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Abstract

1 present a simple Simultaneous Abstraction Calculus,' where the familiar A-
abstraction over single variables is replaced by abstraction over whole sets of
them. Terms are applied to partial assignments of objects to variables. Variants
of the system are investigated and compared, with respect to their semantic and
proof theoretic properties.

The system overcomes the strict ordering requirements of the standard A-
calculus, and is shown to provide the kind of “non selective” binding needed for
Dynamic Montague Grammar and Discourse Representation Theary. Tt is closely
related to a more complex system. due to Peter Aczel and Rachel TL.Lunnon. and
can be used for Situation Theory in a similar way. | present versions of these the-
ories within an axiomatic, property theoretic framework, based on Aczels Frege
Structures.

The aim of this work is to provide the means for integrating various semantic
theories within a formal framewaork, so that they can share what is common

bhetween them. and adopt from each other what is compatible with them.

TFarlier versions of parts of this work have been previausly published by the au-
thor under the title A Simultaneous Abstraction Calculus and Theories of Semantics, in
[Coaper & Groenendijk 1994], and slightly updated in [Seligman et al. 1995]. The complete
draft, befare carrections, has also been published under the current title, in [Coaper et al. 1996].
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Chapter 1
Introduction

Linguistic semantics seems to have becoame a true Babel of newly invented and
ever changing logical formalisms, where much research is dedicated to the business
of translating between them. T will add another two or three formalisms to the
Tist. Yet my aim is not to increase the confusion. but rather to reduce it. by
giving not so much a particular semantic formalism but a formal framework in
which various semantic theories can be cast, in a way that allows them to share
explicitly what they have in common. My faint hope is to regain some of the
unity in semantics that has heen lost over the last decade or so, during which
the authority of Mantague's Higher Order Tntensional T.ogic (IT.) was so badly
eroded. The proposed systems contain no really new ideas, but rather steal
elements of existing formalisms and put them together so that their common
roots are clearly exposed. The most prominent common feature of the thearies
discussed in this work is their use of same form of simultaneous abstraction. T will
give (variations of) a formal system of simultaneous abstraction and application,
as the backbone for a set of theories which are obtained by the addition of axioms

of truth, following the lead of Property Theory.

1.1 Basic Assumptions

let me briefly outline the underlying philosophical assumptions of this work. 1

waon't attempt to defend them here. as that would be another thesis.
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I will be concerned with theories of meaning that fit into the wider realm of
denotational semantics. 1 take it that utterances in some natural language are
related, in virtue of their phonological, syntactic and contextual features, to their
contents (meanings). which are relatively abstract objects such as propositions.
in the paradigm case of assertoric sentences. What propositions are is a matter
open to dispute, but I take it to be fundamental for them to be capable of heing
true or false, thus taking us to a truth conditional form of semantics. A semantic
theory should make predictions of the kind that given certain things being true
certain other things having to be true as well, which are to be judged against
intuitions about logical consequence.

How to precisely make the links between meaning, truth, and logical conse-
quence within this broader paradigm of semantics is again a matter of debate.
Most widely known theories take the model theoretic line, following Tarski, and
use some formal language to facilitate the interpretation. Togical consequences
are then regarded as preserving truth under the reinterpretation of the non-logical
symbols of that language. T do not wish to subscribe to this Tarski-Bolzano view
of logic, for reasons given in [Etchemendy 1990], and thus refrain from defining
logical consequence along those lines. T follow Etchemendy's view that an ade-
quate theory of meaning must be able to separate out changes of meaning from
changes of the way things are in the world, and the latter seem to lie at the
heart of logic as T understand it. In following Property Theory, in the form of
Frege Structures [Aczel 1980], T believe that this distinction is being made quite
clearly.! Still, the proposed framework is pretty much open to a Tarskian view
of logic, if ane wishes to uphold it, and T will not try to develop and defend an
alternative canception here. which would be based on the variation of circum-
stances which make propositions true, rather than the variation of the meaning
of the “non-logical” pieces of syntax.

In emphasising matters of truth T do not mean to assert that semantics is
nothing but the assignment of truth conditions to sentences, or utterances, or

that propositions are to be identified with truth conditions, or distinguishable

"One might say that meanings are fixed by the interpretation || - || in a particular A-model,
while matters of fact are reflected in the extension 7 of the truth predicate in a Frege Structure,
hased on that A-model.
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only on the basis of these. The most prominent theary which follows these coarse
grained lines, by identifying propositions with sets of logically possible worlds,
has long been known to suffer from fundamental inadequacies in the analysis of
propositional (and other) attitudes. T take it as a guiding principle of semantics
that propositions and other contents of utterances must be plausible candidates
for being the objects of our attitudes. The content of an assertion is something
a sincere and competent speaker believes, and wishes to convey to his audience,
thus hopefully contributing to the spread of knowledge in his community.

The links between the notions of content, propositions, truth, and attitudes,
as | have outlined them, are largely subscribed to by the particular semantic
theories T will discuss in this work, or they come at least close to it, if we push
them a little in this direction.

Montague Grammar (MG) for example, [Montague 1974], in most of its forms
subscribes to the identification of propositions with sets of passible worlds. These
are the ahjects of propositional attitudes. and they are truth bearers in the sense
that they may or may not contain the actual world. Versions of MG which
do not make this identification, and operate along property theoretic lines in-
stead, have been praposed, for example in [Thomason 1980] and the more recent
[Chierchia 1994]. The latter work will concern me here in particular, as it presents
a dynamic version of MG. Tt follows Dynamic Montague Grammar (DMG) of
[Groenendijk & Stokhof 1990], but takes intensionality at face value and appears
less baroque in its treatment of dynamic binding.

Discourse Representation Theory (DRT), [Kamp 1981], appears to regard
propositions as rather syntactic objects. the Discourse Representation Structures
(DRSs), whose truth is a matter of anchoring its Discourse Referents with respect
to an appropriate model. 1 propose to regard DRSs as particular kinds of rela-
tions, which are easily turned into propositions by existential quantification, or
by application (anchoring) to individuals. They are not to be confused with their
notations, although one may argue that they are almost as highly structured as

the latter. T believe this view can make sense of the kind of theory of attitudes
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envisaged in [Kamp 1990], at least to some extent, without identifying the ob-

jects of attitudes with syntactic structures.? T have no quarrel with a syntactic

theory of mind as such, but T do not think it is embodied in the meaning of our
intensional idiom.

Situation Theory (ST) [Barwise & Perry 1983] can be taken to promote the
idea that propositions have two ingredients: a situation and a state of affairs
(infon, fact). Truth depends upon the “support” of the state of affairs by the
gituation, and the actuality of the situation, if abstract “possible” situations are
admitted into the ontology. Not all versions of ST take such a narrow view
of propositions, see [Barwise & Cooper 1991], and neither do 1. With regards
to attitudes ST tends to stress the role of situations, yet it is generally agreed.
following the critique of ST in [Soames 1985]. that they do not allow us to dispense
with a highly structured view of propositions and states of affairs.

I stand in some distance to theories of “dynamic”™ semantics that stress the
changes in information states brought about by the processing of sentences. There
can be no doubt that such changes are of utmost importance, and that a theory
of meaning worth its money must say something insightful about such matters,
but this does not, on my view, relieve us fram coming up with a serious theory
of propositional contents as relata of attitudes. Tt seems to me to be in fact a
precandition for any realistic dynamic theory. DMG. DRT, and ST all seem to
conform fairly well to this traditional view. despite occasional rhetoric to the

contrary.

1.2 Why Simultaneous Abstraction?

Since Montague’s pioneering use of I. for the semantics of a fragment of English,
A-abstraction has continued to play a key role in linguistic semantics. Yet, while

(repeated) unary abstraction may be all we need for mathematical logic. it looks

2Robin Cooper takes a similar view in [Cooper 1995]. Tn contrast to him, T do not think
that simultaneous abstraction hy itself provides an analysis of what Kamp calls the “sharing”
aof discourse referents in [Kamp 1990].

