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ABSTRACT 

This work is a theoretical and experimental study of the flow of 

ideal gases through convergent nozzles with sharp lips. Two-dimensional 

flows between plane nozzle walls and axially symmetric flows through 

conical walls are considered. A particular case of the problem is the 

flow through a circular orifice. Downstream from the sharp lip the flow 

forms a jet bounded by a free streamline. Both subcritical (subsonic jet 

velocities) and supercritical (supersonic jet velocities) flows are 

examined. 

The theoretical formulation of the problem considers the irrotational 

flow of an ideal gas, and the subsonic and supersonic (if present) regions 

are solved separately by numerical methods. The subsonic region is transformed 

to the hodograph plane and the governing equation solved by a finite - 

difference method. The supersonic region is solved in the physical plane 

by the method of characteristics. The two parts of the solution are matched 

by adjusting the common boundary condition on the sonic line. Truncation 

errors in the numerical solution have been estimated and techniques devised 

to reduce their magnitude0 A computed survey of theoretical sharp-lipped 

nozzle performance is presented which examines discharge coefficients and 

flowfield velocity distributions for a range of wall angles. 

Possible reasons for differences in nozzle performance between 

theory and practice are discussed. It is argued that such differences 

are mainly caused by departures from the ideal sharp-lipped geometry. 

An experimental investigation into the effect of lip geometry on discharge 

coefficient is de scribed.A method is proposed for modifying the 

theoretical discharge coefficients to allow for small radii of curvature 

at the lip. 



CHAPTER 1 

INTRODUCTION 

101 Descption of Problem 

The flow of fluids through nozzles and orifices has been a 

problem of practical interest for many years. 	The essential character 

of such flows is that they combine an internal flow bounded by fixed 

walls, with a jet flow bounded by a free streamline. In the latter 

part of the nineteenth century attention was directed towards the 

discharge of liquids beneath sluices, over weirs, and through slots 

and orifices. Experimental data were collected and theories were 

proposed for the simpler cases of these incompressible phenomena. 

During the early years of this century the growing importance of 

aeronautics and the internal combustion engine led to an interest in 

compressible flow. The growth of rocketry and the jet engine led, 

in the 1930's and I0's, to an intense study of the problems of high-

pressure, high-speed gas flow. Today, it is still the applications 

within the aero-space field which are primarily responsible for 

maintaining interest in nozzle and orifice flows. However, other 

applications do exist in flow metering, in fluidics, and in the 

processing and transmission of natural gas. 

We are concerned here with the irrotational, isentropic flow of• 

ideal gases through symmetrical, convergent nozzles whose 

configuration is shown in the sketch on the following page. 
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Two classes of nozzle are considered. These are axially symmetric, 

in which the nozzle wall is a conical surface, and two-dimensional, 

in which the walls are two convergent planes. An important geometric 

parameter in either class is the angle, f, which the wall makes with 

the axis. 	The case = 900 is of particular interest because it 

defines a round orifice (axially symmetric) or a long slit (two-

dimensional) in a plane wall. The above sketch also shows a parallel 

approach duct lying upstream of the convergent section. It is 

assumed that the duct is very long and that the gas enters it with a 

uniform approach velocity Ve•  This represents, in an idealised form, 

an aircraft propulsion nozzle or (with 0 = 900) an orifice plate in a 

pipe. Particular attention will be paid, however, to the case of 

zero approach velocity in which the convergent part of the wall extends 

to infinity. It is an easier case to handle theoretically, and the 

assumption V  = 0 gives adequate results in many practical applications. 

The nozzle is assumed to discharge into a still atmosphere to 

form a jet on whose boundary streamline the gas is at the atmospheric 

pressure, Pa. 	It  is assumed in the theoretical analysis of the 

problem that the nozzle lip, where the wall meets the exit plane, is 

sharp. The boundary streamline should therefore separate from the 
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wall at that point. A truly sharp lip is an ideal which cannot be 

achieved in practice s  There will always be some blunting which 

affects the point of separation and the flow in the throat region. 

So long as we are considering isentropic flow, the velocity on the 

jet boundary is determined by the nozzle pressure ratio, r. This 

parameter is defined as r = a/o' the ratio of the downstream 

atmospheric pressure to the flow stagnation pressure. Important 

differences in the nature of the flow occur as r takes different values. 

When the pressure ratio is close to unity, the gas velocity is 

every-where small and so are the effects of compressibility. We may 

therefore regard the limit r = 1 as representing incompressible flow. 

The most significant value of r is the "critical" pressure ratio, r, 

at which the gas on the jet boundary just reaches sonic velocity. For 

an ideal gas with constant specific heats of ratio y we have the well-

known result r5 = (2/y+l)"1.9 which gives the value r5 = 0.528 for 

air (y = 1.1). 	We define as "subcritical" those flows whose pressure 

ratio lies in the range r5  < r 1. The gas velocity in a sub-

critical flow is subsonic at all points in the flowfield. The range 

o < r < r5  defines "supercritical" flows, where the gas velocity reaches 

supersonic values in the jet. Within the supercritical range lies 

the "choking" pressure ratio, r, below which the subsonic and transonic 

regions of the flowfield are independent of r. 

The structure of the jet differs radically between subcritical 

and supercritical flow. The subcritical jet (if we discount viscous 

interaction with the atmosphere) tapers smoothly away from the nozzle 

exit plane, the streamlines eventually becoming parallel at an infinite 

distance downstream. 	The particular case of critical flow r = r5  was 

examined by Ovsiannikov (191 9) who showed that the streamlines became 



parallel within a finite distance from the exit plane. The super--

critical jet was described by Guderley (19r7). The jet boundary 

initially converges to form a "vena contracta" a short distance 

outside the exit plane beyond which it diverges. There are two 

important regions of flow - subsonic flow, largely within the confines 

of the nozzle walls, and supersonic flow in the jet. These regions 

meet along the curved "sonic line" which erLends from the lip to the 

axis. The downstream flowfield ultimately contains a complex shock-

wave pattern, but we are concerned in this work only with the area close 

to the exit plane. Here the shockwaves have not yet formed and the 

general assumption of isentropic flow is still valid. 

1.2 Survey of Previous Work 

This section is devoted to a brief review of published work which 

is relevant to a study of sharp-lipped nozzle flows. it is convenient 

to subdivide the discussion into three parts: theoretical studies of 

two-dimensional flows, theoretical studies of axially symmetric flows, 

and experimental studies. One aspect of nozzle performance which has 

received considerable attention is the discharge coefficient (Cd) which 

we may define as the ratio of the actual mass flow to the mass flow 

given by uniform flow in the throat at the same pressure ratio. It is 

the only parameter of interest in many practical applications of 

nozzle flows such as flow metering, and it provides a useful parameter 

on which to centre a discussion. Discharge coefficients are relatively 

easy to measure experimentally although it is difficult to achieve high 

accuracy; they are often relatively easy to derive from theoretical 

solutions. 
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1.2,1 Two-dimensional flows 

Incompressible, two-dimensional flows may be analysed by 

complex variable methods and, in the case of the nozzle problem, the 

foundations were laid by Helmholtz (1868) and Kirchoff (1869). 

Lord. Rayleigh (1876) showed that the discharge coefficient of a slit 

in an infinite wall (a = 900; V  = 0) was C  = 0.611, 	Von Mises (1917) 

extended the complex variable analysis to cover a range of wall angles 

and approach velocities. More recent work (e.g. Larock 1969) has 

examined incompressible two-dimensional flows through nozzles with 

curved. walls. 

The theory of critical and subcritical, two-dimensional nozzle 

flows owes much to Chaplygin (1902) who used the hodograph 

transformation and expressed the solution of the problem as a series of 

hypergeometric functions. Chaplygin concentrated on the flow through 

a slit in a wall (P = 900) and derived the result C  = 0,74 for the 

case of zero approach velocity. Jacob (1936) and Falkovich (1957) 

developed Chaplygin's analysis to cover a wider range of wall angles. 

Cohen (1960) has published an approximate solution to the two-

dimensional subcritical nozzle problem. Arynov (1958) derived a 

simplified form of Chaplygin's results, valid for small wall angles. 

The case of the critical jet, in which the streamlines become parallel 

with uniform, sonic velocity at a plane situated a short distance from 

the nozzle exit, is of interest because it offers an approach to the 

design of convergent-divergent nozzles with uniform flow in the throat. 

Critical jets have been studied by Ovsiannikov (191 9), Roumieu (1952) 

and Aslanov and Legova (1959). General treatments of the whole sub-

critical problem have been given by Gurevich (1965) and McLaughlin and 

Pack (1969). 
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The analysis of the supercritical nozzle problem is complicated 

by the presence of a transonic region where the governing equations 

change from elliptic to hyperbolic form. Methods usually applied 

to transonic flow in convergent-divergent nozzles (e.g. Sauer 1947 or 

Hall 1962) are not valid here because they require a continuous wall 

with finite curvature. The method of Hall (1962) involves expansions 

in terms of the radius of curvature of the nozzle throat wall. 

IDiegel and Levine (1969) improved Hall's solution and showed that the 

limit of zero radius of curvature could be reached. Kliegel and 

Levine claim to have thus solved, in principle, the supercritical 

sharp-lipped nozzle problem. This claim is, unfortunately, not 

valid since their analysis applies only to nozzles whose walls are 

circular in axial section and takes no account of the presence of the 

conical convergent portion. Hopkins and Hill (1966), Kliegel and Quan 

(1968), Prozan and Kooker (1970) and Stow (1972) studied the flow 

through nozzles which have a very high curvature at the throat, but 

none of these methods can be extended to the limit of infinite 

curvature. 

The first theoretical solution of a supercritical, two-dimensional 

sharp-lipped nozzle problem was given by Frankl (1947)  who extended 

Chaplygin's analysis into the supersonic region for the case of choked 

flow through a slit. Franki found the discharge coefficient to be 

Cd = 0.85. Gushchin (1959) extended Frankl's method to include the 

effect of non-zero approach velocity. Norwood (1962) published a 

numerical solution to the supercritical problem in which the subsonic 

and supersonic parts of the flow were handled separately by finite-

difference methods, and the assumed conditions along the sonic line 

were adjusted to give a continuous solution. Benson and Pool (1965a) 

used Norwood's method to analyse the structure of the supercritical jet. 
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Brown (1968) used an approximate solution of the subsonic region 

(requiring an experimentally determined parameter) and solved the 

supersonic region by the method of characteristics. It was these 

numerical methods, in particular Norwood's, involving separate 

subsonic and supersonic calculations, which inspired the present 

work to be described in Chapters 2 and 3. 

1,2.2 Axially symmetric, flow 

By contrast with the two-dimensional problem, the axially 

symmetric nozzle problem has received comparatively little attention. 

The difficulty with axially symmetric flow is that the methods of 

analysis (complex variables or hypergeometric functions) which are so 

useful for two-dimensional flows are not available and it is necessary 

to resort to numerical methods. Most of the published work is 

concerned with the incompressible flow through a circular, sharp- 

lipped orifice ( 	900), although the analyses can be extended to 

cover other wall angles. The flow through a round orifice is a 

widely encountered physical problem and there has been considerable 

interest in producing a theoretical solution to compare with that of 

Lord Rayleigh (1876) for the corresponding two-dimensional case. 	The 

value of the discharge coefficient provides a convenient way of 

comparing the various axially symmetric methods. 

Trefftz (1917) studied the incompressible, axially symmetric 

problem using integral equations and obtained the result 0,60 C  < 0,62 

for the flow through a circular orifice. Southwell and Vaisy (1918) 

and Rouse and .Abul-Fetouh (1950) used relaxation methods and obtained 

the results 0,608 and 0,611 respectively, 	Garabedian (1956) considered 

related mathematical problems which had simpler solutions and 



determined by interpolation the value Cd = 0,579. This result was 

also obtained by Jeppson (1969) who used a finite-difference method 

based on stream function and velocity potential as indejendent 

variables. Hunt (1967) used integral equations derived from surface 

vortex distributions and obtained the result C  = 0.578. The 

disagreement between these results for the incompressible flow through 

an orifice was resolved by Bloch (1969) who used a conformal mapping 

technique and obtained the result 0.59131 Cd 0.59139, Turning 

to compressible flows, we find that very little has been published, 

Alder (1971 ) examined the axially symmetric critical and subcritical 

problem. Supercritical flow was studied by Brown (1968), but his 

approximate method depended on an empirical parameter. Hebber et al 

(1970) proposed an approximate solution for conical, convergent 

nozzles but it relied on unjustifiable assumptions regarding the flow 

velocity and directions at the throat. Liepinann (1961), by considering 

the shape of the characteristics in the supersonic part of the flow, 

showed that the choked discharge coefficient would be slightly lower 

than the corresponding two-dimensional value, but he was unable to 

quantify the difference, 

1,2.3 Experimental work 

The greater part of the published experimental work in the 

field of sharp-lipped nozzle flows is concerned with axially symmetric, 

rather than two-dimensional flow. Interest lies mainly in discharge 

coefficients, although some papers examine pressure distributions and 

other details of the flowfield. Two-dimensional flows have been 

studied experimentally by Weir et al (1956), Benson and Pool (1965a,b) 

and Brown (1968). Weir et al took Schlieren photographs and pressure 

traverses for the flow through a parallel-throated slot ( = 90°). 

Benson and Pool measured discharge coefficients, again for the flow 
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through a slot, and also took Schlieren and Interferometer 

photographs of the flowfield. Brown studied two nozzles ( = 200  

and 0 = 100 ) and measured discharge coefficients and the locations 

of the sonic lines. 

The most comprehensive experimental study of flow through 

axially symmetric nozzles is given by Brown (1968), together with 

additional material from the experimental program given by Thornock 

and Brown (1972). 	These two sets of data cover discharge coefficients 

and sonic line locations-for several values of nozzle angle. 

Axial pressure distributions for orifices ( = 900) under various 

operating conditions have been published by Stanton (1926), 

Cunningham (1951) and Deckker and Chang (1966). 	The remaining papers 

to be mentioned in this section contain only discharge coefficient 

measurements. Some investigators were interested in the flow of gas 

through ports in reciprocating machinery (Reynolds 1916, Callaghan and 

Bowden 1949, Benson 1959). The performance of nozzles for aeronautical 

applications has been studied by Grey and Wilsted (191 9) and 

Hebber et al (1970)  who covered a range of nozzle angles. Perry 

(191 9) and Grace and Lapple (1951) were concerned with the discharge 

coefficients of orifices for flow metering applications; Grace and 

Lapple give a good coverage of the subcritical range of pressure ratios. 

More recently, the cylindrical-throated or "thick" orifice has been 

used for flow metering because its discharge coefficient is constant 

over a wide range of pressure ratios. 	Studies of thick orifices have 

been published by Kastner et al (1961) and Brain and Reid (1973). 

It is perhaps also worth mentioning the approximate method of 

Bragg (1960) which estimates the variation of discharge coefficient 

with pressure ratio provided that C   has been determined (experimentally) 

at one point in the range. 	Bragg, developing the work of Jobson (1955), 
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assumed that the mass-flux (the product of gas velocity and density) 

at a point on the nozzle wall was proportional to the average mass-

flux over the whole cross-section through that point. He assumed 

that the constant of proportionality was not dependent on pressure 

ratio. The momentum theorem could then be applied to the whole 

nozzle flow and an estimate of C  derived. A single measurement 

for (e.g.) incompressible flow supplied a value for the constant of 

proportionality. When interest lies only in discharge coefficients, 

Bragg's method gives remarkably good results, 

13 Objectives 

The first objective of this work is to develop theoretical 

methods for analysing the class of nozzle flows outlined in Section 1. 1. 

In the case of plane, two-dimensional flows this objective may for the 

most part be achieved by drawing together the results of previous 

workers. In the case of axially symmetric flows little has been 

published except in connection with incompressible flow. The approach 

taken in the present work is to describe a numerical method for the 

solution of the supercritical, axially symmetric problem. Simplified 

forms of the method lead to subcritical and/or two-dimensional 

solutions. The basic theory is described in Chapter 2. The details 

of the numerical method are discussed in Chapter 30 

The second objective of this work (Chapter 1)  is to study in some 

detail the theoretical flow through sharp-lipped nozzles. Features of 

interest are the discharge coefficient, the velocity (or pressure) 

distribution along the nozzle wall, and the shape and position of the 

streamlines. The effects of the controlling parameters - wall angle 

approach velocity (V e),pressure ratio (r), and the value of 6 - are 

examined. A comparison is made between corresponding two-dimensional 
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and axially symmetric flows. 

The final objective of the thesis is to assess the degree of 

confidence with-which the results of the theoretical nozzle flow 

solutions can be applied in practice. Two important factors are 

not considered in the analysis - the effects of viscosity and the 

effects of departure from the ideal requirements of a sharp lip at 

the nozzle exit. A programme of experiments, described in Chapter 5, 

was carried out to supplement the data available from previously 

published work. Theoretical and experimental nozzle performance are 

compared and discussed in Chapter 6. 
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CHAPTER 2 

PRESENTATION OF THEORY 

This chapter is concerned with the derivation of the equations 

which describe the flow through a nozzle. It starts, in Section 

2,1, with a summary of the standard relationships for the isentropic 

flow of ideal gases. These enable us to define the more important 

parameters which are used later on in this and subsequent chapters. 

Typical nozzle flowfields are described in Section 2.2, The complete 

solution to a supercritical nozzle problem requires the matching of 

separate solutions in the subsonic and supersonic regions. The 

different forms of the equations in the two regions are considered in 

Sections 2.3 and 2.1 respectively. 	The equations derived here must 

then be solved numerically. The particular numerical methods used 

to solve the equations, and to match the subsonic and supersonic 

regions will be discussed in Chapter 3. 

2.1 Isentropic Plow Relationship  and Definition of Plow Parameters 

The local Mach number, M, is defined as: 

M = V/c 	 (2. la) 

where V is the local velocity and c is the local speed of sound. 

For an ideal gas with constant specific heats, c is given by: 

c2 yRT 	 (2. lb) 

where y is the ratio of specific heats; R is the was constant; and 

T is the temperature. 
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We are concerned only with isentropic flow with uniform stagnation 

conditions, and the local temperature, pressure and density are 

related to their stagnation values by the following well-known 

equations (e.g. see Shapiro, 1953): 

T/T = 11(1 + rLi N2) 	 (2.2a) 

p/p0  = 11(1 + y 2  
-1 	)Y/Y1 	 (2.2b) 

171  
 p/p0  = 11(1 + 	

)l/Y_l 	
(2.2c) 

where T, p and p are the temperature, pressure and density; and 

T0 , p0  and p  are the stagnation values. From equations 2.1b and 

2.2a we obtain: 

c = jRT/(l+ - .M2)] 	 (2.3) 

We now let c be the value of c where N = 1: 

21RT 
c*( 	0.2 

and define VI = V/c* and c' = c/c* to be the dimensionless velocity and 

speed of sound. From equations 2,1, 2.2a and 2.3 we then derive: 

V' =-M2/(i +-1M2) 
	

(2.)a) 

C 	'{±!/(i +!M2)] 	\ct1 (1  _v2 	(2.14b) y+l 	•j 
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Henceforth it will be assumed, unless otherwise stated, that 

we are dealing with the dimensionless values of V and c as defined 

above and the primes will no longer be used. Similarly it will be 

assumed that T, p and p are dimensionless properties scaled by the 

appropriate stagnation values. Thus, from equations 2,2 and 2)4a, 

we may write: 

T = 1/(1 + 	M2) = (1 - 	v) 	 (2.5a) y+i 

p = i/(i + 	M2)Y/ 	= Ci - r 	' i v2) 
Y+l 	

(2.5b) 

P = 11(1 + 	M2)1/h1 =(1 - 	 (2,5c) y+i 

The nozzle configuration with which we are concerned is shown 

in Fig. 2.1, The gas enters the semi—infinite duct EC with a 

uniform, subsonic approach velocity V   and exhausts into the atmosphere 

where the dimensionless pressure is 	A jet is formed which is 

bounded by a free streamline on which the velocity is V and the 

Mach number is M. Whether the flow is subcritical, critical or 

supercritical depends on whether V. < l V = 1 or V > 1. The 

value of V is related to p 
a  through equation 2,5b. It is convenient 

to use the "pressure ratio", r, which is numerically equal to pa, but 

is more easily identifiable with 'a nozzle operating condition. Thus 

we have: 

Subcritical: 	V < 1; M < 1; r >  

Critical: 	V. = 1; M. = 1; r 

Supercritical: V > 1; M > 1; r< 
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Values of the "critical pressure ratio", r5 = 	 are given 

in Table 4.1 at the end of Chapter 3•  For air we have y = 1.4 and 

rs = 0.528. 

