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The approximate theories of flexural vibration 

dealt With in the thesis are those in which the 

problem is reduced to the solution of a differential 

equation with one dependent variable (the transverse 

displacement of the neutral line of the beam) by a 

process of making reasonable assinptiona during the 

derivation of the equation, 	In order to facilitate 

comparisons of the effects of the various acsiinptlons 

made in the different theories, the differential equ-

ations are derived from the general elastic equilibrium 

equationo written in terms of the stress conponents. 

Particular attention is given to the equation 

which includes the effects of rotator i inertia and 

transverse shear (usually referred to as the Timosherikó 

equation) because of Its interesting prediction for a 

finite beam of the possible existence of more than 

one natural frequency with the same number of nodes 

(I.e, a second spectrum of frequencies), This 

qualitative effect is shown to be a consequence of 

considering a longitudinal motion independent of the 

transverse motion. The boundary conditions for the 

Timoshenko equation are derived from the general 

elastic equations, md the frequency equation for the 

syzrnnetric modes of a Timosbenko beam on elastic end 

supports is given. From t.ie the frequency equations 

for the free-end and pinned-end conditions are 

obtained and discussed. 

By a logical continuation the theory Is then 



extended to include in addition the effect of an 

independent lateral motion, the differential equation 

and boundary conditions 	in being derived from the 

general elastic equations, 	It#  is found that 

solutions of this new equation include the Timoshenko 

solution exactly, but also contain a third solution 

which defines a third spectrum of natural frequencies 

for a beam, The equation also defines three 

branches to the dispersion curve for flexural waves 

on an infinite beam. 

Experimental work on three deep rectangular 

sectioned beams is described and it is found that 

the predictions of the Timoshenko theory are closely 

followed, including the second spectrum frequencico. 

Third spectrum frequencies are detected very faintly 

for only one of the three beams, this is probably 

because lateral inertia is relatively unimportant 

for a cross-section of deep rectangular form. How-

ever, some experiment's on an H -sectioned beam 

give two distinct spectra of iiutural frequencies and 

it is shown that the higher of these sets of 

frequencies is probably of the third spectrum type, 

Thus these higher mode frequencies may be important 

for UopCfl sections, for which a high lateral inertia 

obtains without undue transverse stiffness, 
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1. ILITRODUA1014.  

The problem of the flexural vibration of beams 

has received much consideration since the original 

setting up of the "classical" differential equation 

for this type of motion by Daniel Bernoulli in 1735, 

This equation has been widely used in problems 

associated with flexure. 	Its uaC has :reflera1ly been 

restricted to examination of the vibration character-

istics of slender beams vibrating in the fund amental 

mode or in a low order harmonic, the increasing 

inaccuracy of this equation for flexural wavelengths 

approaching the order of the radius of gyration of the 

bar being well appreciated, 

Several more precise differential equ:tions have 

been pro.osed by various authors (see section 2). Each 

of these equations includes the effect of some factor 

which is neglected in the derivation of the classical 

equation, and gives improved results for the higher 

modes of vibration. 

The most important of these equations is that 

usually known as the Timoshenko equation (see section 

3,5), which includes the effects of the rotatory inertia 

of the cross-sections and the shearing action between 

them. The use of this equation is necessary if reason-

ably accurate values for the frequencies of higher 

modes are desired. In impact problems on beams where 

the contribution of the higher modes may be important, 

the use of the Timoshenko equation may again be 

necessary. 
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Ioviever, beyond the sided accuracy of frequency 

prediction obtainable with the Timoshenko equation, 

there arises a new ouaiitbtive phenomenon. When the 

Bernoulli equation is considered for the propagation 

of flexural waves in an infinite bar, the propagation 

velocity is found to be a single valued function of 

the wavelength, This is not so however, for the 

Timoshenko equation which predicts two possible values 

of wave velocity for a given wavelength. Or, in 

terms of a pin-ended beam of finite length the equation 

predicts that for any chosen number of nodes on the 

length of the beam there are two distinct possible 

natural frequencies, 

It seems pertinent to ask what consideration is 

included in the derivation of the Tirnoshenko equation 

to introduce this new effect, and also to ask whether 

the introduction of further corrections beyond those 

contained in the Timoshenko equation might lead to 

the prediction of further such effects, 

To eximine these questions it was felt that re-

course should be made to the general elastic equations 

as a starting point, From these equations the 

assumptions behind the various approximate theories 

can be seen and a method for including yet further 

corrections to the equations may be s;gested. Indeed 

the usual method of setting up these differential 

equations by physical arguments of the "strength of 

materials" type becomes increasingly di.ficult as 

more refinements are involved, Under these circuxn- 



- 3 

stances the use of the general elastic equations in 

conjunction with plausible simplificat.iona will pro-

bably be the most straightforward method of approach. 

From these features arose the scope of the present 

work, The primary objects are, firstly, to examine 

briefly the assumptions implicit in the approximate 

flexural theories by deriving the differential 

equations fz'orn the general elastic equations, and 

hence to determine the characteristic which leads to 

a dual-valued dispersion curve ibr the Timoshenko 

equation, Secondly to inspect the possibility of 

extending the theory to include the t"iree-dimnsional 

motion of the typical particle and to examine any 

resulting differential equation. Finally, to conduct 

experimental tests on beams to see whether there might 

be any evidence for the existence of branches to the 

flexure frequency curves, and if so, to compare them 

with the theoretical predictions. For these purposes 

it was felt to be sufficient to restrict attention 

to the symmetric modes. 

F' 



2, HISTORICAL 

21. Jhe Approximato Differential Eguatioi.s of FlQxure. 

The first differential equation for the flexural 

motion of beams was found in 1735 by Daniel Bernoulli. 

This equation is the well-known "classical" or 

elementary equation which is used, for the majority of 

beam problems being unsatisfactory only for fore-

shortened beams or short wavelengths comparable with 

the radius of gyration of the beam. 

To provide a theory which would be physically 

satisfactory at short wavelengths various corrections 

1. have been suggested for inclusion in the derivation 

of the differential equation, 

A correction suggested b,y Brese (1859) and 

independently by Rayleigh (1877) allows for the inertia 

possessed by cross-sections of the beam by virtue of 

their rotation about the neutral axis during vibration, 

- the so-called correction for rotatory inertia of 

cross-sections, This equation is physically mere 

satisfactory in that it does not lead to infinite 

group velocities for very short wavelengths, but its 

accuracy for frequency prediction in the higher modda 

of vibration still leaves much to be desired. 

Timoshenko (1921) showed, however, that 

I  correction for the shearing motion of cross-sections 

I  is as imL.ortant as the rotatory inertia correction, 

and proposed a revised differential equation (hereafter 

referred to as the T1Loshonko equation, see section 3.5). 

A Bib1ioraphy is presented at the end of the thesis. 
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Numerical results from this equation are in very good 

agreement with those calculated from the general elastic 

equations for a circular cylinder (section 2.3), 	It 

is of interest to note that this correction for shear 

was also proposed by i3recse (1859). 

Other less important corrections have been 

suggested. Love (1927) by an energy method made 

allowance for the inertia of the motion whereby cross-

sections are distorted in their own planes. Arnold 

(1951) proposed a method to allow for the fact that 

cross-sections which are plane when unstrained, bocomo 

curved surfaces during the motion, Volterra (1955) 

suggests a slightly modified form of the Timoshenko 

equation, 

2.2, Plae Strain and Plane Stress So1utio.. 

The problem of the propagation of flexural waves 

on an infinite beam where the assumption of plane 

strain or plane stress can be made, was solved by 

Lamb (1917), Timoshenko (192:2) and Prescott (1942). 

The solutions are generally too complicated to be of 

much use, as they contain all the possible flexural 

modes including those in which the beam has several 

nodal planes in its depth. Prescott, however, shows 

that in the first mode at high frequencies, the 

stresses tend to a maximum near the surface of the 

beam, This demonstrates the inaccuracy involved 

in determining the Timoshenko shear coefficient (see 

Section 3.5) from an assumed static shear stress 
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distribution., This theory also predicts that at very 

short wavelengths the propagation velocity approaches 

the Rayleigh surface wave velocity in the medium. 

2,3. The Jat Solution, 

Pochhammer (1876)  and independently (Three (1389) 

solved the general elastic equations for the pro-

pagation of waves along a circular cylinder whose 

length is very great compared with its diameter, 

This solution includes the flexural modes. 

The frequency equation for flexural waves 18 

given in determinantal form by Bancroft (191) and 

Hudson (1943) has carried out the necessary comput-

ations for the first branch and has obtained values 

which show how the phase velocity of flexural waves 

depends on the ratio beteen their wavelength and the 

radius of the cylinder. Davies (1948) found that 

values calculated from the Tinøshenko differential 

equation are in remarkably good agreement with those 

obtained by Hudson, The results are also discussed 

by KOlaky (1953). 

2,1, Notes oz the Tmoshenko 1guation. 

There have been numerous recent apers on the 

Timoehenko equation mainly referring to its use in 

impact problems. Few of these papers make specific 

mention of the equation's prediction of a double 

frequency spectrum for a pin-ended beam. 

This double frequency spectrum was probably first 

noticed by Arnold (1951) who obtained the frequency 
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equation bj substitution o a sinusoidal shape 

function which fits the end conditions, 

TralU-Nash and Collar (1953) h:ve solved the 

Timoshenko equation and set up frequency equations 

for the standard end conditions#  They observed the 

existence of two spectra of frequencies for the pin- 

ended beam 	For the free-beam they discuss briefly 

a nimerical exaple for which in certain isolated 

instances they obtained two frequencies with the same 

number of flOdOE3, However, their results do not seem 

to agree quite with the calculations of section 6,1, 

and it is felt that there may be errors in their 

computation. 

The double froquener seetrum for the pinned beam 

is also noted by Anderson (1953),  and Volterra (1955) 

notices that the dispersion curve of the Timeshenko 

equation has two branches, but he ignores the higher 

roots considering them to be without physical signifi-

cance - a remark discussed in section 7,., 

Sutherland and Goodman (1951) derive the Timoshenko 

equation from the two dimensional equations of 

elasticity, Mindlin (1951) gives a solution for the 

Timoshenko free-beam frequency equation by a method 

of successive approximations. 

Several other papers on the vibration of 

Tlmoshu-dw beams have br:en published but none of these 

appears to make specific mention of the two frequency 

spectra or to discuss their characteristics. They are 

thus felt not to be important from the point of view 



of this work, although ,publications by Mindith and 

Deresiewicz (1954) and Goodman (1954) have general 

bearing on the selection of the Tixnohenko shear 

coefficient 

There has buen no previous experimental work to 

investigate the existence of higher spectra of fiexura) 

vibration, 



3. TORI$OF XURAIVIiATION. 

3.1. be Goucral SlaStle'z'ob1ern. 

The toner al problem of the vibrations of an 

elastic solid can be stated in the following way. 

Determine values for the components of stress 

a , 	 , tz ) and for the displace- 

ments (sw, r, Ar), which, in the region occupied by the 

beam, satiefr the set of nine equations 

+ + = 

+ ± 
2. 	I 

O V 	1> 

( 

+ ± 

and 	 LV 
E 	LV(CS+] ; E. 	=[ 	v(cci- o51; E=-v(a+a)] 

; G 	+)tz .,.(3.2) 

The first sot of equations (3.1), are the equilibrium 

equations fbr a small element end in the form qlDted 

body forces over end above the acceleration terms are 

assuiid zero. 

In addition the oornaonents must satisfy the 

boundary conditions over the whole external surface 

of the body and the stress components must satisfy the 

Beltrarni-Michell compatibility equations in order that 

deformation without discontinuities should be obtained. 

The complete dynamic problem will also include 

initial conditions with respect to tima, but for present 

Purposes steady state tree oscillation will be assumed 
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so that the displacement components are in phase and 

sinusoidal with respect to time. 

The ecundary conditions at any point on the sur-

face of the body, where X , , 1 are the components 

of the surce forces per unit area at this point, are 

co,(n,x)+ 	c4(vt+ 	zc ( VI  cz-) 

= 	c- 	+ 	+ 
I 

in which 	(iv, ) are the direction cosines of 

the external normal to the surface at the point. 

(The problem as postulated above Is that solved 

by L. Poehhaimner (1876) with transformation to 

cylindrical coordinates for the case of a circular 

cylinder of infinite length). 

The solution of the above set of equations for  

even the most simple shape of body presents formidable 

conIj)lications, and for obtaining solutions suitable 

for practical purpoLes  the equations are artificially 

simplified and plausible assumptions are made. 

In the sections which follow, it wili be seen 

that the "classical" theory of bending vibration makes 

the aost sweeping assumptions while the more exact 

theories make fewer simplifications and so mere nearly 

approach an accurate solution. 

What is desired, and what Is actually carried 

out in the various approximate solutions, is not to 

provide a complete solution to some simplified form 
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of the equations (3.1) to (3.3); but to eliminate 

dependent and independent variables in a reasonable 

manner so that the problem is reduced to the solution 

of one partial differential equation in one dependent 

variable (the deflection of the beam), and two 

independent variables (time, and a co-ordinate giving 

distance of a point along the beam), This equation 

can then be solved by normal methods for a beam with 

any set end boundary conditions. 

In what follows the assumption o-  = 	 = O 

will often be made, If the beam is visualised as 

being made up of long fibres parallel to the axis of 

X (seeFig,5 ) this assumption implies that these 

fibres exert neither direct nor shear forces on each 

other in transverse directions but exert cohesive 

forces in the longitudinal direction only. 

Further assumptions regarding the stresses or 

the displacements will be introduced in the solution 

of each problem. Strictly speaking, assumptions are 

justified only when they lead to a solution that 

satisfies the equations of equilibrium along with the 

boundary and compatibility condItions. But such a 

solution is exact and unique and here not an exact 

solution but a simplified one Is sought, so that, In 

general, there will not be complete fulfilment of 

equilibrium or boundary or compatibility equations 

and the justification for assumptions can lie only 

Por example, The assumption of plane stress or 
plane strain, This treatment Is given by Timeshenko 
(1922) and Prescott (1942), 
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in the pragmatic value of the resulting solution. 

It will be observed that the above set of 

equilibrium equations does not distinguish between 

the various types of vibration and contains extensional 

and torsional modes as well as the flexural type. 

For beams whose cross-sections have ayunuetry about V 

and Z axes (see Fit', S ), it can be postulated that 

for bending, displacement 	should be an odd functior 

of z and an even function of j , should be an odd 

function of z and of 	, and 4,7  should be an even 

function of z And 	• Under these conditions, 

the equations should yield solutions for flexural 

vibrations alone, 

3,2. The Cassical goukitjor. 

Here simplification of the equilibrium equation 

(3.1) is carried to the extreme. The direct stress 

c-  and the shear stress 'cz. are the only ones 

considered, while of the inertia forces those in the 

X 	and 'dIrectIons are taken as zero. The equation 

of equilibrium are thereby reduced to 

k!, z 

2. 	 17 
iY 	 .••.. - 

Now, if it is borne in mind that the aim is to reduce 

the two above equations to one containing only deflect-

ion w- as dependent variable and that the above 

equations represent equilibrium in any very small region 

of the beam 	Then it is apparent that (3.4) must be 

integrated over the cross-section of the beam 
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Multiplying the first of (3.k) by 	dz and 

the second by dz and integrating over the region 

(R) contained by the cross-section we obtain 

+ ff~ —r-- 	 — o 

ef
Tt 

j c jcz 	.e••(3.5) 
R 

3x 

It further the aasimi.tion is made that stresses and 

di api acement a have no variation across the width 

of the section (Ywise), then the above eauations 

I 	 can be replaced by 

ixZ +AZ 
— C 

L-r- 	/ ). z 

where z) represents the section width at any height 

, and the sabo1 fZ implies integration over the 

total depth of the section, 

The second integral of the first equation of 

(3.6) can be expanded by parts to give 

Z 	
f
-- 
	 z 

and the first terra is zero since the shear stress 

disapeara at the surface of the beam. If, in 

addition, it is assumed that the width of the section 

has only small variations with height, the final 

term containing L6 can also be disc4arded and the 

equations (3.6) now read, 
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jAE. b. ZJZ. 
- f'TXZ' b. 1z = 0 

A reasonable form for the displacement a is now taken. 

