order planes is zero. The (iii) or (113) reflecting 

planes of germanium are suitable since the second order reflections 

(222) or (226) have zero structure factor. In practice the second order 

is not completely eliminated because of certain double Bragg scattering 

processes [42] but it is certainly enough for adequate discriminations 

against spurious elastic processes, [431. 

rjrolytic graphite used as a selective neutron filter. The filter 

consists of several slabs of pyrolytic graphite placed in the neutron 

beam so that the unique C—axis of each slab is aligned parallel to the 

beam. Neutrons of wavelength A = 2d ain(90-), where d is the 

spacing of any set of reflecting planes (bkt) and P is the angle between 

the C—axis and the normal to the (hkt) planes, are very efficiently 

reflected away by the graphite. 

Some of the most important possibilities for unwanted spurious 

processes are noted in Table 3.1. Wavevector diagrams corresponding 

to line 2 and lines 5 and 6 are shown in figures 3,6a and b respectively. 

Figure 3.6a represents several successive points on a constant , scan 

with fixed K1  designed to measure the frequency cc of a phonon at the 
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Table 3.2 

Monochromat or 	Specimen 	Analyser 	:&ve Vector 
Scattering 	Scattering Scattering 	Transfer 

Ci) E o - = 

2 E0  4E1  1c0  - 2k1  

3 4E0  9E1  2k0  = 

4 9E 16E 3 	- 4k1  = 

5 E o(Bragg) E0(diffuse) oi =lo  

6 E1  (diffuse) 0(Bragg) El  jEjo - = 11 



Figure 3.6 

Representation of several successive points on a constant—Q 

scan, made with an analyser crystal having a significant reflectivity 

for second order neutrons of wavevector 2k1  

Effect of diffuse scattering from the xnonoohromator or analyser 

crystals, coupled with Bragg scattering from the specimen crystal. 
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wavevector £. At the same time, the vector 9 is tracing out the 

dotted path CC. If at any stage in the scan w and 	happen to 

satisfy the dispersion relation for any excitation in the crystal, then 

a peak in the scattered neutron intensity may be observed in addition 

to the peak arising from the expected mode w(Q). Figure 3.6b shows 

that if the point A happens to coincide with a reciprocal lattice 

point of the specimen crystal, then it may Bagg reflect the incident 

beam in the direction of the analyser crystal, which can then diffusely 

scatter some neutrons into the detector. If B is a reciprocal 

lattice point on the other hand, then neutrons of energy &, diffusely 

scattered onto the specimen from the monoohromator may be Bragg 

reflected from both the specimen and the analyser. An important 

point to note is that in all these examples two of the scatterings are 

coherent elastic, while the third is incoherent and/or inelastic. 

The intensities to be expected from these spurious processes are thus 

comparable with that for the desired coherent one phonon process. 

Thus besides the prevention of higher order contamination 

by the methods described above, the treatment of spurious processes 

involves checking any suspect peaks against the energy conservation 

equations of table 3.1 or drawing reciprocal space diagrams of the 

actual experimental set up to see whether for example cases 5 and 6 

are likely, and perhaps repeating the 	experiment with slightly 

changed conditions. 

Another possible problem in the analysis of the results is 

multiple Bragg scattering in the specimen crystal which alters the 

intensity of the observed groups • This was not however an important 

problem in the present research since the crystal used, with a mosaic 

spread (measured in three orthogonal directions) oi less than 15' was 

sufficiently perfect that the probability and efficiency of Bragg 

scattering was small. 
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(3.4E) Focussing and Resolution of a Triple Axis Spectrometer 

We have seen that in the course of a neutron scattering 

experiment, the simultaneous f'u].fiOment of certain conditions results 

in a coherent inelastieneutron scattering process and a peak is 

observed in the scattered neutron intensity. The width of these 

neutron groups arises in part from the lifetime of the excitation the 

group represents, but also partly from the resolution of the 

measurement. That is, if the spectrometer is set to observe a scattering 

process involving energy and wavevector transfers 	and. .20 

respectively, then the conservation rules for the incident
° 
 and 

scattered K neutron wavevectors are, as previously mentioned, 

0 	O K 	I 	o 

2 	
Ki0)2 - ( 0)2) 

0 

where w is positive for neutron energy loss. However, because 

of finite collination and the mosaic spreads of the monochromating and 

analysing crystals, there is, for a fixed position of the spectrometer, 

a spread of the 	and L2  vectors around their average values, 4and 

K 0, and scattered intensity may be observed from points in w - 

space adjacent to m , . The resolution function of the spectrometer 

R(A, Aw), is defined as the probability of detecting a neutron as a 

function of,(2 - ) and 	- 	when the instrument is set to 

measure the scatterinat the point 	. It is simply a number 

dopendeat of Q and 

A functional form for this probability of a neutron being 

detected was devised by Cooper and. Nathans [44]. The resultant 

probability function is seen to be the equation of an ellipsoid. 
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The resolution function can then be visualised as a probability 

ellipsoid in w - space, and an experiment to determine the 

dispersion relation visualised as a movement of this resolution ellipsoid 

through the dispersion surface. 	 That ia, the observed 

intensity is given by the convolution of the resolution function with 

a scattering cross-section, 

i (, .) = jR ( 	+ 8 w, qo  + 	( 	+ A  (), 	+ . 

and the result of a scan, when the spectrometer is adjusted so that 

the resolution ellipsoid moves in a series of d:iecrete steps through 

a path in w - space, can be predicted by evaluating I for the points 

along this scan. The ellipsoid does not appreciably change shape 

or orientation during the small spectrometer movements required to record 

a resonance. If it can be tilted so that it is locally parallel to 

the dispersion surface at the point under investigation, the recorded 

resonco will be narrower and higher than it would otherwise have 

been. Thus in carrying out experiments with a triple-axis spectrometer, 

it is helpful to be able to visualise the shape and orientation of 

the resolution ellipsoid and to know how the ellipsoid may be altered 

to the most suitable position for a given scan. Several techniques 

are available for sup,-.lying this information. 

The shape and orientation of the resolution ellipsoid for a 

particular spectrometer set-up can be determined experimentally. 

Incoherent, elastic scattering from a vanadium sample gives the 

projection of the ellipsoid on the energy axis, while a series of scans 

through a Bragg peak of a specimen crystal can be used to determine 

the intersections of the resolution ellipsoid in the -Q. planes. 

Graphical methods exist [45] which allow rapid estimation of the i)est 
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experimental parameters for a particular scan. Finally computer 

programmes can be used which calculate the projection and intersection 

of the ellipsoid on various planes in reciprocal space, and then 

integrate this ellipsoid through some approximation to the dispersion 

surface for given scan parameters in order to obtain an instrumental 

line width, useful in the analysis of observed neutron groups. 

Such a programme [46], based on the theory of reference [44],  was used 

in the present work. 

Aa an example of the importance of resolution and of the use 

of the resolution programme, consider figures 3.7 a and b which show 

the results of two scans taken at the same point in reciprocal space 

in the present work on sulphur. In both cases the same specimen 

crystal was used, but both experiments had different scan parameters. 

The upper figure in fig. 3.7a is taken from the second series 

of experiments (see section 4.3) while in Figure 3.7b it is the neutron 

distribution obtained in the third series of experiments (see Section 

4.40, bo:bh for the point (6,0,0) in reciprocal space coordinates. 

Intensity calculations (see Chapter V) predict two peaks in the 

region of the scattered nuutron intensity shown and while these are 

indeed clearly resolved in figure 3.7b, this is not the case in 

figure 3.7a. 

Below each figure is the corresponding instrumental resolution 

calculated for the point (6,0,0) assuming two peaks, at 3.1 and 5.5 

meV. These clearly show that with the experimental set up used in 

measuring the neutron distribution of figure 3.7a the inherent 

instrumental 1hewidth was so broad as to make peak resolution 

unachievable, while the narrower instrumental 	width obtaining 

in the second scan at least makes resolution possible. 
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Figure 3.7 

An illustration of the effect 

of instrumental resolution 
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CHAPTER IV : 

(4.1) Introduction 

In the course of data collection three triple-axis 

spectrometers were used: the PLUTO triple-axis of the U.K.AE., 

Harwell and the TAS1 and TAS 111 spectrometers of the DR3 reactor 

A.E.C. Ris, Denmark. These spectrometers are essentially similar 

in operation with, in all three, angular control and data storage 

being carried out by use of "on line" computer which stores the 

programmes necessary for different types of experiments. The 

signal counters differed, with the PLUTO machine using a 0BF3  

proportional counter while the Danish spectrometers employed the 

more compact 3  H detectors. Apart from a series of preliminary 

experiments, using a smaller crystal to test the feasibility of the 

project, the crystal shown in figure 1.6 was used in all scattering 

experiments. 

All experiments were carried out at room temperature. 

While recognising that one would expect the neutron groups to be 

sharper and thus more readily resolved at a lower temperature, fear 

of damagin the crystal ras a prohibiting factor in this respect; 

we were advised atinst cooling by Dr. Sherwood of Strathclyde 

University who supervised the crystal's growth. It is, however, 

intended that low temperature work be attempted in the future, 

using first of all the small S 8  crystal to examine the effects 

of cooling. As will hopefully be pointed out, a large body of 

useful analysis could none the less be carried out on the room 

temperature data collected. This data is presented below. The 
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presentation follows the order of data collection and is divided 

into 4 sections. 

(4.2) First series of experiments 

The first set of experiments were carried out at Harwell 

using the PLUTO triple-axis spectrometer. The only sample available 

at the time was the smaller sulphur crystal (1+"  x 1" x 

Phonons propagating along the (, 0, o) and(0, , o) directions 

were studied. Figure 4.1 is a representation of the (001) plane 

of the reciprocal lattice of sulphur, with the dots marking points 

at which scans were carried out. With no cross-section calculations 

available, the approach at this stage had to be one of attempting 

to follow branches through the Brillouin zone. 

Most of the scans were constant-u, neutron energy loss 

experiments. They were monochromator scans iith the incident 

neutron energy being stepped through a mean of 31.0  meV (wavelength 

1.6A) and the analysed neutron energy being kept constant. The 

step size was 0.5 meV and the time spent counting at each point 
was governed by a monitor counter in the incident neutron beam set 

at a limiting value of 6000 counts. This led to a background of 

about 50 counts on all the scans. 

The spectrometer :as operated in the standard 11-configuration 

(right-hand scattering at specimen, left-hand scattering at analyser 

- see figure 4.2). MonochromatiOn was achieved by scattering 

the incident beam from (iii) plane of an aluminium crystal, while 

the analyser was the (iii) plane of copper. The collimation of 
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Figure 4.1 

Reciprocal lattice of orthorhombic 

sulphur - (001) plane 

Dots mark points at which scans 

were carried, out 



o ••G.P . 	. .. 	0 

0 

0 • 0 

0 	 0 0 

0 0 	 0 0 0 



Figure 4.2 

W—oonfiguration of triple—axis spectrometer with the collimation 

used in the first two series of experiments 
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the spectrometer is illustrated in figure 4.2. The energy 

resolution achievable with this set up was typically around 3 meV. 

Figure 4.3 shows computer calculations of the resolution ellipsoid 

at a typical scan point. Finally, figure-set 1, appendix A 

shows some examples of the experimentally observed scattered 

neutron distributions. 

(4.3) Second Series of Experiments 

The second series of experiments were also carried out on 

the PLUTO triple-axis at Harwell. The larger sulphur crystal was 

now available and this meant a considerable increase in the scattered 

neutron intensity. The experimental set up used (monochromator 

crystal, analyser, collimation, etc.) was for the most part the 

same as that in the first set of experiments. Again the approach 

adopted was one of scanning in steps through the Brillouin zone. 

The points scanned are indicated by the dots on figure 4.4 which 

shows the (ooi) plane of the sulphur reciprocal lattice. All scans 

were monochromator scans. In most, the mean incident wavelength 

was 1.6A with the energy step in a scan being O.2 meV. 	Some 

examples of the scattered neutron distributions obtained are shown 

in figure-set 2, appendix A. 

Note on first two series of experiments 

The difficulties of interpreting the results of the first 

two series of experiments to the point where experimental dispersion 

curves could sensibly be drawn can be appreciated by looking at some 

of the examples of the broad neutron groups obtained, when one 

remembers that there are 24 branches in the external mode dispersion 
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Figure 3 

Projection ( + 	) 	ani intersection * 	of 
resolution .ipsoid on x - w, y - w 	x - y 
planes. 

Scan coordinat 	( , 

Scales in  
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Figure 4.4 

Reciprocal lattice of orthorhombic sulphur - (ooi) plane 

Dots indicate points at which scans were carried out. 
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curves, contributions from several of which may be overlapping 

in a given scan. Certainly it was clear that any dispersion 

curves deduced at this stage were preliminary and that further 

experiments at higher resolution would have to be carried out. 

(4.4) Third series of experiments 

The third set of experiments were performed on the TAS 111 

spectrometer of the Riso research establishment, Denmark. The 

larger sulphur crystal was used. Five different sections of 

reciprocal space were scanned, three scan paths being in theMirection 

and the two in the I • As some of the experimental parameters 

differed in each case, each set of scans is presented separately. 

(4.4A) Scanning from 0,6,0 to -.2,6.0 

A series of constant-i, inonochromator scans were carried 

out, with the (002) plane of zinc (pb.ne spacing, d = 2.473A) used 

as both monochromator and analyser. The analyser system was set 

to analyse neutrons of wavelength 2.385A (maximum possible wavelength 

for this set of scans, ensuring highest resolution) and the 

incoming neutrons were stepped by 0.25 meV per point through a scan. 

A monitor counter in the incoming neutron beam was used to govern 

the count time, which was approximately 10 minutes per point. 

This resulted in a background level of about 60 counts on all scans. 

The horizontal and vertical collimations of the spectrometer (see 

figure 4.2) were : 

cyo 	= .025c cyov = .023 

a
1 	= .010 

C', 
v  
	= .028 

a2 	= .022 a2v 	= .010 

a., 	= .029 a 	= .025 
) 3v 
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The computer calculated resolution ellipsoid for the point 0. 6, 0 

is shown in figure-set 3, appendix A from which it can be seen that 

the energy resolution for this set of scans was around 1.0 meV. 

The scattered neutron groups obtained are also shown in this figure-

set. 

(4.4B) Scanning from 4.7,0,0 to 6.0.0 

These scans were carried out with the same experimental 

parameters as for set A above, except that the analyser used was 

now the (iii) plane of germanium and the horizontal collimation 

was slightly tightened to the new values of : 

a0 = .025c a1  = .010 

a2 	.010 	 a7  = .017 

The way in which these alterations effected the resolution ellipsoid 

can be seen from figure-set 4, appendix A which also contains the 

results for this set of scans. The calculated energy resolution 

was again around 1 meV, which was the case for all scans in these 

series of experiments. 

(4.40) Scanning from 6,0,0 to 6,2.0 

ith the spectrometer set up as in B above, this set of scans 

was again constant-i, neutron energy loss, but in this case analyser 

scans were performed. That is, the monochromator system was held 

fixed, so that the incoming neutrons were of constant energy 

(A= 2.IA), while the analyser system was stepped through a scan, 

the step value being 0.25 meV. Figure-set 5, appendix A contains 

plots of the scattered neutron distributions obtained. 



(4,4D) Scanning from 4,0.0 to 4.2.0 

In this series of experiments the spectrometer was again 

operated in the standard W-configuration, the collimations being: 

a0 = 	.025C = a1 v .024 

a1 	= .010 02v 	= .029 

C'2 	= .022 (y3 	= .010 

a3 	= .029 = .025 

The scans were constant-, neutron energy loss scans, with 

the incoming neutron energy fixed at 14.3 meV (A = 2.39A). The 

monochromator and anrlyser were the (002) planes of pyrolytic graphite 

(ci = 3.35A), resulting in the intensity advantages described in 

Chapter III. A pyrolytic graphite filter was placed in the 

neutron beam after the monochromator. This results in large 

attenuation of neutrons of wavelength /2, but generally little 

attenuation of neutrons of wavelength A. Shirane and Minkiewicz 

[47] have demonstrated the tunability of these narrow mosaic 

pyrolytic graphite filters in the primary energy range 13 - 15 meV. 

With a count time of 500 seconds per point and an energy resolution 

of about I meV, the neutron groups obtained are shown in figure-set 

6, appendix A. 

(4.4B) Scanning from 0,4,0 to 0,6,0 

The instrumental parameters and scan type in this set of 

scans were identical to set D above. The results are contained 

in figure-set 7, appendix A. 

(4.5) Fourth series of experiments 

In this set of experiments a different approach was adopted. 

With a large data sot already accumulated through the zone in the 
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o,o) and(0, ,o) directions, it was decided to concentrate 

attention on just two points in the zone, the F (zone centre) and 

Y (zone bounlary) points, and carry out a set of scans at different 

equivalent points in reciprocal space, that is in different zones, 

of these two points. In this way, with a series of scans at the 

same wavevector it was felt that surer assignment and thus better 

comparison with model calculations might be made. The 1F and Y 

points were particularly suitable candidates for such an approach 

because at the 1' point available Raman data would prove helpful 

in analysing the results, while the two—fold degeneracy at the Y 

point meant a considerable reductism of complexity in assigment 

attempts. 

(4.5A) F and I point 3cans: (001) crystal axis vertical 

This set of scans was performed on the TAS 1 spectrometer 

At Risø. The monochromator and analyser were curved pyrolytic 

graphite, (002) plane. The scans were constant—.Q, monochromator 

scans and 14.3 meV neutrons were analysed. The energy transfer 

in the scans went from 2 to 12 meV and so the incident neutrons 

were stepped in 0.25 meV units from about 16 to 26 meV. To 

reduce the effect of any second order scattering in the monochromator, 

a graphite filter was used. Since monochromator scans were being 

carried out, the filter had to be placed between the sample and the 

analyser. The procedure was to set the spectrometer to reflect 

from a very weak Bragg point, say (6 ,0,0). Then one gets second 

order scattering from (12,0,0) and the filter is tuned to cut this 

out. The horizontal collimation used was: 

= .009c a1  = 	.007 

= 013 CY = .017 
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A vanadium scan, scanning the monochromator gave a value of 

1.3 meV, for the energy resolution at zero energy transfer. As 

the energy resolution in monochromator scans falls off with 

increased neutron energy loss through the scan, typically the 

resolution went from 1.5 meV to about 2.3 meV, through a scan. 

The count time was 10 minutes per point and this resulted in a 

background of about 35-40 counts on all scans. Table 4.1 lists 

the reciprocal space co-ordinates of the points scanned and the 

scattered neutron distributions are shown in figure-set 8, appendix 

A. 

(4.513) Fand Y point scans: (ioo) crystal axis vertical 

In this set of scans, carried out on the TA3 111 spectrometer 

(Ri.so), the crystal was reoriented so that the y.-z plane was now 

horizontal and further data was collected at the r and Y points. 

Graphite was again used for monochromator and analyser and in this 

case, with analyser scans being carried out (incident neutron 

wavelength 2.39A), the graphite filter was positioned between the 

monochromator and sample. The horizontal collimation in the four 

arms was set at .008 .010, .010, .008. 	A vanadium scan showed 

that the energy resolution attainable with this set up was about 

0.9 meV. 	1 Jith such ti'ht collimation, the count time allowed 

per point was 30 minutes, with again a 0.25 meV energy step through 

the scan. 

The points at which the constant-i scans were carried out 

are listed in table 4.2 and the scattered neutron groups are shown 

in figure-set 9, appendix A. 



Table 4.1 

Reciprocal space coordinates of 

points scanned - (ooi) crystal axis vertical 

Y point I point 

070 250 220 260 

230 270 240 600 

450 610 440 620 

030 410 040 400 

430 050 460 420 

060 

Table 4.2 

Reciprocal apace coordinates of 

points scanned - (ioo) crystal axis vertical 

Y 	point I point 

050 	0112 062 048 

052 	0310 064 004 

056 	0312 066 0014 

0114 	1072 0214 0410 

074 0212 0412 

046 028 
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Two important points must be made about the data collected 

in the fourth series of experiments. 

Firstly, a consequence of the form of equation 2.6 for 

the scattering cross—section is that care must be taken when 

analysing the results of experiments in which the incident wave—

vector k is kept fixed while the scattered wave—vector is varied: 

all TAS 111 scans were of this type. For, as mentioned earlier, 

if k is fixed one obtains a direct measure of s(,a), the 1/ <  

factor being cancelled by the efficiency of the monitor detector 

which is inversely proportional to the neutron velocity. However, 

if k is fixed and the analysed energy varied, the cross—section 

is measured with respect to a variation in the analyser angle 

rather than with respect to the energy transfer, so that a correction 

factor is necessary. The energy transferlk is the difference 

between the constant incident energy £ and the varying scattered 

energy 

E —L 
0 

= —d c 1  

Arplying Bragg's law to the analyser crystal, 

Li x, sin2O, = constant 

Then, 

dw = 2clootOAdeA  

And thus 	 d2a 	
- 2 £ 1 COtOAki 3 Lo" (0) 



It is more usual to write this correction factor in terms of k1. 