An important flow parameter is the nozzle "discharge coefficient", 

Cd, defined as follows: 

C  = 	 (2.6a) 

where i is the actual rate of mass flow through the nozzle and i is 

the rate which would exist at the same pressure ratio if the flow in 

the throat were uniform in velocity and parallel to the axis 	The 

discharge coefficient used here is synonymous with the "contraction 

coefficient" used by some other workers, so far as a theoretical 

solution to the nozzle flow is concerned. The value of in is 

determined by integrating the solution across the lip plane (L'EL 

in Fig. 2.1): 

m 
 s

yl 
o 10 

V cosOy)kdy 	 (2.6b) 

where y is the coordinate normal to the axis; y1  is the value of y 

at the lip; 0 is the angle between the direction of flow and the 

axis; and k = 0 for two-dimensional flow or k = 1 for axially symmetric 

flow. The value of 	is given by: 

mt (iry1) '4 	(2.6c) 

where V1  is the velocity at the lip andf1  (related to V1  through 

equation 2,5c) is the density at the lip. 	For critical and super- 

critical flow V 
1 	 1 
= 1; for subcritical flow V = V.. 

j 
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The geometry of the nozzle shown in Fig. 2.1 is defined by the 

wall angle 	 IT and by the area contraction ratioTI 	1+k(y1/y) 	, where 

Ye  is the value of y on the surface of the inlet duct. Since the 

solution to be described below in Section 2.3 is obtained in terms 

of the hodograph variables, V and e, the area contraction ratio is 

not a convenient independent parameter. The "approach velocity", 

Ve is more appropriate. If the flow through the nozzle were one-

dimensional, the cross-section area would be related to the velocity 

or Mach number by the following well-known equation (details given 

by, e.g. Shapiro 1953): 

y+1 

	

= M{()/(l +t!M22(Y-l) = v[Yji 	2)l1/Y-1 
y+l 

where A is the cross-section area of the flow and A is the value of 

A at the plane where M = V = 1. We may use this equation to relate 

the area contraction ratio and the approach velocity by introducing the 

discharge coefficient: 

11+k V  - 1 e 	Y+J- e - 	

L(l-v2 	
(2,7) 

) y+l 1 ] 1/y-1 

2,2 Description of Flowfield. 

The important features of nozzle flow-fields at subcritical, 

critical and supercritical pressure ratios are shown in Figs, 2.2a-c, 

In subcritical flow (Fig, 2.2a) the gas forms a tapering jet in which 

the streamlines become parallel, with uniform velocity, at an infinite 

distance downstream from the lip plane L'EL. In critical flow 

(Fig. 2,2b), the gas on each streamline accelerates to the sonic 
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velocity at a plane F'OF situated a finite distance from the lip 

plane. Supercritical flow (Fig. 2.2c) has a region of subsonic 

flow inside the nozzle which is separated from the supersonic jet 

by the curved sonic line. It is useful to consider the supersonic 

flowfield in terms of its characteristics (Shapiro 1953) along which 

discontinuities in boundary condition can be propagated. 	Centred 

on the lip, L, is a Prandtl-Meyer expansior in which the boundary 

streamline pressure is reduced to the atmospheric value and the 

velocity increases to Vi, 	Characteristics originating either in the 

expansion or on the free streamline intersect the sonic line. So 

long as a characteristic connects the free surface and the sonic 

line, variations in atmospheric pressure can affect the subsonic region 

and the rate of flow through the nozzle. The limit of choked flow 

occurs at that pressure ratio, when the 'final' characteristic F'OF 

(Fig. 2.2c) is part of the expansion fan at the lip. 

2.3 Subsonic Flow Eauations 

The continuity equation is: 

, 	 k puy , + 	(p
ay 	

vy ) 	0 	 (2.8) 

where x and y are the physical coordinates parallel and normal to 

the axis; u and v are the dimensionless velocity components in the 

x and y directions (i.e. u2-'-v2  V2); and k = 0 for two-dimensional 

flow or k = 1 for axially symmetric flow. 

The condition for irrotational motion is: 

Du Dv 
(209) 
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Equations 2.8 and 2.9, together with equation 2.5c, are 

sufficient to determine the flow through the nozzle. Confining 

our attention to the subsonic region, the boundary conditions in 

the notation of Fig. 2.2c are: 

(a)u-*V anv+O when x.* -c. e 

v = 0 along the axis A0 

v = 0 along the wall BC 

Cd) v/u = tan 0 along the wall CL 

(e) V = 1 along the sonic line LO. 

In the case of subcritical flow, the boundary condition (e) is 

modified as follows: 

V = V along the free streamline 

u -- V and v - 0 as x + 

It is convenient to transform the problem into the hodograph 

coordinates, V and 0, defined as follows: 

V2 2 2 
=U +V 

0 	= tan-1  (v/u) 

This has the effect of removing some of the difficulties associated with 

the above boundary conditions, where the location of the sonic line 

(or free streamline in the case of subcritical flow) in the hysical 
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coordinate system is not known initially, and some of the boundary 

lies at infinity. Another advantage of the hodograph transformation 

is that it leads, for two-dimensional flow, to a linear partial 

differential equation. When transformed, the lower half of the 

physical supercritical flowfield in Fig. 2,2c maps into the rectangle 

shown in Fig. 2,3a. The transformed subcritical flow field has a 

similar appearance (Fig. 2.3b). Rectangular coordinates are used here 

to represent the liodograph plane rather than the more conventional 

polar coordinates because they will be more convenient in the 

discussion of numerical methods given in Chapter 3. The derivation 

of the hodograph equations given below follows the conventional lines 

for two-dimensional flow (e.g. Shapiro 1953)  except that here the 

additional terms for axially syrmietric flow are included. 

The continuity equation (equation 2.8) allows us to define the 

stream f'unction,oy/,  by the following expressions: 

py k ay 

(2.10) 

V = -  
k Dx 

py 

We may define the velocity potential, 4, in the usual way as follows: 

ax 

(2.11) 

ay 

Thus we may write: 
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uVcosO =4) x 

(2.12) 

v = V sine == -a)' 

where the subscripts on 4) and -y/ denote partial differentiation and 

(k)1 	
Since 4) and 'yi are functions of x and y we have: 

d4> 	dx + 	dy = V(cos8 dx + sinG dy) 	1 
(2.13) 

	

dx + 	dy = V(-sine dx + cosO dy) J 

Equations 2913 may be solved for dx and dy giving: 

	

dx 
= 

cosG d4) - - sine d'fr 	
] 

(2.11) 

dy = 

	

sine d4) 
+ 1  cosO dy' 	J 

Since 4) andp -are also functions of V and 8 we may write: 

d4)=4)vdV+06de 	
] 

(2.15) 

dyr= vv  dV + yre  dO 	J 

Substitution of equations 2.15 in equations 2,11  leads to: 

rcoseL _____ 	_____ 	_ose 	sine sil

(2.16)  
rsi.nO 	cosO ] 	rsino 	

cosO ] dO L + 	- 	dV + i-- 	--- 4 + a 
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Regarding equations (2.16) as expressing x and y as functions of 

V and e, we arrive at the following expression -: 

cosO , sine 
X- 

V V'V TV 	 (2.17a) 

xo cosO 	sinO. 

	

V 	 (2,lyb) =  

sine 	cosO , 

	

V 	 (2.17c) 

sinO 	cosO 
= 	v 	e + a 	 (2.17d) 

2 x 	x 2 	2 	2 _ Since 	 and 	
___ 

, x and y may be eliminated from ave - ov 

equations 2.17 by differentiation and, after some reorganisation, the 

following equations may be derived. 

	

= aVy 	 (2.18a) 

qV = (a -. 	
- ct yç1 	 (2.18b) 

Elimination of 4 from equations 2.18 by a further stage of differentiation 

leads to: 

~ [
1 + 

Va 	a 1 	a
Q 

VrVV
——.Q-I 	-_-j, 
a 	aJV a 'ye 

0, 
]'_~ee 

 

	

+

[' 1 a a 	CL ve 	 aV - 

	

a 	-T-jt + 	
- 	

= 0 	(2.19) 

Since a = (py 	we may re-write equation 2.19 as follows: 
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2 
v+ 1 — VPV)—k(VLV + yea — 2 

_ 

P 	

y 

2 ]'Y-V 

_k( J) 0 +k{e - !iyo 
- 4i + v) Le y 	 — 

+RV(l + v— pv) + k _l Yvl ry, = 0 
P 	YJee (2.20) 

Substitution of equations 2.18 into equations 2.17 leads to the 

following expressions for the derivatives of x and y in terms of/ 

and the hodograph variables: 

1 	1_ ( 	+k 	— 1 )cosO. 	+ (k 
ye

osO - sine) 	(2.21a) XvTL p 	y v 	$ 	y 

1 
yv. 	[_( 	~kL + 4)si no. 	+ (ksinO + coseY] 	(2.21b) = Wk  

1 = 
pv [v cosO. 	- sine .y] 	 (2.21c) 

1 
Wk 	sinO 	+ cos6.] 	 (2.21d) 

We may obtain from equations 2.21b and 2.21d expressions for those 

terms in equation 2.20 which involve derivatives of y as follows: 

= 	1 I 	+ cos6. 
J Y pvy t 

2 [V 	
ye 1 

	

- 	

+ v - 	 sinO + v cosO 
y 'vi 	 'V 

Y 
v(i + 1 	sine ')) 

P Vy 

- 1 [(V,~&V + y 	p Vy 2
) cosO + (v7vo 	)I1e)6in10] 

- 

VOl 	 _ ___ 
Y0 Y P 

- pVy2 
[v sine 	+ (v0 	co;e] - 

(2.22) 
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After substitution of equations 2.22 into equation 2.20 and a little 

reorganisation, we finally obtain: 

2+v(lv) +0(1+v&)] 

+ _f sinO[ 	+ (i - 	 - 

	

py 	 P 	
Vol 

- cosO 	+ V 	+ 

	

k 	20[l(3 + V 
	0 V + 2V 	- 	

+ 
YO 	

J 
+ 2 1 	sin 
py 

+ sinO cosU[ 	(i + V = 0 	 (2.23) 

We require a solution to equation 2.23 over the rectangular 

region shown in Fig. 2.3a or 2.3b. The boundary values of the 

dependent variable Ymay be assigned as follows: 

i='. on the axial streamline A0 

' m'ax on the wall streamline BCL 

subcritical: 	along the line LF (vvmax  

supercritical: 'fr='y(0) along the sonic line LO 

It is convenient to make the choice y' . = 0 and 	1. The min max 

function 'y(e) is to be determined in conjunction with the supersonic 

solution so as to ensure a continuous solution across the sonic line. 

In the particular case of zero approach velocity a different upstream 

boundary condition applies. The streamlines in the physical plane 

all converge towards the lip plane. If we assume that, a long way 
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upstream from the lip plane, the streamlines are straight and 

converge towards a point on the axis, then we can show that in two-

dimensional flow the stream function is proportional to the flow 

angle, 0, and in axially symmetric flow it is proportional to 

(1 cosO), The hodograph flowfield for the case Ve = 0 is shown 

in Fig. 2.3c. 	The boundary values of 'y/are: 

"fr'. on the axis AO 
I flfl 

W= V' on the wall BL / 	'max 

'L'i(o) (or'Vi5i 	for critical and subcritical flow) i max 

on LO 

two-dimensional:
max  

on AB 
- axially symmetric: 	1-cosO 
- 1-cosl3 J 

Equation 2.23 is linear for two-dimension flow (when k0) and its 

solution may be expressed analytically as a series of hypergeometric 

functions (Chaplygin, 1902) 	For axially symmetric problems, when 

the nonlinear terms involving the physical coordinate y are present, 

the equation must be solved numerically. The incompressible solution 

is given when p = 1 and p V  = 0. For compressible flow we have, 

from equation 2.5c: 

2V 

- 
(2.24) 

The solution of equation 2.23 is obtained by an iterative process. 

In cases where k = 1, values of the physical coordinate y are required. 

These are obtained by integration of the current approximate solution 

of equation 2.23 using equations 2.21b or 2021d. It is most convenient 
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to integrate along lines of constant V because equation 2.21d may be 

integrated by parts to give: 

2 
=+V)sinOdV 

 const, 
+ cos O} 	(2.25) 2 	PV 

where y = 0 and 0 = 0 on the axis. 

Once the solution to equation 2.23 has been obtained, the physical 

coordinates x and y are given by integration of equations 2.21. In 

particular, the coordinates of the sonic line are required at each 

step in the solution of a supercritical problem. Equations 2.,21c and 

2,21d are less complex and may be integrated to give lines of constant 

velocity, including the sonic line. For two-dimensional problems 

(k = 0), equations 2,21c and 2.21d may be integrated by parts giving: 

11 - 
0 	

sine +{$o(+  V)cos0 d X x 
TV  

J V const 2.26a)  

= 	{cOse + 	 )sin0 de]v const.} 	(2.26b) 

where yO,x=x0and O=Oonthe axis, 

2,1 Supersonic Equations 

When the equations 2,10 for the velocity components u and v are 

substituted into equation 2,9 - the condition for irrotationality - 

then the following equation may be derived (see Shapiro 1953 for 

details): 

2 	 2 
+(l 2 	 = 0 	(2.27) 

Y 
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where u and v are the dimensionless velocity components; and c is 

the dimensionless speed of sound for which (from equation 2.lth) we 

maywrite: 

2 _x 	( 2 	2 
2 - 2 
t ' +v)=--V2 	(2.28) 

We may examine the characteristics of equation 2,27 in the usual 

way (e.g. Ames 1969) by considering the conditions under which the 

derivatives', ,W andV.i are indeterminate. Such conditions 'xx iyr 	'xy 

apply if the determinants of the following system are zero: 

(1 
CI 

= I d() 
XY 

X  0 
xl 

dY] [dJ 

 

	

dx 	dy 

	

0 	dx 

(2.29) 

i.e. that we have: 

22' 	 2 V, 2 

C 	 y 	
C 

dx dy 0 

0 dx dy 

	

dx 	d('ui) 	0 

	

0 	d() 	dy 

NOR 

(2-30) 

When these determinants are evaluated we obtain the following 

equations defining the characteristics of equation 2,27, noting that 

k 	 k (from equations 2.10) 'y 	-py v and'* = py u: 
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2 	2 V2 -c 
(2.31a) dx 	 2 2  

c -u 

dv - uv± ci/ + v2 -c2  - ___ 	
(2.3) ydu 

Setting u = V cosO and v = V sine in equations 2.31 we obtain after 

some reorganisation: 

dy  = tan(O-i-p)
dx 
	 (2.32a) 

1 dV 	 + 	np tanli sine 	
(2-32b) V 	tanii = ±  

sin(O-i-p) 	y dO 

where Ii, the Mach angle, is defined by sinp = c/V = l/M. 	It is 

convenient to work with the Mach number M, rather than the non-

dimensional velocity V, in the supersonic part of the problem. 

Substitution from equation 2.1 a into equations 2.32b therefore leads 

to: 

die -   
 sinu sinOk dy  

dM 	
M(1 + X M) 	sin(O+p) y  d14

(2.33)  

Integration of equation 2.33 with respect to M leads to: 

- 	rsinp sine dy 0+w(M) +kJ_-__3 + L 	 (2.34) 

where C is a constant of integration and w(M) is given by: 

w(M) = ()arctanr()(M2l) - arctan 
F-11 

2 (2,35) 1. y+l 

In supersonic flow when 01 the characteristics defined by equations 

2.32a and 2.311 are real. We may identify two families of characteristics 
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depending on whether the upper or lower signs are used and these are: 

1st family: 	dy  = tan(ei) 	 (2.36a) 
dx 

0= w(M) - k
+ 

Lin (0+P-) -I 	
C1 	 (2.36b) 

I 2nd family: 	= tan(0- ) 	 (2.37a) 
dx 

o = - (M) + k sinp sine dy + (2.37b) 
J sin(O-PT y 	II 

where C1  and C11  are the appropriate constants of integration. 

The characteristic equations 2.36 and 2.37 enable calculations in 

the supersonic flowfield to be performed. If the values of x, Y. M 

and 0 are known at two points A and B, then the values at a point C 

where a 1st family characteristic through A intersects a 2nd family 

characteristic through B may be estimated by numerical solution of 

the equations. This procedure, applicable to any hyperbolic system, 

is usually known as the method of characteristics. A typical 

characteristics network for a supercritical flowfield is shown in 

Fig. 2.1. 	The points L, P1, P21
- ..., 0 define the sonic line and 

their coordinates are derived from the subsonic hodograph solution 

through equations 2,21c and 2.21d. A knowledge of x, y, M and 0 at 

the sonic line points is sufficient to calculate those parameters at 

all points in the network shown in Fig. 2,4, It is assumed in this 

figure that the distribution of stream function along the sonic line 

has been correctly determined, 'i"J-(0), so that the boundary 

conditions in the lip region are satisfied. The conditions are 

firstly, that there is a Prandtl-Meyer expansion centred on the lip 

in which the Mach number increases to the free streamline value M 
J  
., 
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and secondly, that the locus of'= 1 which defines the jet boundary 

is also the locus of N = M.. The numerical operations necessary to 

determine 'y(e) will be described in Chapter.3. 

The procedure adopted here is to solve the subsonic region of flow 

in the hodograph plane and to solve the supersonic flow in the physical 

plane by the method of characteristics. An alternative approach is 

to extend the use of the hodograph plane into the supersonic region 

and to use characteristic equations derived from equation 2.23. 

The characteristic variables are then V, 	and, and the solution 

is again started at the sonic line where the values of these variables 

are known or can be derived from the subsonic solution. This 

approach was used by Norwood (1962) and Benson and Pool (1965a) to 

solve the two-dimensional problem and perhaps results in a slightly 

tidier computational procedure. Any such advantage is lost in the 

axially symmetric case, where the physical variable, y, appears in the 

equations. 

Consideration of the characteristics network in Fig. 2.1 enables 

us to derive an expression for the jet Mach number, M = M, at which 

choking occurs. The flow inside the nozzle will cease to be affected 

by the external pressure when all 2nd family characteristics reaching 

the sonic line originate in the Prandtl-Meyer expansion at the lip. 