If plane sections of the beam are considered to remain 

plane and normal to the distorted beam axis during 

vibration, then the X-wise displacement is a con-

sequence of the slope of the beam axis and the co-

ordinate z of a ty4cal point. Thus, approximately, 

I = -z 

and hence 
E. , -- 

and .w-  is assumed to be a function 

of(x,')alone. 

Using these dislacements the first of (3.8) becona 

- E 	j6xzcl-,- 	wz.= 

which can be differe:tiated with respect to c and 

substitution made for 	Jz. in the second 

equation of (3.8) giving, 

E 3X4 f 
1 - 	 = 

z 	 z 
or 

4 

EIY+ 	= 0 	,..(3.lO) 

the Classical equation, originally derived by 

Daniel Bernoulli in the eighteenth century. 

Since displacements which are continuous have beex 

chosen the equations of conatibility need not be 

considered; this will be true in all the following 

sections, 
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It may be observed that the assid sress and  

displacement simplifications are not consistent with 

the set of equations (3.2)  but this is typical of this 

approach in that the equations (3.1) and (3.2) are 

not regarded as requiring rigorous satisfaction but are 

used selectively, terms that are considered important 

being retained; thereuinder disregarded. 

3.3. Th ouation 1nclud.ng.. Correction fgr Rgtor 

Consideration of the inertia of the motion in which 

cross—sections of the beam rotate about their neutral 

axis during flexural vibration gives rise to a 

corrected form of equation (3.10) • Al]. the assumption 

of the classical equation are included with the 

exception that the inertia term in the X direction is 

not disregarded, 

The equilibrium eauations are taken as 

e 

following through the reasoning of the previous 

section we obtain 

fLzc - WZ c)z  

i zL,jz=,c1 z  

Assuming again the displacement functions 

4(r= 
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and substituting stress 

components calculated from these into (3.11) there 

results the equations, 

-EI 3  - 	= 	Iyz 

	

f3x 	k 

Finally -c can be eliminated from these two equatiomi 

giving the final form 

4 tr 	___ 
EI,-e' 	 0 .,.(3.12) 

This equation was originally derived independently 

by Bresse and Rayleigh. The middle term of (3.12) 
represents the correction allowing for the rotatory 

Inertia of the cross-sections. 

3.4. The uationncludjgQorrectjax or SbearIn 

i)isijlacejnent gf Cross Secticrns. 

Here, the physical feature that shear forces act-

lug are also capable of deflecting the beam Independ-

ently of the action of the bending itself, Is taken 

into account 

Let the general point on the beam axis be con-

sidered. Then at any time the slope of the axis 

through that point can be represented by 

and this, quantity must be the combination of that 

slope at the point vbich would be caused by bending 

action alone end that which would be caused by shearing 

action alone. Referring to these quantities as 

and 	respectively, then 
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The tL -motion is now assned to be a consequoe 

or the ending action alone Amd d1piacement conpanent 

AL 

-U- = 0 

40- 

are taken, 	I 

The simplified equations of equilibrium (3.) 

areain used. Stress components a-, and ir. can be 

calculated from the displacement components (3,13), 

In order to make some compensation for the 

	

assumption that t or 	does not vary over the 

depth of the cross-section a numerical factor ( ) 
is introduced such that 

r 	_ 

J GA ( Lur 

is thus the well known shear deflection 

coefficient of Timoahenko, 

The ec'ui11brium equations becoo on sabetitition 
7. 

	

E 
r n - q ( 	A C, 	0 

~ 	 tz. 

from which + can be eliminated to give the final 

óquation 

El str 
- 	 0 ..,(3.14) 

At this juncture it is very important to see the 

formal nature of the change in the assumed displacement 

forms from those of the classical theory. This 
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change lies in the indeendence of the displacements 

-, s- 	 and w-  in (3.13). 	Whereas in (3.9) the dis- 

p1acennts are linked by the relation &t= z 

in (3.13)  no such coupling exists*  

Now we have arrived at the independence of AL,  by 

a physical argument Involving shear slope and bending 

slope, but strictly speaking such reasoning was not 

necessary, Formally, we have xere1y postulated the 

Independence of the displacement u- by the relation 

AA,= - z,44' 	and nothing further need be said 

about the function + )c,) . This approach will be 

used in a later section when motion in the three 

orthogonal directions is being considered, 

3,5w 	wt1oncludiA Correcttç$ for taiorz 

Ineri4e.azid 

 

In this this equation the corrections of sections 3.3 

and 3,4 are combined. The displacement oononents 

of equation (3.13) are assumed and are used in con-

junction with the equations of equilibrium Including 

X-wise inertia, - - 

,c: 

The equations equations are manipulated in the manner of the 

preceding pages and with the same assinnptions, the 

numerical factor vj Is again introduced. The 

equilibrium equations integrated over the cross section 

reduce to the pair 



4~)A6 
X2. 

UZ 	 ...(3.15) 
1Ly 	NAc; = A 

The c - tunction can now be eliminated from (3.15) 
giving the final differential equation 

r2. 
+ 	

2. \4 LLT 	(EI 	
+ 	.O3-_0 •..(3.16) Ely - 

G ~ P 	e -i 	
- 

Equation (3.16) is veil iown as tie Tinshenko 

equation. The second term can be seen to be the awn 

of the corrections obtained separately In equations 

(3.12) and (014) while the final term has not 

appeared before4 This term in ( /) will be 

shown to be of some Importance, being responsible for 

the possibility of a second frequency spectrum, and 

it is Instructive to consider why it should make 

Its appearance in this equation while being absent 

from those previous. 

Some consideration will show that the appearance 

of this term follows from the aUowance of two degrees 

of freedom for the typical particle of the beam; 

one in the transverse direction and one axia1ly4 

This implies that the axial motion (tt.) of the particle 

Is Independent of the transverse motion (&r), and 

that inertia terms In both directions are taken into 

acotuit 

Thus no such term arose when the rotatory inertia 

correction alone was made, because there the assumed 

M.- 	parallel to the axis was related to the vertical 



motion by the relation 	u. - Z. 	 , so thatbX  
was not an independent coordinate. Similarly, when 

correcting for shear displacement,  alone, only second 

order derivatives with respect to time were obtained. 

For, although the axial displacement of a point was 

not functionally related to Its transverse displace-

merit (i.e was Independent), the inertia parallel to 

the axis of the point was neglected, 

A rough qualitative model of the effect can be 

constructed 	If the vibrating beam Is considered 

as a single spring-mass system, then the effect of the 

shearing action of the beam is to increase its 

flexibility that is to reduce the effective spring 

contact of the linear oscillator, This can be 

conceived as being the introduction of a spring in 

series with the normal "bending flexibility" one 

(see Fig. 6 ). 

The effect of the rotatory inertia correction Is 

to add an inertia or mass to the system and this can 

be shown as a small mass rigidly fixed to the main 

mass. 

Either of these corrections will have reduced 

the natural frequcy of the system but there will still 

be only one degree of freedom# 

If both corrections are applied simultaneously 

however, then as shown in Fig, 6 , there will 

result a coupled pair of spring mass systems With 

therefore two degrees of freedom. The frequency 

equation for the system will be a quadratic in frequency 
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squared which is the equIwTlent of the 	of 

equation (3.16). 

3.6, T he B21Latjon j,cludix the Effec of iotatory 

ZnertiL 3har, axd the Twjstirg of Tranaver$* 

In the previous sections it has been assumed that 

under deformation, transverse planes originally normal 

to the neutral surface of the unstrained beam, remained 

plane. That is, the longitudinal displacement 	U... 

has been taken as a linear function of z . 	This 

will, In general, be only a good approximation and  

a method of assessing the effect of twisting of the 

plane will now be presented. This theory Is basically',  

that of Arnold (1951) 

The following displacement components are 

assumed 
u. = -z+(x,)+-e(x,zM 

r=O 

...(3.17) 
= 

So that, 	 = E (_ 4 ~ 
~x 30 

- 
- LI I 

The simplified equilibrium equations of section 3.5 
are taken and the usual integration over the cross-

section yields the following two equations 

- Ely ± Ef 	- 	
- 

z 

= 	 ± 
z 

e 
z 
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From the second of (3.18) 

- 	 Aj ?,z 	 c 
I 	 z 

hu1e,dh1mhh11tjt1g 4) from the equations (3.18),leads 

to 	

~ - 	
+ X+ 	 X 	 X 

+ [f 

___ 

A) 	 j ej 	bZ 1 = 	
... .. (3•20) 

The shear coefficient v has not been introduced 

here becauc 	is now no longer independent of 7- 

and and -e will he chosen so that t is a reasonable 

function, 

It is now necessary to find an expression for 

"' and for this purpose It Is helpful to consider 

the problem physically. Fig. 7 shows a typical thin 

transverse slice froth a vibrating hewn, At the 

neutral axis the shear strain Is assumed to be entirely 

devoted to providing shear slope, so that at this point' 

both the shear slope of the beam and the total angle 

of shear are the same. At points some distance from 

the neutral axis it will be assumed that the slope 

remains the same as that on the neutral axis (so that 

is a function of 	alone) but that an additional 

anguler distortion o 	is present such that 	—°( 

where 	Is the total shear strain at height z 

Furtherrire, it will be assumed that the static 

distribution of shear strain is applicable; this 
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distribution is easily obtained for any cross-section 

by calculation or by graphical means from the ecuations 

given in books on the strength of materials. 

Now it is apparent from Fi'. 7 , that the 

! displacement - is the sum of displacements of the 

ty1)O oz.dz so we can write 

f z z 

is the value of shear strain on the neutral axis 

while 	Is the value of the shear strain at a dis- 

tance z from the axis, Both these quantities 

are obtainable from the static shear strain distrIbutioi 

so that the above Integral for .e can readily be 

evaluated, graphically or otherwise. 

Two constants for the cross-section will now be 

defined, These are readily computed when the curves 

of -e. against z. are obtained by equation (3.21), 

They are 

	

= 	 ...(3.22) 

and 

€= fciz 

In the equation (3,20) there remain four terms which 

require expansion, 

, 6Jz. 	EfA 	z-- 	j 

	

Elf~e_ 	 -ry 
 

	

z 	
3 3 	

" f~~ 	z 

[A 



- 
using the constants defined in (3.22) and (3.23); 

these terms can be written respectively 

EI 

Purthez", it is known thatS f 

while from (3.19), 

...(3.25) 

With the use of these relations the four terms can 

be written with UT as dependent variable, and the 

final differential equation is 

.ry-4-
' ( +::) 

+ ely 
3 X4 

0  
\I+.,j t4 

Equation (3.26) is the same as the Tii,,oshenko equation 

(3,16) except that the shear constant YL is replaced 

by the factor ( + 

For a rectangular section this factor can be 

calculated and has the value 2/3 which is the 

corresponding value fbr I obtained by normal methods 

for the Timoshenko equation. It is also known that 

2/3 is an interior value to the 5/6 obtained for il by 

strain energy considerations (or the value 'TT/ia  ; see 

Mindlin and Derosiewicz (1954)). Thas, this analysis, 

though avoiding the rather crude process of the 

introduction of the 	constant, is unlikely to give 

any better results than the Tinshenko equation, and 
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when the rl value is judiciously chosen may give 

inferior results to that equation. 

3.7. The iauation icludini. the.ggfectv 2iC Rotatory 

Inertia. 3hoar, =—a  an Jndel2epd2at Lateral 

A logical extension of the preceding sections 

is now made by allowing for the lateral motion of the 

beam. This motion will be chosen to be independent 

of the Ak and ur motion becauae this independence can 

be expected to provide new features in the equation, 

after the manner of the Timoshenko equation in section 

3.5. In the spirit of the remarks at the end of 

section 3.4, it will not be necessary to conceive 

the mechanism whereby v- receives its independence 

(although it is fairly obvious that it is due to the 

influence of the lateral shearing stresses in much 

the same way as the independence of u comes from 

the transverse shear stress). That the displacements 

must, in general, be independent follows from the fact 

that flexural vibration is an elastic problem in three 

dimensions; if any of the displacements could be 

expressed in terms of another, the problem would reduce 

to one in two dimensions 'because one of the displace-

ments could be eliminated from the equations, 

The lateral inertia will also be considered so 

that the typical particle will have three degrees of 

freedom, 

The equilibrium equations for a small element are 



cS j 

è•z. 

2 

taken as 

0 0 -0.27) 

The first equation is now multiplied by zdyz, the 

second by 	dz , the third by aM the 

three equations are then integrated over the region 

(R) of the YZ-plane ccciipied by the orosesection; 

this gives 

+ 	 - J z4c1z1 

IT ITt # , 
q 	 K 

fl 
aaz 

+ flI 	z 	 ctz 

If the eventual displacement components 1ch are 
I 

asauzned are such that none of the terms 	ur, , 

	

jw  re functions of 	the ecjuation5(3.28) 

can be viritten, 

/k.z6jz +f 	+ 	z bdz - 	Z. 
z 	 z 2 

fAlzra-
d +J. 	Ac

dJIZ= 	
000(3.29) 

where 	; the section width, 
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The term 	6ciz of the first equation of 

(3,29) can be dealt with in the manner of equation 

(3,7) so that it will be replaced by the term 

The first term of the second equation of (3.29) 

can be similarly treated and can be replaced by the 

term 
ff;z 

tz. 

It is now necosary to choose reasonable di3pluce-

ment functions. The axial ( u. ) and transverse 

components miht well be taken the same as those choser 

for the Timoshenko equation in section 3.5, but a 
function for the lateral displacement ( v-) will have 

to be invented. Some consideration suggests that 

a linear relationship with respect to 	and . would 

not be unreasonable and is of the simplest possible 

form. 

Consequently displacement components 

= 

S..(3.30) 
Wr = 	 j 

are taken. 

Stress components can now be evaluated and substituted 

in (3.29) with the result 

_Ek[Zzh + GfJzz _(_)[bJz 

- 	 fzz. 4z 

- 	

J4Jz ~ G J z 	 • . .(3•31) 

r 	
2 Lr $fbz + G (- )f6z e fb.Jz O 

) 
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I where the shear coefficient has again been 

introduced and 4 (x,t) , 5(x,f'), and ur(x,t), have been 

written as , and ur 	respectively. 

The remaining integrals in (3.31) obviously 

represent the area of the cross-section (A) and the 

second moment of area of the cross-section about its 

lateral axis I . Thus (3,31) become,  

-Af 	 ...(3.32) 

cAf + IGA~'~`-4)—eMk 

It now remains to eliminate from the three equations 

(3.32), the two unknowns 4(x,) and 	and a 

differential equation in w- as deondent variable will 

results 

From the third equation, 

7 
NO tlC, TP 

This ca-a be substituted in the first equation 

differentiated with respect to x , giving eventually 

the equation, 

+G,-- 

t ~k 

2. 

AOL.3- .IiOkT 
- 	 1( 

EI, 6.o P7 	 ...(3.3L) 

while the second equation of (3.32) can be written, 

(.K -  Af
000(3.35) f).T - 

We now operate on both sides of equation (3.34) with 
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- 	
, and on both sides of 

(3.35) with 	 and subtract, 

giving the final result 

( Iv3~et (IG ± e13& 	

.,.(36) 

or expanding, 
Ely - 	

Ely p ± 

EA44-0(2eA+_ 	 ...(3.37) 

IrZ 

Equation (337) contains the sixth order derivative tti 

respect to time that was expected by analogy with the 

analysis of the Tiinoshenko equation, 	his will 

give rise to the possi11ity of three frequency 

spectra or three branches to the dispersion curves for 

flexural waves. 