Keeping only the factors that vary, we have 

c 	kcosOA s(,) 

and this premultiplying factor is the so—called k1 —correction. 

Results of such experiments must, therefore, be subjected to this 

k1 —correction and this was carried out on all groups used in the 

analysis (see Chapter v). 

The second point concerns the scans carried out on the TAS I 

spectrometer. These were monochromator scans with the incident 

wave—vector varied through a scan. 	However, the count time at 

each point was not determined by a monitor counter in the incoming 

beam, but simply by counting for an equal period of time at each 

point. It is then necessary to take account of variation in 

neutron flux at different values of incoming neutron energy. To 

this end figure 4.5 shows a measurement made of the neutron energy 

distribution (folded with the reflectivity of the graphite monochromator) 

for different incoming neutron energies in the range 14-26 meV. 

This was then used, via an interpolation programme, to weight the 

detected neutron counts. Aain this correction has been applied 

where appropriate to all neutron groups analysed. 

Figure 4. 5 
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Chapter V: 

(5.1) 	Introduction 

The aim of the series of inelastic scattering experiments 

performed on orthorhombic sulphur was to provide a large body of 

data which could be used in a comparison with model calculations 

of the crystal dynamics to test the validity of certain inter-

molecular potential functions. In this chapter, the analysis of 

this data, which entails the assigning of the peaks in the scattered 

neutron distribution to the appropriate irreducible representation 

of the Fddd space group, is presented: this is followed by the 

results of and conclusions from the comparison between experiment and 

various model calculations. 

(5.2) Labelling of Model Generated Lattice Modeès 

In this section, the way in which the group theoretical 

labels were assigned to the calculated phonon dispersion relations 

is discussed. The construction of the irreducible representations 

of the space group Pddd at the various points of interest in the 

Brillouin zone is not described here [48], but rather the way in 

which, given these irreducible representations, they can be used 

to unravel a phonn spectrum by classifying the various branches 

according to their symmetry. Each branch can be associated with 

a single irreducible representation no matter how complicated the 

form of the vibrations. 

Table 5.1 is part of the output from a typical model calculation 

showing the 24 mode frequencies in THz (left hand column) and the 

corresponding mode eigenvector components (rows). The eigenvectors 

are complex, reflecting the phase difference between the translational 

and rotational components of the molecular displacements. In the 
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Table 5.1 

External mode frequencies 

and eigenvectors for ot - S8  

at zone centre. 



00 00 Ce 00 00 00 00 %flO 00 CC to o 0 00 00 tO 00 00 CC CO (AC 00 00 00 00 

C 	0 	0 	P.. 	 0 	
;coC0CcCC Z C C C 'C C .2 0 0 C 00 

00 	00 00 0 0 0 0 0 C C .0 00 .2 0 0 0 0 C 	0 C> 00 00 0 0 0 0 Co 0 0 CC 00 0 0 0 

o o 	0 0 0 0 00 0 C 0 '0 0 C (0 0 CC> 00 CC 0000 C000 '0 0 0 0 CC' C C, C 0' 0 C 0 C 0 C 0 0 0 

C 0 	CC CC C, C C 0 C 0 0 C 'C> C 0 000000000 0 0(00 CC CC C C CC .00CC CC C 0 0 0 

C C 0 C C' C C 0 C C C C' 0 0' '0 C' C C C C CC CC CO CO .0> C' 'C C CC I0 CC, 0 00000 0 C C C' 
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output output each eigenvector is composed of two rows, the upper row 

giving the real part of the eigenvector components, the lower 

row the imaginary. For any eigenvector the first six columns refer 

to the motion of molecule 1 expressed in terms of its own inertia]. 

system (three components for translations along the inertia], axes 

and three for rotations about these axes); the next six describe 

the motion of molecule 2 expressed in terms of its inertial system 

and so on for the remainder of the 24 component eigenvector. 

Ultimately, the assignment of branches to irreducible 

representations depends on the transformation properties of their 

eigenvector under the operation of the point group jP} of the 

wavevectorq under consideration, where JP} is defined as that 

subgroup of < } , the point group of the crystal, such that the 

operations jPt take q to an "equivalent" position. Mathematically 

+ 

where B is any reciprocal lattice vector including Q. Table 5.2 

lists the irreducible representations for the F and Y points and. 

the 1 direction in the Brillouin zone. 

The general procedure is then as follows. One transforms 

the eigenvectors into the crystal fixed system, applies the operations 

of the point group of the wavevector under consideration and, 

depending upon the way in which the eigenvector transforms, one 

assigns a mode to a particular representation, by comparison with 

the appropriate irreducible representation table. 

Fig. 5.1 shows model calculation of the 24 branch dispersion 

curve for >- S8, in the A direction, with the branches labelled and 

plotted in their separate representations. From this figure the 
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Table 5.2 

Irreducible representations 

for L\(000) , 1' (oo) , y(o 1 0) 



E 	2 x 	2y 	2z 

Table 5.2 

1 	1 1 	1 1 	1 	1 1 

1 2 

- —1 

12 

IT 1 	.1 1 	—1 —1 	1 	—1 1 

fl4 - - - 

1 1 1 1 

2 

(1 
 

2 	0 2 	0 0 	0 	0 0 

2 	0 —2 	0 0 	0 	0 0 
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Figure 5.1 

Calculated dispersion curves 

for X - s8  (L direction): The 24 mtodes are 

plotted in their appropriate irreducible representation 
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compatibility between ther and Y modes and theL branches can be 

seen. 

With the computer model modes labelled according to their 

representation, the structure factor calculations were then used 

to assign the peaks in the experimentally observed neutron 

distributions; then a comparison of the observed and calculated 

frequency of a particular mode at a particular scattering vector 

could be carried out to give a measure of the model's applicability. 

In the course of calculations it was found that the eigenvectore and 

structure factors were to a large degree independent of the model 

used; they were determined more by steric considerations and hence 

even though the frequencies generated by different models were 

different, the analysis of observed neutron groups via the structure 

factors resulted in consistent assignments and thus valid comparison 

between the models on the basis of their frequency prediction could 

be made. 

Thus, the first step in the analysis was to assign the peaks 

in the scattered neutron distributions. For reasons mentioned 

previously it was decided to concentrate attention on the P and Y 

points. The next section discusses and presents the results of this 

assignment. Following this, different model calculations 

attempted in order to improve the frequency fit  to the most reliably 

assigned modes are presented, and finally the best model is compared 

against scans made along symmetry directions through the Brillouin 

zone and its prediction of elastic constants and Raman data 

considered. 

(5.3) Assignment of Observed Neutron Groups 

(5.3A) 	Point Modes 

The structure factors used in the assignment of the experimental 

peaks were the result of a calculation in which the initial cell 
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parameters were taken from 'yokoff [49] 

a = 10.467A 

b = 12.870A 

C = 24.493A 

The atomic coordinates (fractional) of the four non-

equivalent atoms in the sulphur molecule were 

x y z 
s(i) -0.0888 0.0327 0.2543 

5(2) -0.1678 0.1049 0.1289 

s(3) -0.0906 0.1552 0.2013 

5(4) -0.0191 0.0778 0.0766 

the other four atoms being generated by the two-fold z-axis 

(see figure i.i). 

The form of Vie votentia1 function used was of the "6-exp" 

type, 

V =_ +Be 
(r) 	r6  

With the minimum of the crystal potential fixed at 25.2 kcals/mol, 

the heat of formation of S8  gas from orthorhombic sulphur and the 

variable parameter o  set at 3.49 AO, the values obtained for the 

parameters A and B were 2149.2 koal/mol A6&199931.7 kcal/mol. 

The structure factors resulting from this calculation are 

shown in Table 5,3a and b. The first two rows give the mode 

label with the corresponding frequency in meV beneath it. The 

column headed RELP gives the coordinates of the reciprocal lattice 

point at which the calculation has been carried out and the other 
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Table 5.3a 

Calculated intensities for 

scattering in x-y plane 



9 	'2. R4LP 	-0.0 -0.3 0.0 1.9 2.7 3.2 3.6 3.7 4.0 4.0 5.0 5.1 5.0 5.6 5.9 5.9 6.1 6.5 6.4 6.5 6.8 6.0 10.2 10.6701*4 

020 9 0 0 0 2 0 0 0 0 0 0 0 C 0 0 0 0 50 28 0 0 0 0 0 88 
BRAGG 	0 
04 	 0 0 o 35 0 0 0 0 20 0 92 0 0 7 0 0 0 0 0 0 0 4 153 

9884477302 
040 	3 	9 	7 	0219? 	0 	0 	0 	8 	9 	0 	32 	C 	0 	0 	3 	0 	30 	9 	0 	0 	0 	3. 	02472 

BRAGG 	U 
090 ..........0 	12 	0 	7 	0 	0 	0 	9 	1 	0 	19 	0 	0 	0 	0 	9 	0 	0 	0 	0 	0 	0 	39 

BRBGG 	1061 
0100 	0 	3 	C. 	01475 	0 	0 	1 	0 	A 	0 	38 	0 	1 	0 	0 	0 	63 	15 	0 	0 	0 	8 	01600 BRAGG 	0 
0529 ..........0 	3 	9 109 	0 	0 	0 	137 	0 263 	0 	0 	43 	0 	0 	0 	0 	0 	0 	0 	Ii 565 

08406 	2615 
700 ..........0 156 	3 	0 	4 	7 	A 	0 	0 	0 	0 	0 	0 	9 	17 1/7 	0 	0 	24 	0 	0 	0 320 08846 	2 
220 ...........0 	U 297 	0 	6 	41 	27 	A 	0 	0 	0 	0 	0 	0 	0 	0 	0 	0 	46 	0 	20 411 

88*60 20191 
2 6 0 6707633660 	6 	62 	$9 	0 	15 	0 	0 	P 	0 	1 	0 	56 	0 	0 	4 	30 	0 	0 	11 	0 	3 	0 222 

08660 	4 
280 .......... 0 	0 	621? 	0 	1 	52/1 	14 	0133 	0 	0 	5 	0 	0 	0 	0 	0 	II 	0 	22600 

AOAGG703 
7 8 ...........7 3303 761 	3) 477 	0 	0 	A 	0 	70 	0 	24 	0 	0 	29 	54 188 	0 	16 	0 	11 	0 4978 

BRAGG 

2100 
..........3. 	3) 	8 	14 	0 	65 123 	6 	5 	0 	27 	(0 	6 	1 	0 	1 	0 	0 	43 	0 	0 787 

9 	120(37 
2120 ..........0 	461408 	0 	44 	0 	0 	P. 	(3 	21 	7 	3 	0 	0 	9 	52 	94 	0 	63 	0 	8 	03132 

BRAGG 2 
400 ..........0 	0 	0 	0 	0 	0 748 159 	62 	0 	6 	0 	0 	23 	0 	0 	0 	0 	0 	65 	0 	0 557 

08040 23400 
2 	7334 0 229 67 0 209 C 0 3) 0 0 4 52 0 0 2 3 7 0 3 0 28 9 598 

09005 	3 
660 ..........0 	0 	0 	0 	0 	0 	4 	0 	0 	0 	1 	0 	0 	3 	0 	0 	0 	0 	0 	0 	0 	05 

BRASO 	0.5 
4 6 0 ..........4 1281 	239 	0 	90 	0 	0 	0 	0 	38 	0 	22 	0 	0 	(35 	31 	149 	0 - 	3 	0 	15 	0 1316 

38846 	1 
490 ..........(0 	4 	7 	16 	0 	9 196 	40 	5 	0 	75 	0 	0 	2 	0 	1 	0 	0 	0 460 	0 117 912 

00600 10663 
4100 ..........3 	05 1100 

	

210 	0 	1 	A 	(3 1 G 	0 135 	0 	0 123 	5 	7 	0 	3. 	3 	7 	0 811 
BRAGG 	74 
4520 ..........2 	0 	0 	51 	3 	04 	7 149 	80 	0 	70 	0 	3 	30 	0 	0 	0 	0 	4 	93 	0 	3 531 

BRAGG '0651 
00 02573(6031 	946 	4 	73642 	0 	0 	0 	6 	(5 	0 	0 	9 	3 	0 	2 	0 	0 	16 	0 	0 	04624 

(RAGS 	0 
870 .......... 6 	0 	13 203 	0 	5 747 209 	0 	0 	6 	0 	0 	0 	0 	0 	8 	0 	0 	70 	0 	8 776 

BRAGS174 
6 4 0 67473 167 	7 170 	50 	0 	2( 	(3 	0 	9 	(3 104 	(3 203 	0 	0 	99 	6 	16 	0 	36 	0 	3 	0 792 

80706 	0 
660 ..........4 	0 	0 	13 	0 	15 	32 	0 	26 	0 	17 	0 	3 	10 	(B 	0 	0 	0 	9 	4 	0 	0 170 

39000 100342 
3.60 ...........o 	07 	74 	0 	72 	9 	1 	0 	0 	42 	o 402 	0 	0 	13 164 	4 	0 	2 	3 	0 	0 863 

0404636 
61 (3 .......- 	1 	6213 	3 	1 	7117 	1 	0 	6 	0 	0 	3 	0 	0 	0 	0 	0 	10 	0 	0397 

GRAGG46294 
6120 ........5 	3931 	(3 	13 	0 	(1 	7 	1) 	ii 	C 	11 	0 	0 	25 	45 	70 	0 	0 	0 	0 	0 202 

BRAGG 
80 ...........0 	5 	4 	0 	5 	0 195 125 	24 	0 	0 	0 	0 	o 	0 	0 	0 	0 	0 	51 	0 	0 414 

88400 	4765 
02 ...........0 	53 	2 	0 206 	0 	0 	0 	0 406 	5 	50 	0 	8 	1 	62 	38 	0 	0 	0 	94 	0 972 

09400 	A 
04 ...........14 	3 	61708 	0 221 	14 	64 	1 	0 	75 	0 	23 	0 	0 	1 	0 	3) 	0 	3 	0 	171456 

88046 	522 
06(3 ..........0 	37 	39 	0 	8 	3 	0 	0 	0 	6 	0 150 	0 	0 	21 397 	3 	0 108 	0 	75 	0 83.0 

80064 	22 
300 ..........53 	0 	01243 	0 210 400 135 	1 	0 	29 	0 	22 	2 	0 	0 	0 	0 	0 170 	0 114 2337 

BRAGG2314 
819 ...........3 264 	24 	1 	12 	0 	0 	0 	0 	70 	5 195 	0 	0 	0 189 	12 	0 	7 	0 	3 	0 726 

08806 	0 
012 ...........0 	I 	0 	9'. 	0 	0 	16 	44 	0 	0 	o 	0 	o 	0 	0 	o 	0 	0 	2 	0 	0 166 

008001439 
1000 ..........31107 	0 	0 202 	0 	2 	1 	0 	0 	0 	0 	0 	0 	51 /13 	0 	0 107 	0 	0 	01828 
99636 	1(39 
162 ........... 1 	9 	3 	59 	2 149 	63 	13 	16 	3 	15 	1 	ii 	6 	0 	0 	0 	0 	0 	0 	0 119 420 
096003374 
1040 .........* 	0 170 	9 	0 	11 	0 	0 	3 	0103 	0 	30 	0 	0 	1 lOS 	10 	0 	12 	0 	4 	0 508 
IIAII 1 	

0 	0 100 	0 29 122 0 186 0 43 	0 3 69 0 0 0 0 0 15 0 9 856 
88846 	2263 
1080 ..........0102 	35 	0 	8 	0 	0 	0 	0 	19 	0123 	0 	0 	4101 	0 	0 	83 	0 	75 	0630 
00040 	18 
10100 ..........1 	7 	0 249 	0 	29 	4 	Ii 	18 	0 	15 	0 	3 	6 	0 	0 	0 	0 	0 	39 	0 	4 365 
BRAGG4349 
1012 ...........0 	0 144 	0 	53 	0 	0 	0 	0 	21 	o 	44 	0 	o 	28 	8 	0 	0 	1 	0 	0 	0 299 
BRAGG 	2 



'A.Y. 	Y, ' 	'0 

5.3 5.8 5.9 5.9 5.9  1.9 6.4 6.4 30.5 11.510111 

0 	0 	5 	5 	0 	0 	19 	39 	0 	0 	63 

0 0 2 2 0 0 26 26 G 0 220 

0 0 41 41 0 0 RI 81 1 1 /46 

9 0 11 17 '1 3 5 5 3 3 596 

0 3 (3 6 0 7 3 3 / 2 464 

0 5 St 57 0 3' 2 2 4 4 782 

3 	5 	6 0 1 I 5 5 7.  7 440 

3 	3 	0 0 1 	I 5 5 / 7 448 

0 0 0 -0 I 	1 0 3 6 6 492 

3 	'7 	2 	3 	ii 	II 	6 	4 	1 	3 	496 

19 	33 	77 	79 	23 	21 	9 	7 	I? 	32 3926 

35 	95 	51 	53 	n 	0 	100 	1l) 	7 	2 3524 

11 33 72 22 9 3 0 '7 (3 0 090 

27 	27 	3 	I 	0 	1' 	5 	5 	 03)20 

27 	2? 	1 	1 	0 	15 	5 	0 	01300 

0 	3 	0 	0 	0 	1' 	1 	1 	4 	4 	116 

0 	9 	 0 	0 	0 	11) 	13 	(3 	3 	116 

6 	6 	67 	61 	3 	0 	89 	'70 	12 	37 2324 

64 	64 	31 	99 	0 	C 	3 	0 	24 	26 1)52 

8 	8 	c 	3 	17 	37 	64 	64 	9 	01159 

9 	'I 	0 	C 	63 	63 	3 	' 	I 	12552 

0 	3 	0 	3 	43 	43 	0 	0 	1 	17552 

8 	8 	5 	5 	39 	l q 	7 	2 	2 	2 442 

6 	6 	24 	74 	0 	P 	91 	30 	2 	2 2894 

75 	75 	5 	5 	1 0 	10 	317 	111 	1 	I /364 

63 	43 	6 	9, 	0 	3 	123 	129 	1 	I 2356 

20 	20 	7 	7 	0 	0 	323 	123 	4 	0 3)64 

30 33 14 14 0 0 3 1 31 31 836 

30 3) 34 14 0 0 I 1 03 33 036 

16 	16 	72 	7/ 	0 	0 	0 	0 	26 	26 1842 

GO 	69 	10 	13' 	46 	44 	2 	2 	6 	6 1436 

23 	71 	0 	0 	3 	3 	15 	15 	73 	/3 3912 

18 	I. 	9 	8 	21 	77 	4 	4 	26 	26 2244 

3 3 G 0 3 3 13 13 0 0 344 

19 	39 	26 	24 	35 	35 	2 	2 	33 	33 1478 

19 	19 	26 	24 	05 	35 	2 	7 	33 	33 1478 

0 0 66 66 0 0 20 20 29 29 600 

0 0 31 31 	0 0 6 6 0 0 856 

39 	30 	39 	30 	12 	12 	24 	24 	21 	21 1232 

2 2 35 15 0 0 3 3 is lB 718 

4 	4 	0 0 6 6 0 0 0 0 626 

Y,.. ' V1. Y. Y, 
BRIP 2.3 7.3 2.9 2.9 3.6 3.4 3.9 3.9 4.2 4.2 5.2 5.7 5.4 5.4 

020 C 0 0 0 0 0 4 4 0 0 2 2 0 0 

BRAGG 0 
04'7  9, 0 69 69 0 0 10 10 0 0 3 3 0 0 

BRA GG 1739 3 
060 0 0 182 107 3 0 0 3 0 3 67 67 0 

BRAGG 0 
07(3 C. 0340143 9 3 9 9 3 3116 116 0 

BRAGG 402 
0103 1 1 207 2(37 Q (3 0 0 0 14 14 0 0 

BRAGG C 
0120 0 3 09 8'7 u 1 28 20 0 213 211 1' 

