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in the form of an economic producton process. Several production 
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This thesis constitutes an investigation of problems 

associated with the exDloitation of Red deer ((ervus laphue ri.) in 

Sootland. 

Initially, the theoretical problems involved in adapting 

mathematical models of population dynamics to incorporate the process 

of exploitation are investigated. These adapted models are then used 

to investigat, various problems concerning the maximum yield obtainable 

from a population. 

A set of increasingly complex mathematical models is 

then developed in the attempt to describe adeouately the population 

behaviour of Red deer. All these models involve the assumption that 

age specific derioaphio characteristics remain constant over time. 

This basic assumption is then tested and fouM to be false, using data 

from a study carried out on the Tel* of Rhuxn, tnverneeshire, by the 

Nature Conservancy. The problem of what causes this variation in 

demographi, characteristic, is then investigated using the Rhum data. 

A set of e()uatiorie are developed which predict fecundity and survival 

rates using information on population density and weather. These 

equations are then incorporated into a population model in place of 

the assumption of constant demographic characteristics. This latter 

model is then adapted to incorporate exploitation and using it some of 

the problems involved in maximising yield from the population are 

considered. 

Vi 



The problem of Red deer oroppinR In then considered 

in the form of an economic production process. Several production 

functions are developed and fitted to data obta$ned from the'Red deer 

Commission. These production functions are then used to investigate 

the compatibility of economic and ecological strategies. 

Finally, at a macro level the determinants of the 

Scottish price of venison are found by constructing a model of the 

world market. The effects of changes in market price on the behaviour 

of estate crops are then considered, 
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CHAPTER OlE 

The central theme of this thesis is concerned with the 

exploitation of natural populations of Red deer (Corvus elaphus L.) in 

Scotland. Within this theme two main areas of study arise: the eco-

logical and the economic. The ecological problems approached can be 

further classified into three main parts. The first is in essence 

theoretical and involves the construction of a mathematical framework 

which allows the effect of exploitation on the population dynamics of a 

species to be investigated. Once this has been developed it then 

becomes possible to investigate alternative exploitation strategies 

within some policy constraint. An example of this would bete problem 

of finding that strategy which maximises some yield parameter from a 

population, while keeping The population else constant. In Chapter 

Two various mathematical models of population behaviour ere reviewed 

and then extended to incorporate the effect of exploitation. The 

problem of optimum yield is then considered within the framework 

determined by the individual mathematical models. 

It is apparent from these theoretical considerations 

that it is necessary to have a mathematical model that adenuately 

describes the population behaviour of Red deer, before any meaningful 

Investigation of their harvesting strategies can be att.rrpted. The 

task of developing such a model constitutes the second ecological 

section. Of necessity, this involves the successive rejection Fts 

inadequate of a series of increasingly complex models. 
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As the models become more complex, the task of esti-

mating their parameters becomes correspondingly so. Indeed, it 

proves necessary to propose subsidiary models which enable parameter 

estimation to take place. In Chapter Three a series of models is 

developed which incorporate various aspects of deer population 

behaviour. All these models involve the assumption that demogra,hio 

parameter, remain constant over ti o • In Chapter Tour this assumption 

is tested and found to be invalid. This poses The problem as to what 

causes the variation. Chapter Five is concerned with Investigating 

the determinants of This variation and in constructing mathematical 

models that enable the demographic characteristics to be predi cted. 

The most satisfactory model of Chapter Three is then adapted to 

incorporate demographic factors that are determined by these sneotfied 

e cuations. 

The final part of the ecological analysis involves first 

adapting this model to allow for exploitation, and then considering 

methods for Investigating the optimum yield problem for this particular 

population model. This is developed in Chapter Six. 

The economic analysis can be demarcated into two parts. 

The first concerns the problem That exploitation of natural resources 

Is with certain important distinctions an ordinary economic production 

process. It is Therefore to be expected that it would, like any other, 

be subject to constraint, imposed by this fact. Chapter Seven involves 

the development of mathematical model, of production that are applicable 

to Rid deer exploitation. This allows these models to be used in con-

junction with The ecological harvesting models to investigate the 

oompatabi].ity of economic and ecological strategies. 



The final, economic section considers the problem of 

the market price of venison, This can be important in two ways: 

firstly, variation in venison price may affect the exploitation of 

Red deer, due to its effects on the economics of production; and 

secondly, it can be important in that increasing the yield of venison 

from the Scottish population might result in a fall in price and 

have consequent effects on harvesting strategies. In Chapter Fii 

these problems are investigated. 

Throughout this thesis continual use has been made of 

mathematical models as tools for investigating problems both in 

ecology and economics. however, the models developed can in no way 

be considered as final versions. All are certainly Invalid to some 

degree. Their justification is that within limits they mmio the 

behaviour of the phenomena and that where they do break down much 

can be learned. 

In constructing these models many  data have reen usef 

from a wide variety of sources. Thus, there Is a danger that some 

data may be better than others in the sense that it represents more 

adeauately real phenomena. Models could, therefore, have been con-

structed which merely mimicked idiosyncracies of the data, lowever, 

in most cases it has proved possible to cheek and arose-cheek data 

in a variety of ad hoc ways. While lacking the rigour of hypothesis 

construction and testing In experimental studies, some confidence 

can be placed in this method as certain inconsistencies and artefacts 

are illuminated using it. Ilanifestlyq  this does not imply that no 

such inconsistencies and artefacts remain. 



CHAPTER TV-, : Mathematical models for the exj,loitatlon of animal T,oirnl4tione 



CHAPTER 

Mathematical models that describe the behaviour of animal 

populations have a long history. Perhaps the earliest that can be con-

sidered as a model is due to Linnaeus (1745), mentioned in Skellam (1967). 

In this model following Skella& s notation we have 14 is the population 

size at time t and 

N 	
C NI t+j = t 2(1) 

C is a constant equal in this case to two. 

Simple Calculus based models 

A slightly more sophisticated version of the same idea is 

attributed to malthus and is framed in the notation of the calculus; 

where r is the rate of increase of each individual, the rate of change 

of the population is given by 

= rNt 	 2(2) 
dt 

or upon integrating 

rt + o 	 2(3) 

letting the population size at t = 0 be N0  we have 

c = 1095
11

0 	 2(4) 

Which gives 

Nt = N0ert 	 (5) 
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To extend this model to incorporate an exploitation process is a simple 

matter; let E be the instantaneous exploitation rate and we have from 2(2) 

d(N ) 
t = rK - E 
dt 	 2(6) 

The population reaches an equilibrium where 

d(Nt) 
dt 

The exploitation thus increases directly with population size. 

A simple generalisation of this basic model is to consider 

r as being composed of two components; a = the birth rate per individual 

and b = the death rate per individual, thus rewriting 2(2) 

d(Nt) = (a_b)Nt 
dt 7(7) 

The exploitation rate is incorporated in exactly the same way as in 

2(6) and exploitation varies directly with population level. 

Populations in which birth and death rates are unaffected 

by the size of the population are mre, to say the least, an! population 

models that incorporate various types of effect are numerous. In 

general they conform to a fairly ail!U,le type proposed by Totka (195) 

and for the purposes of investigating the effect of exploitation this 

model is adecuate. 

Consider that the rate of change of the population level 

is given by the general equation 

d(Nt) = f(Nt) 
dt 	 2(8) 

In order to conform to intuitive ideas concerning the effect of 

population size on the rate of change of the population level we would 

expect f(N) to be enual to zero at two points. The simplest function 



would then be 

f(N ) = (a_bN)M t 	 2(9) 

The function f N e(,ualg zero at two points, where N = C and where  

= 	The new population model is then 

6(N ) t = (abN) 
dt 	 2(10) 

Ignoring the trivial solution where N   e,ua1g zero, the enui1i1rium 

level of the population occurs where N = a- . Consider now the effect 

of exploitation; the rate of ex,1oitation can be denoted by E as before 

and the exploited population process can be represented by 

d(N ) 
t = (a_b1t)Nt - E 
dt 	 2(n) 

The equilibrium level of population where exploitation is at a 

maximum is given by the maximum value of f(N) in 7(9). 

Differentiating, we have from 2(9). 

p (flt) a_2bNt 

i.e. f'(Nt) = 0 	where 

a 
Nt 2b 

r''(Nt) = 

therefore a maximum value occurs at W M A 

The biological meaning of this result is that there is 

a level of population where the exploitation rate is at a maximum; in 

the model we have been considering this level is 1  or half the level 

of the enuilibrium of the unexploited population. At this level the 

population will remain at constant size if d(Nt)  is zero. Thus, 

dt 

substituting, for N   in 2(11), the maximum exploitation rate is given by 



E = (a-a)a = 
2 2b 	41 	 2(12) 

Exploitation of the population at this rate at the level 1 Will 

produce a constant population size and the highest sustainable yield. 

These simple population models have a. major restriction 

on their applicability as they treat individuals in the population as 

homogeneous. For populations where there Is large variation between 

individual sectors of the population these models are inappropriate. 

Two main areas of application are available; in the 

analysis of continuous bacterial culture systems (1111amson, 1972) 

and in the analysis of certain fish populations (Ricker, 195; Qillard, 

1971). The use of calculus as a tool to allow for heterogeneity in 

populations involves rather complex problems. 1everton & Holt (1957) 

produced techniques which accounted for certain typos of heterogeneity, 

and developed an extensive series of models that allowed Investigation 

of various exploitation strategies for fish populations. They involve 

an extension of the population models to investigate the growth in 

weight of individuals over time; this addition allows the evaluation 

of strategies where biomass, not numbers of individuals, removed Is 

the important management goal. Their models are orientated entirely 

to the problems of fisheries and this is reflected in the main 

assumptions. They assume a. constant recruitment of young fish aged 

tp into the fishing area at which time they become subject to 

natural mortality, the eouation 

dNVt  - 
-MN 

7(13) 

(where M is the natural mortality coefficient) describing the change 

in numbers of a particular age class. The numbers decrease until a 

particular age tp1  is reached. At this age the fish are large enough 

to be caught by nets of a particular size. The population process is 



now described by 

2(14) 

to 

where F is the coefficient of fishing mortality, i.e. 'FN.  

Exploitation. If we denote by N0  the number entering the fishing 

area we have at time tp1  by integration 

NN 0_M(tP1_t) 
tp1 	0 	 7(15) 

Similarly the numbers aged t to tp1  are given by 

NN e_(Mt_tPi) 
t 	tp1 	 2(16) 

The weight of an individual at time t is given by a Von Bertalanffy 

growth equation. The form of this enuation is complex and I shall 

not consider it here. Its derivation is given in Beverton & Holt. 

Let us instead denote the weight of an individual at age t by a function 

	

g(t) 	 '(17) 

The total weight of an age class t is then 

Nt. wt 	(t)1tpeM+(tD1) 

The rate of change of yield in weight Y is then given by 

dY F. g( t)Tt' 	
7(19) 

If the age of maximum longevity is t   the yield is given by 

4F 
Y 5 P.t)N e_t_tPl)dt 

tp1 	
2(2c) tp1  

Investigations of this integral for varying tp1  and F allow the evaluation 

of particular management strategies. F can be controlled by varying the 



fishing effort and tp1  by controlling the mesh size of the net used. As 

a tool for investigating the effect of changing these management 

variables for example by international regulation of mesh size the 

models are useful. However, despite the length and complexity of the 

integrals, oversimplificatioi is the main fault. The recruitment level 

is assumed to be independent of the stock of adult fish and natural 

mortality is assumed to be constant for all age classes. 

The variation of demographic characteristics with age and 

the effect of the age structure of the population behaviour is particu-

larly difficult to incorporate in calculus based models, ror many 

animal populations these considerations are of great importance, and 

Lewis (1942) and Leslie (1945, 1948) proposed independently a model 

framed in discrete time that allowed for these age effect. 

Simple discrete time models 

The model predicts from simple difference e,uations sub-

Beouent age distributions of a female population given an initial age 

distribution and age specific survival and fecundity rates. 

In matrix form the model is 

t+i 

Where n is an m+l column vector containing the number of females in 

each of the m+1 age groups at time t and M is a sruare matrix of order 

Fit F2  • . . . • . . , . 

so, U . • • . • . . S • 	• 	0 

L0  • • ' • , . S  S S Q p Smip 0 j 
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SX  = The probability that a female aged x-x+l at time t will be alive 

at time t+i aged x+l-x+2. 

The number of daughters born in the interval t.-t+l per female 

aged x-x+i at time t alive in age group 0-1 at time t+1. 

M 	is the age of maximum longevity. 

AS is well known the behaviour of this system is governed 

by the eigenvalues of the matrix M. Matrices of type M are non negative 

irreducible, Sykes. (L969) and therefore conform to the Perron-rohenius 

theorem as developed by Brauer (1957, 1961, 196'). 

The Brauer results show that there is a positive real 

eigenvalue A1  that is not less in absolute value than any other eigen-

value; corresponding to this eigenvalue is an eigenveotor V1, having 

all its elements real and positive. A 1  is the only eigenvalue for which 

a positive real elgenvector exists and is termed the dominant eigenvalue. 

The ultimate behaviour of 2(21) for large t is 

and n then has a structure deterii*ied by 2 1. 

In biological terms these results indicate that after an 

initial period the population attains a steady age structure given by 

Xi and then increases, decreases or remains constant in size deendirw 

on whether A1  is greater than, 1sa than, or erual to unity. The speed 

with which a population approaches its stable state depends obviously on 

its initial state, but ignoring this effect the larger the ratio of the 

dominant eigenvalue to the next largest eigenvalue of the matrix T the 

quicker is the approach to the stable state. 

one of the attractive features of utilising this matrix 

algebraic representation of simple difference ecuations is that as long 

as the elements of the matrix ni in the basic population model 2(21) 
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remain positive, the Brauer results hold for the asymptotic behaviour 

of the system. Generalisations of 2(21) can therefore easily be 

derived by extending the classification of the population into groups 

other than the simple age groups of 2(21), the Lewis and Leslie models. 

The most natural extension of the model is to incorporate two sexes, 

described, by Williamson (1959).  Using my notation we have 

Fm,x 	The number of male offspring produced by a female aged 

x-x+l during the time period t-t+1 alive and in the age 

group u-i at time t+1. 

The number of female offspring produced by a female aged 

x-x+1 during the time period t-t+1 alive in age group 0-1 

at time t+i, 

i-I  
m,x 	The probability that a male aged x-x+1 at time t will be 

alive at time t+l aged x+1-x+2. 

= The probability that a female aged x-x+l at time t will 

be alive at time t+1 aged x+lxi-2. 

x, t = The number of males aged x-x+1 at time t. 

The number of females aged x-x+l at time t. 

Using Dt  as the population vector and M as the sr,uare 

matrix for equation. 2(21) we have - as is shown on the onnosite 

page. 

The classification of animals into sexes is a particularly 

obvious generalisation of the model; however, other classification 

systems are possible and can be incorporated. An interesting example 

of one such generalisation was developed by Murphy (1965) who considered 

the situation where the fecundity of a female is affected by the past 

history of her breeding success. Murphy was interested in human 

populations and considered what he called parity groups; this was a 



classification of women of a given awe into the category of having 

already had 0, 19  2, 3 etc. children. 

Following the simplified explanation given in Keyfitz 

(196) we have schematically seven possible groups of age and parity 

PARITY 

1 	7 	3 

1 	K11 	- 	- 

AGE 	2 	
2,1 	2,2 	2,3 

3,1 	3,2 	3,3 

The K 	terms are the age par ity states deemed possible. 	nd 
I - 

K1 	are impossible as age group 1 is considered to be the age of 

first breeding. 

Using K 	as the number of individuals in age group i 

and parity state j we have in addition the following notation 

F1 	The number of daughters that will be alive in age 

group 0-1 at time t+1 born to individuals aged it and 

parity group j at time t in the time interval t-t+1. 

Now it is evident that the following transitions can occur after one 

time period 

From Ki,i - 1<2,1 

-- 

Xii -- 1<73  

for age group 1, and for age group 2 we have 



2,3' 	K3
9
1, 30 

r 2,3' 	301' 	3,?' 	3,3 

0 ................... 

'11 ' , 

L'2,2,3' P
733w 	0, 



K21 - K31  K22 - K37 	
2,3 - V33  

	

K2,1 	K3,2  K2,2 - K33  

K - 

	

2,1 	K3,3 

Let Pi,j,h 	The Probability that an individual alive in ae roirp i 

and parity class j will be alive in age group i+1 and 

parity group Ii at time t+1. 

The column vector n and the matrix !! are now as shown on the onno site 

page. 

It should now be obvious that developments of the model to 

allow further generalisations involving alternative classifications of 

the population are possible. 

A generalisation that goes in a different direction was 

proposed by Skellam (1967). Skellam was interested in the problem that 

most population models involved the assumption that time behaves in an 

homogeneous manner, whereas the simple consideration of many cyclical 

phenomena (diurnal, seasonal, eto.) indicate that this assumption is 

often invalid. 

For the purposes of exposition let us consider the basic 

time unit to be a year and that this is then considered to be divided 

up into an appropriate number of parts (e.g. 13, 52, 4), A matrix 

is then constructed that will be appropriate for the period concerned, 

time Is denoted by t = j+s/n and n is the number of divisions in the 

year. j is an integer and adapting ecuation 2(21) we have 

A,j+1/n = 	 (23) 

iT1ni11 



14 
 j+e/n+l a-1 on-l' 

	

Let 	G -1 ... Cn-l11 °s 

	

and we have 	 G n / 

	

s j+s1n 	 2(24) 

The matrix product G is square and one has n possible eruations of 

type n ul 
Ske11an demonstrates that the n possible srniare matrices 

G have the same characteristic equation and therefore the same dominant 

latent root. The population vectors associated with these roots varies 

for each 0 and all these vectors are related to each other by e*uatione 

of the type 

	

= 5_1...1n1 	
2(25) 

In the approach to the stable state of the system as soon as one of 

these population vectors reaches a form that corresponds to the stable 

states  all other population vectors appropriate to the n portions of 

the year, will achieve their stable form after one subsenuent year. 

These generalisations of the basic T,ewis-Leslte model all 

assume that fecundity and survival rates are independent of the size of 

the population. They are thus eouilent to the simple model given in 

Equations 2(2)-2(5', Leslie (1945) noted this and showed that they 

were related by the Identity 

log0A1  = r 

where r is the intrinsic rate of increase of each individual used in 

equation 2(2). 
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Density dependent discrete time models 

The first development of the discrete time model to 

incorporate the effect of population size on the age specific fecundity 

and survival rates was proposed by Leslie himself (1959). 

Leslie was interested in a fairly complex type of density 

dependence; he considered the situation where fecundity and survival 

of an age group at time t was not only affected by the population size 

at time t, but on the population size experienced in the first time 

period of life. The idea is a reasonable one as the stress of high 

population density on an individual at infancy could well affect growth, 

and this could have repercussions in later life on survival and fecundity. 

Leslie's new model for his simple female age classified 

population is 

-1 
t+iMQt t 

7(27) 

Where q is a diagonal matrix (qot' 'it ... !t) of the order m+l whose 

elements are defined by the euatjon 

1 + aN11 + rlt 	 2( 2R) 

a and b are constants., 	) for all 1; N in the total population level 

at time t. 

Define the matrix product 

Mt = 

and 9t  is of the form 



0 F 	 p 	a 	a 	a 	a 	a 	
1;,1 

fl 	 04  0, 

, 	 a 	a 	a 	e 	• 	a 	0 
Mt = 

Si 

0i,t 

S 	0 o 	 0 	rn-i 
L 

J 

The population level where population size and age structure remain 

constant occurs where 

for all I at t 

where A1  is the dominant elgenvalue of the matrix M. The stable age 

structure is that determined by the elgenveotor V1  associated with A1, 

Leslie investigated the behaviour of the model and noted that inde-

pendent of the initial size and structure, the population size showed 

damped oscillations to the onuilibrium level specified in ?(30), 

This model is obviously restricted in application, and 

others which incorporate different types of density dependent effects 

can easily be constructed. Pennycuick, Compton and reekingham (196$) 

investigated by computer simulation several rather simpler density 

dependent models. Their results indicate that the population 

behaviour of the discrete time models are very similar to those of 

the e,uivalent calculus based continuous time models. 

A general density dependent model for a female population 

could be framed as 



= 	 2(l) 

Fit 	 a 	a 	a 	a 	a 	F 
O ttot 	 mt 

a 

Mt 
S 

c 

	

and Fit,  S it for I = o m are functions of N where 	is the total 

popilation size In year J-  and can take any set of values t. 

Further generalisations of density dependent models of 

multi classified populations can easily be developed along these 

lines. Such extensive generalisations are of little interest unless 

applied to particular problems generated by individual animi popu-

lations and will not be considered further. 

The exploitation process for discrete ti e models 

This involves an additional consideration from the 

calculus based models. In the sim1e calculus models the level of 

population was the parameter that could be adjusted to maximise the 

exploitation. In the'everton and Holt models the ages subject to 

exploitation could be adjusted for a given fishing effort. In the 

discrete time models both these factors occur as adjustable parameters 

and for a general investigation it would be necessary to consider both 

the population level and the ages or sectors that should be subject to 

exploitation. 

A general investigation of the population level that 

maxirnisee the possible exploitaon rate would be heavily dependent 

on particular features of the model concerned. The most useful 
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tohnique would be a computer based investigation of the re1atonehip 

between the population levels 9 and the dominant elgenvalne A1  of the 

matrix 	in rtndele 2(27) and  of type 2(31). tn general the population 

levels associated with the largest dominant sigenvalue would be the 

one that afforded the highest level of exploitation. 

The investigation, for a fixed population level, of the 

effect of exploiting different age ala..., or sectors of the tpultion, 

remains a problem, however, At a given population level at time t the 

transition of the population from time t-t+1 will be desorthed by 2( 31) 

i.e. 

If the exploitation keeps the population level constant the population 

process will be a sispls one as the matrix I will be unchanged as 

there is no change in population level, Thus for exploitation pro-

cesses that keep a constant population 1ev.1 we can work with simple 

modt, of type 

t+i * 

where M is a normal population matrix. 

If the dominant eipenv1te of is greater than unity 

and the population is in the steady state, ia, Its age structure is 

that determined by the vector 	associated with A1, in the absence of 

exploitation the number of individual, in each sector of the population 

will increase by the factor A1  from 2(22), Thui if the exploitation is 

aimed equally at all sector, of the population the proportional 

exploitation that would keep the population level constant would be 
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or in other words one inflicts on the population a survival rate of 

Lefkovitch (1967) had noted that the effect of harvesting 

could be considered as being the imposition of a new set of survival 

rates on the population, Consider now a metrix model that would 

represent the pure exploitation process; this would be 

(1*3) 

where D is a diagonal matrix (0 0  019  02 .........,..,..,.. 

Where 0 I = O,m are the probabilities that an anil in age clasi  

or sector I will survive the exploitation. If we now define 

2( 34) 

the h terms are the proportion removed from each age c1 en or sector 

Ti-ming of the exploitation process has been investigated 

using a variant of the Skellam model by Darwin rnd Williams (1964). 

They were Interested in finding the best time of hunting to control 

a rabbit population, looking at which time period for hunting would 

depress the overall rate of inczee of the population. Their model 

can be Thought of as 

D."  'c 	 case 1 

'-•• 	+1 	D 	.... M x  n -GAt cone 

410 1 	'xD2h 	 case 3 

Where D is a simple diagonal matrix as in P(33) and the Vi
are simple 

seasonal matrices, there are x*2 possible square matrices of the type 



C1  and they argue that the matrix Cr  which has the lowest dominant 

eigenvalue would indicate at which period of the year hunting was 

most efficient. Darwin and Williams plot contours of the dominant 

eigenvalue of the G in their Figure 1 which show substantial variation. 

At first sight their result would appear to contradict that of Skellam 

1967) cuoted above, who showed that all the matrices C9  in V( 24) have 

the same characteristic equation and therefore the same aigenvalues. 

Skellam' a result, however, applies only to cyclical orderings of 

matrices and the Darwin and 77illiams result is in fact valid. 

Ignoring these seasonal effects, the easiest model 

to investigate exploitation strategies is where exploitation is 

assumed to occuras soon as the population has been classified into 

new age classes or sectors. The model is then 

t+1 
	

'(3c) 

In order that exploitation should keep the population 

level constant the matrix product C=MD should have its dominant 

eigenvalue e,ual to unity. The . values in the matrix 1) can be 

adjusted to vary the exploitation of the popultjon but must be such 

that they satisfy this constraint. 

In order to illuminate the nature of this process these 

ideas will;iow be developed for a female age classified population and 

then a two sex age classified population. 



The •Xojt&tjon prooe for sex and age classified Populations 

The matrix product C MD in 2( 36) for a female age 

Classified population is  

40F0, 1P1, • 

OS 	U 	 C) 0 0 

lsi  

S 

C) rn-i 

The condition that the dominant eigenvalu, of C should be unity 

can be expressed as a determinant constraint, 1.e, 

I
C-il  =o 	 '(37) 

This determinant expands to a fairly simple form 
rrn 11- 1 

+ 	F1  + •....... + fl 	 ' s1 J P = 1 
L1=0 JL=° J 

In the case where this constraint is satisfied the elgenvector 

associated with the dominant elgenyalue of unity has a particularly 
simple form given by 

711 	 (39) 

thus has m+l elements in the relationship 

rn-i 
(1, go  5 	Q0180S1, •.. , 11 

i=(i 

In this stable state the overall proportional harvest H is given by 



where u with io, m are the elements of the vector v1  as a 

proportion of the sum of the elements 
ofLl 

Rewriting H. we have 

(14 ) • 
0 	(i- 1)Q0s0  ... + (l-) 

10 

rn-i 
l+ 	0 0 b + 9 o  G  o  b ...+ H 7(41) ino ll 

The problem of adjusting the values of 0 to maximise the proportional 

harvest becomes one of maximising H in 2( 41) subject to the constraint 

in 2(38). H obviously lies within the range 0,<H <l and by definition 

ij,m. 

The general result is that H achieves a mq,ximu,i value 

subject to the necessary constraints where there is some value 	x 

within the legitimate range of G values and all other values of 

i=k and i=O,m are equal to zero or unity, l3eddington and Taylor, 

( l973). The general biological meaning of this result is that two age 

groups only should be subject to cropping. Age group k is cmt,ed and 

the proportion cropped is given by rewriting 2(3s)- 

-1 1l 1I ç 7 
... 

0 0 + 0 1 0 1 - no  1) L o 
IT 

 
2( A9) 

k-1 	 Im 	11in-1 1 

	

+ Qk+lSkFk+l ... + I ii 	 n sj 'm 1=0 	 k+l 
 

where 9=Q1 =9k1 = 1 and one other age group r is completely 

removed, i.e. 	0. Thus, for a formal statement of the result 

we have 



I for I U, k-i and k+l, r-1 

value given by 2(42) 

0 for I = r,m 

To find these two key age groups one Investigates the various com-

binations of 9 values equal to zero or unity and calculates the 

Ok  values to go with each combination. The rate of exploitation 

can then be calculated for each of thee. combinations. 1or each 

Particular combination the harvesting enuation 2(41) has a particu-
larly simple form 

k-i  
Ii S. + k 

 j=t) 

(l+s0 + 13 0 81 + G fls.(Sk+l + 	
+ •'• i=k+1 

si)) 

A Fortran program to generate these combinations and calculate 

appropriate 0,,and H values from 
2(42) and 7( 43) is given in 

Appendix 1. 

So far we have been considering a simple exploitation 

Process in which the aim has been to maximise the proportion of 

the population that can be removed In many situations of manage.. 

merit it is reoujx'ed not to maximies the proportion of The population 

removed, but some other characteristic like body weight or economic 

value, A more general exploitation onuation would be 

m+ 1 
Y= E h

IWO ua 
	

2(44) 

where a are m+l age specific characteristics 	the yield of which 
it 18 desired to maxjmj •  Ubviously Y1t when cx1 	It  for all 1. 
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The constraint on Y is still '(38)  and the general solution that 

staxirnisee Y is of The same form as that which maximf see TI. Tiowever, 

the two age groups subject to exploitation in the maxim= case for 

H may well be a different two age groups exploited, to maximise Y. 

The other type of exploitation process is where the 

population level is kept constant, but Sme characteristic of the 

remaining population is desired tobe maximieed, h simple example 

would be the wool production of a flock of sheep. If we had ais 

i,m as the u&+l age specific woo], production characteristics  the 

yield that it is desired to maximise for a constant population is 

given by 

m+ 1 
W1,. E U 

it) 	 '(45) 

The constraint is still ;'(38) and the general result that two ape 

groups should be exploited is again valid. 

ie extension of these exploittin oiel8 to 

sex population required that we adopt the notation of the ilii 

model shown on page I 3, above. 

Let us assume that in the general case we have adopted 

a harvesting strategy for the female sector of the population such 

that the oonstnt ?( 38) is satisfied and the vector v1  of the female 

population in the steady state is 

rn-i 
v1 	

o (1, Sf,o,G  l'f,i 	' JI - 	 o 

Let f1, i,m be the elements of the vector Vip as a proportion of 

the sum of the elements of XjF. The proportional input of males into 

the population will then be given by 



p2:7 

MI 

E vf P 
1=0 1  

and the proportional input of females into the population will be 

given by 

in 
E vf F. 

1=0 (46) 

The ratio of the first elements of the male population vector to the 

female population vector in the stable state will then be given by 

In 
vfP 

1=0 	irn,i 

In 
E vf P i 1,1 

where P m,i 	f,i = P 	for all I 6 = 1. 

In the absence of harvesti.n, the male poi,uiatlen I1I 

attain a steady state, with a stable vector related to the fmal 

population, where the first element of the female population Is 

considered to be unity. This is given by 

rn-i 

5m,0' ÔS 	S 	 on s 	) m,0 in,i 	 m, i i =0 

If we define Ij  i=0,rn as the proportion of males that survive a 

harvest and 

l-y1  1=0,m 

as the proportion of each age class of males harvested, we have that 

the stable vector for the exploited male population would be 

rn-i 
V = 

	

(6, 6Y0S ,0
1 

&ro riSrnoSrni , 	6 	II y.S .) lm,3. i=0 

It can readily be seen that it is c,uite possible to harvest the 



male population to extinction as according to the model the input to 

the male population depends only on the female popuintioTi. 	s such 

a situation is, to say the least, biologically unrealistic, some 

further development of the model is therefore recuirec. 

Let us suoae that the age at which fenile roach eil 

maturity is I and the age at which males reach sexual materitv is d. 

Then let us say that the ratio of sexually mtiire males to sexually 

mature females must be at least some fixed value 7, below which the 

fecundity of the females will, be affected. 

This can be expressed as a constraint on the harvestjn 

possibilities in the form 

d-1 	 rn-i 
i+yS +... if 6 

	

	
( 	d md 	 j in, i-O 

	

P. 	 ____ f-i 	
( I + øfSff 	

rn-i ires 	 +... ii es iO I f,i 	
j.f j f.J) 

The simple harvesting e"uation for TIV the nroportion&i male harvest 

can then be wriltten as 

+ 1 

= 1(.imi 

	

where u 1  i 	, n' are the volues of each age class as a nrororton 

of the total male population, 

The yield euation for factors removed such as body 

weight or economic value is given by 

m+l 
YM 	E g1u P m i "( S  ) 

where B i=,m are the m+l age secific characteristics of the yield 

of which we are interested in. 

The male enuivalent of eruatjon (45) would, be 



m+1 
WM E U B ml 

2(91) 

where the oharacteristici, of the standing population to be l7laximieed 

are B1  i(:,m1; for example, in a male population of deer these could 

be on some measure of aestietio value, like the number of antler 

pointt. 

Then harvesting strategy for the female pciult5on has 

been arrived at, the denominator in expression 9(48) is a constant, 

say G; then 2( 48) can be rewritten such that 

2 
= 	

Y jS flj  (1 + d5md + • • • TI yS4) 	
2(52) 

Let 	= R and the constraint is then of asiniple form 

d-1 
R = j: Yjbmj (i + YdSmd  + • 	

° jd 

Two general types of this constraint exist in terms of Y, 'here 

d and one where s d. If we substitute for both theee general 

types of Y In any of the harvesting e',uallons (49)-7(9l) the 

structure of the enuations can be written in the form 

A+ BY where t = 6 = 
C + DYt 	

2(54) 

and A. B, C, D are  fnction of 	for I = (,, but I = s. This 

ouation is of thesame general form as that thvestlted by eddington 

and Taylor (1973) in relation to the maximum harvest from a female 

population. The general condittons for a maximum,, subject to the 

necessary constraints are therefore the same. Namely, that a maximum 

occurs where all Y values are eua1 to zero or one, excevt one value. 

Biologically the result to similar to that for the single sex model. 
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Two age groups only are cropped; one In removed completely and one 

is partially cropped, the level of partial crop in this case being 

derived from 2(53), A formal proof that this is the ease for e,uatjone 

Of type 2(54) is given in Beddington and Taylor; however, a heuristic 

proof is as follows. Conelder the partial derivative of HM in 2(54) 

with respect to yt; t:~qs is given by 

4LHM) 	BJ -Ai 
(C.D't)2 

The partial derivatives of 1 ,1, can only equal zero where Yt 

furthermore NM is monotonjc. NM will therefore be maximized with 

respect to the 	values only when they 110 outaidø their legitimate 

range, As HK is monotonje, it can always be increased for any single 

value lying within the range Oyl, by setting that value either 

to zero or to one. 	therefore reaches a maximum subject to the 

values where all y values are set to zero. However, in substituting 
for 	from ( 53) to arrive at 2( 54), one degree of freedom has 

been oat. NM can therefore be maximised only by setting 
' 

values to zero or one. no y t value must satisfy the ocistrajnt 

2' _J , F. 

These results also hold for the other two harvesting 
Iquatione 2(50) and 2(51). 

Let us now review the general etrater for maximising 

some particular ty,e of harvest. T'or the sake of siplieity of 

exposition let us Suppose that we wish to msximse the body weight 

removed from the Population. We then have for the female populetion 
eQuation 2(44) with the c values being age specific body weights. 

Denoting the maximum value of ?(44) as Y 
max the harvesting strategy 

that produces the maximum crop from the female population determines 



6, the ratio of the first age classes of the male and female populrtion  

given by 2(47).  It also determines the number of sexually Nature 

females that there will be in the population G. The male harves ting 

equation equivalent to 2(44) is 2(5u) where B values are body weights. 

The maximum harvest of this is then determined subject to 6  and G. 

If we denote the maleniax1rnum yield of body weight by Th 
 max  , the 

overall gross yield is given by 

GY=Y +YM max 	max 	 2(55) 

Similar results hold for combinations of the other yield erfuation, 

detailed examples of this model being applied to the harvesting of 

these various yields for a Red deer population are given below in 

chapter 6. 	jL computer program for investigailng these strategies 

s given in appendix 2 below. 