3,8. The ffeot of LaUL01astIc Cuvat. 

The oeets of anticlastic curvature can be 

included in the analysis of the previous section by 

assuming the statical deflection 

. 	

...0-38) 

along with the 4.L and tr displacement fmctions of 

section 3.7. Here tr is the transverse deflection 

of the neutral line of the beam and V is Poisson's 

ratio. 

Following the procedure of section 3,7 the 



equilibrium equations become 

_ETV z+ G lAG(t0 —,4,) — C'~L. Y4) (Iy _ILs) 

- 

-Aç+vGA 	"- GIv% z = ik 

GAf-'GA4 ±A(_ 	± 

= 
'
A 79- ti 	'aèt 	Z 

L, is the second moment of area of Lhe cross-section 

about an axle in the plane of bending. The constant 

has boon introduced before that part of 	which 

Is dependent on the shear deflection because this 

should vary across the section independently of the 

other part which is due to the antiolo.stic curvature, 

Baby (1955) suggests that the value taken for vi 

should depend on the width/depth ratio for the beam 

because of the effect of the other shear stresses, 

and finds that 5/6 is a suitable value up to width/ 

depth ratios of 3, the value decreasing more rapidly 

thereafter. 

The functions 	4, 	and f can be eliminated from 

equations (3.39) and after manipulation a differential 

equation in w-0 as dependent variable is obtained. 

This Is 

ET  
è' 	Ic ely+ 	- 

) xkl.G2 

+± eI - 	
- 	 - 	

(EA - G vi 
± 	

( A 

- __ = 0 
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quation (3.37) 13 a special ease of (3,40) with 

For cross sections which have not 

too radical a departure from kinetic epmmetry (1, =i) , 

equation (3.37) will be a good approxbiiation. 
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ko 	jE SOLUTION OF THE TII)$HUQ 
1QJMTIQX. 

411 	Derivation of the boundary Conditions. 

4.1,1. Introuctor. Applying the Tirehiko 

theory of flexure to a beam of finite length, the 

di splacenient Ltr(x,) must be such as to satisfy both 

the differential equation and the conditions obtaining 

at the ends of the beam. 

These end conditions will, in general, be a 

specification as to displacement, slope, shear force 

or bending nment; consequently it is necessary to 

bele to evaluate these quantities. It will be 

shown how expressions for them can be obtained from 

the equilibrium equations1 The method can then be 

ased in similar fashion to yield end boundary condition$ 

for the more complicated equation (3.37). 

4.1,2, Shear Force in t€icio of 	lacernent. 

By definition the shear force over any cross 

section of the beam is given by 

This expression also apers in the first of 

the equilibrium equations (see equations (3.11) for 

exai.r?e) fvoniwhich 

Jc ~f LuL~ 2 	 2 

If the relevant displacement conVonents (3.13) are 
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substituted in the above equation, and if harmonic 

time variation is assumed (steady state resonance) so 

that the operato' 	may be replaced by 
- 	

, then 

- I4 

Also, from the second equilibrium equation (3.15) 

while by definition, 

) = AG 

From equations (4,2), (4,3), and (4.4), the 

expression for shear force in terms of the displacement 

is obtained, 

-El 
3 

~ A C, 	~X-' 	G, 4 EJ bx 

4,1,3. 4endjg Moriet In Terms of Djep1aceneut, 

By definition the bending moment at any cross-

section of the beam is given by 

M 	f Oz- 6,z CIZ 	 ***(4*6) 

Using thc assumed displacement form for 	(equation 

(3.13)), (14,6) becomes 

	

M =f-E7-2- 	6J7- 	 (4* 7) 

From the second equilibrium equation (3.15), 4-

can be found in terms of -w- ; thus, 



EI r 
- 

Z. 
Lx 	G 

or since w is assumed independent of z. the 

integration can be carried out and the final form, 

with - JD in place of %tz, Is 

M _EI[+ 
3x~ 	-,IG Uri 

Jandad End Conditions. The standard 

end conditions are those generally described as "pinned" 

"free" and "fixed". Their definitions in this case 

are 

Pinned End:- 	kr=O 	cr ay NI 0 

Free End :- 
	

a. OY tzQ 	2, 	 o 
Fixed End :- 
	 L&7O 

The above conditions are all contained in the 

equations follosiing, 

Displacement Zero 	 0 

Bending Slope Zero + 	I+ 	0 

Direct Stress (ok) or 	
+ 	U,- 0 

bending Moment Zero 

Shear Stress ( -c ) or 	
+ 	+= o 

Shear Force Zero 	 L 	E 

The equation for bending elope can be obtained almost 

direct from the equilibrium eouatiortc (3.15). 

4,2. 	oLving the 4411alp, 

The Timoshenko equation 
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H _ 

can easily be solved for a 

beam under set end conditions when it is kx.own that 

it is vibrating in a normal, mode. For, under such 

conditions, the time variation of the displacement will 

be sinusoidal of frequency 	(say) and the displace- 

ment can be taken in the form 

- W(x).cos 

where W() is the "shape 

function". Inserting this in the differential 

equation and making the substitutions 
4 Z =  - 

E 

= -j -i 

(where K is the adius of gyration of the cross—

section about VY') the ordinary differential equation 

for the shape function is obtained 

4 +...(L.1o) 

Assuming exponential solutions, equation (4,10) can 

be solved by normal methods giving the shape function, 

W() = A1 siux + A .cs,Atx 	 ± A4coskx  

where 	A1. . A4  are coefficients to be determined 

from the end conditions of the beam and 
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2 
- ++  

Cb 	 ~ 71 0 

The two relations 

- 	
+ 6+ ) and 	_ 	

- qZ1) 	 • ]3) 
can also be deduced, 

'iom (4.12) it follows that al is always positive 

so from (4,13) q becomes negative or q, imaginary 

when 	> 
%- 

, Under this condition the last two 

terms of the shape function (4, 11) will change from 

hyperbolic functions to their respective circular 

functions, 

4,3, 	ePrequengy NgMtIqn for Tixx,shenko Beam on 

Flexible nci $tpports. 

The frequucy equation for the synrntrio modes 

of a beam, the ends of which are similarly elastically 

supported in deflection on horizontal hinges, will 

now be derived, 

Consider a beam of total length 21 with spring 

supports of rate \ (lbs./inch) at x = C and 

vibrating in a mode symmric about the centre 

of the beam. An imaginary cut can be made through 

the beam at its centre, and the boundary conditions 

at c 0 and x = f can be considered. Using the 

boundary conditions at x = 0 and t = 21 would be 

less restrictive in that the resulting frequency 

equation would contain both sntinetric and aitiyrnmetric 

frequencies whereas the boundary conditions at x= 



can be specially chosen to include only one type, 

The boundary condition:: can be written, 

[M] 	0  

ITX 0 ; 	 0 

whore M refers to bending moment and Q to shear force: 

the second pair of conditions follow by reason of the 

symmetry existing about x=1 , Using the relations 

derived in section L,l, equations (4.14) can be 

wribten in terms of the shape function W() , giving 

[eKl]
"'N  

	

z 	
=  - 4,z1 E3 [w] 

C1 X
z 0  

X( 2)[w] 
x0 

+ 

The shape function (L..U) is now substituted in (4.15) 

leading to four equations each containing the four 

constants A,, A,  A, A4  , The condition for Independ- 

ence of these constants, the vanishing of their 

deterzr2i.nant, is the frequency equation, which after 

simplification reduces to the form 

(E:A) f )cas. s 

P4 &4 	1 	
4 0 * (4.16) 

_ 0 

The terrrs of (14.16) are defined in equations (14.9) and 

(14.12); 	, ,,u and 	are all functions of frequency.. 
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edution to Case of PeEnUs 

4.4,1, Pizneg 1ds 	From (4,16) the frequency' 

e,-juation for a beam with pinned ends vibrating in a 

symmetric mode can be obtained by letting the spring 

constant X become very large so that only the first 

part of the equation remains important, and the 

frequency equation is consequently 

CO2~4 
il COSW = 0 

However, for frequencies greater than a certain 

value, 	becomes negative, From (4.13) this 

"critical" frequency is given by the relation 

Let, 

I 

where r is a positive nubcr. 

Then c,= ir in equation (4,17) modifying the 

frequency e uaion to 

COS4. 0 	(2> 4:) # 00 (4, 020) 

Free From equation (4,16) the 

frequency equation for a beam with free ends vibrating 

in a symrietric mode can be obtained by taldng X 

negligibly email, so that the second part only of the 

equation is of importance. Incorporating the modi-

fications of section 4.4,1 for c negative, the 

frequency equation can be written, 



kjf
, ( 	z)CO.4 st 	+ (jz+

2)sLI 
= O. . (.2l) 

for 4,z~ , and 
19 

4 5'Y1 + 	 0 •..(.22) 

for 

Discussion , on teyecunoy 1cua4ons. 

4.5.1. Beam with Pinned. End. 

Pop values of frequency less than the value 

prescribed by the relation 9 	-- the transcendental 

frequency equation for a pin-ended beam is from (4* 17), 

osjQ 

while for 	4> 	the equation becomes cospicosre 0 
which is satisfied if either 

CO4A1=O 
or 	

Cos r/L 
0 	0 	

.,.(***(4.23)) 

The condition cosd=Othen defines a second band 

of natural frequencies which does not begin until 

This second spectrum of frequencies is 

not evident in the classical theory and is a consequence 

of the consideration of the shear and rotatory inertia 

effects, 

This can also be seen for a pin-ended beam by 

substituting in the differential equation (4.1O) the 

shape function 



Rx Wx)=D.sc. at 
where the positive integer vn is the nuniber of half 

waves along the beams This shape function will be 

found to satisfy the end conditions for a pinned 

beam and its substitution in (4,10) will give an 

equation of condition for the frequency for each 

value of '- 

This is 

+ 	
+(1 	2 	~ 	

(Mill
+ 

0 •,, (4.24) i 

Since 	the above equation is a quadratic in 

and prescribes two real values of frequency for each 

possible value of m. • That the roots are real for 

possible values of 8 can be seen by considering the 

discriminant of (4,24), 

This is 

+ 14- 	
.),,++ 2° 1" i+ \(rtT 	4 61r\4 

)T) - 

Considering only the terms in 	 we have 

which is positive for all 

values of 	• Now 	 so the 

smallest oible value for P (taking j=.I and 

v=O ) will be 2; therefore "a fortiori" the 

discii4nant will be positive, giving real values to the 
frequencies, 
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Frequency curves can be drawn from equation (4.24). 

The equation is reduced to a non-dimensional form by 

considering a frequency parameter 	and a parameter 

which is the 	ratio for the beam. Thus 

in non-dimensional forni the roots for equation (4,24) 

are obtained from 

Iljlt= )I :t,~ [ Z + (A I 

Figure ( 8 ) shows curves drawn from (4,25) for a 

rectangular sectioned beam where the stress distribution 

factor 	has been taken as 5/6 and Poisson's ratio 

V 	as 0,29; these values making  
P 

=3O97 , These 

curves relate the frequency parameter 	with number 

of half-wave along the beam (m), for different () 
ratios. 

For each (.) ratio it is clear that two separate 

branches to the 	curve exist, As the (b.) 
value decreases, the separate branches appioach one 

another; the lower branch frequency parameter 

increasing and the upper branch decreasing. The 

upper branch is particularly sensitive to () changes, 

values of Yt dropping from infinity for infinitely 

slender beams to the inclined straight line 	= 

for ( zero. For the lower branch, the 	curves 

range from 44=0 for 	=x to the straight line 

for i = O. 

It can also be noted from the curves that the 

upper branch natural frequencies are considerably 



higher than the corresponding freuenc lee of the lower 

branch 	For example the stubby beam of(.) = 

has its fundamental frequencies (in i) for the higher 

and lower branch In the ratio of approximately 21:1,, 

The second spectrum is thus essentially a high 

frequency effect and as such is probably not of 

much importance In most cases in practice. However, 

with problems involving very foreshortened beams, 

or Involving impact or transient behaviour where 

high harmonics are of some imporance, consideration 

of the higher branch of the curse may be necessary. 

This zdght also be the case when considering the 

vibration of very large structures excited by 

reciprocating machinery, for then the frequency of the 

exciting force may be above the first few harmonies 

of the lower spectrum and thehigher spectrum fre- re 

quencies quenclee may be important. 

As has been previously mentioned the second branch 

of frequencies does not begin until the frequency 

exceeds that corresponding to the condition '= -- , 
It Is of Interest to calculate at what proportion 

higher than 4,2 = 	
4)Z (hereafter called the 

critical frequency) the first frequency of the higher 

branch (,) occurs. This can be carried out from 

the equation yielding the roots of the upper branch, 

namely C054 = 0 • The first root of this equation 

will be given by 	= 	where 



Substituting ri= or rL=Tt and reducing to 

nonimensIona1 form, an equation relating the ratio 

(741 	with (.) for different values of 	can 

be obtained, thus, 

=+1) 3..e (. 26) :  

In Figure ( 9 ) is plotted the frequency ratio 

against () for values of 	of 2, 3, and 

10 0 	For normal cross-s(;ctions and materials the 

value is generally between 3 and Li. 

The point to be noted from the graph Is that 

for (i.) greater than about 30, the frequency of the 

1undwienta1 of the second spectrum is within 5% of 

the critical frequency, Therefore, for most cases 

the second spectrum will begin close to the value 

f, 
= 
	

7. 
	 cl/sec. 	 . , . ( 4.27) 

The reciprocal dependence of 	on the radius 

of gyration enphasIses again how the higher spectrum 

frequencies may be of Importance for large beam like 

sTructures ( K large) when the frequency 5 may be 

of the order of the frequency of exciting forces, 

4.5.2. seam with ee-Lnds 

The roots of the transcendental frequency equation 

for the free-ended beam are not so irmnediately 

apparent as those of the pin-ended beam and son 

consideration will, need to be given to the nature of 

the equations both below and above the critical 



frequency. 

The frequency equations (14.21) and (14.22) can 

be rewritten in non-dimensional form as 

taft~

_ 	

I(&r 	t) 

	

22) 	 .. . (.28) 

fan 	

-

ta' 
	 . 

, (!.29) 

The roots of these equations are not available 

by inspection, as in the case of the pinended beam, 

and resort muot be made to numerical or graphical 

methods. For this purpose, it is des1rble to 

have plots of the parameters 	nd qj versus the 

frequency parameter 41L • 	These are easily drawn 

up from the :;quations defining 	and ct (equation 

(4.12)), and can be constructed for various () 
ratios for any chosen value of 

A set of these curves for v = 0.29 v 7, = -- are 

shown in Figure (o ). Decreasing slenderness of the 

beam brings the qI
zero towards the origin, for each 

case 	becoming zero at the value 	corresponding 

to the critical frequency: beyond this point the 

imaginary values of 	are plotted below the 	axis. 

At large values of 	the ifcurves become asynptotic 

to the 	line for (k) = 0 • The uf curves are t 	 1=1C 

less affected by (.-) changes and all bocome asymptotic 

to 	 for large values of 

With the aid of these curves, various values 
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of 	can be chosen and the two sides of equation 

(4.28) and (1,29) can be plotted separately as 

functions of 	; the intersections of the two 

functions will define the natural frequencies. 

Now for equation (4.28) tankjj will necessarily 

be between zero and (+I ) , ani since the coefficient 

? (,zr + 

,J zf 

Of 	 is essentially 

positive, there will he a root to 4,28 somewhere be-

tween ,,J=and ,wt=-- where WL is an odd integer.  

Thus  within a ait interval of 	ve expect 2 roots. 

Por equrtion (4.29) it is not possible to say 

how many roots can be expected in general in any 

interval of Al , because the answer will depend on 

the relative periods of ff and 	within the interval. 