BRAGG 792 

2 	0 	0 41 41 67 67 0 0 67 67 19 tO 7 2 15 IS 

BRA 
	

G C 

7 	7 	1 47 41 47 67 3 67 67 1) 10 2 2 IS 15 

BOA GG 64156 
240 2 2 44 46 87 82 56 56 9 8 0 0 53 53 

BRA GG C 
263 23 73 322 122 54 54 4 4 52 17 10 10 

BRA 
	

G 
2 	(3 	" 435 413 59 53 80 80 0 1 10 19 83 65 9,7 97 

BA001 36 
01 	C 40) 400 06 6 37 1 5 5 0 3 162 142 

BRA  33023 
232 	(3 12 15 24 24 23 23 8 9 4 9 97 97 5 5 

BRAG)- 65 
4 767 207 -) 7-) fl 9 3 77 72 22 22 25 25 

BRAGG 13190 

2
67 261 C /0 71 3 3 7/ 72 22 2? 2', 25 

BRAG). 3), 
44" 3 0 I 1 37 3? S 5 7 1 

OR ".6 5134 
46) 31 4 4 7 7 0 16 II 3 3 1 

BRAGG 
4 	4 G(l 601 II 19 113 183 37 37 355 155 1 3 174 374 

BRAGG41700 
63' 322 122 21 21 - 2 2 76 24 41 43 104 304 

OARGG 9,6 
412 	'- 23 20 19 13 37-9 399 23 20 38 38 6 6 1l' 15 

BRAGG 6917 
6 	" 	3' ¶27 327 4/ 4? 002 592 9 9 611 610 3 3 So So 

BRAGG I 
62 	C 177 177 62 42 302 302 9 9 613 61(3 3 3 50 SC 

BRAGG 1109, 
610 16 43 43 67 67 49 40 11 11 0 7- '1 3 

BRAGG 
6 	0. 	3 063 860 21  70 09 33 11 II 312 332 0 0 /1 71 

BRA GG 01035 

6 	0 	0 GIl 9,11 48 47 4 4 40 40 153 151 13 10 0') 63 

BRAGG 41 
6130 511 533 74 74 139 130 0 0 41 40 63 60 26 74 

BRAGG 34267 
632 	3' 202 7 3'2 II 11 07 8? 0 5 56 56 /3 23 3 A 

BRAGG 2 
8 	3) 	'3 334 13 29 73 49 49 47 47 53 53 7 0 39 36 

BRAGG ¶559 
8 2 134 104 29 70 49 40 42 47 53 53 0 0 33, 34 

BRAGG 31 
843 121 179 292 702 16 16 434 414 9 0 7 7 '7 

BRAGG 2659 
8 	6 	3) 78 (8 237 737 80 00 19,4 164 5 5 32 37 3' 3 

BRAGG 40 
8 	0 3 3 276 776 03 91 773 2/3 37 30 0 0 19,9 369 

BRA 
	

G 8284 
810 	0 0 0 394 306 321 371 103 383 15 15 9 0 125 175 

BRAGG 9 
032 	0 06 56 35 05 13 13 27 27 5 5 4 4 13 13 

BRAGG 1136 
10 	0 	0 2(36 294 108 308 185 165 42 47 1 7 1 I 19 19 
BRAGG '79 
10 	7 	0 284 284 108 1 0 165 165 42 42 7 1 1 I 19 19 
BRAGG 10034 
10 	4 	0 05 05 82 82 6 6 1 1 I I 30 10 7 (3 
BRAGG 7 
1060 267 242 4 4 0 0 119 319 7 7 0 0 19 19 
BRAGG 2586 
10 	B 	0 256 256 05 5 1 1 56 56 33 13 09 89 I. I 
BRAGG 03 
1010 	0 139 139 4 4 9 9 75 75 8 B 0 0 BA 86 
BRA 
	

G 6122 
1032 	0 169 169 5 5 IS 35 76 76 9 9 14 94 11 I? 
BRAGG 0 
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Table 5.3b 

Calculated intensities for 

scattering in y-z plane 



0 C 0 0 0 	0 N 0 0 0 	0 0 0 0 0 0 0.00000C 0 0 0 - 0 C 0 0 0 'S 0 C 0 0 0 0 0 0 0 	 0 C 0 C 0 0 0 

CCC0000 C 0 C 0 0 - 0 - 0 0 0 - 

000000 0000000 COCa 	000000000 	CC0 0 	C 

4' 	C 0 C C 0' 0 0 00.O ,00'SONONCNC N CCOJ0 ON000N000 C 0 	0 	0 0 C 0' 0 0' 0 0 0 0' 0 - 

C 	0 	
= 	 C 	 C 	 C 	 •V 	 'C 

0 0 0 0 C 0 0 	 C C 0 0 0 0 C 000,C000000 0000Q'C 0 0 0 	0 C 0 0 0 0 0 C 0 	0 C 	0' 

4 CaN000 0 a0000'SCCOCCNCCCOC_ONt, Ne N C - ON 00000 0 O OCCN0N0'S0'C 

fjt
0' 0 0 0 0 0 0 0 000NO 0' 0 0 	0 	C COO'S Co 0 C0000C)CO.-C.,, 0 0 0 0 C 0 Cd 0 C C 0 0 C 0 . 	 'C 	 C 	N 	0 	VS 	 C 	C 	 C 	 Cd 	 C 	N 	C 	Cd 

C o 0 0 C 0 0 0 	0 C C0C 040 0 C C C C C 'C C' 	C CCC a c, C00O 0 CCC NC,C 0 4 0 0 0 	a 

000' COd CC 0 

4- 	000..,0000._ C C0N0 ONCCCCC.-00' 	CCoNC Od0 	 - C C ON 0000 0 0 0 0 0 Cd 0 C 

- 	 N 	 'C''0 	C N 0'N0000• - 	0' N 	- 	- 	 C CO 	 0 	 ON 	C 	0 N o 	 .0 	N 	
NO 

C C- = 00000N c -0 C C C C C N - C C C OCC 'CCO C 	C CCCCC 	0 C 	C C 	C OCCNOV000 

OC 000 aoaCoC VSC 0 CCN'CC -OC C CCOCC 	 0CC C0 CC NC-0'000000000000 

0' 0 0 C 0 000.-OCt 	'C C C C CCC 	 C =CCV%?t 	O CCC CC-C CNCa0noaeaCN 0 0 

L,,N 'CtN0C C V ..C V C ,. VCC_ V C , 	 N 	 CC VCCC0.'CCOOCOC. 

- 	 -- 	- 	- 	 V 	

•- 	•0 	 V 	 V 	N 

• 	N • 	5 C • 	5 0 • 	S C • C' 	C' S C S 0 5 

C 	
OC NC N 

	 NC C_COO C0000NCO 



. y; Y, v5 \'. Y, Y 	 . 
BRIP 	2.3 2.3 2.9 2.9 3.4 3 • 1, 3.9 1.9 4.2 4.2 5.2 5.2 5.4 5.4 5.8 5.0 5.0 5.9 5.9 5.9 6.6 6.4 105 10.5507A4 

020 0 

	

0 	0 	0 	0 	0 	4 	4 	0 	0 	2 	2 	0 	0 	0 	3 	5 	5 	0 	0 	19 	19 	0 	0 	60 BRAGG 	0 
060 	0 0 69 60 0 0 10 IC 0 8 3 3 0 a 0 0 2 2 0 0 26 26 0 0 720 

BRAGS 12393 
060 	0 0 182 182 0 0 0 0 0 0 47 67 0 0 0 2 41 41 0 0 01 81 I 1 764 

BRAGG 	B 
090 	0 0 148 148 	 0 9 0 0 0 Ii?, 116 0 0 0 0 17 17 0 0 5 5 3 1 006 

BRASS 	692 
0100 	1 1 707 207 0 0 0 0 3 0 14 lB 0 3 0 0 A 0 0 0 0 0 2 2 664 

BRAGG 0 
0120 	0 0 09 09 0 0 20 78 0 0 211 211 A (5 0 0 57 57 0 0 7 2 4 4 78? 

BRAGG 	782 
00? 	0 	0 	0 	0 	11 	it 	18 	10 	3 	0 	5 	5 	5 	6 	0 	0 	4 	6 	5 	5 	0 	0 	I 	I 	82 BRAGG 	0 
072 	0 	0 	0 	0 	12 	12 	10-19 	0 	0 	5 	5 	5 	5 	0 	0 	6 	4 	5 	5 	0 	0 	1 	184 

BRAGG 45302 
042 	3 1 6 4 34 34 7 7 3 0 5 5 27 77 7 7 I I 1 1 0 0 0 0 tO? 

BRAGG 

062 101 101 52 62 375 375 14 16 13 13 0 0 75 25 0 8 16 tO 5 5 22 72 0 01260 
GRASS 35075 

0F 
2 	38 30 12 1? 29 7? 26 26 20 28 0 9 19 10 125 175 26 74 8 0 162 tOO 0 0 324 

BRAGG 	0 
010 2 	3 	3 	17 	37 	77 	2? 	33 	33 	0 	B 	04 	94 	fl 	 B 	8 	I 	1 	0 	0 	29 	29 	3 	3 428 006568104 
012 2 	12 	12 	77 	77 110 115 	4 	4 	24 	24 	14 	14 	0 	c 105 loS 	47 	47 	0 	0 	15 	35 	I 	1 868 08646 	B 
005 	0 	0 	1 	1 	4 	4 	3 	3 	I 	1 	0 	0 	8 	I) 	0 	0 	0 	ii 	I 	I 	0 	8 	0 	0 	20 BRASS 	454 
024 	1 	1 	1 	I 	4 	4 	3 	3 	I 	I 	(5 	0 	5 	0 	0 	0 	0 	5 	I 	I 	0 	0 	0 	0 	22 BRAGG 	0 
0 4 4 	38 	39 	54 	54 	30 	39 	27 	27 	5 	0 	4 	4 	22 	22 	0 	0 	1 	1 	10 	II 	15 	IS 	0 	0 622 

DRAGS 33602 
0 I, 4 	10? 107 	45 	45 26? 267 	56 	56 	0 	0 	11 	13 	9 	5 	1 	I 	24 	24 	0 	0 	92 	0? 	0 	3 1200 BRAGG 	0 
0 (5 4 	0 	S 	/1 	71 338 169 	87 	67 	8 	0 	05 	35 	71 	71 	45 	45 160 160 	II 	11 	7 	2 	0 	0 1750 

BRAGG 10248 
310 6 	1G 	14 317 317 	1 	1 	0 	1 	3 	0 	0 	0 	26 	76 	22 	22 112 112 	8 	0 	II 	31 	I 	I 1106 

BRA 0 
	0 

012 4 	18 	18 214 214 lOB lOt 	8 	3 	5 	0 	0 	0 	II 	it 	0 	3 132 112 	19 	19 	21 	21 	2 	2 1068 
BRASS 73362 
006 	0 	9 	0 	9 	1.3 	43 	2 	2 	0 	0 	7 	2 	7 	7 	0 	0 	3 	3 	38 	39 	4 	4 	0 	0224 

RRASG 	0 
024 	10 	10 	0 	0 	42 	42 	2 	2 	3 	0 	2 	7 	2 	2 	A 	8 	B 	A 	35 	16 	4 	6 	0 	0216 
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columns give the predicted intensity a mode will have at different 

points in reciprocal space. The number beside the heading BRA.Ga 

is a prediction of the scattered elastic intensity from a particular 

lattice point. 

Before carrying out the analysis of individual groups, two 

useful checks of the calculated structure factors were carried out. 

The first concerned the predicted elastic intensities. From 

Tables 5.3a  and b it can be seen that the conditions limiting possible 

reflections (see Figure 1.4 taken from the International Tables of 

Crystallography) are obeyed; that is, zero intensity Bragg 

points are correctly predicted. The second check, on the predicted 

inelastic intensities provides encouraging results. In Figure 

5.2, which is a plot of the total calculated intensity versus the 

total intensity observed through a scan (estimated background 

subtracted), each point represents one of the scans carried out in 

the 4th  set of experiments on the TA3111 spectrometer at Rise.  The 

points fall about a straight line of unit slope as would be hoped. 

The procedure adopted in the assignment of experimentally 

observed peaks is best explained with reference to Tables 5.3. The 

columns of predicted intensity under each mode were examined in turn 

and those scans for which sizeable intensity was predicted and which 

had been carried out experimentally were then compared. As the 

model calculations :redicted and the experiments verified, the higher 

frequency modes gave very little scattered intensity. Those neutron 

groups for which assignment to particular irreducible representations 

was possible are presented below. The corrections to the experimental 
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Figure 5.2 

Plot of total calculated 

versus observed intensity 

(log-log scale) for scans 

carried out in 4th series 

of experiments. 
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data described in section 4.5B have been applied where appropriate 

and the curves are the result of a least squares fitting procedure 

which fitted uncoupled simple harmonic oscillators to the scattered 

neutron distributions. The tables on the left hand page in each 

case are the model calculated intensities, appropriate to the scans 

under consideration. 
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(5.3B) Y Point Modes 

A similar treatment was applied in the analysis of Y point 

scans. In this case degeneracy reduces the number of distinct 

frequencies to twelve and tables 5.4a and b give the relevant 

calculated intensities. The point in reciprocal space to which 

they apply is obtained by subtracting the reduced wavevector (0,1 ,o) 

from reciprocal lattice point listed under RLP, in accordance with 

the equation 
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The final 113t of fl and Y point modes to which experimental frequencies 

could be assigned is shown in table 5.5. 

Table 5.5 : Experimentally assigned frequencies 

Mode Observed Mode Observed 
Frequency Frequency 
(meV) (mev) 

3.5.± 0.25 7.1 	+ 0.30 
+ 

3.9±0.15 2a 3.5.±-.15 

F- 1.3 + Q.20 Y1  a 4.0 + 0.20 

+ .4 ± 0.25 Y2b 5.2 + 0.25 

I 2b 4.3 ± 0.25 Tlb 5.3 ± 0.30 

1,c 6.8±0.15 y2c 5.8±0.30 

(5.4) Comparison with Model Calculation 

(5.4A) Model I: 116 - expt' potential function 

The form of the atom-atom potential function used in the 

first model calculation was a Buckingham type when 

V( rj ' 	A + -or = - 6  r 

where r is the interatomic distance. 

As discussed earlier, crystal structure determination and 

thermodynamic considerations yielded two constraint conditions, 

ensuring that the position and depth of the crystal potential 

minimum were correctly determined. This resulted in an effectively 

one-parameter model and 	was chosen as the variable parameter. 
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The way in which variation of O altered the atom—atom 

potential function can be seen In figure 5.3 which shows examples 

of the function for O = 2.5f1 , 3.0A and 3.5A. From these pluts 

It can be seen that increasing U stiff e 	the repulsive part of the 

potential, but the attractive part is relatively unchanged. This 

is reflected in Table 5.6 which shows the values of the potential 

parameters and B for various values of Ot in the range 2.5f1  

to 4.0A. 

Table 5.6 

A 	 B 

(f1) 	(Koal/mol A6 ) 	(Kcal/mol) 

2.8 1191 10100 

2.9 1167 13957 

3.0 1145 19323 

3.1 1125 26799 

3.2 1106 37222 

3.3 1089 51767 

3.4 1074 71076 

3.5 1061 10C40 

3.6 1047 140133 

3.7 1035 195582 

3.8 1024 273185 

3.9 1014 381791 

1.0 1005 533829 

The frequencies generated for the r and Y point modes using 

this form of atom—atom potential can be seen in figure 5.4 in 

which the frequencies of those modes which were experimentally 
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Figure 5.3 

Examples of the 11 6-exp" potential 

function for GL = 2.5A, 3.0f 

and. 3.5f1. 
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I 

Figure 5.4 

Variation of mode frequencies 

with 	11 6-expt' potential 
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determined are plotted against • While the calculated mode 

frequencies fall in the corner frequency range, the general trend 

is that they are too low. As a measure of the "best" model the 

quantity X2, defined as the sum of the squares of the difference 

between observed and calculated frequencies, 

= 	obs - P. cab)2  

was used. The lowest value of X  was 20.0 corresponding to a 

value for the parameter Oc  of 4.5A-1, and the resultant "best" 6-exp 

potential function is 

V(Kcal/mol) = - 1951.9 + 5,94 x 10 eh51 

(5.4B) Model II 	116-n" potential function 

A second form of atom-atom potential function investigated 

was the widely used 116-n" type. 	In this case the attractive part 

of the potential has the same form as in the 116-exp" above, but 

the repulsive part now has the functional form Cr 

+ 

As discussed in section 2.1 this form, like the Be 	', was 

suggested from calculations on simple hydrogen-hydrogen systems 

where both functions were about equally satisfactory. Figure 5.5 

shows the variation of r and Y point mode frequencies with 
variation of the repulsive parameter a, compared against the 

experimentally observed frequencies. Comparison with Figure 5.4 

shows that changing the form of the repulsive part of the potential 

makes little difference to the type of agreement achieved, the best 
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Figure 5.5 

Variation of mode frequencies 

with n : 116—n" potential. 
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model, model, with n=14, giving a X of 24.7. 

potential function was 

With this value of n the 

V(Koal/mol) - 2075.8 6 r 

3.8 x 107 
+ 	r14  

(5.46 Comparison and Discussion of Models I and II 

The prevalent feature of models I and II is that the 

frequencies they generate are too low reflecting potential 

functions that are too "soft". Figure 56 is a plot of the best 

atom-atom potentials from models I and II together with a 

histogram of the number of non-bonded atom-atom contacts from a 

single molecule against the atom-atom separation, r. From this 

figure and figure 5.3 it can be seen that variation of the repulsive 

parameter O( or n only influences through changing the slope of the 

potential in the repulsive region, a very small number of interactions 

(A in figure 5.6), while the slope of the potential in the more 

critical atom-atom separation region (B and C in figure 5.6) is 

virtually unchanged. 

The next step thee was a consideration bf the attractive 

part of the potential. 	The 1/,6 term, originates from the 

expansion of the perturbation operator V (see section 2.1) governing 

the interaction between the two atoms, where only the dipole-

dipole term has been taken into consideration. If we take higher 

orders of perturbation, the interaction becomes a series, 

V(r) ' 	
- O( 

attractive - 	- 

where P corresponds to the dipole-quadrupole interaction. The 

effect on the frequencies of the inclusion of the dipole-quadrupole 

term was investigated in model III. 
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Figure 5.6 

Best 116—n" and. 116—exp" 

potential functions together with 

a histogram of the number of non—

bonded atom—atom contacts (n) 

against r. 
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(5.4D) Model III: "6-8 - exp" potential function 

The potential investigated in model III was of the form 

A B -or 

	

V(r) = - 	- - + Ce 
r r 

The inclusion of an r term has introduced an extra 

parameter B into the potential function, resulting in a four-

parameter potential. The way in which the nclusion of this extra 

parameter was dealt with is described below. 

Characterising the potential function by a, the equilibrium 

spacing, and c , the depth of the potential well (see figure 2.1), 

when r=aV(r)= and V (r)=Oso that we have 

A B 

a a 

6A 8B Ce =0 
a7 a9 

These two conditions taken together with our previous conditions 

on the total crystal potential, 

	

B 	18  + C Eeij = 2(_distant) 
ij  r1  

(see section 2.3), 

and the equilibrium condition on 

6A 	± 8B 	 E, eij = 0 
ij 	r1  j 	ij r1 

and the Corm of the distant potential, 
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nA 	4itr 

distant = - T 1R 	6 di' r 

give 5 conditions for the 7 unknowns 	 and 1) distant* 
cwas again chosen as a variable parameter along with a. For a 

given C , it was found that the range of a for which a physically 

meaningful potential resulted was very small ('- o.ot). A list 

of values for the potential function parameters obtained for values 

of C4 in the range 3.0f to 5.0f is given in Table 5.7. Figure 

5.7 shows the variation with of the calculated mode frequencies 

for the modes of interest and a plot of the potential function for 

ix = 3.5A is given in Figure 5.8. 

Table 5.7: 

A B C 0 a 

(f1) (Kcai/mo]. A6) (ICcal/mol A8) (Kcal/mol) (Koals) (A) 

3.0 46 67821 102580 -0.43 3.9 

4.0 745 29339 1630300 -0.52 3,7 

4.5 773 26425 8179200 -057 3.7 

5.0 1610 9770 34059000 -0.59 3.7 

(5.4E) Discussion of Model; III: 

From figure 5.7 it can be seen that the agreement between 

observed and calculated frequencies has substantially improved in 

Model III, the higher frequency modes showing greatest improvement. 

The best"  potential of Model III was that with U = 3.5f1  for 

which 2 = 

Figure 5.8 shows that the inclusion of the B/i'8  term has 

produced the desired effect in steepening the slope of the potential 

in the regions B,C. However, writing down the best 116-8-exp" 



Figure 5.7 

Variation of calculated mode 

frequencies with X: 116-8—exp" 

potential. 