The results of this investigation into opithnum harvesting 

strategies indicate that management strategy in traditional agriculture 

is in general type that predicted by the model to be an optimum. In 

hill sheep farming male and female lambs are removed and at a certain 

age all ewes are removed; the proportion of males to females is kept 

constant and at another age all males are removed. The main limi-

tation on applying the strategies determined byikhe model are that 

it is necessary to be able to determine accurately the age of animals. 

In the management of wild animal Populations this is often impossible; 

however, if yields from wild animal populations inhabiting marginal 

land are to be improved, game ranching and partial domestication of 

wild stock seems likely to play an increasing role. In these situations 

management policy can be determined by the model. 

Una useful characteristic of the model is that it does 
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give an absolute maximum exploitation rate which, if exceeded, will 

lead to a decline in the population level. In certain circumstances 

it may be possible only to calculate an exploitation rate from 

estimates of the size of the population and knowledge of gross 

exploitation. if this calculation gives a value higher than that 

predicted by the model the population can be expected to decline. 

This type of situation may well occur where exploitation is carried 

out by commercial concerns who would not note the age composition 

of the stock removed. For exploitation rates lower than the maxi-

mum predicted by the model the population may still decline; however, 

detailed knowledge of the age composition of the crop is reruired in 

order to be able to predict this. 

Where animals are difficult to age without detailed 

examination, crude age groupings can be emplored of the type calves, 

young, medium, old. The framework of the age specific models that 

we have been considering can easily be adapted to investigate 

harvesting strategies based on these groupings, Feasible groupings 

of Red deer and strag1es involving these adapted models are con-

sidered in chapter 6. 

IV ,to 	Is Involving exogeflou5 iggtore 

All the models we have considered so far have been 

concerned with the situation where demographic characteristics 

are either fixed or are dependent on the size of the population at 

various time periods. In many situation, these models are appropriate 

and useful; however, in others the demographic characteristics of the 

population depend on exogenous factors and in theee situations the 

models are at best rough approximations. Types of exogenous factors 



commonly- considered are the success of the main food crop, the 

effect of weather, and the populations of other animals whether 

competitors, parasites or predators. In this study we shall ignore 

the effect of Parasitism and competition, and treat exploitation 

as the only predation process. The effect of weather on food 

availability and on survival and fecundity characteristics will, 

however, be considered. General models that allow for the effect 

of weather have not been developed for obvious reasons, and the 

only model that treats the problem in any depth is that of Leslie 

(1959). He considered a weather factor that affected the survival 

and-11-fecundity terms of the simple single sex, age classified ponu-

lation matrix, He then generated various levels of this factor 

randomly and noted the effect on the population process. No 

stable age structure was obtained Pnd no enuilibrium level for the 

population was approached. Leslie's investigation does not con-

stitute a proof that this cannot occur, but there are good reasons 

to think that this may be the cane. In chapter 4 the implications 

of this result for the problem of estimating population parameters 

is considered in some detail. In chapter 6 its management implications 

are also considered. 

In this chapter we have examined the adaptation of 

population models to incorporate various types of exploitation. In 

the next chapter we shall be concerned with developing preliminary 

models applicable to Red deer populations, 
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CHAPTER ThREE 

In chapter 2 we considered various types of mathematical 

model that had been used to describe and predict the behaviour of 

animal populations. we then noted how these models could be adapted 

to allow the investigation of the effect of exploitation on the 

populations. In t s chapter we are concerned primarily with models 

of the first type that are applicable to Red deer. Prior to 

developing these models it will be useful to digress and consider 

those characteristics of Red deer ecology which have influenced the 

choice of these models. 

Early studies on Red deer natural history, e.g. 

Fraser Darling (1937), had indicated that one of the most important 

aspects of the Red deer's life history was its seasonal nature. The 

breeding season is concentrated into a few weeks, mating occurring 

in the autumn and calves being born in early June. 1xloit*tion 

occurs for Stags in the period from mid-August until the Rutt, and 

for Rinds during the winter. Natural mortality is concentrated 

largely into the late winter and early spring period. This seasonal 

pattern renders inappropriate models that treat time as homogeneous. 

Two methods for the ageing of deer from tooth charac-

teristics had been developed 2 Lowe (1967) and Mitchell (1963 and 

1967) and this had enabled the variation of demographic characteristics 

with age to be investigated. Red deer are relatively long-lived 

animals and there is substantial variation of these characteristics 

with age, e.g. Lowe (1969), table  13. 

3,5 



These considerations led to the decision to develop 

discrete time models that incorporated age specific 'variation. 

Such of the raw material for this analysis comes from work con-

ducted by the staff of the Nature Conservancy on a Red deer population 

on the Isle of Rhum, Inverneeshire. The main details of this study 

are given in Lowe (1969). He had published life tables for both 

sexes applicable to a virtually unexploIted population, and had In 

addition fecundity schedules that were both age specific and applied 

separately to male and female offspring. At first sight then, all 

the material necessary for the construction of the simple Leslie 

model, eauation 2(21) and the Williamson extension of the model 

(P-13 above), was available. As a first rough approximation 

these models were fitted using data in Lowe (1969, table  13. 

efore considering the results and implications of 

these fitted models, one peculiarity of the data used must he con-

sidered. iaaaljam (1962) had claimed that parents of prime breeding 

age tended to produce significantly more female offspring in horses, 

pigs, cattle and mankind. Lowe investigated this phenomenon to see 

if it applied in the case of Red deer. Using the Wilcoxom matched 

pairs sign rank test he found that females aged 6 to 9 produced 

significantly more female offspring (P<.325). 

This characteristic does not appear to be a general one 

for Red deer populations. Unpublished data from Red deer populations 

in Sutherland and Roeshire (Cooper, Lockie and Kutch) and data from 

Csughiey (1971b) for Red deer in New Zealand indicate no such 

phenomenon. In an earlier paper Caughley (1971a) had reanalysed 

aamal jam 'e data and found that It did not in fact support kama]j am 1 9 

claim. He was therefore sceptical of Lowe's result. ie noted that 



significant differences from parity sex ratio should be revealed by 

a signifioant('  test for heterogeneity over the age classes. UnIng 

Lowe (1969) table 15, he found a non-significant result 

df 	3, i ('*4) 	te then reasoned thatif the most fecund age 

classes tended to produce more female offspring, as Lowe claimed, one 

would expect a negative regression of The Proportion of male births 

In an age class against the fecundity of the age class. Using data 

in .owe (1969) tables lo and 150  he calculated a regression coefficient 

t.o8, t = U ,321, df = 69  P <s'. •7) The n -siificance of the 

results is not conclusive as a nonlinear but monotonic relationship 

could exist and iv. a similar result. However, the general weight 

of the evidence would tend to support Caughisy' a suggestion that the 

Lowe result may be an artefaøt. Indeed, analysis of the overall sex 

ratio of offspring ignoring age of parent for Lowe's data, for 

Caughley' e and for that of Cooper Lookie and *utch all giv no 

significant difference from parity. When dealing with more compli-

cated models which can be tested in chapter 41, the use of Lowe's 

relationship results in very poor predictions of observable phenomena. 

which are considerably improved when a parity sex ratio is assumed. 

For the present two fecundity schedules have been constructed, one 

using a varying sex ratio and the other assuming a parity sex ratio. 

These two fecundity schedule* will be denoted by subscripts 1 and 2 

respectively. 

Th. simple Leslie model dealing with the female popu-

lation r.,ujree only age specific fecundity and w"viva1 schedules. 

are given in table 3(1). Following Lowe, we have set for the 

moment maximum longevity for both sexes at 16. This assumption will 

be discussed in chapter 4. 



Table 3(1). 

Age 

1 	2 	3 4 5 6 7 8 9  10 11 1 2 13 14 15 	16 

Survival .86 .90  .89 .88 .86 .84 .81 .51 .33 .86 ? .81 .73 .68  .53 	- 
Fecundity (1) 0 	J 	.31 .28 ,; .4u .48 .36 .45 .7 .28 .28 .98 .28 .28 .28 

Fecundity (2) 0 	c,i 	.31 .28 30 .32 .38 .29 .36 .29 ,.8 .8 .78 .8 .78 .28 

Using Fecundity schedule (1) the dominant elgenvalue of the matrix was 

1.o4.8 (this agrees with Lowe's estimate of the finite rate of increase 

(19699 pp. 445). For Fecundity schedule () the dominant elgenvalue of 

the matrix was ln  31. The stable age structures indicated by the two 

eigenvectore asaooi.ted with the sigenvalues are given in tah153(2). 

Table 3( 2) 

Age 

123456789 10111715141516 

Fecundity (1) 	16a 14.4 122 lu.3 8.4 6.7 5.2 2.5 o.8 u.6 0.5 0.4 0.3 0.7 0.1 

Fecundity (2) 719.5 16.3 142 122 10.4 8.7 7.1 5.6 P.7 u.9 0.7 e.6 0.5 u,3 o.7 u.1 

The Williamson model which incorporates two sexes does not involve any-

interaction between the male and female populations. The male population 

is considered to be generated by the female population. The dominant 

eigenvalue of the two sex matrix is Therefore the same as that for the 

single sex matrix. The female age structure is the same as in the single 

sex model • The male age structure can be derived directly from the 

female age structure in the following way. In chapter 51  we expressed 

the ratio of the first age class of ;the male population to the first 

age class of the female as 



39 

in 

VfI F 1  

U' 

Vf F i f,i 

where the Vf1  were the elements of The age structure of the female 

population in the stable state and the F 
m,i 	f,i and F 	terms were the 

elements of the sex specific fecundity schedules. The male population 

has then an age structure of the following form 

rn-i 

	

( o, oS 	, os 	S .......o n S 	) rn,o rn, 	 1=0 rn,i 

	

A 	 2 	 - 
1 	A 

I 	
X rn-i 

where A1  is the dominant eigenvalue of the single sex matrix. 

The female age structure in the stable state is given 

in table 3(2) and the sex specific fecundity schedules are given in 

table 3( 3). From these we can determine Ô. In the case of teonn di ty 

schedule 2 ö  is equal to unity as Pm9i  F. for all i. Given the 

male survival schedule table 3(4) we can derive the age structure of 

the male population. In order to look at the overall distribution of 

the population we have then to normalise the two separate age structures. 

The results of these calculations are set outin Table 3(5). 

Table 3( 3) 

Age 

1 2345678 91C11121314116 

Fecundity (1) 
Female 
offspring 	 0 .33. .28 .30 .4U .48 .36 .45 .29 .78 .8 .28 .98 .28 • 8 

Fecundity (1) 
Male offspring C 	0 .31 .28  .30 .75 .29 .22 .27 . 79 . 28 •8 .28 .78 .78 .28 

Fecundity (2) 
All offspring 	C 	0 .31 .28 .3.; .3 2 .38 .29 .36 .29 .28 .28 .28 .28 .28 .28 



Table 3(4 

Age 

12345678910 111213 1415 16  

Survival 
Male 	.72 .99 .99 .99 .99 .99 .73 .50 .37 .85 .82 .78 .7' .61 .36 - 

Table 3(5) 
Fecundity schedule k1 

Age 

12345678 910 11 12 13 1415 l6 'o 

Female age 
struotui' 2u.5 16.8 144 13.2 lo-3 	84 6.7 5.2 2.5 0,8 o.6 0.5 0.4 0.3 c,9 0,1 

Male age 
structure/ 17 12.9 1Z1 11.5 IU-9 103 9.7 6.8 3.2 14 0.9 0.7 0.5 0.4 0.2 0.1 

Normalised 
Female 1000 819 702 595 502 410 377 254 1.2 39 	29 	24 1. 	15 	lu 	5 

Normalised 
Male 830 570 539 509 481 455 430 300 143 5]. 	41 	31 23 	16 	9 	3 

0 a.83i  A1 	1.048) 

Fecundity schedule (1 
Age 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

Female age 
structure . 19.5 16,3 14.2 122 10.4 8.7 	7.1 5.6 2.7 0.9 0.7 0.6 0.5 ".3 0.2 0.1 

Male age 
structure Z  17.7 124 11.9 11.5 11C 10.5 10.1 711. 3.5 1.2 1,0 0.8 C,.6 0,4 

Normalised 
Female 1000 836 728 623 533 446 364 281 138 46 36 31 	6 1.5 	10 5 

Normalised 
Male 1000 698 670 643 617 592 569 403 195 70 58 46 	35  24 	14 5 

(6 =1.00 x1 i,o3i) 

These results are substantially different from those obtained br Usher 



(1972). He fitted the same model using the dame data. He confused, 

however, the age of first breeding which occurs for Red deer on Rhum 

,it ag-e three in this notation. His age specific fecundity rates are, 

in fact, applicable to the age group succeeding the age group concerned. 

His estimate of A1  = 1.164 is thus a substantial overestimate of the 

rate of increase of the population in the stable state. 1ecessarily, 

therefore, his estimate- of the sustainable harvest obtainable from 

each age group is too large. 

We are now in a position to investigate, using the tech-

niques developed in chapter 2, various harvesting strategies. The 

data for an Investigation of hthie sort being available, one could, 

therefore, prescribe,ueing the models, various management schemes 

that would maximise particular yields, keep the population level 

constant, adjust the sex ratio and so on. To do so at this stage, 

however, would be premature. Two major interrelated iuestions 

remain: is the model an adecuate description of the population 

process for the Rhum Red deer population; and, are the data adequate 

for the model - i.e. are the estimates of age specific survival and 

fecundity good estimates? 

If, and only if, the answer to both these nuestions were 

yes, would it be desirable to extend the model to the level of 

giving management prescriptions? There are several levels at which 

the answers to these (luestions can be sought. Ultimately one would 

hope to test a model and the data against measured characteristics 

of the population. At a simpler level, however, one can consider 

the likely failings of the model and the data and sttempt to prove 

on any failings found in an ad hoc manner. 



The advantages of adopting this procedure prior to 

direct testing of the model and its parameters are many. Firstly, 

the only rigorous test of this model would be to estimate an age 

distribution in some initial year, and, using the model, to predict 

subsequent age distributions and see if these conformed to obser-

vations of the population. This procedire would not only be 

difficult, but, even if possible, would be of limited use, for if 

the predictions did not conform to observations one would have very 

little idea where the fault lay. Even the gross distinction between 

faulty data and a poor model could not be made. Furthermore, even 

If the predictions did conform satisfaotorIly to observations, one 

would need to be satisfied that errors in data had not been compen-

sated for by errors In the model. 

Let us consider, therefore, the general Implications of 

the simple model and attempt, where necessary, to extend the model 

to avoid unsatisfactory implications. At the start of this chapter 

it was noted that one major characteristic of Red deer life history is 

its seasonal nature. In the simple model we have been considering a 

major implication is that the age structure of the population becomes 

stable and does not vary throughout the year. Obviously, this Ignores 

the seasonal character of the population process. An a simple example 

consider the following point; calves are born during the early summer, 

and therefore the age structure of the population prior to this 

period will contain a smaller proportion of infants than the age 

structure of the population after all births have occurred. The 

inaccuracies in the simple model caused by the fact that it Ignore, 

the seasonal nature of the population process may be unimportant, but 

it is necessary to construct a model that represents the seasonal 

changes in order to determine this. 



-M - 	,s 	sp— n  t,s 3(2) 

where 

0,Fm2 	0, 	Fm2 	0 	 0, 	F 16  

0 9 	Ff2 	0, 	Ff2 	0, . . . . . .0, 	Ff16  

1, 	0, 	 . . . . . . , 	0 

0, 	1, 
M . 

8p 

1, 

1, 

. 	 1 

03, . . • I • • • I S I • I 	 I 
••• 1, 	0, 	0 



The simple two season model 

Let us classify the population into age classes immediately 

after the birth of calveo. At thie time let us denote the vector for 

the etmror poruition as n,. 	ove ch- es Yt 04tinguish In his life 

tables between natural mortality and cull induced mortality. There-

fore, we must lump these two processes together to change from the 

summer population to the spring population, while noting that two 

processes largely distinct in time are occurring. A mortality due 

to shooting in the autumn and early winter, and natural mortality 

in the laterwinter and early spring are the two processes. Denoting 

the spring population vector byat, 
sp 

 we have the transition from 

summer to spring as 

n 	=Mn -t,sp' 	w-t,s 	 3(1) 

where M is a diagonal matrix whose elements are the combined 

natural and cull survival rates of the elements of the population 

3m,l' 5f,1' S ,79  Sf ,, . • 	
S 16 

Note that we have survival rates for the age of maximum longevity 

Sm,169 Sf16, both of which, however, will be er,ual to zero. 	he 

spring population suffers no more mortality and gives birth to calves 

in the summer. The spring to summer of the next year is then given 

as shown on the opposite page. 

The overall population process is then described from 

one summer population to the next by 

n. 	=M 	n -t+l,s 	sp w-t,s 	 3(3) 

The matrix product T3 = 	Is necessarily srivare and 



0, 	 (F 1)(Sf1). 0, 	 (Fm2)(Sf2) 	 o 	 (Fm16)(Sf16) 

0 	 (Ff1)(Sf1) 0, 	 (Ff2)(Sf2). 	 0, 	 (Ff16)(Sf16) 

Siii,1 	0, 	. 	. 	. 	. 	. 	. 	 . 	0 

0, 	 Sf2. 	0, 	 . 0 

• 	 S 	, 

L - 
Sf 2' 

0 • • • . • • • . • 	 . • . . • Sf16 	0, 	 0 



of order 32. The population process from one summer population to 

the next can then be described by 

n 	=Ln t+l1,s 	—t,a 	 3(4) 

and L is given as shown on the opposite page. 

Skellam (1967) showed that the rate of change of the 

population i& the same in the stable state irrespective of the time 

of year at which it was measured. Thus the dominant eigenvalue of 

L will give the rate of change of the population at all seasons. 

The age structure of the spring population in the stable state 

will be different from that of the summer population, but can be 

derived directly from the summer population using 3(1) where the 

vector n 
t,s  is that given by the elgenveotor associated with the 

dominant eigenvalue of Ti, 

Allowing for this seasonal effect has not only enabled 

us to investigate the age structures at different seasons, but it 

has enabled us to obtain a. better estimate of the true rate of 

change of the population as the fecundity terms in L have been 

reduced by the mortality rates of the female ponniation. The 

results of this model are given in Table 3(6). This effect of 

the seasonal model an be justified in terms of common sense. 

Lowe's fecundity schedule was calculated from samples of the 

female population taken during the normal period of exploitation. 

The actual female population would be reduced initially by 

exploitation and suheecuently bynatural mortality. The effect 

then of applying these fecundity i'ates as calculated, to the 

summer population would be an overestimation of calf rnoduction. 

The modification of the fecundity rates by the survival rates 



Table 3(6) 
Age 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 Total 
Fecundity schedule (1)* 

Female age structure Z 	17.97 15.38 13.78 12.20 10.68 	9.14 	7.64 8.16 3.13 1.03 0.88 0.72 0.58 0.42 0.28 100.00 

Male age structure % 	16.14 11.57 11.39 11.23 11.05 10.90 10.74 7.81 3.88 1.43 1.21 0.99 0.77 0.55 0.34 100.00 

Normalised female 	1000 	856 	766 	679 	594 	509 	425 	343 174 	57 	49 	40 	32 	23 	16 

Normalised male 	815 	584 	575 	567 	558 	550 	542 	394 	196 	72 	61 	50 	39 	28 	17 

Fecundity schedule (2)* 

Female age structure 2 	17.02 14.81 13.48 12.14 10.81 	9.40 	7.99 6.55 3.38 1.13 0.98 0.81 0.67 0.49 0.34 100.02 

Male age structure % 	15.20 11.06 11.08 11.08 11.10 11.11 11.12 8.21 4.15 1.55 1.34 1.11 0.87 0.64 0.40 100.02 

Normalised female 	1000 	870 	792 	713 	635 	552 	469 	384 	198 	66 	58 	48 	39 	29 	20 

Normalised male 	1.000 	728 	729 	729 	730 	731 	732 	540 	273 	102 	88 	73 	57 	42 	26 

* Fecundity schedule (1): 6v 0.815, A1 	1.00491 (1.005). Fecundity schedule (2): 6 - 1, 11  w  0.98852 (0.989). 

Note that the seasonal modification reduces the effective number of age groups by one. 



as shown in the matrix L will avoid this difficulty. (ne 

implication of this adaptation is that the contribution of the 

final age class of the female population to the next year's 

population becomes zero, a result that conforms closely to a 

common sense interpretation of the situation. 

The yeld hind-lactating hind model 

Having allowed for the effect of seasonality on 

the population process, the next stage is to consider whether 

our treatment of the population as classifiable only into sex 

and age groups is valid. Lowe (1969), table  13, gave the propor-

tion of each age class of the female population found in breeding 

condition. He noted that the fecundity schedules for 1actatin 

hinds, i.e. hinds that had borne an infant in the previous summer*  

were lower than the schedule for young or yeld hinds, i.e. hinds 

that had not borne an infant in the previous summer. These data 

are summarised in figure 3(1). 

A cumulative chi souare test f hee data, including 

a test for hoinogeneitytajjcate that the tc type had s'tgnifi- 

cantly different fecundity schedules (if 156.69, df = A t  P .001). 

This characteristic seems to be a general one in Red deer populations. 

Work on Red deer populations in Genfeshipe (Aberdeenshire) published 

in I4itche]L, MoCowan & Parish (1972) indicated for the period 16-7fl 

a similar relationship. A similar chi square analysis on their 

*Some lactating hinds were believed to be feedinr yearlings, 1'he 

number is small, however, and these are ignored by this analysis. 



4 7  

Table 14 	= 81.35 9  df = 7, P 	. ork on the South 

Rosahire deer population for 1970-7? by Beddirigton, Cooper, Lockis 

and Mutch further corroborated these results. The data in this 

case were not extensive enough to do a uuntula.tjve ohi sivare 

analysis b' age, but on a simple proportion pregnant of yeld and 

lactating hinds of age greater than three (i'  10.86, df = 1, 

P 	.00i) which corroborates the other findings. Data for these 

three populations are given in Table 3(7). Reasons for this recur-

ring differen ce in the fecundity schedules are considered below. 

For the present we must note that the female population has 

fecundity influenced not only by age but also by past breeding 

success. The simple models we have been considering to date 

have assumed that age is the only determining factor for fecun-

dity rates. In part this effect had been allowed for in the 

models, for Lowe had used a. weighting procedure in the calculation 

of fecundity rates. He had determined the numbers of yeld and 

milk hinds in each year class by applying the net breeding 

percentage fig%re  to the next in order of age, assuming that 

mortality was o,ually divided between the two conditions of 

hinds (Lowe, 1969, P. 444). 

This procedure goes some way towards ensuring that 

the average fecundity schedule Is of the right order. However, 

it is impossible to know what distortions occur without producing 

a model of the population process which allows for the rather 

complex interactions between the two types of female. 

In order to construct this model some ad1ustent in 

notation is required. In t1WIl1iamaon model we used the two 

fecundity schedules F 	and. 1 	to represent respectively the 



Table 3(7) 

Location 	 All. 
Period 	 Source 	 1 2 	3 	4 	5 	6 	7 	8 	9 	10 	10+ 

Rhum Lowe 1969 Tables 10 & 11 Young and Yeld 
1958-65 % Breeding 	- 41.6 86.3 89.9 95.1 95.2 93.1 98.8 77.5 81.8 9 

Total No. 	- 125 139 158 102 83 58 84 49 44 71 

Z Breeding 	- 50.0 34.8 44.4 66.7 47.1 53.6 50.0 38.1 4 
Total No. 	- 4 	1 23 27 j24 	1 17 	i 28 16 	121 16 

Glenfeshie Mitchell, McGowan & Parish Young and Yeld 
1966-70 1972 Table 14 Z Breeding 	- 61.5 85.4 90.0 86.4 91.7 100.0 87.8 81.5 82.5 8 

_Total No. 	- 104 82 1 	70 59 48 34 41 27 63 42 

Lactating 

Z Breeding 	- 50.0 28.6 92.3 40.0 54.6 68.4 50.0 24.3 4 
Total No. 	- 8 14 13 15 11 19 8 37 12 

South Beddington, Cooper, Lockie Young and Yeld 
Rosahire & Mutch (unpublished) % Breeding - 45.0 66.6 80.0 66.6 80.0 83.0 100.0 78.0 75.0 7 1970-72 

Total No. - 11 11 10 6 10 6 8 9 4 7 

Lactating 

Z Breeding - 0 50.0 25.0 25.0 66.6 100.0 20.0 33.3 3 
Total No. - 1 2 1 	4 1 	4 1 	3 4 1 	5 3 2 



number of male offspring born to a foi1e aga i ni the number of 

female offspring born to a female aged 1. This tacitly Incor-

porated the age specific sex ratio of offDrjng at birth. We now 

define 

SRI  = Proportion of mr.le offspring born to females aged 1. 

FL  = Proportion of lactating hinds breeding aged I 

FY1  = Proportion of yeld hinds breeding aged I 

We defined in addition 

Number of males aged I at time t 

I ,t =umher of lactating females aged I at time t 

P 
= Number of yeld females aged I at time t 

In the absence of evidence 10 the contrary at this stage, we assume 

the survival rates of lactating and yeld females be the same. 

We define, however, these rates as 

SL 	Survival rate of lactating females aged i 

SY I = Survival rate of yeld females aged I 

In addition we have 

Survival rate of males aged I 

These are specific survival rates are those given In Tables 3(1) 

and 30). The FL1, FY schedules are given in Table 3(8) . For 

parity sex ratio at birth S 	.5 for all I • For the sex ratio 

incorporating the preponderance of female births to females aged 

6-9 the SR1  schedule is given in Table 3( 8). 

The age of first breeding is three; therefore, the 

firet possible age group of lactating hinds is four. Ignoring for the 

moment the seasonal effect considered above, letAt  be the vector 



so 

Table 3( 8) 

Age 

1. 	2 	3 	4 5 	6 	7 	8 9 10 11* 1* 13 1A 15* 16* 

Proportion 
breeding of 
lactating 
hinds 	- 	- 	- .r .35 .44 .67 ,47 •54 •5o ,3 .3  .38 .38 • 8 .38 

Proportion 
breeding of 
yeld hinds 	- .42 .86 .90 .95 .95 .93 .99 .77 .8' .R ,R' .2 F0 •8 

Proportion 
of male 
offspring 
by age of 
mother 	- 	- .50 .50 .50 .38 .38 .38 .38 .50 .50 .50 .50 •50 • 0 .50 

*The proportion breeding of animals older than ten years has been 

calculated as an average from all animals over ten. 

containing the number of males, yeld hinds and lactatinR hinds in 

the population at time t. The elements ofat  are in the following 

order 

= '1,t' 1,t' 7,t' 	to 3,t'  '3,t'  4,t' '4,t' 

TTT NL4,t 	 16 9t, Ni6,t 

and we assume sixteen is the age of maximum longevity for all 

types. The model is similar to the parity model of 'urphy (1965) 

and we consider the following transitions that can occur for the 

female population in one year 

NYj,t - NY  i+l,t+1 From yeldto yeld 

NY 	- 	From yeld to lactating 

NL1  - NL141,1  From lactating to lactating 

XLio t -  i+1 t+l From lactating to yeld 



0, 	0, 	0, 	of, 	0, 	FY3SR3, 	0, 	FY4S 4, 	FL4SR4 , 	0, 	FY5SR5 , 	FL5SR5  

0 9 	0, 	0, 	0, 	0, 	FY3(1-SR3),0, 	PY4(1-SR4),FL4 (1-SR4),0, 	FY5(1-SR5),FL.5(1-SR5) 

smilp 	 0 

0, 	SY1 , 

S142 , 

sY 2 , 

SM3, 

SY3(1-FY3),  

sY3FY3, 	 • 

SN41 	 • 

SY4(1-FY4),SL4(1--FL4),0, 	0 0 	0 

• 	• 	• 	• 	. 	• 	. 	• 	• 	• 	• 	. 	• 	• 	0, 	5Y4FY4 , 	SL4FL4 , 	0, 	0, 	0 



DI 

The probability values associated with these transitions are as 
* 

follows 

P(l) 5Y1(l-?Y1) 

P(2) - SY1(YY) 

sL1(FL1) 

P(4) SL1(l.JL1) 

These probability values have a simple interpretation, e.g. of 

yeld hinds aged I in year t a proportion only will survive to be 

aged 1+1 in year til. This proportion surviving is given by the 

survival rate ST1. Cf thoeethat do survive, those that have 

infants will be lactating hinds aged i+l at t+l. This proportion 

is given by FT1. Thoeethat do not breed will beyeld hinds aged 

1+1 at til. The proportion is given by (I-FY1). Thus, we have 

i) + 	ST1  

and similarly 

P3) 4) SL1  

We can incorporate the process in a matrix model 

t+l 
	

:( 4) 

where the matrix J is of order 45 when maximum longevity of both a.,ces 

is 16. 3 is thus rather too large to reproduce, but the general 

structure can be illustrated by considering the first five age groups 

only. 'hue 3 for maximum longevity of 5  is as shown on the opposite page. 

Note that the age of first breeding is three, and 

therefore the fecundity of younger animals is sero • If we wish 

*These assume that twinnixig does not occur in the population. 



0, 	0, 	0, 	0, 	0 0 	FY 3SR3, 	0, 	FY 4SR4 , 	FL4SR4 , 	0, 	FY 5SR5 , 	FL5SR5  

0, 	0, 	0, 	0, 	0, 	FY 3(1-SR2),O, 	Ily 4(1-SR4),FL4(1-SR4),0, 	FY 5(1-SR5),FL5 (I-SR5) 

it 	0 9 	. 	 . 	 . 	 . 	 . 	 . 	 . 	 . 	 . 	 . 	 . 	 . 	 . 	 . 	 . 	 . 	 * 	 . 	 . 	 . 	 . 	 . 	 I 	 • 	 I 	 • 	 0 

0, 	1, 

1, 

1, 	 • 

1, 

(1-FY 3), 

FY 3 , 

1, 

(1-FY 4), (1-FL4), 0, 	0, 	0 

o f 	• 	• 	• 	• 	• 	• 	• 	• 	• 	• 	• 	• 	• 	• 	• 	0, 	FY 4' 	FL 4' 	0, 	0, 	0 



to allow for the seasonal effect that we considered above, we need 

to have a vector n 	for the summer population and a vector n 
-t,sp 

for the spring population. The population process then in matrix 

form is the same as for eouations 3(1), 3(2), 3( 3) and  3(4), but 

we have in this case X as a diagonal matrix f elements 

5M1' SY1, sM, BY2, SM3, BY3, St4  BY4, SL4, 	
' 	l6' 	16' sr16) 

Again SM16  BY16 = SL16  0.I is of similar form to J and for a 
sp 

longevity of 5 is as shown on the opposite page. 

The matrix product L = M M is then of the form of 3, 
spw 

except that the fecundity rates in the first two rows of the matrix 

are multiplied by the appropriate survival rates. The results of 

this adaptation of the model are set out in Table 3(9). Tt should 

be noted that the model does not allow for any interaction between 

the male and female population. The male population structure in 

the stable state is therefore dependent on the ratio of msles &o  

females aged 1, the dominant eigenvalue and the male survival schedule. 

This model is of considerable complexity and only one obvious 

structural fault remains, namely that it confuses two distinct 

processes, that of exploitation and natural mortality. Lore's 

estimates of survival schedules in his life tables involved this 

contusion, and thus in order to fit the data from Lowe's paper to 

the models it was necessary to combine the two processes. Models 

which treat the two processes as distinct can easily be constructed, 

however. 

Consider the general summer population vector iit 
,8 

Then, if we assume that exploitation occurs from autumn to winter 

and natural mortality from winter to spring, we can model the 

Population process by an extension of the simple seasonal model 



Table 3(9) 

Rate of 	 Stable age structure 
Increase 	1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 Total 

No Seasonal 
Effect Fecundity I 

Yeld 
Lactating 

Total 

1.0404 
20.0 
0.0 

16.6 
0.0 

14.3 
0.0 

7.2 
5.1 

3.0 
7.4 

4.2 
4.3 

2.1 
4.8 

1.3 
4.1 

1.1 
1.5 

0.2 
0.6 

0.3 
0.4 

0.2 
0.3 

0.2 
0.2 

0.1 
0.2 

0.1 
0.1 

0.0 
0.1 

70.9 
29.1 

100.0 

69.8 
30.2 

 20.0 16.6 14.3 12.3 10.4 8.5 6.9 5.4 2.6 0.8 0.7 0.5 0.4 0.3 0.2_0.l 

Fecundity 2 
Yeld 
Lactating 

Total 

1.0231 

	

19.0 16.0 14.1 	7.2 	3.0 4.4 2.2 1.4 1.2 0.2 0.3 0.3 0.2 0.1 0.1 0.1 
0.0 	0.0 	0.0 	5.1 	7.5 4.5 5.0 4.3 1.7 0.7 0.4 0.3 0.3 0.2 0.1 0.1 - 
19.0 16.0 14.1 12.3 10.5 8.9 7.2 5.7 2.9 0.9 0.7 0.6 0.5 0.3 0.2 0.2 

Seasonal 
Effect Fecundity 1 

Yeld 
Lactating 

Total 

0.9975 
17.6 
0.0 - 

15.2 
0.0 

13.6 
0.0 

7.1 
5.1 

3.1 
7.7 

4.6 
4.7 

2.4 
5.4 

1.6 
4.8 

1.4 
1.9 

0.3 
0.8 

0.3 
0.5 

0.3 
0.4 

0.2 
0.3 

0.2 
0.2 

0.1 
0.2 

0.0 
0.1 

68.0 
32.0 

100.0 

66.8 
33.2 

100.0 

 17.6 15.2 13.6 12.2 10.8 9.3 7.8 6.4 3.3 1.1 0.8 0.7 0.5 0.4 0.3 0.1 

Fecundity 2 
Yeld 
Lactating 

Total 

0.9812 

	

16.6 14.6 13.3 	7.1 	3.1 4.7 2.5 1.7 1.5 0.3 0.4 0.4 0.3 0.2 0.1 0.0 
0.0 	0.0 	0.0 	5.0 	7.7 4.8 5.7 5.1 2.0 0.9 0.6 0.4 0.4 0.3 0.2 0.1 

16.6 14.6 13.3 12.1 10.8 9.5 8.2 6.8 3.5 1.2 1.0 0.8 0.7 0.5 0.3 0.1 



we have already developed. Denote the winter population vector as 

n4  add we have 

Summer to winter 

Winter to spring 

Spring to summer 

flt,w = sat 

n 
-t,sp M n 

w-t, i 

n=ff n t+l,s 	Sp-t,sp 

The overall summer to summer transition is 

n 	=M Mm t+l,s 	ep w s—t,s 	 3(5) 

These three seasonal matrices can he adjusted depending on the 

details of the population model. The matrices M and ! are 

diagonal matrices whose elements contain the proportion of each 

age or sector of the population surviving the cull and natural 

mortality respectively. The matrix sp is a matrix which models 

the appropriate difference eouations to produce from the spring 

Population vector the new calf input and any transitions not 

Involving mortality from the spring to the summer. If it were 

possible to separate the effects of exploitation and survival, 

this model, if valid, would enable a thorough investigation of 

possible exploitation strategies. Given that we had estimates 

of natural survival schedules and fecundity schedules that were 

both good and valid for all time periods, we could investigate 

various crop-Ding procedures by manipulating the elements of the 

matrix • and noting the effect on the dominant elgenvalue and 

associated eigenveotor of the matrix product ' 
t = M sp 	• We ws 

have come some considerable way In improving upon the basic 

model, and most of its obvious oversimplifications and defects 

have now been considered. Thus, we are now in a nosition to 

consider the parameter values that we have been using. The 

investigation of these values will form the subject of the next 
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CHAPTER FU UR 

Three basic types of parameter were considered in the 

discussion of the models of  Red deer populations in the last 

chapter. These were the age specific schedules of survival of 

exploitation, survival of natural mortality and fecundity. The 

age specific survival of natural mortality and the fecundity 

schedules can be considered as beinR the natural properties of 

the population. If these schedules can be determined accurately, 

the exploitation of survival schedule could then be manipulated 

in the models to investigate management strategies. e noted 

that Lowe's estimate of the natural survival schedule contained 

an error due to his having combined the two processes of natural 

mortality and exploitation. Lo claimed that his schedule 

applied to a virtually unexploited population and that the degree 

of error was therefore small. We shall now consider these problems 

and others associated with the determination of natural survival 

rates, before goibg on to consider problems oonoernino fecundity 

rates. In the text from now on when we mention survival we shall, 

unless otherwise indicated, mean survival of natural mortality. 