Far a more radical, syntactic approach to attitudes, see [Asher 1993], who daoes not only
regard DRSs as the “language of thought”, but also takes attitude reports to refer ta these
formal structures.
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less satisfactory when we encounter linguistic applications, in particular to lan-
guages with more freedom in their word order than English. Tt is awkward, if not
genuinely inadequate, to impose a strict order on the denotations of predicative
expressions, which then has to be undone by sophisticated means, to cope with
words coming in the “wrong” order. Moreover it seems slightly puzzling how
easily logicians with Realist views on properties and relations seem to extrap-
olate the order of words of their preferred language into the structure of those
independently existing entities. Yet, my main reason for embarking into simulta-
neous abstraction is that it is already being put to good use, if often in disguised
forms, in linguistic semantics. Forms of simultaneous ahstraction seem to be at
work in the three prominent semantic approaches of the post Montagovian era
to be discussed in this thesis, namely in Discourse Representation Theory, Dy-
namic Montague Grammar, especially when it is based on the Dynamic Property
Theory (DPT) of [Chierchia 1994], and modern Situation Theory, as described
in [Barwise & Coaper 1991], with its underlying theory of abstraction (AL) de-
veloped in [Aczel & T.unnon 1991].

The basic principle of simultaneous abstraction T take to be that the A
operator takes a whole set of variables, or something to that effect, rather than
just one at a time (or a list that is easily “curried” into a sequence of singular

abstractions). To give a concrete example, we may write something like

Mz, ytlikes(z, y)

in a system like the language A of the next chapter.® The absence of any order
in {z,y} creates the problem of defining a sensible operation of application. We
may want to express the fact that Robert Parker likes Dominus. So we need a
way to unambiguously determine which of the objects rob and dom fill which of

the positions ahstracted over. The solution to this difficulty comes in the form

The reader may suspend concerns regarding the order in likes(z, y) until the coming chap-
ter. Natice though how application of likes to # and y turng an ordered relation into an
unordered one, where the variables act as identifiers for the roles of the relation.
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of application to assignments. T write the application in question as
Mz, y}. likes(z,y)) (z.rob, y.dom)

which then reduces to likes(rob, dom). Our abstracts denate, or correspond to,
functions from assignments to objects of some kind; in this case a function from
variable assignments to propositions.* Tt is instructive to regard the free vari-
ables in an open formula as a kind of paradigm case: the denotation of an open
formula is precisely a function from variable assignments to the contents of closed
expressions. QOther examples are not hard to find either.

NRSs for example are usually taken to be pairs (U, C) consisting of a set [J
of variables (the “universe of discourse markers” of the DRS) and a conjunctive
set C of “conditions”™. In giving truth conditions to DRSs the variables in U
are read as being “non-selectively” existentially quantified, but only those of the
outermost level DRS. Embedded DRSs receive all sorts of quantification over their
universes, most prominently a non-selective universal reading of the discourse
markers in U/ in a conditional of the form (U, C) = (U’ C'). Abstraction over
its universe seems thus a plausible mechanism for giving a denotation to DRSs,
which leaves the quantificational force to be fixed explicitly or implicitly by the
context in which they occur. The standard semantics for DRT does not give
an explicit denotation to DRSs, and thus seems to avoid needless complications
involving abstraction, but once we widen our horizons and allow DRSs to occur as
arguments of relations, in particular those involving attitudes, the complications
have to be faced in one way or an other. My inclination is to regard a DRS as a
term AU.C', where we abstract over an unordered set of variables U, rather than
in the one by one fashion of 1., and € expresses a fine grained conjunction of
propositions, rather than a truth value or a set of possible worlds. The content
of a DRS is thus a property in as many arguments as there are variables in its
universe.

DMG was developed to introduce ideas from DRT into the compositional

4Variables are thus used rather like key words in records. Case marking might be regarded
in this way for example, when the langnage in question employs case rather than order for the
identification of the roles of a predicate.
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framework of T1., by means of a new basic type of “states”™ which are essentially
assignments of entities to discourse markers. Chierchia’s DPT gets rid of the
states as primitives, in favor of explicit assignments which are manipulated by
means of two operators: " for abstraction, and " for application. Tn fact the
M.operator can be understood as abstracting over the infinite set of discourse

markers, while Y

applies a term to the current discourse marker assignment.
There 1s no need to be quite so restrictive in what may be abstracted over and
applied to, since the underlying idea is a perfectly general one. In our system any
set of variables can be abstracted over, and any assignment can be applied to.
This may dissolve any remaining doubts about the difference hetween variables
and discourse markers and simplifies matters by eliminating unary abstraction
and application as primitive operations from the system.

AT. finally is a system of simultaneous abstraction in which A takes one-
one mappings from labels, called “role indices”, to a kind of variables, called
“parameters”, as input to abstract over an unordered set of variables in one go.

Application is performed on assignments of objects to those labels. The ahove

example would look more like this in AT.:
Mrim= X, ro= Y)Y likes(X. V) (ry.rob, ro.dom).

The essentially simple care of simultaneous abstraction and application in AT
is obscured by same less obvious features of the system. which derive from its
historical role in modeling Situation Theory via generalizations of the non well
founded set theory of [Aczel 1988]. Tn particular the theory is developed not as
a formal language, but within a highly general setting of a theory of structured
ohjects. Some of these objects are of an especially suspect looking “indetermi-
nate” kind, namely the “parameters”. X is an operation “in the model”, which
takes role indexed sets of parameters and parametric objects into things called
“abstracts”. Much concern is devoted to the task of finding structured universes
containing such abstracts, in which systems of equations invelving those parame-
ters have unique solutions in terms of anchoring the parameters to non-parametric

objects. Given the rather different concerns of Linguistics, it is little wonder then
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that AT. has not found widespread popularity among semanticists,” wha remain
to be convinced that such sophisticated machinery is needed to achieve their
modest amhbitions. This thesis offers a hopefully more accessible system of si-
multaneous abstraction, which shares many  though perhaps not all  of Al’s

virtues, despite its comparatively simple minded, traditional design features.

1.2.1 Variables: “Bound yet Free”

A peculiar hurdle on the way to acceptance of the very idea of simultaneous

abstraction is the resulting (partial) loss of a-equivalence. For example we have

Mz, ytlikes(z,y)) #a My, z}.likes(y, 7).

This loss is an inevitable consequence of the way in which application has to
work for such terms. A renaming of variables in an ahstraction term will normally
change the ohject, as the two supposedly equivalent terms will yield different re-
sults when applied to the same assignment. For example, applying the two terms
above to (x.rob.y.dom) yields two quite different results. This should come as
no surprise. It is of course well known that free variables cannot be renamed.
Neither can the abstracted discourse markers of a DRS he changed without con-
sequences: any subsequent anaphoric link depends on the very identity of the
variables in the universe of a DRS. In the same vein no renaming is allowed for
DPT discourse markers, may they be free or in the scope of a M-abstraction. This
is easily demonstrated by an application of Y, which frees those disconrse markers

UM cancellation. Parameters in Al can be renamed. if abstracted over,

again by
but role indices cannot without changing the ohject.

I will not embark here into an argument about whether it i1s wrong to speak of
“abstraction” when there is no (full) a-equivalence, though it seems legitimate to
me to use the term even in the case of free variables. Tt is more important to see
that it is not a virtue in itself to be able to rename bound variables, as this means

that computational work has to be done to establish a trivial identity of objects.

Its virtue, as we shall see, lies in obtaining a total substitution operation, which

SRobin Cooper is the natable exception.



CHAPTER 1. INTRODUCTION 9

is essential for the full exploitation of S-equivalences.

The idea that variables may be essential to the identity of a semantic object
is certainly now fairly accepted, due toa DRT and its “dynamic” children. From
a more philosophical perspective T would argue that using variables in this way
is no more a contamination of semantic objects by non semantic concepts than
the common view that the order of arguments to a many place function should
matter. From my perspective the charge of a lack in a-equivalence exposes the

corresponding lack of permutability for the curried or otherwise ordered systems.