III 	I 	C_ilL_I 	ii 

I 	 /1 

\ II 

iI 

_<  
00 	0Th 	 0 

0-. 	 0 

Lri Q 	co - t.J () .- Ln 01 	 co 

0 	 0 
OZ 	 rn 
(f 	 (I) 



-112- ..l12- 

Figure Figure 5.8 

116-8-exp" potential function 

for &= 3.5f. 
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potential function 

5  V(Kcal/mol) - 489.6 4.2 x IC 3.7 x 10 e 
6 	8  r r 	 + 

we see that the parameter B is almost two orders of magnitude 

larger than A. The result of this is that whereas for simple 

two atom systems (H-H, He-He 	on which calculations have been 

performed [50) the dipole-.quadrupole term contributes at the 

potential minimum loss than half the dipole-dipole term, in the 

present calculation it contributes almost six times as much as the 

dipole-dipole term. From this one is led to conclude that while 

the inclusion of an r term gives improved results, it cannot be 

regarded simply as a dipole-quadrupole correction term: while for 

two isolated sulphur atoms a straightforward _,-6  -Br ...... 

series of terms proposed by basic theory might be applicable in the 

case of the interaction between sulphur atoms in a molecular 

crystalline environment this is not the case. The fact  that the 

term dominates and gives better results indicates that rather 

than describing a standard dipole-quadrupole interaction the 

dependence is some kind of "screened" dipole-dipole interaction. 

That is, the r 6  dependence predicted by theory is too long range. 

With this in mind the r 6  term was excluded and Model IV investigated a 

3 parameter potential as Model I, but now with an r dependence. 

(5.4E) Mode]. IV: 118-exp" potential function 

With an atom-atom potential of the form 

V(r) A  = - - + Be 
r 

the way in which the calculated mode frenuencies varied with CC 

can be seen from figure 5.9a. The variation of X for the different 
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Figure 5.9a 5.9a 

Variation of calculated mode 

frequencies with O I. "8-exp" potential 
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Figure 5.9b 
Variation of 	 C 

"8-exp" potential. 
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values of ix  is shown in figure 5.9b, from which it can be seen that 

the "best' potential is that with .= 3.6f1  for which 	= 6.9. 

The values of the parameters A and B for this potential are 

56119.9 675550"e - 3.6r V(Kcal/mol) = - 	8 + 
r 

and the potential is plotted in figure 5.10. 	Finally table 5.8 

lists the mode frequencies calculated with this potential together 

with their experimentally observed values. 

Table 5.8: 

Frequencies (mev) 
Mode Calculated Experimental 

2.1 3.5 ± 0.25 

f-I + 
!3a 3.2 3.9±0.15 

4.0 4.3 0.20 

4.4 5.4 -F 0.25 

4.9 4.3 + 0.25 

6.3 6.8±0.15 

7.6 7.1 0.30 

T  2 2.7 3.5±0.15 

1a 3.5 4.0±0.20 

12b 4.2 5.2 .± 0.25 

1b 4.7 0.30 

5.8 0.30 
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Figure 5.10 

The 118-ex' potential 

function with x = 3.6A 
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(5.5) Examination of the Best Potential Function 

Having decided that the above equation afforded the best 

description of the non-bonded atom-atom interactions in orthorhombic 

sulphur, the validity of the atom-atom potential approach to molecular 

lattice dynamics is now examined in broader terms by investigating 

how the best atom-atom potential model fares in its prediction of 

other experimental data. 

(5.,5A) Dispersion Curves in the T- Direction 

Figure 5,11 shows the external mode dispersion curves, 

plotted in their respective irreducible representation to avoid 

confusion. The solid lines represent the dispersion curves 

calculated using the best potential function, while the symbols 

outline the corresponding experimental curves deduced, with the aid 

of the structure factor calculations, from the first three series 

of experiments. From these plots it can be seen that the model 

calculations show a fair correspondence with the experimental 

frequencies that could be isolated from the neutron data. The most 

serious visible flaw in the model calculations are the 	and 

acoustic branches which are predicted at frequencies considerably 

lower than the experimentally observed frequencies. This follows 

the trend observed in all calculations at the r and Y points in 

section 5.4A - 5.4E above where the lowest frequency modes fell in 

frequency as the potential function was "stiffened" to give a better 

overall fit. 

(5.5B) Dispersion Curves in theA Direction 

A similar quality fit is obtained in the A direction 

(fig. 5.12) where the model again seems to outline the correct 

pattern of the dispersion curves obtained experimentally. 
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Figure 5.11 5.11 

External mode dispersion 

curves in Z direction; 

calculated and experimental 
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Figure 5.12 

External mode dispersion 

curves in A direction; 

calculated and experimental 
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Some idea of the improvement which results from using 

the "8—exp" potential as opposed to the 116—exp" can be obtained 

by comparison of figures 5.11 and 5.12 with figure 5.1 which shows 

the dispersion curves calculated using the 116—exp" potential. 

(5.6) 	Elastic Constants 

For an orthorhombic crystal there are nine independent 

elastic constants, shown schematically by large dots [51] 

.... I 
... 

. I S 

I . 
I. 
. 

The above is a representation of the elastic stiffness matrix, 

0ij' which is symmetric. The small dots inlicate elements 

restricted to zero by symmetry. Following de Launay [52] we soon 

find the secular equation 

N11  - PV 	N12 	 N13  

1L12 	 N22  - pV 	 23 	= 0 

N13 	 H23 	 1133  - 

N11  2 = c11k1  2 + c66k2  2 + o55k3  

H22  2 = c22k2  2 + c44k3  2 
+ '666k1 

2 	2 	2 N33 
 = 0

33k3  + c55k1  + c44k2  

H23  = (a 44+ 
023)k2k3  

H31 = (c55  + 031 )k3k1  

°66 + 
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where we have used 

ux = U exp 2 n (Vt - k1 x1  - k 2  x  2 - k3x3) 

and similar expressions for u and u to solve the elasto-kinetic 

equations. The density of the crystal, p, has the value 2.0816 

gms/cc. 

The next step was the substitution of simple values of the 

wavevector in the x, y and z crystal directions. This allows 

the secular determinant to be factorised, yielding simple relations 

for some of the elastic constants. For example, with wavevector 

(0.2, 0, o) the secular deteiminant becomes 

0-04,C1 1 - 

0.0466 - pV2  

0.04 -655 - pv2  

and substitution for the density p and phase velocity j yields 

straihtforwarily 	666 and 655. 

The values obtained ere, 

all 
(L) 	= 2.065 

C66 (Ty) = 0.4341 

c55(Tz) = 0.2634 

where (L) signifies that a 11 is the stiffness constant associated 

with the longitudinal acoustic wave propagating in the x direction; 

(Ti) that c66  is associated with the transverse acoustic phonon 

polarised in the y direction, etc. 
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A similar treatment for wavevectors (0.0.2,0) and (0,0,0.2) 

yields: 

wavevector (0,0.2,0): 

c22(L) = 1.7912 

c44(Tz) = 0.8119 

066(Tx) = 0.4518 

wavevector (0,0,0.2) 

c33(L) = 2.921 

c44(T) = 0.9123 

c55(Tx) = 0.2583 

The elastic constants of - S8  have been determined 

experimentally by Hausstthl [53] using the Schaefer—Bergman method—

the diffraction of light from standing ultra—sonic waves. Table 

5.9 lists these observed values along with our calculated values 

Tat s 5.9: 

Observed Calculated Observed/Calculated 

C11  1.422 	0.028 2.065 0.69 

C22  1.268± 0.024 1.7912 0.70 

C33  1.830 + 0.036 2.921 0.63 

C 44 0.827 + 0.010 0.8621 0.96 

C55  0.428 + 0.005 0.2608 1.60 

C66  0.437 + 0.005 0.4429 0.99 

10 e.r. CP 

S 
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Prom this it can be seen that the high anisotropy of the elastic 

constants7ls reflected in the model calculations. The table also 

lists the ratio of the observed and calculated elastic constants. 

From this ratio it can be seen that while the longitudinal 

constants come out consistently too high in the calculation, the 

calculated transverse elastic constants are of the correct size, 

or in the case of C 5  too low. This point is further discussed 

in section (5.8). 

(5.7) Comparison with Raman Data 

As mentioned earlier it had been hoped that Raman data 

might prove helpful in the analysis of the zone centre scans performed 

in the course of the inelastic scattering experiments. However, 

Raman spectra of molecular crystals are typically very complicated 

in the low frequency region and it appears that in the case of 

sulphur, very little definitive work has been done on the lattice 

modes. Three recent Raman studies of - S8  have been published 

[54,55,56] but only in reference [54],  the work of Ozin, has any 

clear attempt at assi.nment of lattice modes been made. Even in 

this work, which used a natural crystal, it is hard to decide upon 

the relative certainty of the assignments since no actual spectra 

are shown. Comparison with our modal calculations is made even more 

difficult by the fact that it is impossible to say which of the four 

modes, say, has been observed and assigned in the Raman study. 

Table 5.10: Raman, calculated and neutron scattering observed 

frequencies (me1J 

'2 '3 '2 '3 
t

-4- 

4 '2 	'3 

Raman 	3.5 3.6 5.5 6.3 6.5 6.9 	7.9 

Calculated 	2.1 3.2 4.4 6.4 7.6 8.1 	8.4 

Neutron 	3.5 3.9 5.4 
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Table 5.10 contains the seven experimentally assigned Raman 

mode frequencies and their inferred corresponding model frequencies 

together with our experimental observationswkere appropriate. The 

agreement between the model and Raman data is similar to that 

achieved in the comparison with neutron observed fl and Y point mode 

frequencies in that the best model reproduces the frequencies to 

within 145%, on average • 	Furthermore, as table 5.10 shows, this 

error is not always of the same sign; whereas for the lower frequency 

modes the model frequencies are too low, for the higher frequency 

modes they are too high, confirming the previously observed trend. 

(5,8) 	Discussion and. Conclusions 

Orthorhombic sulphur has proved to be a stiff test for the 

simple lattice dynamical model with which we set out. 	hile 

providing a sufficiently good descriptio1 of the structure factors 

that mode assignments have been possible, the agreement between 

observed and calculated frequencies is not outstanding. That this 

should be so is not too disconcerting bearing in mind the approximations 

implicit in the model as discussed in Chapter 1, With particular 

reference to sulphur, use of the harmonic approximation, for 

example may be especially inappropriate since the deviation of the 

elastic constants from the Cauchy relations is negative, suggesting 

to Haushiihl [53] that it is a strongly anharmonic crystal. 

The assumption of the pairwise additivity of intermolecular 

interactions, while like the use of the harmonic approximation a 

necessary simplification for calculations on a complex molecular 

system, is also a much discussed. concept [ 57]. For example Kestner 

and Sinanoglu [58] have calculated that the Van der Waals' forces 

between pairs of atoms in a DNA double helix decrease by 28 when the 

four adjacent bases of each pair are included as third bodies in the 

calculation. 
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The neglect of molecule deformability is another simplification 

of the present model. Although —S8  is composed of molecules it 

is most likely, however, that these are distorted and do not move 

as rigid bodies. This follows from the fact (see reference [591) 

that the frequency of the lowest internal mode of the free molecule 

is 10.7 meV, which is lower than the expected frequency of some 

lattice modes. The extent of molecular distortion and internal 

mode motion is investigated in Chapter VI. A calculation incorporating 

molecular deformation has been carried out by Pawley and Kurittu 

and table 5.11 lists the percentage frequency decrease of the external 

modes at the zone centre. 

Table 5.11: 

Mode % frequency 
decrease Mode % frequency 

decrease 

4.0 1.6 

r3 1.3 r41 3.2 

IT 7.0 fl+ 4.5 

F2 5.5 3.7 

r4 1.0 fl- 34 

p2 2.0 6.5 

37 4.1 

4.4 r7 2.2 

+ 4-5 r2 2.6 

2.3 r3 1.7 

r3 1.9 
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While such a frequency shift will improve the fit to 

experimental values of some of the higher frequency modes, the 

lower frequency modes were, even in the rigid body calculation, 

already too low. For overall improvement of the model some 

parameter must be considered which would allow that, rather than 

a collective frequency shift, the frequencies of individual modes 

alter in a different manner, the higher frequency modes being 

depressed while the lower frequency modes are raised. Such an 

effect might be produced by consideration of the polarisability of 

the sulphur atoms, analogous to the progression from the rigid ion 

to the shell model in alkali halides. While the inclusion of 

such an effect in the case of complex molecular crystals will be a 

sizeable task, the way in which it might bring about the desired 

frequency shifts is suggested, in a quantitative fashion, below. 

Figure. 5,13 represents two interacting sulphur atoms, 

nuclei and electron shells, with S. and S the core—shell and 

shell—shell force constants 

P;35.05 	
S, 

__P~ S. 

In case 1 , our calculation neglecting polarisability, we 

have 

S = 00 	 S2 = a 

In case 2, including polarisability, the force constants 

would change in the following manner, 

32 =aa 
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and it is not obvious that this new force constant system will 

effect all the mode frequencies in the seine way. 

For example, in the case of longitudinal modes 

we might expect a decrease in the frequency of vibration since 

such modes will be strongly dependent on 31, which has decreased 

on introduction of polarisability. 

Sheer type modes, on the other hand, 

áç 
will not have much dependence on S, and the frequencies of such 

modes may well increase with the increase in S 2- 

Interestingly, the fact that the longitudinal elastic 

constants were too large whereas the transverse constants were 

of the correct size or too small in the non-polarisable atom 

calculation (section 5.6) can be understood in terms of such a picture. 
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OHAPTER VI: 

(6.1) Introduction 

In addition to the inelastic scattering investigation of the 

dynamics of orthorhombic sulphur, a structural study using the 

technique of neutron diffraction was instigated as part of this 

project. It is intended to carry out a series of structure 

determinations at different temperatures and data collection is 

still in progress. The data collection at room temperature 

has however been completed and this chapter deals with this 

structure experiment and some conclusions relevant to the dynamics 

study are made. 

(6.2) Structure factor for Bragg Scattering of Neutrons 

From general scattering theory (Chapter 3) the coherent part 

of the intensity of elastically scattered neutrons from a crystal 

unit cell depends on the function F0() 
2  where 0, the scattering 

vector is equal to a reciprocal lattice vector. F0() is the 

elastic structure factor, 

F0(Q) = 	b exP(-14(Q))exP (i.j(p)) 

where the summation is over all atoms in the unit cell; each 

atom is situated at R(P), and has a Debye-Waller factor ex(-W(Q)). 

The crystal symmetry simplifies the expression and imposes 

restrictions on some structure factors. The conditions limiting 

possible reflections for the case or orthorhombic sulphur are 

listed on figure 1.4 taken from the International Tables of X-ray 

Crystallography. 
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Assuming that each individual atom is vibrating harmonically 

in an  anisotropic field, so that its general motion can be 

described by a symmetric tensor with six independent components 

(corresponding physically to the magnitudes of the three principal 

axes of an ellipsoid of vibration and the three angles specifying 

the orientation of this ellipsoid of vibration relative to the 

crystal axes), the Debye—Jaller factor can be written in terms of 

the anisotropic temperature parameters b1  as 

exp(—(b11 h2  + b22k2  + b3312 +1b12hk  +Th23kt +2b31ht ) 

where h, k and t are the familiar Miller indices of the Bragg 

"reflecting plane", or the indices of the corresponding diffraction 

maximum in reciprocal space. 

The structure factors are thus functions of the parameters 

we wish to determine. However, since it isP0(Q) 2  that is 

related to the experimentally measured intensities, consideration 

must be given to the "phase problem". The distribution of matter 

in the scattering is just proportional to JP0()e1 	dQ. 	In a 

neutron scattering experiment, since it is only possible to measure 

F(Q)J 	the information contained in the phase of F0(Q) is lost. 

This is in contrast to holographic experiments using coherent 

light where it is possible to recombine scattered and incident 

light with lenses, preserving the phase information. In the case 

of neutron structure investigation then, the process is one of 

finding an approximate set of phases which may be used with the 

observed amplitudes in the reconstruction of an approximate image 

of the scattering matter by Fourier synthesis. In practice, least 

squares minimisation is used to determine the best values of the 
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and b.'s and hence the phases, which give the optimum fit 

to the observed data. 

(6.3) Experimental Procedure 

All measurements were made on an 8mm diameter sphere of 

sulphur which had been formed from a single crystal grown in the 

same way as that used in the inelastic work. The diffraction data 

was obtained on a 4-circle diffractometer at the DR3 reactor at 

Ris5. This type of diffractometer has been described by Arndt 

and Willis [60] and was used in the moving crystal/moving detector 

mode. 

Off-line computer operation was employed, the control tape 

being generated by a computer at Aarhus University, under the 

supervision of Dr. F. Krebs Larsen who collaborated in the 

structural ork. The angles for all four diffractometer shafts 

which set the crystal on a Bragg reflection are input for this 

programme, and a tape is generated which steps the shafts to get 

the required scan of the Bragg peak as detector output. 

The Bragg intensity profile was measured by moving crystal 

table and detector in steps of 0:20 with 0 = 0.04, from 0B 

(the peak position) - 1.50  to 0  + 1.50 " 	In addition, the background 

was measured by scanning from 0B - 1.5 to :B - 2.0°  and from 0  + 
1.5 to 0  + 2.0 , in coarser steps of 0.16 

The reflections to be measured were divided into groups 

of twelve separated by a standard reflection, (040) or (0016). 

These standard reflections were a check on the crystal alignment 

and on the behaviour of the counting chains. After every six 

reflections all shafts were returned to datum and so any cumulative 
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errors in the shaft "settings" could be quickly recognised. 

In most cases the full set of eight symmetrically related 

reflections were measured; of the 964 reflections used for least 

squares input, 711 were averaged intensities of reflections with 

more than one contribution. 

(6.4) Observed structure Factors 

The data reduction was carried out by Dr. F. Krebs Larsen. 