The estimation of age specific survival 

Ecologists, in esti'iating asm specific schedules of 

survival, usually rely on a theoretical foundation of tundaental 

demographic euat1ons developed by Lotka (Lotka, 19C7a and 19(7b; 

Sharpe and Lotka, 1911;  Lotka, 1925).  It'- will be necessary to 

review these e0uations before considering how they have been used 

in estimating survival schedules. Some additional notation is 

recuired. 
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We have 

as the probability of surviving from age 9Aro to age x. 

is the fo cund t ty of age x. 

is the proportion of a population falling in age group 

x - x+l in the stable state, 

r is the instantaneous rate of increase of the population 

in the stable state. 

b is the birth rate per head of the population. 

Lotka's fundamental equations, on the assumptions that l and 

values are constant with time are 

J
lxe xmdx = 1 	 4(1) 

bflecdx 1 	 4(2) 

-1.x=c ble 	x 	 4/3, 

Lotka showed that the population would eventually attain a stable 

state and increase by the Instantaneous rate r. If we then consider 

discrete age classes such that 

x  
L = I 1 d 

X 	X 	
4(4) 

When the stable age distribution is attained, the following 

relationship holds 

F x -rx 

1l 	L 
0 	 4(5) 

where F x,x+l is the freouency of age class x-x+l. If the population 

has attained a stable state and in addition the population size 

remains constant, i.e. r = o, enuation 4(5) simplifies considerably 



so that we have 

F 	 L - 
F 	- L 
o,l 	0 4(6) 

This condition for a population is known in the literature as the 

stationary state. When one can he confident that the population is 

in this stationary state, the survival schedule can be calculated 

from the relative fre,uens of the age classes of the population. 

For, if we set P0,1  to 1000 in eouation 4(6) we can derive the 

normal life table from the adjusted freruencs of the other age 

classes. From the life table we can calculate then the ordinary 

survival schedule. The discrete time analogue of those euti'ns 

is the simple Leslie model. Where A1  is the dominant sigenvalue 

of the simple single sex matrix, the associated elgenvector *1 

takes the form 
rn-I. 

(i, S1,, 5l52/A2P • . . . . so 11 	rn-i) 
i=l 

where m is the age of maximum longevity and S are the age specific 

surtival rates. When A1  is unity the situation is that described 

by equation 4(6) for the continuous model. From observations on 

the age group frequencies we can estimate the stable vector and 

arrive at the survival schedule by taking the ratios of successive 

elements of the vector. Two conditions have to he satisfied in 

addition to the original assumption of oostant fecundity ard 

survival, if observations on the freouenoy of age groups of the 

population are to be used to estimate the survival schedule. 

Firstly, the population must be stationary and, secondly, the 

survival and fecundity process should be occurring continuously 

throughout the period. 
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In a seasonally breeding population this is patently 

not the case. The implications and adaptations necessary to allow 

for a seasonally breeding population will be considered below. Let 

us now turn to the way in which the survival schedules that we used 

in the last chapter were estimated. 

In the spring of each year counts of the deer populations 

of Rhurn were made by teams from the Red deer Commission and. the 

Nature Conservancy. The counting teohniues employed are considered 

in Lowe (1969).  From  1957  onwards data had been collected for the 

deer population and these data included the age and sex of each 

animal found dead or shot on the island. A large amount of time 

was spent looking for dead animals, and Lowe was reasonably con-

fident that most of the natural mortality had been found. From 

these data it is possible to estimate the age structure of the 

population in the early years of the stucy. The first stage of 

the estimation process is best Illustrated by an example. An 

animal aged two in 1958 will be aged three in 1959,  four in 1Q60, 

and ten in 1966. In 19669  therefore, if a ten year old animal 

is shot or found dead it is possible to make a number of statements 

concerning the existence of a four year old animal in the 196(' 

population, a three year old in the 1959  population and on on. 

Repeating this process for each ianin%al found dead or shot on the 

island, one obtains an age and sex distribution of the animals 

found dead in each year's population. Lowe conducted this recon-

struction process for the period 1957-1966  and related the age 

and sex distribution to the spring of the year when counts were 

made. For the 1957 population 91.9 of the counted population 

had been found dead or shot by May 1966. He assumed an age of 



maximum lonaevity for males and females as eighteen and mted that 

the survivors of the 1957  population would all be over nine years 

of age. He distributed the remaining animals amongst the age 

classes 1-9 In the 1957 population by adduig to each its enuivalent 

in age classes 10.48, assuming similar survival to June 196. 

From this procedure he obtained the age and sex frenuencies of the 

population In the spring of 1957. At this point he assumed that 

the population was stationary and proceeded to estimate his life 

tables for the 1957 population in the manner described above. 

His claim, therefore, that these life tables applied to a virtually 

unexploited population and therefore gave a reasonable estimate of 

survival schedules can now beconsidered. The first problem Is 

that it is possible that the population was not stationary. ?or 

the year 1957-58  the exploitation was kept at the same level as in 

the period prior to 1957,  namely 6 of the counted adult stock. 

It would therefore follow that the population level should be 

the same in the following year. The count in 1057  was 1584  and 

in 1958 was 1711. Ai estimate of the finite rate of increase 

of the population would therefore be 

1711 
1584 

This figure is substantially different from unity and one would 

therefore have some reason for doubting that the low-level of 

exploitation prior to 1957 coupled with natural mortality kept 

the population in a stationary state. If the population were in 

a stationary state and increasing by A in each year, it would be 

possible to estimate the correct survival schedule usin, the 

expression for the stable vector ml  above and a&ivatfnR each 

successive survival rate by the factor A. ne would need to be 



confident however that a stable age structure had been attained. 

A way of testing for this would be to reconstruct the 1°5 

population in an exactly el. liar way to the 157 and then test 

for stability between the 1957  and  1958  population using a 

chi aeuare test on the freouenoles of each age and sex group. 

A non-significant cumulative chi arluare would give one reasonable 

confidence that a stable age structure had been attained. 

A difficulty would remain, however, and that is the 

seasonal nature of the deer population process. As we noted in 

chapter 3, the age structure of the population varies during the 

year and thus an estimate of the stable age structure is meaningful 

only with respect to a particular period of the year. Caughley 

(1967) developed the basic enuatione of Loa tciinoorporate 

this characteristic of seasonal breeding populations. He con-

sidered what he termed a birth pulse population process in which 

the assumption was made that births occurred at instants in time 

separated by the apace of one year. He developed an analogue óf 

eouation 4(5) for a birth pulse population that is 

F 
	-rx 

4(7) 

where F 
 x gives the number of animals aged x relative to the 

P 
0 

number of newborn animals and x is a whole number of years. This 

eauation applies only to the period of births. The stationary 

state for this population process would require that the numbers 

of animals at the same time in successive years was constant. In 

the stationary state the survival schedule could he calculated 

from the freauencles in the age classes at the period of the 
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birth pulse. In a stable, but increasing, population the survival 

schedule could be calculated from an estFate of the rate of 

increase r of the population. If all that was available was two 

counts for a stable a.e structured population for a particular 

period of the year, the trivial estimate of the finite rate of 

increase A above could be converted usinw the identity r = lo A 

Where a series of counts for the population were available, a 

	

regression coefficient for log Nt 	 is the size of a 

population at year t) against t would be the ximum likelihood 

estimate of r. 

Lowe's reconstructed population was for the period 

just proceeding the birth pulse, therefore his estimates of 

survival cannot apply to that period, in order to investigate 

just what his estimates apply to we must return to the simple 

seasonal model of eouations 3(1), 3(?), 3( 3) and 3( 4). The 

vector n ts  for the summer period has a structure in the stable 

state given by the dominant eigenveotor X,associated with the 

dominant aigenvalue A1  of the matrix L. For simplicity let us 

consider the female population only. We then have that this  

vector is given by 

S11 ,S S2 	 TI sV m_l) 
S S S 

1 	1 	ii A1  

The structure of the population in the eprinii after all forms 

of mortality is then given by 

t,ap  

where k4l sp is a diagonal matrix (Si,  2 • • • • • S  

and  =0. in 
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The population structure in the spring in the stable state is 

therefore 

t,sp 	(51,S I  S 2 0 SIS'LlS • • • • si:s 
	

) 

The survival schedule that one could oalculate from this population 

structure would therefore apply only to animals sged one and over. 

This would apply both when the population is stationary and when 

the population was increasing, and an estimate of X was available. 

Lowe' s survival schedule ,therefore, is unsatisfactory • It is the 

survival schedule only for yearlings and above, yet it has been 

used in calculating various statistics like the finitetrate of 

increase (see above, page 	on the assumption that it applies to 

all ages. It applies to a population that is probably not stationary, 

but has been calculated on the assumption that it is stationary; its 

use, therefore, in the models of chapter 3 is undesirable. 

The difficulty with all the techniques that we have 

considered in this chapter for esti-ating age specific survival 

In that for their correct application, age specific survival and 

fecundity should be constant over time. Even if it were possible 

to apply the relevant tests and carry out the appropriate analysis 

to arrive at the survival schedule, a considerable circularity of 

argument would have occurred, as there is no reason a priori for 

assuming that age specific survival and fecundity are constant 

over time. A technique to esti ate the survival schedule which 

did not make this assumption and indeed enabled this assumption to 

be tested would, therefore, he highly desirable. 

In the work of the Nature Conservancy on Rhum enouah 

data were obtained to enable such a technique to be developed. 
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We noted above that data on the age and sex of animals found dead 

or shot had been used by Lowe in reconstructing earlier populations.  

Lowe used the data from 1957 to 1966. The work was continued, and 

similar data for the next four years were obtained. The data were 

classified into years fton, June to Mriy and were of the form 

Indicated in figure 4(1). 

In The forthcoming analysis we shall be concerned with 

estimating the population structure at various periods during the 

Year. It is important therefore to consider in detail the for,. 

of the data illustrated in figure 4(1). An entry in the age 1 

category for the year 1957-58 would refer to the death of a 

calf born in the June of 1957. If the entry were for age . in 

the same year,'this would refer to an animal born in the June of 

1956 and aged ten months at the time of the eprin count in 1957. 

In reconstructing the population to the period of the counts, 

therefore, the first age group would be omitted. Using the 

extended data for the period 1957_70, it was possible to calculate 

the age and sex distribution of the population in the summer of 

1957 and eubsejuent years, which had died or been shot since 

1957. This reconstruotionib given in table 4(1) for the period 

1957-65. 

These reconstructed populations could he made to 

relate to the period of the spring counts by omitting the first 

age group. The total number of the population counted in the 

spring of each year could then be related tothe reconstructed 

population total. Table 4(2) gives details of the reconstructions:' 

compared to the counted population. Cf note is that in excess of 

90% of the counted population had been recovered dead for the 

first five years populations, while in excess of 8( of the counted 
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Note that the age convention used differs from that of most other 
Published work on Red deer; in this thesis calves are designated as 
age group one, in other work e.g. Lowe (1969), they are grouped as 
Class C and age group one is designated as the second age group. 



Table 4(1) 

Age 
VP 	 9 10 11 12 13 14 15 16 17 18 19 

157 148.6 117.9 85.5 92.3 71.4 87.7 79.0 77.7 54.8 27.0 11.3 9.3 8.5 3.4 57 1.5 0.7 0.3 0.0 Male 
Reconstruction 1958 168.6 119.4 108.9 84.1 91.0 70.3 83.3 66.2 69.1 38.1 17.6 8.3 5.4 4.0 2.2 4.1 1.2 0.1 0.0 

of Population 1959 159.0 160.8 114.4 106.9 81.3 85.5 68.5 64.2 55.6 37.4 21.1 8.7 2.5 2.3 4.0 2.0 1.0 1.0 0.0 
1960 143.3 151.4 156.8 113.4 106.9 76.3 65.0 45.9 47.8 29.5 21.1 8.4 3.3 0.2 1.1 4.0 1.0 1.0 0.0 
1961 146.9 130.1 145.4 151.1 107.9 91.8 57.1 52.5 33.5 31.2 21.2 12.9 6.3 2.2 0.2 0.1 3.0 0.0 0.0 
1962 108.1 97.2 119.1 127.6 140.8 89.9 57.5 46.2 46.8 24.2 20.1 8.5 4.3 3.0 1.0 0.0 0.0 1.0 0.0 
1963 81.0 92.9 91.2 108.8 112.2 102.1 69.2 34.2 34.0 38.3 15.8 12.6 5.2 3.0 3.0 1.0 0.0 0.0 1.0 
1964 49.3 70.2 91.9 86.1 100.5 89.0 78.6 44.5 28.0 26.9 28.1 10.6 6.5 4.1 3.0 3.0 1.0 0.0 0.0 
1965 45.9 35.0 67.2 88.4 81.4 85.0 64.5 42.3 26.3 14.2 14.2 19.1 7.1 3.0 2.0 1.0 3.0 0.0 0.0 
1966 37.0 34.0 33.0 56.0 69.0 53.0 65.0 48.0 33.0 16.0 12.0 10.0 11.0 4.0 3.0 2.0 1.0 0.0 0.0 
1967 22.5 15.0 28.0 30.0 41.0 48.0 41.0 44.0 26.0 13.0 10.0 9.0 6.0 7.0 1.0 1.0 0.0 1.0 0.0 
1968 20.0 9.0 7.0 18.0 22.0 25.0 36.0 22.0 21.0 14.0 5.0 7.0 8.0 3.0 7.0 1.0 0.0 0.0 1.0 
1969 27.5 3.0 1.0 1.0 13.0 17.0 15.0 23.0 15.0 11.0 12.0 2.0 5.0 4.0 3.0 4.0 1.0 0.0 0.0 

Female 1957 164.2 139.4 119.6 119.0 87.3 81.2 60.3 65.4 55.1 24.8 8.7 8.2 6.7 2.0 1.1 4.2 2.2 0.0 0.0 

Reconstruction 1958 156.9 139.4 139.4 116.4 113.1 74.6 77.4 52.4 60.1 43.0 11.6 4.6 5.8 3.4 2.0 1.1 1.3 0.0 0.0 

of Population p 
1959 180.0 145.8 133.4 131.7 101.2 81.6 64.0 59.5 36.0 41.0 22.5 10.0 3.1 4.4 2.4 1.0 0.0 0.0 0.0 
1960 139.2 169.6 135.8 106.3 107.9 82.5 64.6 57.5 47.9 19.8 25.7 12.4 3.4 2.4 4.4 2.4 1.0 0.0 0.0 
.1961 153.1 128.4 157.6 118.8 85.3 75.9 62.4 46.4 44.9 33.8 11.8 21.4 5.9 3.3 2.4 3.4 1.4 0.0 0.0 
1962 119.8 113.8 115.4 127.4 95.0 61.5 50.2 41.0 35.3 22.8 7.4 3.1 3.0 3.0 3.1 2.0 0.0 0.0 0.0 
1963 98.1 108.0 99.8 97.8 112.7 63.4 46.6 34.9 27.8 22.2 17.4 6.3 2.0 3.0 3.0 2.0 2.0 0.0 0.0 
1964 65.7 93.0 102.0 89.8 74.5 83.2 56.3 33.5 27.9 15.8 14.2 15.4 3.3 1.0 2.0 3.0 1.0 0.0 0.0 
1965 63.0 53.0 86.0 90.0 68.0 52.0 58.0 43.0 28.4 14.2 6.0 6.1 10.3 3.0 1.0 2.0 2.0 0.0 0.0 
1966 57.0 56.0 49.0 68.0 65.0 50.0 38.0 42.0 26.0 10.0 10.0 6.0 5.0 6.0 3.0 1.0 1.0 0.0 0.0 
1967 36.5 35.0 44.0 39.0 47.0 33.0 36.0 24.0 27.0 14.0 7.0 7.0 4.0 4.0 4.0 1.0 1.0 0.0 0.0 
1968 23.0 12.0 31.0 36.0 27.0 34.0 24.0 26.0 16.0 18.0 11.0 7.0 3.0 3.0 4.0 2.0 1.0 0.0 0.0 
1969 27.5 6.0 11.0 21.0 16.0 16.0 19.0 13.0 13.0 9.0 9.0 7.0 4  0 3.0 2.0 2.0 1.0 0.0 0.0 



Table 4(2) 

Counted Total animals found Proportion 
Year Population eventually dead or shot Remainder found dead 

1957 1584 1519.2 64.8 95.91 

1958 1711 1618.9 92.1 g4.62 

1959 1733 1654.8 78. 

196() 1800 1676.7 1'3.3 

1961 1830 1649.6 180,4 

1962 1753 1461.2 281.8 

1963 1691 1373.4 317 S6 81.1 2 

1964 1842 1287.9 554.1 6o.92 

1965 1760 1076.7 683.3 61.18 

1966 1&6 886.0 7n.0 55.17 

population had been recovered dead for the fit'st seven years popu-

lations. In distributing the remainder of the population to arrive 

at an estimate of the population distribution in the spring of these 

first seven years the following teohniciue was employed. It was 

noted above (Table 4(1)) that no females older than seventeen had 

been shot or found dead,while males as old as nineteen had been 

discovered. The assumption of eoual longevity for the two sexes 

was, therefore dubious. It was decided to consider the age of 

maximum longevity for females to be seventeen and for males to be 

nineteen. From this assumption it was argued that, of males alive 

in 1957, only age groups one to six would still be alive in 1Q70. 

For the 1958 population males aged one to seven and females aged 

one to five could still be alive. For the 1959 population males 

aged one to eight and females aged one to six could still be alive, 
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and so on. The unaccounted remainder of the 157  ponulation could 

therefore be distributed amongst the six male groups and four female 

groups, that of the 1958 population amonwst seven male groups and 

five female groups, and so n. In the absence of knowledge about 

the pattern of survival, the remainder was distributed according to 

a smoothed relative fre0uenoy of these age and sex groups in the 

population. Linear regressions were calculated for ae against 

freouency for the relevant set of age groups for each sex in each 

of the first seven years. The frecuency values estimated from 

these ecuationa were then used to calculate the distribution 'of 

the remainder of the population amongst these age and sex groups. 

The use of simple linear eouatlons seems justified in that the 

fit to the data is good and the number of age groups was too small 

in the earlier years to develop a more complex model. The linear 

ecuations and significance levels are given in Table 4(3) The 

form of these reconstructed populations are given in Figures 4(2)-

4( 7). 1avirig arrived, at estimates of population distribution for 

the spring of each year, it was then 1 ossible to calculate the 

distribution in the summer of that year in the following way. 

In table 4(1) we noted that number of o1ves found dead or shot 

that had been born in the summer of each year. This number 

should differ from the number of ten month old calves in the 

spring of the subsenuont year only by the number shot or found 

dead during the intervening period. Therefore, by veing the 

estimate of the next year's ten month old calves, one could add 

the intervening mortality to arrive at the appropriate number 

of calves born in the summer of the previous year. As the 

estimates of the population in the spring of each of the first 
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Table 4( 3) 

Year 
Regression 

Coefficient Constant 
Correlation 
Coefficient 

Degree of 
Freeclo'ri Prr,babf 1 

1957 Males _5,97 1()9.85 .7( 

Females -15.69 155.55 .94 
1958 Males -R.(2 121.11 .80 

Females -15.59 163.35 .93 3 
1959 	Iales -i3,(8 15(.99 .93 6 

Females -17.00 169.11 .98 4 

196(; 	ales 16,53 170.74 .98 7 

Females 17.95 175.24 .07 5 
1961 Males -15.57  167.79 .Q5 8 

Females -15.7(l 161,63 .4 

1962 Males -12.56 146.17 .00 9 
Females -13.70 142.09 .05 7 ' 

1963 Males -11.25 126.34 .91 ir 
Females -11,87 128,35 .04 8 

seven years were available, it was possible to make six estintes 

of the summer populations. The estimates of the number of calves 

born in the summer for the first six years are given in Table 4(4). 

With these estimates of the summer population distribution, the 

analysis can be extended to separate the effect of exploitation 

and natural mortality. It was noted above that these two nroceeses 

occurred largely at two different times during the year. In the 

simple seasonal model we considered the pernulation -orocess as 

having three phases: births, natural exploitation and natural deaths. 

We have now,  arrived at estirates of the population distribution for 



Table 4(4) 

Calves born 

Year 	 Males 	Females 	Total 

1957 157.5 174.6 332.1 

1958 177.1 164.8 341.9 

1959 170.5 193.0 363.5 

1960 157.6 153.8 311.4 

1961 165.1 174.1 339.' 

1962 128.9 143.6 272.5 

the period after birth and for the period after natural mortality 

for 1957-63, The data illustrated in figure 4(1) separated the 

deaths from exploitation and natural causes; therefore, by sub-

tracting the deaths from exploitation for eoh year from. the summer 

population distribution, the population distribution for the period 

after exploitation could be estimated. With these pornilation 

distributions at the three periods of the year, the survival 

schedule and the survival of exploitation schedule could be 

calculated for each year. The survival of exploitation schedule 

was calculated from the ratio of the appropriate elements of the 

summer population to the corresponding elements of the post-

exploitation winter population. The survival schedule could have 

been calculated from the ratio of the elements of the winter 

population to the corresponding elements of the eprinR count 

population. This procedure was not adopted, however, as it was 

noted that ai error could occur in the following way. The sprint 

counts of the population could be over- or under-estimates of the 

actual population level. These counts were used to estimate both 
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the population level and the distribution. If the nrocedur, out-

lined above for calculating the survival schedule were used, the 

errors from two successive counts would interact - Possibly in a 

multiplicative way. It was therefore decided to make an estimate of 

the survival shedu1e by a similar procedure to that used in calcu-

lating the survival of exploitation schedule,'From the population 

distribution after exploitation the number of Rniiola found dead 

in the appropriate year was subtracted. The resultant population 

distribution was thus iUated only to the spring count of the 

Previous year; therefore, in estimating the survival schedule from 

the ratio of elements in this distribution to the elements in the 

Post exploitation distribution, errors in only one year's count 

could affect the estimate. 

The survival schedules for the years l97-6' nre given 

in Pablo 40), The survival of exploitation schedules calculated 

in the way described above are given in Table 4(6). The procedure 

for calculating these parameters is a complex and time-consuming 

one and a program to generate all the rervuired Parameters was 

written in Fortran. This program recuires as input data only age, 

sex, time and type of death and the spring counts for the appropriate 

years. This program, together with & schematic representation of the 

calculation procedure, is given in Appendix 3. 
The variation in the survival of exploitation 

indicates mainly a change in the maivgement policy for the Rhum 

deer, The crop was increased from approximately 	of the counted 

adult stock in 1957 to one sixth of the adult stock in eubsenuent 

years. The decrease in survival for the age groups subeoted to 



Table 4(5) 

Year 	1 	2 	3 	4 	5 	6 	7 	8 	9 	10 	11 	12 	13 	14 	15 	16 	17 	18 	19 

Male 1957 0.81 0.93 0.98 0.99 1.00 0.98 0.96 0.96 0.84 0.86 0.75 0.59 0.62 0.92 0.72 0.80 0.14 0.00 0.01 
Survival 1958 0.96 0.97 0.99 0.99 1.00 0.99 0.96 0.99 0.98 1.00 0.88 0.96 0.96 1.00 0.91 0.48 0.83 0.00 0.01 

1959 0.96 0.98 0.99 1.00 1.00 0.95 0.93 0.94 0.80 0.84 0.65 0.72 0.13 0.85 1.00 1.00 1.00 0.00 0.01 
1960 0.92 0.97 1.00 0.99 1.00 0.95 0.96 0.97 0.97 0.91 0.85 0.98 0.96 1.00 1.00 1.00 0.00 0.00 0.01 
1961 0.74 0.94 0.97 0.98 1.00 0.97 0.99 0.99 0.91 0.87 0.54 0.57 0.48 0.00 0.00 1.00 1.00 0.00 0.01 
1962 0.90 0.98 0.99 0.99 0.98 0.98 0.99 1.00 0.99 0.98 0.92 0.96 0.91 1.00 1.00 0.00 0.00 1.00 0.04 

Female 1957 0.86 1.00 0.99 0.98 0.96 0.99 0.95 0.97 0.88 0.68 0.55 0.73 0.51 1.00 1.00 0.31 0.00 0.00 0.01 
Survival 

1958 0.93 0.98 1.00 0.98 0.99 1.00 1.00 0.95 1.00 0.98 0.97 0.94 0.92 1.00 1.00 0.00 0.00 0.00 0.01 
1959 0.96 0.98 1.00 0.99 0.98 0.99 1.00 0.95 0.88 0.84 0.88 0.59 0.77 1.00 1.00 1.00 0.00 0.00 0.01 
1960 0.94 0.97 0.98 1.00 1.00 0.99 0.92 0.90 0.92 0.80 0.90 0.80 0.97 1.00 1.00 0.58 0.00 0.00 0.01 
1961 0.81 0.96 1.00 0.99 1.00 1.00 0.92 0.95 0.71 0.31 0.35 0.20 0.53 1.00 1.00 0.00 0.00 0.00 0.01 
1962 0.94 0,98 0.98 1.00 0.99 0.98 0.9' 0.93 0.89 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.00 0.00 0.01 



Table 4(6) 

Age 
Year 	1 	2 	3 	4 	5 	6 	7 	8 	9 	10 	11 	12 	13 	14 	15 	16 	17 	18 	is  

Male 	1957 1.00 1.00 1.00 1.00 0.99 0.97 0.88 0.92 0.82 0.76 0.98 0.99 0.76 071 1.00 1.00 1,00 1.00 0.0 

Proportion 1958 1.00 099 0.99 0.98 0.94 0.98 0.82 0.86 0.55 0.56 0.56 0.31 0.44 1.00 1.00 0.51 1.00 1.00 . 
Surviving 
Cull 	1959 0.99 1.00 1.00 100 0.94 0.81 0.74 0.80 0.69 0.67 0.61 0.53 0.60 0.57 1.00 0.50 1.00 1.00 0.( 

1960 1.00 0.99 0.97 0.96 0.87 0.81 0.85 0.77 0.70 0.81 0.72 0.76 0.70 1.00 0.09 0.75 0.00 0.00 0.( 

1961 097 0.99 0.92 0.96 0.85 0.68 0.84 0.91 0.83 0.78 0.81 0.59 1.00 1.00 1.00 1.00 0.33 n.00 o. 
1962 0.99 0.97 0.93 0.91 0.77 0.82 0.68 0.79 0.86 0.74 0.75 0.70 0.77 1.00 1.00 0.00 0.00 1.00 OC 

Female 	1957 1.00 1.00 0.99 0.98 0.90 0.96 0.92 0.95 0.88 0.69 0.97 0.96 1.00 1.00 1.00 1.00 1.00 0.00 0.4 
Proportion Surviving 1958 1.00 0.98 0.95 0.89 0.74 0.87 0.77 0.73 0.68 0.53 0.89 0.72 0.83 0.71 0.50 1.00 1.00 0.00 0.4 

Cull 	1959 0.99 0.95 0.81 0.84 0.84 0.81 0.91 0.84 0.62 0.74 0.63 0.58 1.00 1.00 1.00 1.00 0.00 0.00 0.4 

1960 0.99 0.97 0.90 0.82 0.72 0.78 0.80 0.88 0.77 0.74 0.92 0.60 1.00 1.00 0.77 1.00 1.00 0.00 0.4 

1961 0.97 0.94 0.83 0.83 0.75 0.70 0.75 0.83 0.78 0.70 0.75 0.71 0.97 0.94 083 1.00 1.00 0.00 0.4 

1962 0.98 0.92 0.89 090 0.73 0.82 0.81 0.79 0.77 0.80 0.85 0.65 1.00 1.00 0.65 1.00 0.00 0.00 0.4 
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exploitation is well reflectedUn the calculated cull survival schedules 

given in Table 4(6). The variation in natural survival indicated in 

Table 4(5) and illustrated in figures 4(8 )and 4(9 ) is not so easily 

explained, however. The extent and consistency of this variation, 

particularly in the very young and older animals would seem to indicate 

that it is not an artefact of the calculation procedure, but a 

reflection of a true variation in age specific survival. A detailed 

consideration of the changes in survival and factors likely to contri-

bute to it is postponed until the next chapter. Instead, the assumptions 

implicit in the calculation procedure will now be considered. The 

procedure will be considered stage by stage and the new assumptions 

renuired at each stage will be noted. 

Stage 1: 	Animals found dead in the period from June to 1ay of 

each year are summed back to arrive at the animals 

alive in the summer of each year, which have sub-

eeouently died or been shot. 

Assumption 1: The ageing technicue is accurate. 

Stage 2: 	The number and distribution of animals alive at 

the time of the spring count in each year is obtained 

from the summer population calculated in stage 1. 

Animals classified as aged two in the summer popu-

lation become aged one, i.e. ten month old calves, 

in the spring. All other age groups shift in the 

same manner. 

Assumption 2: No deaths occur between the spring count and the 

summer. 
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Stage 3: 	The actual population distribution at the time of 

the spring count is estimated. This involves cal-

culating, from the distribution calculated at stage 

2, the total number already found dead and subtracting 

this number from the counted total to find the 

remaining animals not accounted for. This remainder 

is distributed according to a smoothed relative 

frenuency amongst the sax and age grour that could 

still be alive in 1971. This procedure is carried 

out for those years where the animals already dead 

are in excess of RO of the counted 'population. 

Assumption 3: The spring counts are accurate. 

Assumption 4: All dead animals have been found. 

Assumption 5: The smoothed relative fre',uency of sex and age 

groups reflects the distributions of remaining 

animals in each year. 

Stage 4: 	The actual 'population distributions for the 

summer are calculated. This involves increasing 

byone year the age of the estimated spring 

population of that year, i.e. calves in the 

spring become two year olds in the summer popu-

lation. The calf input is calculated from the 

estimated ten month old calves in the subsenuent 

spring by adding intervening mortality. ;nly 

six summer distributions can be calculated from 

the seven spring distributions. 
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Stage 5: 	The actual population distribution for the period 

after the cull is calculated from the summer population 

estimated in stage 4 by simply subtracting the number 

shot from the appropriate age anti sex classes. The 

cull surval rates for each year are calculated 

from the ratio of the elements of the summer popu-

lation to the corresponding elements in the poet-

exploitation population. 

Assumption 6: All natural mortality occurs after exploitation 

has finished. 

Stage 6: 	The population distribution for the subeeuent spring 

is calculated from the poet exploitation population 

by 	tracting the numbers found dead. The age 

specific survival rates are calculated for each year 

from the ratio of the elements of the poet exploitation 

population calculated at stage 5 to the elements of 

the spring population just calculated. 

Assumption 1 is the most fundamental one in the entire analysis. T,owe 

(1967) aM iitchell (103 and 1967) discussed the accuracy of the 

ageing techniques they had developed. Neither claimed complete 

accuracy, although comparisons with known aged animals were encouraging, 

with a success rate in excess of 95. It seems unlikely that complete 

accuracy was obtained in the data. However, such inaccuracies as there 

may have been are unlikely to have been of great magnitude, as the data 

in tables 4(1) and 4(2) indicate, if there' had been large inaccuracies 

and/or consistent 'bias in ageing one would expect them to be reflected 

in inconsistencies in the proportion recovered dead by ear and In the 

age distrjluticns. That these inconsistencies do not appear, cann6t. 



of course, be considered as validating entirely the ageing techniques. 

However, some confidence can be placed in the techniques from their 

absence. When the developed models are compared with data obtained 

independently of ageing techniques, below, this confidence is reinforced. 

Assumptions 2 ond 6 depend on the distribution of natural 

mortality throughout the year and are both certainly false. At the 

start of chapter 3 the distributions of deaths throughout the year was 

considered and reference was made to Lowe (1969), figure 1. ata in 

this }thtogram indicate that natural deaths did occur at periods outside 

the later winter/spring period and thus refute the assumptions. However, 

the number of deaths occurring outside the period is extremely small; 

most of these deaths were accidental, involving falls, eagle predation 

on calves, animals becoming entangled in derelict fences, etc. The 

vast majority,, Lowe uses the figure 87.9,  appeared to die from mal-

nutrition at the end of the winter and in early spring. The invalidity 

of these assumptions is thus unlikely to have a mRor effect on the 

survival rates. Natural mortality o,ouring in the period of exploitation 

would mean that the estimated survival rates would be artificially low. 

Natural mortality occurring in the period after the count would counter-

act this by tending to shift both survival and cull survival unwards. 

Given that these deaths were often accidental, it seems unlikely that 

the variation involved would either generate or maèk the variation in 

calculated survival rates noted in table 4(5). 

Assumption 3 is again almost certainly false. No direct 

teat of the accuracy of the sprinR counts is possible, however, and 

therefore in determining the extent of the error some ingenuity is 

recuired, The first oint is that the data in table 4(2) indicate 

that overoounting of the population is unlikely to be in excess of 1C 
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as in at least five years the number recovered has been in excess of 

901/t of the population. The consistency of these figures tends to 

make one suspect that the undercounting is not a serious problem 

either, and unlikely to be in excess of a similar figure of icr. 
Some idea of the consistency between counts can he obtained, using 

a simple accounting procedure. The difference in two successive 

counts should only be the difference between the estimated calf 

input and the number of deaths. Large discrepancies between these 

figures would indicate where the estimation procedure night well be 

in error due to count discrepancies. The results of this procedure 

are set out in table 4(7). 