1.2.2 Axiomatic Semantics

Given the apparent similarities between the semantic theories mentioned, it seems
worthwhile to look for a comman framework which brings out the similarities as
well as the differences between theories like DRT, DMG, and ST more clearly and
with formal precision. The core of this framework is my Simultaneous Abstrac-
tion Calculus (SAC). Semantic thearies can he obtained from it in very much
the same way as from the L.ambda Calculus. T will pursue here an axiomatic
approach that follows the madel of Property Theory and Situation Theory in
taking the fundamental semantic notions of properties, propositions, and truth
pretty much at face value. and describes them by explicit axiomatic theories.
One advantage of this approach lies in the possibility to incrementally accumu-
late such axioms as more aspects of the structure of propositions get treated,
and more fine grained distinctions between propositions are introduced. One can
thus be formally explicit about what is common to different semantic thearies
and what 18 not. DMG and DRT for example share a common theory of identity
and propositional logic, but diverge in the kinds of quantification they emplay.
as well as in the syntax semantics interface. Some form of ST can be obtained
by developing a logic of situation types within such unsituated theories of propo-
gitions. Furthermore one can obtain results about the consistency of the various
assumptions behind different theories, allowing for safe transfer of solutions from
one to the other, such as for example the use of Situation Theoretic ideas within
DRT or DMG.

My approach is minimalist in its spirit, introducing assumptions only when
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necessary into ones theories, as explicit claims rather than implicitly into the
definition of the formalism itself. A good example of this is the lack of any
typing of our expressions. I do not want to exclude self-application and the like
right from the start from my framework, and prefer to allow for different explicit
theories that restrict the formation of meaningful propositions.

The topic of relating semantic objects to natural language utterances will
be left largely in the background. T believe that given the spirit of axiomatic
specification of this work a congenial approach would be to formalize the syntax
semantics interface in a way that leaves as much as possible open about the

precise nature of the semantic objects invalved.

1.2.3 Bealer’s Puzzle

In [Bealer 1989] George Bealer has argued that any theory which identifies prop-
erties with abstractions from propositions, as I am pursuing it, is not fine grained
enough for dealing with attitudes. To quote his example, from the proposi-
tion ‘Jane Fonda follows Rajneesh® (follow(f,r)) one can form the properties to
fondalee’ (Az. follow(f. x)) and to ‘rajneesh’ (Az. follow(x. r)). so that by func-
tional application we get that (i) ‘Jane Fonda rajneeshes’ and (ii) ‘Rajneesh fon-
dalees’ express the very same proposition ((Az. follow(z. r))(f) = follow(f.r) =
(Az. follow(f. x))(r)). Tf one agrees that it is possible to believe (i) without (i), or
at least accepts that a plausible example might be constructed along these lines,
then one has to admit that functional application, governed by the principle of
G-reduction, is guilty of erasing too many distinctions.

Bealer's solution is to use combinatars for filling and reordering argument
places, which do not generate equalities like the one between (i) and (ii) above,
but only logical equivalences between distinct propoesitions. For example instead
of using abstraction to permute a relation R into AzxAy.Ryz, with the resulting
equality Rab = (AzAy. Ryz)ba. he introduces basic operations like conv and pred,
such that predo(predo(conu(R).b).a) # predo(predo(R.a).b). but one is true
whenever the other is.

One might envisage a transfer of this approach inte an unordered setting, yet

I find it plausible that the meanings of incomplete phrases, including words like
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‘fondalee’, are learned by grasping what claim they produce in which context of
other meaningful words. Sticking to some device of abstraction, it thus seems
necessary to invoke a structure preserving notion of predication of propositional
functions to their arguments, besides the structure erasing application operation,
in order to cope with this puzzle. Bealer's intraduction of two kinds of proposi-
tions in [Bealer 1982], namely unstructured “conditions” and highly structured
“Cambridge propositions” seems to be very much in line with the above distine-
tion. T thus prefer to follow Peter Aczel, [Aczel 1989]. and distinguish application

from predication in chapter 3.

1.3 Other Frameworks

My approach is very much inspired by the work of Robin Cooper who uses the
Situation Theoretic language EKN as a framework in which various semantic
theories can be expressed, as in [Cooper 1993]. One problem with his approach
is that one seems to be committed to take a formidable number of Situation
Thearetic assumptions on bhoard in order to achieve ones often rather limited
aims. In [Cooper & Paesio 1994] an attempt is made to deal with this charge by
arranging the axioms into convenient packages, under the banner of “algebraic
gpecification,” in order to allow for a more minimalist use of the tools. Still. the
theory locks quite complex. mainly due to the use of parametric abjects with AT,
style abstraction, and the rather fundamental role that is played by situations
and “infons”. My hope is that my humbler system of abstraction and more
prominent use of propositions can make things easier to understand and to use
in applications. In fact as far T have carried out this work the number axioms
has remained so small that the use of specification methods would seem out of
proportion.

Anaother notable effort to unify the three semantic thearies mentioned ahove
is found in Reinhard Muskens’ work. He does not temper with the basic aspects
of the rigidly typed lambda calculus, but prefers to modify it to cope with the
new challenges. Thus he introduces a new basic type of “states” which by means
of some axioms are in one one correspondence with discourse marker assign-
ments. This allows him to formulate systems of DMG, [Muskens 1992], and DRT,
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[Muskens 1994], if in a somewhat indirect manner. The systems are “dynamic” in
using NPT, style relational compasition, following [Groenendijk & Stokhof 1991],
which allows to capture discourse markers to the right of the syntactic scope of
a quantifier. Otherwise he sticks to the identification of propositions with func-
tions from worlds to truth values, but in adopting a four values lattice of truth
values in [Muskens 1989] he effectively turned possible worlds into (im)paossible
gituations. This created a version of ST, which is very close to the “classical”
theory of [Barwise & Perry 1983].

I find my system as lying in between the in some sense more conservative

approach of Muskens’. and Cooper’s embrace of the unfamiliar.



Chapter 2
Simultaneous Abstraction

In this part two slightly different formalisms for simultaneous ahstraction are
introduced. First T look at the conceptually simple, if somewhat unorthadox
language A, and then at the proof theoretically more canvenient A4y, which is
equivalent to the original A, module some additional variables. 1 give a proof
theory for A 47 and show the Church Rosser property for reduction. Tinvestigate
A4y from a Combinatory logic perspective, establishing a completeness result
for it. Finally T discuss structured objects, and the solving of equations, which
may give us non well-founded ohjects.

For the full understanding of chapter three the proof theoretic sections, par-

ticularly from 2.2.3 to the end of 2.3, are not essential.

2.1 Simple Simultaneous Abstraction

2.1.1 Syntax for A

Instead of abstracting over single variables, as in standard A-calculus, we allow
A-abstraction over any set of them. Terms are applied to records that assign
terms to variables. Ways of introducing unitary abstraction and application into
such a system will be discussed later on. A purified version of the earlier oeno-
logical example, where all applications are now performed uniformly to variable

assignments, would now look like this. Tet us take z; and z; to function as the
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“liker™ and “likee” roles of our predicate ‘likes’.
(M=, y}. likes(z1.2, 20.y)) (z.70b, y.dom)
By canvention differently indexed variables are always assumed to be nan-identical.

Definition 1 The language A consists of TRRMS ¢, # . built up from basic CON-
STANTS ¢, ¢' .. and # for “undefined,” and VARTABLES 2.y ... € Var by means
of ABSTRACTION AM.t, for M C Var, and APPLICATION #(%,.1,),e7 .

Notice that terms of the language A are fairly abstract objects, containing
sets of variables and unordered records as constituents. We in fact allow infinite
sets of variables {z,},¢; to be abstracted over and also infinite records (z,.1,),es
to be applied to.! Tnfinite terms are useful for theoretical purposes, even if in
applications one will have to restrict oneself to FINITARY A, possibly extended
by short hand versions of a few selected infinitary expressions.