This occurs when the point H in Fig. 2) is coincident with L. The 

limiting case is when N = M i = M at H and we now apply equation 2.36b 

to the 1st family characteristic LH, and equation 237b to the 2nd 

family characteristic OH, denoting conditions at 0, L and H by the 

appropriate subscripts. 
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0h - 01 = w(I) - w(M1) - kch sinji  

y1 sin(o-) 	
IZ 
	

(2.38a) 

~yo 
0 - e = 

-
~ 	

h 
) ~ k 	

Sifl3 	
(2.38b) h 0 	 o 	sin(O-p) y 

Noting that 14h =M, 0i = 	, 0 = 03, N1 = M = 1 s Yh = yl = 0, and 

that the integral in equation 2.38a is zero we may solve equations 2.38 

to give: 

t(M ) = (3/2 + k. 
 
fi slim sine 

C 	 2 Jo sin(0-p) (2.39) 

The relationship between 	and M is given in equation 2,35 and 

the choking pressure ratio, r, is given by equation 2,2b. 	For two- 

dimensional flow equation 2.39 may be evaluated at once and r is 

seen to be a function of y and 13. For axially symmetric flow, a 

full solution of the flowfield is needed before the integral in 

equation 2.39 can be evaluated. We then find that the choking pressure 

ratio is slightly lower than the corresponding two-dimensional value. 

Values of r c for a range of values of (3 are given in Table 4.1 at the 

end of Chapter 4 • 

The characteristic OPH in Fig. 2.4 marks the limit of the region 

which has to be considered when solving a supercritical flow problem. 

Dornstream from this "last" characteristic, conditions on the outer 

boundary do not influence the subsonic and transonic region. We can 

use the method of characteristics to extend the solution step-by-step 

further into the jet, giving a network similar to that shown in Fig. 2.5. 

Along the jet boundary we have M = M. and dy/dx = tanG; along the 

axis we have 	= 0 = 0. The jet boundary first passes through a 
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minimum point close to the lip and then expands to its maximum 

width some distance downstream. The point of inflexion, G in 

Fig. 2., lies on, or just upstream from in the axially symmetric 

case, the 1st family characteristic starting at the foot of the 

sonic line, 0. Within the region OFG, the flow is accelerating. 

Beyond G, the characteristics running forward from the jet surface 

are compressive and eventually merge to form a pattern of shockwaves. 

The assumption of isentropic flow on which the derivation of the 

characteristic equations 2.36 and 2,37 is based breaks down at this 

stage. 
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CHAPTER 3 

NUMERICAL METHODS 

The details of the numerical methods which were used to solve 

the equations derived in Chapter 2 are presented in this chapter. 

In Section 3.2.1, we shall examine the finite-difference solution of 

equation 2.23, which describes subsonic flow in the hodograph plane. 

The integration of the hodograph solution to determine the physical 

coordinates will be discussed in Section 3.2. 	The accuracy of the 

results of the numerical solution will be considered in Section 3.3. 

Section 3.4, which is relevant only to supercritical problems, deals 

with the application of the characteristic equations 2.36 and 2.31 to 

the supersonic flow region. 	Finally, in Section 3.5, the problem of 

matching the subsonic and supersonic parts of a supercritical solution 

will be considered. 

3.1 Solution of the Subsonic Hodograrh Ecuation 

The solution of equation 2.23 for two-dimensional flow (k = 0) 

may be expressed as the sum of a series of hypergeometric functions 

(Chaplygin 1902). However, considerable computation would be involved 

in the evaluation of the terms in the series and this, together with 

the fact that no such analytical form exists for axially symmetric 

flow, makes a numerical solution more attractive. A finite- 

difference method, similar to that used. by Norwood (1962) and Benson 

and Pool (1965a),  is an obvious choice since we are dealing with a 

rectangular region (Fig. 2.3) with the value of the dependent variable, 

known on the boundary. The only disadvantage of a finite-difference 

method is its insensitivity in the neighbourhood of the singularities on 
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the axis in Fig. 2.3 	Although a certain amount can be done to 

reduce this problem, we must accept that the solution may be 

inadequate near these points 

The hodograph region over which the solution of equation 2.23 

is required, is shown in Fig. 3.1. 	It is divided into a NxN 

rectangular finite-difference mesh (where in this case N=8). Equal 

numbers of subdivisions in the V and S directions are used throughout, 

so that the single parameter N determines the mesh density. It is 

possible that unequal numbers of subdivisions might lead to a reduction 

in truncation errors for a given number of mesh nodes, but this has 

not been investigated. The values of')at the boundary nodes in 

Fig. 3.1 are given as follows: 

P = 1 on B C' C" L 

y' 0 on A 0 

=-(e) on L 0 

')fr 0.5 at the singularity at A, B where 0 = 0 and V = Ve• 

In the case of subcritical flow we have y-(o) 1. 	In the case of 

zero approach velocity (Ve = 0) we have: 

"P 1 on C" L 

ryi=  0 on C' 0 

(c)(0) onLO 

(d) '\J 0/1 (two-dimensional) 	 _) 	
on C' C" 

'\p= (1-cos0)/(l-cos) (axially symmetric) J 
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The finite-difference mesh in Fig. 3.1 is shown to be concentrated 

near the line 8 = 00 This has the intention of reducing the effects 

of the singularities at A, B and 0. If we introduce an auxilliary 

independent variable c  replacing 0 and defined as follows: 

0 = ,ci t 
	

(3.') 

then the value of the exponent t determines the degree to which the 

constant-G) lines in the mesh are concentrated. The value t=i gives 
equal subdivisions in 0;  the effect of t = 1,5 is illustrated in 

Fig. 3.1, We shall return later, in Section 3,2, to the question of 

how the value of t is to be selected in a given problem. The range 

0a<1 covers the range 0<8<, and an equally spaced finite-difference 

mesh in the V-a plane is used for the hodograph solution. A similar 

attempt to concentrate the constant-V lines near Vl did not lead to 

any obvious benefits. For the purposes of numerical solution the 

derivatives )t, 'yi and Ve are replaced by the following equivalent 

expressions in terms of a: 

l-t ya 	
•_y (3.2a) 

-t2 

t3t 	)1CFa 
 

1-t l-2t (3.2b) 

- a 
7V0 t rVa 

(3,2c) 

It is necessary to represent equation 2.23 in finite-difference 

form at each of the (N-1 )2  interior nodes in the mesh. This leads tc 

a set of (N-1)2  algebraic equations to be solved for the values of 

at the nodes. The following conventional central-difference 

approximations for the partial differential coefficients 	'v' 'v' 
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'\)ti, and ' 0  are used: 

NW 	N 	NE 	 ( 	+\/ - 23Li)/(isv)2 - 4p 

1 Hal 

W4QiLE 	
w)/ 

SW 	S 	SE 	 'Y've 	1(Y.- +)(Is - 
(YNW + SE)l/(IvO) (3.3) 

r 	

= 	* -'
y)/(25a) 

-CIr
= (f +y 	0')/(602 

where 0 identifies the node in question; N, E, S, W, etc. identify its 

nearest neighbours; Sa = 1/N and ÔV = 111 /N, 	The approximations 

represented by equations 3.3 have truncation errors of order (1/11)2. 

When these approximate expressions for the partial differential 

coefficients are substituted into equation 2,23 a set of non-linear 

algebraic finite-difference equations is given, each of which has the 

form: 

1 = F• 1 	l i (W V., a.) -+ 0; 1 = 1, (N-1)2 	(3)4) _ 

where 1PI is the vector of nodal values of'.', 	The iterative solution 

starts from an initial estimate () and we have f. -3  0 as the 

iteration progresses. 

The method which Ames (1969) has called "Non-Linear Over-

Relaxation", or 'TNLOR", is used to solve the finite-difference equations. 

In this method the nodes are scanned sequentially and at each step the 

value of "P at the node in question is immediately updated as follows: 
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(sf. Y 

~yi new
- 	

]old 

where v is a constant acceleration factor whose value is discussed 

below in Section 3,1,1. 	The derivative f./'J4 is estimated 

numerically by perturbing 111.The NLOR process is continued until 

the required corrections to Yiare acceptably small. In axially 

symmetric problems equation 2,23 contains terms involving the 

physical coordinate y. The values of y at any stage in the iteration 

are evaluated by integration of the current estimate of V along lines 

of constant V, using equation 2.25. 	The sequence of scan in the 

NLOR iteration also progresses along lines of constant V thus 

allowing the integration for y to be performed simultaneously. 

For two-dimensional problems when k = 0 in equation 2.23 the 

finite-difference equations are linear, and the NLOR method reduces 

to the well-known linear "Successive Over-Relaxation", or "SOR" method 

(Young 195). The SOR method will converge from an arbitrary first 

estimate of 	In axially symmetric problems (k = 1), a reasonable 

first estimate of!is required in order to produce reasonable values 

of y and therefore the corresponding two-dimensional problem (k = 0) is 

solved in the first instance. This initial use of the SOB method 

offers the further advantage that the optimum value of the acceleration 

factor v in equation 3,5 may be estimated (see Section 3.1.1). It 

is particularly important in supercritical problems to use a good 

estimate of v because the finite-difference procedure is entered 

several times and economy in computation time is desirable. The 

NLOR process was found to converge satisfactorily for axially symmetric 

problems, so long as negative excursions in the nodal values of '311J were 

suppressed. 
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The following subsection is concerned with the estimation of the 

optimum value of v. 

3.1.1 The noR and SOR acceleration factor 

The purpose of the acceleration factor, 'v, in equation 3,7 is to 

speed up the rate of convergence of the NLOR process and thus reduce 

computation time. There is an optimum value, V 
opt' 

 in the range 

1<v<2 which is well worth the extra computation necessary to estimate it. 

For two-dimensional problems (k = a) where the finite difference 

equations are linear, the NLOR process reduces to the SOR process for 

which Young (195) has shown that v opt may readily be estimated. We 

find, by performing a few numerical experiments, that the same value is 

also near-optimum for the corresponding axially symmetric problem. 

When the finite-difference approximation (equation 3.3) at each 

interior mesh node are substituted into equation 2,23 for the case k = 0, 

a system of (N-l) linear algebraic equations may be derived which, 

after some reorganisation, takes the form: 

where A is an (N-1)2  x (N-1)2  matrix, whose diagonal elements equal 
unity and most of whose off-diagonal elements are zero; V is an 
(N-1)2  vector of the unknown nodal values of '/'; and Bis an (11-1)2  

vector. The system represented by equation 3,6 is typical of 

finite-difference problems and is ideally suited to iterative methods 

of solution, whose general form may be written: 

,i =MP 	+ 	 (3.1) 
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where j refers to the jth iteration; the matrix Manã vector C are 
derived from A and B; and the iteration process is started from 

an estimate p°. 	We may define the "displacement vector" DJ  as 

D3 	i3 	 If n is a norm of D3  (the modulus of its largest 

element is a convenient choice), then it can be shown (Ames, 1969) 

that: 

liin (nJ/J1) = m 	 (3.8) 

where Am  is the spectral radius of N. The rate of convergence is 

given by Arno  For the iteration process to converge we require that 

A <1, and it is desirable to select Mso that A 
m  is as small as possible. 

The following forms for M and C are used for the Successive 

Over-Relaxation procedure: 

E _{\_]'[\_  
'1 

CE ('I+L)B 	 J 
where TL is the unit matrix; and L and 1) are lower and upper triangular 

matrices with zeros on the diagonal such that: 

Young (1951)  showed that: 

12 	2 	A2 	 (3.10) I'M+V_ 	= 	m a 
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where Aa  is the largest eigenvalue of ( -I) and is assumed to be 

real. The value of 
'a  depends only on the set of finite-difference 

equations being solved. The value of A 
In 

depends also upon v through 

equation 3.10. A typical plot of IA m I against v is shown by the 

continuous line in Fig. 3.2, 	Our interest lies in Vt,  the value 

of v where lxi is a minimum. Examination of equation 3.10 shows that 

opt occurs where Am  just ceases to be real, from which we get: 

2 

	

V =i+Ji-.x 2 	 (3.11) opt 	 a 

where it can he seen that 1 2. opt 

The value of v 
opt  may be estimated by the following procedure: 

assume a trial value, v 

perform sufficient iterations to give a reasonable 

estimate of Am  by means of equation 3.8 

calculate X   from equation 3.10 and v01  from equation 

3.11. 

Carr (1961) examined the practical problems in the application of 

Young's results and found that step (ii) posed most difficulties. 

An unsuitable choice of v might require a very large number of 

iterations before equation 3.8 yielded a steady estimate of Am•  This 

is due to interference from other, subdominant, eigenvalues of 

Carre recommended that steps (ii) and (iii) above should be repeated 

with a second trial value v2  given by: 

V =(v 
2 	opt 1 - [

2 - (
v-Opt )

11/4 	(3.12) 

where (v 	)1  is the estimate corresponding to v1. opt  
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Young (1954) derived his results (equations 310 and 3.11) 

for the case where A is a symmetric, positive-definite matrix and 
results from a "consistently ordered" set of finite-difference 

equations. For our purposes, "consistent ordering" means that the 

mesh nodes are systematically scanned row-by-row or column-by-column 

and is a condition which is easily met. The two-dimensional 

hodograph finite-difference equations do not lead to a symmetric 

matrix A. Despite this, trial computations show (Fig, 3,2) that 

the optimum value of V agrees with the estimate based on equations 

310 and 3.11 	It seems probable that Young's results can be 

extended to any case where 
X  

is real. 

It is worthwhile performing the extra computation to determine 

V opt because of the potential saving of computing time over the rest 

of the problem. The process of determining "opt results, of course 

in a partial solution. The advantages of using an optimum acceleration 

factor are most apparent in supercritical problems where the iteration 

procedure is entered several times with the same matrix A. In the 

case of axially symmetric problems, numerical experiments show that the 

value of Vt estimated for the corresponding two-dimensional problem 

is also nearly optimum for the ILOR iterative procedure. Results 

from a typical numerical experiment are shown in Fig, 3.2 

3.2 Integration of HodgraDh Solution 

The physical coordinates of the subsonic flowfield are recovered 

from the hodograph solution by integration of equations 2,21 along 

lines of constant V or constant 0. This leads to a map in the physical 

plane of points defined by the intersection of those lines. 

Integration along lines of constant V is more satisfactory because 
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equations 2.21c and d are less complex than equations •2.21a and b. 

In fact, the whole subsonic flowfield could readily be established 

relative to the line 0 = 0 were it not for the singularities at 

(v 0) and, possibly, at (V, 0). 

We may assume that the most serious effects of the singularities 

are confined to the adjacent nodes in the finite-difference mesh. 

By integrating equations 2.21c and d along the line V = 22 (V. + Ve) 

(line RS in Fig. 3.3a), the physical coordinates of point S on the 

upper boundary may be established most accurately relative to the 

axis. 	The coordinates of the nozzle wall CSL (i.e. the line 0 = 

may then be calculated through equations 2.21a and b. The rest of 

the physical flowfield is then plotted by integration of the 

hodograph solution along lines of constant V from the wall towards the 

axis, as shown in Fig. 3.3. In critical and super-critical problems, 

the step P0 at the foot of the sonic line is covered by an approximate 

analytical solution valid for small perturbations about the state 0 = 0 

and V = 1, which is described in Appendix A. 

The integration of the hodograph solution along lines of constant 

V is performed by means of equations 2.21c and 2.21d: 

1 
k[o50"I'V — sine 	(2.21c) 

pVy 

= 	
[Vs'nMj'y+ cos0] 	(2.21d) '0V 	k PV. 

 

These equations may be integrated between any two points 1 and 

2 as follows: 
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- = 	 cos0 	sine 	(3.13a) 
Ix 

2 
. 	

1 

V constantT k+1 
	k+1 	k+1 

le 2 
- 	

] = 	
01 I V 

sine. + cos0.] dO 

(3.13b) 

where, for the case k1, values of y needed in equation 3.13a are 

first obtained by integration of equation 3.13b. The integrands 

are defined only at the mesh nodes and the Euler-Lagrange formulae 

(e.g. Trapezium rule or Simpson's rule) may be used to perform the 

integrations. 	Simpson's rule was used in the present work because 

its truncation error is of order (1/N) 
11 

andis negligible compared to 

the truncation errors in the finite-difference equations. 	The 

derivatives 	and 	in equations 3.13 are evaluated by the 

conventional central-difference approximations (equations 3.3), 

except at points on the hodograph boundary where the corresponding 

forward - or backward - difference formulae are used. 

Along the nozzle wall - CL in Fig. 3.3 - we have 0 = 0, "\Jfr = 0 

and equation 2.211 becomes, after some rearrangement: 

10 

—(~hsin 

	

P 	
(3.114) 

=  

V U 	
(pvyk + k/y"fr0. sin 

Integration of equation 3.14 between two points 1 and 2 for the case 

k = 0 gives: 

- yl = 
- 

s S
in~ 
	(1/v + 	 dV 	(3,15) 

and, for the case k = 1; 
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S 

v2  (i/v 	
(3.16) log(y2/y1) 	- sine v1 PVy

2  + sine 

where iteration is necessary to determine y2 in the integrand.. 

In both cases we have: 

X2 - x1  = 	- Y1  )cot) 

3.3 Accuracy of Numerical Solution 

We now turn to the question of the accuracy of the numerical 

solution. Our interest lies in the value of the discharge 

coefficient and in features of the physical flowfield, all of which 

are determined by integrating the subsonic hodograph finite-

difference solution. The scale of the whole solution is determined 

by the number of points in the finite-difference mesh used for the 

subsonic part of the calculation. We are considering cases where 

the rectangular hodograph region shown in Fig. 2.3 is divided into 

an equal number, N, of strips in the two coordinate directions. The 

single parameter, N, determines the size of the subsonic finite-

difference mesh, the number of points on the sonic line and the 

number of points in the supersonic characteristics network. 	It is 

assumed that the results of a numerical solution to the nozzle flow 

problem approach the "true" results of a hypothetical exact solution 

as N -). c. or, to use a form more convenient for our present purposes, 

as 1/N + 0. 
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The limitations posed by computer storage and execution time 

mean that it is impracticable to use very large values of N. This 

is especially true in the axially symmetric case. It is impossible, 

therefore, always to ensure acceptably small truncation errors by 

using a sufficiently dense finite-difference mesh. We can, however, 

improve the accuracy of a given problem by extrapolating the results 

of computations with different values of N. The nature of the finite-

difference approximations used here (equations 303) means that the 

truncation errors in most of the computed results are proportional to 

(1/N)2  in the limit 1/N - 0. 	For the computed value, X, of a given 

parameter we may then rite: 

x=x 
0 2 +x (1/1)2 +E 

	
(3.17) 

where X is the true value of X in the limit 1/N -' 0; X2  is a 

coefficient to be determined; and c represents higher order terms. If 

N is large enough to render the higher order terms negligible, then we 

may use equation 3.17 to estimate X from two values, Xa  and 

calculated for N = Na and N = Nb. 

X = (N2  X - N2 Xb)/(N2 - N) 	 (3.18) 
0 	a a b 

The principle source of error in the results of the subsonic part 

of the nozzle calculation is the truncation error in the finite-

difference approximations to the partial differential coefficients 

(equations 3.3). A second, less important source of inaccuracy 

arises from the use of numerical integration formulae to determine the 

physical coordinates from the hodograph solution. The most serious 

truncation errors in the finite-difference equations occur in the region 
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of the singularity at the point 0 in Fig. 3.1 where the derivatives of 

become infinite. A similar situation exists for problems where 

near the singularity at P in Fig. 3.1. 