Table 4(7) 

Calf Count 
Year Count Estimate Deaths Prediction Discrepancy Discrepancy 

1957 1584 332 213 17(3 

1958 1711 342 289 1764 +8 1.47 

1959 1735 363 311 1807 -51 1.9 

196u 1800 311 315 1803 -7 (.39 

1961 1830 339 487 1687 +'7 1.47  

1962 1753 272 265 1760 +66 3.76 

1963 1691 -69 4.08 

The general consistency is good and the errors involved in miscounting 

likely to be email, therefore. The discrepancy for the last two years 

could very easily be explained by an overcount of about 6o in 1967  only, 

as if we consider the prediction for 1962 as being closer than the count 

to the actual figure, then the subsec,uent prediction for 1963 is 1694 - 

a discrepancy of only 3. With variation in count accuracy of this order 
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of magnitude the calculated survival schedules are unlikely to be 

significantly in error, and the overall variation is unlikely to be 

an artefact. The effect of varying the count totals on the estimates 

of survival is considered in more detail in Appendix 4, where the 

results of a simulation using the algorithm described in Appendix 

3 are set cute 

issun'tption 4  Is a particularly difficult 	umtior to 

test. The recovery of more than 9 of the counted popul.tion for 

the first five years lends some credence to Lowe's claim that most 

of the mortality was found in the period 195766. Since 166 the 

searching effort has been reduced, and it is unlikely, therefore, 

that all careases were found subsequent to 1966. The main effect of 

missing some natural mortality is to raise artificially the estimates 

of age specific survival. It has a seoondarv effect in the distri-

bution of remaining animals which is considered with assumption S 

below. 

One source of natural mortality was certainly riot 

covered, and this was the near natal mortali tr of calves. In the 

weather conditions and level of scavenging that prevail on Rhum 

these carcasss would disappear extremely ouiokly and would, there-

fore, be unlikely to be found • In the analysis of survival rates 

these deaths will be ignored. Their Incor,oration in the models 

will be considered within the probler of fecundity rates later in 

the chapter. Other natural mortality missed would, given a constant 

searching effort, tend to be m esed in proportion to the number of 

carcases at risk. Therefore, the variation due to missed mortality 

is likely to be in a constant relationship to mortality found. For 

the first six yea, therefore, the survival schedules are likely to 
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be alight overestimates of the true survival schedule. Variation 

should not be masked or generated by this missing mortality, however. 

This problem is considered in more detail in the next chapter. 

In assumption 5, the distribution of the 'remainder' 

according to the simple relative frer,nency of sex and age groups 

likely to be left alive is unlikely to be completely accurate. It 

is plainly affected by the assumption (4) that all deaths are found. 

If all deaths were not found, then this techninue would tend to 

distribute too many of the remainder amongst the younger age classes. 

This would result in an artificially high estimate of the survival 

rates of these age groups and an artificially low estimate for the 

older age groups. The number of the remainder in the first seven 

years is small compared with the number of the age groups to which 

it is to be allocated. This is well illustrated in figures 4(2)-

4(7. The effect of the distortion on age specific survival is 

thus unlikely to be important. 

The general problem of survival estimation has now 

been covered in some depth. The assumption of constant survival 

used in the models of chapter 3 would therefore seem to be refuted; 

some adaptation of the models is necessary. This will he considered 

later. To continue this chapter, the problem of the variation in 

age specific fecundity will be considered. 

The estimation of age specific fecundiy 

The fecundity rates used in the models of chapter 3 

were calculated from a shot sample of females. This sample was 

taken during the time of the normal winter exploitation and no attempt 

was made to ensure that the sample was random. The sampling took place over 



a period of nine years and the data given for the Rhum population in 

table 3(7) for lactating and yeld hinds are thus an accumulation of 

the infdrmation obtained over this period. Hinds were considered to 

be fecund if they had functional corporea lutea, even if no foetus 

was observable. Three basic sources of error could, therefore, be 

present: the sample could be biased towards the more or less fecund 

groups due to selective shooting; the use of furitibna1 corporea lutea 

could result in an overestimate of the true fecundity rate; and, 

there could be a year to year variation in fecundity rates which 

would be masked by the accumulation of  data for the whole period. 

The extent and importance of these problems will be considered below. 

Before doing so it will be useful to consider the problems of actual 

sampling error involved in estimating fecundity rates. In the absence 

of twinfling which, as noted above, is an extremely rare occurrence 

in wild Red deer populations, the fecundity rate can be considered 

as being the probability of a successful birth. The problem of 

fecundity rates is then a special case of the binomial trials in 

which the proportion breeding corresponds to the parameter p, the 

probability of suooesees' and the proportion not breeding to the 

parameter a = l-p, the probability of 'failures'. The underlying 

mathematical model is therefore the binomial distribution. For 

large sample size the fecundity rate can be estimated fr'm the 

proportion breeding and confidence limits given to this estimate 

by using the normal approximation to the binomial. If we denote 

the number breeding by x, the sample size by n (and the true 

fecundity by P), the proportion breeding x/n will be normally 

distributed with mean P and standard deviation /Pl-P)/n. Confidence 

limits for P can then be estimated using the normal deviate and are 



given by 

In the situation where the sample size is small the normal approximation 

cannot be used and to asiess confidence limits one has to use the 

binomial distribution itself. There is a considerable body of litera-

ture on this particular problem stemming from the pioneer paper of 

Clopper and Pearson (1934) and some discrepancy in the confidence 

intervals estimated by the various techniques proposed. Blythe and 

Hutchinson (1960) and Crow (1956) tabulate values for varying n and 

x at Wo and  99,  and Bradley (196) briefly reviews the alternative 

procedures. In essence, and despite different philosophical approaches 

to the problem, the methods differ only in the difference between the 

two tail points of the confidence region. Clopper and Pearson have 

the two tails ecual in size and the other techniques do not demand 

this constraint. The confidence regions are not fully tabulated by 

Clopper and Pearson, however. The tables of Crow (195) give the 

closest correspondence to the technique of Clopper and Pearson; 

see Blythe and Hutchinson (196(j), figure 1. These tables arelused 

subsenuently in calculating confidence limits where the sample size 

is lees than or ecual to 30. Where the sample size is in excess of 

30, the normal approximation equation 4(8) above is used. In chapter 

3 it was noted that the main factor affecting fecundity, apart from 

age, was the past history of breeding success, milk hinds havinw 

significantly lower fecundity rates. Unfortunately, the sample of 

milk hinds was few in number and the confidence limits for age 

specific fecundity of milk hinds correspondingly large. It was 
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Rhum yeld 	32.97 

Glenleshie yeld 19.91 

Rhum milk 	35.48 
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0,75? 2 and 6 

3.118 2 and 4 
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decided therefore to investigate the relationship of fecundity and 

age to see if an underlying model could be developed which would 

allow an improved asti'ate of the fecundity rates. Piures (lo) 

and 4(11) give the observed rates with 95. confidence limits plotted 

against age for both the4glenfeshie and Rhum populations. The sample 

for animals aged 11 and over is pooled. By inspection and as 

indicated in figures 4(10) and 4(11), the underlying relationship 

would appear to be a quadratic equation relating age to fecundity 

in all cases.'Where FA  is age specific fecundity and. A is age, the 

general model would therefore be of the form 

4(q 

This model could be fitted using the technique of second degree poly-

nomial regression, e.g. Snedecor and Cochran (1961). Tho  model was 

therefore fitted using the data set out in table 3(7) for the yeld 

and milk hinds in the Rhum and Glenfeshie populations. The results 

of this analysis are set out in table 4(7) and illustrated in figures 

4(10) and 4(11). 

Table 4(7)* 

glenfeohie milk 	30.27 -2.12 -45.55 	1.855 	2 'nd 4 

*For the purposes of this analysis the data for hinds aged eleven 

and over was pooled. 

The model does appear to have some claim to represent the re1tion.p 



1. 

FIGURE 4( 10) 



RHUM 

+ 

0- 
/0 

BREEDING 

AGE 



mw 

Nift 

ri 

:&

MEN- 

kww. 

Ir4 

'I 

e Av 
'IGUBE 4(11) 



GLEN FESHIE 

100- T 
T 	95% Confidence limits 
I 	for Yeld hinds. 

T 	957 Confidence limits 
for lactating hinds. 

80- 1 T I 
I 

I 
I 

T 

I 

I 

--i----  I 
60- T 

/ 
I 

BREEDING I 	( / I I 

/ I 
I ,  
/ I I 

0- 40- 

20- 20- 

0 0 I 	I 	I 	I 	I 	I 	I I 	I 

0 	1 	2 	3 4 	5 	6 7 	8 9 	10 	11+ 

AGE 



between age and fecundity. For the Rhum yeld population, 

where more data were available, the fit is good and thus some confidence 

oar be placed in extending the model to other deer populations where 

the data are not so extensive. Fiwire 4(1) °ives details of the 

application of the model to the South Ross deer, yeld hinds only. 

Considering the paucity of data in this case, the fit of the model 

is remarkably good. Enuation 4(9) thus seems to have some validity 

in three separate deer populations as representinz the relationship 

between age d the probability of breeding success. It was therefore 

decided to use the expected values from the model as well as the 

observed values in further investigations of the Rhum population's 

fecundity characteristics. 

The simple mathematical properties of age specific 

fecundity having been considered, it is now appropriate to go on 

to investigate the assumption of constant fecundity schedules 

implicit in the models of chapter 3. At the same time it will prove 

possible to consider the problem of bias in the estimates of the 

proportion breeding in each age group. 

Earlier in this chapter the age and sex composition 

of the population was estimated for the spring period of the years 

1957-62. Tb555 distributions were illustrated in figures 4(')-

40). The calf input for the subsequent summer was also calculated 

and is given for the years concerned in table 4(4). Theae distri-

butions were all estimated using the backoounting technique 

described earlier and are, therefore, independent of any assumptions 

concerning the fecundity of the population. It is, therefore, r.ui te 

legFtimate to utilise them to inveetli'ate the estimates cf PPe 

specific fecundity. 
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Deiote the number of lactating hinds aged I in the 

spring of year t as LSP I,t and the number of yeld binds aged I in 

the spring of year t as YSPit*The calf input 	to the summer 

population of that year is then given by 

18 
C 	= t 	E TISP i't  x FL  + YSP1, X ry, 	4(10) 

1=1 

where FL1  and FY are the proportion of lactating and yeld hinds 

aged i breeding in that year. If it were possible to estimate the 

number of lactating and yeld hinds aged I in the spring of the year, 

eouation 4(10) could then be used to predict the calf Input for 

each year using the various estimates of the proportion breeding 

of yeld and lactating hinds aged I considered earlier. This would 

then enable any variation In the fecundity year by year to be noted 

by comparing the predicted values of C with the values estimated 

by the backcounting technique and given in table 4(4). 

A technique in needed, therefore, which would enable 

the number and age distribution of lactating hinds to be estimated 

for each year. The overall age distribution of the female popu-

lation for these years having already been estimated and Illustrated 

in figures 4(2) and 4(7), the distribution of yeld hinds eould be 

obtained by simple sub-traction once the milk hind distribution was 

known. 

The total number of lactating hinds in the spring 

population cannot exceed the number of calves born in the summer 

of the previous year and will probably he less than that figure 

due to natural mortality or Tdiboting. It is unlikely that the 

number will be less than the number of ten month old calves in the 

spring as the probability of a calf surviving the winter without 



c. ther Is thought to be very low. Thus, some lim!ts can be set on 

the total numbers of lactating hinds. Jor all except the first year 

these limits can be made fairly small as the number of calves born 

has already been estimated and the Intervening mortality of hinds 

Is also known 	oie Idea of The ae distribution of the lactating 

hind population can also be obtained by considering the pattern of 

fecundity. (ne would expect there to be pro,ort1onately more 

lactating hinds in the age group succeeding a more than a less 

fecund age group. Therefore, weighting procedure that arrived 

at an age distribution which Incorporated this idea could be hoped 

to mimic fairly well the age distribution of the lactating hind 

population. If good estimates for the spring population of i57 

could be obtained, correspondingly good, estimates for auhseouent 

years could be made directly from the results of these estimates 

by using a system of difference eouations based upon the final 

seasonal model of chapter 3. 

Denote in addition to the notation already defined 

for equation 4(10) 

SY It - the number of yeld females aged I in the sunever 

of year t 

SL It 	- 	the number of lactating females aged I in the 

summer of year t 

and 

it 	- the number of yeld and lactating females aged I 

in the winter of year t 

SR 	- The proportion of male calves born In year t 

Shot yjt  - the number of yeld females aged . &int in year t 

Shot 	- 	-th number of ]'ctatjng females age9 I st In year t 
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Nat Y 	- the number of yeld females aged I found dead In year t 

Nat Lit - the number of lactating females found dead In year t. 

The following eouatione then define the seasonal transitions from an 

Initial spring population. 

Spring to summer 

I M I t  17 

s. = sp; (I-FY I 	I, ) + SPi, t(1_Ti1 	011)  

SL 	 SPY 	FY + SPL x FL I+1,t 	 I,t 	I 	lo t 	1 	4(11) 

SL 	 (1-SR t) x 'P t ii I+1,t 	 4(13) 
17 

SL1,1,. 
i 1 	 4(14) 

Summer to winter 

I = 1, 18 

WY i,t =SY 
l o t 

-SHOTY 
lot 4(15) 

SL lot STk:T L1 
Alf 16 ) 

Winter to spring 

	

I 	1, 18 

SPY1, ti 	WY1  - NAT 
Y1, 	 4(17) 

SPL 	= I,t+1 	1,t SL 	- NAT Lit 	 4( 18) 

The number of yeld and lactating binds shot in each year was available* 

and the number and age of females dying naturally was also known. It 

was impossible however to distinguish between yeld and laotat1n 

*The shot females were classified as yeld or lactatinor depending on the 

presence of milk or lack of It in the mammary g1anc1. 



hinds for those latter female deaths, as often bodies were in an 

advanced state of decomposition when found. In the absence of evidence 

to the contrary, it was assumed that natural deaths were distributed 

equally between the two types of hind. The sex ratio at birth of 

the calves in each year had already been estimated by the backeounting 

technique. Thus, all the information necessary for generating sub-

sequent age distributions of the population from equations 4(11)-4(1) 

and predicting the calf input in each year was available. The equations 

were incorporated in a computer program written in Fortran, further' 

details of which are given in appendix 5. One adjustment was made 

from the equation system 4(11)-4(18) so that the predicted calf 

input value was calculated, but not used to generate the new female 

calves. The number of female calves calculated by the baokoounting 

technique and given in table 4(4) was used instead. In addition, 

the number of milk hinds aged I In that year was increased or 

decreased proportionally depending on whether the predicted value 

for calf input from the equations was smaller or bigger than the 

figure calculated by backcounting. This ensured that any errors in 

predicting input were not multiplicative. h* number of lactating 

females in the 1957  spring population was taken as being the number 

of ten month old calves In the 1957 spring population (estimated by 

the baokcounting technique already described) increased by the 

mean survival rate of calves for the years 1957-61 given In table 

4(5), differences between male and female survival rates being noted. 

The age distribution of these females was then taken from the stable 

distribution of the population given  by the eigenveotor associated 

with the dominant eigenvalue of the matrix L considered on page 

3(14). with the fecundity rates used being those previously given in 



table 3(8) and the survival rates being a mean value for those cal-

culated for years 1957-61 and given in table 4(5)..  This distribution 

incorporates a weighting procedure of the type outlined above and it 

is unlikely therefore that much error is involved. 

Two feoundity chedu1es were tested, the actual observed 

values given in figure 4(11) and the values predicted from the fitted 

polynomials for Rhum of table 4(7).  The predicted values compared 

with those calculated by backcounting are given in table 4(8). 

Table 4( 8) 

1957 1958 1959 196o 10 61 18 

Calculated 	 332,1 341,9 363.5 311.4 339.2 272.9 

Predicted from Ubserved Fecundity 307.2 	353.() 352.0 363.3 392.6 361.0 

Predicted from Fitted Polynomials 320.8 356.9 347.0 361.7 370. 	337.9 

If the ratios of the calculated values to the predicted values are plotted 

year by year, a definite trend can he observed - figure A( 13 L)-, both 

yield significant linear regressions of the ratio against time 

Observed Fecundity. Ratio =-..O074 Time + .377 P<.Ol 

Polynomials. Ratio =+.0049  Time + .9038 

Both estimates of fecundity schedule start as being underestimates of 

true fecundity and end as being overestimates. This trend can be 

explained in terms of an underlying decrease in the fecundity of the 

population over the time period when the sample of females was taken. 

The mean fecundity taken over this period would then be too low an 

estimate at the start and too high an estimate at the end of the 

period. 

As a tool for investigating the variation in fecundity 



oir 

~~ k-,w 

7-1 

leg 	
wj~ 

WW 

47, 

714,41,04M A 

LQ 

pP4*

'Will

, 

FIGURE 4(13) 



140(' 

Observed 

Values 
130( 

120( 

I- 10C 

1•000 

900 

1300 

Polynomials 

1200 

1•100 

1000 

900 

1957 	1958 	1959 	1960 	1961 	1962 



rates over time, the ratio of predicted calf input to the calculated 

is rather unsatisfactory. It takes no account of the ae-specific 

variation in fecundity rates and it is only a rather crude meausre of 

the extent of over- or under-estimation. Vhat has been fairly clearly 

demonstrated using it is that fecundity is changing over the period 

and that therefore the assumptions implicit in the models of charter 

3 that fecundity schedules are constant are refuted. 

The position, therefore, is that both fecundity and 

survival rates have been found to change. The next problem Is to 

discover whether they are effected by environmental factors such as 

food supply or weather, or by population factors such as the 'populaton 

density or the age composition. This problem will be considered in 

the next chapter. To nolude this chapter, the problem of the sex 

ratio of births considered above in chapter 3 will be Investigated. 

The sex ratio of births 

In thd deterministic model such as that of eruatons 

4(11).4(18) random fluctuations In the sex ratio of offspring cannot 

be predicted as the determination of the sex of mammalian embryo 

is ar. essentially stochastic process. What can be investigated, 

however, is whether the assumption of ecual probability of a birth 

of either sex independent ofthe age of the mother is a better one 

thatn the alternative considered above, namely that females aged 

6-9 have a higher probability of giving birth to a female than a 

male offspring. 

A simple adaptation of the ennation 4(13) enables this 

to be incorporated into the enuation system. Denote SRI  as the 

probability that the offspring of a fenale aged i will be male, 
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then we have 

17 
SY 	=E St 	tx(1_5R11) i=l1+1, 	

4(19) 

which gives the number of female calves born in year t; using similar 

notation denote the number of male calves born in the summer of year 

t as 35 l,t we have 

17 
55 	=7, St 	4x(SR1) 

1=1 

The assumption of erual probability for offspring of either sex implies 

that 54 = .5 for all 1. The alternative aseum'Dtjon is that SRli 

varies and is that given in table 3(8) above. 

Table 4(9) gives the sex composition of calves for 

each year from 1957  to 1962, predicted by each hypothesis conrnare 

with the calculated vilies taken from table 4( 4). 

Calculated by 
reconstruction 
Males Females 

157.5 174.6 

177.1 164.8 

170.5 193.0 

157.6 153.8 

165.1 174.1 

128.9 143.6 

Table AL21 

Sex ratio parity 
all ages 

Males Females 

166.(5 166.:5 

171 .95 170.95 

181.75 181,75 

155.70 155.70 

169.60 169.60 

136.25 136.25 

Sex ratio varying 
with age 

'ales Females 

152.4 179.7 

160.4 181.5 

171.t 197.5 

142.3 169 .1 

157.1 12.1 

15.3 147.2  

Year 

1957 

15 8 

1959 

1960 

1961 

1962 

It can readily be seen that in certain years the varying sex ratio 

hypothesis results in very poor predictions of the sex composition 

of the calves. This indicates that the assumption of a parity sex 
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ratio is probably a better ore. This is confirmed by a Chi enuare 

analysis let out in table 4(1(', ). 

Table 4( 1(,-,) 

Year df parity sex ratio varying 

1957 1 .8 .631 

1958 1 .450 3.275 

1959 1 1.430  

1960 1 A6 3.029 

1961 1 ..39 .758 

1962 1 .793 .182 

Total 6 3.838 7.818 

P <.25 

The result of these investigations indicates that the 'v'ariaticn in 

the sex ratio of calves is compatible with the assumption that there 

is an erual probability of a male or female birth. in all future 

,fiod,els this assumption is made except in the cases where a better 

estimate of the actual sex coposition is available. 



CHAPTER FIVL - 'iodels of Rrnd teer o,ujation bhavtjp]vjng 

varIation in deioapMc chaacteristic 
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In chapter 4 techniques were developed which enabled 

the yearly variation in survival to be investigated for the first six 

years of the ±thum study. It--was noted that the extent and consistency 

of this variation, particularly in the young and older age groups, was 

such as to preclude its being an artefact of the techniques used. 

That there was variation in age specific survival in the years inves-tj.. 

gated is in little doubt. What is not apparent is whether the survival 

rates estimated by these techniques are representative of the type of 

variation likely to occur on Rhum. An independent check on these sur- 

vival rates calculated would be that when considered in life table form 

they gave a reasonable estimate of the age of maximummiongevity. 

Figures 5l)_5(6) give the survival rates Plotted as number of survivors 

from an input of 11)00 for each of the bears from 1957 to 192, The 

estimates of maximum longevity varying considerably from a value of 15 

in 1961 to infinity in the case of the female population in 192 when 

no deaths were recorded for animals aged 11 nd over. However, if mean 

survival for the first five'ears is taken and plotted in the same way, 

the estimates of maximum longevity conform closely to those observed, 

namely about 18 years. This is illustrated in figure 5(7). This is 

encouraging as one would expect individual years to vary considerably in 

their estimates of maximum longevity, but if the range of survival were 

to be typical, one would expect the mean survival schedtje to yield an 

estimate close to that actually observed. The problem remains to exnl,ain 

the variation and this will now be considered. 
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Preliminary consideration of survival variation 

A pattern in the data that can be observed in figures 

5(1)_5(6), but due to the lack of data cannot he further investigated 

is the following. f1he two years in which survival was very low - 

and 1961 - were both followed by years in which survival was very high 

- 1958 and  1962. This suggests that in years of low survival all poor 

conditioned animals die and the fo1loing year only animals in good 

physical condition remain in the population, survival in these years 

being therefore correspondingly high. A mathematical model of this 

procedure would involve relating the survival of age group I in year 

t not only to environmental factors in year t but to the survival of 

age group i-i in year t-1 and would re,uire fitting using auto rep-

ressive procedures (Box Jenkins, 197(. 

It can easily be seen from the figures 5(l):5() tht 

the survival of males aged 3-B and females aged '_B vary little year by 

year and are uniformly high. In considering the survival patterns in 

years of differing environmental characteristics, these rates will be 

considered as constant. The problem of varying survival rates thus 

telescopes to a problem of varying survival in young animals: namely, 

males aged 1 and 7 and females aged 1, and In animals over eight years 

of age. 

It was noted in the last chaptee that the factors likely 

to affect survival could be classified into two groupas population 

factors and exogenous factors such as weather. Prior to considering 

how these factors might operate to influence survival it is necessary to 

consider the major causes oftdeathe observed on Rhum. L.we (1)' had 

noted that deaths of older animals were Invariably assooted with an 

inefficient set of teeth. He postulated that death was due to starvation 



brought about by insu ficient soft plant material being available 

when rumination of other more resistant plant tissues has become 

inefficient owing to ineffective cheek teeth. Lowe found that there 

was a direct relationship between the age of the deer and the state 

of teeth, and. at age eight molar teeth began to bre& up and lose 

ridges and crests (Lowe, table 19). This is corroborated by the 

survival patterns already noted in figures 5(1)-5(7), Pressure on 

the supply of soft easily digestible food seems therefore to he the 

mechanism by which environmental factors influenced survival of 

older animals. Population density could obviously affect the availa-

bility of food, but it is unlikely that it would be important excprt 

at critical periods during the year. During the summer there is an 

excess of soft plant food, much of which dies hack uneaten during the 

autumn and it is as the winter ends that population pressure could play 

an important part. In investigating any relationship between survival 

and population density, it is therefore important to consider the ponu-

lation density during the late winter period of the year concerned. 

Weather factors which affect the supply of the soft nut-

ritious food in lmto winter are difficult to identify as the problem is 

extremely complex. Certainly at the start of the winter period there is 

an abundance much of which dies back during the winter. The phenomenon 

known as .inter browning' is particularly difficult to identify in 

terms of standard weather parameters. This occurs when the plants 

become dessiated by periods of cole dry sunny weather with acon'rnanyin 

wind, Watson, il1er and Green (1966). To arrive at an index of weather 

conditions which correlate with the incidence of Winter b-  owning is 

a task certainly beyond the scope of this study. When one couples thlis  



phenomenon with the problem of identifying the weather conditions 

resulting in high growth and therefore availability of soft plant material, 

it becomes clear that any analysis that related all these factors to 

survival would require considerably more data than are available. 

It was therefore hoped that variations in the supply of soft plant 

material would not be the main influence on survival, for if this were 

not to be the case the problem of predicting survival rates from 

environmental parameters was, in terms of the available data, insoluble. 

Another mechanism that could affect survival via the food supply is 

the condition of the animal as it enters the period of short supply. 

Ahintals in good physical condition with reasonable fat reserves could 

be expected to haveathigher probability of surviving food shortage than 

animals in poor condition. It is during the summer that fat reserves 

are built up and the animals gain weight. Therefore, severe sn*er 

weather conditions in which the energy metablism is channelled into 

producing heat and not into building up fat reserves, are llirely to be 

correlated with low survival in the following spring. Finally, the 

other factor that might well affect survival is the severity of the 

late winter weather conditions. 1or a given food øupply the more severe 

the weather thhe heavier would be the nutritional demands of the animals, 

and hence the greater the food scarcity. The probability of dying would, 

therefore, be likely to be increased both by the primary affect of bad 

weather on the nutritional statuØs of the animal and by the secondary 

affect of increos& icd scarcity as the whole population attempts to 

consume more. The pint of an a priori analysis of this sort is that 

the only alternative to it is a large scale multivariate investigation 

of the variation in 8uvtvai using various sets and subsets of the 

population and weather data available. In this latter type of 
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investigation, particularly where the number of o1servations is for, 

spurious relationships are all too easy to discover. 

Having conducted this rather unrigoroue investigation of 

the likely affects of environment on survival, it is now possible to use 

small subsets of the available data and see whether there are traceable 

relationships of the types considered. To summaries: three main factor 

groups were considered; all of these one so ild expect to 	negatively 

related to survival winter population density, severity of summer 

weather and the severity of late winter weather. Thum has been used 

as a weather station from the winter of 1957-8 and the following data 

were available since this period: 

Weather characteristic 

Rainfall 

Snow lie 

Ground frost 

Temperature  

Unite 

Inches per month 

Days per month 

Days per month 

'san monthly temp. 

The weather information for the summer period of 1997 was missing from 

the data and conser,uently the severity of summer weather could be 

related to survival In the following spring for only five years. 

starting in the 1953-59 period. Initially all the raw weather data 

for both winter - January to March, and summer - June to September, 

were plotted graphically to see if any re1ationshi could be seen 

by inspection with the plotted survival rates. It became apparent 

from this preliminary plotting that the variable most closely related 

to survival was the summer rainfall. Figuras5(8) and 5(9) 	this 

related to-the percentage mortality for males and fenales aged 9  and 

over. It can be seen that there is a high negative correlation between 

survival and summer rainfall and that this relationshin is prticularly 
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pronounced in the case of males. It may be reRsonably oflorted as to 

why rainfall should be so important, se it does not at first sight seem 

a particularly severe weather charac tarts ti c • Studies y i  xter, 

Clappri and Wainmari (1966) on varioia breeds of sheep iw,,f on 

that the affect of rain and wind on the vnetaholjlam measured in terms 

of 74 hours heat production was to effectively double the metshrlio 

rate. They used as a standard the metabolic rate oined in a cold 

room set at 3-5°C, and their wind speed was 1(-,  miles/hour. Rain in 

isolation increased the metabolic rate by about 70 per oent.(ep cit 

table 5). Given the )4koly correlation of rain with wind on an enrsed 

island like the Isle of Rhum end allowing that there is srmo legttmacy 

in genera1jng from sheer)  to deer, some explanation of the observed 

relationship can be given. 

There are sound reasons why the males should be more 

susceptible, for during the period of the rutt older males expend a 

tremendous amount of enarr and do not normally feed • l)urnp this 

period, therefore, they lose large amounts of their fat reserves and 

any lack of reserve-is thus accentuated. The relationship between 

female survival and ewrrer rain Is not so clear out, and it seems 

likely that other factors may well be important. Giver that firm data 

are available only for a few years on survival rates it is not possible 

at this stage to investigate any secondary affects. 10 o'vous 

relationship was apparent between the winter population density and 

survival of older animals. The pattern of calf mortality followed 

closely that of female mortality, which is •the expected as calves 

usually die after the deaths of their mothers. There is a relatjnn... 

ship with summer rainfall, but as in the case of the older females, 

the situation is more complex. 
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Figures 5(10) and 5(11) give the mortality values for male and female 

calves plotted against summer and winter rainfall. There arrears to 

be some possibility of an additive relationshin of the form In which 

a poor winter following a poor summer accentuates mortaitty. kain, 

as the number of observation is so few this cannot 'be pursued, A 

similar pattern is observable for yearling males and this is illustrated 

in figure 5(l'). This preliminary analysis of the relationships 'between 

survival rates and environmental variables ha. produced several tentative 

hypotheses about likely causal relationships. Ideally, and if enough 

data were available, onei1d hope to specify mathematically these 

relationships and Incorporate them in a model of the population process. 

It will prove possible to go some way towards this ideal later in the 

chapter. For the present it is necessary to investigate further the 

variation in fecundity noted In the lest chapter. 

Fecundity variation and estimation 

Using the set of difference enuations 4(ll)-4( 2 ) the 

raw variation in fecundity was investigated by co'puter simulation, 

and a trend of decreasing fecundity over the period 1957..6? was notec. 

The statistic used was the ratio of the predicted value of calf input 

from the equations to the value calculated by reconstruction. As a 

measure of fecundity variation this statistic is unsatisfactory as 

it takes no account of variation in age structure of the population. 

Its utility in chapter four was that it enabled the existence of 

variation in fecundity to be clearly demonstrated. Alternative 

measures of variation will now be considered. 

The eouation systems 4(1l)-4(2() can be extended fairly 

simply to allow for variation in fecundity. 	0ne can rewfte ecuatione 

4(11) and 4(12) so that they contain not constant age spoolfic values 
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of fecundity FL  and FYi  but varying age specific values. T)eriote rT- it 

as the proportion of yeld hinds aged I breeding in year t, and 

the proportion of yeld hinds aged I breedtng in year t. Substituting 

these time dependent variable v1uee in ef,uatione 4(11) and 4(12) we 

have Instead of 4(11) 

'Y 	(1-FY 	+ SPL t_?nui, ) 	5(1) 

	

1, 	, 	1, 

and instead of 4(12) 

SL 	=SPY xFY +SPT xFt i+1,t 	1,t 	i,t 	i,t 	i,t 	5(2) 

I = 1,17 

The problei now romaine to estimate the vluee of FT, lot and rY i't 

for each year. What are available are the oriRinal estimates of 

fecundity schedules and the values obtained from fitting the second 

degree polynomials to these values. Let us suppose that some 

simple relationship exists between these values and the yearly values. 

In the case of the original fecundity schedules let us su'vnose that 

it Is a simple multiplicative relationship. 71enot1ng the original 

schedules by FL1  and FY1  I = 1917 as before and the yearly schedules 

by YTj,t  and PY 

	

	this means that we have relationships of *he form 

FL lit =DtXFL1 

Fyi t  = Pt x FT1 	 5(4) 

I = 1,17 

where D is a simple constant value that varies yearly. It becomes 

a simple matter to estimate the 	values for each year by using the 

computer proam that incorporates the e'ivatl.on system 4(11)4(2() 

described in chapter 4 and appendix 5. Various values of 	are tried 



in succession for each year 'until the prediction of calf input from 

the nDdei corresponds with tint estimated by reconstruction. TTnp 

this technir,ue the values of D for the years 1951_67 were estimated. 

These are illustrated in figure 5(13).  It can he seen that the pattern 

suspected by the rough analysts of chapter 4 is corroborated by Vils  

analysis. There is substantial variation in fecundity and a manfest 

downward trend over the period. 

A si'iiir analysis was carried out i1sir a slightly 

different hypothesis based on the fitted polynomials of age against 

fecundity. This was done because there was a possibility that the 

variatin observed could be an artefact of the estimated fecundity 

rates and the changing age structure • The original age-fecundity 

relationship was assumed to be of the form 4(9),  namely 

= CIA + VA + 03 

Estimates of 02 for yeld and lacteting hinds were extremely close, 

being -2.18 for yeld and -2.7C for lactitinp hinds. It was postu1ted 

that these values of 02 varied yearly by the same amount so that the 

new model of fecundity for this was 

0 
FA,t = clAL + (02 + X) A + 03 	 5(5) 

where Fwas the proportion of age class A breeding in year t Pnd 

was a constant value varying each year. Cl, 07, and 03 are the 

values obtained by fitting the polynomials to data on yeld and 

lactating hinds given in table 4(7). Values for X obtained by this 

analysis are given in figure 5(14). These corroborate the earlier 

results; again a downward trend in fecundity Is indicated with some 
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variation about the trend. It would therefore appear that the variation 

in fecundity is not a simple artefact of the estimation procedure, as 

it is revealed both by the polynomial hypothesis of () and the 

multiplicative hypothesis of er,uations 5(3) and 5(4). The differences 

between these two hypotheses are minimal in their effect on the popultion 

predictions and both have one unfortunate characteristic. Using them, 

the predictions of certain age specific fecundity rates go outside 

the possible range of values, i.e. in certain years particular age 

groups according to these models have fecundity vines either in excess 

of unity or less than zero. As neither of these situations is at all 

realistic the models must be considered unsatigfactor from a 

biological viewpoint. Lowe (1969) had investigated the effect on 

age specific fecundity of changes in management, particularly in the 

effect of the cessation of muirburn. Thiring this irivestigatn he 

had noted that in yeld hinds two types of age groups only Fhwed marked 

variation in fecundity rates2 hinds of three years of age and older 

hinds aged 10-15. Lowe classified his data into those hinds that had 

had access to n,uirburn in the period 1953-59 and those that had not; 

his results are set out in table 5( 1 ). it is not necessary to accept 

his hypothesis that muirburn was the influence on the fecundity of 

these particular age classes as other factors might well be involved. 

However, it is clear from the analysed data that these age groups do 

have substantially varying fecundity, while the other age classes do 

not. It was therefore decided to corslder this possibility and 

propose a third hypothesis that the age specific fecundity of all 

the other groups was unchanged with the exception of yeld hinds aped 

three and over nine years. 