In writing an expression like ‘A{z1,... z,}.t" or simply {zy,...2,}.# T there-
fore do not mean to suggest that the terms denoted by these expressions have
any order in their set of abstracted variables, as one might suspect from the
indexing, and neither do I mean to imply that » is a finite number. A similar
remark holds for application terms: all indeces are part of the meta language,
and may be attached freely to terms. subject only to the convention that differ-
ent variables should be indexed differently. To give a concrete example, T take
{z1,z5}.1 to be the very same term as {z5, 1 }.£, and in the same vein #(z.11, y.15)
and #(y.12. 7.11) to be identical A-expressions. Thus A is not a language that can
be written, but a convenient abstraction over any systems of the appropriate
structure which allow for free permutation within any particular abstraction or
application. Order is only significant for multiple uses of abstraction or applica-

tion, for example syntactically (and semantically) {zi}{zs}.t # {z:}{z1}.t and
tHr )y ta) # Hy 1) (z. ).

"The notation ‘{x,},c;' stands here for the set {z,]i € 7}, not far a function from indices to
vatiables, as it is sametimes used by other authars, such as [Aczel & T.unnaon 1991].
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2.1.2 Semantics for A

The semantics for A will be a fairly straightforward variation on the semantics
of the untyped Tambda Calculus.? The crucial difference is that in our system
the objects denoted by our terms apply not to objects, but rather to partial
assignments of objects to variables. We thus need a set D of objects and a
way to apply those objects to assignments: with every object d € 1D we need
to associate a function W(d), which T call d's APPLICATIVE BEHAVIOR. telling
us which object in D is the value of applying d to which assignment. Thus ¥
is a mapping from D to (Var — D) = D. To deal with partial assignments
we assume /) comes with a distinguished element Lp that plays the role of the
“undefined object”. We write (x, = &),e7 for the function f such that f(z,) =&
for i € T and f(z) = L otherwise, and let dm(f) =4 {z|f(z) # L}. This is
enough to make sense of application for our language: ignoring free variables, we
et 407, t)erll = WU (0 = 1A Der).

To interpret an abstraction AM.t we look at the interpretation of + under
variation of the objects that may be assigned to the variables in M. In an obvious
generalisation from standard usage we define variants g‘?/' of an assignment g for
a set of variables M and an assignment f by: g’f‘/l(rj = f(x) ifz € M, otherwise
g’fw(T] = g(z). for all # € Var. Thus, given £, M and g there is a function’
Mo HqurfM € (Var — D) = D, from assignments f to the interpretation of
t under g’fw This function defines the applicative behavior of AM.t. For the
denotation of this term all that is needed 18 a member of IJ which has precisely this
applicative behavior. We thus assume a mapping ® from (Var = D) = D to D
which maps any applicative behavior i to an abject ®(u) which has this behavior.
which is to say that W(®(u)) = u. We are thus dealing with a RETRACTION
between two domains, written ) 23 ', which is a pair of mappings ¥ : D = C
and @ : C' — ) such that W o & = ids.

One final point has to be ohserved though: W o & = idn implies that & is

injective, hence |D| > |C], which means there cannot be a retraction between

2See [Hindley & Seldin 1986] for an intraduction into madels for the untyped Tamhda
Calenlns.

FThe ‘A" in the following expression is used as a symbol of the meta langnage, with the
standard meaning.
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a set ) and the full function space (Var — D) = D. One way to cut down
the size of the function space without throwing away some vital functions is to
work in the category CPO of complete partial orders with continuous functions
between them. So a DOMATIN will be understood to be a cpo with a least element
L. a mapping between cpo’'s to be continuous, and the operation — to form
the space of continuous functions, ordered pointwise. The two mappings of a
retraction are in addition required to be STRICT, that is, to preserve the hottom
element.* T.ater, in section 2.3, T will use a combinatory logic to restrict the
space of applicative behaviors without the use of domain theory. T will regard

that version of the semantics as the official one.

Definition 2 A A-MODRET consists of a retraction D 23 (Var = D) = D,
and an interpretation S which maps constants into D, with S(#) = Lp. The
denotation function || - || for terms, under a variable assignment g, is given by:

o llelr = 30e)

o |l=]? = g(=);

M
o MM =d (AL LI ),
. ”t(%'nJVE’”g = (|'J(”t”9] ({z, = ”tVHQ)VE”'

A model is NON TRIVIAL if |D] > 1. Working in CPO the denotations are

only well-defined hecause the following holds.
Theorem 1 AfoHg’fw is continuous for all terms 1.

PROOQOF: Notice that ||#|| = A,thHgim is an instance of this. We show by in-
duction that lub's A* = |]

1 leave the proof of monotonicity to the reader.

n<w hn of ascending chains of assignments are preserved.

o ANl (B*) = 8(e) = Unew Mlell (Ba):

*For mare background information on these notions see also [Batendregt 1984]. Natice that
every partial assignment function is continuous (if strict), given that Var is a flat domain with
an added L, as T will assume.
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M " M M M
o A=A = M=l = Unca 211 = Uncw AfNl2l1*7 (hn):

o VAV (B) = MLl = XY = @ g nen il
= 11 e
= BN U 177 = S U AP = Uy DAL 1] %07
= Upew IAM A = [ MFIAM 2] (B):
o ANt )1 (B7) = Itz 4 )er |95 = () (2, o 11419 )er)
= W(Upew 117 (20 = Unmew 1195 ),e7)
= (Uncw U115 (Unmew (22 = 1190 ),61)
= UnnewUncw W) ({2, = 114,19 ),e7)]
= Lo U DI (G, o (18,19 ),e7)]
= Lo WU (2, = IE15 0] = U 1, 1) |15
= Unew A ) 177 (B).

2.1.3 Basic Properties of A

Definition 3 The FREE VARTABLES of a term are defined by
o« PV() = {r};

o F'V(e)

Il
=

o FV(AM.t) = FV(t) \ M;
o FV(Hx, t)er) = FV(H) U U, FV (%),
Lemma 2 If z & FV(1) then ||[t]|? = |[t]|% for all g and d.

Soif 2 18 not free in a term # then the denatation of #isindependent of what we
assign to x, but this does not mean one could rename hound occurrences of = by
some y which is fresh for £. For example, the denotation of {z}.z is independent
of z, but |{z}.2]? # |[{y}.y||? The latter becomes clear when we apply these
two functions to suitable assignments e.g.. |[{z}z (z.a,y.0)||? = |la|? # ||B]|? =

{y}y (z.a,y.b)||9, presuming our model is non trivial.
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Definition 4 SIMULTANROUS SUBSTITUTION [s;/y;]jes (dropping the index set

when no confusion can arise) is a partially defined operation given by:

o [s;/yiljesr = s, if x = y; for some j €], otherwise x;

o [s;/ysle=r¢;

o [s;/yiljes AM.t = XM [s,/y.),ert, where T =T\ {jly;, € M},
if MU, FV(s,) = 8, otherwise undefined,”

o [s;/y5) Ha thier = [5;/950F (2205519518 eer

An example of an undefined substitution would be [y/2]{y}t,,. where replac-
ing 2 in t,, by y would give undesired results and renaming y is not a possibility.
To avaid such trouble we require a FRESH VARTARLE for a term to occur neither
free nor bound in it.

Tet us say that |= ¢ =t iff for every A-model and assignment |[£||9 = ||#]]9.

Theorem 3 There are terms t such that:

1o Az =y yn Hu /2.1,
2 EAT 2 T Tngm = {21 Tpgm 1

This 1s abvious if nan trivial models exist. For the (' 47-madels of section
2.3.2 their existence follows from the non triviality of the term model via the
Church Rosser Theorem.