There are several ways of improving the accuracy of a finite-

difference solution in the region of a singularity, including: 

transformation of coordinates to remove singularity 

use of a local analytical solution 

use of a locally concentrated finite-difference mesh. 

Method (a) is potentially the most satisfactory, but it seems unlikely 

that a suitable transformation could be found for the nozzle problem. 

An analytical solution is described in Appendix A which is valid for 

small perturbations about the state V = 1, 0 = 0 - i.e. the region of 

the singularity where the sonic line intersects the axis in critical 

and supercritical problems. This local analysis was found useful in 

determining the physical coordinates of the point of intersection, 

but an attempt to use it to improve the hodograph finite-difference 

solution was not successful. Concentrating the finite-difference 

mesh near the line 0 = 0 in the way defined by equation 3.1 was found 

in many cases to give a reduction in trucation error. The degree of 

concentration depends on the value of the parameter t in equation 

3.1 and there is an optimum value for a given problem. Since the 

optimum can only be found by performing numerical experiments, and its 

value varies from one problem to another, it is not worth spending too 

much computer time on the task. Our purpose is to present broad 

criteria for the choice of t and to indicate the probable magnitudes of 

truncation error in the final results. 
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We shall consider the following six classes of problem - 

incompressible, critical and choked flow for both the two-dimensional 

and axially symmetric cases. 	Computed results are given in Figs. 3.11- 

0 3.9 for the case 0 = 90 . The corresponding truncation errors for 

< 9Q0  were found to be smaller. The results are plotted against 

i/N, although the values of N itself are marked. Calculated 

parameters at t = 1.0, 1.5 and 2.0 are shown, together with estimates 

of the true solutions obtained by extrapolation with equation 3.18. 

The computed parameters which have been chosen for discussion are: 

the discharge coefficient 

the value of y/y1  on the nozzle wall at the point where 

V = 0,25 V (subcritical) or V = 0.25 (critical and supercritical). 

the coordinates x and y on the free streamline where 0 =13/8 

(critical and supercritical) the value of x where the sonic 

line crosses the axis. 

(choked, axially symmetric) the choking pressure ratio, r0 . 

The wall coordinate (b) is a measure of the success of the numerical 

method in predicting the physical coordinates of the subsonic flow 
Lest  

inside the nozzle, Parameters (c) and (d)1(the accuracy of the solution 

in the region of the singularity in the hodograph plane at the point 

where the line V = V,  or V = 1 meets the axis. 

The magnitudes of all the parameters of interest are of order 

unity. Discharge coefficients lie in the range 0,6 < C  < 1, 	The 

physical coordinates are scaled by the throat width, y1, and our main 

concern is with the flowfield in the region of the lip plane. In most 

problems the sonic velocity, V = 1, features strongly and the gas 

properties are all scaled by their stagnation values. 
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Two-dimensionalincopressible flow (Fig. 3.4) 

The results in Fig. 3.11 show that no particular advantage 

is gained by using t> 1.0 unless we are interested in the 

physical coordinates of the free streamline. This involves 

integration of the solution near the singularity on the hodograph 

axis. The estimates of the true solutions which are shown in 

Fig. 3.11 were obtained by applying equation 3.18 to the results 

for t = 1.5, N = 16 and N = 214. The value of the discharge 

coefficient is in excellent agreement with the well-known 

analytical solution, C  = h/(2+11-) = 0.61102 (Lord Rayleigh, 1876). 

These results suggest that for two-dimensional, incompressible flow, 

errors smaller than 0.005 are given by a single solution with 

t = 1.5 and N = 214. 

Two-dimensional, critical flow (Fig. 3.5) 

A significant reduction in truncation error for computed 

values of C   and free streamline coordinates is shown for t > 1.0. 

The distance, x0, downstream from the lip plane at which the jet 

streamlines become parallel to the axis was computed by the method 

described in Appendix A and the truncation error appears to be 

a linear function of 1/N. Aslanov and Legova (1959) published 

the analytical solution x0  = 1.201, and this is also shown in 

Fig. 3.5d. The estimates of the true solutions shown in Figs. 

3.,5a-c were obtained from equations 3.18 using the results for 

t = 1.5, N = 16 and N = 214. The value of the discharge 

coefficient agrees with the solution Cd = 0.7447 also given by 

Aslanov and Legova. The results suggest that errors of about 

0,005 would be given for a single two-dimensional, critical 

solution with t = 1.5 and N = 214. 
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Two-dimension al,hoked flow 

The results in Fig. 3.6 show that the solution near the 

foot of the sonic line is improved for t > 1.0. The value 

of x is a linear function of 1/N. The estimates of the true 

solutions were obtained from equation 3.18 using the results 

for t = 1.5, N = 16 and N = 21, The value of the discharge 

coefficient is a slight improvement on the solution Cd = 0.85 

given by Franki (1947), The results again suggest errors 

of about 0.005 for a single two-dimensional choked solution with 

t = 1.5 and N= 24. 

Axially symmetric, incompressible flow (Fig. 3.7') 

The results in Fig. 3.7 again show that t > 1.0 only gives 

an improvement in accuracy for the solution close to the singularity. 

The true solution estimates were obtained from t = 1.5, N = 16 

and N = 24. The value for discharge coefficient agrees well 

with the solution 0.59131 < Cd 0.59139 given by Bloch (1969). 

Errors better than 0.005 are given by the solution with t = 1.5, 

N = 2)4. 

Axially symmetric, critical flow 	3.8) 

The results in Figs. 3.8a-c show that the solution with t = 1.5, 

N = 24 is subject to errors of about 0.001. The estimates of the 

true solutions were obtained by extrapolation from t = 1.5, N = 16 

and N = 24. The results in Fig. 3.8d for the sonic line axis 

intersection coordinate, x0, were computed by the method of 

Appendix A. The estimate x0 = 0,88 is based on the solutions for 

t = 1.0. 
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Axia 	symmetric, choked flow 	g0 3.9) 

The results in Fig. 309 a - c show that the solution depends 

upon t and N in a similar way to the other cases which have been 

considered except for the sonic Brie/axis intersection coordinate, X00  

This parameter is determined by the method of Appendix A, and is a 

linear function of 1/N The amount of computation time necessary 

for axially symmetric supercritical problems means that N = 16 is 

the largest practicable mesh density. This loads to an error in x0  of 

about 0001 and errors in physical coordinates elsewhere of about 

0.002. Fig- 3,9d shows the computed values of the choking pressure 

ratioo which appears to be a linear function of /N. The estimates 

of the true solutions thoi in 11g0 3.9 were obtained from the 

results for t 1.5, N - 12 and N = 16. 

We may now suinmarise this discussion of the accuracy of the 

numerical solution. A reduction of the error in the solution near 

the sonic line (or free streamline in subcritical problems) is 

given by concentrating the hodograph finite-difference mesh. 

towards the line e = 0. A single solution with t = 1 .5 in equation 

3.1 and N = 214 (N = 16 in axially symmetric, choked problems) will 
result in truncation errors within ± 0.005. Extrapolation by 

equation 3.18 will give results correct to + 0,0010 These remarks 

do not apply to the solution at the point where the sonic line inter-

sects the axis, For choked flaw-, the aor with t = 1.5 and N = 16 

or 214 is about + 001. Extrapolation improves the error to about 

+ 0.002. 
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3.4 The method of characteristics 

Supercritical problems involve calculations in the supersonic 

region of the flowfield where the governing equations aie hyperbolic. 

The method of characteristics is used for the calculation and was 

described in outline in Section 2.4. The supercritical solution 

is thus subject to truncation errors in both its subsonic and 

supersonic regions. It is not possible to study these source of 

error separately because the two regions of calculation are inter-

dependent. All that can be done is to examine the increase or 

decrease in overall error caused by particular changes to the numerical 

procedure. In this section, the details of the method of character- 

istics calculation are considered with the objective of reducing its 

contribution to the error in the final results. 

Calculation by the method of characteristics have been widely 

used for many years and basic details are given by Shapiro (1953). 

A network of points originating from a "starting line" - in this 

case, the sonic line - is built up. Each step consists of calculating 

the physical and hodograph coordinates of a point C (see sketch below) 

which lies at the intersection of 1st and 2nd family characteristics 

passing respectively through points A and B, whose coordinates are 

known. 	
11 

16 	 -
2 Ojn~jt 

MOL 

!0_3J_ 
41 

The first and second families are defined by equations 2.36 and 2.37. 

C) 	 .36a) 
1 st family 	

= E 	( 	 (2  

r St _Svt 0 • 	 -4- C1 	(2-36b) 
AIL 



2nd 	 = Eo 	 (2.37a) 

	

family[ 	 r- 	d 	
C TLr- 
	(2,37h) 

where M is the Mach number; ?&. = sin 
1 
 (i/M); and the function 

was defined in equation 2.35 

An alternative pair to equation 2.36 is obtained as follows by 

substitution of 2.36a. into 2.36b: 

1st 	I 	Eo. e 

family 	 r 	 4 CI 
I 	j 

Fquations 3.19 are more suitable than equation 2.36 for the 

flowfield calculations because in many instances we have ( +.&) C) 

which raises problems with the integral term in equation 2.36b. 

The values of  and N at C are given in terms of the values at 

A and B by the solution of the following equations which are derived 

from equation 3019b and 2,37bz 

e -e = c(M) 

- 	 - 	M) 4 	 j 

—  (M) kZ 
(3,20) 

where the suffices denote quantities at A,B or C; and Z 
ac  and Z, 

are the values of the integrals along AC and BC. It is necessary to 

express Z 
ac 

 and Zb  in finite -difference form because the integra.nds 

are only defined at the points A,B or C. The following forms were 

used 

+ 

(3.19a) 

(3.19b) 

Zb- IS 
	SO 

- -. -4- 
b SWt(G_jA) 

(3.21) 

C- 	 C 
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LI either A or B lies on the axis we have, as 040 and 

0 
[ 

> 

[ I cLe" 

For two-dimensional problems, where k=o, the solution of equations 

3.20 leads straight away to values of N and Q. Axially symmetric 

problems require iteration because Zac and zbC involve values of 

and " y which have yet to be determined. The iteration is started 

byassuiningz 
ac 
=Z be =0. 

The physical coordinates, x and y, are obtained from equations 

2036a and 2037a0 The conventional procedure adopted in most standard 

(322) 

texts (e.g. Shapirc 1953) is to express these equations in finite-difference 

form as follows: 

~CL 	

+ 

(3.23) 

°4b 't) 
where 	and i ac 	' 	average values ofO and f.1. along the segment AC; and 

9bc and ibc are average values along BC. Standard practice is to take 

a simple arithmetic mean for G) and 1-& ac 	tao 

e.) 

J 	

(3.2k) 

and similarly for 	and J• Equations 3.24 assume an essentially 60 c 

linear variation of Gand jA. with distance along the characteristic. 

Satisfactory results are given except in the region near N 1 

where the rate of change of!.(is very large. Accurate computation 

near the sonic line is important for supercritical nozzle 	problems, 



and possible alternatives to equations 324 were considered. 

Best results were obtained when the average value of J2 over the 

interval of N along the characteristic segment was used, as follows: 

= 

	

	
. 	 (3.2a) 

I4 
M I(Mr_-) 	'i M/(MMA) 

col
EPA 	 Mo-

(M+JM- )] 	(3025b) 

and similarly for 
bc and Pbc° Computed results obtained with 

equations 325 are compared in Fig. 310 with results given by 

equations 321, and a general reduction in truncation error is shown. 

When the values of N, e , x, and y at point C have been computed 

it only remains for the stream function, 	to be evaluated. At any Ic 

point in the i'lowi'ield we may write: 

d(-cEt +:Pc) ~ ()d 

- 	 kVodi
j (326) 

where equations2010 and 212 have been used to express the partial 
(' 11 

derivatives 	and 	in terms of the components of velocity. 

The density C and velocity Vmay be written in terms of N by using 

equations 2 04a and 205c, and equation 3.26 may be integrated along the 

characteristic segment AC to give: 
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k

TC 	

. 
M._5ifl MS Cose  

(3.27) 
CL 

() 

 5o - 

The integrand3 in equation 3.27 are defined only at A ancl C, and a linear 
variation was assumed in the calculation. 

3.5 MatchinL of subsonic and supersonic calculations 

A supercritical nozz3-o problem involves both subsonic calculations 

(in the hodograph place) and supersonic calculations(by the nethod 

of characteristics in the physical plane), linking the two regions 

of calculation is the function '(()) defining the distribution of 

stream function along the sonic line. The function 	must 

fulfill two conditions. Firstly., the complete solution must be 

continuous across the sonic line. Secondly, it must satisfy the 

boundary conditions imposed by the Prandtl - Meyer expansion 

at the lip and by the free streamline. The determination of 

is an iterative process in which the function is initially guessed 

and then modified by one of two possible. strategies. The first of 

these is to ensure that the boundary conditions at the lip and free 

streamline are satisfied and to modify '(G) until the derivatives 

of "J'are continuous across the sonic line. The second is to take 

a continuous solution across the sonic line and to use the outer 

boundary condition to guide the iteration. The first strategy 

is only practicable If both the subsonic and the supersonic parts 

of the calculation are performed in the hodograph plane, because 

the physical variables x and y, are not involved. Norwood (1962) 
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took this approach for his two-dimensional solution, although 

the iterative scheme which he used was very slow to converge and 

sometimes unstable. Even though a much better numerical procedure 

would be devised to replace Norwood's, the more complex axially symmetric 

equations make an approach using the second strategy more practicable. 

The subsonic calculation uses a finite-difference method 

based on a rectangular mesh in the hodograph plane. The function 

on the sonic line takes the Lonu of a vectorof (N-i) 

discrete values ('Vt) () 	() where N is the number of 

subdivisions of the finite-difference mesh in the range O  

The values of Uj are initially estimated, the solution of equation 

2.23 in the hodograph plane is performed, and the physical coordinates 

of the sonic line are determined by integration of equations 2.21 c 

and 2.21d 0  The physical coordinates locate the points F1, F
21 
 etc 

shown in Fig. 3011a which correspond to each of the original sonic 

line points represented by the elements of 	The characteristics 

network shown also in Fig. 3011a is now calculated. We may 

examine conditions near the top of the second - family characteristics 

P 	Q1' II'11/ is the true solution then one of the following 

conditions should apply: 

I <(M). M 	1)= 1 at Qj  

where (Mq)j  is the value, of Each number at the point Q1  

(defines a characteristic originating in the Prandtl - Meyer 

expansion) 

(N),> N. 
q 	

1 when M=M 

(defines the free steamline boundary condition). 
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In general, since the choice of ()f)) ('/) 
. 	

is only an 

e.stiina.te, conditions (a) or (b) will not apply and a vector 

of érrors
'  etc0 will be generated, where 

13 	)2

and ('is the actual value of 	at point Q  or N = M. under conditions 
3 

(a) or (b)0 By evaluating the matrix of partial differential 

coefficients: 

1 
z 	I 	_L1 	 (3.29) 

J tz.13 N- 
J 	JI)Nl 

Newton's method may be used to correct the estimate 

z 
\• 	In 	-'o 14 

and the whole procedure is repeated until the elements of VOW 

are acceptably small. 	The elements of Z are evaluated 

numerically be perturbing ( " 2' 
etc • in turn and 

repeating the solution. For two-dimensional flow, the relationship 

between 	and Vls  is linear and so is the finite-difference 

solution in the hodograph plane. This means that in priniciple 

only one application of equation 330  is necessary. In practice, 

it requires an unreasonable quantity of computing time to carry 

the finite-difference solution to the precision at which round-off 

errors are negligible. The matrix Z need only be evaluated once, 
but two or three applications of equation 3.30 may be necessary0 

Axially symmetric problems are non-linear and require about eight 

iterations, although it was found unnecessary to evaluate Z on every 
iteration. 

The "final" characteristic, OH in Fig. 301, does not feature 

in the procedure which has just been described. This is a short-coming 
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of the present supercritical method, because changes in boundary 

condition bott'reen the final characteristic and the one preceding 

it do not influence the solution. However, to compensate for this 

def/iciency, we may use the surplus information to improve the 

value of the x -coordinate of the point 0, where the sonic line meets 

the nozzle axis. Such an improvement is desirable because the 

derivatives '\.t and 	on the sonic line become very- large near 

the axis and introduce large errors when integration by equation 

2021c is performed. The position of the point 0 is therefore 

established by calculating a tlfjIjalt characteristic which satisfies 

the appropriate condition on the outer boundary. Calculations in 

the characteristic mesh interval next to the point 0 may be made 

more reliable by the use of the analytical solution., valid for sniafl 

perturbations from the state M = 1, 8 = 0, which is described 

in Appendix A. 

36 Discussion 

This chapter has been concerned with the details of the 

numerical techniques used in the solution of the sharp-lipped 

nozzle problem. The objective has been to study the factors 

which affect the truncation errors. Cie way of ensuring that 

errors are sufficiently low is to use a very dense finite-difference 

mesh (i.ee a large value of N)0  This, however might lead to 

unacceptably large computation times. Computation time depends to 

a certain extent on the accuracy to which the various iteration 

procedures are carried. All the results discussed are based on 

stream-function values computed to within a tolerance of + 5.107 6 

- a level at which rounding errors are small compared to 

truncation errors. But the main factor which determines the 

computation time is the mesh size • Time was found to be roughly 
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proportional to U3.5; a two-cuimensional, supercritical solution 

at N = 16 took about 60 seconds on an ICL 14-75 computer and the 

corresponding axially symmetric problem took about 300 seconds. 

Subcritical solutions took only two or three seconds. 

The results shown in Figs. 3.4 - 309 indicate that, for 

t = 105, a (16 x 16) mesh will give an accuracy of about 

+ 000 1 and a (2)4 x 2)4) mesh will give about + 0.005. However, 

the combination o± (16 x 16) + (214. x 2)4) together with extrapolation 

by equation 3.18 will give a solution correct, for the most part, 

to + 0.001 • It would require a single (6)4 x 6)4) solution taking 

about 25 times the (2)4 x 2)4) time to achieve this accuracy. 

A look at the results of other workers supports the view that the 

present numerical method is comparatively economic. Norwood (1961) 

solved thetwo-dirnensional, choked problem by a similar method and 

achieved 3 - figure accuracy with a (60 x 90) mesh. Bloch (1969) 

used a finite - difference method to solve the axially symmetric, 

incompressible problem and achieved 3 - figure accuracy with an 

(80 x 80) mesh, 

Chapter )4 will be devoted to a discussion of sharp-lipped 

nozzle performance. Most of the results have been obtained from 

the combination of (16 x 16) and (2)4 x 2)4) numerical solutions with 

extrapolation by equation 3.180 Truncation errors lie within 

0.002. 
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CHAPTER 14 

THEORETICAL FLOW TBROUGHSHILHP-LIPPEU) NOZZLES 

The equations for compressible flow through sharp-lipped nozzles 

and the numerical methods for solving them have been described in 

chapters 2 and 3. This chapter is devoted to a survey of theoretical 

sharp-lipped nozzle performance. The results presented here were 

obtained from a computer program written for the purpose. Details of 

the program itself will not be discussed, except to say that it amnmted 

to some 1,500  statements in IMP, a prograimning language used at Edinburgh 

University. 