Table 5(1) 

AGE 

Access to Muirburn 	breeding 

Not breeding 

25 42 39 30 21 22 28 20 12 

14 	3 	3 	1 	1 	0 	0 	2 0 

No access to Muirburn Breeding 

Not breeding 

27 76 99 69 49 30 47 16 19 

59 	16 	11 	2 	3 	3 	1 	9 7 



It was proposed that the variation that occurred was 

of the simple multiplicative form analogous to erivatir'ns 5(3) and 

5(4) but applying to yeld hinds only and the age groups specified. 

Using the computer searching techninue Already described above, the 

values of the multiplicative factor D were obtained for the first 

six years. These are given in figure 5(15). 

It can readily be seen that a similar pattern of 

fecundity variation to that already observed under the two previous 

hypotheses was obtained. (For simplicity it was assumed that the 

yearly factor affecting fecundity acted eoually  on all the possible 

varying age groups.) The fecundity rates actually in operation in 

each year can be easily obtained by multiplying the 	values given 

in figure 5(19) by the appropriate constant rates. Lowe (1969, table 

12) had given the proportion pregnant of yeld hinds aged 3 shot in 

two different time periods. These values and those calculated for 

this age group are given in figure 5(16). From figure 506) it would 

appear that the discrepancy between the two sampled values is 

exp med by the calculated variation in fecundity of this age 

class. 'he shot sample thus affords some corroboration for the 

hypothesis that the fecundity of yeld hinds only is affected and 

that amongst these, particular age groups only. T.owe' s data for 

older yeld hinds in the two different time periods are given in 

table 5( 1  ), together with the values estimated from the hypothesis, 

which are given in figures 5(17) and 5(1'Q). The correspondence 

between the shot sample and the estimated v]i1es is not as good in 

either case as that noted for younger animals. (ne explanation of 
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this fact is that the sample could be biased towards animals in a 

better than average condition. When shooting yeld hinds for 

venison stalkers could naturally enough decide to t&e prime 

animals, and this could result in an artificially high estimate of 

the proportion pregnant. The value of l(o pregnant for animals 

aged over ten years for the neriod 195859 might make one suspect 

this; unfortunately, this cannot be formally tested using the data 

available. Despite this tendency for the shot sample estimate of 

the proportion pregnant to be too high there is some corroboration 

of the hypothesis, in that the pregnancy rates of yeld hinds of 

other age classes were not significantly different between the two 

periods considered, while as can be seen in figures 5(17) and 

5(18) and in table 5(1 ), there Is a considerable difference for 

the two periods for yeld hinds aged ten and. over. In addition, 

none of the fecundity rates estimated under this hypothesis lie 

outside the range of biological reality, i.e. they do not exceed 

unity or become negative. 

The amount of variation involved is substantial 

and it might be queried that it is too great, For example, the 

percentage pregnancy for yeld hinds aged three varies from 66 

to 11% over the six year period. Similar variation has, however, 

been noted for mule deer (udocoileus, hemlonus). Sadleir (1969) 

combined data from Robinette and others (Robinette, Boshwiler, 

Jones and Cratie, 1956; Robinette, 19561 and Julander, Robinette 

and Jones, 1961) to show a variation in foetal rates for yearling 

does, i.e. the first breeding age class, from 1.14 in a mild 

winter to .33 in a severe winter for the Salt Lake area in 

Utah (Sadleir, page 187). Data for adult animals was not classified 



by age and thus cannot be used for comparison. It would appear, however, 

that at least some of the variation of fecundity calculated to have 

occurred on Ehum has parallels in other deer populations. 

To summarise, three hypotheses have been proposed oon 

earning the form of fecundity variation. The first is that all classes 

of female are subject to fecundity variation of the same simple form 

specified by equations 5(3) and  (4).  The second hypothesis again con-

siders the variation to be applicable to all classes of female, but 

proposes a different mathematical form, that of enuation 5(5). This 

involves the use of the fitted polynomials of chapter 4 table 7. 

Both these hypotheses show a very similar pattern of variation when they 

are used to predict the correct calf input for the year concerned. 

However, both have the unfortunate consequence that they predict 

actual age specific fecundity values for particular years outside the 

legitimate range, e.g. they predict negative percentage pregnancies 

for some age groups of lactating hinds in low fecundity years and values 

in excess of 100 per cent for mature yeld hinds in years of high 

fecundity. For this reason they were thought to be inadeeivate and 

a third hypothesis was suggested. This proposed that variation 

occurred only in ye].d hinds aged 3 and aged ten and over. The variation 

was considered to be of the simple mathematical form of e,uations 5(3). 

The initial justification of this hypothesis was some observed variation 

in fecundity for these classes of hind in different time periods. Using 

this hypothesis the pattern of fecundity variation was estimated and 

it was found that the hypothesis enabled the observed variation in 

fecundity to be explained, thus affording some corroboeation to the 

hypothesis. This hypothesis also did not have the unfortunate implication 

of predicting negative fecundity values for lactating hinds as under it 
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they remain at a low level which is constant, nor did it predict ercen-

tags pregnancies in excess of one hundred for yld hinds. For all these 

reasons, therefore, this latter hypothesis is to be preferred. 

Determinants of fecundity variation 

The problem that can now be considered is what factors 

affect the fecundity of yeld hinds of these age classes. 

parameter calculated under this third hypothesis and illustrated in 

figure 5(15) decreases linearly and significantly so with time, 

according to the eouation. 

-.1846t + 1.376 

t = 1,6 
	

5(6) 

(I' < .t5) 

Equations relating the proportion pregnant of thE age groups of yeld 

hinds concerned to time would also therefore have the same level of 

significance and a negative gradient. 'ne explanation of this decrease 

would be that some major factor important to the fecundity of these age 

groups had been changing over the period. This factor could well be 

some form of habitat nuality which had deteriorated possibly due to 

the management changes, such as the removal of sheep and the cessation 

of muirburn. This hypothesis is however extremely difficult to test, 

and, except in a general way as in er,uation 5( 6), iyni,oasible to 

cuantify. If this hypothesis were the correct one, it seems unlikely 

that it would be a general characteristic of deer populations in Scotland. 

Far more plausible is the idea that it is applicable to the Tthum situation 

only. Within this study, therefore, it would be of at most marginal 

interest. 

'.f more relevance to the consideration of mathematical 



models applicable to Red deer is the variation in fecundity values 

about this trend. The obvious statistics to use as a measure of variation 

about the trend are the residual values obtained from fitting the trend 

by a least squares technioue. Consenuently, it is necessary to consider 

the mathematical form of the trend to ensure that any relationship is 

reasonable In biological terms. Table 5(2) gives the linear models of 

proportion pregnant against time for the relevant age groups of yeld 

hinds. 

Table 5(2) 

Age group Regression Coefficient 	Constant term Significance 

3 	 -.1052 	 .7843 	< 

-.143. 	 lx66o 	<.c5 
10+ 	 -.1511 	 1.1258 	< .05 

Although these models give a reasonable fit to the observed values, in 

biological terms they are unrealistic as extrapolation to time periods 

beyond 1962 indicate that the proportion pregnant would become negative 

in 1964. A mathematical model which fitted the data but did not have 

this unsatisfactory implication is therefore reuired. Its main 

mathematical r proerty would be that for large time values the decrease 

in fecundity should be less than the corresponding linear one. An 

obvious relationship possessing this characteristic is the following: 

blogt + a 	 5(7) 

where'P t is the proportion pregnant In year t, t is time and a and 

b are constant. Table 5( 3) gives the results obtained from fitting 

this to the three age groups. 

The fit is very similar to that obtained using the 



Age group 

3 

10 

10+ 

Table 5(3) 

b 	a 

-.2779 	.72(8 

-.3781 

-. 3991 

Significance 

<.c5 .981 

1.0347 347 

Linear model. However, the relationshii, of fecundity to time in more 

realistic. This is illustrated in figure 5(19), which shown the linear 

and logarithmic models for age group 3 extrapolated to extra time 

periods. The logarithmic model is therefore to be preferred. The 

interpretation of the residual values obtained from the fitting of 

this model is that positive values indicate fecundity higher than normal 

and negative values fecundity lower than normal. The site of the 

residual indicates the strength of this effect. It now remains to 

consider what environmental characteristics are likely to influence 

fecundity and to check whether they correlate with the residual values. 

It was noted above that the major physiological factors affecting the 

fecundity of hinds were firstly their age and secondly their breeding 

status i.e whether they were yeld or lactating. Both these characte-

ristics are closely associated with body weight - figure'5(2r)) given 

the body weight age statistics for ye1d'iinds and lactating hinds on 

hum, and figure 5(21) given similar statistics for deer in Glenfeshie. 

Comparing these with the fecundity age relationships for these popu-

lations given in chapter 4, figures 4(11) and 4( 19) it can be seen 

that body weight and fecundity are extremely closely related. A 

significant correlation was obtained for mean body weight Igninst 

proportion pregnant for yeld hinds in GlonfOshis for the period 1966-

71 (correlation coefficient = 8579  df 8 , 71K,  . 01). However, no 
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similar result was found for lactating hinds (correlation coefficient me 

321, d.f = 7). This would appear to afford some corroboration for the 

hypothesis that variation in fecundity occurs for yeld hinds only. 

This data is from Mit6hell, c Cowan and Pariah, 1972, tables 11 andfl4. 

Data for these comparisons were taken during the normal hind shooting 

season; thus it is the weight of the hinds at the rutt that is likely 

to influence their fecundity. This is the situation considered in 

relation to survival where the condition of the animal entering the 

winter was found to be crucial. Therefore the most likely enviromenta1 

factor influencing fecundity is oesflJr the summer rainfall. Summer 

rain in year t would influence the calf input in the year t+i. !'igure 

5(22) gives the residual values for three yesrsold hinds obtained from 

the model given in table 5(3) and related to summer rainfall in the 

appropriate year. Unfortunately only four observations are roagible, 

but it seems that there is some negative correlation as had been 

supposed. A correlation of the residual values with summer rainfall 

gave a value of -.879, indicating a significance level of (.1. Linear 

models relating summer rain to the residual values of the three age 

groups of yeld hinds were therefore fitted. The results are summarised 

in table 5(4). 

Table 5(4) 

Age group 	Regression coefficient Constant term 	P 

3 	 -.l29 	 .4241J 	< .12 

-.u175 	 .5760 	 .12 

	

.6081 	 .12 

For an overall predictive model of the level of fecundity in any of the 
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six years the most efficient procedure to to generate oxneeted values 

from the linear models given in table 5(3) and then generate for the 

last four years the residual values from the models of table 5(4). This 

is preferable to fitting a linear model in two independent variable of 

the type 

Pt= Q l t + bS + c 

where Ft is the proportion pregnant in year t, S in the aumer rainfall 

in the year t4 and a, h and c are constants, because rainfall obser-

vations are available for only four out of the six years. 

The variation about the ti e trend in not great and the 
level of significance of the rainfall fecundity linear models is not 

high. A slightly improved fit is obtained from a rnoAel that uses the 

natural logarithm of summer rainfall rather than the actwl value 

P <.lc. )fowever, given the lack of observations it was decided not 

to pursue this further. Aw.alternftjve hypothesis to the time trend 

and habitat deterioration model is that the major effect is catssd 

by some aspect of population pressure, the most appropriate statistic 

to use being the population size as animals entered the winter period. 

A similar statistic had been generated using the conputer program 

incorporating the set of difference enuationa 4(11)-A(22) when investi-

gating survival variation. (;ne would expect population pressure In 

the late summer to affect calf input in the follownp year. It is 

only possible to generate this statistic for the summer of l'57  and 

for aubsenuent summers. Therefore, only the last five observations 

on fecundity variatin car be used, t.e in many population studies 

the best result was ohtared usinr the natural logarithm of 

Population size and the model 

l=tlogN +a t 	e 	t 	 5(9) 



where F is proportion pregnant in 7ear t and 	is the early winter 

population sire in year t. Table 5(5) gives the results from fitting 

models of this rt 	to the three age grouns. 

Table 5(5) 

Age group Regression coefficient Constant term Significance 

3 	 -6.2886 	 47.856 	 •C5 

lU 	 -8.5351 	 64.953 	 .05 

10+ 	 -9.0083 	 68.554 	K 

The fit to the observed values is slightly better than that obtained 

using the natural logarithm of time as an independent variable. It 

is therefore of interest to look at the residual values to see if 

further variation could be explained. A correlation of the residual 

values from the models of type 5(9) with summer rainfall was 

This is very slightly lees than that obtained using the residual values 

from the models of type 5(7). In respect of iodness of fit, Therefore, 

the two hypotheses are practically indistinguishable. In mathemptical 

form they have a similar structure; the time/habitat deterioration 

hypothesis is 

Ft = a log t + b3 + a 	
5(10) 

as in 5(8) and the population density hypothesis is 

?tai log N+b$+c e 	1 	1 	 5(11) 

where a, b, C, a1, b1  and 
c1  are constants and the other parameters 

are as previously defined. Manifestly they have different empirical 

implications, 11oran (1967) and Haldane (1953) have shown that, 

assuming natural selection to be operating, populations that persist 

must be limited by population density. This would tend to make one 
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suspect that the hypothesis of 5(11) is the -nore plausible. In ak3ttion 

in the case of hypothesis 5(10) the time parameter is used as a dummy 

variable for some unspecified and univantitied habitat characteristic. 

Therefore by the application of flocam's razor the population density 

model seems preferable, although it must be emphasised that using 

available data at this stage the two models cannot be distinguished 

empirically desnite their having important different empirical 

implications. To conclude this investigation of fecundity variation 

let us summaries the results obtained. 

Variation in fecundity does occur each year. r'j5  an 

best be explained on the hypothesis that yeld hinds only are affected. 

and that amongst these only young hinds aged three anti hinds aged ten 

years and over are involved. Two possible models to predict the changes 

in fecundity have been considered. The first proposed that fecundity 

declines monotonically over tine with some small variations caused by 

variation in the summer rainfall. The disadvantages of this as an 

explanation are firstly that if true, it is not likely t'be a general 

characteristic of dfe!r populations anti. secondly, it involves using 

the time parameter as a dummy variable for some unouantified environ-

mental characteristic. The second hypothesis proposes that the major 

factor affecting fecundity is the population size in the period of 

early winter/late summer. Small variations in fecundity in addition 

to this mein effect are caused by summer rainfall. The advantages of 

this hypothesis are: that it is likely if true to be generally applicable 

to deer populationstiat 	it falls within the domain of the general 

theory of population dynamics, that its implications do not lead to a 

high probability for the extinction of the population, are finally that 

it Is readily interpretable and muantifiable in biological terms. For 



these reasons, therefore, it is to be preferred, but it should be noted 

that the grouMs for preference are not empirical. 

na1ysis of survival variRtjor 

In investigating the variation in fecundity in the last 

seotion The set of difference eruatjon 4(11)_4(7() were altered so 

that they allowed for fecundity schedules that ehand yearly, UsIng 

The computer program that incorporated These eouations, the actual 

fecmdity schedules that predicted the correct value for calf input 

for each year were estimated. As they stand thene ec,uat&ons can predict 

from the initial 1957 spring female population distribution, suhaeruent 

distributions at various ti,,7es of the year up to ind includirg 1962. 

It is a simple matter to add b to this eoua.tion system so that it 

predicts in addition to female population distributions the male 

distributions as well. In addition to the notation already introduced 

define: 

the number of males aged I In the summer of)ear t. 

W it  the number of males aged i In the winter of year t. 

Mlit= the number of males aged I in the spring of year t. 

Shotthe number of males age I shot In year t. 

Nat Mit = the number of males aged I found dead in yea* t. 

Then updating the ecuatlon system with the necessary alterations we 

have: 

Spring to summer transition 
1 a 1, 17 

SY i+l,t 	spy 	( 	
) 

4. SPTI,t(1--FL1it) 	 90 2 1) 

5I',t x 1?Yi,t + SPLI, t x FL it 



('5 

= (I-Slit) x 	
i 	i+1,t 904) 

s i+1,t sP1,  t 	 (is) 

SM1,t SRt x T SL1+it 	
5(16) 

Summer to winter transition 
I = 1, 1 

sYit = SY1, - Shot 	 5(17) 

WLit = SL it - Shot Lit 

WI t = S"t1,1  - Shot 1 	
5( i) 

Winter to spring transition 

SPY +1 	- Nat 

SPLIt+i = WL1t - Nat 

sPIt+1 AIM 
	 - Mat 

For the period 1957-66 some confidence can be placed in the claim that 

nearly all animals dying naturally were found. For the period 106-' 

much less effort was put into searching for carcases (Lowe and "itchell, 

pore. comm.). lj,berefore, data for deaths in this period Is suspect and 

probably an underestimate of the number of natural deaths that did occur. 

For the period 1957-66, however, the only parameters missing from the 

equation system are the fecundity schedules needed to generate the calf 

input for theeara 196_66. (ne possibility is toextrapolate using the 

models of fecundity variation ironddered in the last section. Tf the 

enuation system could be completed in this way and it was a reasonable model 

of the system it could be utilised to generate observations on survival 

rates. Denote S51  as the survival rates of stags aged t in year t, 



SHY 	as the aurvivol rate of yeld hinds aged I in year t and STY i,t 

as the survival rates of lactating hinds aged I in year t. Then one 

can define these in terms of the parameters of the er'uaton system as 

follows:  

35 	= SP1 	Jw i,t 	i,t+ri,t 

SHY i t  SPY ,.1i'WY1  

$LHIt = SPLji/sLj t  

In practice, as was noted earlier, it was not possible to distinguish 

between natural deaths of yeld and lactating hinds. They have, 

therefore, been grouped and It Is assumed, in the absence of evidence 
* 

tc. the contrary , that they have ecual survival probabilities defined by 

	

silitt = 	+ 	 + 

All the parameters necessary to generate these sets of survival rates 

are available except as already noted the fecundity schedules for l06.. 

66. Ho'ever, these are of importance only in calculating calf input. 

Survival values of older animals will not be Influanoed by them. T1Ina 

the models of fecundity variation given in eeuaticns (l() and 5(11) one 

can extrapolate and obtain predictions of the population distributions 

up to the spring of 1966. The predicted values for population size at 

the spring count have been plotted for the two models against the actual 

counted values. These are given in Fipures 5(3) and 5(74) Tbo corres-

ponde flee between the counted values and those predicted byhthe models is 

good up to the spring of 1966, when there is a substantial discrenancy. 

*It might well be argued that It would have been better to bias deaths 
towards lactating hinfts as they are under more nutritional stress. 
However, this would rerruire some a nriori estimate of the extent of 
the bias, and it was therefore decided to adopt the convention of 
5(26). 
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At this time the method of counting was changed. Prior to 1966 the 

island had been counted using 5-6 men over a period of about five 

days. In 1966 a new technique was introduced in which more men were 

used and the count was completed in one and a half days. There are, 

therefore, some grounds for sueecting that at least some of the 

discrepancy could be due to counting errors. Therefore, in view of 

the discrepancy it was decided to consider survival variation up to 

1965 only. Using enuation 5(23) and 5(26) the estimates of survival 

rates were obtained for males and females. The estimates from 

extrapolating using the two fecundity models did not differ sub-

stantially - of necessity they were the same for older animals and 

in the case of younger animals, namely those aged three and under, 

the difference was only of the order of l. 

Table 5j 6)- 

957,  Confidence Range lean 

Females 1 .1(;2 .916 

2 .(24 .9l 

3 .C16 .992 

4 .02c: .9R9 

5 .c1l .991 
6 .'45 .992 

7 .(56 .96 
8 .035 .96r 
9 .113 .991 

10 .323 .51 

11 .881 .'R2 

11+ .47 .54 



Table 5(6) continued 

95',e'Confidence Range 	 wean 

tales 1 .144 

2 .(Ar .068 

3 .C:.18 .088 

4 .(12 

5 .(11 .996 

6 .(29 .973 

7 .(.41 .968 

8 .C41 .971 

9 .124 

lu .123 

11 .27 .815 

11+ .396 .67 

The pattern of survival variation observed and considered at the start 

of this chapter was again noted for the relevant years, in addition, 

however, two moreyears observatiorz on age specific survival were now 

available. Thus a more detailed examination of survival variation 

now became possible. he main characteristics noted in the preliminary-

consideration of survival were found to be further corroborated by the 

extra data. :rajor variation in survival only occurred for particular 

age classes of animal. The mean values of these survtval esti ates 

together with the range of 95 confidence about the mean are given in 

Table 5(6). There is a statistical problem here associated with the 

nature of the mathematical structure of survival. For the estimation 

of an individual age specific survival rate, for statistical purposes, 

the underlying model is the binomial distribution and therefore 

confidence limits are dependent on the number of anims1s involved. 



H 

These could be estimated using either te normal approximation to the 

binomial distribution or a method similar to that of Clopper and 

Pearson considered in relation to fecundity variation In Chapter 

4. This would Involve estimating confidence limitefor survival 

rates for each age group in each year. It wee decided that this would 

lead to unnecessary complexity and in the context of an investigation 

of yearly survival variation was probably irrelevant. It should bw 

noted however that the survival rates estimated using eouations  5(93) 

and 5(26) would be increasingly unreliable as the age Increased as 

necessarily fewer animals are involved the older the 'me groun considered. 

In order to minimise this effect the animals aged twelve and over were 

grouped together for the pur,oses of estimation of survival. The mean 

values and confidence ranges given in Table 5(6) have been calculated 

using the raw estimations ofosurvival rate and estimating the confidence 

limits using the 't' distribution for 7 degrees of freedom. As can be 

seen from Table 5(6) and Is illustrated in Figures 5(75) and 5(76), 

substantial variation in survivj only occurs in calves and in 

animals aged nine or over. This involves a slight rl'screpancy fro-

that observed In relation to the preliminary investigation of mxrvi-

val variation. gales aged two were found not to have a high enough 

variation in survival for this to be considered as important. 

Survival variation has thus become a problei of the variation in calf 

survival and the survival of animals aged nine and over. 'cr other 

age classes the mean values given in Table 5(4) are excellent estimates  

of their likely survival rate. it now becomes necessary to Investigate 

theoretically the variations on these age groups and to attempt to 

construct models capable of predicting changes in their survival. A 

further mathematical complication enters here as the survival rates 

are largely grouped in the upper rtuadrat of pronortons. rThis has 
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Figure 5(76) 
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the effect that techniques of least souares estitration will be in some 

error due to the underlying non-normality of the data. Accordingly it 

is necessary to consider the data transformed using the arc sine 

transformation (Fisher, 1922).  In the preliminary consideration of 

survival variation the importance of summer rainfall as a determining 

factor of survival was noted. This factor was also found to he 

important in the determination of fecundity variation where in 

addition thenatural logarithm of population size occurred as an 

alternative determining factor to some habitat characteristic that 

was deteriorating logarithmically with time. Survival rates are 

certainly not decreasing over time and thus it appears as an attractive 

hypothesis that survival rates should be deter&ned by population 

density and summer rainfall, the proposed model. being of the form 

a1  1ogN + a2S + 53 	 5(7) 

where S is the survival rate of the animal group concerned in year t, 

N is the population density in early winter and S is the summer rain-

fall, a1, a2, and 53  being constants. Pennuse of the necessity of 

trans6rming the calculated survival rates to their are sine it was 

necessary in order to fit the model to use a slightly different form 

of equation from 5(27), namely 

St 	1 = sin (a loge 
 + a2  S 

+ a3) 	 5( ?A)  

As was noted in considering fecundity variation, data on summer 

rainfall was available from the summer of 1958, and therefore seven 

observations were possible. 'cable 5(5) gives the results of fittirg 

this model tothe calculated survival rates from 1958-9 and 1965J for 

the age groups found to have substantial variation. The fit of the 

model is on the whole good, six out ofoa possible ten groups heins 

significant at a level of less than ten per cant. Because of the 
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discrepancy between the counted spring population and those predicted 

from the two fecundity models in 1966 the calculated survival rates 

for this year were not used. It is of some interest, however, that 

if they were used, the calculated models differ slightly from those 

of Table 5(7) and the level of significance of the fitted models is 

substantially increased. The results from this analysis are given in 

Table 5(8). This coupled with the result that a substantially similar 

model had proved to be adeonate for describing variation in fecundity 

renders the model scientifically attractive as an explanation of deer 

population behaviour. Further multivariate investigations of the 

calculated variation in survival and other weather and popultior. 

factors were carried out. The results, however, were of littlea 

interest in that the model of eruation 5(28) was found in all cases 

to be the best predictive one of survival variation. 

Table 5(7 ) 

Age a1  a2  a3  F Value df P 
Males 
1 -Q.3772 -.u156 4.4772 4.685 2&4 <.1  
9 -2.3739 -.0070 1.3342 1.587 4 < .3 

-3.8969 -.153 31.0912 5.619 2&4 .1 

Il -3.6574 -,(C82 28.8191 2.490 2&4 < .. 
11+ -6.4585 -.0162 49.978( 15.336 7&4 

Females 
1 -( .7569 -.0100 7.1948 2.389 24 < .3 

9 -1.7421 -.0191 14.9486 14.61) 2U .05 

_6.9998 -.0239 54.6813 23.9 4P 

11 -5.0559 -.0129 39.7717 12.647 2&4  

11+ -4.4184 - -.0(14 34.48(7 1.616 2&4 c 	.. 
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Table Table 5(8) 

Age 	A 	a2 	a3 	F value 	df 	p 

Males 

1 	-0.2822 -.0157 3.7757 6.0471 2&5 <.05 
9 	-2.0646 _.u065 16.986o 1.4531 75 < .3 

-3.9598 -.0154 31.5975 7.3874 2&5 
11 	-3.8o40 	-.0084 	29.9625 	3.0434 \ 25 	<.15 

	

-6.6862 	-.u167 	51.7353 	17.14 	25 

Females 

1 -0.7802 -.0100 7.4033 3.1334 M5 < .15 
9 -2.2492 -.0198 18.8642 8.26o7 25 < .05 
10 -6.6797 -."235 52.2542  23.1774 2&5 ( .01 
U -5.32lo -.0134 41.8105 13.5731 2&5 < •r 1 
11+ -4.5284 -.0016 35.3433 7.2648 2&5 <.2 

The implications of survival and fecundity variation 

We are now in a position to review the findings of the 

last two chapters and to go some way towards answering the problem 

posed in Chapter 2 as to the type of mathematical model which is 

applicable to the population dynamics of Red deer.-, We have found that 

the most appropriate mathematical form is that of difference eouations. 

However, we have also found that the matrix models of Chapter 3 
incorporating simple difference equations are poor models as they make 

the assumption that age specific fecundity and euzvival are constant. 

For certain age groups this assumption has been found to be invaliti. 

Fecundity and sury. 1 of these age groups varies. Two explanations 

of the cause of fecundity variation have been conàidered the first 

was in terms of an overriding deterioration of the environment, ani 



the second in terms of the density of population. The random variations 

about the main effect are determined by summer rainfall • Survival 

variation has been found to depend on the density of population and 

on summer rainfall. An overall mathematical model of the population 

process thus seems to be possible. A matrix formulation of the type 

envisaged by equation 3(5) would be adequate, but instead of constant 

survival values in the elements of the matrix M there would be functions 

depending in oertin cases on theuize of the population and the summer 

rainfall; instead of constant fecundity values, in certain instances, 

and certainly for Rhum, these would be functions similar to those of 

the survival values or alternatively those of type 5( 1') incorporating 

a decrease in overall fecundity. Models of this sort which contain 

bot1endogenous factors such as the population density and exogenous 

factors such as rainfall have never been fully investigated byecologists, 

as they present mathematical problems of considerable complexity. 

Of main interest here, however, is the construction of 

management prescriptions aimed at providing levels of sustained yields. 

It became immediately appaent that it is of the utmost importance to 

produce a management policy which will keep the population constant or, 

more realistically, to make the variations in population density as 

small as possible. Survival rates vary according to population density 

and it seems likely that fecundity rates do also. Thus, It management 

can keep the population level constant a major source of variation will 

disappear. Again ft is manifest that there will still be variation in 

surfival and fecundity caused by the summer weather conditions. These 

are outside the control of management and the sensible policy would 

seem to be to vary shooting pressure according to these factors. 

Consideration of thii problem will be the subject of tnext chanter. 



What remains to be considered, however, is the general applicability of 

the results. The situation on the Isle of Rhum is, in many obvious ways, 

atypical of that encountered in other deer forests on the mainland. 

Whether these differences render the models constructed for the Rhum 

population invalid must be left as an onen nuestion - a oueation which 

can be answered only by research on mainland deer nonulations. Certain 

characteristics of the models do seem to have a reasonable likelihood 

of being general ones. The distinction between yeld and lactating 

hinds and its importance in the models seems to be confirmed by the 

work in Roashire (Beddington, Cooper, Lockie, Mutch) and in Glenfeshie 

(Mitchell, MeCowan and Pariah). Variation in the onset of age of first 

breeding as a function of some nutritional characteristic has been 

observed for other deer populations (Guineas, Taylor and Short, 1971, 

and Cooper). what does seem unlikely as a general characteristic is 

a decline in fecundity over time where time is used as a dummy variable 

for habitat quality which, in the case of Rhum, declined with time. 

It proved to be a possible hypothesis to explain the behaviour of the 

fecundity of the Rhum population, but it would be remarkable if all 

deer populations had a similar declining fecundity. The alternative 

hypothesis which proposed that fecundity varied with population density, 

if t*ue, would be far more likely to be applicable elsewhere. 

Similarly, in the case of survival variation and the model found to be 

applicable to it, there is some justification in claiming that in 

general it may apply elsewhere. The details and extent of the behaviour 

of both these models must necessarily vary from place to place. It 

seems possible that migration may well operate to lessen the effect 

of population density. As a hypothesis for consideration in investi-

gating the population dynamics of other deer population they must be 

strong candidates for further investigation. 



C1APTER SIXi The DrOblePi of tncorT,orting exDlojtatjon In models 

with varying deiograhj o characteristics 



Some considerable progress has been made now in 

determining the type of mathematical model that can represent the 

behaviour of Red deer populations. In this chapter the problems 

of linking this model with the general 7odels of harvesting con-

sidered in chapter two will be considered. 

The unexploited population process 

Let us first consider in detail the structure of the 

unexploIted population process. For simplicity the matrix format 

for difference eouatione developed in chapter three will be used. 

Followtng the notation of chapter three we have a 

column vector s. denoting the number of animals in each age, sex and 

breeding state in the summer of year t; similarly we have a vector 

'G 
denoting the number of animals in the spring of year t. 

(N.B. We use a year based from June to June for this model.) The 

transition from the summer population to the spring population is then 

given by: 

(Ht 	) 

6(1) 

(Rt,$) 
The matrix M 	is diagonal with elements representing the 

probability of each class surviving from the summer of, 	t to the 

spring of year t. The superscripts R and S. indicate that some of 

the elements of 	are dependent on Rt, the rainfall in year t, ard 

on the overwintering population, in this case S, where S indicate 

the awn of all the elements of s t. The precise details of these 
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relationships have been considered in the last chapter. 

We then denote in a similar manner the spring to ewmer 

transition by: 

6(2) 

(Rt,st) 
The elements of the matrix M., 	are in the form of the matrix 

in chapter 3 page . However, the proportions pregnant of 

certain age classes of yeld hinds varies yearly and those ele'ents of 

the matrix 
(Rt,st)

which contain these factors are, theref're, 

dependent on the suer rainfall 11 and overwintering population size 

ne other set of elements of this matrix varies and that is the 

sex ratio of the offspring. An  an approximation one can assume We  

to be parity; however, this is likely to lead to multiplicative 

predictive errors over time and a yearly measurement of thi* would be 

desirable. 

The overall transition from summer to summer  Is then 

given by: 

(,st) 
t+1 42 	1 	t 	 6(3) 

and from spring to spring by: 

(R1,s1) M (Rt,st) 
Opt6(4) 

Given that all the exogenous information was obtained each ear and 

an initial state of the system Ito was known, ecuatlons 6(3) or 6(A) 

could be used to predict the subsequent behaviour of the population. 

This would require the use of the predictive models for survival and 

fecundity considered in the last chapter which are certainly subject 

to error. However, in principle, a deterministic model to generate 



subsequent population distributions from an initial distribution has 

cstruc. he cytnptotic behaviour of the population cannot 

etrT1ed uin this ,odsl as it recuires information concerning 

two exogenous factors, both of which vary stochastically. A etochsttc 

version of this model could in principle be constructed, which would 

predict the expected values and variances of the population for all 

t. Such a model would remzire the fitting of a probability distri-

bution to the rainfall data and to the sex ratio of offspring at 

birth. The underlying model for the latter is obviously binomial with 

both probabilities being close to .5, but the rainfall data is 

unlikely to be so tractable to analysis. The development of such a 

model is irrelevant to the main theme of this work; however, there is 

one important point that is of relevance to the actual management of 

deer, which requires some consideration of the stochastic elements in 

the population process. 

Let us suppose that either by chance or by the inter-

vention of management, the population has attained a state in the 

summer such that using expected values for sex ratio and rainfall, 

the equation 6(3) simplies  such that: 

6(5) 

This would occur when the dominant eig.nvalue of the matrix product 
(R, S.) 

14 
 1 

 (Rt,St) 
is unity andit  is the elgenvector associated 

with this elgenvalue. In a deterministic model this would be a stable 

equilibrium. However, suppose that diz• to variation in the exogenous 

factors the population is displaced from the siuilibrium such that: 

t+l = -it -t 
	

6(6) 

where 6 is snail • It would be of interest to know in what circumstances, 
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subsequent disturbances would tend to return the population to the 

equilibrium level. This would be of practical importance in the 

situation where for some reason monitoring and exploitation of the 

population had to cease. Yill investigation of this problem is 

beyond the scope of this study, but it is worth noting that intuitively 

anyway, one might expect the population to be stable in this situation. 

In order to test this assumption the necessary difference 

equations were incorporated in a ooirnuter program and the euilibrium 

level of population calculated for constant rainfall. A large dis-

placement from equilibrium was then given and the stibsenuent population 

behaviour noted. The population process was markedly dampened and 

enullibrium was quickly approached. This is illustrated in Pig. (l). 

The population behaviour thus oonforms closely to that expected of it; 

it is highly stable and quickly approaches its equilibrium when dis-

placed from it. Two factors contribute to the stability; the first 

is the normal density dependent fecundity and survival influence; 

and secondly, and possibly of more significance, is the difference 

between the two types of female - yeld and lactating. Consider a dis-

turbance in which the fecundity of the population increases; in the 

subsequent year a higher proportion of the female population will be 

lactating, and thus for any given level of the exogenous factors the 

fecundity of the population will be reduced. Similarly, a disturbance 

in which fecundity is reduced is followed by a situation where a 

higher proportion of the female population is yeld and, therefore, the 

fecundity potential increased. 