Obviously if the period of 4 is very large compared 

with that of 	, then we can expect about the same 

number of roots in an interval of 	as from equation 

(L1..28), except in regions close to 	= 	('t odd) 

where an extra root may be obtained due to the sudden 

change in sign of tartr' • However, examination 

of the 	& q,l versus 	curves,ehows that due 

to the rapid increase of rf beyond 4'c , the 

periods are of the same order as the ,ui periods, 

and generally, in each range of it of 	, there will 

TL fall an 	= TE-- value, thus providing in each 

range of it of p1  an additional roots  

Thus tentatively we can say that within a 



reasonable range of /A (or frequency) equation (4.29) 

willrovide more roots than equation (4028). The 

extra roots will interrupt the normal progression 

of roots and will belong to the second spectrum, 

as was found for the pin-ended beam by a less 

specious argument, 

Beam wlth Niastle nd Supports. 

The previous argument for the existence of a 

second frequency spectrum in the free beam frequency 

equation, with an obvious extension to the ease when 

the ends are elastically supported in deflection, 

can also be put forward by the following .method 

If the frequency equation (4,16) is modified 

for the region 4i> 	it becomes 
16  

(EA) (_)() 	- 	 t 

+ 	 0 

If the products of trigonometric functions are now 

written as aums, this equation can be reduced to the 

- 
where 

F2 	
I( 	

z) 	e)j
+  ( ( 

qZ o)(fr rz))Z 

(- 	/+r (tr2)) + ( 



and J,  and J2  are phase angles defined by, 

= tcrn 	 tavEA 

It can be seen that F;, F always, the values 

depending on the spring constant X , while ' 	and 

will lie between zero and 
a 

For pin-ends A is made very large so that 

end 	both tend to f and F. - F; so that in the 

11at, the pin end frequency equation becomes 

_5[(+d)-]+ svt[(tvLY)+1] = 0 ,,.(4.31) 

Equation (4.31) can also be deduced from the equation 

For free-ends A isnude vanishingly small and 

the equation is 

- sin 0  4. 	 Jj:: sL%(i_vf) 	0 ..0(4hfr32) 

in which case 

, (t- z) - ir  (w -Y-2) 

F; , (fr - 	+ r (W- rz) 

Thus from (401), the natural frequencies 

for the pin-ended beam are obtained at the inter-

sections of two sine curves of different (and continu-

ously varying) perioda, and of equal amlites 

(if considered plotted to a base of Y for example), 

From (4.32), natural frequencies for the free-ended 



beam are obtained by reducing by the factor 

the amplitude of the sine wave of larger perio(1, and 

by shifting the relative phase of the curves. 	Due 

consideration will show that over a reasonable interval 

of t4 , both these operations will leave the number 

of intersections within the interval unaffected.. But 

it is already known by studying 0.01)  in the form of 

(4.20) that the number of roots is increased when 

thus introducing a second spectrum of 

frequencies, so this must also be true for (4.32) 

the free beam, and similarly for equation (14,30), 

the elastically supported beam. 

From these considerations then it can be said 

that the free ended beam also demonstrates the double 

frequency spectrum that is predicted for the pin-ended 

beam. This is also true for the beam with elastically 

supported ends 

It should be noted that what has gone before 

has concerned only the nunber of frequencies and has 

not said anything about the shape functions accompany-

ing these frequencies. These would need to be 

evaluated separately from apace function expressions, 
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5. 	ME.. 804T.T ION OP TW 	TIPN wrcn INC LUDE 

JLAT,QTIOZ 

5.1. Dypn 	t 	gundry Q pridltio. 

5.1.1. 	ductozy The solution to the 

equation (3.37) which includes the effects of rotatory 

Inertias  shear, and an independent lateral motion 

will now be considered. In this case, three 

quantities or end conditions must be specified for 

each end of the beam, The plane ends of the beam 

being assumed parallel to the YZ plane, the boundary 

conditions at these ends from equations (3,3) reduce 

to 

o-x =x 	; 	'( 

since the direction-cosines of the external normal 

on the Y and Z directions are zero, 

The solution to the differential equation (3  37) 

will be found to have six arbitrary coiistant so that 

three conditions at either end will be needed to 

define them. 

The equations representing the various end 

conditions can now be drawn up from the equilibrium 

equations after the manner of section 

1.2 Zero Lateral her Force JJor.x Beam. 

.Firatly it can be observed that for surely 

zwise bonding vibrations there should be no nett 

lateral (Y-wise) shear force at any cross section 

of the beam. 



This can be represented syribo1ica11y as 

for all relevant values of x, 

Substitution of the aesud displaceuents (3.30) 

in (5,2) gives 

çc, 	a cidz. = 0 

or IY =o 

where I, is the product of inertia 

of the cross section, and since sections with symmetry ,  

about at least one axis are considered in this theory, 

the condition (5.3) and hence (5,2) will always be 

satisfied. 

5,1,3. jEnnMrge Sheax force in te 	of 

i4ent. 

By definition the ehear force over any cross 

section of the bemi is given by 

which is the simplified form of 

jfr.~. d ~j J z 	when it is assumed that t 2. Is 

not a function of j and that the section width 6 

varies little with z 

The Integral of (5,4) appears in the ndifIed 

form of the fIrit equilibrium equation of section 3.7 
giving, 

frxz da f6z4z ~/bzz 
z 	 - 

fL,.0 .zciz 	
...(5s5) 



- 

If the relevant displacement coxrponents (3.30) are 
substituted in (5.5) and the operator 	replaced 

by 	( ) the circular fre(!.uency), (5.5) becomes 

The third equilibrium equation (3.31) gives 

=_eT GA.f(x) 	 ...(5.7) 

while by definition 

AG 

Eliminating 	, (5,6) reduces to the form 

( -9~—L")  = El, 	- El, 
R + iAG 	~X3 	 El 3x 

To eliminate the term in (~i)  from (5,8) recourse is 
made to the equations (3,) and (3.35) from which 

can be deduced the result 

E41 	 4- 
LA kx) [EGA - 	 -JG 

	

- 	

y 

4 

1,  ift + G
j 
	- 

Al E 

(599) can be differentiated and substituted in 

(5.8) to give the complete eqression for shear force 

at any point along the length of the beam. 

5.1.4. Bendjrloent in Terms of Disj.1ement. 

By definition the bending moment at any cross 

section of the beam is given by 



M fo.b.zdz 

UsinL, the assumed displacement form for itt. 

(equation (3.30)), (5.10) becomes 

M=_Efz5z 

From the final equilibrium equation (3.32) or from 

(3.33) directly 

kkr 
X 

I 	 and t1w expresion for fc1x is 

available from equation (50). Substituting these 

results in (5.11) gives the final result, 

_______________ 

F 
LA LE4 M 	- EI 	

tE 
	Iy 

A - 	Iy (i - + -L) JG 	
- 	
I 

+ La. ~e KIL"(+)+ Ur 	 A) •..(5.12) '1G 

5,1.5w Later-al Ste 	3Lress t. 

Since thia stress does not apeer in the derivation 

of the Tiishenko equation there is no boundary 

condition referring to it and here we are left with 

a certain arbitrariness as to what should be considered 

suitable end conditions for r,, for each of the 

standard types of bearn. 

Apparently it is suitable for a free end to put 

the condition -r= 0 which should be exactly true 

since there are no external forces. 



For pinned-ends, the end can be imagined con-

strained to maintain its undistorted shape so that v 

is zero and also so that (T/\) is zero which 

iir&lies zero curvature of v- at the ends. These also 

seem reasonable conditions for a fixed end. 

5.1.6 Standard n4Qitjgne. 

The standard end conditions are thus defined as 

Pinned End:- w= 0 	; 0orI1 - 0 ; 	 = 0 
bX 

Fixed Ind:- 	Q 	; 4) = 0 ; 	 = 0 

Free d: o- cn- N1= 0; 	or 4) = 0; - = 0 

The above equations are all contained in the 

eqwtions following 

Displacement Zero 	 o 

Bending Slope Zero 	

+ (± 	= o 

Bending Moment or o- Zero 
2 	 _________________ 	

G \ CT 	 11 	6x~  E:) 

A)] o 
Shear Pores or rnix Zero 

(If 	zero also) 	8w 
+ 

2 

	 - 

TZerO 
Ely + 	EI 	L 

+ 	
- A. -3X, 3X3 G Ii 	= o 

Th lust equation di eietiuted v.ith respect to 

z gives the condition for 	X 	zero. 

When u- Is zero the latter part of the condition 
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for (:Y, zero disappears, 

5.2, Sojyja& the guatin, 

The differential equation for which a solution 

Is sought is 
__ tr/'ç Z 

it 

	

El 	- 	 (Ely +eIy 	
± G 

'V 

4- 

± 	 +
- -eAl - 	

+ - 	 ôt 	,t' 
31 	0 

Assuming a displacement harnonic with respect to time 

and of circular frequency JD , the dis.placcrnent can be 

taken in the form 

W(x).c4sk. 

Again making the substitutions of (4,9) 

+2 = 

E 
Plc 

Fr 

and assuming exyonential solutions 

of the type A2", and writing 	> 	, the 

I auxiliary equation for the differential equation 

buc oxus, 

	

+ 	c2t 2(IS) 	+ ~ ~,~(P+ S+O)- q,2-(20< + 0~~)i 

The three roots of this cubic in \2 
will define 

the shape function W('c) • Equation (5.14) can, 

however, be factorised to give 



- 	
- 	 k + Z( 

± 	- Z (< 
- 	

= 0 •, . (5.15) 

The Quadratic factor of (5.15) can be seen to be the 

auxiliary equation for the Tixioshenko shape function 

(see equation (14,10)), which implies that two of the 

roots to (5,34) are the a and c, roots of the Tirno-

shenko equation, as defined in (4,12), while the third 

root comes from the linear factor of (5o15), 

Thua the shape function W(x) can be vri&'ten as 

follows, 

W(r) = A,stn"UX~ Acos, i- A3 inki,r + Asc,z -s- 	+ COACX 

or 

WP = Asin,ix +Acos ~ A3stnrc + A.cc,rc + 	~ A. 

WP = 	+ A2cs,4u + A3snirx + Acosrx + Asl,15x + A,cosjx  

for 'JJ> 

where 
2u2. 	 1 
Rc~ = 	+ + jq~(l — + 

...(s.17) 

a(oJS) 

and, 

Y. 	2. 	 t_c2 
.,.(5,i8) 

and it has been assumed that 	is less chan unity 

so that 	- -- 



-56- 

5•3• 	c.eflgj i4it4pr for Fr 	1ea 

Qe, 

5.3.1 
The srrnieric modes of a free boaru obeying the 

differential equation (3.37) Will now be considered, 

No generality is lost by considering resonant 

equenci for which 	- , for which the shape 

function from (5,16) is 

= Asux - 	+ A3sin rz 	+ A5 	+ 

If the oi.igin of coordinates is taken at the centre 

of the beam then for syimuetric modes, only even 

frnctions of x can appear in the shape function, which, 

rewriting the constants, will becorre.  

W(xy= Acos11ux + Acosrx -- A3cos 	...(5,19) 

A1terntive1y this could have been shown by considerin 

the central (x=0) boundary conditions of zero total 

elope, zero traneverue shear force, and zero lateral 

shear, which are neoessry by conditions Of symietry. 

These lead to conditions(60f 	f 

	

= 	= (L 0 

which in turn eliminate the odd functions of x from 

the shale ftction. 

At x=J the boundary conditions ax-c. Bending 

Moment Zero, Shear Force Zero, Lateral Shear Stress 

Zero. 

From the boimdary condition equations of section 

5.1.6 these can be expressed in turn by, 
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(d2W 
(;4 	4+p)A; - 	 =0 

ç d3w 'V(' p dw j 	= 0 —r 
+ 

C, 

2.
C~W+ 	 - 	

= 0 
X2 	 X.1 

where 

.60(5.21) 

The shape function (equation (5,19)) is now 

tituted, in the guations (5.20), 	It is evident 

that since 	and r have in derived from the 

Tjrno&thiLo equ&.tlori, 

 

and sinec that equation appears, 

(multiplied by the factor F ), in the first equatIon 

of (5,20), and (differentiated) in the third; then 

these two parts of (5,20) will remain nonzero for 

only the cosSx part of the shape function,, 

Thus €quations (5,20) become 

+ A2(—)csr + 	 0 	
1 

A_2(+,)]su,t ± 

# A3[3_ s+L(l+sti 	0 ..(5,22) 

A, (o) 
- A7 (q) + A3 [- 	

+ + 	- +wlsQ= 0 

where 

-+ f(9+(+ P 51 —— 	...(5.23) 

3ettin the determinant of (5.22) equal to zero dives 

the £X*eowncy equation 



0 

(g /4) r-4 

2. 
-,h-U. SIv\t 

(42 
- 

i) 	 () cs 

. 	1' -SwU1. 	 JZ(I+)]Siiç4 

0 P+~ I 	+ 544C~ - 01-Sq 

where t.o rel1;.one between 	nd rZ of equation 

(14.43) have been used, 

The expansion of (5,2) gives the frequency 

equation 

[-9 
+ 	+ 

+ (2 
- 	

cos 	- 	 • 0 • (5.25) 

Thus. either 

I% 

	

zj 	
- ) 5144COSYf - 0 . . . (5,26) 

Equation (5.26) is the frequency equation for a free-

ended Tinoshenko beam (e.f. equation (14..22)), while 

(5027) defines a net' set of natural frequencies. 

3.2 	nded Bøn. 

Again the co-ordinate origin is taken at the 

centre of the beam so that the shape fition for 

synnetric modes  is 

WP - 	 + A2C4SYx -- A3 053 	...(5.28) 

The boundary condition equations can be obtained from 
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section 5.1.6. The assumption that the ends retain 

their shape so that v- is zero siip1ifies the equation 

for bending moment as derived in 5.1.4 and the boundaz 
I equation 	re, 	 - 

1sij1acement Zcro  

&ridiu: oment ero 

[ 	+pw] = 0 
, .. (5.29) 

( 	~) 
c)x Zero 

, 

+
— 2( 	 0 

Ld —.x 	JX1, 	
cIxz 

Substituting (5.28) in (5,29) leads to the set of 

erluations 

	

Acc 	- 	 -- A3co4 = 0 	1 
A, 	+ A2 	A 	— 	 = o 	

• 

	

A (o) + A2 (o) + A3L- S + - + 	
— )] 	= 

, 	42/ 	 22 

xpanding the determinant of (5,30) the frequency 

equation is obtained in the form 

-?- 
4( 	 x 

c25sr 	 = 0 . * a (5.31) 

Thus either 

or 	
Cos 
j 

— o 
or (c'S 

The first two equations of (5,32) define the 



natural xcjuencies for a pinned Timshenko beam, while 

the third equation defines a new spectrum of frequencies, 

tea Qrthe Die 	iQut,Qfl arj 

regency ouati 

514.1 'The Differentia u12 	The close 

relation of the differential equation (3,37) with the 

Timoshenko equation (3,16) Is interesting and is a 

consequence of the assumed displacement forms 	For, 

examining the Integrated equilibrium equations (3,32) 

it is apparent that with f(z,E) taken as zero they 

reduce to the equilibrium euations for the Timoshenko 

equation, so that one solution of system (3.32) is 

(or tr) 0, ad the Timoshenko equation*  This can 

also be seen from the'equation (3.36). 

The stresses 'r and 'r 	are not contributed 

to by the displacements M. or w so that a solution 

with zero ir is possible, When either r or ,u.. 

contrihut to 'r or 	it will no longer be osihle 

to have r zero. This can be seen from the set of 

equilibrium ecuations (3,39) for the case when ur 

contributes to 	through the medium of the anti- 

elastic curvature, The Timoshenko equation will 

therefore not be a solution to the system (3.39), 

5.4.2 Th "Ciit.ca)," Freguencjq 

There are now two "critical" frequencies, There 

is the one which appeared in the solution to the 

Timoshenko equation In section 4, defined from 

41 
I 	

*,.(5.33) 
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and there is the riticil frequency for the third 

spectrum defined. from 

The second s,ec trum begins above the frequency 

defined in (5.33), while the third one begins above 

the frem:'ency defined in (5.34). 	Since S 
and since 	is generally less than unity, the second 

critical frequency (5.34) will be higher than the 

first (5.33). It does not necessarily fOl1od that 

the fundaiintal of the third spectrum is at higher 

frequency than the fundamental of the second spectrum, 

although this will be true for xst cases (see 

section 5.4,3). 