The survey of nozzle performance covers both ttTo-dimensional and 

axially symmetric flows and examines the effect of the following four 

parameters: 

the nozzle wall angle, 

the pressure ratio, r (with particular attention paid to 
incompressible, critical and choked flows), 

the ideal gas specific heat ratio, ' , 

and (d) 	the approach velocity, Ve  (two-dimensional flow only). 

To begin with, in section 141, some plots of complete nozzle flowfields 

are considered. Section 142 is concerned with discharge coefficients; 

Section 14.3 is concerned with the velocity distribution along the nozzle 

wall and axis; and Section 1414 with the shapes of the sonic line and the 

supercritical jet boundary. 

14.1 Nozzle flo'Tfield 

We shall consider some representative nozzle flowfields in this section. 

Attention is directed towards streamlines (lines of constant )t') and lines 

of constant velocity or Mach number. In the subsonic region the dimcnsionless 
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velocity (v) (defined in Section 2.1) is a convenient parameter, while the 

Mach number (M) is used in the supersonic region. The constant V or M lines 

are also lines of constant gas pressure, density and temperature (through 

equations 2.). This work is primarily concerned with calculations through 

the subsonic and transonic parts of the flow±'ield up to the final 

characteristic which connects the outer boundary to the point where the 

axis intersects the sonic line. Calculations downstream from this line 

can be performed by the method of characteristics as far as the stage at 

which shockwaves begin to develop in the flow. Alternatively, other 

numerical methods may be used (e.g. Taylor, 1968 ) which will allow for 

the presence of shockwaves. The results shown here include calculatiors in 

the shock-free region which extends well towards the plane at which the jet 

reaches its maximum width. 

The first three figures show a comparison between corresponding 

two-dimensional and axially symmetric flowfields for choked flow at 

= 900  (Figs. li.la  and b), critical flow at 3= 900  (Figs. 11.02a and b), 

and choked flow at /3300  (Figs. 403a and b). There is insufficient 

space to show more of the two-dimensional 900  jet in Fig. 401a but a more 

complete picture, similar to this one, is given by Benson and Pool (1965a)0 

The axially symmetric jet in Fig. 1..1b extends to the point at which focussing 

of the characteristics indicates the presence of a shockwave0 

Figs. 4.4 and 4.5 show how the shapes of the streamlines and constant 
velocity lines are affected by the presence of an. approach duct. The case 

Ve = 0.5 is shown for critical and choked tro-dimensional flow at /3 9Q0 

(Figs. 4J1.a and b) and f3= 300  (Figs. 405a  and b)0 
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42 Discharge Coefficient 

The discharge (or contraction) coefficient is the most prominent of 

the nozzleperformance parameters. The effect of pressure ratio is shown 

in Fig. 4.6 for two-di.ruensional and axially symmetric flow. The three 

most significant pressure ratios in the operating range of a nozzle are 

those giving incompressible, critical and choked flow. The values of 

these pressure ratios depend on/13 and '' and are tabulated in Table 4.1 

The corresponding values of discharge coefficient are given in Table 4.2 
(two-dimensional) and Table 1,3 (axially symmetric). The effect of wall 

angle, , on discharge coefficient at the three significant pressure ratios 

is shown graphically in Fig. 47 The effect of 	on C   for axially 

.symmetric flow has not been computed, except in the case /3= 900. 

However, the results in Fig. 48 show that dependence of C 	is 

similar for both classes of flow. 

Figure 1.9 shous how the approach velocity influences the two-dimen-

sional discharge coefficient. We have already seen in Section 21, 

equation2 7, that the approach velocity is closely related to the nozzle 

area ratio. The area ratio is perhaps more useftl for practical purposes, 

but the approach velocity is the more convenient parameter for a solution 

in the hodograph plane. The relationship between these two parameters is 

shown for two-dimensional choked and critical flow in Fig. 4.10(,  

4.3  Velocity Distributions on Nozzle Vall and Axis 

This section is concerned with the variation of velocity with distance 

from the lip along the nozzle wall, and with the variation of velocity along 

the axis. 	For compressible flow, the dimensionless velocity, V, is 

related to the pressure, •p,  by the following equation, first introduced 

in Section 2.1: 
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(2.3) 

where p is the .stagnati:n pressure. For incompressible flow, 

Bernoulli's equation applies: 

10 	'JtIV 

where, in this case, 	and V refer to the absolute density and the 

absolute velocity. 

The results for wall velocities show V plotted against 	/ 

for incompressible flow (where V1  is the velocity at the lip). The ratio 

y1  / y allows us conveniently to plot the whole range of wall coordinates: 

y <oo • This ratio is raised to the power (k + 1) because the 

velocity inside the nozzle is closely related to cross-section area and, 

in the limit 3_o, is given by the one-dimensional flow equation 2.6. 

When plotted in this way, axially syimietric results (k = 1) differ only 

slightly from the corresponding two-dimensional results (k = 0)0 The 

axial wall coordinate, x, is given by the relationship: 

Y - YJ  
- 	 = -tan12 	 (4.2) 

x_xl 

Wall velocity distributions are given in Figs. 4.11 a-c for 

incompressible, critical and choked flow with zero approach velocity. 

The effect of nozzle pressure ratio (shown here as a variation in the 

jet boundary Mach number, H.) is given in Figs. 14.12 a-c. It can be seen 

that there is only a small change to the velocity pattern between the 

critical and the choked conditions. The influence of Y  on the wall 

velocity distribution is negligible and is therefore not shown here. 
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This last parameter would, however, be more significant if pressures were 

to be determined by equation 23. 

When we cQiae to consider the influence of approach velocity on 

the wall velocity pattern, we must also take into account the velocities 

on the surface of the approach duct. The gas on the boundary streamline 

decelerates along the duct surface from V   to zero at the stagnation point 

where the approach duct meets the convergent nozzle wall. It then 

accelerates again up to the lip velocity0 flüs pattern is illustrated in 

Figs. Li.L. and  4.5. The velocity distribution along the approach duct 

surface is shown for choked, two-dimensional flow at a range of values 

of Ve  in Fig. 413. Here, V is plotted against X/y1  wher e X is the distance 

upstream from the stagnation point0 Velocities along the convergent nozzle 

wall are shown in Figs. 1.1! a-d. 

The velocity distribution along the nozzle axis is shown in Figs. 4.15 
a & b for critical and choked flow. 

4.4 The sonic Line and Supercritical Jet Boundary  

Two important features of the supercritical flowfield are the sonic 

line and the jet boundary. Their dependence on the nozzle parameters is 

shown in Figs. 416 - 4.19.The shapes of these lines in axially symmetric 

flow are given for three values of /2 in Eig )1.1 6 The shapes where the 

flow is choked are shown in Fig. I.16a, and Fig.  4016b shows how the shapes 
vary with f3 at a given pressure ratio (in this case, the value corres-

ponding to a jot boundary Mach number of M. = 16) The effect of 

and approach velocity is shown for two-dimensional flow in Figs. 4.17 and 4.18.  

The effect of pressure ratio is shown in Fig. 419 In the limit of 

critical flow, the sonic line and the boundary streamline coincide and the 

whole flow reaches sonic velocity at a plane situated a finite distai ce 
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from the nozzle lip plane. This result the "length" of a critical 

jet -.was shown for two-dimensional flow by Ovsiannikov (1949)  and the 

value of the length in the case (3= 900 was evaluated by Rou.mieu 

(1952) who obtained the value 1.20 Aslariov and Legova (1959) studied the 

effect of approach velocity and found that the critical jet length was 

virtually unchanged until V e > 0.50 Values of the critical jet length 

(Y = 1 .)., V = a), including axially symmetric results, are given in 

Table 4.4. 

Another aspect of the sonic line is the variation of the stream 

function with flow, 
'j'E 
 (8)9  which plays an important part in the 

numerical solution of supercritical problems0 Typical functiors 	(6) 

are plotted for choked and supercritical flow in Fig. 422 In the 

supercritical case the derivative 	 is discontinuous at a 

point which corresponds to the change in boundary condition fronia centred 

expansinn to a free streamline. The discontinuity does not seriously affect 

the integration of the hodograph solution leading to physical coordinates. 
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Choked and Critical Pressure Ratios for o.dimensional and AaUy 

Symetri_lippedNozzles0  

1.0 1.2 1.4 1.667 

2]J 	I 	axi 2D 	I axi 2D 	ad. 2D 	axi 

/3900 0.107 10.100  0066 0.039 1 0035 0.017 	J0.016 

- 
75°  0145 	- 0.098 	- 0.066 	0059 

I 0.036 

60°  0194 	- 00142 J 	- 0104 1 0,096 0.067 	-, 

L15°  0.256 I 	- 0.202 I 	- 0,159 !0150 0.115 	- 
Id 

30 0.335 I 	- 0,280 0.234 	0.224 0.186 	I 
I I I 

i o  0o435 	- 0o384 	- 030 1 0,330 0.289 	I 	- 
Critical Flow 0.607 0.565 005281 0487 

Table 4.2  
reC2e efficients for Two-dimensional flaw (V = o) 

nozzle 
Choked 	flow Critical 	flow - com- 

______ ______________ _______ ________ pr e s sible 
angle 

(i's) 
flow ç=1 .o 12 loLi. 11,,667  10cj 12 1J. 1667 

900 0,663 0.856 0849 00840 0754 0749 00L15 0.739 0,611 

75°  0.881 0.875 0.870 0.862  0.785  0781  0777 0.772 0647 

60°  0.902 0897 0.893 0.887 0.822 0.818 0814  0.810 0.692 

450  0.926  0.922  0919 0o915 O864 0.860 0858 0.854 0747 

300 0 951  0090 0947 00944 0911 0.908 0.906 0.903 00814 

150 0977 0976 0976 0.975 0959 0958 00957 0 955 0.897 
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Table 4.3 

Diseharre Coefficients for Axially Symmetric flow (Ve = 0) 

Choked Critical incoin- 
Flow flow pressible 

100 0.8145 0.736 
12 0.837 0.731 0.591 00 
1.14 0,830 0.726 
1.667 0,821 0721 

750  0.850 0.757 0.625 

600 0874 0794 0.669 

145° 
 0.902 0.839 0.723 

300 0.9314 0.891 0.793 

15°  0.970 0949 0.883 

Table 	)4o)4 

Length of Critical Jet - 	I y
1 
 (V e = 0; 	' = 1.4) 

Wall angle 	(,'3 ) 15° 300 145 
0 60° 750 9Q0 

two-dimensional 1.15 1.19 1,20 1.20 120 1,20 

axially symmetric 0.72 080 085 087 1 	088 088 
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CHAPT]R 5 

EXPERIIIEMTAL WORK  

_Introduction 

The programme of experiments on flow through sharp-lipped nozzles 

is described in this chapter. This part of the work had two objectives0 

The first was to provide information on typical nozzle performance to 

supplement that available in the published literature. The second objective 

was to study some of the factors which might cause real nozzle flows to 

differ from the theoretical predictions. In particular, the effect of 

departures from the ideal sharp lip" geometry was studied. 

The experiments were performed on axially symmetric and two-dimensional 

nozzles whose general configuration is shown in Figs. 51 and 52 The 

axially symmetric nozzles had an entry diameter of 50mm and a nominal throat 

diameter of 1205mm (005 inch). The two-dimensional nozzles were made by 

enclosing two 10mm thick wedges between plane perspex walls; the entry 

width was 1 00 and the nominal throat width was 1 Om. Such a nozzle can 

only be regarded as being "two-dimensional" if the effects of boundary 

layer growth on the side walls are considered to be negligible. The inlet: 

throat area ratio for all the nozzles was large enough for any entry 

effects to be negligible. The experiments are therefore concerned with 

nozzles having an essentially zero approach velocity. 

The flow of air ( Y = 1.4) was studied for wall angles in the range 

150  0 900  at pressure ratios in the range 02 	r 	1 000 Most of 

the measurements taken were for mass flow (leading to discharge coefficients), 

although some of the axially symmetric nozzles were provided with pressure 

tappings on the walls. The side walls of the two-dimensional nozzles had 
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tappings along the axis, The remaining sections of this chapter are 

concerned with the details of the experiments. Section 52 describes 

the apparatus used for the tests. The nozzles themselves are described 

in Section 53 Details of the evaluation of the experimental results 

are discussed in Section 

5.2 Description ofapparatus 

It was necessary to base the design of the apparatus on existing 

equipment. The components of a blow-down supersonic wind tunnel seemed 

particularly appropriate0  The decision to use an intermittent rather than 

a steady-flow technique was made at the outset because it placed a less 

severe restriction on the air flow rate. A nominal throat diameter of 

12,5 mm (0,5 inch) was selected as being a reasonable compromise between 

the desire for along run-time to avoid transient problems, and the need 

for a nozzle large enough to be easily made and supplied with pressure 

tappings. 

Two sets of apparatus were constructed for this work. The first operated 

on the 'blow.s3own!t principle, using the compressor and storage tank of the 

supersonic wind tunnel. The layout is shown in FLg. 50, After the tank 

had been charged by the compressor it was discharged to atmosphere through 

the test nozzle. The parameters to be measured we2e monitored at regular 

intervals and logged on paper tape to be processed later by computer. 

This experimental system was not wholly satisfactory, in particular because 

it did not allow the accurate measurement of mass flow. Although many 

of the short-comings could have been. eliminated by suitable modifications, 

it was decided instead to develop an alternative system. The second 

apparatus is shown in Fig. 5.4 and operated on the indraughtu principle. 
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Temperatures and pressures were measured directly with thermooup1es 

and manometers. The indraught system was very successful and provided 

all the results to be discussed later. However, the development of the 

blowdown apparatus occupied a significant period of time and it will 

be described in more detail in Section 5.2.1 which follows. A detailed 

description of the indraught apparatus is given in Section 52.2 

5.2.1 The Blcwdown s 

The layout of the blowdown system is shown in Fig. 503 and the 

apparatus itself in the photograph in Plate I. The volume of the 

storage tank was about 1Qra3  and the maximum pressure was 10 bar absolute. 

T-ie 'ate of discharge through a typical test nozzle caused the tank pressure 

to fall from 10 bar to 2 bar absolute in about 5 minutes. Such a low 

rate of change meant that wave effects upstream of the nozzle were negligible 

and the flow could be regarded as "steady" at any instant in time. 

The static pressure just upstream of the nozzle (effectively the stagnation 

pressure) and various surface pressures to be recorded were led to a 16 - 

channel switching valve which was designed for the purpose and which is 

shown in the photograph in Plate 110 The switching valve was rotated from 

one position to the next at a onstant rate, connecting each pressure input 

in turn to the transducer and, after allowing time for transients to die 

away, automatically logging the signal on punched tape. Although the 

switching valve had nominally sixteen pressure channels, two channel positions 

were occupied by separate transducer signals sensing the venturi pressure 

drop and air stream temperature. The logging process proceeded steadily 

throughout the test run at a rate of 214 channels / minute which meant 

th:t each measurement point was visited every 140 seconds. Smoothing and 

interpolation of the paper tape record eventually yielded sets of 

"simultaneous" pressures, temperatures and rates oflow. 



70. 

The blowdown system worked well for the recording of nozzle surface 

pressures. Any errors introduced by the numerical processing of the 

results were small compared to the inherent error in the transducer, 

which was about 1%.  Mass flow measurement with the apparatus was not 

so satisfactory. The particular needs of the present project demand 

that the random errors in flow measurement be less than 1%. Such 

accuracy could not be achieved, firstly because of errors introduced 

in the transducer - logger - interpolation sequence, and secondly because 

of uncertainties in the stream temperature which dropped considerably 

as the air in the storage tank expanded. 

Several weak points existed in the design of the apparatus. Many of 

these could have been eliminated by appropriate modifications. It was, 

however, felt that the nature of the blowdown system was not suited to 

the precision required in the results and that the indraught system offered 

better chances of success. 

52.2 The 3ridraw7ht Ipparatus 

The ind.raught system is shown in Fig. 5.4. A photograph of the 

test section is shown in Plate III and details are given in Fig. 505. 

The design of the system was largely carried out as a project by a 

final-year undergraduate working under my supervision and details are 

given in his report (Miller, 1975).  1'nich of Miller's project was devoted 

to the design and commissioning of a water ejector pump to perform the 

task of evacuating the 10m3  tank. This took advantage of an existing 

elevated reservoir which provided 46 m3  of water at 20m head. The water 

drained into a sunip and could then be pumped back into the reservoir. 

The ejector pump evacuated the air tank to 0.2 bar inthout 45 minutes. 

Nozzle throat diameters of 125 inn gave typical times of about 3 minutes 

for the tank pressure to rise from 02 bar to 0.53 bar (joe0 the critical 

pressure ratio). Air was dram from the atmosphere through an orifice flow 
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meter (see Fig 5.5). Provision was also made for the air to be first 

dried with a silica gel drier, but this part of the apparatus was not 

used for reasons which will be discussed below. The stagnation pressure 

was virtually constant at the atmospheric value, apart from the small 

drop across the drier and orifice plate. The orifice pressure drop was 

measured on a water nicromanometer, the total drop between atmosphere and 

nozzle inlet was measured on a water manometer; and the pressures in the 

nozzle exhaust iegion and on the nozzle surfaces were measured on a bank 

of mercury manometers. All the manometer readings could be simultaneously 

isolated by a multi-channel switch. The switch consisted of a row of 

parallel, thick.-wafled neoprene tubes which could be sealed by a bar 

depressed by a lever and cam. The experimental procedure was to wait 

for the manometer readings to settle and then to close both the manometer 

isolating switch and the main flow valve before recording the readings. 

The function of the silica gel drier is to reduce any effects caused 

by water vapour in the air. 	Undried atmospheric air in the laboratory 

had a specific htmidity of about 0007 This proportion of vapour would 

not significantly alter the thermodynamic properties of the air but it 

might affect the flow if it condensed to form liquid water Cr ice 

droplets. As the Nach number of flow increase the local temperature 

decreases. Under equilibrium conditions we would expect condensation 

to take place as soon as the temperature reached the dewpoint. In practice, 

the air-vapour mixture continues in a state of metastable equilibrium, the 

vapour becoming supercooled by 30°C or more. The formation of water 

(or ice) droplets takes place at a finite rate and the actual degree 

of supercooling depends on the physical dimensions of the LJ.owfield0 

By initially drying the air, the onset of condensation is delayed because 

the dewpoint is lower and the ulitmate effects are less serious because 

there is less water present. 
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It seems probable that condensation, even when using undried 

air, is not an important factor in the sharp-lipped nozzle experiments 

which are discussed here. The lowest exhaust pressure reached in 

experiments on the inth'aught apparatus was 02 bar which corresponds 

to a local stream temperature of -90°C0 Undried atmospheric air would 

at this stage have a dewpoint of about -15°C (the dewpoint is itself a 
function of Mach number). The only part of the transonic flowfield which 

experiences the extreme Mach numbers is the comparatively small region 

near the lip containing the Prandtl-Meyer expansion. Pope and Goin (1965) 

quote evidence that a flow where the rate of change of temperature is 

100°C per centimetre can sustain as much as 100°C supercooling before 

condensation can be detected. The rate of cooling near the lip in 

the nozzle experiments was several times greater than this and lends 

support to the proposition that no significant condensation takes place 

within the transonic flowfield. 