Table 6(1) 

Age 
1 	2 	3 	4 	5 	6 	7 	8 	9 	10 	11 	12 	13 	14 	15 	16 	17 	18 

MALES 	p 1 E 
- 	- 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 

W Kg 25 	37 48 65 72 79 81 86 84 82 82 89 79 83 74 77 76 75 
P2xWL 13.75 20.35 26.40 35.75 39.60 43.45 44.55 47.30 46.20 45.10 45.10 48.95 43.45 45.65 40.70 42.35 41.80 41.25 
P3xAE 0 	0 10.80 19.20 22.60 24.40 26.00 27.20 26.80 2.80 25.20  29.20 26.00 26.80 20.80 24.00 24.80 24.80 
YE 11.73 20S 17n A4oc 71 ,n 77 cc an r -- -- 	- - 

FEMALES P1 E 	- 	- 	- 	- 	- 	- 	- 	- 	- 	- 	- 	- 	- 	- 	- 	- 	- 	- 

W Kg 	23 	36 	46 	49 	51 	51 	53 	54 	54 	51 	50 	49 	46 	45 	44 	43 	42 	41 
p 2  xWE 12.65 19.80 25.30 26.95 28.05 28.5 29.15 29.70 29.70 28.05 27.50 26.95 25.30 24.75 24.20 23.65 23.10 22.55 

P3xAL - - - - -

YE  

	- - - - - - - - - - - - 

12.65 19.80 25.30 26.95 28.05 28.05 29.15 29.70 29.70 28.05 27.50 26.95 25.30 24.75 24.20 23.65 23.10 22.55 
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The exploited Dopulationpross 

It is a fairly simple matter to include the process of 

exploitation in the models of this chapter. 76 have a diagonal matrix 

which contains elements that are the proportion of each group sur-

viving exploitation. &s we have already noted, exploitation occurs 

between the summer and lete winter and it is convenient to define a 

vector Wt  whose elements are the number of animals in each group after 

exploitation. Eauations 6(1)-6(4) have then to be rewritten so that 

we define the summer to Post-exploitation transition byi 

6(7) 

and the transition to the spring population by 

(Rt,wt) 
t 	 6(8) 

and to the summer of the subae ouent year by: 

(Rt,st) 
t+1 	 -t 	 6(9) 

Transition from summer to summer is then given byi 

t, t) (Rt,wt) 
t+l 	 74 l 
	3t 	 6( ir) 

and similar eouatlons can be constructed for spring to spring and 

winter to winter transitions. 

	

It is worth emphasising that the matrix 	has as a 

superscript W which indicates that its elements depend on the size of 

the wintering population. In the unexploited population process this  

was identical with the summer population size. The matrix 	retains 

its superscript St as in the unexploited population model, indicating 

that fecundity is dependent on the early winter population size, such 
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that its beat estimate is S., not W. Ecuationa 6(7)-6(1(,) could now 

be used as a management tool to decide on appropriate cropping 

strategies required to satisfy various management goals. Vor example, 

by manipulating the age specific nature of the crop one could adjust 

for given R  and S the elements of the matrix 	so that the matrix 

product 	
(it t,St) (Rt,'t) 

1 

in equation 6(1) had a dominant elgenvalue equal to unity with an 

associated elgenvector given by .1t, which would stabilise the popu- 

lation level at S and the structure at 	In some situations this 

would not be possible and manifestly such a detailed management control 

is unlikely. hat is worth noting, however, is that a rough attempt to 

keep the population level stable by means of management changes would 

recuire the cropping regime to vary yearly and necessarily lead to 

fluctuations in the population size. There is, however, considerable 

advantage to be gained if management policy is aimed at keeping the 

population size at some fixed level, as a significant proportion of 

the variation in the deographio characteristics of the population is 

caused by variation in population size. It would appear that such an 

attempt would have some reasonable change of success as we have 

observed substantial dampening of the simulated population fluctuations. 

Let us, therefore, suppose that the management goal is to keep the 

population at some fixed level and b obtain at this level the maximum 

sustainable crop. What are the decision concerning cropping strategy 

that must be made? 



Choice of pulation size 

The primary decision that must be iuMe is on the actual 

population level. it has been noted That as population size inoreraes, 

the rate of increase of the population decreases. 	can measure this 

by calculating the dominant elgenvalue of the matrix 

(Rt,$) 
*14 
 (Rt,5t) 

in 6(3) for differing values of summer population size. This relation-

ship is illustrated in Fig. 6(2) for a constant value for rathfall. 

Some caution is needed here as we are using the relationships of 

fecundity and survival with the natural logrithma of population size. 

Without a certain range of population size, these relationships 

predict survival and fecundity values outside their legitimate range, 

e.g. survival values greater than unity. The dominant elgenvalues have, 

therefore, been calculated only for those population densities that 

yield meaningful survival and fecundity values. 

The problem of determining the optimum population size 

is not solved by simply ohosing that with the highest rate of increase. 

Assume that in each case the population has attained a stable age 

structure and that its porulation rrocess is than governed bys 

x 
- t•. t 
	

6(11) 

where N   is the population size at time t and 	the rate of increase 

at population size tits To keep the population size constant a 

proportional harvest of each class of the population is reanired of 

order 

This is illustrated in Pig. 6(3). However, the actual crop ticen is 
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given by 

C- 	 N 

At 	 6(12) 

	

We know in our situation that 	is a monotonic decreasing function 

of Nt,  any g(Nt);  therefore in order to maximize the crop under this 

harvesting regime we need to maximize 

o (9(N) 

6(13) 

with respect to Ni. rn our situation we are further restricted to 

working within the legitimate  range of Nt  0 For this reason the local 

maximum of the function is beet discovered graphically. Fig. 6(4) 

gives the sine of the crop calculated at varying population densities 

using 6 lo). It can be seen that the maxi urn crop is obtained at a 

level of population between 1700 and 1750 animals. 

The crop here has been considered here in numbers of 

animals, bat it is a simple matter to convert it to body weight or 

biomass removed, by using a weighting procedure of body weights from 

the stable age structure. 

It was noted in chapter two that the yield from a 

population with fixed demographic statistics could be increased by 

altering the sex and age composition of the oroo. In this situation 

the relationship between crop and population size is far from the 

simple one envisaged in 6(11). 'However, by calculating the maximum 

crop at varying population sizes it is possible to inspect for local 

maxima and thus avoid the unfortunate implications of this problem. 

This is the procedure adopted in the analysis in the remainder of this 

chapter. 
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he choioe of sex and age composition of the croi, 

In chapter two a simple exploitation model was used t 

investigate the optimum strategy for harvesting from a population with 

fixed demographic characteristics. In the case of a female population 

Beddington and Taylor (1973) showed that there was a general type of 

strategy that would lead to a maximum harvest. This involved the 

partial cropping of one age class and, in addition, the complete removal 

of another age class which would effectively reduce the maxinum longevity 

of the population. Given this result a computer based investigation of 

possible candidates for the optimum strategy becomes a simple problem. 

A Fortran program that calculates the harvests associated with these 

candidate strategies and thus determines the optimum is given in Appendix 

1. Applying this to Red deer populations is rendered difficult by the 

fact that the underlying model used in deriving the conditions for 

optimum strategy involved certain assumptions that are violated by 

Rod deer populations. The first problem is that demographic characteristics 

are assumed to be constant over time. A major source of variation in 

demographic characteristics for Red deer is population density; this 

can largely be ignored as the harvesting strategy has been designed 

to keep the population level constant. Fluctuations that occur due 

to the effect of weather are likely to be substantially dampened by 

the density dependent effects and the effects of the two types of 

female fecundity schedules operating in the population. There are, 

therefore, reasonable grounds for thinking that this violation of 

the simple model's assumptions may not be critical • Of more Importance 

is a second assumption implicit in the simple exploitation model, 

namely that within an age class fecundity is constant, whereas the 

importance of the distinction between the fecundity of yeld and 
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lactating hinds in its effect on the population behaviour has already 

been noted many ties. 

It has not proved possible to esti ate analytically 

the maximum harvest obtainable if the crop was to be ad.lusted  amongst 

yeld and lactating hinds, although a priori it might be supposed that 

by cropping some calves and lactating hinds the less fecund sections 

of the population could be exploited and an increased yield obtained. 

The mathematical apparatus for a computer based investigation of this 

problem exists in equations 6(7)-6(lC).  However, in practice it has 

not proved possible using these t improve by computer simulation upon 

the yield obtained using a variation of the optimum strategy model 

considered below and the results are therefore not cuoted. This 

variation relies on the proposition that it is reasonable to ignore 

the distinction between yeld and lactating hinds, if a correct estimate 

of the overall fecundity of an age group can be made. This will 

obviously depend on the relative fre,uenoy of yeld and lactating 

binds within the age group. This relative frecuenoy will be given 

for various population sizes by the relative size of the appropriate 

elements of the eigenveotor associated with the dominant elgenvalue 

of the matrix product 

(Rt,St) (Rt,St) 

in equation 6(3). A Fortran computer program that first calculates 

the dominant sigenvalue and elgenveotor of If for varyingnvaluee of 

Rt and S and then calculates using the relative freiuency of yeld 

and lactating hinds in each age group the fecundity of the age group 

is given in Appendix 5. Using these results from this program it is 

thus possible to apply the optimum strategy model and ignore the 

distinction between yeld and lactating hinds. 
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30 far only problems concerning the harvesting of the 

female population have been considered and it is necessary now to 

consider the problems associated with the cropping of the male 

population,, In the analysis of possible strategies for male cropping 

the central assumption was that the ratio of mature males to mature 

females should not fall below a certain critical value. It was argued 

tIt below this value the fecundity of females would be affected and 

this would invalidate the model. Unfortunately there is a complete 

absence of information concerning this critical value for Red deer 

and it has therefore been necessary in evaluating strategies to con_ 

eider a range of these values. 
ii 

Let us now consider stage by stage the process of 

determining the optimum strategy for harvesting from both sexes. 

The first stage consists of adjusting the cropping 

of the female population so that some yield parameter is maximised;  

for simplicity let us assume that this is body weight. The process 

of finding the maximum strategy using the computer program of 

Appendix 1 involves the inspection cf all the possible candidate 

strategies which satisfy the neoeaeary conditions. These candidate 

strategies are illustrated in Pig, 6(5). 1aoh contour marked I in 

Fig. 6(5) represents the yields obtained from the partial cropping 

of age group I and the total cropping of other possible age groups. 

It is important to note that the units of yield are kilograms
* 
 

removed per 1(c animals In the population. Associated with each 

of these yields is a proportional crop in terms of percentage removed 

*Body weight data used are taken from Litohell Cown and Parish 

(1973) and are given in table 6(1). 
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from the female population. These are illustrated in Fig. 6(6). It 

can be seen that the strategy that maximises the nercentage crop, 

namely the complete removal of age group eighteen and the partial 

cropping of age group one, Is different from that which maximises the 

body weight yield, which involves the complete removal of age grou 

seven and the partial crop of age group four. The extent of the partial 

crop in each case Is calculated from eauation '>( 4?) with appropriate 

values set to zero or unity. 

Having determined the strategy that produces the maximum 

yield, It is 	ry to estimate the proportion of the female popu- 

iLtio t:t io in tTie  mxually mature age groups. This can then be 

used to check that the ratio of mature males to mature females produced 

by any harvesting strategy of the male population is some fixed value. 

In formal terms this involves the recuirement that the male strategies 

must be such that they satisfy equation 2(52).  A computer program 

given in Appendix 2 calculates possible candidates for maximising the 

male harvest according to this constraint. Inputs rer!ulred for this 

program are the age of sexual maturity In both males and females and 

the required ratio P between sexually mature males and females. The 

candidate strategies for the male harvest can then be calculated. 

The yields associated with these for values of P of 1, , and 

together with the associated proportional crops are illustrated in 

figs. 6(7)_6(14). (In calculating these values the age of sexual 

maturity in males has been assumed to be three. Lincoln, Youngcn and 

Short (1970  note that the testicles of males aged one contain 

spermatazoa; however, three is the age at which they join the stag 

groups. We have already noted that females reach sexual maturity at 

this age.) 
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The units of yield used are in terms of kilograms 

removed per 100 males in the population. Using this yield parameter 

adjusting the sex ratio from 1:1 to 4:1 results in a substantial increase 

in yield from the males population. However, the units of yield cal-

culated present a problem in that they indicate only indirectly a 

contribution to the total cron. The male strator in each case is 

calculated to ensure that the ratio of mature males to mature females 

is some fixed value P, but the overall sex ratio will normally be 

different from this value. The overall sex ratio can be defined in 

terms of the notation of ecuation 2( 46) whore s and t are the ages ol 

maximum longevity after harvesting for males and females respectively. 

Thus if we define the female harvest in terms of body weight yield 

as IF and the male harvest as YM for a population of H 1fl animals 

the total yield will be given by T: 

T - SR x YH x H + (l-SR) x YF x TT 	6( 14) 

As the mature animal sex ratio P decreases the overall sex ratio S' 

will also decrease, but this relationship will not be a simple one Rnd 

the effect on yield is difficult to ascertain. Fig. 6( 15) gives the 

locus of maxi-, um total yield from ec,uation 6(14) with a sex ratio P 

varying from 1 to -, and a population size of l(i. It can easily 

be seen from this that the total yield is little changed as the sex 

ratio P changes from to -. Improvement occurs only within the 

sex ratio range of 1 to . A slightly different nicture is obtained 

if one looks at a similar relationship in terms of the number of 
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animals removed; this is illustrated in Pig. 6(16). Here the total 

yield increases monotonically as the sex ratio falls. However, the 

major increase has occurred by the time a sex ratio of-! has been 

obtained. The implications of this for management policy are that 

it may be possible to crop to a particular limit sex ratio P without 

affecting the fecundity of the population, but beyond a certain value 

for P little is to be gained by decreasing to this limit, whereas 

apart from aesthetic considerations there are sound genetic reasons 

for keeping the sex ratio as high as possible. Pigs. 6( 15) and 6(1,6) 

apply only to one population level, but a similar pattern is observed 

for other population levels in the range. These patterns define the 

rather complicated yield surface in terms of population and sex ratio 

and by inspection one can find the combination of sex ratio and popu-

lation level which wi U produce an overall maximum yield. 

However, the yield parameter considered so far has been 

body weight and it is obviously of restricted use when investigating 

the overall harvesting policy of a deer forest. Therefore, prior to 

considering in more detail the investigation of overall maximum yield 

in terms of sex ratio and population it will be useful to digress and 

consider alternative yield parameters. 

The most important consideration in assessing yield 

for a deer forest is that stags have a sporting value in addition to 

their worth in terms of venin. An indicator of the relative worth 

of the sporting value of stags is the number of antler points. itchel1 

MoCowan and Parish (1972) give age specific mean values for the number 

of antler points for deer in Glenfeshire. using this data it is 

possible to define an age specific yield parameter which incorpormtee 

most of the necessary recuirements. Tat Y be the yield of nge group 
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I of either sex and we can define Y as 

Ti  = P1  + 	4. P3A 	
6(1) 

where P is the basic sporting value of an animal, P is the price 

per pound of yen iron and P3  Is the aportIvalne rer antler point 

over and above that included In P1, W1  is the mean weitt of age group 

£ and A1  is the mean rnarnb,r of antler points of age group I.  Table 

6(1) gives the values of y for stags and hinds defined by 6(15). 

In constructing the yield surface for this parameter 

In terms of population size and sex ratio some care must be taken in 

the choice of unit steps when estimating points on the surface. Th 

Figures 6(15) and 6(16) the sex ratio P varied from 1 to 	in store 

of one extra female per male. While this has obvious biological 

simplicity, In mathematical form It presents problems an the size of 

steps for the value P change from .5 in the first step decreasing In 

size, until the final step from I  to  I 	 i involves only a change n " 19 	PO,  
of approximately .003. The reaolution of the surface will therefore 

be correspondingly heteropni. Accordingly in tracing the yield 

surface has been varied fro-PI 1 to .05 in steps of .05. I'Iga. 

6( 17)-6( 23) illustrate the total yield surface for varying P at popu-

lation levels between 1700 and 2001. The absolute maximum apeara 

to occur close to a sex ratio of .5 near a. population level of 700( 

However, for population levels between 1750  and 2000 the local maxima 

are extremely close. All the graphs show an initial increase in yield 

as the sex ratio declines followed by a sharp dec1ne. rig. 6(74) 

Indicat.s the contributions of male and female yield for a population 

level of 2oY' and it can be seen that the behaviour of the male 

yield dominates the situation at the lower sex ratios. This is due 
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to the nature cf the yield data used in which males are valued con-

siderably more than few4e. A different picture would obviously 

occur if hind shooting as a sport became popular. 

The Possibilities for investigatinp this  ar other 

yield surfaces are considerable,, but in the context of the present 

discussion little is to be gained by considering them. What should 

be emphasised is that each point in Figs. 6(15)-6(23) ret>resente a 

maximum yield obtained by a particular age specifi c harvesting 

strategy. ALssociated with each would be a set of other lower yields 

which involve different harvesting strategies. The opportunities for 

generating an enormous set of yield surfaces are therefore available, 

but manifestly there Is little point in extesiva documentation of 

these. The computer program of Appendix 1 can, however, be utilised 

for This purpose. 

Hsrvesttr where age gro,s cannot be tdentfjed 

The harveetin mc'e15 coreiderecl in this last esotion 

depend on the ability to recognise the age of an animal before killing  

it. They are thus applicable ma 1inly to a situation in which deer 

forest mazrgetnent has become more intensive and approxim tee to a 

ranchin? situation. In the case where age groups can only be rouahly 

Identified the criteria that determine a maximum crop cannot be applied. 

1nvestj#ratjon of possible strategies would depend on a computer 

simulation in which the roush groupings are Incorporated 'to the 

equations 6(7)_6(lo) as appropriate sets of the elements of the 

diagonal matrix .. To illustrate how this could be dn?e oonsder a 

simple female only model of type 2(36): 
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Let the possible groupings be as follows: 

Group 

Calves 1 

Young 2_4 

Prime 5-9 

(id 10-18 

and define P 1  1 = 1,4 as the probability that a member of group I 

survives exploitation In unit time. The matrix I) will then be of 

the form: 

DdIa (P P p p p p p p p p g 	
2' 3 	3  3P 3 4 • • e • 

Let us suppose th t the 	values represent the proportna1 survival 

at a harvesting Intensity J. Then by suitable adjustment of units 

we can consider IP as the proportional survival of a percentage 

harvest I of the total population by group 1. One can then investigate 

the effect of varying I and P1  on the population behaviour. 

In an analogous way the matrix T3  can have sets of 

elements which represent the probability that a particular group will 

survive exploitation at a particular harvesting Intensity. 

In the absence of information concerning the ability 

of stalkers to recognise individual deer groupings, detailed an1yeIs 

of strategy possibilities is not possible. Furthermore much work is 

needed on the interrelationship of the P values for possible groupings, 

in terms of the shooting bias of individua].s in relation to the actual 

stock. However, if the information were available it should be mossible 

to investigate possible strategies and improve yield using enuation 

6(7)-6(1o) as a mathematical apparatus. 



This chapter has been concerned with deer cropping 

solely as it affects and is affected by considerations of the 

population dynamics of deer. In aubsecuent chapters the irmilcations 

for deer cropping that arise due to it being an economic activity 

will be considered. 
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CHAPTER SEVEN 

Much of the work of earlier chapters has been devoted 

to constructing mathematical models of Rod deer population dynamics 

which enable the effect of cropping to be investigated. With the aid 

of these models it should be possible, given knowledge of the para-

meter values, to predict the effect on the deer population rnmiers 

of any cropping strategy. !lowever, game management is an economic 

activity and like any other is subject both to economic stimuli 

and constraints. In order to be able to have a more complete view 

of exploited Red deer population behaviour it is necessato have 

some knowledge of the effect of economic factors on the management 

decisions relating to the size of crop taken. Two main areas of 

economic influence will be considered; in this chapter the problem 

of deer cropping as a production process will be developed and in 

the next chapter the determinants and effects of market price on 

management will be investigated. 

Deer cropping as a production process 

It has been noted above that there are two main 

management activities: the trophy shooting of stags and the shooting 

of hinds for meat. These processes have important differences both 

in their effect on the population cropped and in the cropping stra-

tegies appropriate to them. ¶ihese latter differences, together 

with ways of improving yields by altering the ago composition of 

the crop, were considered in some detail in the last chapter. There 

are important similarities, however, as both involve men going out 

into the hills ,  with high velocity rifles, stalking and shooting 



the deer. in stag shooting, just as much as hind shooting, the 

production possibilities viewed from an economic point of view are 

similar and dependent mainly on the productivity of the stalksrs. 

It is therefore a reasonable assumption in investigating production 

to consider the two activities as one and this is the procedure 

adopted in the aubeeiuent analysis. 

There is an extensive literature on thebsubjeot of 

production. For early work t'a1ters (1963) is an excellent review 

and N.B.LL 11967) contains much later work. The general production 

model is often called a production function and relates the output 

of units of production to inputs of various factors necessary for 

the process. It can be represented by ef,uation 7(1). 

P = f (, x, x3  . . . xl) 	 7(1) 

Where X1,i=l, n are the levels of the n input factors and P is the 

output level. Traditionally the function has been simplified so 

that possible inputs are grouped according to classifications of 

economic meaning such as Labour or Capital. It is a purely technical 

relationship involving no monetary values and the choice of units 

for both input and output is largely a matter of convenience. 

The choice of mathematical type for the function in restricted by 

considerations of economic meaning; alters (196) discusses the 

main problems involved in this. The most important restrictions are 

that the production surface defined by the levels of the n input 

variables in 7l) must be convex the function concave and the 

variables cannot take negative values. several mathematical 

functions have been developed which satisfy those 1aaic rer,uirement •  

All have some unfortunate eoonom±c or mathematical im1icationa and 

in general the main consideration in econometric studies of production 
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has been the goodness of fit to available data of the function chosen 

rather than economic meaning. By far the most famous prothaction 

function is that proposed by C. T. Cobb and P. H. Douglas (198) 

and known as the Cobb-Douglas. 	In sinmilfied form this is 

given by equation 7(2). 

0l2 
P = AX  X2 	 7(2) 

where X is Labour input level and X is Capital, c and a,, re 
positive constant and A is a unit adjusting constant, Iferlove (1965) 

reviews at an advanced level the main problems associated with the 

function, and Valtera (1968) contains a simple development of its 

iain irmlications and limitations. Functions of this form have had 

a remarkable degree of success in fitting data on production for a 

wide variety of production activities. Therefore, despite the problems 

of the function (associated with its mathematical form), which will be 

considered below, it was decided to attempt to construct a model of 

this form for the process of Red deer propping. As can readily be 

seen, eauation 7(2) is independent of any time scale ad therefore 

the oháice of time interval can be a matter of convenience determined 

largely by the available data. 

The Important characteristic of hunting as a i,roduction 

process and indeed of any removal process of self-regenerating resources 

is that thetlevel of resource must have an important effect on the 

level of production but cannot, in the short term anyway, be altered 

by management decisions. This characteristic can be represented by 

an adaptation of the general ecuation 7(1) so that one has 

P = F (X1, x2, x3, . . x. . • x 	) n+l 	 7(3) 

where X for i = 1, n+l, ir are the n input variable factors and X 
r 



is The level of the resource. Red deer cropping is further oharIcterised 

by the relative unimportance of capital as an input. Such capital 

equipment as exists is usually in the form of transport such as Land 

Rovers and no treke or ponies used for taking deer from the hill. It 

was felt that the actual level of the crop was unlikely to be affected 

much by these, and for a first approximation the following model was 

paoposed: 

a, 	ct , a 
P 	AX 1 LX X3 	

7(4) 

where .F is the yearly crop of estate in number of animals; X, is 

the number of stalkers employed per year; 7,, is the area of estate; 

and X3  is the deer population level for the year concerned. A, alg-

a 2 , 

1,

a,,, and a are constants. Data were available for a small number of 

estates in one area of Scotland on the levels d'production and input 

levels of the three variables specified in the model. Preserving 

estate anonymity this data is given in Table 7(1) 

Table 7(1) 

Estate No, Shot Area/lOu Acres Labour/Man years Count 

A 112 128 1 891 

B 121 96 2 545 

C 252 200 7 1713 

D 66 105 1 

H 66 115.7,  599 

F 74 100 1 575 

G 157 300 1 15118 

H 211 270 7 148 

I 3o6 850 3 
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The population level is taken from a Red deer Commission sount for 

the spring of the year and is therefore more an index of population 

level. uris problem of using data of this sort is that one would 

expect a perfectly rational and informed entrepreneur to have 

arrived at a least cost ratio of input factors. Therefore, there would 

be be high inieroorrelation of the input variables. Rasmussen and 

Sandi].anda (1963)  and Rasmussen (1962) however, fitted data from 

the farm management survey of English and Irish farm accounts to a 

Cobb-Douglas function. They argued that each production level and 

input level could be considered as an 'experiment' aimed at elucidating 

the relationship between input and ortput. Farmers have imperfect 

knowledge of the optimum combinations of input levels and these 

unwittingly perform the experiments, their ignorance ensuringbthat 

the input variables are not highly correlated. This seems a reasonable 

assumption for the deer management system also, and therefore it was 

decided to fit the model 7( 4) to the data given in Table 7(l). 

Enuation 7(4) can be simply transformed to become linear in the 

logarithms of the variables, i.e. 

logS  P log A + a log
e  Xl 	') 

+ a log X + a 3ioX3  1 	 e 
,  

7(5) 

and maximum likelihood estimates of A, a 11, a2, and a 3  can be 

obtained by multiple regression analysis. The following estimates 

of the parameters were obtained: 

(A = .5261, a I  = .5439, a - -04635 9  a = 1.1144) 

The analysis of variance for the regression model is act out in 

Table 7I2). The fit is extremely good and therefore some confidence 

can be placed in the model which is, with estimated values: 



searching for deer, but to encounter them on a path to or from the 

estate boundary. One would expect this particular relationship 

to change with terrain and a values tend towards unity as the suitability 

of terrain for deer stalking decreased, until it involved searching out 

an area to find the deer when 	= 1. Eivation 7(6) could be considered 

from a biological viewpoint as a simple predator searching model in 

which attacks occur only on paths to and from the territorial boundary. 

In models of the Cobb-Douglas type, the sum of the ° coefficients give 

the extent of the economies or diseoonomies of scale. If we consider 

in eauation 7(4) that each input factor is increased by the factor g, 

then we have the new output level P1  

P1  A(gX1)1(gX2)2(gX3)3 	
7(8) 

	

AX 
1 

01 - 	123 (a1+a2+a3) 	
7(9) 

	

1 W 	
(u+cx+cx.) 
$ 	

7(10) 
(i++0  ) 

thus increasing all inputs by factor g results in g 	 increase 

in output. Therefore, if (a1+a,+c 3) 	l, one has increasing returns 

to scale; if (c1+c 2+ci3) = 1, there are constant returns to scale, and if 

l, decreasing returns to scale. As can be seen by inspecting 

equation 7(7), the sum of the a values is enual to 1.1924, implying 

increasing returns to scale. However, the population size is not 

subject in the short term to management variation and therefore 

considerations of economies of scale are not particularly fruitful 

in the context of this model. What is more interesting is that for 

a unit increase in population size, an increase in crop of 1.1114 

would occur. This implies that it is in management's interest to 

build up the population density of their estate and automatically 
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Table 7(2) 

d. f. 	Sum Snares 

Regression 	3 	7.6349' 

Residuals 	5 	U,U9262 

Total 	8 

Mean Square 	P Value 	P 

0,8783()7 
47.414 	K.cl 

0.018524 

.544 1.14 
P 	.526 X 	x3  

0463- 

P 	 7(6) 

(!P 
The partial derivatives of the general production function dX1  are the 

marginal produotjvjtjes of the input factors X1, Applying this to 7(6) 
it can readily be seen that the marginal productivity of land area in 

this model is negative for 

.544 1,114. 
= -0463 .526 

dX2 	 1.463 	- 
X2 	

7(7) 

and X1, X2  and X take only positive values. This result is in accord 

with intuition in that for a fixed level of labour input and ,op'z1tjon 
one would expect the crop to be inversely proportional to the area to 

be searched. Vybat is not readily apparent is that it is not the area 

that is important, but a factor extremely close to the srnzare root of 

the area, For a circular estate this would be proportional to its 

radius. This seems to indicate an interesting characteristic in that 

it is not the direct density of the population that is important to 

production level, but the ratio of population level to the seuare root 

of the estate area, a type of linear density. It has a physical inter-

pretation in that hunters are considered not to sweep out an area when 



obtain increased crop. Ecologically speaking, however, this is not 

viable; as was noted above, there is a maximum proportional crop above 

which the population size will decline and this maximum Proportion is 

likely to vary with population density. A model which investigated 

the interrelationship of production to population density and the rate 

of increase of the population would be a sensible follow-up of this 

result and could lead to predictions of optimum production efficiency. 

This approach has been adopted by Beddington, watts and Vripht (1973) 

but is of marginal interest only for this analysis. Instead, a simnlor 

model which illuminates the main problems, while not iviveatigating them 

fully, will be developed. 

A simplified production fpctton for deer cropping 

The importance of population size to the understanding of the hunting 

process has been made manifest9y the excellent fit of eouation 7(4) 

to the data, and it was decided to follow up this model and investigate 

how important the variation in population density from estate to estate 

was to the behaviour of the model. Table 7(1) gave details of the 

variation of density in the estates, which was 3.62-.56 deer per l((' 

acres. 'he importance of this variation could be investigated by 

asetin that it was, in fact, constant, i.e. that X3  = cX )  where }( 

is the density per lcC acres. Substituting this in eriustion 7(4)  we 

have 

I a,a a 
P = AX1 LX, ' 	3 	

7(11) 

Using data from Table 7(1) this was then fitted by multiple regression 

as before, the two input variables this time being estate area and labour. 

This meant that the model fitted. was in fact of the form 

a 	01" 
A''V 1 7 

- /
j  X7 	 7(1)) 
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This allowed a simple input of area in 1(0s of acres. The estimated 

ecuatjon was therefore 

logS  1 = 1090A  + c 1logX1  + c 
log 

X 2 	e 2 	7(13) 

Estimates from fitting enuatjori 7(13) were as follows 

( c1  = .662, lOg5A 	2,5 	* 2 + al = 

The fit from this data is again good (F 14.57, df 	nd 6, ' < .ri). 

The proportion of variance explained by 7(4) was .966. The nronortj on 

explained on the assumption of constant density was •2(. Approximatey 

14,;'. 	the variation is therefore likely to be clue to variation in 

Population density. There is some discrepancy naturally between the 

estimates of parameters from the two models. However, this is fairly-

small. Both models indicate increasing returns to scale; in the second 

case values add up to 1.u72 end, in the first, to 1.1924. 

For a given area, therefore, this assumption of constant 

density for the population involves losing some predictive rower in 

estimating the crop of individual estates, but this is only a small 

factor when the total variation in crop between estates is considered, 

the overall pattern of production being well reflected by thesimplifi 

model. At a constant density there will be a maximum proportionAl crop, 

above which the population level will decline. Methods for estimating 

this proportion and the age structure of the crop renufred were considered 

in chapters 2 c.n 6' above. A corresponding result is that for a given 

age structure of a crop there will be a fixed nroportion of the total 

Population which can be removed while keeping the population level 

constant. Cropping above this level will result in, a decline in popu-
lation density, and cropping below it in an increase in population 



density, This can be derived directly frem the determinental constraint 

equation 2k 37) above. This is not true for all age structures; if the 

age structure of the crop includes only older animals the population may 

still be able to increase even if, for example, all animals aged 1 and 

over were removed. This is likely to be extremely rare in any meaning-

All management situation. Consider that the management aim is to keen 

population level ccnetant; this implies that for any age composition of 

the crop, the crop must be a certain proportion c, of the population 

level. 'ibis implies rewriting 7(11) so that 

P = qX3 = AX 	2~33 	
7(14) 

but in the constant density situation X5 = X therefore substituting 

for X we have 

	

2 
	Ot 

cap. AX  X2 3 3 
7(15) 

This can be rewritten so that 

ii a1 \ (i-c,-.a) AX 	 - 

7 
- 	(1 3)) 

"V 	
7(1 

which defines the ratio of labour to land that will ensure a constant 

proportional crop a for a given popui - tion density K. 

Consider now that the management aim is to minimise cost 

of production at all levels of production. Let us define the yearly 

coat of labour as p1 and tvyear1y cost of the inputs will be given by 

C 
p 

= X1p1 + X2p2 

which it is desired to minimise subject to 7(11), i.e. 



u'S 

Ot 	
(a

P = AX  'X, 23 K 3  

The cxnstraint can be rewritten in standard form and Incorporated in 

an expression Cr  such that 

a 	(aiaa 
X1p1  + X2p2  + r(AX1  1x9 2 3 3 

C has its minimum value where C has its minimum value subiect to 

constraint 7(11), r is a ranrange multiplier. The expression (7  is 

minimised where each partial derivative is zero, i.e. 

Ot 

 = p1  + rc1AK 3X1 1  X2 23  = 	
7(1) 

a 	a1  (a +a -1) 

dX 	= p 2  + r(a2+a 3)AK 3 1  x2 2 3 	 7(1) 

dC 	aa 	(a +a 
= AK 3X1  x2 	-) - = o 	 7(90, 

combining 7(18) and 7(19) 

Pi 	a 1X1  

= (a2+a7)X, 	 7(21) 

or 

= p2 a1X1  
2 	

pl(a 

which defines the ratio of labour to land that will, ensure that the 

cost of output is rnirthniaed. The compatibility between what might be 

termed ecological and economic management can therefore he investigated 

for this simplified situation by solving for X1  and X2  ertuatfona 7(16) 

and 7(22), which would give the size of enterprise, i.e. the number of 

units of labour and band reouired so thtt output cost is minimised and 



a constant proportional crop is taken. 

from 7(16) we have 

r 
AXlal 

I
(I -C1 

L q   

Substituting for X in 7(22) 

p2ct1X1  

I  

7(23) 

which simplifies to give 

r 	 1 	1  
x 	Ap1(u2+) 	

(1(ctj+ai2+ct3)) 

qK 
' r(1 3) 

	

P2J 	
704) 

thus 

X.) 	21 	r 
Ap1(2+3) 	

(a + 
P 6794:Z—

+ )Y / -I:ç)- 	1 2 3 

L 	qK 	p2cz1  

7(-, ) 

Despite the rather complex nature of the solutions 7(24) and 7(5), in 

many cases they define meaningful values for estate site. Prior to 

considering some of these solutions one special case Is worthy of 

mention. Then 011 	2 	3 l a constant proportional crop is 

assured irrespective of price or population density. Pox' both X and 

are undefined in this case. It is of interest to note that this 

is the situation for a normal Cobb-Douglas production function, to 

have constant returns to scale. 

The easiest way to represent the solutions of 7( 24) 

and 7(25)  is to plot the surface given by 7(16) in the R1 and X. plane 

for various value, of c and K and a similar eurface given by 7( 72) for 

various values of p1  and p, the intersections of the surfaces being 



the solutions in terms of estate size which h*ve compotP'le ecnnr'c 

and ecological strategies. These are illustrated in fipures (1-

7(3) for the values of A1, a, c, and a obtained from fitting 

equation 7(5). 