5043, 	e Preouency Ecuatjon, for, t 1"ir. 	FeA 

The frequency equation in this case is 

(0S/.tl. CoG '(', C0SC31 	0 
The ces :['or CO

O or cosrl zero are discussed in 

section L,5, The t?irci spectrum of frequencies 

is defined by the final factor 

COS 	- 0 	 .(535) 

This is satisfied if 

- 	 ...(5.36) 

While froii (.17) and (5,18) 	(qJ 
- 	 so that 

condition (5.36) can be reduced to the form, 

fi + 

41 	~,L/Kl 
) 	

,..(5,37) 
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Equation (5.37) dein.es  the snmnetric natural 

frequencies of the third spectrum for a given () 

and Poisson's Ratio (v) • 

It ic of interest to see by how much the funda-

mental (ft = i) or (5.37) exceede the lower critical 

frequency (5,33). 

TIi 	to 'b iueen these frequcncio3 is 

/
1V  2. + (L/ 

A  +--. ) 	I i(<.' 	
.00(5.38) 

where 3+ 	is the third spectrum fwidamental and 

Equation (5.38)  is plotted on Fig. ( 9  ) 

for 	along with the ratio (4" 	of 

section, 4,5,1, 	It can be seen f*rom the figure that 

for a 	value of 3, the fundarxxmtal of the third 

spoctr.mi is at higher frequency than the ftmdanntal 

of the second spectrum for(-v)  greater than 12. 

The shape function for the pin-ended beam at 

resonance in the third spectrum can be found from the 

equation (5,30)  relating the constants A1  A2.  , sndA3. 

Equation (5.30)  shows that for csyf zero, A and 

A2.  must be zero so that the sha:.e function reduces to 

A3csc f) 	 • ( c, 39) 

It can be noted that for q 	, c054 becomes 

ostC, 	and since cosW 	Is always non-ze.o, A. 

must always be zero to satisfy the final equation of 

(5.30), 

For resonance in either of the other two spectra 



cos,t nil not be zero so ,A3  must be zero by (5.30) 

and thi shapes reduce to the appropriate functions 

as found for the Timo.sheriko equations  

Thus by (5.39) the m. of (5,37) defines the 

shape function in terms, of number of half-waves along 

the ben-m t e length. 	:1g,( 11) shows the curves o 

against ft for various () values for v1= - and '=O29. 

The curves of the othex 5 ctra re ahown for comparison. 

Beyond a certain nodal pattern, the third spectrum 

frequencies appear to be lower than the carreponding 

second spectrum frequencies: the nodal pattern where 

the two curves cross becoming of higher order as the 

(i-) ratio is increasect, 

It can also be noted that, in the range shown, 

the third spectrum lines converge slightly towards 

their respective  first spec truzn lines, while those 

of the second spectrum diverge from them, 

V. cE qrtb -Ended, 

The frequency equation for the free beam is given 

in section 5.3,1. For the Tiisknko frequencies 

where sk5f is not zero, A3  must be zero by 

equations (5.22) and the complete Tishenko solution 

both in frequency and shape function follows. This 

solution has been treated in section 

The third spectrum frequencies are defined by 

sIvlcjit - Q 

or using the definition of 	from (5.17) an (5.18) 

this can be written 
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(=l,a3,.) 40)  

Equation (5.40) defines the snunetric natural 

frequencies of the thIrd spectrum for any given () 

and (v) values. 

T1 shape function at eoni.mce can be obtained 

from equatlone (5,22), 	 th constants 

in terms of Al  

w  A, ( ( 	P 20 

	

-

Y SM 	x 

LCOSA ( rsr 	I 

	

(RO)-':'OS4 	 # # o (5*41/N 

where 	is defined in equation (5,23),  The shape 

functior.. would require to be evaluated in each e 

for It is not possible to predict the shape by exam-

ination of (5.41) as it stands, 

Vnen the frequency is less than the third 

spectrum critical frequency, SVtQ) becomes sivJicJ 

and by (5.22) AB  is necessarily zero, There is 

thus no 4 cozr4ponent in the shape function except 

during a resonance defined by sl - 0 • 
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6. $QLUTIOL T ngg,  3iW4 UQUiCY QijfiXQI$ 

6.1. 	mhenkoFee Beuu. 

6.1.1 aqneZ1.. Solutions of the frequency 

equation for the Timoshenko free-beam will be examined 

especiall;y in the neighbourhood of the critical fre- 
quency 	= 1 	00  

Different frequency curves are obtained for each 

pair of values of 	() and 3 . 	In each case plots 

are made with abscissa the frequency proportional 

factor 	
2 

Por 42 . 	the two functione 

are plotted while for 	0<2 

re plotted. Where 

,14 I and 

and -at,,J 

t(4+ f) 

IL\ 
6.1.2 JR7 20, 	As a typical case, the reson- 

ances around +c for 	= ao will be examined, 

Fig, V. 	, shows the freuicy equation curves in the 

neighbourhood 

3.097 

of the critical frequency 4 	=for 

The line of 	 can be seen to 

Intercept "9,1 at point A not far above the value of 

4 corresponding to 	= 3'2'rr • At 4& both curves 

reduce to zero. 

The next natural frequency is at the point B 

shortly above /LJ=41t and below rI=TL • Further 

frequencies occur just above 	4,i IC and Just above 

Sir • These figures show that resonances 
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are occurring more frequently above 	than below 

where resonances above each ..f ( cc) or1.t were 

the only ones encountered, 

In order to plot curves of frequency against 

some shape criterion such as the number of nodes, the 

shape functions corresponding to the resonances must 

be evaluated. 

6.14,3. Kote on the $hpe FunStjs. If the 

origin of the x-co-ordinate is taken at the centre of 

the beam and s3mxtric modes only are considered the 

shape function becomes 

dhI COSJ 

4i< 

W(X)c< j 'rtSt~4" -60SJ(& -/U1, 5' Y'L0sJk3) 

The shapes for each resonance need to be calculated 

from these equations. For the second equation the 

shape comprises two components of different periods; 

the 	 term providng more halt waves along the 

length of the beam than the term, since 

	

. 	For any resonance for which the a1itude 

of the higher frequency (in terms of distance not time) 

cozonent() is greater than that of the lower 

one, the shape corresponding to the higher one will 

predoi-iiinate# Therefore for resonances vthere 

/LLI s
.4 

	

ivu,f > 	 the number of halt waves along 

the semi-beam will usually correspond with the number 

of half waves in wt at that particular resonant 



- 

frequency. (The term "half-wave"  is used loosely 

here to refer to any shape between adjacent nodes), 

Consider for example the case treated in the 

previous section, 	Resonance A occurs just above 

= 3'TC 	and the shape function displays just 

over 3; half-waves in one half length of the beam, i.e. 

8 nodes over the whole length. Similarly resonance 

occurs above ul 41t and the shape function has 

Just over  4 half-waves in one half length and there 

are still 8 nodes on the beam at thta higher frequency. 

From this example it is obvious that the frequency/ 

shape pattern is different from that of the pin-ended 

beam. For the pinned beam there are two distinct 

spectra of frequencies corresponding to two distinct 

sets of roots of the frequency eqttation, and the first 

root of the higher spectrum starts at the lowest nodal 

shape. 	Two frequencies with the  same number of half- 

waves in their shape are widely separated, 

For the free-beam there are not the two distinct 

spectra in as much as the frecuency equation cannot be 

divided into two separate parts either of which may 

be zero, However, there is the equivalent of the two 

spectra because of the increase in the nupber of fre-

quencies above 4,,• The extra roots have shape 

patterns corresponding with their neighbouring roots 

so that similar shapes are near to each other in fre-

quency. 

A frequency/shape curve for 	O is shown 

in Pig. 3 	and shows the increase in the number of 

resonances above 4i • 
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6.1,4. -i 	3O. 

Frequency curves are also drawn up for - = 30 , 

'= 
 

032 • The roots immediately above 4' are 

illustrated in Fig. 14, and the curves follow a similar 

pattern to those of Fig. ta • for -=2O. 

However,. If the curves are inspected It will be 

seen that the YT corresponding to 5'-'rr of 	occurs 

before the 44 corresponding to 	of Yt• Therefore 

the first resonance above 	must necessarily tall 

at a value of 411  for which 	exceeds 51U • Now 

the resonance just below 4'c occurs just above 	4'zTU 

so unlike the L = E0 case, the first resonance above 

4 will have a di:Lferent shape from, the last resonance 

before 4 , 	Furthermore, the figure shows that there 

are three roots existing in the interval 

i.o, there are three roots with the sam number of 

nodes in their shape. 

It was also found that the Interval 

Is entirely contained within the interval '.2.'TV < f - 3k1t 

so that only one root occurs for which the shape function 

contains 15 colete half-raves on the length L of the 

These features are shown in the equency/shape 

curve of Fig, IS • This plot can nolonger exist as 

a set of discrete points making up a snoth curve 

but has steps and isolated points above 

6.1.5. 	 2244  

For 	= 29-4 and 	= 3-097 ; 	=occur s at 

lower 41 than 	= 5!'E 	(in contradistinction to 



the L = 30 case), The first resonance above 4' 
will therefore lie below p1 51t and will have the 

same number of complete half-waves (viz. 9) as the last 

resonance occurring before '4 • Again only one 

resonant frequency has the 15 coxrlete half-waves 

or 16 node configuraion 

The re-suiting frequency/shape curves are shoi 

in Pig. IG. . They are similar to those for . 	 30 

but the lowest frequency for 12 nodes has been shifted 

down to 10 nodes, corresponding to the shape of the 

highest resonance before 

The virtually straight line which connects the 

resonant frequencies before -j-' is not continued above 

the dotted straight line drawn in to join 

frequencies below and above 4' being at an angle to 

the lower line. 

6,2, The Ipf1uen4e of 41astic&8upport. 

6.2.1. re2t on Resonant Freguexi, 

The frequency equation (4.16 ) for the symmetric 
nodes of a beam With spring end supports can be 

written in non-diniensional form as 
p 

tan~ 

(E'Y
Lj (22 

- 	 - 	 ( 	1) 
ta 

3)tJ 
1 

tr1 
 



Without the first term on the right-band side of (6.3), 
each frequency equation is the sane as the free-beam 

equation; 30 the first term is a factor to be added 

to —ta 	(or —tcuiJJ as the case may be). (See 

equation (6.1)). The natural frequencies may thus be 

obtained from the curves for the free case, by increas- 

lug the ordinate of the 	curve by a factor 

obtainable from the equation (6.3). Inspection shows 

that this factor is always positive so its addition 

to the —A 	curve will represent a bodily lifting 

of this curve plus some distortion of it, due to the 

variation of the factor with 

For a chosen . 	value, the size of the factor 

depends on the ratio (E1Y/x, 3) ; a larger spring 

constant making for a larger factor and thus increasing 

further the natural frequencies as read off from the 

curves, 

When values corresponding to the rectangular 

experimental  bewas are considered, the factor turns 

out to'be very small. Natural frequencies above 

the fundamental are virtually unaffected, which 

Justifies referring to the beams as free at the higher 

modes. 

6.2.2. jeaqnan §apQunction. 

The shape function at resonance for the symmetric 

modes of the ela8ticafly supported beam can be 

oalculced, 	For )> '" 	it takes the form 
_ 

(E 	) 
W(iJ(1( —/o( 

EJ/TX 
3  ) 
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whore the origin of x is at 

the centre of the i)oam. Thus at resonance the beam 

will adopt a shape either with the number of nodes 

f C4 or with the number of nodes of cospi? 

depending on whether the multiplying factor of £oS r!() 

in (6,L.), in less than or greater than unity, The 

magnitude of the factor will in turn depend on the 

values of /11 and Yi at resonance, and on the ratio 

(Ely /t) 	, The relationship is coxrplicated by 

the fact that /4 and Y1 or (6.4) are dependent an 

the (EI/x3) ratio by the equation (6.3). Thus when '

sm4lt ("/t values are selected, some of the roots of 

the frequency equation will zend to those of 	- 0 

others to côsYi = 0 • ror the roots of the former 

type, the multiplying factor will be small, and for 

roots of the latter type it will be large. 

Without undertaking lengthy calculations based 

on the 	quency equation (63)  and the shape equation 

(6,14), all that can be said about the frequency/shape 

characteristic for a beam with elastic end supports 

is that for spring supports with stiffness of an 

order generally associated with the term, the frequency/ 

shape curve Will be similar to that of the free-free 

beam 	However for large stiffness (/>j small) 

the frequency/shape characteristic might  follow the 

pattern lor the pine-ended beam 

An Interesting corollary to the above is that 

for some stubby beams, it may be impossible to produce 

effectively pinned ends. Even the elasticity of the 



materials of the pin itself riay be sufficient to cause 

the frequency/shape curves to be of the free-free type. 

6.3. 	 Sotr, L.2f  the Free, Timpg1Jp_a 

equcncy Eqt&on. 

6.3,1, 	itrogucjorr Mindlin (1951) in his study 

of the flexural vibration of free crystal plates is 

let to an anisotropic version of the Timoahenko 

beam equation and hence to a similar frequency 

equation to (4.29). He presents the roots of this 

equation in the form of a set of curves relating a 

frequency factor to the (1k) of the beam. This is very 

convenient since for any chosen () in the range 

plotted, the resonant frequencies can be read off 

directly. His presentation suffers from the drawback 

that the shape functions with respect to nuxrber of 

nodes are not included. However, it will be shown 

that lines can be constructed on the diagram to 

Indicate the nodal configuration at any particular 

resonance; any frequency lying within the region 

enclosed by a given pair of lines having a certain 

nuniber of nodes. 

6.3,2o j4th qf 

In the ca-se of interests the solutions of the 

equation 

= - 	 ... (6.5) 
- 

are required. 

Proceeding in the manner of Mindlin, the following 
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substitutions are made, 

= 

After manipulation (6.5) then 8inplifiee to 

(az_ 9)tavi  = 

and the following relations are found for a 

rectinu1ar section 

(p\__ (zZ j 

It is now required to construct on the (/ , 
-plane, curves on which lie all the points satisfying 

the frequency equation (6.7) and the two relations (6.8) 

and (6,9). 

For a given beam, 	is calculated; then an a 

value is chosen and 	can be calculated from 

(6,). The roots of 	which satisfy (6.7) for these 

values can be substituted in (6.9) and the relevant - 

values calculated. This procedure is repeted as 

often as necessary for different values of a , 

The lengthy part of the conutation is that 

involved in finding the W -roots of the transcendental 

frequency equation. Recourse can be made to plotting 

the fimctlons as discussed in section 6.1 : Midlin 

also gives a method of solution by successive approx—

imations, 
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6.3,3, 1hqjir4f1cauoe of the -4ie8. 