The experimental procedure with the drier present would be more 

complicated and less accurate because of the: meed to record temperture 

differences. It was therefore decided to antt the drier from all the 

experiment8whose results are reported here. In the event, there was 

insufficient time to commission that part of the apparatus and to 

investigate possible condensation effects. 

503 Descrijtion of Tests 

It was convenient to divide the experiments into three series. 

Series A consisted of tests on axially symmetric, conical nozzles 

covering a range of wall angles. Discharge coefficients and wall surface 

pressures were determined as functions of pressure ratio. Series B was 

concerned with two-dimensional nozzles and discharge coefficients and 

pressure distributions along the axis were obtained. The purpose of the 
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Series C experiments was to examine the effects of lip geometry 

and wall surface finish. 

53.1 Series A - Axially Symmetric Nozzles 

The following axially symmetric nozzles were construcied: 

No. 1 	 No. 5 	= 45 
2 0900 	 6*1 

J 	 j 
(30O 

3 	 7  
4 	(360° 	 8 	(3 = 15°  

The nozzles conformed to the basic design shown in Fig. 501, 

but only those marked with an asterisk in the above list (nos. 1,4 & 6) 

were provided with wall pressure tappings. AU the nozzles were 

machined, from mild steel and the flange dimensions (see Fig. 5.1) were 

designed originally for use with the blow-down apparatus. Photographs 

of nozzle nos. 1,4,5,6 and 8 are shown in Plates 	IV and V. 	Three nozzles 

with (3= 900  and two with (S= 300  were made so that the duplicates could 

be used for the experiments of Series C. Each nozzle had an inlet diameter 

of 10C= and a nominal throat diameter of 12.5 inn. These figures represent 

an area contraction ratio of about 16:1 and mean that flow conditions at 

the inlet plane have anegligible influence on the flow in the throat. 

Details of the exact dimensions of the nozzles are given in Appendix 

B. The throat diameters were determined with a tIShadnnstern profile 

projector, The model mounting table on this instrument is fitted with 

a micrometer and accurate measurements can be made by moving the silhouette 

across a fixed line on the screen. The radial locations of the centres 

of the pressure tapping holes on the nozzle walls were obtained by a travelling 

microscope. The lip profile shapes were obtainedy the method described 

below in Section 5.3,4 
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The surface finish on each nozzle wall was measured by a 

Taylor'Hobson "Talysurf". The results are given in Appendix B as 

"Centre - line Averages" (C.L.A.). This parameter is defined as the 

average depth below a relatively large plate skating across the suiface. 

It is arguable whether this is the best way of describing a surface 

profile, but it is certainly the easiest to determine. The Talysurf 

automatically records the C.L.A. value, although some difficulty was 

encountered in obtaining consistent readings on the conical surfaces. 

Discharge coefficients for this series of axially symmetric nozzles 

are shown in Fig. 5.6 plotted against pxessure ratio. Wall pressures 

for nozzles I and 6 ( P = 600 and /3 = 30°) are shown in Fig. 5.7, 

also plotted against pressure ratio. It was found that the wall pressure 

tappings on nozzle no. 1 ( (3 = 90 0) 
had been placed too far away from 

the lip to detect any appreciable pressure drop from the stagnation value. 

No wall pressures for this nozzle have therefore been shown. 

5.3.2 Series 3 - To-Dimensional Nozzles 

The experimental arrangement for testing two-dimensional nozzles 

is shown in Fig. 5.2 and in Plate Vi. It consisted or a rectangular 

duct with perspex side-walls lOOm high and 10mm wide. Air from the 

drier and flow meter entered the duct through a Laired inlet and discharged 

into the pipe leading to evacuated tank. The nozzle was formed by attaching 

wedges to the top and bottom surfaces of the duct, resulting in a throat 

g 
which was nominally 10mm square. The ax/a contraction ratio from duct to 

throat was thus 10:1 which again means that flow conditions in the approach 

region will have a negligible effect on the results. One of the duct 

side-.alls was provided with pressure tappings along the axis. All dimensions 

were obtained by a travelling microscope and are given in Appendix B. Wall 

surface finish was measured by the Talysurf. Lip profiles were determined 

by the method bf Section 5e3.4. 



75. 

The £oUo-zi.ng  two nozzles were tested: 

No. 9 O=9Q0 	 No. 10 (3=300 

Discharge coefficients are shown in Fig. 58 as a function of pressure 

ratio. It can be seen that the results for nozzle 9 (3 = 900) are not 

satisfactory, probably because of interference between the jet free 

surfaces and the downstream faces of the wedges (inclined in this case 

at 300  to the axis). Pressures on the axis for nozzle 10 only are given 

in Fig. 509. 

5.3.3 Series C - ]4pProfile and Wall Roness Effects 

Finite radius of curvature at the lip. 	The effects of small 

radii of curvature on the lips of axially symmetric nozzles were studied 

for the cases 	f2= 900  and r,= 300 The lips of nozzles nos. 2 and 7 

were progressively blunted with fine emery paper. At each step the 

discharge coefficient was measured as a function of pressure ratio, and 

the lip profile obtained by the method of Section 534. This technique 

resulted in lip profiles which were sufficiently close to circular arcs 

for the purposes of the investigation. The results for two pressure 

ratios r = 053 (critical) and r = 025 (choidng in the case 3= 300) are 

shown in Table 5.1 	In the case of nozzle no. 7 ((3= 30 0) 
some smaller 

values of lip radius were obtained by re-machining the sharp-lip and 

repeating the blunting procedure in a more cautious way. 

Finite Throat Thiclmess. We are concerned here with the 

case where the throat has a short cylindrical section.. The effects 

of finite throat thickness were studied for axially symmetric flow at 

(3 = 900 Nozzle no. 11, hcwn in Fig0 5.10 was constructed for this 

purpose. The downstream end of the throat sect-on was progressively 

machined away and the range OO! E t/d 	05 was covered, where 

t1  is the throat thickness and d its diaiieter. At each stage, the 
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discharge coefficient and the pressure in the throat bore just downstream 

from the lip were measured as functions of pressure ratio. The results are 

shown in Figs. 5.11 and 5.12 The process of machining away the throat 

resulted eventually in the formation of an 20mm diameter counter - bore on 

the downstream side of the nozzle. It is probable that, at the lower pressure 

ratios, the jet would expand to this diameter and attach to the counter-

bore surface, thus altering the downstream conditions experienced by the 

flow in the throat. This would explain the discontinuities in the results 

at the lower pressure ratios and lower values of t1/d which are especially 

noticeable in Fig. 512 

(iii) lJaU Surface Finish The influence of wall roughness on the 

discharge coefficient for the axially symmetric case = 90 was studied. 

Nozzle no. 3 was first of all polished and then progressively roughened by 

emery cloth. At each stage, discharge coefficients were obtained and the 

roughness measured by the Thlysur.f. Th significant differences in C   were 

found for C.L.A. values of 0.05 )..m, 0.3 J.tm. and 0.1. j&m. A final test 

with a C.L.A. value of 3.3 }.tm, obtained by machining the upstream face 
of the nozzle, produced reductions in C   of about 0.013 at given pressure 

ratios, However, the effect may have been partly due to distortion of the 

nozzle lip. A more carefully planned series of experiments is needed 

before firm conclusions about the effect of wafl roughness can be drawn. 

5.3.4, Measurement of Lip Profiles 

The shapes of the nozzle lips,  were obtained by a casting technique. 
/ 

A mould was made by slitting a 10mm length of 5mm bore polythene tube and 

placing it astride the lip. The mcld was sealed and held in position by 

plasticine0  Quick - setting Araldite epoxy resin was then injected into 

the mould. VJhen the casting had hardened, it was removed from the nozzle 

lip, laid on a horizontal surface, surrounded by a larger mould and a 
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second resin (Araldite 219) was poured round it. When this had also 

hardened, the original lip casting was now embeded in a block about 

20mm high and 30aiira in diameter. The surface of the block was ground away 

until an axial cross-section of the original nozzle lip was revealed. 

The block surface was then polished and photographed using a Zeiss microscope 

fitted with camera attachment. Some typical lip profiles obtained in this 

way are shown in Plates VII - U0 A scale to the photographs was provided 

by photographing a 10 - micron grid at the seine magnification. 

This technique for determining lip profiles is similar in principle 

to that used at the National 1hgineering Laboratory and described by 

Gallacher (1968). It is less elaborate (little attempt was made to eliminate 

air bubbles from the quick-set Araldite) and is probably less accurate 

because the two resins are not dimensionally stable. There was also 

difficulty in ensuring that the casting was sectioned and polished across 

the correct plane. Some of these errors were reduced by averaging the 

results of three or four castings. It was estimated that the lip radii 

could be determined to an accuracy of ± 10 	which is adequate for our 

present pu.poses0 

5.4 Evaluation of results and estimation of errors 

DischaLf coefficient 

The discharge coefficient is defined as: 

Cd = 
	

(51) 

where ía is the actual mass flow through the test nozzle and i
t
is the 

theoretical value assuming one-dimensional flow in the throat. The orifice 

flowmeter is used to measure ih and we may write: 

ri = 
 

(CcL)mAm 
( 	m (c) 	

RT 
01  

	

(5.2) 
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where (Cd)m is the orifice discharge coefficient; A is the orifice 

throat cross-section area; and pin,  (m 	T and u are the pressure 

density, temperature and velocity of the jet issuing from the orifice. 

The effects of compressibility are small but not negligible, and it is 

necessary to introduce 	the Mach number of the jet. The usual 

isentropic flow relationships can be used to express u, T and p in 

terms of N and the stagnation properties, p0  and T,  upstream of the 

orifice: 

Tm  T0/(I4 M 
- 	r) 	 (5.t) 

- /()q—  2. 

Since N in  is small, equation 5.5 can be expanded by the binomial theorem 

to give: 

from 

— 

from which we get: 

(.6) 

IL 	2. 	 24I 	 () Moh 

where Ap is the orifice pressure drop. Substitution into equation 

5.2 gives: 

	

(c + 	J (5.8) -- 

The orifice discharge coefficient is also a function of N . We may use 
M 

the numerical solution to axially symmetric flow throgh an orifice to 

determine the following expression which is valid for small N2  
m 

(C) 	Cc)(t + ov' M1) 	 (5.9) 
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where (Cd) is the discharge coefficient for incompressible flow. 

Substitution into equation 58 leads to: 

T 
~ fn 

(cs) 	m - j:A:: 	C 	 :::- 	 (5.10) 

We may set Y= 1 .4 for air in equation 5010, expand again by the 

binomial theorem for small H2, and substitute from equation 507 to obtain: 

/ _0-3~_ All) (5,11) m4 RT0 

The final term in equation 5.11 is the compressibility correction for the 

orifice meter. Some of the larger mass flows in these experiments led 

to orifice pressure drops of 100 P-m of water, involving a compressibility 

correction to it of about 0.4%, 

The theoretical, one-dimensional mass flow through the test nozzle, 

is given by the following equation: 

L 
	

(5.12) 

where A is the throat area; and (2, U1, p1 	and T1 are the density, 

velocity, pressure and temperature at the nozzle lip. By expressions similar 

to equations 5.3 - 5.5 we may express At in terms of H1, the Mach number at 

the lip, and p and T5, the stagnation conditions upstream from the nozzle, 

as follows: 

M L 
'FR _-F (k-171 M)2 1) 	 (5.13) 

The value of N1 depends on the nozzle pressure ratio r, as follows: 

Subcritical, 	r' > 	 : 	ML 

~LPerriti, 	r < 	 : 



ME 

Substituting equations 5.11 and 5.13 into equation 5.1, we obtain the 

following expression for the discharge coefficient of the test nozzle: 

çM(') 
Ca (Ca) 	

T5 

() 	P. ML 

(5.Th) 

we may note that PS = p - Ap and that 4p/ PO 
is small. 

Thus we have: 

+) 	 (5.15) 
S 

Substituting equation 5,15 into  5,14, and taking 	'= 1 .)., we obtain: 

(1-+ 0 -2 
-z-3 

L) 
(5.16) 

L 

The experiments discussed here were conducted without the silica gel drier 

so that T5  = T0 = T 
ap the atmospheric teiierature. The effect of 

the drier would be to heat the air so that T>T 
a  Some of this heat 

is then lost again to the duct wall giving T5< T0 0 

Assuming that individual errors obey a Gaussian distribution, the 

following expression gives the error in Cd: 

- rr 8ccj-) C,SA 
1Z 	

S-k 

I- 

 

tL01 L J 	[i 
[Ts]t  [1 ± 
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Other errors in equation 5016 arising from the terms involving 
11,

1  are 

assumed to be negligibly small. No error in 
'm  has been given because 

it is included in the error for (Cd)o We shall now consider each of 

the error terms in equation 5.17.  

Error in (Cd 	The metering orifice was calibrated by using o 

a test nozzle of Imown discharge coefficient. Stratford (19614) 

has shown that a convergent - divergent nozzle whose wall profile 

- 	is a circular arc of radius equal to about twice the throat diameter 

makes a suitable calibration nozzle. Its discharge coefficent 

can be estimated by considering small perturbations from one-

dimensional flow and by calculating the boundary - layer 

displacement thiclmess along its wall. The calibration nozzle 

used here was estimated by Stratford' a method to have a Cd  of 

0.992 + 00020 After allowing for the errors in the other 

quantities involved in the calibration the metering orifice was 

estimated to have a coefficient of (Cd)' = 0.612 + 0003 

Error in A. 	The throat diameter could be measured on the 

profile projector to within + 0001mnir•, The nozzle throats were 

not quite circular and the average of four diameters was assumed 

to be correct to + 002 mm leading to an error in A (for a nominal 

125 diameter throat) of + 

Error Li Po The atmospheric pressure could be measured with 

a mercury barometer to an accuracy of + 0051'0. When the silical 

gel drier is not present 
p 0 

is equal to the atmospheric pressure, 

The additional term introduced by the pressure drop across the drier 

was estimated to produce an error of ± 0.1% in p0. 
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Error in A.p. The micromanoraeter accuracy is estimated to 

be + 

Errors in T and T0 	The errors are only present when the 

silica gel drier is used. It would be possible to measure 

these temperatures to an accuracy better than 10  C - giving 

an error of 1  03% in the absolute temperature. 

When these errors are substituted into equation 517, the estimated 

error in the determination of discharge coefficient is found to be 051CO7  

With the drier present the error rises slightly to 06%. The dominant 

error arises from the determination of the throat area and in the calibration 

of the metering orifice. The situation is improved slightly if we are 

interested only in comparison between results, for then the orifice 

calibration error is not important. 

5.4.2 Pressure ratios 

The pressures on the nozzle surfaces and the exhaust pressures 

were measured on a bank of mercury manometers whose readings were preserved 

by the operation of the isolating switch. Absolute pressures were. measured 

directly to an accuracy of 0.5m Hg by including a barometer in the manometer 

bank (which had a common mercury reservoir)0 All the tubes were of the 

same diameter so as to eliminate any errors due to surface tension. The 

only other possible source of error was manometer lag due to the fact that 

the pressures being measured were slowly changing0  fin analysis of the motion 

of a mercury column before and after the closing of the isolating valve 

showed that, for the size of pressure tappings being used (1mm diameter or 

larger), manometer lag was not a significant factor. 

The most serious error arose when metering measurements at the lower 

pressure ratios. The error in the nozzle stagnation pressure, p s  I  is about 

0.1%. This means that the accuracy of the manoier reading is the dominant 

factor. Pressure ratios are therefore accurate to about 05 at the lowest 
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exhaust pressures and accurate to about 0.2% near the critical pressure 

ratio. Nozzle wall pressures are all greater than the critical pressure 

because the flow along the wall is aubsonic. They are therefore coTrect 

to within 0.2%, 
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TABLE 51 

Effect of Lip Radius on Discharge Coefficient 

throat 

diameter 

(d 	) 

lip 
radius 

(rl 	JA 111) 

r 

d d 
(r = 0.25) 

d 

(Critical) 

Nozzle No, 7 

(3 = 	300 

12.80 80 0,006 0,9)47 0914 

12.97 230 0.018 0.946 0,915 

13,12 240 0.018 0.948 0.917 

13.37 290 0,022 0.954 0,926 

13.55 280 0.021 0.951 0.922 

13.68 10 0.001 0.9)4)4 0.910 

14090 40 0.003 0.9)45 0,912 

Nozzle No. 2 

= 	900  

1278 10 0,001 0,822 0.738 

12.98 140 0.011 0.8)4)4 0,763 

13,13 170 0.013 0.856 0,776 

13,28 300 0.023 0,880 0.803 
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CHAPTER 6 

DISCUSSION 

61 Introduction 

We now turn to the question of how well the numerical results 

presented in Chapter 4 predict what happens in practice. The theoretical 

results are based on the following assumptions: 

the gas is ideal, with constant specific heats. 

the flow discharges into a still atmosphere. 

the approach velocity to the nozzle is uniform 

the flow is irrotational 

the nozzle has a sharp lip 

The ideal gas assumption (a) is not an essential restriction to the 

theory. Any appropriate equation of state could be used to provide 

gas properties in equatior62023 and 2.27. However, most of the 

available experimental data refer to the flow of air which may be 

regarded as an ideal gas for all practical purposes. It is also 

easy to satisfy assumption (b), a still atmosphere downstream of the 

nozzle. Difficulties would only arise if the cross-section area change 

between the throat and the exhaust duct were so small that significant 

recirculation velocities were induced by entrainment at the JA surface. 

Assumption (c) - uniform approach velocity - is a condition which 

cannot be totally satisfied in practice. This discussion is mainly 

concerned with a comparison of theory and experiment for the case of 

zero approach velocity and the computed results given in Chapter b 

show that, for area contraction ratios greater than 10:1, the flow in 



the throat region is virtually independent of the upstream boundary 

condition. We will therefore assume that experimental results from 

nozzles having area contraction ratios greater than 10:1 may be compared 

with theoretical values for zero appraoch velocity. 

The assumption (d) of irrotational flow is not valid in practice. 

There will be boundary layer growth along the nozzle wall, and there 

will be interaction between the surface of the jet and the atmosphere. 

These viscous effects will be considered in greater detail in Section 

6.3 Shocks in the flow will also introduce rotational effects, but 

these are well downstream from the lip plane and do not concern us 

here. 

It is not possible to manufacture a nozzle which has a truly sharp 

lip - assumption (e)0 .An actual lip  profile will always have a finite 

radius of curvature. The throat section may also be cylindrical for 

a short length. These geometric factors are an important source of 

discrepancy between theory and experiment and are examined in detail 

in Section 6.4. 

In section 6.2 we shall consider the available experimental data 

on sharp-lipped nozzle flows and compare them with the predictions of 

Chapter Li.. The most likely causes of discrepancy  between theory and 

practice are viscous effects and departures from the ideal lip geometry 

which are discussed in Sections 63 and 64 

62 Comparison of Theoretical and Experimental Results 

10 classes of data are available for comparison between theory and 

experiment - discharge coefficients and flowfield pressures. We shall 

consider results from the experimental programme described in Chapter 5 
and from previously published work. 
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6.21 Discharge Coefficients ........... 