In the figures X2  has been plotted on a 1opaith'jo 

scale simply for ease of representation. The factor price P was 

taken as being the yearly salary of a stalker inciudng nerittes 

and considered for all oases to be £150(. The factor price , 's 

considered as the interest at l( payable on the cost of iflC acres of 

land. Three prices ner acre were used: F5, £l( and £1. The prices 

used can be considered as reasonable values for labour and land nrices 

currently in the Scottish Hi 4ilandg. As one would expect, the higher 

the value of land the greater number of stalkers ner acre Pre employ ed 

for cost minimisation. For high values of land, this reaiits in te 

intersections with the constant proportional crop sirrfes nernirrinp  

at levels of estate size which are extremely low aM at levels of crop 

which are probably not viable. The effect of population is to &ift 

the proportional crop surface In the direction of lower proportional 

labour input for higher Population density. Three values ofoniilatjon 

density have been used, the two extreme va, Tue a from ''a ble 7(1_) and the 

overall mean value. The situation for deer forest ownrship in t)l. 

Scottish Highlands precludes the adjustment in the short term of estate 

area. Adjustment of the land to labour ratio is therefore a matter or 

the hiring of additional labour or the sacking of surplus labour. Let 

it be supposed that a particular estate wishes to achieve the least 

cost per unit of output and in addition crop the deer nopulation in a 

manner which achieves a constant population size. The intersection of 

the appropriate price combination contour with the estate size Tine will 

determine the labour input. This will then determine the proportinatp 
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crop taken - namely that particular 'q' contour passinR thrnu the 

point. This process is illustrated graphically in figure 7(4). 

Whether the 'q value so determined is viable, in that the age 

composition of the crop would be adjusted to make it sustainable, could 

then be investigated using the methods of chapters " and 6. As can be 

really seen in figures 7(l)-7(3), rticular values of factor prices 

in some cases mean that the management aims are not in realistic terms 

compatible. As a final caveat, this model should be taken more as an 

attempt to illuminate the particular problems involved in the process o  

exploiting self-regenerating resources than as a presorntive one for 

determining compatible ecological and economic strategies. 

Extensions of the production model to ether areas 

The basic production function 7(A) was only fitted for 

a small number of estates and to geneiliSe particularly about its 

parameter values for other areas of Scotland world be dangerous. 

Data to fit this model for other areas were not avalabie in the 

reouired amount of deta i. However, the simpler model of the form 

7(12) could be fitted for data that were available from 51 estates 

for one year from several different parts of Scotland. in order to 

gain a further understanding of the nroduction possibilities 

available it was decided to fit this simplified model given by 

7(13). 

Table 7(3) gives the analysis of variance for this "ode1. 

Table 7(3) 

df Sum of Srivares 

Regression 	2 6.6°14 

Residual 	 49 8.154° 

Total 	 5() 14.7463 

'reap Snares r value " 

37457 	
l S '7 	.001 

.167R 
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Estimates of the parameter values were as follows 

a 1  = .213, logA ' 	2.466, a 	.429 

The estimates of log A' and 0, 
1 are extremely close to the values of 

estimates for the original groui of estates. The estimate of a1, 

however, is much lower and indicates a much wider range of labour 

productivity than might have been expected. The general significance 

of the model is high; however, only 45.3 of the total variation was 

expL8ined by the model and thus as a general model for the whole of 

Scotland it leaves much to be desired. In order to investigate further 

the possible variation in parameter values it was decided to look 

Closely at the residual values. These were grouied as high (greater 

than 20 and positive), low (greater than X.  and negative), and central 

(lees than 2(3). Estates were then classified by geograohjoai area 

and into these categories the results are given in table 7(u). The  

geographical areas conformed to Red deer Commission groupings of deer 

forests and are coded to preserve anonymity, 

Table 7.( 4) 

flumber of estates 

Area Code Low Central High 	Total 

1 - - 3 	3 

2 - 5 7 	19 

3 1 1 f3 	10 

4 4 3 - 	7 
5 5 3 - 	8 
6 4 3 - 	7 
7 4 - - 	4 

Total 18 15 18 	51 
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As can be seen in table 7(4), productivity appears to be fairly closely 

associated with geographical area. Estates in 'low productivity' areas 

are classified by this method into low and central by the residual size, 

and estates in 'high productivity' areas into the high and central 

categories. There is only ono exception to this and that particular 

estate was one rented. from the Forestry Commission; it might, therefore, 

have been expected to be subject to different economic factors. Despite 

the fact that this overlap from low to high categories is no small, 

there is considerable difference between estates olaneified an central 

and those classified as low or high. The geographical area groupings 

used were those of the Red deer Commission and within them considerable 

habitat diversity was possible. Differences between estates within 

geographical areas could well, therefore, indicate a further subdivision 

of productivity possibilities. kossibly the most obvious explanation of 

the divisions found is that they -  indicate areas of high, low and medium 

deer density. To investigate this further it was decided to fit model 

7M) with data from the three residual size groupings. 'Y'ahle 7(5) 

gives in abbreviated form the results of this analysis. 

Table 7(5) 

Residual Group 	a 1 	a 	A' 	F Value d f 	P 

Low .3156 .1761 29.(2U 21.83 15 

Central .1291 .525 6.943 111.17 1" 

High .2614 .416 9.854 19.66 15 

The fit in all cases is good and some degree of confidence can be 

placed both in these as productivity groupings and in 7(13) as a model 

of them. The proportion of variance explained was: Central ,94, 



Low .7449  and High .724, which is reasonable given that the individual 

variation in population size from estate to estate is ignored by this 

simplified model. There is a considerable variation in the parameter 

values and the sum of the a values in all cases is less than one, 

indicating decreasing returns to scale. To indicate the range of 

production possibilities the production surface was traced for varying 

input levels for the three groupings. These are given in figures 7(5)-

7M. The extent ofthe variation is not unexpected, given the diversity 

of habitat type, population density and climatic factors likely to 

affect the deer cropping process. In the absence of more extensive 

data on the population size on individual estates little can be done 

directly to investigate this variation further. Some insight can be 

obtained, however, from the simple model used and its relation to the 

more general one of equation 7(4). 

An extension of the simple production model 

Then considering the importance of population size in 

explaining the overall variation in crop, the simplified version of 

7(4) was obtained by direct substitution using an identity obtained 

from the assumption of constant population density, namely that X3  

and thus one obtains 7(11) 

P = AX1 
Ot 
 TX223V3 

The equation fitted, however, was of the form 7(12) 

PA'X1  X2 2  

When fitting this euation it is impossible to distinguish directly 

between the assumption that X3 a KX and the general one that 

in the context of investigating the importance of population 
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size to overall prediction this distinction was unimportant and therefore 

was ignored. However, if it is renuireci tmke some estimate of the 

population density from the parameter values of the si"plified model it 

must be considered. 4aking the substitution of X 
3 

M K'X in 7(4) one obtains 

U1  c12+U38U3 	

7(26) P-AX1  X2  

From fitting 75) the estimated values of a2  ,a3  were 

a7 	-0463 and a3  1.1144 

From fitting 7(13) the estimate of cy,?t  was .410 but from 7(26) 

- a2  + U3 	
7("7) 

Therefore, aneatimate of í& can be obtained by substituting the estimated 

values of cc2  and a3  in 7(27), i.e. 

-.463 + 1.11440 .41u 

.79 

A maximum likelihood estimate of 3 can be obtained by estimating the 

regression coefficient using data from table 7(l) for population size 

and area in the eauatjon 

log X3  8 log X2  + log K' 

This gave an estimated values of a - .R26, P <:.(: 1, log X' = 2.649 

The estimated value of A from fitting 7(5) was log A 

-.6426 and from fitting 7(13) was log A' 	'.5u(-'. From 7(26) it can 

be seen that 

log LAI  = log A + cclog K' 	
7( 2R) 

and substituting for log A, log A' and cc3  one obtains  

log K' - 3.1426 	 1' = 13,119 

K' is not, however, the population density; it is merely related to 
population density by the er,uatjon 

X3K'X9 



True population density K 	so we can obtain an estimate of T for 

any value of X2  by substitution from 7(29) and the definition of V 

K = KX,1 

Substituting in 7(30) for the observed values of land size given in 

Table 7(1) is estimate of population density on each estate is ohtined. 

These compared with observed values are given in table '7(6) 

Table 7(6) 

Estate £ B C 1) E P G H I Av. 

Observed 6.95 5.68 8,56 5.77 5.21 5.15 5.C9 6.ir 3.6 5.18 
Estimated 5.86 6.24 5.32 6.12 6.c0 6.18 4.87 4,9 3,89 4.M5 

The fit is aulte good and compares favourably with the eett'ate of 

population density obtained on the assumption that it is constant for 

all estates, for this would be the actual estirated value of F', 73.18 

deer per 100 acres, clearly an absurd esti' ate. 

The implication of the eouation X = V'X2  for 	l is 

that population density tends to decrease as estates become larger. There 

are several possible explanations for this. It could be the effect of 

economic factors acting in the past, so that small estates could only 

become viable deer forests if they had a good proportion of ground that 

was suitable for deer. Large estates on the other hand could afford to 

have large areas of poor ground which deer rarely used, but they had a 

large enough overall deer population size to provide reasonable snort for 

the owner. Physical considerations could also be important. Small 

estates are unlikely to contain very high mountains or large locus. If 

they did they would tend to be too small to be viable deer forests, in 

view of the proportion of ground unusable by Red deer. 



Large estates could, however, contain large barren areas of this sort. 

Whatever the explanation for the relationship, it does enable some estimate 

of population density to be obtained from the simple model which is 

meaningful. Repeating the calculation process for the three productivity 

groupings, the following estimates of overall population density were 

obtained 

Low = 3,047 per 100 acres 

Central = 5.389 per 100 acres 

High = 4.736 per 100 acres 

All seem reasonable and afford some explanation of the variation in 

productivity obtained. The higher population density obtained for the 

central group of estates is offset by the extremely low Labour productivity. 

The analysis of the 'deer production process' in this 

chapter has been considerably constined by a paucity of economic data. 

All the data used was for one year only and considerable variation in 

production is likely to occur from year to year as climatic factors vary. 

The fit of the Cobb-Douglas function has however been excellent, both in 

the simple version and the more complex. The initial assumption that 

capital plays little part in the production process is largely vindicated 

in that so much of the variation was explained without considering it. 

One factor not considered that is likely to be important is the 

management policy: with certain obvious physical limits some improvement 

in productivity can be obtained by owners demanding simply that stalkers 

shoot more deer. The importance of this variation in what might be termed 

'management pressure' between different estates has been shown to be 

fairly insignificant by the excellent explanatory power of the models 

used. However, from one year to the next the nroduotivity could well be 

considerably influenced by this pressure. If in a particular year the 



price of venison is high, management pressure would tend to be for a high 

level of culling. The overall shooting intensity could therefore shift 

solely due to this change in price. The formal statement of tile is that 

the production function is of the form P'f(X1X,....X). Management 

pressure could shift the ineruality up to the level of the e,uallty but 

not beyond. If data were available on a year to year basis it would be 

possible to consider the changes in parameter values caused not only by 

the climatic differences mentioned earlier but also by the effect of market 

price. Thus the investigations of this chapter are beet considered as 

first explorations attempting to construct a framework upon which 

further study of deer production might be based. 



CRkPTR EtGH!P: The determinants of the market 'ortce of venison 

and its effeoton deer exploitation 



CHAPThR LIGHT 

In the last chapter we considered the constraints and 

influences on deer exploitation determined by the economic factors 

directly associated with deer cropping as a production process. In 

this chapter we shall consider the market in venison available to 

Scottish estates and the effects that this can have on the exploi-

tation of deer on these estates. The mechanism whereby deer cropping 

on individual estates could be affected by the market is via the 

price of venison obtainable at various levels of exploitation. It is, 

therefore, necessary to consider in some detail what factors influence 

this price. 

The Scottish market structure 

Dealing in venison has been controlled so that only duly 

licensed game dealers can buy or sell venison. This in part may have 

influenced the development of the Scottish venison market. This is 

dominated by five main dealers who collectively deal with in excess of 

90% of all venison sales by estates. The extent of the inequality of 

market structure can be readily seen by reference to a Lorenz curve 

Fig. 8(1), which indicates for a particular survey period the pro-

portion of the available turnover in relation to the proportion of 

dealers. 

The oligopolist structure has had the effect that, with 

only very small variation, the price per lb for venison in any one 

season, obtainable by an estate, is the same, irrespective of the 

dealer concerned. 

67 
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Dealers usually contract to take all the venison from 

an estate in a particular season at some fixed price. There is no 

noticeable variation in this price with the geographical location of 

the estate and indeed dealers apparently make no attempt to rationa-

lise transport costs in this manner. The Scottish market can reasonably 

be viewed, therefore, as being homogeneous with respect to price and 

that conditions prevailing for estates are such that estates viewed 

as producers approximate to the economic model of perfect competition. 

No individual estate can influence the prevailing price by increasing 

or decreasing output. Given this situation it is useful to point out 

that the model of perfect competition breaks down when one considers 

the conditions of entry and exit for the industry. Estates do not go 

out of business when the price of venison is low, neither do additional 

estates enter the industry as deer producers when the price is high. 

With these caveats in mind, however, we can usefully view estates as 

price takers who are at liberty to adjust their crop in response to 

price and who need fear no effect of such an adjustment in reduced 

prices. For the moment we shall ignore the problem of the reactions 

of estates to price change to reconsider it later in the chapter, and 

instead consider the determinants of the price offered to estates by 

the game dealers. 

It is the general consensus of opinion that the vast 

majority of Scottish venison is exported to western Europe and 

particularly to West Germany. However, evidence to support this 

claim is unaveilable in the form of export statistics, as these neither 

distinguish between different categories of game nor do they distinguish 

the country of origin of game within the British Isles. It is, there-

fore, necessary in order to look at the amount exported to go to the 



statistics for importation of venison into the countries of western 

Europe. The only statistics that distinguished Red deer venison as 

a separate coimnodity are those of the official West German importing 

body*. These indicate that the scale of British exports in the years 

1969 and 1970 were of the order of 5009000 Kg, which represents about 

15,000 animals. The turnover in carcases for this period in Scot]add 

was approximately 24,000. Thus, when one allows for some importation 

by other western European countries, the claim that the majority of 

Scottish venison reaches the European market would appear to be well 

corroborated. 

It is, therefore, likely that the price prevailing on 

the kuropean market is going to be the major determining factor of 

the price offered by game dealers. It has not proved possible to 

investigate the production economies of game dealing in venison, but 

a few observations on the cost determinants can be made. Transportation 

and cold storage costs are the major overheads. Labour is mainly 

employed on butchering and prepacking of joints. Unit costs do not 

change markedly with scale, and therefore it would seem likely that 

price changes in Europe would be passed on relatively unaltered by 

distortions in production costs. This presupposes that no major cartel 

exists and that there is some degree of competition between the main 

dealers. A priori, opinions differ concerning this, but there is 

independent evidence to indicate that price changes are passed on and 

therefore that competition has existed at least at some time past. 

In order to consider this evidence it will be necessary to consider 

*Bund deutecher - Wild und Ceflugel Importeure. Frankfurt. 
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the structure of the world market in venison. 

The world market 

The West German statistics on the import of venison quoted 

earlier contain detailed information on the volume of venison coming 

from sources alternative to the U.K. These are summarised for the 

years 1969 and 1970 in Fig. 8(2). It can readily be seen by 

inspection that New Zealand dominates the West German market and that, 

therefore, proportionally small variations in New Zealand supply are 

likely to have a substantial effect on the German market price. 

Fortunately, statistics were available from the New Zealand govern-

ment on the export of venison to western Europe for the period 1963-

1970. These indicate that for the period 1963-68 the volume exported 

to western Europe was growing exponentially; in 1969 the volume fell 

substantially and in 1970 recovered somewhat. The price per lb 

obtained during this period remained practically constant during the 

years of exponential growth, increased greatly in 1969 and showed a 

further small increase in 1970. This information is summarised in 

Fig. 8(3). A hypothesis which would explain this particular relation-

ship between price and quantity is one of monotonic increasing demand 

with a shifting, but almost completely inelastic, supply schedule, 

which operated largely independent of market price. The latter 

portion of this hypothesis is, if true, a somewhat extraordinary 

situation for economic production. Some justification of it a priori 

is therefore necessary prior to going on to consider a statistical 

test of the composite hypothesis. 

In New Zealand, Red deer have been an economic pest of some 

considerable importance, and indeed bounty hunting as a pest control 
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device is still used. The main cropping of deer is done using heli-

copters which fly over a herd and shoot using automatic weapons as 

many animals as possible. A man is then lowered to dress and prepare 

the carcases which are later flown out. A fine adjusting mechanism 

of the number cropped with prevailing price seems therefore at pro-

duction level to be unlikely. With large deer herds the cost of 

cropping is low. However, if the population began to fall cropping 

would become increasingly costly. As no controlled cropping occurred 

it seems likely that in 1969 the population suddenly exhibited the 

symptoms of overcropping. Herds became smaller, production more 

expensive and the amount cropped therefore fell substantially. In 

theoretical terms this involved a sudden shift in the supply schedule 

due to changes in production possibilities. A simple mathematical 

model of this situation could be constructed in the following manner. 

Denote P as the pricedprevailing in year t and Q as the quantity 

produced in year t. We then have 

At - 
	

+ C 	
8(1) 

The coefficient A indicates the size of the shifts in demand and the 

coefficient B the slope of the demand curve. In this model the demand 

curve is assumed to be linear and that shifts in demand are parallel 

and of the same size in unit time. It is possible to test this model 

by estimating by multiple regression the constant in equation 8(1). 

Table 8(1) gives the results of an analysis of variance 

of this regression model applying to the data on New Zealand exports 

illustrated in Figure 8(3). The fit of the model to the data is 

encouraging and with estimated values is 

Pt - .0744t -.0041Q t + .2273 	
8(2) 
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Table 8(1) 

	

df 	Sum Squares 	Mean Square 	Fvalue 	Significance 

	

Regression 2 	.0825 	.04125 	16.95 	P < .01 

Residual 	5 	.01927 	.0024 

Total 	7 	.0947 

An explanation of these linear shifts in demand could well be framed in 

terms of an increase in per capita income in western Europe and particu-

larly in the West German Republic over the period concerned, with an 

additive monetary effect due to inflation. To extrapolate to other time 

periods without constructing some underlying model of this sort would be 

illegitimate. However, of central interest in this investigation is the 

determination of the price offered by game dealers in Scotland and the 

construction of an underlying model of West German or West European 

demand will not be attempted. 

The excellence of the fit of equation 8(2) to the data 

precludes it being substantial error; however, the assumption of a 

linear demand schedule seems so simple as to be almost certainly false. 

An alternative model that might be considered more likely a priori would 

be a linear relationship between price and the natural logarithms 

of Quantity. Thus, the overall model would be 

Pt 	t 
- A - Elog e t Q + C 

8(3) 

The fit of this model to the data was substantially worse than that 

of equation 8(1). Table 8(2) gives the analysis of variance for this 

model. 

The simplicity of the original assumption would, therefore, 

appear in some part to be justified. The success of the model of 

equation 8(1) in explaining the variation in price over the time period 
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Table 8(2) 

	

df 	Sum Squares 	Mean Square 

	

Regression 2 	7.48 	 3.74 

Residue 	5 	1.78 	 .357 

Total 	7 	9.26 

F value 	Significance 

10.47 	< .05 

considered, has an interesting implication for the Scottish situation, 

if we ignore the shifts in demand, price is determined largely by New 

Zealand supply quantity, therefore one might expect a similar model to 

apply to the Scottish situation. Denote PS as the price per lb paid 

by dealers in year t and Q the New Zealand quantity of exports of 

venison in year t. We could then postulate the model 

PS 	- A t - BQ + C 	
8(4) 

This would imply that dealers passed on any price changes in the 

European market in an undistorted way and that the European price was 

determined by New Zeand supply. This latter assumption has already 

been vindicated by the fit of equation 8(2). 

Data on the price per lb offered by game dealers over the 

time period concerned were obtained from the Red deer Commission; this 

information is illustrated in Figure 8(4). The analysis of variance of 

the model applied to these data and the New Zealand export figures is given 

in Table 8(3). 

Table 8(3) 

	

df 	Sum of Squares 	Mean Square 	F value 	Significance 

Regression 	2 	1060.65 	530.3 	69.37 	P K .001 

Residual 	5 	38.22 	 7.64 

Total 	 7 	1098.87 
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The fit is excellent and the model would thus appear to approximate 

closely to the real situation. With estimated values, equation 8(4) 

becomes 

PS - 10.46t - •8188t: + 22.5 	 8(5) 

Equation 8(5) obviously contains an element that covers inflationary 

effects during the period 1963-70. It would be desirable to remove 

this when estimating the model parameters of equation 8(4), therefore. 

The prices illustrated in Figure 8(4) were accordingly adjusted using 

the resale price index of agricultural products. The adjusted pattern 

of price over the time period is ivti in table 8(6). 	Using 

these data the model was refitted. The analysis of variance of the 

result is given in Table 8(4). 

Table 8(4) 

	

df 	Sum of Squares 	Mean Square 

Regression 	2 	400.7 	 200.35 

Residual 	5 	23.1 	 4.62 

Total 	7 	423.8 

F value 	Significance 

43.4 	K.00l 

With estimated values the model becomes 

PS - 6.818t - •597 t + 22.98 

The distortion due to inflation would thus appear to be minor in its 

effect on the fit of the model. The New Zealand supply would, therefore, 

seem to be a major determining factor of the Scottish venison price. 

The Scottish game dealers would then appear to be in the role of 

price takers, who cannot significantly affect the price of venison by 

altering the supply. In the absence of an overriding model of New 

Zealand supply and west European demand, it becomes necessary to consider 

price as determined in an exogenous way. The Scottish estate gate price 



is determined largely by these two factors and not by any local 

manipulation of supply. It only remains now to consider the effect 

of price variation on estate crop. 

The effect of price on estate crop 

One of the main difficulties in assessing the effect of 

price on estate cropping policy is that due to the behaviour of the 

world market in venison the price per lb offered to estates remained 

practically constant from 1964 to 1968. This implies that one wiould 

expect estate crops to vary little during this period if the price of 

venison were a determining factor; however, as was noted in the 

analysis of deer cropping as a production process, one would expect 

some variation in production due to changes in population density of 

deer. A simple analysis of estate crop in terms of some simple model 

that related price to crop would, therefore, be unlikely to have much 

success. Indeed, when a set of model of the form 

git (C. 	
i t 

) - f(P ) + K 8(6) 

where g1(C) and f.(P) represent a transformation of crop and price to 

some suitable form (for example, their natural logarithms) and were 

* 
fitted to data on estate crop over the period 1965 to 1970, no model 

of any significance was found. 

An alternative approach was therefore necessary, and it 

was decided to utilise the models of production developed in chapter 7 

* 
for this purpose. Data on the crop size and number of stalkers were 

available for the estates of table 7(1) for the period 1965-70. 

*Data were obtained from the records of the Red deer commission. 
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Population counts, however, were not available; the model of production 

that could be used was, therefore, that of equation 7(12). In this 

model the coefficient a, indicated the marginal productivity of labour 

and it was this factor that might be affected by price. Fitting the 

model to the data for these years gave the following results, 

summarised in Table 8(4) and related to price. 

Table 8(5) 

Year 	Price 	A 	a1 	cz 	F value 	df Significance 

1965/6 	24 	2.500 	.662 .412 	14.54 	2&6 	< .01 

1966/7 	24 	2.508 	.634 .398 	22.07 	2&6 	< .01 

196718 	24 	2.473 	.844 .415 	23.19 	266 	K .01 

1968/9 	24 	2.902 	.744 .334 	8.80 	2&6 	< .05 

1969/70 	48 	4.520 	1.018 .014 	10.61 	2&6 	( .05 

The model in all, cases seems to fit the data well, although in terms 

of the price effect the results are inconclusive. The coefficient 

does increase in the year 1969, which was the year in which price 

increased; however, in that year both other parameters of the model 

changed substantially. It is difficult to interpret in the absence of 

other information quite what is happening and the most that can be said 

is that in the year of the price increase the production model's para- 

meters altered. 

To suimnarise the results of this chapter, we have found 

that the major determinant of estate gate price of venison is the 

interaction of the supply of New Zealand venison and the west European 

demand. This price appears to affect the production of venison on 

estates, but the manner of this effect cannot be interpreted using 

available data. It does seem likely, however, that major changes in 
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CHAPTER NINE 

The analysis of the preceding chapters can usefully be 

viewed as developing in two interacting ways. Firstly, there is the 

progression from the theoretical to the particular, in which models 

are first constructed and then altered to suit the peculiarities of a 

particular problem situation. Secondly, there is the development from 

pure to applied science in which problems of a purely scientific nature 

are exchanged for those concerning management decisions. During this 

analysis implications and new problems have occurred at a variety of 

different levels. To review these in some orderly and meaningful 

secuence thus becomes a difficult task. In this chapter some of the 

main problems and implications are considered in a seriuence which 

attempts to incorporate the main developmental features of the analysis. 

However, of necessity this involves the conjunction of some subjects 

and the separation of others in what may aear an arbitrary manner. 

In chapters three to six a mathematical model of the 

Rhum Red deer population was developed. For the period considerer' this 

model appeared to mimic reasonably well the main features of the popu-

lation behaviour. However, the model was developed for a range of 

population densities that was fairly restrictive and there are good 

reasons to believe that adaptations would be necessary to alter the 

model for population densities outside this range. The most obvious 

fault is that the e,uations used to predict the demographic characte-

ristics of the population give meaningless results outside a fairly 

nq 
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narrow range. In addition, it would seem likely that those sectors of 

the population whose demographic characteristics appeared to be constant 

for the period considered would be affected differently at a different 

range of population densities. Further research on Rhum for different 

population densities to tho,e Previously experienced would thus provide 

an excellent opportunity for the testing and subseouent revision of the 

model. 

At a more theoretical level the model assumes that the 

main determinant of an animal's demographic characteristics is age. 

Thus, animals of the same age at different time periods will have 

si liar patterns of survival and fecundity. This ignores what may well 

be an important determining factor, namely the past history of the 

animal. An animal which has lived for a given period of years in a 

high density population may well have lower survival or fecundity 

characteristics than an animal which has lived for the same period In 

a low density population. The type of model that incorporated This 

idea could certainly be investigated using the Rhum data, but has been 

ignored in this analysis. 

Aside from the problem of the model's nppltcability to 

the Rhum situation, there is the additlona' problem of its applicability 

in other deer populations. Two obvious differences militate against 

the model's general applicability. The first is the difference in 

climate likely to be experienced on a small island off the west coast 

of Scotland and that of mainland deer forests. Thus, summer rainfall 

may be far less important for mainland deer forests as a determinant 

of survival and fecundity, and other climatic factors may prove to be 

more important. Manifestly, only work on mainland Red deer populations 

would enable ths to be determined. The second difference involves the 
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Possibilities afforded to mainland deer to migrate considerable dis-

tances and thus to avoid the pressure of high popultjori density. 

Information on the migration of deer as a function of poulaton 

density is obviously recuired here. A research project that oonoen-

trated on the variation in demographic characteristics over a reasonable 

time period for mainland deer forests, could thus provide mn oimortunity 

for extensive revision and generalisation of the model. 

The linking of this population model with the harvesting  

model developed in chapter six poses problems as to the continued 

applicability of the model in a heavily exploited situation, &s an 

example, suppose management strategy was such as to have a prey,onderqnce 

of females in the population and a cropping policy aimed Rt harveetig 

as large a crop of venison as possible. In this situation the rate of 

removal of biomass from the population would be substantially- Increased; 

accordingly an Increased pressure on the food supply due to the altered 

age and sex structure of the population might occur. ThIs could have 

either an immediate effect on the survival and fecundity of the popu-

lation and/or the long term effect of degrading the habitat. Tha 

could be exacerbated by the Increased removal of essential nutrients 

such as calcium which are In continual short supply In Scottish deer 

forests. Whether this occurs can only be tested by a research proeot 

aimed at determining this, but it is of obvious importance to any 

attempt to improve the productivity of the Scottish highlands by 

deer farming. It would be tragic in the extreme if the past wave of 

sheep overgrazing should be followed by a sImilar wave of deer over-

grazing to the continued detriment of the habitat. 

At a less general level research to needed into the 

shooting patterns of stalkers  in relation b the age structure of the 
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population. population. TM. would enable harvesting models to be develoned outside 

the rather intensive manap'nent situation, considered in chapter six. 

Leading on from this is the problem of the Red Peer Commission's 

recommendation that a one-sixth cull of the counted spring popu1tion 

should be taken. To adjust harvesting strategies in order to conform 

to the prescription and yet keep a constant population size is * 

soluble, if difficult, mathematical problem. As a management recure-. 

ment it is rather too general anc if applied would in some situations 

result in an increase in population level, in others in a decrease. 

Some specification of the rough age structure of The crop to be taken 

could improve this. Yben viewed within a context of management cOrned 

at increasing yields it is obviously restrictive. If the baste model 

of the population dynamics of Red deer is a reasonable approximation, 

Red deer are fairly resistant both to overoropping or unercropptng.
*  

Thus, except in extreme circumstances while a one-sixth cull prescription 

will do no harm, it is probably an unnecessary restriction. 

At the level of the individual estate management one 

possibility that arises from the model is that it should be possible 

at times of severe summer weather to mitigate the depressing effect on 

the fecundity and survival of the population by feeding the deer in 

the late summer. A similar practice already occurs with sheep in 

'flushing' before mating. This might result in the opportunity to 

crop at a more extensive rat.. If this were to be the case, a new 

type of Production Function would be reouired which linked the ecological 

*This is apparent from the stability of the ecutlibrium considered in 

chapter six, and is caused both by the density dependent demographic 

factors and the two fecundity schedules of the new population. 



model of the population dy ncs with a modified production function 

involving feeding as an input. 

What OOMP11cates continually deer management prescriptions 

on the mainland is the situation that estate boundaries do not consti-

tute boundaries for deer,and therefore few estates crop a dscret. 

Population. Thus, enormous complications occur if each estate pursues 

a manager.nt policy of its own and ignores the POItcles of neighbouring 

estates. Solutions to this complication can obviously be arrived at 

only by some substantial degree of co-operation between estates. However, 

even given an extensive degree of co-.operat4on, formidable problems 
arise. As an extunp, how can 1fldjvjd1 estates, shares of the crop 
be determined? Areas would be Inequitable due to variations in deer 

density, and population counts could not be used due to the problem of 

timing the count. 'uz1f.stiy, no easy 
solutions are  apparent. 

Finally, at a national level overall productthn f 

venison in Scot1nd, although not directly determined by price, is 

dependent on it to some extent. Price, being deterIed by the inter.. 

action of West European demand and New Zealand supply could fail s1g.. 

nificantly if New Zealand production increased substantially. 1k>,.e 
detailed knowledge of New Zealand supply, 

We8t Puropean demand and 

estate production as it is affected by price is obviously rernzired for 

the likely implications of this to be determined. 