I will now present a few equations, where the list is not meant to give the
axioms of a complete calculus for A. The fact that substitution is not always
defined is responsible for the difficulties in giving such a list. It means that g-
reduction cannot be exploited in many cases where one would usually expect it
to be useful. Fact 5.3, which allows for some amount of renaming of variables,
is just one example of an equation that cannot be derived from the limited -
reduction allowed by fact 5.2, because substitution is partial. Tt seems a good
idea to look for a camplete calculus for A 47, to be defined later, rather than for

A. since substitution can be totally defined in that system.

5Being nndefined is meant here in the sense of not producing any result, rather than resulting

in #.
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Lemma 4 HTHQNM = |t/ )oer |9 if [t/ 2.)sert is defined, where M = {z,},e7 and
Y= <'777 — ”tVHQ)VEW
PROQOF:

e obvious for atomic terms;

© N = @ AFIHET = @S = B Sk /e 17
= AN [ fier f1 = 6 floer AN 1]
where I' =T\ {i|z, e N}, M' = {z,}er. v = (=, = |L1")ser.
and ||4,||9 = Ht,Hg?’ for all f and all 1 € 1",

o Utyi5)ie 7 = B ) Cyy = 1197 se0)
= ‘;D(H[t,/m,}t”q]“yj — ”[n/mV}SJ”g)JEJJ = H[T,/T,} t(yJ‘SJjJEJ”g‘

O
Theorem 5 1. EAMt=ANt for N=MnNFV(#);
2 A{xhert (z54)jer = [t/ 25, # /7] eraer £,
with J' =0T and I' =T\ J, if the substitution is defined.
3. ‘: ({fy}yelt] (fyfyjyel = {2,},67[2,/.77,},6715 (nyvjvel;
where all z, are fresh.
PROQF:
1. From lemma 2.
2. By lemma 2 and 4 for every g in all A-models:
M
MMt (2.15) 560010 = SO (zy = 1151%)5e) = 122
=t/ z;. #/z)semertll®.
where M = {z, }er. v = {z; = 19 jer.
3. Again by lemma 2 and 4:
M w
[{z:her t (2 t)erll® = Nl = N[z /2] ertl*™
= IHz herla/ziert (2 t)ier |1 with M ={z.}e7. M = {2, }ier.
¥ = Az = [L1%her. and o' = (2, = [IL]%)eer
O
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2.1.4 Partial Application

It is very natural to ask for an operation for partially filling the argument roles
of a relation, leaving some of them simply open for more to come. We use the

notation #[zq.41, .., 2,.1,] for partial application. The semantics is as follows:

17, t)erll? =g ® MF (W) CFLED ).

{2, =111} 7

The following properties of partial application are of particular interest, letting

application associate to the left.

Theorem 6 1o EAnertlzgter = [t/2;)jer{s Yert, if defined,
where J'=JNT and I' =T\ J;

2. =tz blierlys-silier = Haoth ys85)er jen
where J' = J\{j|3iy; ==},

3. E e, tler(y;.s5)er = Ha b, y;.8; her jer
where J' = J\{j|3iy; ==},

4. ‘: t[mmtjbe] = {mv}velﬂt(mmt‘r '777‘»777),76,7‘767;
if Var = {z,|1 € TYU{x;|j € J}, and no z, € FV (t[z;.t;];es) fori €.

Notice that the S-conversion of partial application, as expressed in equation
No. 1, does reduce the set of abstracted variables, if the substitution is defined,
but never removes the abstraction altogether, even if the set {z,},e; is empty.

Notice also that we do not have |= #[] = £ unless # is an abstraction term.
To have this equation hold in full generality would require our models to be
EXTENSTIONAT.. For that, ¥ would have to be an injection, which turns our
retraction into an isomorphism between D and (Var — D) — D. But our
semantics is only WEAKLY EXTENSIONAL in that any two abstracts with the
same applicative hehaviar denote the same abject, as they will bath denote the
value of ® for this particular hehavior.

There seems to be a way to define partial application by means of the fourth
equation, or some variant of it which makes equally sure that any further role of

t can be filled by some further application. But this cannot be insured because
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such roles/variables might occur free in some #;.% and thus the side condition
of clause 4 will be violated. In A4y there will be no such problem for defining

partial application any more.

2.2 Aczel-Lunnon Abstraction

The language A is closely related to Barwise and Cooper's Extended Kamp Nota-
tion (EKN), see [Barwise & Cooper 1991], which is based on Aczel and Lunnon's
theory of abstraction. Tn EKN A-abstraction operates on injective functions from
a set of role indices to parameters. In the case of A those two notions are merged
inta one, the variables, which allows us to replace the injections by simple sets.

Variables thus play a double role in our system: as role identifiers and as
means for directing the values for such roles into the intended slots. We have
seen that this creates problems, as by virtue of their former function, variables
can often not be renamed and thus certain substitutions, such as [z/y]{z}t,,.
cannot be performed. A similar problem is encountered when we try to find an
abstraction term # which uses the same role z on two levels of abstraction. so
that #(z.a)(2.5) = tu. The simple idea of two abstractions {z}{z}1,, fails as the
outer rale z cannot be linked to the correct position in  for reasons of interference
with z's use as a role identifier in the inner ahstraction. Using different variables
instead creates the problem that application can no longer be to assignments to
z in both arguments.

The following system revises A by separating the two uses of variables, using
ATl.-style syntax. The old variables z.y,.. € Var will now be used as roles only,
while upper case variables, called “parameters” go into the positions of terms, to

assign values into their intended positions. Our standard example hecomes now
(MX =2, YVioy)likes(z1. X, 20.Y)) (z.70b, y.dom) |

where T have turned the mapping {z — X.y — V). as it would appear in AL,

SThey might even he free in ¢ itself, if it is not an ahstraction.
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around for convenience.” The term # we were locking for above can now be can-
structed as MY = 2)X(7 — z).ty . Tt thus seems possible that such a move may
increase the expressivity for our system. T will show that the new language A4y
s in fact equivalent to the old A. modulo some additional variables, but the proof

theory is sufficiently simpler for the new language to warrant it's introduction.

Definition 5 The TRRMS . #. . of A 47 are built up from CONSTANTS ¢, #. . and
PARAMETERS X. Y. .. by means of ABSTRACTION Ax.t over injective functions x

from parameters to variables (=roles), and APPLICATION #(z,.1,),e7.

Semantically we stay in the same space of domains D =% (Var = D) = D
as for A, with the only difference being that we now interpret under assignments
of objects to parameters, called ANCHORS. and that these have to be abtained

from assignments to roles when we define the meaning of abstraction.

Definition 6 A A4;-MODEL is a A-model, where the denotation function | - ||

for terms, under an anchor g, is given by:

o lel* = 3(0);

o IX]7 = g(X);

R

o [Ax = d AL,

r—s)

. ”t(%'nJVE’”g = (|'J(”t”9](<q;, = ”tVHQ)VE”'

Given that we always have enough fresh parameters at our disposal, which
can be insured by requiring |Par| > |Var|, we can define PARTIAL APPLICATION
by

oy bler =ap MXj= 250500 Hao 25 Xiier g,

“In AT., the mappings in abstractions take roles ta parameters injectively. Tn turning them
aronnd we canld be more general, by allowingseveral parameters to he mapped to the same role,
which is equivalent to replacing those parameters with ane of them, which then gets mapped to
the role in question. Notice that assaciating one parameter with many roles in one abstraction
clearly makes no sense. My semantics for A 47 will nat presuppose injectivity, but T will assume
it here nevertheless for convenience.
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where {z;|j € J} = Var\{az,|i € T} and the X, are fresh. The resulting semantics
for partial application is the same as for the basic aperation we added to A. Naotice
that infinitary abstraction is used to achieve such expressivity.