Measurements of discharge coefficients form the greater part of 

the available data. Most workers have been concerned either with the 

performance of metering orifices ( /2 = 9.0°) or with aircraft propulsion 

nozzles (3 400) There is a lack of published information in the 

range )400</3 < 900. Axially symmetric results for /3 = 900 have 

been published by Callaghan & Bowden (1949), Grey & Wilsted (1949), 

Perry (19)49), Grace & Lapple (1951 ), Liepmann (1961) and Brown (1968). 

These results are plotted against pressure ratio in Fig. 6.1 where the 

theoretical curve and experimental values for nozzle no.1 in the present 

study are also shown. Fig. 6.2 shows experimental points for nozzles 

no. 4 (600)  and no-5 (450) together with the corresponding theoretical 

curves. Discharge coefficients for axially s7rJf1etric nozzles in the 

range 0 < 	hO°  have been published by Grey & Wilsted (1949), 

Brown (1968), Hebbar el al (1970) and Thornock & Brown (1972). These are 

shown in Figs. 6.3 ((3= )40°), 6.)4 (= 300) and 6.5 (1S= 200 ) together 

with the appropriate theoretical curves. The results obtained here 

for nozzles nos. 6 and 7 	( 300 ) and nozzle no. 8 ('3= 150)  are also 

shown in Figs. 64 and 6.5. 

Two broad observations can be made about the information given 

in Figs. 6.1 - 6.5. Firstly, the general shape of the experimental results, 

plotted as a function of pressure ratio, agrees with the theoretical curves. 

Secondly, there is a tendency for the observed values to be larger than 

the theoretical predictions, particularly for those results obtained in the 

present study. In no other workers' results have, error estimates been given. 

In the present study, we can say that the discrepancy between theory 

and experiment is considerably larger than the estimated experimental 

error - several percent in same cases. These differences are largely 
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due to deviations from the ideal sharp-lip geometry, a matter discussed 

in section 6.4 below. 

Qaly two sets of experimental results for flow through two-dimensional 

nozzles appear to have been published. Benson & Pool (1965  b) examined 

90°, and Brown (1968) f3= 200 and (3 = ItO°. Discharge coefficients 

from lJcse sources are shown in Fig. 6.6, where the theoretical curves and 

the experimental data obtained in the present study from nozzle no. 10 

( 	(3 = 30 0) 
are also shown. The observed results for nozzle no. 10 are 

lower than predicted, perhaps on account of the presence of side-wall 

boundary layers. Brown's results are too high, probably because his 

flow ineasuremt technique was inadequate (he quotes Cd)  1 0 in the 

case 13 = 200). The values given by Benson & Pool are also high at low 

pressure ratios, and the authors themselves express doubts about their 

flow metering devices. 

To conclude this discussion of discharge coefficients, it is worth 

mentioning the data given by Licpmann (1961) who investigated the effect 

of 	on choked flow through an orifice ( 13= 900, axially symmetric).  

His results are shown in Fig. 6.10., together with the theoretical values 

for two-dimensional and axLaJT symmetric flow. A virtually linear 

relationship between C   and 	appears to be confirmed. 

6.2.2 Ilowfield Pressures 

The iiieasa:ejnent of static pressures in the £lciwfield provides more 

data for a comparison between theory and experiment. Little information 

of this nature exists. The experiments described in Chapter 5 yield wall 

pressures for axially symmetric flow at (= 
30 0 and /3= 600  They also 

yield pressures along the axis for two-dimensional flow at /3= 30
0 

c 

The ratio of local static to stagnation pressure is related to the local 



velocity or Mach number through equation 2.5b.  The experimental results 

first shown in Figs. 58 and 5.10  are compared with theory at selected 

jet Mach numbers in Fig. 67 (axially symmetric wall velocities) and 

Fig. 6.8 (two-dimensional axis velocities). 

Brown (1968) studied axially symmetric flow through "half-nozzles" 

which were sectioned across an axial plane and attached to a flat plate 

provided with pressure tappings. Stanton (1926) and Cunningham (1 91) 

made pressure traverses with fine probes along the axes of circular 

orifices. The coordinate, x0, at which the sonic line crosses the axis, 

is a convenient parameter to examine. The values of x0/y1  (where y1  is 

the lip radius) from these three sources are shown as a function of nozzle 

pressure ratio in Fig. 6.9, where the theoretical curve is also given. 

We may conclude from this evidence that theoretical and observed 

flowfieid pressures are in satisfactory agreement. The observed axially 

symmetric wall velocities shown in Fig. 6.7 are slightly lower than 

those predicted by theory, particularly in the case of choked flow. 

A clearer picture would have been given if the pressure tapping points 

could have been placed closer to the lip on these nozzles. The two-dimen-

sional jet velocities Fig. 68) are slightly lower, than predicted at 

the critical pressure ratio. This is probably due to viscous interaction 

between the jet and the (supposedly stationary) surrounding atmosphere. 

63 Viscous Effects 

The purpose of the discussion in this section is to assess the degree 

to which viscosity affects the theoretical predictions of nozzle performance 

presented in Chapter ii.. Sharp-lipped nozzle flows experience the following 

viscous effects: 

(a) boundary layer development in the approach duct for cases 

of non-zero approach velocity 
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interactions between the jet and its surroundings in the 

downstream exhaust chamber 

boundary layer growth in the flow along the nozzle wail 

towards the lip. 

The flow in the approach duct does not concern us here, since we 

are only considering cases of zero approach velocity. It was explained 

in Section 6.1 that, for practical purpcses. nozzle flows experiencing an 

area contraction ratio of 10:1 or more may be assumed to fall into this 

category. 

Interaction between the jet and its surrounding atmosphere will have 

two effects. Firstly, the shear layer at tho interface will thicken and 

the consequent change to the boundary condition will influence the whole 

jet. The evidence on the behaviour of high-speed jets (e.g. Ladenburg 

et al, 1948)   suggests, however, that the "blurring" of the jet boundary 

is negligible for the first two or three throat diameters downstream from 

the exit piano. The flow through the throat is therefore unlikely to be 

significantly affected. The second consequence of a shear layer along 

the jet boundary is that the entrainment of surrounding gas will induce 

recirculating flow in the exhaust chamber. An inortant factor here is 

the ratio of the downstream duct cross-section area to the throat area. 

In the case of the axially symmetric experiments described in Chapter 5 

this ratio is about 6:1 (see fig0 505) and it is unlikely that induced 

velocities will be significant. The two-dimensional duct (Fig. 52) has 

a downstream area ratio of only 10:1 which might be low enough to cause 

significant pressure variations within the recirculation zone. 

In order to discuss the boundary layer growth along the nozzle wall, 

it is worth obtaining an estimate of its displacement thickness, in the 
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case of the nozzles described in Chapter S. The boundary ]ayer is 

assumed to be laminar and the following formula (Stratford, 1964) 

will be used: 

= 132 (i + 0.28 142)  Re1" 

X = M -5 
S 	

d  

where 	is the displacement thickness; 14 is the wall Mach number; 

(6.1) 

s is the physical distance along the nozzle wall; and Re)  is the wall 

Reynolds number based on X. The variation of 14 can be obtained from the 

computed wall velocity distributions (Figs. 4.11 and 112) Even though 

the validity of equation 6.1 should be questioned in the region of high 

acceleration just upstream from the lip,  we can still use it to obtain 

order - of - magnitude estimates of the displacement thickness. When the 

calculation is performed for critical or supercritical flow through an 

orifice (/3= 900) with a throat dianEt' of 12.5mm,  we find that 	is 

fairly constant at about 6 IA-m as the boundary layer approaches the lip 

and then drops rapidly to 1 jm at the lip itself. We would expect larger 

values of 	for (3< 90 0 
because the velocity gradients become less 

steep. 

A boundary layer of finite thickness at the lip will have several 

effects, It will tend to block the throat and so reduce Cd.  However, the 

rapid reduction in 	just before the lip will "round off" the effective 

nozzle wall and thus increase 	There is also the possibility of exhaust 

pressure changes influencing the flow inside the nozzle through the subsonic 

pert of the boundary layer, even if the nozzle is operating below the 

choking pressure ratio. Further investigation is needed to determine the 

relative importance of these effects. 
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The overall influence of viscosity on a nozzle flow can be discussed in 

terms of the lip Reynolds number, Re.,.,defined as: 
L. 

Re 
L 

cL VL  n.  
P7 

where d is the throat diameter; V is the lip velocity (actual, not 

dimensionless); and 	and 	are the density and viscosity at the 

lip. In critical and supercritical flow, the lip conditions are the sonic 

conditions. It is not easy with most experimental arrangements to achieve 

a wide variation in Re1, and the task was not attempted in the present 

work. Several studies of the influence of Re1  on C   for orifice flows have 

been published. Grace and Lapple (1951)  considered incompressible flow, 

and their results can be sunnarised in the following equations 

C 	= (Cd) 
	1 1 + 80 / Rel ± ....] 0 

(62) 

where (Cd)  is the inviscid value of Cd.  A typical working value 

for incompressible application is Re 	iou, in which case discrepancies 
from theory of about 1% are to be expected.. 

The effect of Reynolds number on C   for critical and supercritical 

orifice flow was investigated by Liepmann (1961), .Deckker & Chang (1966) and 

Brian & Reid (1973). These authors all found that C  at a given pressure 

ratio was independent of Re  for Re1  > 10 	Callaghan & Bowden (1 91t9) 

also studied critical and supercritical flow, and found a two prcent drop 

in C   as Re increased from 1 x 10 to 5 x 105. However, the results of 

Callaghan & Bowden are not as useful in this respect as they seem, because 

they used orifices of different diameters to achieve their range of Reynolds 

number. As we shall see in Section 64, the change in C   might well have 

been due to small differences in lip geometry. 
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The results quoted in the previous paragraph suggest that C  is 

independent cf Remolds number when that parameter is greater than 10 

The experiments described in Chapter 5 were all carried out with Re1  = 2.10 

It does not, however, necessarily mean that the limiting value of C   is the 

inviscid value. The wall boundary layer displacement thickness will 

eventually become comparable in magnitude with the height of the irregularities 

in surface finish. These will then become the dominant influence on the 

boundary layer thickness at the lip. In the experiments on wall roughness 

effects described in Chapter 5, the flow through an orifice was studied 

at C.L.A. roughness values of 0.05,  0.04 and 303 J.tm0 Only in the last 

case, when the C.L.A. value was comparable with the estimated displacement 

thickness, was an effect on discharge coefficient detected. This single 
C. 

experiment is hardly corusive, and the effect of surface finish on nozzle 

flows would benefit from further study. 

6.1 Lip Geometry 

It is impossible in practice to manufacture a nozzle with a perfectly 

sharp 3 -31p0 At best there will be a small radius of curvature to the profile, 

and it may well be distorted and burred., Any attempt to clear burrs 

afterwards will simply result in a greater radius Cf curvature, The easiest 

way to ensure a clean nozzle or orifice lip is to provide a short, parallel 

throat sectiori0 This is reflected in the various standards for metering 

orifices (e.g. BSS 10)42 pt.1 : 196)4) which allow an orifice with a sharp 

leading edge to have a cylindrical throat whose length may be up to 005 

times its diameter. There are tharefore two ways in which the geometry 

of a real nozzle lip can differ from the ideal sharp lip. It can have a 

finite radius of curvature and it can have a finite thickness. Even these 

two cat gories are idealisations, for the lip profile can take any shape. 
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We will assume, however, that a nozzle lip will have a "round" component 

and a "thick" component and that, for small departures from perfect 

sharpness, the effects of the two components are separable. The next two 

sub sectior will examine each in turn. 

The presence of a rounded up or parallel thxoat modifies the boundary 

conditions in the throat region. Small changes in the structure of the 

flowfield take place, so that zones of supersonic flow may form even at 

"subcritical" pressure ratios. In the discussions which follow, the 

"critical" pressure ratio will still refer to the ideal sharp-lipped value 

(i.e. r0  = 0.528 for air). For similar reasons the nozzle may become 

choked (i.e. the transonic flowfield may become independent of pressure ratio) 

at pressure ratios higher than the theoretical sharp-lipped value. The use 

of the term "choked" will, in the following discussion, refer to the actual, 

rather than the theoretical state of the flow. 

6.4.1 	Finite Lip Radius of Curvature 

This feature is described in terms of the "radius ratio", r1/d where 

r1  is the lip profile radius and d the throat diameter. Careful manufacture 

can achieve values of r1  of the order 2 Pm (Crockett & Upp, 1973). 

The nozzles made for the present work were crude by comparison, with values 

of r1  in the range 20 j.im to 10 fni. 

The effect of radius ratio on C   for incompressible, axially symmetric 

orifice flow was studied experimentally by Crockett & Upp (1973). Their 

results, for the range 10 '< r1/d Z 10 	can be summarised by the 

following equation: 

C= (cd)I+ 	(r1/ci) ± ....-1 	(6.3) 

Kastner et al (1 96b) studied experimentally the effect of radius 

ratio on the value of C   for a choked orifice. They were concerned with 

fairly large values (the smallest was r1/d = 0.05) and it is not possible 
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to draw conclusions from their results in the limit r1/d '+0. The only 

results for compressible flow at small values of r1/d appear to be those 

obtained in the present study. It is shown theoretically in Appendix C 

that the following equation gives the initial rate of change of 0d with 

r1/d for supercritical flow: 

= 	I (k 	()(Ca) 
rt 
, 	 (6.) 

where Ic = 0 for two-dimensional flow and Ic = 1 for axially symmetric 

flow. The analysis leading to equation 64 is based on the sharp-lipped 

solution and considers a streamline close the nozzle wall. This stream-

line is then assumed to define the wall of a new nozzle and expressions 

for its discharge coefficient and throat radius of curvature are derived. 

An experimental study of the effects or artificially blunting the 

lips of two axially symmetric nozzles w.ith wall angles (3= 90° and 	30° 

was described in Chapter 5. The lip profiles turned out to be approximately 

circular, although there was no way of controlling their shape. Photographs 

of two stages in the blunting sequence for the 90 0 nozzle are shown in 

Plates VII and VIII. Plate VII shows the original "sharp" lip; plate VIII 

shows the profile after it had been blunted by fine emery cloth. The results 

of the study were given in Table 5.1 and are shown again in Fig. 6.11. 

Also shown are straight lines based on equation 64: 
c (ca) 	+ 	 (6.5a) 

Cd 	r/a~c[' ~o. (rL/a)] 	 (6,5b) 

The results in Fig 6.11 suggest that equation 64 can be used with a 

certain degree of confidence to predict lip radius effects. 
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6.42 Finite Throat Thickness 

We are primarily concerned here with the influence of a small length 

of cylindrical throat on the theoretical sharp—lipped flow. The relevant 

parameter is the "thickness ratio", t1/d, where t1  is the throat length. 

Incompressible flow through thick orifices was studied by Grace & Lapple 

(1951). They found that discharge coefficients were unpredictable and 

unreproducible for cases where t/ d > 0.1. Even for smaller values of 

thickness ratio the most definite conclusion to be drawn from their results 

is that the incompressible C  increases slightly with increasing t/d0 

Discharge coefficients for compressible flow through thic.k orifices 

have been published by Kasther et al (1964), Deckker & Chang (1966), Rhodes 

et al (1969) and Brain & Reid (1973) Only Brain & Reid looked at values 

less then t/d = 0.5, Their results, together with results obtained in 

the present study (originally given in Fig. 511), are shown in Fig. 6.12 

We may tentatively write the following equation for the effect of small 

thickness ratio on the discharge coefficient of an orifices 

C 	= (Cd) 	

'd 
0 
 F i + A (t1/d) + .0..] 	 (6.6) 

where the parameter A takes the value 008 at the critical pressure ratio 

(r = 0.53) and A = 005 at the pressure ratio r = 03 Further data 

is needed before a more definite conclusion can be drawn. There is no 

information available at all for nczzle angles other than 3= 90O 

Orifices of relatively large thickness ratio are used for flow metering 

and control because their discharge coefficients are constant over a range 

of pressure ratios extending up to and sometiincs above the nominal value 

for critical f1ow 0  There is a lower limit of thickness ratio for which this 

property is exhibited. The experimental results given in Fig. 5.11 show that 
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the limit is round about t1/d = 	0.3. Other workers (e.g. D eckker & Chang, 

1966: 	Brain & Reid, 1973) have found the limit to be t1/d = 	0.5. 

The structure of the flowfield in the throat of an orifice with large 

thickness ratios (i.e. t1/d > 05) is interesting. What à.ppears to happen 

is that the flow separates at the lip in the usual way and re.-attaches 

further down the bore, enclosing a separation zone (see sketch below). 

The pressure in the zone is independent of the downstream conditions, 

Lead 	QdOJ  
tiirDoi CUP),--, 

I'll j 

At 

bc>uickj sheatnLne 	 OLn b C4 
reccjirnen 

SQ.bn 
n  

and the experimental results in Fig.  5.12 show it to be 023 times the 

stagnation pressure. The pressure difference across the orifice eventually 

becomes too small to sustain the flow pattern. This occurred at a pressure 

ratio of about 005 in the case of the results in Fig. 512. Below this 

value we therefore have at the upstream end of the throat a local "sharp-

lipped" nozzle flowfield corresponding to a pressure ratio of 023. This in 

turn corresponds to a free streamline Nach number of about 1.6. The theoret-

ical shape of the free streamline for N j = 1.6 is shown in Fig. 4166. 

It can be seen that the jet radius expands to a value equal to the lip radius 

at a distance of about 03 lip diameters downstream. This suggests that 

a separation zone with a dimensionless pressure of 023 cannot exist if t1  Id 

< 03, a view supported by the results in Figs. 5011 and 512 

6,5 Final Comments 

The d'fects of viscosity and lip geometry on discharge coefficient 

have been exarrdned in Sections 63 and 6.4 because they are the probable 

explanations for differences between theory and experiment. Critical and 



supercritical flows appear to he independent of lip Reynolds number, but 

there may be small limiting effects due to such factors as wall surface 

roughness. Lip geometry has a more important influence. We can use 

equation 61 to "correct" for Up radius effects, the experimental discharge 

coefficients obtained in the present investigation. Values of lip radii 

are given in Appendix B. Corrected values of C   are marked on Figs. 61, 

62 	and 65 at two representative pressure ratios. It can be seen in 

Fig. 61 for nozle no. 1 ((2= 90°) that the correction brings theoretical 

and observed discharge coefficients within the estimated experimental error 

band. The same is true for choked, or near - choked flow for nozzle no 05 

((3 	)5°  Fig 0  6.2), nozzle no. 7 ( 3 = 300, Fig. 6)4), 0.11.d  nozzle 

no. 8 ( f2 
= 10, Fig. 65). However, the lip radius correction does not 

account for the Thole difference between theory and experiment at the 

critical pressure ratio in these latter cases0 Nor is the correction 

sufficient, even for choked flow, for nozzle no, L ( 3 = 600, Fig. 6.2) or 

nozzle no. 6 (f3 = 30°, Fig. 6J)0 

It is interesting that the lip profiles of these last two nozzles show 

a signigicant length of parallel throat in addition to a radius of curvature - 

see Plate IX and details in Appendix B. This may explain the larger 

differences between predicted and observed discharge coefficients in these 

two cases. If so, it suggests either that the parallel throat has a more 

significant effect for f3<90°  or that Up radius and lip thickness effects 

interact and cannot be studied separat.ely in the simple manner attempted 

here. 

The study of lip geometry presented here is by no means complete. 