The internal agreement factor of all data was 6.06%. For the 

data used in the refinements, those intensities from each symmetry 

/ related set which were less than F 2 - 2 2  oF 	were removed . a-  18 
MAT 	max 

the standard deviation on F ax  resulting in an internal agreement 

factor of 1.67'/-,". Some of the discrepancy between symmetry related 

reflections may be due to anisotropic extinction. A list of the 

reflections used for the least squares input is given below. 



h L2 ) h k I 
o 16 64') .109 2 2 0.5(5 3 1 1 10860 	203 62 	026 
o 8 6532.090 171,724 it 2 14 10095,266 73,733 

o 4 6592.785 59,296 0 (5 6 11120.121 163.678 
6 26 6684 	5 66 V 7 • 0.31 4 2 11152 	203 197 	710 
3 11 6702.22.3 51.5900 6 16 11349.215 136.645 
1 5 o7?2,394 59.151 7 7 17 11430.031 179,414 
9 21 6723.266 117,426 4 0 0 114 	6 	0   144,921 
5 5 6831 	U5 33,675 7 7 7 11773.148 1',302 
1 21 6237.352 116.425 2 0 16 12043.912 166,724 
2 2 6839.551 54.196 .1 3 7 12310.309 36.986 

11 11 6997,059 156.141 .3 1 3 12411.06? 71.332 
o 13 7016,355 133,377 0 3 121259.3.535 214,911 
2 0 7042.129 77.623 9 5 7 12623.215 186.287 
8 2 7065.508 137.658 1 1 15 13012.125 105.366 
6 10 7071.492 191,372 2 0 22 13082.285 223.298 
2 10 7077.042 166.986 1 13 7 13144.324 240.264 
2 20 7172,352 111,549 3 11 7 13153.105 190.751 
2 14 7300.359 145,251 3 11 9 13195.992 330.640 
6 24 7308.934 325.933 5 1 19 13288.566 164.195 
8 14 7354.320 176,446 3 1 9 13402.414 85.391 
6 16 7330.910 111 .327 1 7 21 13595.367 154,671 
7 13 7432.805 103.273 4 4 10 13671,633 320.627 
1 11 7/454.023 67.605 7 1 1913910.160 178.410 
6 12 7470.500 103.612 6 0 12 16143.711 143,119 
0 8 7560.891 150,231 6 0 22 1 4160.696 253.677 
5 15 7635.938 283,907 6 2 8 16422.734 99.061 
9 5 7732.055 101,540 5 7 7 14663,660 197.314 
8 4 7769.969 62.663 1 5 13 14999,255 102,244 
1 7 7804.348 52.907 6 2 6 15105.305 137,387 
6 6 7834984 76.55'l 9 5 9 15690.980 273.519 
3 5 8034.707 49.749 2 2 12 1 5681 .684 176.149 
9 5 8066.793 123.439 1 7 19 1 5906.496 367,390 
5 1 3100.586 80.366 1 1 17 16200.305 149.226 

16 0 8213.445 267.352 3 9 316527,531 219,117 
4 20 6396.309 162,612 3 1 7 17160.266 '110.753 
3 3 6445,113 123.751 6 0 20 17676.934 293,291 
6 ~0 3524.375 122.341 2 6 1218001.305 116.049 
7 17 8684,414 110,579 0 12 8 18242.652 309.068 
6 6 3690.094 66.320 4 8 14 18514,848 1t3.576 
2 10 8707.492 66,620 6 0 16 13774.508 301.013 
4 10 8834.645 107.558 4 0 8 19691.977 160.368 
5 19 8840.624 119.964 12 0 0 20431.930 499.666 
3 21 8363.887 136.183 5 1 5 20529.406 193,369 
6 18 3696.535 125.512 4 . 	4 12 21997.666 214.794 
10 22 9022,586 207,628 3 7 1 22464.016 215,991 
14 12 9059.332 234.559 0 2 10 22544.363 212,.812 
5 15 9133.387 123.289 2 0 6 24033.910 168,496 

12 2 9139,469 183.940 
. 	3 5 9 25267,734 171.030 

3 7 9153.340 63,537 5 3 5 25527.734 166.074 
7 15 9239,559 142,562 0 4 0 25695.012 36.133 
2 8 9467,523 113.041 2 2 1' 27053,316 253.610 
6 2 9502.133 36.008 0 4 6 27263.250 25.3.001 
6 3 9571 .797 65.910 2 2 2 23736.648 340,323 
2 4 9633.578 247,838 0 6 2 30107.05 314.640 
2 12 9776,359 123,101 0 2 6 31379.449 455,309 
3 5 '10093,843 73.497 0 0 24 32237.047 497.895 
5 9 101'16.242 151.948 Cl 4 12 32322,496 481,355 
6 10 10290,609 37.379 1 7 5 33366,008 265.276 
8 6 10316.969 93,630 6 0 2 39715.167 370,245 
0 16 1 0526.930 256.639 3 5 7 41644 .617 387.263 
3 17 10599.211 105.936 0 0 16 44410.172 57.062 
2 1310612.426 130.026 
9 310647.879 137.015 



h k I r2 o(F2) h k I F2 aF2) 
7 5 11 3079,919 104,903 41 	I 	O 
3 3 17 3119.402 61.33 3 7 25 4247.164 104,829 
2 2 6 3125.391 182.34() 6 10 12 4255,156 130.744 
9 7 17 3132.503 25Q,346 1 5 15 4232.395 56.492 
7 1 17 3169.640 90.926 1 11 5 4291.616 89.826 
3 1 2? 3203.261 67.453 2 4 24 6303.980 110.92 9 
1 11 1 3229.231 13ô.39 4 6 22 6311.176 100.54? 
4 12 C 3239.593 136.854 3 1 11 4327.383 64.669 
2 14 14 3261,928 354.258 2 10 1? 4414.698 80.876 
1 11 25 3262.565 186.1 57 5 ii 17 414 45.398 167.616 
9 3 9 3276.763 77.020 2 8 16 4467.293 116.777 
0 0 6 3277.745 50.779 2 2 10 4493.167 30.403 
6 12 10 3296.266 186.814 2 12 14 4525. 2 44 107.76 6 
4 2 20 3303.114 72.112 1 1 33 4547.020 325.196 
2 10 16 3303.439 143.093 2 2 26 4569.551 94.099 
0 4 24 3304.581 117.325 4 2 26 6623.473 96.150 
it 14 6 3313.767 224.962 1 1 13 6693,621 63.390 
2 6 4 3329.010 97.115 7 3 13 4714.070 81.932 
9 3 ?1 3336.354 290.29? 7 7 1 4757.219 163.982 
3 10 4 3342.399 156.631 1 3 1 6769.121 39,111 
2 2 ?2 3342.733 62.790 3 1 31 4769.676 202.247 
9 11 7 3413.710 214.902 7 3 7 433.738 77.026 
7 1 21 3430.563 87.1/8 3 3 3 4357.598 35.238 
5 1 25 3433.535 92.7J9 1 5 11 4892.324 39.662 
9 7 13 3444.304 134.7(9 1 11 19 4978.059 114.846 
5 5 19 3456.323 77.639 10 0 6 4987,965 126.417 
5 5 11 3476.331 64.024 11 3 5 4993.699 200.594 
4 2 12 3492.646 74.468 2 0 26 5026.273 135.209 
6 12 14 3496.180 171,913 1 3 27 5040,926 106.835 
2 8 20 3505.666 80.234 10 2 12 5045.141 142.644 
4 8 20 3503,720 97.195 3 13 1 5139.922 218.713 
6 4 16 3539,144 146.932 10 0 22 5150.227 365.522 
5 3 21 3540.091 153.798 12 4 4 5156.121 172.867 
2 4 14 3545.998 35.441 3 3 11 5162.508 48.710 
1 1 19 3552,078 641645 0 14 10 5133.523 208.577 
9 9 11 3595.475 157.912 3 1 13 5200.406 54.942 
6 6 24 3611.17? 177.570 it 6 14 5201.809 55.382 
7 3 17 3628.955 76,311 4 8 10 5211.279 95.932 
5 3 3 3694.732 89.710 4 4 4 5229.031 72.632 
6 0 12 3695.861 102,633 3 5 17 5331.520 119.688 
4 10 2 3728.427 105.661 0 6 22 5362.324 133,032 
1 3 3 3748.235 25.001 9 3 3 5476.977 130.001 
5 1 1 3750.394 33,506 1 11 9 5509.293 124.318 
2 12 8 3764.691 122.732 1 5 1 5562.562 39.294 
9 9 3 3771.792 176.729 1 3 23 5633.168 94.126 
4 6 14 3776.507 33.003 1 5 9 5635.715 76.792 
8 4 12 3739.068 67.755 1 9 7 5693.168 95.708 
3 3 19 3796.717 75.995 0 4 28 5728.195 157.049 
1 9 19 3319.364 120.235 3 5 31 762.680 220.331 
2 10 6 3334.404 12.553 3 5 15 5789.340 85.701 
1 3 21 3845,431 75,400 5 3 29 5914.320 241,765 
3 7 11 3863.784 79.129 5 13 5 5956.695 212.694 
o 2 4 32(1.988 124.103 0 4 2 5977.293 76.913 
6 4 16 3907.741 78,690 4 4 26 6025.645 81.550 
9 7 3 3929.937 116.969 0 12 0 6034.391 160,283 
5 1 9 3933.637 56.439 0 14 14 6047.902 376.731 
C 10 10 3953.339 104,307 Q2 12 6064.402 110.655 
2 8 6 3961.68() 51.931 4 2 16 6066.137 67.77? 
5 5 3 3994,594 75.180 6 12 12 6163.305 214.309 
5 1 13 4009.431 53.783 7 9 17 6201 .352 125.601 
1 13 17 4011,417 230.872 4 2 24 6271.215 227.542 
7 9 1 4069.923 171.416 3 1 15 6245.582 174,210 
2 8 16 4076.321 91.244 5 5 15 6286.727 97.671 



h k I 	F2 PT(!) h k I F2 ,2) 

h 2 2 16?8.737 23.430 5 3 9 226,393 62.412 

7 7 23 1703.64? 167,790 0 6 26 2297. 0 42 69,927 

6 10 2 1 704.  3 4 7 26 . 8 1 2 3 3 1 2 3 0 0 • 0 89 3 3 • 33 8 
6 2 26 1706.903 237.328 11 9 5 2311.31? 176,005 

2 8 ? 1707,330 43.431 2 4 2? 2319.367 151.087 

6 6 12 1718.022 118.174 5 11 13 2334.303 114.914 
o 4 14 1712.895 133.195 8 6 6 2336.306 725 

4 10 10 1722.382 59.623 8 4 26 2339.142 129.904 

2 2 4 1724.151 17.337 1 15 9 2339,266 232.425 

4 10 72 1734.330 207.713 6 3 16 2339.267 37.876 

0 2 2 1737.o47 114.269 2 4 12 2380.956 113.083 

6 4 24 1751.101 96.563 4 8 4 238:3.174 46.427 
0 8 16 1766.311 184.Q98 7 7 9 2391.340 62.866 

1 15 13 1770.500 322.204 4 12 20 2421.930 191.473 

1 1 27 1780.069 73.860 7 5 7 2423.617 61.557 
4 3 1730.643 151.293 5 1 17 2423.868 53.958 

0 2 14 1783,627 35.515 5 11 15 2507.066 92,021 

0 14 2 1789.115 110.208 3 5 29 7519.199 195.827 
7 1 9 1789.370 47.422 4 6 8 2540.602 65.139 

0 4 6 1795.04? 156.593 6 0 26 2541.672 122.263 

4 12 10 1203.125 93.266 4 6 4 2541.712 54.667 

3 11 15 1826.427 83.424 2 6 28 7559.673 146.016 

2 10 2 1827.40? 116.740 2 2 23 2560.723 98.412 

3 9 25 1850.979 333.562 1 13 5 2563.901 224.900 
2 8 3 1851.317 52.082 4 4 2 2575.140 36.300 

1 15 3 1856.779 141.455 1 ill 13 2587.866 84.588 

3 3 13 1856.383 31.221 1 7 27 2592.380 292.217 

13 3 7 1863.036 285.604 4 4 22 2605.084 103.635 

6 10 8 1367.571 115.81 3 5 11 2609.212 36.762 

8 2 20 1876.755 95.770 9 11 11 2610.235 419.801 

1 7 3 1888.355 68.194 3 13 13 2617.581 31.615 

10 6 16 1907.140 130.823 7 11 13 2636.121 136.843 

6 8 22 1909.170 259.754 0 2 30 2639.973 338.203 

6 4 16 1948.803 122.210 10 6 8 2635.727 108.163 
2 8 22 1953.898 176,213 8 4 6 2690.374 105.638 

4 8 18 1955.561 133.337 6 8 6 2702.513 125.152 

4 10 24 1973.038 148.715 5 1 11 2729.497 36.223 

8 0 16 2010.946 91.899 4 6 26 2736.639 267,420 

1 1 3 2026.531 18,712 2 0 14 2749.606 39.561 

12 2 2 2049.090 126.320 9 1 19 2762.426 73.043 

6 0 13 2053.767 91.039 4 6 24 2763,137 100.150 

11 9 11 2054.690 178.871 1 9 11 2793.654 57.221 
1 3 29 2057.588 216.923 2 4 26 2802.665 88.089 

8 1? 2 2057.701 204.035 7 5 13 2204.260 65.407 
9 9 19 2060.040 184.427 3 5 23 2204.492 103.130 

7 3 19 2063.307 76.475 3 3 23 2806.872 93.720 
6 10 13 2066.552 76.492 5 9 13 2207.704 92.337 

12 2 16 2101.737 195.031 10 2 4 2810.676 95.219 

6 2 10 2114,551 72.395 2 6 18 2811.374 ?02.742 

1 9 1 2116.182 36.375 4 4 28 2812,974 166.908 

4 0 22 2126.582 150,741 6 6 16 2832.258 90.525 

4 4 6 2129.289 103.762 2 12 10 22.35.024 175.273 

5 5 21 2136.277 71.802 4 6 10 2861.222 55.239 

3 15 15 2147.461 223.170 5 7 9 2841.300 72.750 

7 5 25 2168.796 204.576 9 3 19 2881.643 71.519 

3 9 11 2155.512 189.495 5 3 1 2692.345 119.695 

1 5 29 2161,735 160.355 5 7 11 2918.685 7.8.769 

2 8 18 2162.193 69.552 7 3 23 2932.578 153.76 
10 2 6 2196.701 63.429 2 6 14 2936.809 47.021 

5 13 13 2206.333 313.404 6 14 10 2944.125 309.644 
1 3 11 2227.393 76.066 0 2 22 2932.470 99.106 

0 12 6 2232.639 65.975 6 2 16 2996.615 136.290 
5 23 2236.506 92.642 2 4 8 :5013.663 51.626 



h 	k 	I 	F 2 	a.('F2) 	h 	k 	I 	F 2  
3 2 931.707 94.743 1 9 13 1334.733 
8 24 934.r,72 163,261 0 4 32 1340.734 
9 7 937.120 204.433 3 11 1 1347.529 
5 23 943.352 490.990 1? 6 2 1355.775 
3 5 946,1(6 63.468 3 3 21 1356,346 
2 7 955.460 24.693 10 6 12 1363.571 
2 2 957.7(1 59.322 7 3 15 1381.833 
3 13 963.018 34. 11 3 15 13 	• 	5 
4 2 970,(OR 277.897 5 7 5 1391 .439 
3 23 971.490 137.239 3 7 17 1399.700 

10 14 979.371 171.441 3 15 5 1399,?8 
10 20 979.593 8 2.039 6 4 26 1401.754 

6 22 991.685 239,026 2 12 2 1402.733 
2 30 997.206 390.492 1 9 17 1403,310 
9 13 1005.862 76.338 9 11 9 1405,208 

10 3 1010,324 51.310 4 14 16 1409.098 
10 16 1014.518 74.325 12 2 IS 1411.831 
10 10 1026.756 60.254 3 7 7 1411.975 
11 11 1037.739 124.9/4 8  4 14 1419,345 

7 5 1041.622 376.280 9 1 1 1422.187 
9 9 1045.599 112.975 7 5 1 1429,685 
4 6 1067.798 18.028 7 7 13 1434.894 
5 11 1 051 .117 167.692 7 7 19 1436.462 
9 15 1052.66 169.076 3 1 25 1439,598 

17 1 1054.356 247.245 8 4 6 1639,678 
11 3 1059.483 194.781 3 15 9 1442.464 
12 18 1071.844 191.026 7 9 3 1443,047 

1 1 1074.999 47.706 5 7 13 1469.007 
8 26 1076.320 155.721 1 5 23 1470,390 
9 25 1076.752 202.806 5 1 21 1471,547 
8 16 1086.333 164.927 10 2 16 1476.535 

15 7 1088,903 104.539 9 13 1 1481.903 
11 7 1096.573 113.879 9 7 5 1487.904 
13 9 1096.706 233.775 8 2 10 1496,062 

6 22 1096.509 214.364 6 8 14 1501.599 
3 23 1115.104 75.836 6 2 18 1509.317 

11 17 1120.654 100.396 7 11 5 1515.938 
6 20 1122.974 127.495 1 13 13 1525.753 
2 16 1135.054 25.411 1 9 21 1538,161 
7 15 1138.167 54.429 10 6 10 1539.764 

11 7 1144.234 61.376 8 14 4 1563.560 
8 4. 1144.316 82.03? 3 1 19 1546.513 
5 27 1151.956 11,202 11 3 7 1554,498 

10 16 1164.493 208.586 3 13 5 1556.702 
7 9 1170.072 263.986 8 0 0 1564.064 

11 15 1181.748 118,661 6 0 6 1565.345 
10 22 1184.257 124.301 2 14 2 1577.766 

6 18 1201.202 220.921 4 8 24 1579.804 
3 7 1203.634 15.619 2 6 6 1592.740 
5 5 1204.982 20.062 6 4 8 1596,712 

10 16 1213.583 646.636 0 8 28 1597.745 
2 1/4 1215.198 63.637 9 9 17 1601.163 
2 20 1225.103 132.895 7 1 25 1605,534 
2 22 1230.537 78.499 0 8 20 1605.926 
2 24 1237.916 68.748 1 7 17 1611,047 
5 21 1241.261 63.927 2 8 26 1625.910 

14 8 1246.136 120,239 2 12 4 1651.616 
1 21 1248.973 197.453 1 13 11 1665.139 
6 16 1?62.670 60.193 11 5 13 1668.687 
3 17 1263.817 62.633 10 6 18 1610,684 
1 5 1271.952 126.987 7 1 13 1672,616 
8 3 1266.006 244.599 5 7 3 1673.366 
4 7 1296.677 20.997 7 14 6 1675,795 



h 	k 	- F 2 	 h 	k 	I 	F 2 (F2  

5 463.784161.506 7 3 9 662.452 3 9,352 
3 	5 13 463.682 6J.075 9 1 9 666.426 50,340 
6 	6 26 40.525 163.951 11 1 9 671.432 78.007 
2 	6 22 471.465 75.237 10 2 22 671.63? 196.370 
7 	5 21 472.o74 67.012 13 5 5 672.689 164,962 
3 	5 1 473.434 168.617 4 12 6 676.756 293.566 
7 	11 17 676.00? 213.918 7 1 7 631.316 36.634 
3 	11 13 4'0.23 64.170 1 7 7 662.950 83.266 
0 	10 12 481.537 99,279 0 5 11 686.939 311,737 
4 	10 6 429.777 55.165 10 8 8 668,399 91,720 
5 	5 25 499.668 92.466 5 5 7 692.933 22.138 
1 	7 11 490.898 130.944 1 9 27 69(.012 151.842 
5 	5 5 698.754 32.539 3 9 1 1 699.656 69.238 
5 	11 9 498.824 97.732 8 2 16 704.o34 2.231 
3 	13 21 697.442 175.818 3 3 15 705.251 25.222 
3 	3 27 506.127 65.110 2 4 22 705.939 69,692 
2 	16 8 509.561 214.798 7 5 17 711.909 67.026 
5 	15 3 512.583 226.384 7 9 15 712.556 99,056 
1 	5 15 512.987 152.731 11 3 9 713.833 160.336 
1 	5 27 517.711 79.083 1 1 5 717.1+52 12.006 
1 	13 19 519.408 151.452 6 8 8 719.540 61.295 
2 	10 26 519.619 159,990 5 1 23 722.943 122.501 
0 	4 16 524.493 29.406 11 1 11 727.606 145.660 
5 	9 17 524.688 64.951 3 15 3 745.612 (6.960 
9 	1 13 528.575 96.538 2 0 10 746.928 21.687 
0 	0 32 529.684 130.915 7 13 7 751,922 141.224 
O 	10 12 533.410 161.763 4 2 16 753.311 122.080 
1 	3 11 539.749 50.060 12 4 2 758.229 115.232 
9 	7 15 541.228 100.239 10 8 12 730.494 130,27 
1 	9 9 547.169 193.753 3 7 19 733.589 56.757 
1 	1 25 552.729 94.261 2 16 4 724.961 168.341 
3 	3 11 553.419 138.330 2 0 2 766.465 15.732 
6 	10 12 554.882 58.124 6 6 4 797.416 37.866 
4 	16 4 557.451 67.433 2 2 16 799,683 59.935 
4 	16 4 558.276 192.126 10 0 14 P01 .641 91.060 
9 	5 17 564.146 92.729 9 7 7 805.647 99.918 
8 	0 20 566.512 146.283 10 10 10 809.523 133.406 
0 	10 14 565.988 80.315 1 5 7 809.542 16.522 
1 	1 9 567.819 13.432 4 14 8 816.154 136.938 
1 	7 25 571.515 51.147 1 11 3 831.853 122.405 
6 	14 8 575.805 164.195 0 2 26 832.040 171.481 
0 	4 16 577.261 79.766 1 15 15 833.220 165.615 
2 	8 26 561,188 61.848 6 8 4 836.901 94.633 
8 	2 26 5.82.375 158.777 7 9 11 846.147 79.342 
7 	3 ii 525,457 106.158 3 7 23 849.91/4 104.571 
7 	15 3 586.194 127.214 4 12 4 650.95? 147,105 
4 	12 22 588.614 144.679 10 .2 20 853.239 201.292 
1 	1 3 590.332 165,771 3 1 21 863.487 88.607 
5 	7 19. 590.721 70,915 4 2 30 '864.912 167.034 
4 	3 12 594.733 63.657 9 9 9 867.068 71.131 
4 	8 22 602.614 84.842 10 0 10 867.410 221.304 
0 	8 0 609,900 28.360 5 15 11 876.853 183.i36 
6 	6 10 610.794 60.079 11 9 3 878,741 201.322 
6 	10 18 613.759 105.290 1 7 13 882.273 43.336 
2 	12 2? 615.735 202.536 4 6 13 836.923 99.976 
7 	9 7 620.132 53.556 6 10 22 7997 112.753 
5 	3 26 625.314 198.676 6 10 10 283.500 101 .16.8 
5 	15 9 621.313 155.725 12 4 10 686.708 256.655 
1 	5 9 633,372 146.010 6 6 16 894.692 123.36() 
1 	13 9 640.014 86.160 8 2 895.609 107.497 
3 	6 2 640.446 166,275 1 11 11 699.303 47.749 

5 13 643,031 113,022 6 12 12 901.635 1(7.58? 
3 	7 5 643.135 26.562 3 8 6 901.874 123.189 



h k I F2 (F2 h k I F2 dF2 
5 5 17 153.445 45.424 11 1 21 3u9./37 121.315 

1 15 17 156.913 141.682 7 5 19 312.536 73.491 

2 4 30 165,404 166,126 2 10 24 312.712 96.668 

5 3 25 16.9.642 72.519 10 8 314.162 139.015 

2 14 18 170.833 141,229 8 10 316,331 163.437 

7 4 6 172411 16.57/ 5 1 29 319,339 171 .040 

1 15 11 174.621 11/4.384 6 4 22 323.516 5.2fl3 

13 5 3 175.491 192.525 5 9 11 323.632 57,335 

3 13 3 176.544 143.214 11 1 5 327,490 136.010 

11 5 17 122.469 154.572 1 3 9 329.046 57.409 

9 1 17 133.67? 64.444 7 7 21 332.295 113.166 

10 6 6 133.066 83.599 9 11 15 335.162 139./+23 

ii 1 7 185.392 127.890 P, 6 6 339.487 46.135 

7 5 3 106.280 69.415 3 11 21 344.205 187.959 

4 16 8 192.515 179.31? 12 2 12 347.122 147.03? 