The mave ta A 47 solves the problems with substitution in A, as substitution

can now be totally defined by means of renaming parameters, so that for example

2.2.1 Relating A, Ay, and A

The question that needs to be addressed is whether we gain more from the switch
from A to A 47 than just convenience. There might be terms in the new language
which have no equivalent in the original language A. To show that no serious
gain in expressive power is made we have to face the earlier difficulty for A again,
namely that of allowing multiple uses of roles in different levels of abstraction,
without clash of variables. Such “role recycling” is made easy in A4, by using
different parameters in a term like MV —= z)X\{Z+— z).ty5. In creating a A-term
with the same role z used twice we faced the problem of the outer abstraction in
{z}{z} 1., being vacuous, thus failing to connect z to the intended position. The
solution is to inject an intermediate role y to arrive at {z}(({y}{z}t,.) (y.2)). To
have such roles available at all times we expand our language A to A’ with its
new set of variables x.y.... € Var' = Var U Par. The idea can now be applied in

full generality.

Definition 7 The TRANSLATION [x,/X,UE, cAar = N under a substitution is
defined by:

. [){,/X'JT X, =x,;

1 €77
. [X,/XJT(S =0
. [x,/X,UE, MY = yj)jert

= (MX herMystierlyi/ Vs Xv/XvHe.mewt] (X, % e,
where K = T\ {i|3je; X, =Y;}, I' = K\ {i|3jes x, = y;},
and I'" = K 0 {i|3jer x, = y;},

. [XV/XVPt(?/.rtJ]JEJ = [XV/XJH (?/.7'[X7/X7}Tt.7].76»7'
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Tt is of course possible to interpret A 4r-terms in the expanded A'-models. So

for any such madel we have the following fact ®
Lemma 7 ||t]¢ = H[x,/X,NE,tHg”; where m = (x, = X,),e7.

PROOF: The proof proceeds by induction over A 47-terms. with the abstrac-
tion clause providing the only non-trivial step. For this let us write M for {y;};e 7.
u for {YV;=y;)jer. and @' for {x, = X,),ep. Then

1D/ X Tler MY5 = e H1°7
= IMX.her My;lierln /X y.7/Y7HEI’4,7E»7t (X, %o |97
= IMusbieala/ X0 ws/Vllense 17"
= M X/ Vil et
= @A X VTl et
= @S
= MY = y)ientl?

Translation from A to A4y is a fairly trivial matter.

Definition 8 let p: Var = Par be some fized injection. We define an injection
VoA = Aar, based on p, by

Theorem 8 A can be embedded in A 47 and A4 can be embedded in A,

Tet us turn to A, the untyped A-calculus, see [Hindley & Seldin 1986]. Tt is

clear that we can define unary abstraction AX.f and application #(#') for A7 in

#This Temma does not depend on any assumptions about the size of Par. Hence the
following encodability results go through with [Var| = |Par| = |Var'|.
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terms of a designated rale z, used solely for that purpose, as MX — z).t and
t(z.#') respectively. By the translations between A4y and A’ we see that unary
abstraction/application for A-terms can be encoded in A'* allowing us to use
expressions such as Az.f and #(#) as shorthands for A4, or A'-terms. according

to our preferences.
Corollary 9 X-abstraction and application for A-terms can be encoded in A'.1°

I will from now on take A 45 as my official language for the Simultaneous Ab-
straction Calculus, and regard the use of A as well as standard A-terms as syntac-
tic sugar. Qccurrences of small variables x as terms, or in abstractions Az.t and
M. x, ..}t can be taken as shorthands for their correspending *-translations
into Ay, based on the “upper-case” mapping from variables to parameters, and

the encoding of A.

2.2.2 Proof Theory for A,;

The complications in clause three of the translation from A4z to A indicate
why a complete and reasonably simple set of equations for A will be hard to
find. The slightly more complex language A 47 seems more suitable for this task.
The notions of free parameters and substitution are assumed to be defined in
straightforward adaption of these notions from the A-calculus, to be found in

[Hindley & Seldin 1986].

Tt is obvious that M-terms, far example AzAy.zy, cannot he encoded in A in the naive way,
as Ma}My}.2(2.y) or something of similar simplicity. Tf we follow the path suggested, via
A4z, the example term hecomes MX = 2) MY = 2).X(2.Y). Translation into A’ proceeds as
follows:

DIMX o 2) MY —=2).X(2.Y)
UMM/ XTMY = 2). X (V) () =
M/ XITMY = 2). X (2.Y) =

MaHO{ XMz [/ YITX (2. V))(X2)) =
MzHMXIMzE X (2.2)) (X 2)).

Notice that the a-equivalence of Azdy.zy and Azx'dy.r’y becomes, under this encading,
an instance of Theorem 5.3, which allows us to rename X by X' in the resulting A’-term.

10The infinitary nature of A, and the treatment of application to over and nunder defined
assignments, rule out a similarly straightforward encoding in A. T have not investigated the
matter any further. Naotice that A is encoded in finitary Agaz).
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Definition 9 We write Az b5 t = ' iff t = ' can be derived when the set of
equations Az is added to the caleulus below. t =g ' stands for Fg t = ', and
to>t iff Fgt =1t can be proved without using R1.

Al t=1t;

A2 Haz, b, 2. F# ) er er =tz er,
A3 Ayt =Xt for € = X\W('t;
Ad MX, =3t = MY = n,)e0 [V Xoert for fresh Y, 's;

A5 MX,oaert (75.85)jer = [/ X #) Xjeraert
with ' =J0T and I' =T\ .J;

A6 #(z;t)e5 = #;
AT M =#;
R1i=1¢ /=1

R2t=# ¢ =41 /t=1"

R3 t=t,s,=s (i €T) ]tz .8)er =t (x.5)er;
R4 t =1/ Ayt =t

Given infinitary terms, we are stretching the notion of “proof” somewhat with
this system: “Being a proof” is not recursive, as termhoad is not, and we also
have a potentially infinitary rule R3. Tf we restrict the calculus to equations
between finite terms we get a notion of proof which is much better behaved. 1
will call that system the FINITARY S-CAT.CULUS.'" Notice that S-reduction of a
finite term never praduces an infinite ane, even in the infinitary calculus, as there
is no Axiom or rule other than R1. by which to obtain an equation + = s between

a finite # and an infinite s from equations that are not of this form.

Theorem 10 (Soundness) t=gt' = =t=1.

"'t is clear that “having a proof” is nat going to he recursive even for the finitary caleulus,
by the embedding of A in finitary A4z
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2.2.3 The Church Rosser Theorem

The reduction relation B> is of crucial importance for computational concerns, as
it provides us with a way of simplifying terms, possibly to a normal form, which is
a term that cannot be further reduced. By the embedding of the A-calculus, given
earlier, it is obvious though that reduction does not always lead to smaller terms,
or terminate at some narmal form "2 Tn such a situation it is highly desirable to be
sure that reduction cannot lead into blind alleys, from which a possibly existing
normal form cannot be found. Tt is also critical to have a unique one, if existent, at
least up to the renaming of bound parameters. Both these facts are consequences
of the CHURCH ROSSER PROPERTY, or CONFLUENCE, of the calculus, which says
that any two terms that are f-equal reduce to a common term. The following
proof uses Tait's method, as described in [Hindley & Seldin 1986], to establish
confluence for reduction, and may be skipped without loss for the understanding

of later sections.

Definition 10 1. A REDEX is an occurrence of a term t, possibly inside an

other term s, which can be contracted by one of the arioms A2, A3, A5, A6, AT.

2.t =, t iff t =t can be proved from A1, A4 R1 .. R4 This is called a

CHANGE OF BOUND PARAMETERS.

3t ant iff t =+ can be proved from A1, R1. .. R4 and a single contraction
of areder v int by An, where n € {2,3,5,6,7}. This is called a ONE STEP

REDUCTION of t over redex r.

A reduction #> # can thus be split into a sequence of changes of hound
parameters and one step reductions. From a aone step reduction of # to # we get
various RESINUALS r’ of accurrences of terms 7 in £. T.et s be the redex contracted

ta s’ in a one step reduction:
e if rig not part of s or vice versa then the unchanged r is r's residual;

e if r = s then r has no residual:

"2For example take ¢t = (Az.f(zx))(Az. f(xx)), which reduces to ¢t > ft > f(ft) > ... without
ever finding a normal form.
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o if s is contained in r then the v’ which results from replacing s by s’ in r is

r's residual;
e the case of r being part of s will not he relevant here.