The above calculations have been carried out for 

a rectangular section beam with 	taken as 5/6 and ii 

'.' as 0.29, for a range offrom 10 to 50 and 

(4'/) from 1 to 1,3. This is shown in Pig, 17 • 

Crossing the frequency root lines on this figure 

are the dotted lines joining points which satisfy 

(vto4c) 

These lines are determined from the relation (649) 

between 	and 	for chosen values of 

The significance of these 	lines is evident when 

the nodal configuration corresponding to any point 

on a resonance line is considered 	It was seen earlier 

in section 6,1,3 that in general, the shape at reson-

ance is mostly determined by the value of /J (or '' ) 

at the resonant frequcne. Per resonances between 

= 3. It and 4.1t for example, there will be L. nodes 

on either half-length of the beam and, more generally, 

for resonances between the lines of 	and 

, there Will be (in + 1) nodes on the 

length of the beam ( in odd), Thus roots lying between 

any pair of the ' lines will display the same number 

of nodes, 

It is interesting to check up from the diagram 

the calculations of section 6.1. In particular, it 

can be seen that at L = 30 three resonance lines are 

intersected in the band between 	and ' = 	- 

i.e. three frequencies are predicted with 12 nodes, 

When 1= is reduced to 29.4 the first resonance above 



,is in the (9 - it) 	band s, so having 10 

nodes, and only two frequencies have 12 nodes, Those 

features agree with the calculations of section 6.1, 

Some resonance points can be found actually on 

the '- lines; these we special cases. Apparently 

since 	is an odd multiple of K 	tayq must be 

infinite and for the frequency equation to hold, 2nC' 

must also be infinite or cLW must be an odd multiple 

of 	• In such oases, the shape function, which 

comprises the two coxponents cos and cosaç , will have 

a node at the free ends of the beam, since both cosy 

and cosc 	will be zero there, 

6.,4. Tie. Thir D 	equen $oltons. 

The natural frequencies in the third spectrum for 

the free ended beam can be calculated (for given 

and v values) from equation (5.40) where wt is taken 

as 1, 2, 3, ,,, successively. 

In order to plot these frequencies to a base of 

number of nodes, the shape function for each case has 

to be evaluated from equation (5.41). This equation 

shows that the shape is the a'tnation of three cosine 

curves of different wave lengths and amplitudes. In 

general, therefore, the shape will be complicated, 

and the number of nodes on the beam will depend on 

the relative amplitudes of each of the component cosine 

curves, 

For all the values calculated however, it was 

found that the c4 l) component was overwhelming, and 



hence the number of nodes appearing in the complete 

shape function will equal the number contained in 

a)sfrJ ; this feature was found also in section 6.1.3 

for the second spectrum shape functions. Due to the 

complicated nature of the expression (5,1) it is not 
00 

possible to say that 	 will always be the 

dominant conwonent; each case uIll require evaluation 

on its own, 

The third spectrum natural frequencies are shown 

in Figs. 13 , 15 , and IG *'for 	20, 30 and 29,4  

respectively, The points in each case can be seen 

to be no longer in the smooth curve of the pin-ended 

case (F±j, U ). The first resonance in the third 

spectrum has the same number of nodes as its nearest 

neighbour in frequency in the first spectrum. This 

behaviour is very similar to that of the second spectriW2 

for the free Timoshenko beam (section 6.1.3). 
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7. 141 DISP2SION OF .1fJIXUR..AL. WAVER. 

7.1. 

For an infinite train of sinusoidal flexural 

waves propagating along an infinite beam with phase 

velocity c' , the tr nsverae displacement can be taken 

in the ftn'in 

= Th.cos( — sx) 

where 

A 
( 	r' 

k - aitc 
r A 

and A is the wavelength. 

This solution (7.1) can he substituted into 

any of the diffrontia1 equations for flexural motion 

and there will result an expression relating the phase 

velocity with the wave length. 

The velocity of propagation for the energy of a 

wave packet of flexural vibrations, i.e, the group 

velocity, can be related to the phase velocity by 

the equation 

The substitution of equation (7,1)  into the 

classical equation (3.10) gives the result that 

infinitely short waves have an infinite group velocity 

which is physically impossible. The equation is 

thus suitable for long wavelengths only : however 

It does demonstrate that the velocity is dependent 
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on the wavelength or that there is dispersion. 

The effect of the rotatory inertia correction 

is to give a velocity expression which does not lead 
to infinite group velocity for very short wavelengths; 

the eression, however, is still only accurate for 

the longer wavelengths. 

discussed in Kolaky. 

The subject is further 

7.2. Propagalign Ve1octies for th Tirnogheno 

Quatign.. 

Substitution of equation (7.1) into the Timoshenkø 

equation (3.16) gives the equation 

4 	L 
t~-.( 	+v7ç = 0 - (U{# 4ZK/j 

where 

Co 	 , 00 (7.L) 
a(+v) 

Equation (7.3) definos to br&nches to the 

dispersion curves. Previous investigations seem 

to have been confined to the lower of these branches, 

the upper one being disregarded. Volterra (1955) 

ignores the upper branch, feeling that it has no 

physical significance, this decision being partly 

based on a remark by Hudson (1943) which will be 

referred to later. 

The lower branch of (7.3) is fully examined by 

Davies (1948) his results being quoted in Kolaky. 

It is shown there, that the lower branch of (7.3) is, 
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for a circular rod, a very good approximation to the 

exact solution. For infinitely short wavelengths 

the exact theory predicts a propagation velocity 

equal to the Rayleigh surface wave velocity of 

0,5764 C0 for V = 0.29 while the lower branch of 

(7,3) tends to 0.5906c0 • The higher br'nch of (7.3) 
tends to C. for very short wavelengths. 

7.3, ProRagajLon Velocities from the,4auallon vih,tch 

1]ts Lateral Inetia. 

If the expression (7.1) is substituted in the 

differential equation (3.37) the following expression 

Is obtained, 

"\' 	()((;+J _ j)!1 + + 	I ± 	 -- ".CO ) 

Z. +L ± 
L

+ 	
- 	 + SZKZ 	 () 

in which 5 and C. are defined in equation (7.4). 

Equation (7.5) can be fac tori sad into, 

1. 

Lkz) - (~' + 	 +.c]o ...(7.6) 

Thus (7.6) predicts three branches to the dispersion 

curve. The second bracketed expression can be seen 

to be the expresjon (7.3) so that tw of the branches 
of (7.0") are the branches from the Timoshenko equation 

while the third is new and is defined by 

2. 

'sd [

~~ 
Ki 
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For infinitely short wavelengths the branch (7.7) 

tends to 	511.7 c0  = c. 	the velocity of shear waves 

In the im4iuin. 

The three branches of (7.5) are shown in rig. 18 

for a circular sectioned beam of \ = 0.29 where vi 
has been taken as 

A Note on the BXqc L Theo. 

The problem of the propagation of flexural waves 

along a circular cylinder was first investigated by 

?ochlnzmsr (1876).  The frequency equation resulting 

from this exact theory was ezpressed in determinantal 

form by Bancroft (19L1), and H1son (1943) corputed the 

flexural wave dispersion curve corresponding to the 

lowest branch obtalnc.d from equation (7.6) illustrated 

in Fig, 18 , Hudson further stated that the flexural 

dispersion curve consists of just one branch, but gives 

no reason for this statement. Of this statement, 

Holden (1951) says that the many branched relation 

between wavelength and phase velocity "is true in 

particular of the flexural type of mode, and in his 

otherwise excellent treatment of flexure-4 Hudson's 

statement to the contrary must be disregarded'. 

Thus, although there is no support from the exact 

theory for the three branches of (7.6), neither is 

there any definite contradiction, 
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I1J 

Since the physical existence of higher spectra 

of bending frequencies was to be exaiined, it was 

necessary to choose a size of beam for which these 

frequencies would be experimentally available. 

Theoretically it was known that the second 

spectrum of the Timoshenko equation would begin shortly 

above the critical frequency j = 	 , so that 
P-If jw$ 

a large radius of gyration was dosirabL to reduce 

, 	However, a larger radius of gyration necess- 

arily inplies an increased flexural stiffness, and 

excitation of the vibration would become a problem 

if the beam were made too massive, A coxromise had 

therefore to be made between a low value for ,f. and 

a low value for the flexural rigidity, the decision 

being influenced by the maximum axcitation force 

known to be obtainable and by the available signal 

amplification for the vibration pick-up (see sections 

8.2 and 8.5). it was decided that a rectangular 

sectional beam of depth about L" would be suitable if 

made from mild, steel or some other material with 

a 	value of the same order; a rectangular cross 

section being amenable to theoretical treatment. A 

depth/width ratio of about 2 was chosen: it was 

feared that a lower value would make for too great 

rigidity while a higher value would be too near the 



plane-stress case and would not allow the three-

dimensional stress system to develop, The beam length 

was chosen to give a reasonable ratio about 30, 

The method of supporting the ends of the beam 

were considered. 	There are practical c!tffioulties 

involved in representing pinned or fixed end 

conditions in that as the frequency or mode of 

motion of the beam increases so also increases the 

demand for rigidity of the supports. Any elastic 

yielding will change the end conditions from pinned 

or fixed to something between these and the free case, 

Since the higher frequencies and modes were of most 

interest, it was decided not to attent to produce 

pinned or fixed ends, 

Free-ends can effectively be produced by suspension 

on long wires normal to the plane of bending, or by 

supporting on soft springs, The free end condition 

is more exactly approximated to the higher the mode of 

motion in which the beam is vibrating, a feature which 

reconnnenda the method, 

With these considerations it was decided to make 

the experimental beam effectively free ended and to 

support it at both ends on 2" x 1" x i' rectangular 

blocks of hard rubbcr, This would provide reasonable 

support for the beam, which would be necessary for the 

type of vibrator used, while still being flexible enough 

to be considered as a free end condition at the hiher 

modes of vibration. 

In the actual exoerimentai setup the rubber 
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supports stood on steel plates clamped to the keyway 

of a large lathe-bed., Fixing of the rubber was not 

required as the vibr:.tlons were never sufficiently 

severe to give accelerations approaching 'g'. 

Beams of mild steel, cast iron nd cast brass 

were made near the size indicated above. Some early 

experiments were conducted with a 60' length of 3" I 

section vibrated in its plane of greatest flexibility, 

8.2. 	Vibration 1xcite. 

It was decided to excite the beam centrally. 

This it was thought would restrict the resonances to 

the scjnnetric cases, which would simplifr experimental 

work. 

Three possible methode of excitation were con-

sidered*  These were excitation by rotating out-of-

balance masses, magnetic excitation, and excitation 

by an attached moving coil. 

Out-of-balance excitation was considered unsuit 

able because of the restricted range of frequency 

available aiL the speed squared dependence of the 

applied force, 

Magnetic excitation is very easy to apply but 

suffers from the tendanøy to excite higher harmonic 

frequencies due to its impure force output, In 

addition its use is generally restricted to magnetic 

materials, It was considered inferior to moving 

coil excitation for these reasons, 

floving coil excitation by a short attachment 



was decided on. Virtually pure sinusoidal forces 

can then be applied to the beam and if desired the 

value of the force can be obtained by calibration, 

The moving coil adds a vibrating mass to the beam but 

if the beam is large enough this mass can be neglected. 

The vibrator chosen was the emallest of a range 

produced by Goodmana Ltd., having a maximum force 

output of over 1 lb. The coil operates in the field 

of a permanent magnet, The vibrator was bolted 

onto a steel plate which was clamped to the keyway 

of the lathe-bed, A short 4 B.A. brass rod which 

screwed into the moving coil portion of the vibrator 

also screwed into a tapped hole in the centre of the 

base of the beam and was locked to the beam and 

the vibrator by nuts (see Fig. 3 ), 	Thus arose 

the necessity for lateral rigidity of the beam 

aupjorta mentioned in 8.1, since any angular movement 

of this rod might have damaged the vibrator, 

8,3, 	ittign Oir24t 

The moving coil of the vibration exciter was 

supplied with alternating current of variable 

frequency from an audio-frequency oscillator and a 

power amplifier (see Fig, 4 ), 

A Muirhead decade oscillator (type D-650-B)  was 

used. The output frequency was variable by a cycle 

at a time below 10 icc/s, and a frequency fine adjust-

ment varied the frequency within the range of 1 cycle/ 

see, Thus the frequency could be increased very 
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gradually so that resonant frequencies could be 

accurately obtained, and very sharp resonances which 

might be missed with a coarser frequency alteration 

would be notioed. 

The output from the oscillator passed through a 

power axilifier ed thence via a transformer, an 

ammeter and an on/off switch to the vibri...., toro 	The 

ammeter was used at the lower frequencies to indicate 

when the maximum safe current for the vibrator was being 

approached, 

The output from the .ower amplifier was monitored 

on a small Fhillip's oscilloscope (type GM 5655) 

which showed any distortion of the outcoming rave 

from the anplifier. Such distortion would be harmful 

to the amplifier and might affedt the vibrL.tor to 

excite higher harmonics, 

8.4, Vibration Pick-up. 

The main requirements which were considered 

desirable for the method of pick-up were: (a) the 

arranernent should allow anlitude readings to be taken 

from any point of the beam so that nodal patterns 

could be determined, (b) the presence of the pick-up 

should have a negligible effect on the beam's vibration, 

(0) the unit should be sensitive to very small 

oscillations and should be able to respond up to 

frequencies of the order of 20 Kc/s. 

Under (a) must be considered whether one pick-up 

unit, which could be varied in pOsitIon along the beam, 



or a plwality of fixed pick-ups with perhaps a 

selector switch, should be used, It was eventually 

decided that for siip1ioltya sake a single pick-up 

would be more suitable, it was further decided that 

in order to give a high degree of mobility to the 

pick-sup, displacement-sensitive response was undesirable  

as re-se ttin would be required at each point, 

In view of these features, the use of differential 

transformer, reluctance variation, capacitance 

variation, and strain gauge methods was felt to be 

urxsu1ible; while the requirement (c) of high 

sensitivity, along with the inconvenience involved, 

precluded the adoption of optical methods such as 

microscope readings. 

A velocity-sensitive pick-up became available 

in the form of a Phillips (type GbMo, 5526) moving 

coil instrument, This pick-up is actuated by a 

small movable contact pin to which the coil is attached 

internally, moving in the field of a permanent uiagnet 

The contact pin is also attached internally to a 

buckled diaphran to provide a reaction rdien the pin 

is held against the beam, A load of some 850 gins. 

is needed to start the buckling, but thereafer 

by the nature of elastic instability the increase 

in force for change of pin diselacement is negligible 

so that the instrument's own natural frequency is low 

and quite outwith the range of interest for this work. 

Although the pick-up was not recommended by the makers 

for use above 1000 cycles/sec., it was found satis- 



factory in performance up to frequencies over 20 Xe/s. 

The pick.-up was bolted to a steel plate supported 

on two wooden blocks resting on the top of the lathe-

bed (see Fig. 3 ), one to each side of the beam 

The blocks and pick-up could thus be slid bodily to 

any desired position along the beam. 

The pick-up could also be used held in the hand 

and this feature proved very useful when amplito 

distributions were being examined, 

A medical stethoscope was also used for resonant 

frequencies in the audib-range as a rough guide to 

nodal pattern. 

8050 	1ion and 	of 

The output from the pick-up *as led to a Phillips' 

"amplitude measuring apparatus" (type G1111 5522) which 

can be used for calibration of the pick-up and also 

can differentiate or integrate the incoming signal 

so that an output proportional to the acceleration 

or the displacement of the pick-up point can be 

obtaIned. At the high frequencies used, the accel-

eration-proportional output proved to give the 

largest signal, 

The output from this apparatus was then passed 

through a Phillips battery operated pro-amplifier 

(typo G.M, 14570); this could be set to give a signal 

amplification of 4ther 8 or 35 times, approxiznately. 

The amplified output was then passes into the 

first amplifier of a Cossor 1035 A,C, double beam 



oicilloscope via a coidenser in series and a parallel 

resistance to earth. 	The inclusion of these circuit 

elements conetjtu.ted a simple high frequency pass 

filter which very effectively eliminated a considerable 

50 cycle hum,, Since the frequencies of interest were 

very much greater than 50 c.p.a,, the filter did not 

interfere with the important part of the incoming 

signal. 