2 6 16 197,334 90.822 7 13 9 348.666 153.624 

10 4 20 204.213 147.092 9 5 23 349.109 159./+01 

2 4 20 207.360 116,1q8 0 0 20 352.224 66.262 

5 3 19 207.7(9  54.599 6 4 12 356.669 43.265 

2 10 16 210.339 76.150 5 1 7 354.'71 16.629 

1 7 11 212.011 13302 9 3 13 3514 .279 152.094 

3 1 5 213.519 10.065 8 0 4 359.306 54.175 

3 1 1? 213,709 30.473 6 10 20 366.121 175.433 

12 6 12 216.033 211 .1 53 5 5 9 367.567 13.987 

6 12 16 217,601 124.654 7 5 5 367.598 39.346 

1 1 29 217.962 113,579 1 9 23 367.755 53.693 

8 6 13 219.220 79.962 5 5 13 368.247 59.963 

4 8 6 222./419 49.064 6 10 4 369.230 55.851 

2 16 12 223.301 206.504 10 4 12 370.232 101.503 

4 14 2 226.730 147,3?6 7 15 1 374.946 165.552 

10 12 2 226.362 130.338 9 7 19 375,364 113.735 

13 1 5 226.343 187.260 3 10 6 376.158 97.634 

1 9 9 226.952 40.915 5 13 3 378.116 102.859 

1 5 3 229.647 54.337 8 6 10 381.532 105.439 

3 1 23 233.804 55.168 2 12 16 387.744 70.153 

8 10 '13 234.408 209.932 4 2 4 388.074 13.033 

9 3 17 240.637 66.077 12 3 4 383.169 220.995 

4 2 ?8 243.249 212.196 6 4 28 328.271 169.137 

13 3 5 245.866 191.709 2 10 14 389.729 74.567 

1 5 17 248.301 59.366 0 12 16 396.255 156.905 

6 4 20 243.701 71.506 5 1 3 408.427 17.599 

5 13 17 250.552 145.562 4 14 12 411.197 174,09? 

10 12 4 256.524 200.614 8 10 10 411.878 79.455 

1 3 25 256.606 191.369 5 9 15 412.55/ 140.091 

12 8 8 258.674 200.143 3 5 77 414.943 187.801 

6 8 10 260.054 49.232 7 11 15 416.023 201.278 

0 12 24 260,767 191,699 5 1 15 416.641 35.56 4  

9 11 1 265,516 163.546 5 13 11 420.573 128.826 

4 16 6 272.630 206.446 0 14 16 '422.031 191 .137 

1 15 1 273.242 59.406 11 7 1 422.616 162.583 

12 6 2 200.055 153.032 10 12 431.200 117.461 

9 3 11 282.936 45.758 3 9 9 432.074 83.141 

3 15 11 283.768 201.73? 5 11 11 433.388 94.356 

2 12 12 265.671 67.176 7 7 11 433.440 50.86? 

10 6 14 283.212 122,965 2 12 20 434343 ?00.92() 

8 12 8 294.165 170.033 4 8 8 436,865 52.069 

4 6 2 295.055 16.599 10 10 4 638.494 13.?36 

2 0 30 295.248 264.669 ' 4 0 439.740 23.675 

8 2 6 296.798  131.424 - 	1 13 15 447.204 97.05 4  

In 10 3 302.641 203.643 5 7 23 447.669 39.635 

7 3 1 303.462 25.267 6 30 451.019 235.47 4  

2 8 26 305.303 199.047 6 6 2 453,611 50,539 

11 c '013f06 57.833 1 1 31 455,156 266.548 



h 	k I F 2 (F2) h k I F2 o.('r2) 
4 	6 1? 2. 253 36.224 12 4 14 70.184 209.9t 
3 	13 17 2.262 195.25() 12 6 10 70.452 150.348 
3 	5 1 4.609 13.757 8 8 20 75.683 149.588 
2 	14 16 5.932 205.112 11 5 7 77,236 39.835 
0 	6 8 6.069 90.723 14 0 6 80.309 130.029 
8 	6 4 7.035 71.690 6 6 6 80.906 33.107 
2 	8 	, 2 8.068 197.431 8 6 16 61.933 66.118 
1 	1 23 8.290 52.326 1 3 15 32,749 26.121 
o 	0 23 3.556 77.831 11 3 19 69.400 136.572 
7 	11 3 12.103 86.509 6 10 6 89.698 69.3'2 
8 	4 20 12.492 69.025 9 5 5 89.979 52.74 
3 	3 9 13.498 190.2?? 7 7 25 91.Q39 199.661 
6 	12 13 14.994 141.539 6 6 20 92.65? 62.677 
5 	9 19 17.261 79.751 2 10 2 96.957 48.828 
1 	3 13 19.172 16.969 2 2 8 97.275 14.630 
6 	4 2 19.724 26,794 3 9 15 102.974 50.811 
6 	2 0 20.657 26.436 10 8 6 102.997 87.677 
3 	13 7 23.872 63.158 5 11 1 105.28) 103.196 
2 	0 4 27.639 132.940 4 4 20 107.335 56.064-- 
97 21 27.856 245.763 

5.062
9 2 10 20 107.651 71.978 
3 	9 17 29.946 66.777 11 1 13 110.191 140.646 
2 	2 18 30,379 36.871 14 2 4 110.364 121,634 
5 	13 15 34.867 155.229 11 7 13 114.734 165.974 
3 	1 7 36.272 206.120 3 1 21 115.208 57.151 
7 	11 7 37.420 87.724 9 1 23 119.245 202.914 
7 	1 15 39.137 63.104 5 7 25 120.450 123.003 
8 	2 2? 64.807 75.613 5 13 1 123.472 146.189 
4 	12 8 65.252 93.672 3 3 29 125.701 135.891 
6 	6 14 45.821 42.688 7 13 13 126.021 157.534 
6 	6 8 46.916 38,816 3 3 9 127.4 75 1o.014 
6 	8 12 48.376 58.103 2 10 4 127.746 75.370 
2 	2 6 4.1416 26.341 8 4 16 128.700 99.015 
1 	7 15 49.681 46.109 2 6 0 12 9 .652 25.821 
6 	14 16 52.554 135.353 3 0 26 130.311 129.109 
6 	8 20 52.560 62.816 3 7 9 131.647 23.789 
0 	10 26 52.906 205.750 12 2 4 132.179 127.268 
5 	11 19 56.492 127.158 5 13 1 132.929 97.737 
5 	11 21 58.129 211.154 0 C 12 135.680 22.834 
0 	IS 18 59.156 141.595 13 1 11 135.656 146.355 
5 	9 21 59.723 172.953 4 4 8 133.207 17.346 
2 	8 6 60.539 225.679 3 5 19 140.236 109,093 
6 	2 24 62.317 72.018 4 8 23 141.163 131,070 
2 	6 30. 64.956 226.36 5 1 31 141.602 166.765 
6 	0 30 65.033 110.553 6 6 14 142.155 98.879 
1 	7 15 65.174 218.364 6 12 2 146.155 947?3 
4 	4 16 66.236 139.996 4 0 32 146.624 216.025 
6 	0 10 66.926 26.071 1 7 9 149,639 18.190 
2 	14 12 63.751 157.370 1 17 1 151.660 137.075 
4 	14 14 68.615 199.727 9 3 7 152.117 56.709 
1 	15 5 64.871 156.715 
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(6.5) The citructure Refinement 

To determine the nuclear positions and thermal parameters 

in the - S8 crystal a least squares structure refinement was 

performed in which the function 

	

P 	 obe 	Cale )2 
= 	( 	

- 

1ilt 

was minimised, by varying the parameters used to obtaincale 

From section 6.2 we see that these parameters consist of three 

positional parameters and six anisotropic temperature factors, for 

each atom. In the case of sulphur, with four non—equivalent 

atoms in the unit cell, this results In 36 parameters. With all 

atoms being identical, the scattering length b can be included 

in the scale factor constituting an additional parameter. A 

unit weighting scheme was adopted in all refinements. 

In the course of the refinements various constraints have 

been applied to the system using the techniques described by 

Pawley [61}. Briefly, whereas the usual models of crystallography 

have a set of parameters P as described above, a constrained model 

is one in which a smaller set of parameters p determine P1 

through some set of functions 

Pi = 

u talc 
In computing terms, whereas the differentials 

--- hkt are necessary 
1 

in a standard refinement program, to perform a constrained refinement 

—MCcycle we need the differentials 	. These are obtained by 
Pi 

the following summation 

	

cale 	 caic 
? P. 

= 2 	hkj  
~Pj 	

I i ~?j 
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and thus the only additional computation necessary is the calculation 

of aP1/. 

n important use of constrained refinements is to test the 

significance of certain aspects of a model. In the case of 

sulphur an important consideration is the question of the rigidity 

of the molecule in the crystal. The way in which the technique 

of constrained refinements can be used to shed light on this 

question is described in the paper by Pawley and Rinaldi [62] 

which can be found in appendix B. Two questions raised by the 

structure are considered in this paper; 

Do the sulphur molecules retain their free state 

symmetry or are they significantly distorted on 

formation of the crystal? 

Is the thermal motion predominantly of rigid body 

character or do the internal modes contribute 

significantly? 

These questions are to a great extent related and their 

answer has a direct bearing on the lattice dynamics calculations 

we have been discussing in that it gives a measure of the validity 

of the rigid body approximation used in these calculations. In 

reference [62] the data used were the X-ray data of Abrahams [25]. 

The conclusion dram from the calculations was that there is 

considerable distortion of the molecules of &- 	in forming a 

crystal. The diffraction data were actually fitted very well 

by a rigid-body motion model for the thermal motion, but it is 

shown that to deduce from this that the motion is indeed of 

rigid body type would be erroneous since the rigid-body motion model 

includes most of the effects of the internal modes. The inaccuracy 
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of the data precluded more specific conclusions being drawn about 

the effect of the internal modes. The analysis of the more 

accurate neutron data, setting out to answer the two questions 

asked above, is now presented. 

(6.6) Molecule Distortion 

(6.6A) Model 1: Symmetry 6onstrained Molecule Refinement 

With the sulphur molecules constrained to maintain their 

m symmetry, a structure refinement was performed. The results 

of this refinement are presented with reference to figure 6.1 

In this figure the S8  molecule is described as consisting of 

two identical squares formed by atoms s1  S S 	and S 83  84  

and the optimum value reached for the distance between their planes 

was 

2x =O.l,± o.002A 

One square is turned through 45°with respect to the other and the 

value obtained for the semi-diagonal, r, was 

r =.61,55 o.oOrA 

From these values, tie -S bond length and S-S-S bond angle are 

s-s 2.O36t0.00 A 

C_S_5 DZ°2O± 6 

In a similar refinement of the X-ray data [62], the values obtained 

were 

S-S = 2.041 0.005A 

S-S-S = 10805' 11' 
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Figure 61 

The 	molecule : description 

in terms of two "squares" 



53  
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The final coordinates of the four sulphur atoms s1 	53  and S4  

are given in table 6.1 and the R values in table 6.2. 

(6.6B) Model II: Unconstrained Refinement 

The symmetry constraint was now removed and a standard 

structure refinement carried out, the result of which could then 

be compared to Model I in order to determine the extent of any 

distortion undergone by the molecule from its free state symmetry 

on formation of the crystal. The resulting atomic coordinates 

are listed in Table 6.1 and the F values obtained, in Table 6.2. 

The removal of the symmetry constraint required the 

inclusion of additional positional parameters, the total number 

of parameters increasing from 30 in Model I to 38. The effect 

of this eight parameter increase was that R fell from 13.54 to 

11.61. 

To test the significance of this improvement in the R value, 

the statistical test proposed by Hamilton [63] was carried out. 

The ratio 

Rw (I)  obs 	 2

= 	(I 

was calculated and gave a value of 1.615. This is then compared 

with the statistical distribution ofqf. On the 1% level the 

appropriate value ofQ is tabulated as 1.011 and at the 0.1% level 

as 1.017. Then with 0b3 still bigger it is clear that the 

improvement in fit in going to the unconstrained model is highly 

significant and we can reject as being incompatible with the data 

the shape constrained model. 
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able 6.1 

Positions of the atoms in 

the crystal for models I 

and II 



Model 	I Model 	II 
Full 

Atom Symmetry Distorted 
(A) 

x 8.953 8,928 

Y 12.242 12.242 

z —1.174 —1.179 

x 8.160 8.187 

y 13.227 13.232 

It 1.877 1.858 

x 7.399 7.382 

33  y 12.614 12.591 

z 0.090 0.105 

x 8.192 8.203 

34 y 11.630 11.664 

z 3.141 3.157 
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Table 6.2 

R = 	oba F0a 	,> ,obe 

i 	 I 

R = 	w. 	-  Obs 	1c)2 for the 

i 
four models 



Number 
of 

Constraint 	Parameters 	R 	RW 

	

Shape 	 30 	0.1534 	59654 

Unconstrained 	38 	0.1161 	22869 

TL")' 	 26 	0.1195 	23679 

	

TL$ -c 	 27 	0.1189 	23654 
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As a measure of the extent of the distortion, Pawley 

has spggeeted[61] that 

Robs-,  

(0. 01 )-i 

be calculated and used in a comparison between the results of 

similar constrained refinements. In our case 

asymmetric = 0.615/0.011 = 55.9 

which is considerably larger than that for any other molecular 

crystal structure studied so far by these techniques. For 

comparison we haveed values: 

Anthracene 	 4.0 

Naphthalene 	 1.3 

Pyrene 
	

3.9 

P43  [64] 	 6.7 

1, 2, 3-trichlorobenzene [65] 1.8 

(6.7) Thermal Moiq, 

(6.7A) Model III: Rigid Body Thermal Motion Refinement 

Cruickshank first showed, in 1956 [66], how to determine 

the components of the rigid-body motion of a molecule in a crystal 

by a least squares analysis of the individual atomic anisotropic 

vibration parameters. His treatment involves a description of 

the molecular motion in terms of two symmetric tensors, one for 

translation (T) and one for rotation (L). 

However, it was recognised by several people that Cruickehank's 

treatment is inadequate for crystals with no centre of libration. 



For such crystals S'chomaker and Trueblood [67] recognised that an 

additional tensor was necessary to take account of correlations 

of translations and. ].ibrations. In addition to the translation 

(T) and libra tion (L) tensors which are symmetric as before 

with 6 parameters each, the screw correlation tensor (s) must be 

included. For a molecule at a sufficiently unsyimnetric site S has 

independent components. 

The problem of fiIJtinC the observed atomic vibrational 

displacement tensors in terns of rigid—body translation and screw 

motion involves in the general case then a least squares fit of 

20 independent parameters. In the case of sulphur, this is reduced 

by symmetry to 12, the tensors being: 

	

((9 

11 	12 	
0  

	

T12 	T22 	0 

0 	0 	T33) 

0 

	

( L1L 22 	0 

0 	0 	L33J 

	

fs11 	s12 	0 

	

(5  21 	S22 	0 

0 	S) 

and this TLS constraint model has 26 parameters in all. The 

procedure is then to refine the rigid—body parameters instead of 

the individual atomic anisotropic temperature factors, these being 

constrained to fit the parameters of the rigid—body  motion. 



The R factor obtained for this model (model iii) is presented 

in Table 6.2.  Again the validity of the TLS constraint was 

tested by comparison, in the manner described above, with the 

unconstrained model (model II). 

) 
obs1111] has the value 1.017, much smaller than in the 

shape constraint comparison, and closer to the appropriate 

tabulated value on the 1. level which was 1.014. In fact, 

however, the probability of being correct in rejecting the TLS 

hypothesis still has, on the basis of these figures, a statistical 

certainty of 99. 9'. To conclude on the evidence of this figure 

alone however that a rigid body thermal motion model is not valid 

in the case of sulphur would be precipitate. In the first place 

the fact that we are comparing two models using the same data set 

raises misgivings about the rigour of the statistical tests in 

such cases and further, as pointed out by Pawloy [61],  an imponderability 

in using these significance tests is in deciding when to equate 

statistical significance with physical significance. It was to 

this end that Pawley introduced thefactor defined above as a 

means of comparing one structure with another having regard for 

the different number cf observations and parameters involved. 

In the present case 

4TL3 = 0.017/0.014 = 1.25 

and a more realistic appraisal of the validity of the TLS constraint 

in the case of sulphur can be obtained by comparing this number 

withvalues for the same type of refinement already performed on 

other substances: 
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Table Table 6.3 

3obs 	 Yo.oi) 	- 

Hexainine 	 1.388 	 1.276 	1.4 

Naphthalene 	1.270 	 1.125 	2.2 

Ova].ene 	 1.055 	 1.049 	1.1 

Pyrene 	 1.549 	 1.112 	4.9 

In all these cases statistical tests would lead to the 

conclusion that the improvement in the H value on removing the 

constraint is highly significant indicating the constraints are 

not good, whereas on other physical grounds one would expect that, 

in the case of hexamine for example, the TLS constraint should 

be reasonable. In fact, while analysis of a more extensive 

compilation would be desirable, the conclusion drawn from the 

refinements analysed so far would be that it is only when 

a value greater than about 4 or 5 that statistical significance 

begins to merge with physical significance and that below this 

value the statistical tests are unreliable. Then comparing 

value (1.25) with those of table 6.3 indicates that the TLS 

constraint is in fact a relatively good one in the case of sulphur. 

Thus on the evidence so far, the answers to the two questions 

we posed at the start of the analysis have turned out to be 

contradictory. On the one hand, a comparison between models I and 

II led to the conclusion that S8  molecule is highly distorted in 

the crystal, while on the other hand our discussion of model III 

would indicate that the molecular thermal vibrations are fairly 

well described in terms of rigid body motion. The solution to 

this problem carries with it implications on the interpretation 

placed on the T, L and S tensors of the rigid body motion model in 

a manner described below. 
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(6.7B) Molecular Internal Notion 

The rigid body motion model is generally interpreted as a 

description of thermal motion which neglects internal vibrations. 

The anisotropic temperature factors U,are  derived entirely from 

the tensors T, L and S through the expressions 

=11  + L22  L3  + L33  x - 2L33x2x.5  + 2321x3  - 2331x2  

143  = 	+ L31  x12  + L12  x3x1  - L23x - L11 x2x3  

+ (S 33 - S22)x1  + 312x2 - 13 x3 	 (6.1) 

first derived hy$choinaker and Trueblood [67].  The remaining terms 

are found by cyclic permutation of the indices. 

However it will now be demonstrated that the mathematical 

form of the TLS model is such as in fact to include inadvertently 

almost all the contribution to the Debye-Waller factors expected 

from molecular internal motion, explaining why the TLS model was 

significantly better than model I (shape constraint) 

Consider Figure 6.2 which shows half of the atoms in one 

molecule where the coordinates of the atoms along X are +x or -x 

as indicated by the signs. The full coordinates are given in 

Table 6.4 and it is seen that the full molecular symmetry is assumed. 

The mean atomic motion caused by the internal modes in the free 

molecule :mit obey the symmetry of the atomic site in the molecule. 

We assume that this fact still applies in the crystalline 

environment, although it is accepted that the molecule itself is 

significantly distorted. To comply with the symmetry, the 

ellipsoid of atom 4 (Fig. 6.2) must have two principal axes in the 

symmetry plane I' = 0, and one axis parallel to the Y' axis. 



3tW 
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Figure 6.2 

Half the molecule of - 380 

showing ellipsoids for the 

internal motion, 



t zI  

+ 
EA I 

Y 
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There is no restriction on the directions of the axes in the 

symmetry plane however, and Fig. 6.2 is arbitrarily drawn so as 

to suggest that the ellipsoid points upwards and outwards. 