There is no data for subcritical pressure ratios, nor for incompressible flow 

apart from the lip radius results of Crockett & Upp (1973) for /3= 
900 
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given in equation 6.3.  At supercritical pressure ratios we only have 

lip thickness data for the case (3 = 90 0 
Performance parameters other 

than discharge coefficients have not been considered. F\irther invest-

igation in these areas would improve our understanding of the relationship 

between theoretical sharp-lipped flows and their real counterparts. 

91 
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CHAPTER 7 

rflTTnT.TTS TnM.q 

1 • 	A theoretical and experimental investigation has been carried 

out into compressible flow of ideal gas through sharp-lipped convergent 

nozzles and orifices. 

2. Equations have been derived for irrotatiocal flow through two-dimensional 

and axially symmetric nozzles at subcritical and supercritical pressure 

ratios. The subsonic region of flow is transformed into the hod ograph 

coordinate system. The supersonic region (if present) is solved in the 

physical plane. The necessary conditions at the sonic line to ensure a 

continuous solution across it are determined iteratively. 

30 Numerical methods have been developed for the solution of the 

equations. A finite-difference method is used in the subsonic region 

and the finite - difference equations are solved by non-linear over - 

relaxation. Regions of supersonic flow are handled by the method of 

characteristics. Attention has been paid to computational efficiency in 

the overall solution of the problem. Truncation errors in the results 

have been estimated, and techniques have been devised for reducing their 

magnitude. 

o A computer program using the numerical methods described has been 

written to solve two-dimensional and axially symmetric sharp—lipped 

nozzle flows over the complete range of pressure ratios. 

. A theoretical survey of sharp-lipped nozzle performance has been 

presented. Wide ranges of' nozzle angle and pressure ratio have been 

covered for both two-dimensional and axially symmetric flow. Representative 



101. 

nozzle flowfields (streamlines and lines of constant velocity) are 

given, together with discharge coefficients and IDzzle surface velocity 

distributions 

An experimental study of nozzle performance has been made. Axially 

symmetric nozzles covering a range of wall angles and one two-dimensional 

nozzle have been tested at a throat Reynolds number (based on throat 

diameter and sonic flow conditions) of 2 x 10. Discharge coefficients 

and nozzle surface pressure distributions are given. 

Theoretical and experimental results have been compared. Surface 

pressure distributions agree well, but experimental discharge coefficients 

tend to be higher than predicted. 

Possible reasons for the differences between predicted and observed 

discharge coefficients at a critical and supercritical pressure ratios have 

been discussed. It is argued that, for throat Reynolds numbers greater 

than 10k, viscosity does not have an important effect and that small 

departures from the ideal sharp-lipped geometry are mainly responsible. 

The effects of two factors, a snail radius of curvature at the lip and 

a short cylindrical throat section, have been studied experimentally. 

The lip radius is the more important factor0 An equation for its effects 

is proposed which allows theoretical discharge coefficients to be corrected* 

Farther investigation of lip geometry effects is required. 
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APP]DIX 

ANALYSIS NEAR THE INTERSECTION OF THE SONIC LINE AND THE AXIS 

for transonic flow 

The numerical method described in this thesis rests upon the 

solution of finite-difference equations in the hodograph plane. 

Such a solution does not yield very useful information about the 

physical flowfield near the singularity at the point where the sonic 

line meets the axis. This region can be analysed separately in the 

physical plane by considering small perturbations about the condition 

V 	1, 6 =0 	1iU details of the analysis are given by Shapiro 

(1953) and Cuderley (1961) and only an outline will he given here. 

From the conditions for continuity (equation 2.8) and irrotational 

flow (equation 29), together with equation 205c  for the gas density, 

the following equation may be derived (for details, see Shapiro, 1953). 

1. 	 "S  

U_ 	 r 	 u.tr ôu 	ktr 
(1 _ - ) 	+ (1 - —i) 	- 2 - 	- 	+ - 	0 	 (Al) 

where u and v are the components of the dimensionless velocity V; 

and the dimensionless speed of sound, c, is given by equation 2-4b 

We now assume that u = 	1 + u' and r=.r' , where u' 	and v 	are 

small. Substitution into equations Al and 2.4b,  and elimination of 

second-order terms leads to: 

.'LI
L1 - — ( 	/  

/ 
kr — -_ Doc as (A2) 

fDul 
The product f 	is also negligible if we restrict attention 

to flow near the axis of symmetry, and we finally obtain: 

LA-
—

- 	
(A3) 
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We now define a parameter as follows: 

çii= c— 	 (Afl) 

where Øis the velocity potential, defined by equations 2.11 by 

which we may write: 
, 

IL 	
(A5) 

substitution of equations AS into A3 yields: 

0 	 (&6
Li 

 

Equation A6 describes small perturbations about the state 

V = 1, G=O and can be applied to the zone surrounding the 

intersection of sonic line and axis. Figure Ala shows the relevant 

portion of the hodograph plane, and j€p  Alb and Ale show the 

corresponding regions of the physical plane for critical and 

supercritical flow. There are two ways in which a local solution of 

equation A6 night help the main solution. Firstly, the stream 

function value 'Y__  can be fixed at the point Q (see Fig. Ala) in the 

hodograph finite-difference mesh -this is the point most likely to 

experience large truncation errors due to the singularity. Secondly, 

the local solution can be used to estimate coordinates in the physical 

flowfield in a region where the finite-difference results are inadequate. 

In particular, the location of point 0 Mg. Al) can be determined 

relative to point P. Different methods of solution to equation A6 are 

used for critical and supercritical problems, and these will now be 

considered in turn. 

A2 Transonic analysis - critical flow 

We consider solutions to equation A6 of the form Ø' gc).) 
and tie equation may then be written: 

( I)
ciç  4 	(cf3 •+ 	/ 2. 

ct 	/ 	 sj j / 	k 	(A7) 



where K is an arbitrary constant. Setting K = 1 leads to the following 

pair of equations: 

_(f I ) ci 	cLt1 	 (A8a) 

A j 	- 	o 	
(A8b) 

The relevant solution to equation A8a is f = 
	y +1) 	

which 
/I 

gives u 
= 

IS 	0 along the line x = 0. We then have: 

(Aga) 
- I 

(Ab) 

13 
VC ° 	 (Age)  - 

The boundary conditions to equation A8b are g = 0 at y = 1 (defining the 

free streamline) and 	0 at y = 0 (for symmetry). Equation Alb is dy 
then easily solved numerically for the two cases k = 0 and k = 1. 

The solutions are plotted in Fig. A2. 

Estimation of 
k+i 

We have, in terms of the approximate theory, 	 (. /',) 

where the subscripts refer to the points P and Q in Figs Ala and Alb. 

For convenience we may assume that y= I 	The hodograph coordinates of Q 

are: 

VVLL 	
AV 

(Al 0) 

Where AV and 49 are the intervals in the finite-difference mesh. 
Equations A10 may be substituted into euqations A9 and x eliminated 

to give: 

3(CLJ)J 	v[] 
1/3 

(11) 

from which Yq may be determined. 
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It was found in practice that no particular advantage derived 

from estimating the value of V. by the methods described in this 
Appendix, rather than computing it as part of the finite-difference 

solution. The reason is probably that the errors inherent in the 

approximate solution are of the same order of magnitude as the 

truncation errors in the finite-difference method. 

Estimation of physical coordinates 

A streamline in the jet is given by: 

/ I - u 

Thus, from equation A9c, we get: 

cL 	__ 
i =  i) 

(Al2) 

leading to: 

ckg 
' 	7i. ('-+) 	 (A1 3) 

whore y 	is; the value of y at x = 0. The streamlines are thus 4th order 

polynomials h this region. 	The values of x and y at point P in Fig Al  

and the value of y at point 
°b  may be determined from the finite- 

difference solution. Equation A13 allows the value of x at0
b  to be 

estimated. 

A3 Transonic analys - supercritical flow 

The hodograph and physical flowfields in the neighbourhood of the 

intersection of sonic line and axis are shown in Figs Al a and Al c0 

The physical flowfield is very similar t:o the flow in a De Laval nozzle 

whose upper boundary is the streamline through P. We assume a solution 

to equation A6 of the following form3  symmetrical about the axis: 
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C) -- 	 x_ 	 :L () 	
(A1) 

where the origin is placed at point 0. 

In addition we assume that the velocity on the axisis a linear 

function of x; 

(I\ 	- ~-qzl ) 	Z, S r 	
~ C L --*X- - 

- 

(A15) 

where a is constant. This latter assumption is shown by Guderley (1961) 

to be generally true for Be Laval nozzles near V = 1 0 Equations Al ) 

and A15 are substituted into equation A6; like powers of y are equated; 

and the following results are given: 

a 
23 

.. 
(Al 6a) 

(A-1 	':)L4 	 (Al 6b 
'.3 

/ L 

1 	 3 	 oC 

a.. 	+ - 	
- 

An expression for the constant a can be found by considering 

conditions at the point P in Fig. Al where we have U' = 0 and 

Equations .A16b and A16c then give: 

1 o 	- 	

7) 
a..t 	 (Al 7a) 

(Aim) —4 	- c'.- K 
(3 1+ck) 
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Elimination of x 
p 
 between equation A17 leads to 

1 a 	
IT -  c3+sk)j 	 (A18) 

P L - 

Since the coordinates x and y, relative to the nozzle lip may be 

computed from the hodograph finite-difference solutici, the coordinate 

x0  may be estimated by equation A17 and A18. 
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A ,rrrT\r'f 	Th 

DIMENSIONS OF NOZZLES TESTED 

Series A - Axially Symmetric Nozzles 

No. 1 	Wan angle: 900 	Throat diameter: 12.71 + 0001mm 

Lip radius : 30 + 10 m 	Surface finish (C.L.A.) : 002Jtm 

Pressure tappings on wall radial distances of centres from 

76; 9.1; 11.0; 133 (+ 0.1 mm) 

No. 2 	Wall angle : 90° 	Throat diameter : 12.78 mm 

Lip radius : 10 + 10 tm 	Surface finish (C.L.A.) : OJ jm 

No. 3 	 Wall angle : 90 0 	Throat diameter : 1271 + 0001 mm 

Lip radius : L.0°  + 10 &m 	Surface finish (C.L.A.) : 0.3 

No. L 	 Wall angle : 600  + 0.2° 	Throat diameter : 12.72 + 0.01 irim 

Lip radius : 50 + 10 P 	(followed by cylindrical throat 

of length 110 + 10 .m) 

Surface finish (C.L.A.): 0.8 jun 

Pressure tappings on wall, radial distances of centres from 

axis: 	
707; 78 	9,3; 107; 12.0; 13.3; (+ 0,2 mm) 

No. 5 	Wall angle : 	
45  

- 	0.2°  Throat diameter : 1377 + 0.02 mm 

Lip radius : 50 +10p Surface finish (C.L.A.): 0.6j4n 

No. 6 	Wall angle : 	300  + 0.2°' Throat diameter : 13.25 + 	0001 nun 

Lip radius : 	30 + 10 	ni (Followed by cylindircal throat 

of length 60 + 	10 jAm) 

Surface finish (C.L.A.): 0.5 jAm 	 - 

Pressure tappings on wall, radial distances of centres from 

axis: 
7.4; 7.5; 8.5; 	8.7; 	903; 	10.0; 	11.0 (-4- 0.2mm) 

No. 7 	Wall angle : 	30°  + 	0.2°  Throat diameter : 12.80 ± 0.02 mm 

Lip radius : 	80 + 10 tt m 	Surface finish (C.L.A.): 0.6 
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No. 8 	Wall angle 	15°  + 002° 	Throat diameter : 1279 + 0,01 mm 

Lip radius 	30 + 10  1&m 	Surface finish (C,LJ0): 002m 

Series B - TTo-Dimensional Nozzles 

No. 9 	 Wall angle : 900 	 Throat width : 10.00 - 0005mm 

Throat height : 12.96 ± 0.02mm Lip radius: 10 + 10 Full 

Surface finish (C.L.A,): 0,2 

No. 10 	Wall angle : 30°  - 0.5° 	Throat width : 10,00 + 0.05mm 

Throat height : 13.20 + 0.02mm Lip radius : 10 ± 10 JAM 

Surface finish (C.L.A,): 0.2}.km 

Pressure tappings on axis, distance downstream from lip plane: 

-10.0; -52; -25; 02;  (+ O01mm) 

2.6; 	5.1; 101; 10.3; (+ 0.1mm) 

Series C - cia1ly Smetric_çindricai - Throat Nozzle 

No. 11 	Wall angle : 90° 	 Throat diamter: 1281 + 0001 nti  

Lip radius : 30 -1-  10 pm 	Surface finish (C.L.A.); 0.211Im 

Bore pressure tapping 0.5 ± 001nim do-.mstream from lip plane. 
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APPENDIX C 

An estimate of the effects of finite curvature at the lip 

The method of analysis described in this thesis refers to a nozzle 

with a sharp lip. This is an ideal which cannot be achieved in practice. 

Any manufactured nozzle must have a small but finite radius of curvature 

at the lip. We may estimate the effect of such a radius on choked flow by 

considering the family of nozzles whose boundaries are defined by the 

streamlines in a sharp-lipped solution. The family will have a radius of 

curvature at the throat which tends to zero as the lip is approached. 

Although the profile in the throat region will not be circular, we shall 

assume here that it is, and that its radius is equal to the radius of curvature 

of the streamline as it crosses the sonic line. 

The gebmetry under consi deration is shown in Fig. Cl, and we shall 

first examine the value of the discharge coefficient, C   given by the 

following expression: 

[Lj 
	(i - e)J k+i  

where IP is the stream function along the streamline; yt  is the throat 
coordinate; yt.0 is the throat coordinate which would exist if all the 

streamlines were parallel; R, y and 	are the radius of curvature, 

the coordinate and the inclination of the streamline as it crosses the 

sonic line. Oar interest lies in the variation of C   with the ratio 

since it is the actual throat dimension which characterises a 

given nozzle. Differentiation of equation Cl leads to: 

d.CcL r 	&q 	'R 	dj4; 	1 
CL - 

k41 iY 	
r 

= 	—[;- (I- c
s] - 

F 
13S ( - 	)] 	Et 5j - 

(C2) 



Confziirig attention to the case R->O we have : 	R ç 	0, 	'I 1, E) ='3 

(i+)/e (Cs) and equation C2 becomes: t, 

1ctC01 	1 
r ' 

L CL ( RAJ )j 	CC,). f[L ()-+ 
	L2) 

(C3) 

The radius of curvature of a streamline at any point is given by: 

 

We have L 	twn 19 and 	Sec S () 

= 

and equation C1 becoxrs: 

(c5) 

since x is a function of V and e we may write: 

M~N 	(~--X) (?v\, 

thus: 	 )= 

tv) 
f 
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( -61~ 

ID 

Jryt\ 

+ 

Substitution in equation C5 yields : 

('\ 	/f \  s-eci4c X), - 
( 
	69 

	

/ ( 	i0 J 	 (c6) 

	

substitutjcnlrorn equations 2.21, noting that 	-+ Cyv 	on the 

sonic line, leads to: 

J- 	 4 k ( ~v- Ak. [ 	90 
- 

V 	
(c7) 



112. 

where the derivatives 3L, "st 	etc. refer to V 6V 
(V 

the sonic line. From equations 222 we have: 

( S 

which leads to 

R= -L [,~, - 
10 	

3 L3 4 	s 144 5 

etc. on 

(c8) 

Differentiation of equation C8 gives: 

J_ 	- - 	 k ("1v Y cosG 
V - 	

- 	 ----------------  6,19
S (j + '/ sivê) 

+ kYti'Fe 	(Pt'Li5 4 Vn 

j 	(c9) 

In the case R-O we have 	= 0 and equation C9 reduces to: 
V 

ocr? j- r 	- 	
] 	(cio) CL 6S 	

k L V 

at? If we substitute equation Cl 0 for 	and equation 2.21 d for L) into 
5 	 -/ 3 

equation C3 we obtain: 

(gjJ 
	 I 

C, (3] t 

= 	lrks 

- 	

J 
(cii

CCZ 
LL 

The values of 	andVG at the lip may be evaluated from the 

sharp-lipped solution and it turns out in practice that the ratio 

is fairly small. It is reasonable, therefore, to 

use a sirilified form of equation Cli to predict the variation of Cd: 

\1?. 
c) 	[t + (k) (i - s) 	

(Cl 2) 
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PRINCIPAL NOTATION 

A 	 flaw cross-section area in Chapter 5; coefficient in equation 

6.6 

c 	- 	speed of sound 

c 	- 	speed of sound when M = 1 

C 	
- di3charge coefficient 

d 	- 	nozzle throat diameter 

k 	- 	Ic = 0 for two-dimensional flow; k = 1 for axially symmetric 

flow 
- 	mass flow through nozzle 

- 	theoretical mass flow, assuming uniform flow in throat 

M 	- 	Mach number 

- 	Mach number on jet boundary 

N 	- 	number of subdivisions in hodograph finite difference mesh 

P 	- 	local static pressure (assumed to be fraction of stagnation 

pressure except where otherwise stated) 

a 	
- 	atmospheric pressure surrounding jet 

PO 	- stagnation pressure 

r 	- 	nozzle operating pressure ratio (r = a / 

r0 	- pressure ratio for choked flow 

r5 	- pressure ratio for critical flow (M = 1) 

rl 	- radius of curvature at nozzle lip (Chapter 6) 

R 	- 	gas constant per unit mass 
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Re X 	- Reynolds number defined in equation 61 

Re1 	- nczzle throat Reynolds number (Re1 	dV1 	/ 

	

a 	- 	distance along nozzle wall, used in. equation 6.1 

	

t 	- 	exponent defined in equation 31 which determines degree 

of concentration of finite - difference mesh in hodograph plane 

t1 	- nozzle lip thickness (Chapter 6) 

	

T 	- 	local stream temperature 

- 	stagnation temperature 

	

u 	- 	axial component of dimensionless velocity 

	

v 	- 	component of dimensionless velocity normal to axis 

	

V 	- 	velocity (assumed to be fraction of c' except where otherwise 

stated) 

	

V 	- approach velocity 

	

V. 	- velocity on jet boundary 

	

V1 	- velocity at lip (V1  = V for subcritical flow; 

V1 	1 for critical and supercritical flaw) 

	

X 	 - 	axial coordinate (usually assumed to be diraensionlesI fraction 

of y1) 

	

X. 
0 	

- value of x where sonic line, crosses axis 

	

X 	- 	coordinate defined in equation 61 

	

Y 	- 	coordinate normal to axis (usually assumed to be fraction of 

yl) 

- 	value of y on wall of approach duct 

- 	value of y at the lip 

Zac,Z•bc - non-linear terms in equation 320 
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k -1 - 
(3 	- nozzle wall angle 

- 	ideal gas specific hear ratio 

- 	nozzle wall boimda'y layer displacement thickness,  

a 	- 	eigenvalue defined in equation 3010 

-. 	eigenvaJ.ue defined in equation 3.8 

- 
	arc sin (1/H) 

- 	gas viscosity at lip 

- 	iteration acceleration factor in equation 3 

P - 	local gas density (assumed to be fraction of stagnation density 
except where otherwise stated) 

(3 	- stagnation density 

Cr 	- independent variable defined in equation 31 

- 	velocity potential (defined in equation 211) 

- 	stream 'unction (defined in equation 210) 

Ilk"J-' (0) - stream function distribution along sonic line 

G 	- 	angle of floi relative to axis 

0 (H) - function defined in equation 2.35 
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