The output from the first amplifier of the 

oscilloscope was then passed via a similar high pass 

kilter into the second amplifier, the output of which 

was displayed on the oscilloscope screen, 

The total amplification of the pick-up output 

vol- age was thus very gTeat, The maximum gains 

available from the two oscilloscope amplifiers were 

in the region of 3000 and 30 respectively, so that 

arranged in cascade the gain was of the order of 

90 9 000, The pre-amplifier further increased this 

value so that between the "differentiating hOxte 

and the oscilloscope screen, the total amplification 

was of the order of 3 x  106 	This enabled the very 

small oscillations obtaining at the higher frequencies 

to be displayed on the oscilloscope screen. 
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9. 	XPRI.iTiL iROC)URE. 

9.1. The Resonant .FQuencie. 

The apparatus was run for about fifteen minutes 

prior to any eqerimenta since the resonant fre-

quencies were inclined to wander slightly irriediate1y I  

after switching on. 

The pick-up was usually placed at the centre 

of the upper face of the beain,a position at which it 

should pick up the maximum an1itude of syrnmctric 

modes. 	If anti oyrrtric modes we&; being examined, 

the pick-up was placed a few inches from the centre 

of the beam to avoid the node there. The resonant 

frequencies were virtually unaffected by the position 

of the pick-up along the beam. 

The oscillator frequency was increased from a low 

value and the oscilloscope trace watched for signs 

of a resonance, any frequency at which a maximum in 

the trace length occurred being considered as a 

resonant frequency. For frequencies below 10 Kc/s 

the frequency was increased by 1 cycle/sec increments 

and for frequencies gTeatcr than 10 Kc/s, a frequency 

Increment of 10 cycles/see, was made and the frequency 

fine edjuatment control then used to sweep continuously 

through the 10 cycle frequency range, 

When a resonance was located, the frequency was 

set to give maximum an1itude on the oscilloscope 

trace, after which the beam was examined for nodal 

configuration. 
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At the high frequencies when the beam response 

was low, the maximum output from the oscillator end 

power amplifier that was consistent with 4iaintaining 

an undistorted waveform, as shown on the monitor 

oscilloscope, was used, 

9.2. Discrimination between .Type of Resonance. 

It was found that all the possible modes of 

vibration for a bar were being excited. The anti-

sjmmetric, bending modes and the torsion modes were 

presumably excited by virtue of slight assyninetry 

in the excitation, or in the bar itself, Extensional 

modes would be excited because the vibrator was forcing 

the lateral contraction associated with longitudinal 

motion. 

With an these different modes being excited, 

some method of classifying resonances was necessary. 

At a given resonice this was done by examining with 

the pick-up the amplitude distribution on the surfaces 

of the beam, motion in each of the co-ordinate 

directions being considered 

The following criteria were used to distinguish 

between the types. 

Bending iocIe 

On Ends:- 

u-motion, Z-wise distribution - one central 

node. 

On Flanks:- 

v-motion, Z-wise distribution - one control 

node, 
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On Upper Face:- 

w-ntion, Y-wise distribution - virtually, 

constant, 

E&teaaslga 2Iiode, 
On Ends:- 

u-ntton, Z-wise distribution - maximum 

amplitude at centre with no nodes or 

possibly two nodes. 

On Planks:- 

v-rtion Z-wise distribution - maximum 

aiwlitude at centre with no nodes or 

possibly two nodes. 

On Upper Face:- 

w-motion, Y-wise distribution - virtually 

constant, 

TprsionMg. 

On Flanks:- 

v-motion, Z-wise distribution - one 

central node. 

On Upper Pace:- 

w-ntion, Y-wise distribution - one 

central node, 

The extension mode with two nodes in the longitudinal 

motion is equivalent to the extensional mode with a 

nodal cylinder predicted by the Pocihammer Theory for 

a circular rod (see Bancroft (1914)). 

The above amplitude distributions were examined 

experimentally by exploration of the appropriate 

external faces of the beam with the pick-up held in 



the hand. The random metion of the hand was at low 

frequency and did not affect the picks-up signal, 

Two types of parasitic resonance were possible 

so that resonances had to be checked to make sure 

they were resonances or the beam, These two types 

of resonance were, contact resonance of the picks-up 

pin, and resonance of the bean) supports or vibrator 

supporting plate. 

The contact resonance is due to the ;jcks-up 

point bouncing on the beam surface and is therefore 

a function of the elasticity of the materials in 

contact. After a resonance had been found with the 

normal pick-up contact pin, a short attachment was 

fitted over the pin. This attachment is provided 

with an insulated point of a plastic material and Will 

I therefore have a different contact resonance frequency 

from the contact pin itself, Thus, If a resonance 

showed both with the attachnnt and without, it was 

considered not to be a contact resonance. The only 

resonence which was established as contact resonance 

was at 3,885 cycles/sec. 

Some very small resonances found with the pick-

up on the beam turned out to be resonance of the plate 

holding the vibrator, In these cases, the motion of 

the plate was examined with the pick-up and was feund 

to be much greater than the motion of the beam, 

No case of resonance of the plates supporting the rubber 

blocks at the ends of the beam was fond, 

Another possibility of extraneous resonance is 
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the extensional motion of the short driving rod from 

the vibrator to the beam. Considering the beam as 

a mass on the rod as a weightless iring, brief 

calculation shows that the natural frequency is well 

below the frequencies examined experimentally; while 

for the rod in extensional vibration itself, the 

calculated frequency is well above the experimental 

range, 

9.3. iQsial Dia:riutjon Patter. 

Once a resonant frequency had been located and 

its type determined by the mcthods of section 9.1, 

the distribution of nodes in the lateral (w) motion 

along the top surface of the beam was examined. To 

do this, the pick-up was held in the hand and applied 

to the beam at close intervals along its length: 

points where the oscilloscope trace was zero were 

marked as nodes. The number and location of these 

nodes were noted. 

The pick-up was thus used mainly as a null-readin,g 

instrument. It was found that with the pick-up 

placed on its 3u.pports the oscilloscope signal depended 

on the contact of the pick-up pin with the beam so 

that it was difficult to repeat arlitude readings, 

The pick-up was therefore not suitable for taking 

complete amplitude distribution curves, but was quite 

satisfactory as a null-reading device. 

For some of the lower frequencies, a stethescope 

was used as a guide to nodal configuration but the 

pick-up was always used to confirm the pattern, 
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10, 	iMNAi flESWTS. 

10,1 • Steel Deaii. 

The dinnsiona of the rectangular section steel 

beam .:ere 

Length 35065w  

Depth 4.20" 

Width 	1.861,  

from these figures an 

ratio of 294 is obtained. 

The observed resonant frequencies were classified 

in the manner outlined in section 9.2. The bending 

natural frequencies with their associated number of 

nodes on the beam are quoted in the table in section 

10.4. 

The ailitzdo of the resonances dropped off 

fairly rapidly as the 10 and 12 node configurations 

were approached and no bending resonances were £bund 

beyond the last one listed in the table. Extensional 

modesre being excited up to frequencies in the 

region of 25 Kc/s. 

The natural frequencies are plotted on Fig. 19 

which also shows some of the extension and torsion 

resonances which were pinked up. Other extension 

frequencies were found beyond the frequency range 

shown but these were not examined seriously, being 

beyond the scope of this work. 

The responses of the two 10 node frequencies were 

of the same order of magnitude; as was also the case 

for the two 12 node frequencies. 
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10,2 past Iron i3ca. 

The dimensions of the rectangular section cast-

iron beam ere 

Length 	35.60" 

Depth 	4,19"  

Vidth 	1.85" 

giving an 1= ratio of 29.41, 

The bending resonant frequencies are given in sec- 

tion 10,4 and are plotted against nodal number in 

Fig. 20 • The responses of the higher 10 node 

configuration and the 12 node configurations were 

poor, while the 14 node resonance was very small. 

This falling off in response is presumably partly a 

consequence of the high internal thwping of cast iron. 

Some of the torsion and extension frequencies 

picked up are also shown in Fig. 20 • These extensional 

frequencies marked TO had two nodes in the longitudinal, 

motion (see section 9.2), Extensional resonances 	I  

occurred very frequently in a frequency band between 

16,500 c,p,s. and 20,000 c,p.s, but were not examined 

generally, 

As in the case of the steel beam the responses of 

both frequencies with 10 nodes were of similar magnitude 

as was the case with the two 12 node frequencies, 

10.3 Brace 

The dimensions of the rectangular section brass 

beam were 

Length 	35. 6L1" 

Depth 	14.12" 

Width 	1,88" 



giving an 	ratio of 29.93. 

The bending resonant frequencies are given 

in the table in the fo11owini section and are plotted 

inFig,21 

The 12 node resonance at O,588 c.p.a*  and the l4 

node resonances at 12,156 cops. and 13,742  c,p.a. 

were very small 	the responses of the two remaining 

pairs of 12 and 14 node frequencies were much larger, 

In the region of the higher bending frequencies 

many extensional resonances occurred and several 

of these exLibited the two nodes in longitudinal motion 

mentioned above for the cast-iron beam, 	Some of 

these extensional resonances were examined for nodal 

pattern and these points are shown on Pig, 21  

In this case there were one or two resonances at 

higher frequency than those shown in the table which 

appeared to be of bending type, but their nodal pattern 

was very difficult to establish. The pick..ip trace 

at some points went to zero and at others showed a 

rninimuni and it was not possible to say which of these 

points were nodes and which were not. 

A cut of .080" was taken off the upper face 

of the beam to reduce the depth and increase the 1K 

ratio slightly, The effect of this was to change the 

natural frequencies very slightly but the number 

of nodes corresponding to each resonance remained the 

same except for the 10 node case at 9790 c.p.s, In 

this case one half of the beam displayed 6 nodes, the 

last node being very near the end of the beam, while 



the other half still had only 5 nodes, but the vibration 

amplitude at the end was very small. 	This phenomenon 

is presumably due to unhongeneousnesa in the beam 

and the new L/K  is obviously very near to the 

transition case when nodes will appear on the ends 

of the beam. Under these circumstances the 

frequency that was the second 10 node ease will move 

across and become the first 12 node case, 

10 .Li • Tb10 gg Qerverciqenc es. 

The following table includes all the observed 

bending resonances for the three rectangular section 

beams. 

N refers to the total number of nodes on the 

beam. 

Frequency (cycles per second) 

N Steel Cast-iron Brass 

2 618 L65 1 .09 

3 - 1232 - 
Li. 3047 2232 1850 

5 4550 335. 2770 

6 6182 4573 3803 

7 7858 5805 L.861 

8 9600 7057 5921 

9 119 312 8270 6952 

10 12,983 9513 8009 

11 149 506 10,663 9032 

10 159 650 11905 9790 

12 16,773 12,276 10,452 



12 10,588 

11 17,040 12,430 10 9 685 

12 18,552 13020 11,520 

iLl. - - 12,156 

114. - 14,950 12,14.98 

13 - - 12,562 

lLi. - - 13023 

lLi. - - 13,714.2 

10,5, I-Section.. eai 

As was mentioned in section 8,1 some early 

experiments were conducted with an Isection beam 

lying on its side and thus vibrated in its plane of 

greatest flexibility. 	The hard rubber blocks were 

glued to the ends of the beam and to the plates on 

the lathe bed, otherwise the apparatus used Was the 

same as that for the rectangular section beams, 

The beam was a 3" x 11" standard rolled steel 

joist and the length of the beam between the centres 

of the rubber end supports was 60". 

The curves of bending resonant frequencies are 

shown in Fin. 22 , Two spectra of frequencies were 

obtained. The amplitude distribution patterns were 

checked as being bending in each case. Por the 

higher set of frequencies it was found generally tiat 

the maximum lateral motion on the flanks of the beam 

was greater than the maximum transverse motion (,&r) 

on the upper face, while for the lower set the trans-

verse motion was always considerably greater than the 

lateral motion. 
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11.1 Qpretaxitsfbr the Reglaagalagr Ban, 

In order to compare the experimental results of 

section 10 0  for the rectangular sectioned beams, 

with the theoretical calculations of section 6; 

values for Poisson's ratio (v ), the density ( c ), 

and the elastic modulus (E) for each material have 

to be assumed, 

The value of Poisson's ratio for steel and cast-

iron has been taken as 0,29, while that for the brass 

has been taken as 0.32 (a value quoted by Love.). 

The weight densities have been taken as 0.28, 0.26, 

0.32 (lbs,/1n3) for steel, cast-iron, and brass 

respectively. To obtain an assessment of the elastic 

modulus for each metal, the following method was 

adopted. 

The expression for the extensional natural 

frequencies of a circular cylinder of length L 

are given by the equation 

$ =  

Now, while this equation is probably not accurate 

for predicting the correct values of J for a 

rectangular section, its derivative ( f/m ) will 

presuuwbly still be fairly close to the true value at 

the low modes. Thus a value of E is chosen such that 

when inserted along with the assumed value of 	in 

equation (11.1), the resulting straight line relating 



end Yn i.e parallel to the ezprinental straight 

line obtained for the lower extension ides of the 

beam in question, (see Figs, 19, 20 , 21 ). 

This procedure gives the following values for E, 

Steel 	R = 29.0 x 1 6  lbs,/ins2 , 

Cast-.iroA, R = 11,4 x 10  Ths,/ins2, 

Brass 	E = 12,3 x 106  1bs./in6 

11.2 	i.ci Natural IreQuenei.e, 

The theoretical natural frequencies have already 

been calculated in section 6 where the results are 

given in tern's of the frequency proportional parameter 

4 • 	These values can readily be converted into 

values of frequency, by the relation 

where 	is the frqucncj in cycles per second, 

Using the values for elastic modulus quoted in 

section 11.1, the conversion factors are, 

Steel 	 = 1785 iif 

Cast-iron 
	

J. = 1306 yi 

Brass 	 = 1105 t 

The calculated frequency factors shown on Figs. 

IS, 16 , are now converted by these relations and the 

following tables show both the calculated and the 

experimental values of natural frequency for each 

beam. 

Steel Bea: The values of Fig. 16 , for L7K = 29.4; 
v = 0.29, are used, N refers to the total number 
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of nodes on the beam. 

Froquenc 	(o,p. s.) 

N Experimental Calculated 

2 618 610 

Lj. 3047 3017 

6 6182 6158 

8 9600 9461 

10 12,983 12,673 

10 159650 15,315 
12 16,773 160547 

12 (3) - 160 939 
12 (3) - 17,850 
12 18,552 180099 

The number (3) indicates that a resonance belongs to 

the thtrd spec trurn 

Cast-Izyon earn: The values of Pig. 16 , for 

L7K 29,L., v= 0.29 are again used. 

Frequency (c,p. so) 

N Xxperimenta1 Calculated 

2 465 14.50 

14. 2232 2208 

6 14.573 14.507 

8 7057 6923 

10 9513 9275 

10 11,14.05 119 208 

12 12 0 276 12,109 

12 (3) - 129,396 

12 (3) - 13,063 
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12 	13020 	 13,233 

14 (3) 	 114,238 

14 	114050 	 14,539 

rss Beam: The values Of Fig. 15 , for 	= 30, 

and. V = 0.32 are ued 

Freouenc, (e,p.s.) 

N Experimental Calculated 

2 409 377 

14 1850 1856 

6 3803 3757 

8 5921 5768 

10 8009 7757 

10 9790 

12 91437 

12 10,452 10044 

12 (3) 10,588 10,420 

12 (3) 11,083 

12 119 520 11,0149 

114 (3) 12,156 12,0144 

14 12,496 12,210 

114. 	(3) 13,742 13,315 

14 13,523 13,415 

Symmetric resonances only are given in the above table 

because the calculated frequencies refer only to these 

modes. 	Generally the anti-syrrnetrj.c frequencies are 

found in the mean position between two symmetric 

resonances, 
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11,3jpcusgion. 

It can be seen from the tables that the calculated 

and experiaeital results compare reasonably well. 

The error apparent for the 2 node cases can be 

attributed to the stiffening effect of the rubber end 

supports, the calculated resilts being for free ends. 