This ellipsoid then requires four independent parameters for its 

description and these are 0, P, y and C in the matrix of Table 

6.4. This table also gives the components describing the three 

other atomic ellipsoids, obtained by transforming those of atom 

4. Most of the effect of these internal motion thermal vibration 

tensors is included in the TLS model in the following way: a 

contribution k to T11 , y to T22  and. T33  and (p - y)/r2  to L11, 

where 	(3 and y cannot be determined from the diffraction data. 

To demonstrate this, we substitute these values in the equations 

for U, setting all other components of T, L, S to zero. The jk 

contributions to Ul  are for the atom at (xi, y,  z') jk 

AU22 

1 

	

= 	+ ( - y)Z' 2/r2  

= y + (t3  - y) YZt/r2  

	

Au 3  = 	y) Y' Z' 

'01 U
1
=0 

12 

Substitution of the appropriate values of (x, y, z') 

from Table 6.1 yields the internal motion thermal vibration tensors 

also given in this table, excepting those components involving E 

That is, most of the internal mode contribution can be generated 

from equations 6.1 of the TLS model and account is then already 

inasvertently taken of the major part of the internal motion in 



Atom 	xi 	y t r1 ij. 
1 i 

0 
4 	x 	0 r 

(0 

o) 

SYN 

3 	x 0 

P) 

 

ot 	E/12 4/J2 \ 
2 +-) +(—) 

f2 J2 

C/J2 E/12 	\ 

1 	—x +(+i)  
/2 J2 

+) I 
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this model. The main effect of the internal modes is thus to 

prevent T, L and S from being interpreted as rigid body parameters 

and it is therefore not surprising in this case that the TLS 

model gives a greatly improved fit to the diffraction data than 

the symmetrically constrained molecule model. 

(6.70 Model IV: TLS model + E parameter 

Finally, we must find whether E is a parameter whose 

inclusion produces significant improvement. To this end the 

parameter E was incorporated in the TLS model, giving the TI 

+ E model (model Iv), and a structure refinement carried out. 

The final value obtained for £ was 0.000859A 2  with a standard 

deviation 0.000713 A2. As the R values of Table 6.2 show the 

inclusion of F.  produced no significant improvement ObS(111/) 

being 1.0005. This was also the case in the X-ray data 

analysis [62] and the fact that it Occurs even with the more 

accurate neutron data may mean that C corresponds to motions so 

small as to make the parameter indeterminable by diffraction techniques. 

A final point might be made concerning the overall accuracy 

of the neutron data collected in view of the fact that the lowest 

R factor achieved in our refinements (0.116 : Model II) is still 

relatively high. The exceptionally large size of the data set may 

be a contributing factor in this respect in that increasing the 

number of observations included in the refinement extends the data 

set into regions of high Bragg angle scattering where systematic 

errors are relatively large. Perhaps a more accurate guide to the 

overall accuracy of the data is obtained from the refinements of 



Professor P. Coppens [68] who, with a limited data set obtained. 

an R—factor of 2.8%;  Coppens' analysis incorporated anisotropic 

extinction, a sophistication not yet included in our refinements. 
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(see section 4.2) 
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SECOND SERIES OF EXPERIMENTS 

(see section 4.3) 
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THIRD SERIES OF EXPERIMENTS 
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(see section 4.4A) 
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THIRD SERIES OF EXPERIMENTS 
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THIRD SERIES OF EXPERIMENTS 

6,0 9 0-6 9 2 9 0 

(see section 4.4C) 
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THIRD SERIES OF EXPERIMENTS 
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(see section 4,4D) 
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THIRD SERIES OF EXPERIMENTS 

09410-03690 

(see section 4.4E) 
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FOURTH SERIES OF EXPERIMENTS 

(001) crystal axis vertical 

(see section 4.5A) 
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FOURTH SERIES OF EXPERIMENTS 

(100) crystal axis vertical 

(see section 4..5B) 
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THE LATTICE DYNAMICS OF ORTHORHOMBIC SULPHUR 

G.S. PAWLEY and R.P. RINALDI, 
Department of Physics, 
Edinburgh University, 
Scotland 

and C.G. WINDSOR, 
A.E.R.E. Harwell, 
Didcot, 
Berks, 
England. 

I - INTRODUCTION 

This paper is a preliminary report of the work currently 
in progress on the lattice dynamics of orthorhombic 
sulphur, S8. We begin by describing a model calculation 
for phonon frequencies, labelling the results with a group-
theoretical notation. These results are then compared with 
measurements of phonon frequencies. In conclusion we 
outline the work which we hope will soon be completed. 

II - MODEL CALCULATIONS 

The phonon frequencies which are most accessible to 
measurement are clearly those of the external modes of 
vibration, in which the molecules move in an almost rigid-
body fashion. It is therefore reasonable to start with 
the assumption that the molecules are completely rigid and 
to calculate the phonon dispersion curves from some simple 
inter-molecular potential function. For this function we 
use a sum over all atom-atom interactions, where these 
interactions are given by a pair potential function. This 
procedure has already been used for the lattice dynamics 
of naphthalene and anthracene [1],  using the 6-exp 
potential function 

V(r) = - 	+ B exp(-ar) 

The values for the three adjustable constants A, B and a 
that we used are 

A,(kcal/mole A ) 	B,(kcal/mole) 	a, (A 
1811 	 259700 	 3.67 

which are those given by Hill [2] and used by Giglio 
et al. [3] in a calculation of lattice statics. The 
latter author's remark that Hill's values correspond to an 
interaction which is too soft, but that equilibrium is 
attained on changing the crystal unit cell dimension by 
about 3%. In our calculations it is essential to alter 
the structural parameters slightly in order to attain 
equilibrium before doing any dynamical calculations. 
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sulphur. 

Giglio et al. did not alter the position and orientation 
of the molecule within the unit cell to minimise the 
potential and were therefore not achieving equilibrium. 
We find it is possible to reach equilibrium with Hill's 
values, adjusting all the structural parameters, but even 
then the resultant structure is unstable as regards 
certain non-symmetric distortions. 

Given any potential function for the crystal it is 
possible to calculate normal mode frequencies and eigen-
vectors for any phonon wave vector. Calculations at the 
point r in the Brillouin zone (Fig. 1) yield two modes 
which have negative eigenvalues. Neither of these modes 
are totally symmetric, and therefore the molecular motion 
is such as to break the symmetry of the crystal. This 
unstable situation could not be forseen by the customary 
lattice statics calculation. 

In Figure 2 we present phonon dispersion curves for the 
E direction calculated using Hill's unstable potential 
function. For each wave-vector there are four different 
representations, and each occurs six times. E-1  is the 
totally symmetric representation, and the six Sranches 
of this representation are given on the left-hand side of 
figure 2(a). At the point X in the Brillouin zone these 
branches become degenerate with the E 2  branches. These 
latter branches are shown on the right-hand side of Fig. 
2(a), and are given separately in order to avoid confusion. 
The branches of the other two representations are pres-
ented in figure 2(b), again with the degenerate point X 
in the centre. 
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1 	Z I X 12 r r z3 x 14  F 
Figure 2(a) 	 Figure 2(b) 

Calculated phonon dispersion curves for sulphur, using 
Hill's potential function constants 

The molecular motion in the Z 2  branch can easily be under-
stood. The crystal structure contains molecules in four 
different orientations. If we select one molecule orient-
ation, then another orientation can be generated by 
rotation about the diad axis parallel to the x-axis. The 
remaining two orientations can only be obtained by an 
improper symmetry operation, and in this way the molecules 
are divided into two sets of two different orientations. 
In Z modes the molecules in one such set are moving in a 
symmetric fashion with respect to each other, whereas the 
molecules in the other set are moving antisymmetrically 
with respect to the first set. For the Z3 and Z4 modes 
the motion within each set is antisyimuetric. 

It is somewhat unfortunate that the calculation shows an 
instability, and we have not as yet found a set of potent-
ial function parameters which gives a stable structure. 
However, our work is not complete enough for us to be able 
to reject the atom-atom potential function model for 
sulphur on these grounds. 
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Figure 3. 

Phonon dispersion curves of sulphur, measured in the 
direction. 

III - EXPERIMENTAL MEASUREMENTS 

We have made measurements of some branches in the Z and 
directions, using the triple axis neutron spectrometer 

on the Pluto reactor at Harwell. These measurements were 
done at room temperature. Again we present only the 
results in the Z direction, along with a tentative 
assignment, (figure 3). 

There seems to be no evidence for exceptionally low 
frequency phonons as are predicted by the model calcul-
ations. The peculiar results of this calculation there-
fore still remain to be explained. 

We are planning to do further experiments at low 
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temperatures, using a bigger crystal being grown for us 
by Dr. J. Sherwood of Strathclyde University. This 
should give us a much increased scattering intensity, 
yielding a much more definitive result. When a stable 
model structure is found we will then investigate the 
effect of molecular distortion on the lattice modes [5]. 
The effect should be rather large in view of the fact that 
the internal modes of the free molecule have frequencies 
as low as 86 cm-1 (10 meV). For this calculation we will 
use the molecular force field of Cyvin [6]. 
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ABSORPTION DE CRISTAUX HYDRATES DANS L'INFRAROUGE LOINTAIN. 

P. VERGNAT, M.M. PRADHAN, A HADNI et M. fIALINEAU 
Université de Nancy I 
54 - Nancy 

Les cristaux hydrats teis le chlorure do nickel (NiCl2,6H2O), le ohio-
ruro de cobalt (CoCl,6H20), lo sulfate double de guanidine et d'alumi-
nium hexahydraté (GAH), is sulfate double d'aluminium et de potassium, 
le sulfate double do chrome at de potassium, le sulfate double de méthy 
d'amrnonium at d'aiuminium (MASH) qui cristallisent avoc douze molecules 
d'sau, is eel de Seignotte, le chiorure de baryurn (BaC12,2H 0) at 
(BaC12,2D20), le bromuro de baryum (BaBr2,2H20 et BaBr,2O2 ) et l'io-
dure do sodium (NaI,2H20 et NaI,2D20), etc. présenton

, 
 des bandes d' 

absorption dane i'infrarouge lointain qui se dépiacent par deutériation 
et qu'on peut attribuer a des vibrations dantitrasiation ou de libra-
tion. 

SPECTRES DABSORPTION BANS L'INFRAROUGE LOINTAIN BE MONOCRISTAUX BE 
BENZENE, CYCLOHEXANE, BIOXANE at BIPHENYLE ET ELARGISSEMENT DES RAIES 
EXTERNES BE VIBRATION AU MOMENT BE LA FUSION. 

B. WYNCKE et A. HAONI 
Université de Nancy I 
54 - Ntancy 

i1TuiI1I1H*1UIk 

Linterprétation des bandes d'absorption des cristaux moléculaires dane 
i'infrarouge lointain peut parfois se faire avec une certaine certitu-
de en tarmac do vibrations externes de translations ou do librations 
lorsqu'on connait le spectra pour las différentos orientations du champ 
électrique par rapport aux axes du cristal. Nous avons ainsi étudié is 
benzène et le cyclohexane sous forms de monocristaux at le dioxane sous 
forms polycristalline. Par ailleurs, nous avons étudié le spectre des 
liquides correspondents pour savoir s'ii restait un certain ordre a 
courte distance. 

a) Experimentation 

La spectre d'absorption d'une lame polycristalline avait été étudiê 
(1) (2) (3). Ici nous avons préparé un monocristal par la méthode de 
Stockbarger àCi la partie inférieure du four était maintenue a - 20°C 
par un frigatron (4 p. 32). L'orientation des lames s'est -Faite par 
observation en iumière monochromatique convergente ontre nicols croisés 
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Constrained Refinement of Orthorhombic Sulphur 
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Constrained refinement shows there is considerable distortion of the molecules of sulphur S8  on 
forming a crystal. The diffraction data are fitted very well by a rigid-body motion model for the thermal 
motion. It is shown however that a deduction that the motion is in reality of rigid-body type would be 
erroneous as the rigid-body motion model includes most of the effects of the internal modes. 

Introduction 

The structure of orthorhombic sulphur has not received 
attention for many years. We are at present (see Pawley, 
Rinaldi & Windsor, 1971) making measurements of 
the phonon dispersion curves ,and in order to analyse 
the results a model for the dynamics is required. For 
this it is necessary to know the crystal structure as 
accurately as possible, and this has prompted us to do 
the constrained refinements reported here. 

The data used in the present paper are those of 
Abrahams (1955). The structure is orthorhombic, 
Fddd, 

a= 10437 (10), b= 12'845 (10), c=24369 (10) A 

Refinement with an overall isotropic temperature 
factor reached an R value (see Table 2) of 0162, but 
this cannot be compared directly with the present 
result as there are differences in the models used, one 
minor difference being that we used the neutral atom 
scattering factor of Doyle & Turner (1968). In all our 
refinements an empirical weighting scheme was used, 
following Cruickshank (1965). The weight for the ith 
observation was 

{2Fm1n  + F'° + 2(F21' 1-1 
,/ °maxi 	, 

with Fmjn=40 and Fmax°250. Only those 669 observa-
tions not including the 'less-thans' were used, following 
Abraharns. 

Although the structure is composed of molecules it 
is most likely that these are distorted and do not move 
as rigid bodies. This follows from the fact (see Cyvin, 
1970) that the frequency of the lowest internal mode of 
the free molecule is 86 cm', which is lower than the 
expected frequency of some lattice modes. The extent 
of molecular distortion and internal mode motion is 
here investigated through constrained refinements. 

Refinements 

(i) Molecular symmetry 
In the free state the molecules of S8  have the sym-

metry 8m. The shape can be completely determined by 
two parameters as in Fig. 1. Atoms 1, 2, 3' and 4' lie 
on a square in the plane X= -x, while the other four 
atoms lie on a similar square at X'=x. The radial 
distance perpendicular to the X axis for all atoms is r. 

Refinements of the crystal structure were performed 
using the techniques described by Pawley (1971), in 
such a way that all the molecules in the crystal main-
tained the free state symmetry. The parameters x and 
r were varied, reaching optimum values 

x = 04920 ± 00024 A 
r=23368 ±00020 A. 

From these values the S—S bond length and S—S—S 
bond angle are 2041 ± 0005 A and 10805 ± 11'. These 
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are to be compared with Abrahams's values, 2.037 ± 
0005 A* and 107'48'+ 25', and the values used by 
Cyvin (from Berkowitz & Chupka, 1967) 2060 A and 
108°0' for the molecule in the free state. 

The molecule is placed in the crystal as follows. The 
atomic coordinates of Fig. 1 are rotated about the Z 
axis by 

I 	cos t9 	sin t9 	0 
I—sint cosp 0 
\ 0 	0 1 

where the axes of Fig. 1 coincide with the crystal axes. 
The best value of the Euler angle o is found to be 

= 141° 18'+ 4' 

The molecule is then translated by (a,--b,z), where the 
best value of z is found to be 

z=09834±0OO2l A. 

The results just given should be the best parameters 
for the symmetrical molecule that can be expected 
from the given diffraction data. The coordinates of the 
four atoms 1, 2, 3, 4 in the unit cell are given in Table 1, 
and the R values in Table 2. The treatment of the ther-
mal motion in this model (model I) is discussed later. 

* This error seems rather small. 

Table 1. Positions of the atoms in the crystal (A) foi 
models I and II 

The 	anisotropic temperature parameters 	(A2) 	derive from 
T, L & S of Table 4. The Debye—Waller factor is 

exp (— 2t 	h/zj U j/aoj) 
if 

where a1  are the cell parameters. 
Anisotropic 
temperature 

Model I Model II parameters (x 10°) 
Full U11 	U22  U33  

Atom symmetry Distorted U23 	U31  U12  

X 8957 8935 63 	44 35 
S1 	y 12245 12239 9 	6 3 

z —1176 —1182 
x 8167 8.191 59 	43 47 

S2 	y 13232 13237 —11 	3 3 
Z 1878 1859 
X 7399 7382 46 	56 43 

S3 	y 12617 12588 2 	—5 II 
Z 0.089 0100 
X 8189 8201 37 	70 33 

S4 	y 11-630 11663 0 	7 —3 
Z 3142 3159 

Table 2. R = 	& 	
j 
 I

aic 	obs, and 

R 	= wt(Fs - F 	IC)2  for the four models 

Number of 
param- 

Constraint eters R R,, 
I Shape+TLS 17 01470 1561 

II TLS 25 01264 1170 
III TLS+s 26 01263 1170 
IV Unconstrained 37 01263 1158 

In order to investigate the possible straining of the 
molecules in the crystal, a calculation without the sym-
metry shape constraint was necessary. In this case each 
of the four atoms requires three positional parameters, 
giving twelve in all, in contrast to the four parameters 
(x,r,(p,z) previously necessary. The effect of an in-
crease of eight parameters caused R to fall from 0147 
to 0126 (model II); but is this improvement significant? 

To test for significance we use the test proposed by 
Hamilton (1965). The ratio 

Robs = R(I) , J R,,,(I) 

R(II) 	

11/2 
(better 	 see Table 2) 

is calculated and compared with the statistical distribu-
tion of 3i. The percentage points of the i?-distribution 
are given in Table 3, calculated for the degrees of free-
dom appropriate to our problem by the method of 
Pawley (1970). It is clear from these tables that the 
improvement is highly significant at all the levels 
tabulated. We therefore conclude that the differences 
between the coordinate sets given in Table 1 have 
physical significance. 

It is interesting to compare the level of significance 
of the distortion found here with that found in other 
molecular structures. Pawley (1971, p.  62) has suggested 
that 

gobs — 1 
(0.0l)—I 

be calculated and used as a comparison between the 
results of similar constrained refinements on different 

Fig. 1. The molecule of S3, where the perfect squares emphasise 
the symmetry. The upper square is at X=x, the lower at 

— X. 
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structures. In the present case 

9'=0.154/0.015== 103 

which is considerably larger than that for any other 
molecular crystal structure so far studied by these 
techniques. For comparison we have S.° values: 

anthracene 	...............40 
naphthalene ..............13 
pyrene ...................39 
ovalene 	..................67 
P4S3'' 	...................04 
1,2,3-trichlorobenzene . . 	. 18 

(ii) Molecular rigid body motion 
If the molecules in a crystal structure are rigid, then 

it is expected that the thermal motion will be pre-
dominantly of rigid-body type. in this case all the 
atomic anisotropic temperature factors are determined 
by the three tensors T, L and S (Schomaker & True-
blood, 1968), where T describes the molecular transla-
tional motion, L the librational motion and S the cor-
related translation—libration motion. For the structure 
of sulphur these tensors are 

fT11  T12  0 
f T12 7'22  0 
\0 0 T33  

(L11  L12  0 
f L12  L22  0 
\0 0 L33  

(S11  S12  0 
(S21  S,2  0 
\0 0 S") .  

The components of these tensors can be found by 
constrained refinements. However, the diagonal com-
ponents of S cannot be found uniquely and have to 
be presented in the form (533  - S2,) and (S11  - S33). 
Models I and II have temperature factors restricted to 
agree with these tensors, thus requiring 12 parameters 
instead of 24. The values obtained for model It are 
presented in Table 4, and the corresponding atomic 
temperature factors are given in Table 1. 

* Nelmes & Pawley (1972). 
Haze!!, Lehmann & Paw!ey (1971)  

Table 4. The non-zero components of 
T, L and S obtained from model I 

T, j  in A' x 10 2 , L1  in deg' and S13  in deg.A x 10-1. The 
average errors for T,, L13  and Sjj  in these units are 015, 09 
and 02 respectively. 

T11 	212 L11 	184 	S12 	—12 
T,, 	265 L,, 	163 	S2 	-1-3 
T,, 	299 L,, 	308 	S33 — S22 	—06 
T1 , 	-1-45 L12 	- 	83 	S11 —S33 	16 

Again we test the validity of this model by removing 
the constraint (model IV), but obtain the surprising 
result that there is no significant improvement. It 
would indeed be precipitate to deduce that the mole-
cules actually behave as rigid bodies, as we shall see. 
Such a conclusion would be contradictory to our state-
ment that the molecule is highly distorted. 

(iii) Molecular internal motion 
The rigid body motion model states that in the 

absence of internal mode motion the atomic aniso-
tropic temperature factors U are derived entirely from 
the tensors T, L and S, given the position of the ith 
atom. This statement remains unaltered if the coor-
dinate system in which T, L and S are expressed is 
transformed, though of course the values of the coef-
ficients alter. For the purposes of the present argument 
the coordinate system of Fig. 2 is most convenient. 
The components of U, are given by the expressions 

UI1 = T11  + L22x + L33x - 2L23x2x3  + 2S21x3  - 2S31x2  
U 3  = T23  + L31x1x2  + L12x3x1  - L23x - L11x2x3  

+ (S33  - S22)x1  + S12x2  - S13x3  

first derived by Schomaker & Trueblood (1968). The 
remaining terms are found by cyclic permutation of the 
indices. 