In OoflClusion, although none of the problems posed 

Initially in this study can be said to have been solved In the sense 

that a final solution has been achieved, the new problems arsingfrom 

the tentative solutions to the old problems can be thought to con.tttjo 

some advance, it only in a hierarchy of problems. 
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Appendices 

rntoduotion 

The computer prop'rm listings given in the apiendioes 

are written in a subset of A.S.A. Fortran available on the University 

of York I.C.L. 413 computer. Much of the development of these 

programs took place on the Edinburgh Regional Computthg Centre's 

I.B.1. 36C/50 computer in 1o,'tran IVG. The programs given should run 

on this type of machine with the minor alterations of the device 

number, for card reader and line printer, 
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1* 
2* 
3* 
4* C 
5* 
6* 
7* 

8* 
9* 

10* 

11* 
12* 

13* C 
14* C 
15* C 
16* C 
17* C 
18* C 
19* C 
20* C 
21* C 
22* C 
23* C 
21* C 

25* 
26* 
27* 
28* C 
29* C 
30* 
31* 
32* 
33* 
34* 
35* 
36* 
37* 
38* 
39* C 

40* C 
41* C 

INTEGER P1, Pr P2, Cl, C2 , 8182, P2 
DIMENSION T (20) ,0(20) ,8(20) , C (20) , [)(20) 

DIMENSION F (20) S (20) , 4(20) 

100 FORMAT(18F4 .3) 
101 FORMAT ( 183 .1) 
200 FORMAT(' ',' THETA K 	 K, 

201 FOPMAT(' ' ,F8.6,1DX,2110,2F12.S) 
202 FORMAT(' 	, ' FEMALE POPULATION STRUCTURE' 

203 FORMAT(' ',1OF10.3) 
204 FORMAT(' ',lOFlO.Ô) 

R 	 Y 	X') 

THIS SECTION READS IN FEMALE SURVTVAL,FECUNDITY,AND YIELD DATA 

READ(7,100) (S( I), I1,17) 
READ(7,100)(F(I),I1r18)  

READ(7,101) (A( I) I1.18) 

xo 
z1 
T (1) = F (1) 
DO 1 I2N 
ZZ*S( 1-1) 
B( I-1)Z 
1(1 )ZZ*F( I) 

1 CONTINUE 
N1N-1 
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ArpencUx 2 



q 

1* 
2* 
3* 
4* 

* C 

7* 
8* 
9* 
10* 
11* 
12* 
13* 
14* 
15* 
16* 
17* 
18* 
19* 
20* 
21* 
22* C 
23* C 
24* C 
25* C 
26* C 
27* 
28* 
29* C 
30* C 
31* C 
32* C 
33* C 
34* C 
35* C 

36* 

38* 
39* C 

40* C 
41* 
42* 
43* 
44* 
45* 
46* 
47
4.9 

49* 

INTEGER P1, R,P2, Cl, 02,01, H2, R2 
REAL M2 NOM, NOR, MS 
DIMENSION T(20) ,O(20) ,R(20) ,C(20) ,D(20) 
DIMENSION C  (20) , S (20 ) , 4(20) 

100 FORMAT (18R4 .3) 
101 FORMAT(18F3.1) 
102 EORMAT(312) 
103 FDRMAT(F3.1) 
200 FORMAT(' ',' THETA K 	 K, 	 R 

	
Y 

201 FORMAT(' ' ,F8.6,1OX,2110,2F12.5) 
202 FORMAT( 	' ' FEMALE POPULATION STRUCTURE') 
203 FORMAT(' '10F10.3) 
204 FORMAT(' ',10F10.6) 
205 FORMAT('  ' , ' MALE POPULATION STRUCTURE' 
206 FORMAT(' ','P VALUE IS' ,F1 0.2) 
207 FORMAT(' ',' MALE WEIGHT 	 FEMALE WEIGHT 

1TOTAL WEIGHT' 
208 FORMAT( ' ' , ' MALE NO 	 FEMALE NO 

1 TOTAL NO') 
209 FORMAT(' '. 3F8.2) 

THIS READS IN THE POPULATION LEVEL 

READ(7,103) POP 
211 F'JRMAT( 	, ' GAMMA K 	 K, 	 R 	 Y 

THIS SECTION READS IN FEMALE SURVIVAL,FECUNDITY,AND YIELD DATA 

REAfl(7,IOU)(S(j),I,j7) 
R:Afl(7,100) (F( I), I1,18) 
READ(7,101)  

xR0 

z1 
T ( 1 ) = F (1) 
DO 1 T=2,N 
ZZ*S( 1-1) 
B( I-1)Z 
T (I) Z*F (I) 

1 CONTINUE 
N1N-1 



)* C 
-* C 
* C 
5* C 
* C THIS 	CHECKS 	TO 	SEE 	IF 	THE 	YIELD 	HARVEST 	IS 	GREATER 	THAN 	THE 	PREVIOUS 

5* C GREATEST 	YIELD 	HARVEST. 	IF 	IT 	IS 	IT 	REPLACES 	THE 	ORIGINAL 

5* I(X.GT.XF) 	GO 	TO 	510 
7* GO 	TO 	1000 
3* C 
?* 510 	01'0(K) 

X  
Y. =Y 
C1K 

5* C2=R 
00 	540 	L1R 

5* 540 	C(L)=D(L) 
5* C 
7* C BOTH 	MAIN 	LOOPS 	END 	HERE 
3* C 
* C 

)* 1000 	CONTINUE 
[* C 
)* 
5* C 
* C 
5* C THIS 	OUTPUTS,FOR 	THE 	OPTIMUM 	STRATEGY,THE 	PROPORTION 	SURVIVING 	FROM 

5* C K.T-1E 	AGE 	GROUP 	TO 	BE 	PARTIALLY 	CROPPED 	K,AND 	THE 	AGE 	GROUP 	TO 	RE 

7* C COMLETELY 	CROPPED 	R,TOGFTHER 	WITH 	THE 	HARVESTS 	IN 	TERMS 	OF 

3* C PERENTAGE 	CROP 	AND 	YIELD 	PER 	100 	ANIMALS 	IN 	THE 	POPULATION 
* C THIS 	IS 	FOR 	THE 	FEMALE 	POPULATION 

)* C 
L* C 

WITE(2,200) 
3* W 	I TE (2,201)01 	Ci, 02, YE, XE 
4* C 
5* C THIS 	OUTPUTS 	THE 	AGE 	STRUCTURE 	OF 	THE 	FEMALE 	POPULATION 
5* C 
7* WRITE(2,202) 
3* WRITE(22O3) (CCI), I1,C2) 
9* C 
0* C 
1* C 
2* C THIS 	READS 	IN 	THE 	AGE 	OF 	MAXIMUM 	LONGEVITY,AND 	THE 	AGES 	OF 	SFtI4L 

3* C MATURITY 	FOR 	MALES 	- 	P1 	- 	AND 	FEMALES 	- 	Ml 
4* C 
5* READ(7,102)N,P1,M1 
6* C 
7* C 
3* C THIS 	SECTION 	READS 	IN 	THE 	MALE 	SURVIVAL 	AND 	YIELD 	DATA 
9* C 
0* RAfl(7,100) (S( I), Il,l 7 ) 
1* READ(7 ,1O1) (A( I) 	Ii,18) 
2* C 
3* C 
4* C 
5* C 
6* C 
7 C 
8* C 
9* C 
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70* C THIS 	SECTION 	CALCULATES 	THE 	PROPORTION 	OF 	THE 	FEMALE 	POPULATION 	IN 
71* C THE 	SEXUALLY 	MATURE 	AGE 	GROUPS.THE 	FIGURE 	IS 	CALCULATED 	WITH 	THE 

* C FREQUENCY 	OF 	FEMALES 	OF 	THE 	FIRST 	AGE 	CLASS 	SET 	TO 	UNITY 
73* C 
74* C9C(1) 
75* FSO. 
76* DO 	7 	I1,C2 
77* C(i)C(i)/C9 
78* FSFS+C(I) 
79* 7 	CONTINUE 
30* r- 
31* 31* M20. 
32* 00 	$ 	1M1C? 

5 	M2M2+C(I) 
34* C 
5* C 

36* C 
37* C 
38* C THIS 	STARTS 	THE 	OUTER 	LOOP 	WHICH 	VARIES 	THE 	RATIO 	OF 	MATURE 	MALES 	T( 
39* C MATURE 	FEMALES 	- 	p 	- 	BETWEEN 	THE 	VALUES 	1 	AN 	0.05,STARTING 	WITH 	P1 
0* C P 	Is 	REDUCED 	IN 	STEPS 	OF 	SIZE 	0.05 
1* C 

P1.O5 
DO 	2500 	iHI,20 
pp-. Q5 

5* C 
WR1TE(2,206)P 

7* C 
8* C 
9* C TO 	ONSTRUCT 	A 	VALUE 	POE 	PG 	IN 	EQUATION 	2(52) 
0* C 
1* C 
2* POzM2*F 
3* XlzO. 
4* P2zp1-1 
5* Z1. 
6* 00 	9 	L1P2 
7* 9 	ZZ*S(L) 
8* S1Z 
9* C 
Q C 
1* C 
24 C THIS 	STARTS 	THE 	MAIN 	LOOP 	FOR 	THE 	MALF 	POPULATJON.JHE 	AGE 	GROUP 	TO 3* C BE 	:ROPPED 	COMPLETELY 	IS 	REDUCED 	BY 	ONE 	EACH 	TIME 	THROUGH 	THE 	LOOP 
4* C 
5* 00 	2000 	1z1-,N1 
6* RN+1-I 
7* N2N-I 
8* C 
9* C 
0* C 
1* C 
2* C 
3* C 
4* C 
5* C THIS 	STARTS 	THE 	INNER 	LOOP.THF 	AGE 	GROUP 	K 	FROM 	WHICH 	A 	PROPORTIONAL 
5* C CROD 	IS 	TAKEN 	IS 	INCREASEn 	RY 	ONE 	EACH 	TIME 	THROUGH 	THE 	LOOP 
7* C 
5* DO 	2000 	K1,N2 
* C 



C 	THIS SECTION CALCULATES THE PROPORTIONAL SURVIVAL or AGE GROUP K FOR 
C 	K<P1,IJSING EQUATION 2(52),ALL OTHER GAMMA VALUES BEING SET TO UNITY 

U 

DO 10 L1N 
10 QL)1. 
z1 
w'. 
N4R-1 
N<=K-1 
DO 11 LP1,N4 
ZZ*S(L) 
ww+Z 

11 CONTINUE 
I(K.GT.2)GO TC 950 
O(K):PG/ ( S1*) 

C 
C 
C 	THTS SECTION CHECKS THAT THE SURVIVAL RATE IS IN THE MEANINGFUL 
C 	RANGE 
C 

GO TO 2000 
I(Q(K).GT.1.) GO TO 2000 
GO TO 1500 

C 
C 
C 	THIS SECTION CALCULATES THE PROPORTIONAL SURVIVAL OF AGE GROUP K FOR 

C 	KP1,USING EQUATION 25?),ALL OTHER GAMMA VALUES BEING SET TO UNITY 

C 
950 IR(pc.GT.P1)GQ TO 1400 

Q ( K ) (P C - S 1 ) / ( S 1 (W -1 
C 
C 
C 	THIS SECTION CHECKS THAT THE SURVIVAL RATE IS IN THE MEANINGFUL 
C 	RANGE 
C 

I(O(K).LT.0.) GO TO 2000 
I(O(K).GT.1.) GO TO 20013 
GO TO 1500 

C 	THIS SECTION CALCULATES THE PROPORTIONAL.. SURVIVAL OF AGE GROUP K FOR 
C 	K>P1,USING EQUATION 2(52),ALL OTHER GAMMA VALUES BEING SET TO ijNITY 
C 
1400 

zii. 
DO 12 LPi,NK 
Z1zZi*S(L) 
WiW1Z1 

12 CONTINUE 
W20 
z1. 
DO 13 LKN4 
Z.Z*S( L) 
W2W2+Z 

13 CONTINUE 
O ( K) (PG - SI * W 1 ) / (Si * Z 1 	2) 

C 
C 	THIS SECTION CHECKS THAT THE SURVIVAL RATE IS IN THE MEANINGFUL 
C 	RANGE 
C 

I(0(K).LT.0.) GO TO 2000 
I(fl(K).GT.i.) GO TO 2000 

C 
C 
C 
C 
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95* C 
96* C 
97* C 
98* C 
99* C 	THIS SECTION CALCULATES THE TWO TYPES OF HARVEST USING EQUATIONS 
00* C 	2(43) AND 2(44) 
01* C 
02* 1500 Z1. 
03* 	T1i. 
04* 	D(11. 
05* 	DO 14 L2,R 
06* 	ZZ*Q(L-1)*S(L_1) 
07* 	D(L)Z 
08* 	14 T1T1+Z 
09* 	DO 15 L1,R 
10* 	D(L)ZD(L)*(100/T1) 
11* 	15 CONTINUE 
12* 	Y(1.-Q(K) )*D(K)+D(R) 
13* 	X(1.-Q(K) )*fl(K)*A(K)+D(R)*A(R) 
14* C 
15* C 
16* C 
17* C 	THIS CHECKS TO SEE IF THE YIELD HARVEST IS GREATER THAN THE PREVIOU 
18* C 	GREATEST YIELD HARVEST.IF IT IS IT REPLACES THE ORIGINAL 
19* C 

I(X.GT.X1) GO TO 1800 
GO 10 2000 

?2* 1800 X1x 
Y 1 Y 
Q1Q(K) 

'5* 	B1K 
B2R 

'7* 	DO 16 L1,R 
C(L)D(L) 

'9* 	16 CONTINUE 
0* 2000 CONTINUE 
;i C 
2* C 
;3 C 
4* C 	THIS DUTPUTS,FOR THE OPTIMUM STRATEGY,THE PROPORTION SURVIVING FROM 
;5 C 	K,THE AGE GROUP TO BE PARTIALLY CROPPED K,AND THE AGE GROUP TO BE 
;6 C 	COMLETELY CROPPED R,TOGFTHFR WITH THE HARVESTS IN TERMS OF 
7* C 	PERCENTAGE CROP AND YIELD PER 100 ANIMALS IN THE POPULATION 
8* C 	THIS IS FOR THE MALE POPULATION 
9* C 
0* C 
1* 	WRJTE(2,200) 
2* 	W I TE (2,201)01,81,82, Yl ,Xl 
3* C 
4* C 	THIS OUTPUTS THE AGE STRUCTURE OF THE MALE POPULATION 
5* C 
6* 	WRITE(2,205) 
7* 	WRITE(2,203) (C( I), I1,B2 
8* C 
9* C 



HIS 

L

THIS SECTION USES THE INFORMATION ON FEMALE OPTIMUM HARVESTING 
STRATEGY,TOGETHER WITH THAT FOR MALES,TO CALCULATE THE OVERALL SEX 
RATIO OF THE POPULATION.USING THIS,THF YIELDS FROM THE POPULATION 

ARE CALCULATED USING EQUATION 6(14) 

RC(1) 

MSD 
D 17 I1B2 
C( I )C( I )/B9 
MSMS 4-C( I 

17 CONTINUE 

S - 	MS / (MS + ES) 
WTMX1*SR*POP 
NOMzY1*SR*POP 
WTF=XF* (1-SR ) *PQ 
NOrYE* ( 1.-SR) *POP 

TOT w T = W TM + WI F 
T OT NO = NOM+ N OF 

THIS SECTION OUTPUTS THE TOTAL YIELDS CALCULATED FOR THE POPULATION 

WRITE ( 2 207) 
WRITE (2,209 )WTM, WTF , TOTWT 
WRITE (2,208) 
WRITE (2,209) NOM , NOR TOTNO 

1* C 
2* 2500 CONTINUE 
3* C 
4* 	 STOP 
5* C 
6* 	 EN  
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Appendix 3 



DIMENSION AGEF(20) 
DIMENSION 	X(20,20),Y(20,20),CULLM(20,20),CUL(20,20),ATHM 

20 ,20) ,DEATHF ( 20 , 20) 
DIMENSION SR (20) , SUM(20) , SUMM(20) , SUMF (20) ,TOTAL (20) ,TOTALS (20) 

DIMENSION RES (20), PROP (20) ,AGE (20) , FREOM (20) ,F REOF (20) , F X (20) 

DIMENSION FXM (20) , FXF (20) 

DO 10000 I1,20 
DO 10000 J120 
I ,J) O. 
I ,J)0. 

CULLM(I,J)0. 
CJLLF( I ,J)0. 
DATHM(I,J)0. 
DEATHF( I ,J)0. 
CONTINUE 

FORMAT('I','MALE RECONSTRUCTION Of POPULATION') 

FORMAT(' ',19F6.1) 
FJRMAT(' ','FEMALE RECONSTRUCTION OF POPULATION' 

FORMAT(' 	.5F10.2,10X, 14) 
FJRMAT(' ' 'REMAINDER,PROPORTION SEX RATIO TOTAL M TOTALE' 

FORMAT(19(F3.1,1X)) 
FORMAT ( iDES .0) 
FORMAT(' ',13F6.1) 
FORMAT ( ' 1' , 'FEMALE DEATH DATA' 
FORMAT ( '1' , 'MALE DEATH DATA' 

FORMAT (F3. 1, 	17F3.0) 

C 
C 
C 
C 

1' 

10000 
C 

C 

C 
42 
43 
44 
45 
46 

202 
203 
300 
301 
302 
850 

C 
C 



THIS SECTION ESTIMATES AND OUTPUTS THE SUMMER POPULATION FROM THE 
PREVIOUS SPRING POPULATION-CALF INPUT IS ESTIMATED BY ADDING THE 
INTEPVEN1NG MORTALITY TO THE ORIGINAL. FIGURE FOR THE NUMRER OF 

CALVES FOUND DEAD 

DO 71 J2,9 
I j-1 
X(I,1) 	( J, 2) +CLILLM( I, 1) +DEATHM( 1,1) 
Y( I, 1) Y( J,2)+CULLF(I, 1) +DEATHF( I 1) 

71 CONTINUE 
WRITE (2,42) 
DO 8 J1,13 
WRITE(2,43)(X(j,I),I1,19) 

8 CONTINUE 
WRITE (2,44) 
DO 9 J1,13 

IN WRITE(2,43)(Y(J,I),I1,19) 
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Appendix ADI,endtx 4 

Table A4(l) gives details of the survival rates estimated ueinp the 

computer program of Appendix 3 on the following aeffamptionse that 

there was an overcotint of 5%1, the count was accurate, there was an 

undercount of in. Survival rat.s are only given for three age 

groups as the variation was exactly similar in pattern for the other 

group.. 



Year 
* 

OC 

Age 1 
* 

CA 
* 

UC 

MALES 

Age 2 
* 	* 

OC 	CA 
* 

UC 
* 

OC 

Age 9 
* 

CA 
* 

UC 
* 

OC 

Age 1 
* 

CA 
* 

UC 
* 

OC 

FEMALES 

Age 2 
* 	* 

CA 	UC 
* 

OC 

Age 9 
* 

CA 
* 

UC 

1957 i 0.81 0.81 0.83 0.92 0.93 0.94 0.84 0.84 0.840.85 0.86 0.87 1.00 1.00 1.00 0.88 0.88 0.88 

1958 i0.95 0.96 0.96 0.97 0.97 0.97 0.98 0.98 0.98 0.93 0.93 0.94 0.98 0.98 0.98 1.00 1.00 1.00 

1959 0.96 0.96 0.97 0.98 0.98 0.98 0.79 0.80 0.83 0.95 0.96 0.96 0.98 0.98 0.98 0.88 0.88 0.88 

1960 0.91 0.92 0.93 lit O.97 0.97 0.97 0.97 0.97 0.97 0.93 0.94 0.94 0.96 0.97 0.97 0.92 0.92 0.92 

1961 0.73 0.74 0.76 1 0.94 0.94 0.95 0.90 0.91 0.92 0.80 0.81 0.82 0.96 0.96 0.97 0.69 0.71 0.74 

1962 10.90 090 0.91 10.98 0.98 0.99 0.99 0.99 0.99 0.94 0.94 0.94 0.98 0.98 0.98 0.89 0.89 0.90 

* OC - Overcount5%; CA Count accurate; UC Undercount 10% 

Table 4(1) 



U4 

ADend1x 
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0* 
1* C 
2* C 
3* C 
4* C 
5* C 

6* 
7* 
8* 
9* 
10* 
11* 
12* 
13* 
14* 
15* 
16* 
17* 
18* 
19* 
20* 

21* 
22* 
23* 
24* 
25* C 
26* C 
27* C 
28* C 
29* C 
30* C 
31* C 
32* 
33* 
34* 
35* 

36* 

THIS SECTION DECLARES ARRAY SPACE FOR ALL VARIARLES 

DIMENSION FRM1(20) ,FRYI(20) 
DIMENSION CACT(14),CMACT(14),CFACT(14) 

DIMENSION CALVE(14) 
DIMENSION DEADM (14,19) 
DIMENSION F(19) 
DIMENSION HMILK(19) ,HYELD(19) ,STACS(19) ,HINDS(19) 
DIMENSION STORST(19) 
DIMENSION STORHI(19) 
DIMENSION STOREY(19),STOREM(19) 
DIMENSION STORES(19),STOREH(19) 
DIMENSION SUMMY(14,19) ,SUMMM(14,19) ,SUMMS(14,19) ,SUMMH(14,19) 
DIMENSION WINTM (14,19) ,WI NTY (14,19) , W INTS (14,19), WINTH (14,19) 
DIMENSION SPRM(14,19) ,SPRY(1419) ,SPRS(14,19) ,SPRH(14,19) 

DIMENSION SM(14,19) ,SF(14,19) 
DIMENSION CM(14,19) ,CFY(14,19) 
DIMENSION SH0TM(14,19),SH0TF(14,19),DEATHM(14,19),0TFl4l9) 

DIMENSION CALF(19) 
DIMENSION FRY(19) ,FRM(19) 
DIMENSION TOTALA(14),TOTALM(14),TOTALF(14),T0TALC(14) 



* C 	 THIS SECTION CREATES STORAGE ARRAYS IN PREPARAtION FOR THE MAIN 

* C 	 ANALYSIS 

C 
C 

* 	DO 81 1119 
STORST(I)STAGS(I) 
ST0RHI(I)HINDS(I) 
STOREY(I)HYELD(I) 
STOREM( I )HMILK( I) 

81 CONTINUE 
,* C 

* C 
* C 

TO. 
-* 	DO 82 Ii,1Y 
>* 	STAGS(I)STORST(I) 

HINflS(I)STORHI(I) 
HYELD(I)STOREY(I) 
Hi ILK (I) STOREM( I) 

82 CONTINUE 
DO 9901 I16 

3* 9901  CACT(I)CMACT(I)+CFACT(I) 
DO 9904 Iz1,18 
FRM1(I)FRM(I) 

L* 	9904 FRYI( I )FRY( I 
2* C 
5* C 
* C 	 THIS IS THE START OF THE MAIN LOOP,THE YEAR IS INCREASED BY 

5* C 	 ONE EACH TIME,STARTING IN 1957 
5* C 
7* 	DO 1000 J1,N 
3* C 

* C 
)* C 	THIS SECTION CONDUCTS A SIMPLE SEARCHING PROCEDURE TO FIND THE 

L* C 	FECJNDITY RATES THAT WILL PREDICT THE CALF INPUT FOR THE YEAR TO 
* C 	WITHIN A SPECIFIED DEGREE OF ACCURACY.THE INITIAL POPULATION 
3* C 	DISTRIBUTION FOR THE SPRING OF 1957 IS USED. 
j* C 
5* C 
5* 	I(J.GT.6) GO TO 9902 
7* 	D1.4 
3* 	999 DD- .01 

DO 9903 I1,18 
FRM(I)FRM1(I)*D 

L* 9903 FY(I)FRY1(I)*D 
2* C 
3* C 

9902 CALVESO. 
5* 	DO 1 I118 
5* 	CALF(I)FRY(I)*HYELD(I)+FRM(I)*HMILK(I) 
7* 	1 CALVESCALVES+CALF(I) 
3* C 

I(J.GT.o)GO TO 998 
0* 	PREDABS(CALVES-CACT(J)) 
1* 	I(PRED.GT.2.) GO TO 999 
2* C 
3* 	998 CALVE(J)CALVES 
4* C 

WITE(2,316)D 



C 
C 
	

THIS SECTION SIMULATES THE AGEING CONVENTION THAT OCCURS AFTER THE 

C 
	

BIRTH OF CALVES.EACH AGE GROUP IN THE SPRING POPULATION IS 

C 
	

TRANSFORMED INTO THE NEXT AGE GROUP.THE FINAL AGE GROUP IS 
C 
	

ELI '1 I NATED 
C 
	

THE SUMMER POPULATION DISTRIBUTION IS THEN COMPLETED BY THE ADDITIC 

C 
	

OR THE CALF INPUT CALCULATED IN THE PREVIOUS SECTION 
C 

DO 2 11,16 
STORES ( I) =STAGS (I) 

2 STOREH(I)HINDS(I) 
00 3 1=1,16 
STAGS(I+1)STORES(I) 
HINDS( I+1)=STOREH( I) 
HIILK( I+1)=CALF( I) 

3 H1ILK(I+1)CALF(I) 
STAGS (1) =CALVES/2. 
HINDS(I)=CALVES/2. 
H'II LK (1) =0. 
DO 4 1=1,18 
HYELD( I )=H1NDS( I )-HMIL<( I) 
Ir(HYELD(I).LT.0. )HYELD(I)=0. 

4 CONTINUE 
C 
C 
C 
	

THIS SECTION CALCULATES AND OUTPUTS THE TOTAL NUMBER OF ANIMALS 

C 
	

IN EACH AGE GROUP ENTERING THE WINTER 
C 
C 

C 
C 

C 
C 
C 
C 
C 
C 

STAGZO 
HINDO. 
TOTAL=0. 
DO 41 1=2,18 
STAG=STAG+STAGS( I) 
HJNDH1NDHINDS( I) 

41 CONTINUE 
CALVESH I NDS (1) +STAGS (1) 
TOTALSTAG+HIND+CALVES 
WRI TE(2,201) TOTAL ,STAG, HIND, CALVES 

THIS SECTION STORES THE SUMMER POPULATION 
SUBROUTINE STORE 

I 	( J E 0. N ) H R I T E (2, 308) 
I R  ( J EQ. N) HR 1 IF (2,309) 
CALL STORE (SUMMY,HYELD,J) 
I F ( J . EQ. N) WRITE (2,310) 
CALL STORE (SUMMM,HMILK,J) 
I R  (J. EQ. N) WRITE (2,311) 
CALL STORE(SUMMS,STAGS,J) 
I ( j . EQ. N) WRITE (2,312) 
CALL STORE (SUMMH,HJNDS,J) 

DISTRIBUTION USING 



THIS SECTION CONSTRUCTS THE OVERWINTERING POPULATION DISTRIBUTION E 
SUBTRACTING FROM THE SUMMER POPULATION DISTRIBUTION THE NUMBERS OF 

ANIMALS SHOT 

DO 5 1:1,18 
STAGS( i)-SHOTM( 	I) )53 54, 54 

53 STAGS(I)=0. 
GO TO 55 

54 SIAGS(I):STAGS(i)-SHOTM(J,I) 
55 IF(HINDS( I )-SHOTF(J, I) )56,57,57 
56 HINDS(I)=O. 

GO TO 58 
57 HINDS( I ):HINDS( 1 )-SHOTF(J I) 
58 H?ELD(I):HYELD(I)-SHOTF(J,I) 

HMILK( I ):HMILK( I )-DEADM(J I) 
5 CONTINUE 

C 

C 
	THIS SECTION CALCULATES AND OUTPUTS THE TOTAL NUMBERS OF ANIMALS 

C 
	

EACH GROUP THAT ARE OVERWINTERING 

C 
TOTAL: 0. 
STAG: 0 
HIND:0. 
DO 42 1:2,18 
STAG:STAG+STAGS( I) 
HIND:HIND+HINDS( I) 

42 CONTINUE 
CALVES:HINDS (1) +STAGS (1) 
TOTAL: STAG + H I ND + CALVES 
WRITE( 2,201) TOTAL,STAG, HIND,CALVES 

C 
C 
	

THIS SECTION STORES THE OVERWINTERING POPULATION DISTRIBUTION USIN( 

C 
	

SUBROUTINE STORE 
C 

I 	( J . EQ. N) WRITE (2,313) 
I R ( J . EQ. N) WRITE (2,309) 
CALL STORE (WINTY,HYELD,J) 
I 	(J. EQ. N) WRITE (2,310) 
CALL STORE (WINTM,HMILK,J) 

I 	( J. EQ. N) WRITE (2,311) 
CALL STORE (WINTS,STAGS,J) 

I 	( J . EQ. N) WRITE (2,312) 
CALL STORE (WINTH,HINDS,J) 

C 
C 
C 
C 
C 
C 
C 
C 



C 
C 
C 
C 

C 
C 
	

THIS SECTION CALCULATES THE SPRING POPULATION DISTRIBUTION BY 
C 
	

SUBTRACTING FROM THE OVERWINTERING POPULATION THE NUMBERS OF 
C 
	

NATJRAL DEATHS 
C 

DO 6 I418 
Ir(STAGS(i)_PEATHM(j,fl)63,64,64 

63 STAGS(I)Q. 
GO TO 65 

64 STAGS(I)STAGS(I)-DEATHM(J,I) 
65 1 (HINDS (I) -DEATHF ( .J, I) )66,67,67 
66 HINDS(I)O. 

GO TO 68 
67 H1NDS(I)HINDS(I)-DEATHF(J,I) 
68 ITHYELD( I)-DEATHF(J, 1)12. )61,62,62 
61 HMILK( I )HMILK( I )+HYELD( I )-DEATHF(J, I )/2. 

HYELD( I) O 
GO TO 6 

62 HYELD( I )HYELD( I )-DEATHF(J, 1)/2. 
6 HMILK(I )HMILK( I )-DEATHF(J, 1)/2. 

C 
DO 601 I1,3 
STAGS( I )STAGS( I )-DEATHM(J, I) 
HINDS( I )HINDS( I )-DEATHF(J, I) 

601 HYELD(I)HYELD(I)-DEATHF(J,J) 
C 
C 
C 
C 

C 
C 
C 

THIS SECTION STORES THE SPRING POPULATION DISTRIBUTION USING 
SUBROUTINE STORE 

IF ( J. EQ. N) WRITE (2314) 
j: (j .EQ. N) WRITE (2,309) 
CALL STORE (SPRY,HYELD,j 
I (J . EQ. N) WRITE (2,310) 
CALL STORE (SPRM,HMJL,J) 

(J. EQ. N) WRITE (2,311) 
CALL STORE (SPRS,STAGS,J) 
I (J. EQ. N)WRI TE(2,312) 
CALL STORE (SPRH,HINDS,J) 

THIS SECTION CALCULATES THE TOTAL NUMRERS OF ANIMALS IN EACH 
IN THE SPRING POPULATIONS,THUS AFFORDING THE OPPORTUNITY FOR 
DIRECT COMPARISON WITH THE RED DEER COMMISSION COUNT FIGURES 

ST AG: 0 
HIND:0. 
TOTAL:0 
DO 7 1z2,18 

STAG:STAG+STAGS(I) 
7 HIND:HIND+HINDS(I) 

CALVES:STAGS (1) +H 1 NDS (1) 
TOTAL ST A ( + H I ND + CALVES 
WRITE (2,201) TOTAL ,STAG, HIND,CALVES 

THIS ENDS THE MAIN LOOP 

GROUP 
A 

1000 CONTINUE 



THIS SECTION 	ALOULATES THE A F SPFiI1 11,: SURVIVAL RATES ANO 
	

1 1 L 

SPE-; IF I C SURVIVAL HF CULL RATES 
CO 10 j1,N 
DO 10 I119 
1 (SPRS(J, I) .LT.fl.0O1) CO TO 11 

S1(J, I) SPRS( U, I)/W1NTS( J, I) 
11 I(SPRH(J,I).LT.0.fl01) GO TO 12 

I ) =SPRH ( U, I ) / I NTH ( J, I) 
12 1 W1NT(J,i.LT.0.061 1) GO TO 13 

c:Y ( J I) W I r I Y ( U I ) /SUMMY ( j , I 

3 i(WINTS(J,i)LT. 0.001) 00 TO 10 
C1 ( U. I ) W I NTS ( J 1 ) /SUMMS U i I 

10 CONTINUE 

THi S SECT ION OUT POTS THE CALCULATE-I) SURVIVAL RATES 

I

N  
I 
R I T F ( 2 2 0 3) 

WRITE(2,2O2)((SM(j,j),I1,l9)Jl,N) 
W R I T E (2 , 2 C 4) 
RITE(2,202)((SF(J,j),i1,19),Jzi,N) 

HR I TE (2,205) 

WRITE(2,202)(M(J,I),i1,1°),J1,N) 
HR I I E ( 2 2 LI 6 
WRITE(2 202) ( (CFY( U, I) , I 1 ,19), J1 , N) 
R I TE (2, Z 06) 

THIS OUTPUTS THE CALF INPUT ESTIMATES FOR EACH YEAR 

WRITE (2, 305 ) (CAL VF( J) J1,N) 

STOP 
EN 0 

SUBROUTINE FECUND CALCULATES THE FECUNDITY RATES OF LACTATING AND 
YELD HINDS ACCORDING TO A SIMPLE POLYNOMIAL EQUATION 

SLJBROUT I NE FECUND (F, 01,02, C3, N) 
DIMENSION F(1) 
X N - i 

.l_ 
flr) 	1 	T -r' 	I - ,-- 	 L- 

X::X+1 
F( I)Ci*X+02*X**2-1-C3 
I(F( I) . L T . 0 . ) r( I )0 
F ( I ) F (1) /100. 

1 CONTINUE 
02 2 I1219 
F( I)F(11) 

2 CONTINUE 
RETURN 
END 
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Ap,edfx6 



225 

o * 

	

1* 	DiENS1ON FYS(18) 

	

2* 	0 IMFNS ION A (33,33) ,B(33, 33) ,C(33 ,33) ,D(33,33) COLUMN( 33) 

	

3* 	 DIMENSION FM(18),FY(18),S(18) 

	

4* 	DIMFNSIoNrS(?),F(18) 

REAL LOG 
100 RORMAT(18F4.3) 

	

)y, 	200 FDRMAT(" ',I0FI0.3) 

	

6* 	201 FORMAT( '////llr10.5/11r10.5/11F105) 

	

9* 	202 FORMAT( ' 	,11F7.2) 

	

10* 	203 FORMAT(' ',' NEk MATRIX////////////) 

	

11* 	REAL LAMDA (33) 

12* C 
i3 C 
14* C 

	

5z C 	THIS SECTION READS IN FECUNDITY AND SURVIVAL RATES 
o* C 

C 
18* C 

	

19* 	 READ(7.100) (fl'( I) I1,18) 

	

70* 	 READ(7,100) (FM( I), I1 ,18) 

	

21* 	RE4D(7,1O0)(S(T),j1,1 7 ) 

	

22* 	DO 451 I1,18 

	

73* 	FYS(i)FY(I) 

	

24* 	451 CONTINUE 
25* C 
26* C 

	

"7* C 	INITIAL VALUE FOR POPULATION 
73* C 

F16SU 

:1* C 
C 

	

C 	RAINFALL VALUE SET AT 33 
34* C 
35* C 

R33 
37* C 

38* C 
39* C THIS STARTS THE MAIN LOOP-POPULATION SIZE IS INCREASED BY 50 EACH 

	

40* C 	TIME 

41* C 
42* C 

DO 1000 JNT1,10 
44 	 pp+5Q. 

	

45* 	 JRJTE(2,204)P 

	

46* 	204 FORMAT(' ','POPULATION SIZE IS',Fl0.5//////////////////) 



THIS SECTION SETS UP THE BASIC TRANSITION MATRIX 

A 1,3) FY 3) S(3) 
A (2, 1) S (1) 

A (3,2) S( 2) 

A(5,3)S(3)  *FY (3) 

DO 2 I4,32,2 
J + 4 ) /'? 

2 A1, I )FY(J)*S(j) 

DO 3 IS,33,2 
j= 1+3)/2 

3 A(1 I) FM ( J) *5(j) 
02 4 I6,32,2 

1+2)/2 
A(I,I-1)*5(j)*(1-EM(J)*2.) 

4 AC I, I-2)S(J)*(1 .-FY(J) ;2. 

DO 	I7.33,2 

5 AC I, 1)FYJ)S(J)*?. 

THIS SECTION CONTAINS THE MAIN ALGORJTHM.LAMDA THE DOMINANT 
257 

(A( I ,J) 

256 
A 	,J) 

EIGENVALUE OF THE MATRIX IS CALCULATED AS 

DO 7 11,N 

02 7 J1,N 
7 R(I,J)A(i,J) 

DO 8 L1b 
CALL MMULT(A,A,CPN,N,NS 33,33,33) 

DO 9 I1,N 

DO 	J1,N 

9 A(I,J)C(I,J) 

8 CONTINUE 
CALL MMULT (A, B, C, N, N N,3333,33) 
DO 10 I1N 

LAMDA( I )C( I ,1)/A( 1,1) 

10 CONTINUE 

THIS OUTPUTS ESTIMATES OF LAMDA 

W1TE(2,201)(LAMDA(I),I1N) 



;Z2' 

THIS CALCULATES THE ASSOCIATED EIGENVECTOR AND NORMALISES IT TO 
PERENTAGF FORM 

00 11 i,N 
0:) 11 J-i,N 

11 0(1 , J) A (I, J) / (LAMDA (1) **256 
Ui 1? J1,N 
CTLUMN( I )fl. 

00 17 • 1 1 ,N 
12 	'CD LtJMN( I )COLUMN( I )+D(J, I) 

DO 1.3 Ii,N 
00 13 J1 ,N 
A( I ,J)(fl(J, I )/(-'OLUMN( Ti )*100. 

13 CONTINUE 
WRITE(2,202) (A(1J) ,JzI,N) 

THIS SECTION CALCIJLATES,AND OUTPIJTS,THE WEIGHTED MEAN VALUE OF 
FECUNDITY FOR EACH AGE GROUP USING THE APPROPRIATE ELEMENTS OF THE 
F I G F N V E C TO R 

DO 14 I4,30,2 
J( 1+4)/2 
F ( J ) (A( I 	I) *Y ( J) + (1,1+1) *FM( J) ) / ( A( 1, 1) +A (1 1+1)) 
F S ( U) F ( U) *5  ( J) 

14 CONTINUE 
F(3)=FY(3) 
ES (3) F (3) *S (3) 
WRITE(2,200)(F(I),I3,17) 
WRITE(2,200)(FS(J),13,17) 

1000 CONTINUE 
STOP 
END 

FUNCTION LOG(X) 
REAL LOG 

LOGALOG ( X) 
RETURN 
END 