Otherwise, the maximum error in frequency is less 

than 3 for the steel beam and the cast-iron beam, and 

just over 4: for the brass beam. 

A coapar1son of the figures in the tables for the, 

steel and cast-iron beams is made in Figs, 23 , and 

The calculated values are given by the contin- 

uous curve, though it Is to be understood that this 

curve Is meaningful only at the points where It crosses 

Integral values of N. To clarify the curves, the 

calculated third spectrum points are omitted because 

none of them were picked up experircnta1ly, 	The 

patterns of the calculated curve and the experimental 

points are very similar, in all cases, the experiment-

al frequencies are higher than those calculated. This 

may be due to slight error In the choice of - or V 

for the matorials. 

The tabulated figures for the brass beam are in 

some respects not so satisfactory. The first 

discrepancy can be seen to be that the 10 node 9790 

c.p,s, experimental resonance is predicted at 

9,437 c.p,s. but with 12 nodes, 	However, this is 

not really a serious error since previous calculation 

(section 6.) has shown that the L1 ratio of this 



bem is near the transition value then the upper 10 

node case will become a 12 node case due to the 

appearance of nodes on the ends of the beam. Slight 

error in the choosing of the Poisson's Ratio for 

example, would be sufficient to make the calculated 

shape have the wrong number of nodes, That the beam 

18 near the transition L/K is made clear by the 

remarks at the end of section 10,3. 

Also in this case three small resonances 

possibly corresponding to third spectrum frequencies 

are ibund experimentally. Their frequencies are 

near the predicted values but the lLi. node 13,742 c.p.a, 

resonance, calculated to appear at a lower frequency 

than. the I4 node second spectrum frequency, is LictwUly 

at a higher frequency; the latter resonance being 

13,523 c,p,s. The third spectrum frequencies 

obtained thus follow the calculated pattern for 

L/K  = 29,4 more than that for L/K  = 30, Taldng this 

into account along with the above note on the 10 node 

cases, it Is probable that the calculated pattern Is 

slightly In error due to a poor choice of Poisson's 

ratio, 	flowever, these remarks refer only to the 

frQquency,1shape curve pattern, and do not reflect on 

the accuracy of frequency prediction, in Fig, 25 , 

the calculated values are given by the continuous 

curve for first and second spectrum frequencies and by 

the dotted curve and the Isolated square paints for 

the third spectrum. 

The question arises as to wiy third spectrum 
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frequencies were obtained experimentally for the brass 

beam but not for the other tvo, in the first place 

It must be noted that In the brass be= these 

frequencies had a very poor rospise compared with 

neighbouring resonances not of the third spectrum. 

Now for the steel beam, the frequency of the 12 node 
I 

 resonances was greater than 17 Xe/a, and the respise 

of the beam was poor even for the 'ordinary" natural 

frequencies, so that third s,eotrum resonances would 

be too small to be observed (presuming they were of 

the same relative magnitude as for the brass beam), 

Similarly for the cast-Iron beam the response at the 

higher resonances was poor, presumably partly because 

of high Internal damping, and this lack of response 

may have been sufficient to conceal the comparatively 

small third spectrum frequencies. 

The reason for this poor response of the third 

spectrum Is thought to lie in the shape of the cross-

section used, which was probably too small in breadth. 

Had the section been broader, say a L square section 

the lateral stresses would have been better developed 

and the anticlastic curvature more pronounced, making 

the lateral inertia more U4Dortant, 

For the steel beam no bending frequencies with 

more than 12 nodes were obtained, while 14 was the 

maximum for the cast-iron and brass beams, Probably 

this is due to the limitations of the apparatus both as 

regards available exciting force and available pick-11p 

sensitivity. 	However, the possibility of a frequency 
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"cut-off" due to damping cannot be excluded, Such 

a cut-off is predicted if internal damping of the 

Voigt type is aestined for the material, More 

powerful excitation and more sensitive pick-up equip-

ment would be necessary to examine the question. 

The theory developed in section 3 f br a beam of 

near-square cross section cannot be expected to apply 

with accuracy to the H - section of this beam for 

any but the lower frequencies of the first spectrum. 

However, the two spectra obtained experimentally are 

interesting, and some general remarks can be made about 

them. 

The expermental second branch is at neither of 

the higher spectra frequencies that would be predtcted 

by the theory of section 3, By that theory neither 

of the higher spectra can begin below the critical 

frequency 	= 	which for this beam ( ' 4ç 185, 

K = 002611 ) is at very much higher frequency than 

1840 c.p,s, (where the experimental branch begins). 

However, a comparison of the shapes of the two 

curves is informative 	Firstly, it can he seen that 

the upper curve is slightly convergent on the lower one. 

As shown in Fig, II 	, this is also true for the 

theoretical third spectrum for a rectangular beam 

while the second spectrum curve diverges from the 

lowest branch, Secondly, to oimhasise the above 

point, an idea of the velocity versus wave length, or 

dispersion curves, can be obtained from the observed 
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values by plotting the quantity 	- 	against 

(M-I) 	The former quantity 13 roughly proportional 

to the flexural wave velocity (with a1ght error 

which decreases with larger N, duo to the final nodes 

not being right on the ends of the beam), and the 

latter quantity is rouily proportional to the 

reciprocal of the ways-length (the proportionality 

being -,, re exact for larger N). Curves relating 

these factors are shown in Pig. a6 , and it can be 

seen that the two curves are approaching each other 

very much meter the manner of the first and third 

branches of the dispersion curve of Fig, IS 

These two features suggest that there may be some 

relation between the third spectrum of frequencies and 

this second experimental branch for the H -beam. 

On reflection, this can b3 seen to be a reaonable 

possibility, For, in the shape of the beam we have 

what might be considered a good model to display the 

effects of lateral inevtla. During vibration, the 

lateral c uvature of the coitpart1vely flexible 

middle portion of the beam will set up rotation or the 

flanges and this rotation, :jng  about an axis parallel 

to the lon1tinal axis, will contribute to the lateral 

inertia. Thus a section of this shape, obains a 

relatively high lateral inertia for a moderate 

transverse stiffness. This feature might well be 

expected to enhance the Importance of the third 

spectrum and to lower the critical frequency for this 

spectrum. 
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In a somewhat sii4lar way a ndel could be 

devised to demonstrate the second spectrum (due to the 

influence of the longitudinal or rotatory Inertia), 

In that ease, a deep rectangular beam could be made, 

with cuts in lateral planes parallel to the YZplane, 

into both the upper and lower surfaces and at close 

Intervals along the length. Such a beam would 

exhibit a relatively high rotatory inertia for a 

moderate transverse stiffness, and would be expected 

to show the second spectrum at frequencies below the 

'4-' for the bear 

The experintal second branch of Fig, 22. , is 

of the ty. e expected for pin-ended beams since all 

the nodal can fiurat.ons of the lower br nch ax'e 

duplicated In the upper branch, 	This may be due, to 

the high relative stiffness of the rubber end supports 

which were attached to the beau, or may be a con-

sequence of the unusual cross-sectional shape. 
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12, QONQWSION W R1AR$ 

12,1 	ac pal ConeJision, 

12,1.1 Lkaorutiqal 

(a) 	It has been shown that the inclusion of 

an independent longitudinal inertia in the derivation 

of an equation for flexural vibration, leads to the 

Timashonko equation* This equation has been found 

to predict for a finite beam, different natural fre 

quencies Which have the same number of nodes. 

This duplicatIon of nodal number at resonance 

can occur only at frequencies greater than a certain 

critical frequency which is inversely proportional to the 

radius of.,: gyration of the cross.section(~'=g G 

(b) For the Timoshenko beam with pinnedends, 

the frequency equation is separable into two parts 

each defining a spectrum of frequencies. The second 

spectrum repeats the nodal patterns of the first 

spectrum but at higher frequency; the first resonance 

of the second spectrum has the same number of nodes 

as the fundamental of the lower spectrum, 

For the Timoshenko free'.bearn, the frequency equation 

is no longer directly separable, but there is still 

the equivalent of two spectra of frequencies because 

of the increase in the number of resonances In a given 

range above the critical frequency. The extra fre- 

quencies have shape patterns corresponding with that 

of their neighbouring frequencies so that similar 



shapes are close in frequency. Thus the first 

resonance of the second spectrum has the same number 

of nodes as its nearest neighbour in the first 

spectrum. 

(c) An extension of the theory to include the 

effects of an independent lateral inertia has provided 

another differential equation which predicts yet 

another set of natural frequencies; a third spectrum. 

The displacement fbrms assumed for this equation 

are such that the solution retains umnodified, the 

roots of the Tirtshenko equation, while still 

providing an additional root. 

From this extended theory, the shape function of 

a free beam coprieos three sinusoidal functions of 

differing periods. The shape of the beam at resonance 

deenda on which is the dominant compchcnt. Thus 

there may be five resonant frequencies with the same 

number of nodes (two of which are from the third 

eectrum), but rMre usually there Will he four 

resonances (two from the third spectrum), and 

occasionally there will be fewer, each case having 

to be considered individually. 

(a) The equation which includes the effect of 

lateral inertia gives three values for the velocity 

of propagation of flexural waves of given wave length 

that is, it defines a three branch dispersion curve, 

Two of these branches are also obtainable from the 

Timoehenko equation. For the two higher branches, 

at very small wavelengths the phase velocity tends 



to 	in the one case, and to shear v;ave elOCity 

in the other, The latter branch is the one peculiar 

to the equation with lateral inertia, 

12.,2. ExeImentL. 

The experimental frequencies and their 

correlation with the calculated frequencies have 

demonstrated fairly conclusively the physical existence 

of the second spectrum of natural frequencies for a 

free beam, as predicted by the theory. 

The experimental evidence for the thixd 

apectrum,  of frequencies is not so conclusive, it 

was detected very faintly, for only one of the three 

rectangular sectioned beams: as explained in the 

text, this may have been a result of the shape of the 

beam. However, this third spectrum type of frequency, 

which arises on account of lateral inertia effects, 

may he important for beams which in virtue of their 

crossscctional shape, can have a high lateral 

inertia daring bending, This feature is suggested 

by the 	-4- beam experiments,, 

The difference between the calculated and 

experimental frequencies is quite sxiU. The method 

for estimating E is open to some error and Poisson's 

Radio v was just guessed although It might have been 

estimated by comparing the slopes of the extension 

and torsion frequency curves. Assuming these errors 

In the choice of the elastic constants to be fairly 

small, the experiments can be said to have con.tirmed 
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the validity of the theory, at least for first and 

second spectrum frequencies. In all cases, the 

experimental frequencies were slightly greater than 

the corresponding calculated frequencies, presumably 

because of the inaccuracies in the values for the 

elastic constants, The rubber end supports would 

also tend to make the calculated frequencies somewhat 

smaller although the theory indicates that this 

effect is negligible after the first two or three 

harmonies, 

(d) The experiments have also confirmed the 

physical existence of higher modes of longitudinal 

vibration for the rectangular bars. 

12,2 k2Lui 

(a) The equation which includes lateral inertia 

is easily solved because the assumed displacement 

forms are such that its solution includes the known 

solutions of the Timoshenko equation, It may be 

found from further experiments for example, that this 

equation having the siri1est possible displacement 

forms, is not accurate enough, and, that refinements 

such as antielastic curvature or lOngitudinal dis- 

placement a function of lateral position 	 ) 

may have to be included to provide a satisfactory 

solution, In that case, the more involved differential 

equation that will be derived (c.f. equation(3,40)) 

will not contain the Timoshenko equation and the 

solution will be more complicated, 

(b) As can be seen from the figures, the plotting 



of natural frequency against number of nodes on the 

beam, although quite satisfactory for a pin-ended 

beam, gives a relatively disordered array of points 

for a froe-beam above the critical frequency*  This 

follows because the flexural nation is propagated 

at three different velocities along the beam with a 

different wave length and amplitude associated with 

each, For the free beam it appears that for all 

resonances, the lowest velocity (and shortest wave-

length) component has the largest amplitude so 

that the nodal shane always corx'espinda to this com-

ponent,*  Thus it would not be permissable to use the 

number of nodes on the beam to obtain an approximation 

to the wavelength associated with a particular fre-

quency (as was done in section 11.14 for the I— beam 

results) : in order words, the higher branches 	{:&. 

of the dispersion curve cannot be drawn from frequency 

and, nodal observations on a free-beam, Because of 

the practical difficulties involved in making an end 

effectively pinned, it follows that pulse propagation 

technique is probably the only satisfactory method 

for obtaining these dispersion curves. 

(c) The existence of higher spectra of bending 

frequencies is probably not of much practical sig- 

nificance. They may possibly require consideration 

for accurate computations of deflection response in 

impact problems, particularly on foreshortened beams 

when the second spectrum begins at a relatively low 

order of vibration. 	The experiments showed that 



- 
the response of the beam in the second spectrum was 

of the san or<Ier of magnitude as neighbouring fre-

quencies of the first spectrirni 

The experiments on the l— -beam show that the 

third spectrum frequencies may 'be important for open 

section beams where an appreciable proportion of the 

cross-sectional area is situated near vertical planes 

some distance from the longitudinal axis 	Such 

cross-sections will exaggerate the influence of 

lateral inertia and third spectrum type frequencies 

may be important. 

(a) For future investi'ation, a theory describ-

ing the vibration characteristics of beams of cross 

section of the type mentioned above, would be useful*  

Such a theory might be derived by an extension of 

the methods of section 3, that is, plausible assumptions 

could be made regarding the displacent functions, 

and these, substituted in the equations of equilibrium 

and integrated over the crose-seetion, would give a 

differential equation for the displacement of the beam. 

Experimentally, further work is necessary to 

examine the third spectrum frequencies for a rect- 

angular sections 	For this, a broader section than 

that used experimentally, and a greater available 

driving force would probably be required. 
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?RlNCIPA NQT\TI 

The following list defines the principal usage 

of the symbols indicated. In certain sections other 

meanings may be attached to some of the symbols but 

this will be made clear in the relevant portions of 

the text, 

The symbols are arranged in approximately the 

order in which they appear in the text, 

, 	Oz Direct stress components 

, 	rxz Shear stress components 

£ Young's Modulus 

G Rigidity 1,71,odulus 

V Poisson's Ratio 

ur Longitudinal (X..wioe), lateral 
-wise, and transverse 
R-wise~ $ displacenent 
components. 

X, 	Y , 	Z Cartesian co-ordinate axes. 
(See Pig, 5 	) 

Z Coordinates 

Lass Density 

t Tine 

b Section breadth (Ywiae) 

Second iment of area of cross- 
section about YY', 

A Area of cross-section 

(x,t) Functions representing bending 
slope and neutral axis shear 
slope respectively 

I Timoshenko shear coefficient. 

Function represeTiting dis- 
tortion of cross-sections, 



34/ I 

C 

Constants for cx'osssection. 

Deflection of neutral line of 
beam. 

Second moment of area of cross-
section about ZZ'. 

Shear force over any cross-
section 

Banding moment at any cross-
section, 

Circular freouency 

(P/air) 

Shape function corresponding 
to ur(x,) 

a 

(/E) ; frequency pro-
portional parameter. 

Radius of gyration of section 
about YY'. 

( I/Kz) 

(E/1G 

Constants (1 = 11  2, 3, 

Parameters defined in terms of 
; see equations 

(4.12) and (L.l9). 

Total length of beam 

Spring constant. 

Fe al tive integer, 

paran:eter defining 
the 'critical" frequency. 

I  zfr (nG)'2. 
: "critical" 

frequency. 

Fund anen tal frea uenc lee 
(parametric) of the second and 
third spectra respectively. 

= 2(I#v) 

Parameters defincd by 



A 	 V:aveiertgth o1? flexural waves 

S 	 (/A 

Ct 	C.9 	Phase velocity, group velocity, 
of flexural waves, 

s-I  
iG \ 

C,. 

N 	 Integer; total number of 
nodes on beam, 
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