It is now shown that the equations of the rigid-body 
motion model include almost all the contribution ex-
pected from the internal modes. Fig. 2 shows half of 
the atoms in one molecule, where the coordinates of 
the atoms along X' are +x or —x, as in Fig. 1, and are 
indicated by the signs. The full coordinates are given 
in Table 5, and it is seen that the full molecular sym-
metry is assumed. The mean atomic motion caused by 
the internal modes in the free molecule must obey the 
symmetry of the atomic site in the molecule. We as-
sume that this fact still applies in the crystalline 
environment, although it is accepted that the mole- 

Table 3. Percentage points of the a-distribution calculated for 669 observations 
for comparing the models indicated 

N. and N,,, are the number of parameters used in the constrained and unconstrained models respectively. 

Probability levels of 
Models .t-distribution 

compared 	 N, 	N,,,, 	025 001 	0.001 
I/lI 	 1154 	17 	25 	1008 1015 	1020 

11/111 	1000 	25 	26 	1002 1005 	1008 
lillY 	1005 	25 	37 	1012 1021 	1026 
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cule itself is significantly distorted. To comply with 
the symmetry, the ellipsoid for atom 4 (Fig. 2) must 
have two principal axes in the symmetry plane Y' =0, 
and one axis parallel to the Y' axis. There is no restric-
tion on the directions of the axes in the symmetry 
plane, and Fig. 2 is arbitrarily drawn so as to suggest 
that the ellipsoid points upwards and outwards. This 
ellipsoid requires four independent parameters for its 
description, and these are g, /3, y, a in the matrix of 
Table 5. This table also gives the components describ-
ing the three other atomic ellipsoids, obtained by trans-
forming those of atom 4. 

Table 5. The atoms of haifa molecule of S8, their 
positions and internal motion thermal vibration tensors 

The coordinate axes (see Fig. 2) are chosen to make the first 
matrix simple. 

Atom 
i 	X' 	Y' Z' U 	(top triangle) 

/a 	0 
4 	x 	0 r fi 	0 

\ sym. 

—c 	0 
3 	x 	—r 0 I 	 0 

fi 

/ a 	cIV2 	-El 1/1 
2 —x 	- / 

12 V2 
fl+') 	(fl — y) 

\ 	 fl+) 

r r a ci'l/2 	c/t 2  
I 	—x 

1/2 V2 ( 	
(fJ+y) 

The internal modes which give the Ut  of Table 5 
should not be ignored, but if they are ignored there will 
be certain errors in some components of T, L, S. We 
shall show that these errors are contributions 

o to T1 , 
y to T22  and T33  

and (/3—y)/r 2  to L11, 

where cx, /3 and y cannot be determined from the dif-
fraction data. To demonstrate this we substitute these 
values in the equations for U k, setting all other com-
ponents of T, L, S to zero. The contributions to Uk 
are for the atom at (X', Y',Z') 

A U 1  = 
AU 2=y+(/J—y)Z' 2/r2  
AU3=y+ (fl  —y)Y'2/r2 
4(113= —(/3—y)Y'Z'/r 2  
AU0 
AUt,=0 .  

Substitution of the values of (X', Y',Z') from Table 5 
readily yields the matrices U, excepting those com-
ponents involving a. Therefore, account is already 
inadvertently taken of the important parameters o6, 13, y 
in the TLS model, and only the parameter a can be 
found from the diffraction data. The main effect of the 
internal modes is thus to prevent T, L, S from being 

interpreted as rigid body parameters and it is therefore 
not surprising in this case that the TLS model fits the 
diffraction data so well. 

Finally we must find whether a is a parameter whose 
inclusion produces a significant improvement. To this 
end we must transform 

/0 	0a 
0 

\sym. 	0 

of atom 4 to the system of Fig. I. Rotation of the mole-
cule through 0 anticlockwise gives 

/0 	—asin0 acos0 
0 	0 

\sym. 	 0 

and the appropriate value of 0 is 7t/8. Using 0=57r/8 
gives the matrix for atom 3. For atoms 2 and 1 we use 
0= 3ir/8 and 77r/8 respectively, but reverse the sign on 
a. These tensors are then transformed using the Euler 
angle p as before to give 

f—a sin 0 sin 2p  —e sin 0 cos 299 	a cos 0 cos ço 
a sin 0 sin 2p —a cos 0 sin p 

\ sym. 	 0 

in the crystal system. This single parameter a was then 
included in the TLS model, giving the TLS+c model. 
The best value of a was 0001 8 A2  but it had a standard 
deviation of 00018 A2. The R,, values in Table 2 show 
no significant improvement on introducing a, and this 
model must therefore be abandoned until more ac-
curate data are available. 

There is little point in searching for a better model 
for the inclusion of the internal mode effect, unless 
such a model is based on one parameter. Any model 

Fig.2. Half the molecule of S8, showing ellipsoids for the 
internal motion. These ellipsoids are assumed to obey the 
free state symmetry when the molecules are in the crystal. 
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which uses two parameters cannot produce a significant 
improvement over the result using model II. This as-
sertion is made assuming that model IV will be the 
appropriate unconstrained model. From Table 3 we 
have 

obs(JJ/jv) = 1-005 

which corresponds to a significant improvement only 
if N—N= I, (see Table 3, cf. entry for Il/Ill). 

Conclusion 

The molecules of S8  are significantly distorted in the 
crystal, but no attempt is made yet to interpret the 
distortion. We plan to use the free molecule force field 
of Cyvin and our own crystal potential model to calcu-
late both the distortion and the change in the internal 
mode frequencies and cigenvectors. By this time more 
accurate X-ray and neutron data may be available for 
analysis, as measurements are currently in progress 
under the direction of Professor P. Coppens (X-rays) 
and Dr Krebs Larsen (neutrons). 

The rigid-body motion model is shown to fit the data 
very well, but it is made clear that on no account can 
one make the deduction that the molecules behave as 
rigid bodies. This result is so forceful because of the  

high symmetry of the S8  molecule, so the reader is left 
to wonder just how important is the effect of the inter-
nal modes on the values of T, L, and S in other cases. 
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Lattice Statics of Orthorhombic Sulphur. 

R. P. IRrsALDI and G. S. PAWLEY 

lJlcpartnicnt. of Physics, Edinburgh University - Edirtburgk 

(ricevuto ii 12 Luglio 1972) 

Summary. - The structure of orthorliombie sulphur has been fitted 
using a 6-exp potential function to describe the interactions between 
nonbonded atom pairs. rflns  is done for a series of different potential 
function parameter values and a means of deciding upon the best; set 
of parameters is considered. 

1. - Introduction. 

As a basis for research at present being undertaken into the lattice dynamics 

of ortliorhombie sulphur ('), some form must be found for the intermolecular 

potentui.l function. Following the procedure adopted in the lattice dynamical 

calculations carried out on naphthalene and antliraeene (2), this function is 

described by a sum over all nonbonded atom-atom interactions, where these 
interactions are given by the 6-exp potential function 

(1) 	 T7(r) = 	1$ e.xp [—ar], 

where r is the interatomic distance. 
Experimentally determined values of A, 13 and a are not available for sulphur. 

In a previous paper (3), G1GLIO et al. investigated the applicability of the Ar-Ar 

(') G. S. PAWLEY, R. P. IlIXALDI and C. G. Wixuson: Proceedings of the ]n1ernti' 

Conference on Phonons. edited tv M. A. Nusirovici, (Rennes, 1971), p. 223. 

Cl. S. 1iLi:r: P1ys. Slat. Solidi, 20, 347 (1967). 
E. GloLlo, A. M. LIQUORI and L. MAzzAIeuLr.: Xu.oro Ciincnto, 56 B, 57 11a 

55 
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and Cl-(l potentil functions, proposed by LsoN anti KREEv0Y (&) and [liii, (5), 

to the case of ortliorhombic sulphur. Surprisingly the Mason-Kreevoy poten-
tial is not differentiable at r = 3 A and is therefore unphysical and the results 
of using l.[ill's potential are somewhat poorer. In an attempt to improve upon 
these results, the present article is concerned with determining opt imuin values 
for the parameters A, B and ty. 

2. - Determination of the potential fmiction. 

In terms of the 0-exp potential function, the crystal potential is written 

(2) 	 defining a and b. 

The summation is over all nonbonth'd atom-atom interactions denoted by the 
index i, making sure that each bond is only counted once. 

At equilibrium 0 must be a minimum for all possible distortions, and hence 
in particular a homogeneous deformation. In such a deformation 

. -- r, + 8ri  

and. 

(i7—° (I+ cP, 

where 	= yr, i  being a homogeneous structure parameter. As 0T.  is the 
potential at equilibrium 

Jim 	= 0 y-.o 

= A 	6r— By cxp [- or] 

Substituting for 	yields 

(3) 	 6A 	= Bce r, exp [- cer], 

Which can be written 

6Aa = B/3, 	 defining P. 

(4)  E. A. MASON and MM. Kmu•ayoy: Journ. Amer. Cheat. Soc., 77, 5808 (1955). 
() T. HILL: Journ, Chew. Phys., 16, 399 (1948). 
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For a given oc, the values of a, b and fi can be found by using the known struc-

ture (s).  For the unit cell parameters we have used values obtained from preliin-
mary data. of a neutron structure investigation of orthorliombie sulphur, 
which we are at present carrying out at the fliso Research Establishment, 

Denmark, in collaboration with Dr. F. KnEI3S Li1nEc. These are wit Inn the 

limits of error of Abraham's values (n). cT is taken as - 25.2 keal mol-', 

the heat of formation of 88  gas from orthorhombic sulphur (7).  

Equations (2) and (3) give two conditions on the three parameters A, B and : 

	

____ 	Bb—(10 
(4) 	

1>b—/6' 	
A=—-- -, 

and we are left in effect with a one-parameter model. Table I shows values 

of A and B for a given o,  in the range, 2.8 A' to 4 A. These parameters give 

a minimufli in the potential function With respect only to homogeneous defor-
mation; there is no guarantee that these parainet ers are consistent wit ii the 
true Potential minimum. Consequently the true millilnuin for each parameter 

set must be found. 

TABLE I. 

a 	 A 	 B 	 Cell expansion 	i reduction 

(A) 	 (keal/niol Al ) 	(kcal/mol) 	 (A) 	 (kcal/inol) 

2.8 	 1391 	 10100 	 34 	 0.07 

2.9 	 1 167 	 13957 	 34 	 0.07 

3.0 	 1 145 	 19323 	 34 	 0.07 

3.1 	 1125 	 26799 	 34 	 0.08 

3.2 	 1 106 	 37222 	 37 	 0.08 

3.3 	 1 089 	 51767 	 37 	 0.09 

3.4 	 1074 	 72076 	 37 	 0.09 

3.5 	 1061 	 100450 	 37 	 0.095 

3.6 	 1047 	 140133 	 43 	 0.10 

3.7 	 1035 	 195582 	 43 	 0.10 

3.8 	 1 024 	 273 185 	 42 	 0.10 

3.9 	 1014 	 381 791 	 42 	 0.11 

4.0 	 10 05 	 533 829 	 42 	 0.10 

(6) 	S. C. Amn1t01s :_ic!a CI-Y-51., 8, 601. (1955)- 
(-1) U-. B. C i'iiinu; jr., 1). W. SCOTT and U. \\ADDJNGTON  Journ.. Amer. (hf'Oi. Soc., 

76, 1488 
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3. - Minimization of potential.. 

To find the true potential minimum, the static structure is subjected to 
all possible symmetric distortions. The unit cell parameters are allowed to 
vary and small translational and rotational changes permuted in the position 
and orientation of the 88  molecules, until the minimum is achieved. For all 
values of a within the specified range, we were able to achieve a minimum  
with very small shifts in the five structure parameters, each shift being com-
mensurate with the standard deviations of the measurements. 

In their treatment, Gicn;mo el al. (3)  consider the S8  molecules to be in fixed 
orientations and allow only variation of the cell parameters. Tt is of interest 
to note that for the two values of a (3.62 A- , 3.67 A') used in their investiga-
tion, the discrepancy in unit cell volume (75.0 X', 278.1 jk3 respectively) on 
obtaining a minimum in potential is greater than that found in our case for 
any value of a we have chosen, as can be seen from Table I, column 4. This 
Table also shows the values of 	 the slight reduction in potential 

TABLE It. 

cc 	(8 	 ta/a b 	 c 	Lc/c 	Molccit- Molecular 

(A) 	(%) 	(A.) 	) 	(A) 	(%) 	lar ro- 	translation 
tation 	(A) 

2.8 10.397 -0.44 13.042 1.5 24.376 0.0 10 52 	0.0151 

2.9 	10.401 	-0.10 	13.036 	1.4 	24.377 	0.0 	1° 51' 	0.0119 

3.0 	10.405 	-0.36 	13.030 	1.3 	24.376 	0.0 	10 51' 	0.0089 

3.1 	10.408 	--0.32 	113.025 	1.3 	24.377 	0.0 	1° 50' 	0.0061 

3.2 	10.409 	-0.32 P 13.020 	1.3 	24.411 	0.14 	1° 51' 	0.0086 

3.3 	10.414 	-0.28 	13.014 	1.3 	24.410 	0.13 	1° 51' 	0.0056 

3.4 	10.418 -0.24 13.009 1.2 24.409 0.13 10 52 	0.0028 

3.5 	10.421 -0.22 13.005 1.2 24.408 0.13 10 52 	0.0001 

3.6 	10.420 	-0.22 	13.031 	1.3 	24.410 	0.13 	1° 54' 	0.0005 

3.7 	10.423 	-0.19 	13.025 	1.3 	24.409 	0.13 	1° 55' 	-0.0021 

3.8 	10.427 	-0.15 	13.019 	1.3 	24.409 	0.13 	1° 55' 	- -0.0047 

3. 	10.431 	-0.11 	13.014 	1.3 	24.408 	0.13 	10 56' 	-0.0074 

4.0 	10.434 	-0.09 	13.008 	1.2 	24.407 	0.13 	1° 57' 	-0.0100 

GIOLIO ci al. 

3.6214] 	 -1.0 	 -0.8 	 -1.2 

3.67 [5] 	 -3.8 	 -3.1 	 -1.2 
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on going to a minimum, a quantity which is ideally zero. Figure 1 shows ex-
amples of the atom-atom potential function for several values of c, together 
with a histogram of r1. Table IT lists the percentage change in structuro para-
meters required for potential minimization for various values of ct. Also in-
cluded in this Table are the values obtained by Gioiio et al. (3). 

0. 

0 

n=1 

3.0 	 3.5 	 4.0 	 4.5 

non bonded atom-atom separation () 

Fig. 1. - Examples of atom-atom potential function for 2.5A-', 3.0 A, 3.5-k -1, 
together with a histogram of 2- 1. n. represents the number of nonbonded atom-atom 
contacts 'from a single molecule. 

4. - Discussion. 

In the present approach the optimum value of v is not determined all ltou1i 
such an optimum inut exist. The fact that we can satisfactorily ohi ant 
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pl cut ia I minimum of the correct depth emphasizes 
calculations: the position and depth of the poten- 

- 	r-prudii1 biTt no flieaSuiefl1(nt is Used to give the correct 

pa,Il1 al faint ion with respect to any of the structure para-

!, ,,fLIi 11011 j-:111 only come from dynamical measurements. In 

. 1.1171d t III ,  optimum value of c, various values were used in lattice 

.a 11)115 for zvro wave vector giving the lattice frequencies as 

. The different,  mode, frequencies are shown in their respective 

	

28 	3 2 	3.6 4.0 2 8 	3.2 	3.6 4.0 2.8 	3.2 	3.6 4,0 2.8 	32 	16 	4.0 
a 

Fic Z. 	Z' ro-w:ive-vector lattice frequencies for various values of a in the tango 
1% A 	4.0 A 

at on. Table III is the character table for the representations of 
on horhoinlav sulphur (space group Rthid). There are four occurrences of 

L1UT III. - ('bnowter table for the repre.sevtations of orthoiho'inbic sulphur. 

2 J in  

1 1 1 1 1 1 1 1 

—i —1 

IT 

1 

11 1 1 1 1 1 —1 
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], I' and P.r, two occurrences of P1 , P, P and P, but there are 
three zero roots corresponding to P 1'•, and P'. The zero-wave-vector normal-
mode eignveetors showed very little a dependence.. They are listed in Table TV. 

TAnu IV. - Vorma -mode ciqeneectors at zero wave vector in, the crystal system. For each 

representation the eigcnvec.tors are tabulated in decreasing order of mode frequency. 
The cigenvectors are mass reduced and moment of inertia reduced and normalized 
to 10. a, y and z represent translation along time appropriate crystal axis and oc, /1 and y 

represent' rotation about the x, p and z crystal axes respectively. 

Ilepresen- 	Translation 	 Rotation 
tation 

Sc 	 yZ 	 SC 	 /1 

0 	0 	8 	 o 	0 	— 9 

0 	0 	6 	 0 	0 	S 

0 0 9 0 0 	4 

0 0 4 0 0 	—9 

3 —6 0 6 3 	0 

—8 —3 0 1 —1 	0 

—i 7 0 7 1 	0 

—3 0 0 —3 8 	0 

	

8 	—6 	0 	 1 	1 	0 

	

6 	6 	0 	 3 	—6 	0 

	

—1 	1 	0 	 8 	6 	0 

	

3 	6 	0 	 3 	—6 	0 

	

0 	0 	9 	 0 	0 	—2 

	

0 	2 	 0 	0 

r4- 	 0 	0 	0 	 0 	0 

0 	0 	9 	 0 	0 	0 

0 —6 	0 

0 0 	0 

—1 7 	0 

7 	3 	(I 

6 	—8 	0 

6 	3 

—8 —3 0 o 0 	0 

S 0 0 4 0 

3 0 0 —3 —s 	0 

—3 0 0 8 —6 	0 

—3 8 0 0 0 	0 

Modes belonging to some of these representations will be 1aman active  
and hence comparison of our calculated frequencies wil h a ssigneil Jhii'm:II 
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frequeluiiCS in principle allows a choice for x to be made, ensuring a potential 
fund ion more realistic than any obtainable from lattice statics calculations. 
alone. Unfortunately, in the case of S we have not been able to find in the 
jterature optical measurements in which the modes are clearly assigned. 

However, the inelastic coherent neutron scattering measurements carried 

0111 at ilarwell and Tisu in collaboration with Drs. C. G. \Viyuson and J. KJEMs 

supply further information on the zero-wave-vector modes and analysis of these 
results will hopefully permit roup-theoretical assignments to be made. Fur-

Z,

thormore, in addition to the neutron structure investigation we are carrying 

out with Dr. F, KREBs LARSEN, Prof. P. Coi'i'ivcs (BulTalo) is perfornung an 
X-ray structure analysis of orthorhombic sulphur. As well as leading to more 

aceura;te values of  the structure parameters and hence better values for a, 

b and 9, a comparison between the X-ray and neutron work should prove of 
interest. Some internal-mode frequencies of the sulphur molecule are very 
low, indicating that the molecule is easily deformed by crystal forces and is 
Iii-lily Polarizable. The extent of this polarizability will he revealed by a com-
parison of tile X-ray and neutron results. Tints, even with improved struc- 
ture. parameters we anticipate that the one-parameter rigid unpolarizable 
molecule model will be inadequate, and the problem may demand a more 
sophisticated approach, similar in many ways to the shell model for polar-
izable ionic crystals. 

RIASSUNTO 

Si approssnna la struttura dcllo zolfo ortorombico usando mis funzione di potenziaio 

6-exp s per le interazioni Ira coppie di atomi non direttamenLc legati. Q.uesto pro-

cesso è stato escguito per una serie di differenti valori dati iii parametri della fuozione 

di potenziale. Si considers umn iuctodo di scelta del miglior insieme di parametri. 

CTIITIIRa pCUICTII poM6I11lecFioiI cephi. 

Pe30le (*) 	l4CilOJlb3yM 4)y}Ixruuo rioTeiluhlaJia 113 1LICT1I 3KcuOiiel-IT JJ1$1 OlillCaHli5l 

a3ansloilencTBnu ecy He CB1flHlThl51H ifenoCpeJtcTBeHlIO napauii aToMol3, npoaeLIciIa 
rr)JJroilKa CTpvlcTypbI poMdn'iecKofl cepem. 3Ta rrpolieilypa npoimeiaiia BJT5I imIla p13s11oiub1X 
aua'JeHIIii rlapaMeTpoa y1Iicuiiu noTeHLurana. PaccMaTpnBaeTC5l crioco6 3bldopa naTiJiy {-

mel clIcreMbi napaMeTpos. 

() Hepeee3eiio pedaziueü. 