The notion of residuals is transitively extended to sequences of ane step re-

ductions.

Definition 11 A4 MINIMAT. COMPLETE DEVELOPMENT (MCD) for a term t and
a set of redexes vy, ... vy, in t is a sequence of one step reductions, one per r,,
such that any residual ! of a redex v, 1s coniracted after every residual r‘; of any
redex vy inside r,."* This may be followed by some changes of bound parameters.

We write t Dyeq s iff there is an med for t resulting in s.

Lemma 11 1. t>s = FP(s) C FP(1).
2ot=at'Ns,=asi (1 E€T) = [s,/ X ]sert =a [s/ X ]iert.
S At ped SAE =0t = DS,
Lemma 12 Dyt As, Dpea st (1 €T) =[5,/ X sert Domea [0/ X ]oert

PROOF: By the previous lemma we can assume without loss of generality
that no X, or free parameter of any s, (and thus of any s!) is bound in ¢. Also

we may assume the given med’s not to contain any a-steps. By induction on t:

e t= X, t=rcare trivial.

e t=X7p
Tet ' = A(.p'. with p D p' and either (i) ¢ = € or (1) ¢ = €lppey A3
contracting #'s residual in the last step. Then
[5,/ X\t = A5,/ X\]p Dmea AE[s)/ X, ]p' = [si/ X,]t' in case (i), while in case
(1) AE[s! ] X,]p' > as XC.[s/ X,])p' = [s!/ X, ], which is still an mcd.
Case (i11) is t' = # from AT applied to Aé.#. Then
[5,/ X\t = AE[5, )/ X\]p D ymea AE[50] X\ # = XEFE D ar # 18 an mad.

"3 The rednction order may not be fully determined by this.
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o t=ply;.95)jes

For case (i) where ' = p'(y;.4})ier. D Dmed P 45 Dmea ¢; Tor (j € J) and

J = .J" or t's residual was A2-cantracted in the last step, we have

[,/ X0t =[5,/ X g[8/ XiJa5)se > mealss/ X" (95 [51/ Xl ag)ser = [0/ X1

or B> as[s,/ X,]#', which is an mcd.

Case (ii) has #' = [q‘;/Vr#/kae';/‘kewm from using A5 on #'s residual,
With pDmea p' = MY yr)rex m and g; Drmea q; (j € J). Then

[s:./ Xt =[5/ Xolp (y;.15:/ Xiday)je s Domea [50] Xo10" (.11 Xl 4 )se

= MYeeryn)ier [5,/ Xim (y;.[5,/ X.]a})jes

D> ax [[.G:/X,}q‘; 1Y # ) Viljer xer |5/ X, Jm = [s)/ X, ], which is an mcd.

Case (iii) is #' = 4 from A6 applied to #(y;.q;)jes. Then
[s./ X1t =[5,/ XIp (w50 XoJa5)ses Dmea [5,/ XoJ3E (95 [,/ XoJaj)jer D ae #.

which is an med.

Lemma 13 (D, qu At Dt = 3w uDpg W AU Dped .

PROOF: We may again assume the given mcd’s not to contain any a-steps.

By induction on t:

e t= X, t=rcare trivial.

e t=X7p
Tet u = X&' p' and v = A" p", both possibly derived by an A3-contraction
of t's residual in the last step. By induction hypothesis there is a p* with
P Domea pt and p" Doapt. Chose w = MY p*, where &4 = £lpp(+).

If w or v are #, using A7 in the last step, choose w = #. The mcd is
obtained by p* = # using A7
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o t=ply;.95)jes

"

(i) For the case that u = p'(y;.q;)jer and v = p"(y;.9])jem, both possibly
involving an A2-contraction on #'s residual, we choose w = p+(y‘7.q‘?—j‘7€]+‘
where p' Do b P Dmea PV 05 Dot 67 4) Dmea g for j € . and

Jt={j€ Il qf ##)

(1) T w or v are #. from A6 in the last step. choose w = #. The mcd is
obtained by p* = # as in (i). using A6 for the last step.

(i) Otherwise u, and possibly v, are derived using A5 for #'s residual.
So let t = MY = yr)rex.m (y;.9;)jes. and u, v come from u' = MV =
Y rer.m’ (y‘,/.q‘;j‘,/ej and v = MYy = yr)rer.m” (y‘,/.q‘;ljjej. There are
mt, q‘;" with m' >, m?, m" > am™. q‘; D med q‘;"‘ and q‘;’ D> med q‘;" for 5 € .J.
Choose w = [q;"/V7 #/Vi)jer+rex+mt with J¥ = Jn K and K* = K\ .1

Let u = [q!/ V. 9/ Viljer xexm’ come from o' by A5, possibly contracting
p's residual by A3 beforehand. Then u >y,.0 w by the previous lemma.

If v comes fram o’ in the same way, the same argument applies. Oth-

erwise v = v’ or it is derived from v’ by A2 or A3. Tet v = MV} —

yidkerr " (y;.07 Jjer Then v Dpca MYi = ya)rere-m™ (y;.97)jes with

m* =, m* and 9; =a q‘;"‘ without any a-steps. By a final Ab-step we get

[q’;/V7 #/Viljer kexom® =, w by lemma 13.2, whence v D>y0q w.

Theorem 14 (Church Rosser Theorem) t =5t = Jst>sAt' > s

PROOF: 1f t =5 ' then there are t = ty.4y,. ... &, = t' such that &, >4 g

or 41 Bmea ty. The claim follows by induction on n using the previous lemma. O
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2.3 Combinatory Aczel-Lunnon Logic

In this section T will develop Combinatory Aczel T.unnon Togic (CATIL) which
relates to the SAC in the way that standard Combinatory Togic relates to the
A-calculus. Tt provides us with a more general notion of a madel for the SAC
than the previous domain-theoretic one. T will obtain a completeness result for
the proof theory of A 47 relative to these models.

This section is quite technical, and presupposes some familiarity with Combi-
natory Logic and its relation to the A-calculus, on the level of the relevant parts
of [Hindley & Seldin 1986]. Tt may be skipped without much loss for the later
chapters.

Definition 12 The language Car consists of TRRMS T U, T' .. built up from
CONSTANTS #.¢c.¢'. ... S and K, for each z € Var, and PARAMETERS X. Y. .. by
means of APPLICATION T'(2,.T,)),er.

We use z as a distinguished variable for unary application, writing T(7") for
T(z.T'). For the interpretation of €4y we do not use cpo’s but flat sets D) with
an added “undefined” object L. Hence functions are no longer required to be
continuous either. The FREE PARAMETERS F'P(T) of a term T are simply the

parameters accurring in 7', as we have no abstraction mechanism in C47.

Definition 13 4 C,4;-AL.GEBRA consists of a set Dy, an operation e : (D) x
(Var = D)) = Dy, and an interpretation S : Const = Dy, such that S(#) =
Lp, S(S) =8, and S(K,) =k, for all x € Var, where for all f. h. k € (Var —
Dy):

I Ko feh=f(z) fors € Var,
2. sefehek=7jf(z)eke{z— hir)ek),cvar;

3 lpef=_1p.
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The denotation of terms under an anchor g : Par — D, s inductively obtained
by:

el = (),

2IX|® = g(X);

AT el = 1T 0 foy = 1T her-
Lemma 15 X ¢ FP(T) = |[T|* = |T|* .

We write =, T = T if ||T|* = ||T']|? in every Cas-algebra. The proof
theory for CALL looks like this.

Definition 14 We write T =op T iff T = T' can be proved from the aziom

shemata and rules below.
A1 T=T,;
A2 T(T,T, ,77‘7.#1,67“76] = T(T,.T,],E],‘

A3 Km7(J?,.T,],El(yk,Uk]kE,( =T,
if j €1, otherwise #;

A4 S(x, T )er(y; Tjer(ox Ty ke = Tolox Ty e r (y;. T (0x T Jrer)je s,

if z =z, for some 1 € I, otherwise #;
A5 #(2,.T)er = #;
R1T=T/,T =T,
R2T=T'"T=T"]T="T>"
R3IT=T"U=0U0Gel) T Uwer=T(x,Uer;

Theorem 16 (Soundness) T =, T = =, T=T"
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2.3.1 Completeness for (47,

Definition 15 Let [T) =4 {T'|T =¢; T'}. We define the C47-TERM ALGEBRA
Tor by Dy =g {[TUT € Cuar}, L =a [#]. Slc) =g [¢] for all constants, and
[T) ez, = [T])er = [T(2,.T,)e1].

Lemma 17 7oy is a Cap-algebra.

PROOF: By A2 and R3 the aperation e is well-defined for Ty, We need to

check the axioms.

Lo [Ke ez = [Ther o {y; = [T])jer = Ko (2. T)ier(y; T))jes] = [Ti] it
k €1, else [#]. whence = {z, = [T,]),er(zx).

2 18] e {72 > [Ther o (o = [Tser o {ox = [T rex
= [T,(Uk.Tl:ljkeK(yJ.T,;(Uk.Tl:ljkef(j‘,/e']] if z =z, for some s € T,
otherwise = [#], and thus
= {z, = [T])er(z) o {vx = [T Nrer o {y; = [T]] o {ox = [T rer)ier.

3. [#} . <'777 = [TVDVE7 = [#('777'7171767} = [#}

Lemma 18 ||T||? = [T], where g(X) = [X] for X € Par.

PROOF: ||c||* = [¢]and || X||* = [X] by definition. By induction || T(=,.T,),er|”
=Tl o {zs = T l")er = [T @ (2 = [T]her = [T, T)ier]. O

Theorem 19 (Completeness) =or, T =T = T =¢; T".

PROOF: I T #¢y T' then [T] # [T'] and thus Toy Far T = T' by the

previous lemma. O
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2.3.2 Abstraction in (4;-models

The operations & : (D X (Var—= D))= Diand @ : D, = (Var—=D,) = D)
are interdefinable by d e f = W(d)(f). The range of ¥ are the REPRESENTARLE
FUNCTIONS of a given Cyuyr-algebra, written (Var = Dy) — Dy),.,. For A-
models these were just the continuous functions w.r.t. a given order. Now we
have s and the k, to make sure we have enough representable functions in order
to be able to simulate abstraction. A function h : Dy — D is represented by
any d € Dy such that Vfve,p de f=h(f(z)). Twill write debfor de (z — b)
if no confusion will arise.

Let K =4 K, and T, =4 SK,K. This gives us projections, as ]_I‘m(m,.T,],E; =cr
T; if 3 € I, otherwise #. We can now define terms that mirror abstractions as

follows.

Definition 16 1oM(X o= )er Xy =ap T, if 5 E T,
2. N C.T =y K(T), if dm(¢) 0 FP(T) = §;

)

3 NC(T (2, T))ser) =as SINCT) 2, XCTer,
if 2 doesn’t apply.

Lemma 20 |[\¢.T|% e f = ||T]*F
Lemma 21 X € dm({) = X ¢ FP(X\*(.T).

T.et APPLICATIVE STRUCTURES (/). ) be defined like C 4r-algebras without
mentioning 8 or any k,. and V range over terms not containing S and the K,. 1

call such expressions PURE terms.

Definition 17 An applicative structure is COMBINATORTALLY COMPLETE if for
any pure term V and & .. &, with FP(V) C U,y , dm(&,), there is ad € Dy
such that for all fy ... f, and arbitrary g:

Amey  dmey
de fie. ef, =|V]|*nea incen

Theorem 22 Fuery Car-algebra is combinatorially complete.
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PROOF: From the previous lemmata by taking d =4 ||A*& .. . A*¢, V|9 O

We now have ways to translate from A 47 to Cy4r and vice versa.

Definition 18 ()or - Aar = Car is defined by:
1. Xer =g X for all parameters;
2. cor. =a ¢ for all constants;
3. (Ha, ter)on =a ter(z, (K)o )er;
4. (M tern =4 MCtor.

Definition 19 () : Car = Aar is defined by:
1. Xp =a X for all parameters;

2. (ij/\ =df A<X>—>T>A<)X

)

Lo

Sa =4
AZA<X7 ’_>'777)m7€VnrA<Y,7 ’_>y.7)y76Vnr'Z(?/J'YJwEVnr(mv'Xv(?/,7'y7ju76Vnrjm7EVnr

4. cn =a ¢ for all other constants;
5. (T(T,.T,],E]]/\ :df T/\(.T,.(T,]/\],E].
Theorem 23 T =, T' = Ty =5T,.

As in the case of the A-calculus and standard CT. we do not have t =5 #' =
ter. =cr. thy. Given the completeness for =4y, we would therefore not have
soundness for G-equality if we interpreted A 47-terms naively via their C 47 trans-
lations. To interpret A4y by means of C4r-algebras we need a canonical repre-

sentative to be singled out for each representable function.

Definition 20 A C4;-MODEL s a C4r-algebra with an additional strict map ®
such that D1 2% (Var =D 1) = D)., s a retraction and ® oV is represented
by somee € D .
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Theorem 24 For any Car-madel there is a unigue, well-defined interpretation

function || - || : Aar. = Dy such that
o Jlellf = S(e);
o IX]7 = g(X);
o [tz e ll® = PRI Ko = 1 17)er);
o octr = g
PROOF: We show hy induction on t that the following hold simultaneously:
1. |[#]]? is well-defined for all g:
2 |[H)e = |57 if X ¢ FP(t):

3. For all & ... &, with FP(#) C U,=1.,, dm(&,). there is a d € Dy such that
for all fi ... f, and arbitrary g:

Amey dmen
dofre.. o= [i]fa T
e For pure terms, in particular for constants and parameters, 1 1L 3 are trivial,
or follow from combinatory completeness.

e For applications #(z,.1,),e; 1 and 2 are trivial. T.et d, and d,, satisfy 3 for
t and the #,. By the previous item the following object b exists, where we
write x for (x(X).X)xeamy, and require that rng(x,) = Var and dm(x,) N
dm(x;) =0 fori# j=1.n and the X, are fresh as well:

b=a IAY XX, =206 0 A Yxa o oxn(# Xoxaoxa)) 1™

Then d =bed, e {z, — dy ),e; satisfies 3.

e For abstractions Ax.t let d, fulfill 3 for ¢t and & ... &, x. and let f,(2) =
g(&H (%)) for i=1.n. Then

a=gdefre . ef,
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aAm(x]
represents Af|#]%fx . Hence e @ a = ||A\x.#||9. This proves 1 and 2. For 3
let x1...xn be as above and X,V fresh. Tet

b=a |AXAY Axy 0 A X (V.. x| ee e d,

Améy  dmén
Hence he fre . o f, —ece(d e fre. . ef,) =]t e totn

2.3.3 Completeness for A 47,

We write Az |=crn t =3 |[#]|9 = ||#]|9 in every C4r-model that satisfies all the

equations in Ax.
Theorem 25 (Soundness) Azbgt =1t = Az lEcryt="t.

Definition 21 et [t] =4 {t'| Az b5t = #'}. We define the A,47-TERM MODEL
for Az Ta(Az) by Dy =g {[1][t € Aar}, L =a [#]. S(c) =af [¢] for all constants,

and
o W[z, = t)er) =ar [tz t)ier];
o s = [Sal;
o k, =g [(K;)a] for all z € Var,
o e =4 DIMX, =20 evar - Z (20X, )0, evar];
o O(f) = e e[t], if [t] represents f.
Lemma 26 Tx(Ax) is a Car-model satisfying Az,

PROOF: By A2 and R3 the operation W, and thus e, is well-defined for
Ta(Az). & is also well-defined: let [#] and [t]] both represent f. then Az k
Hxy. X))o, evar = (2, X,)s, evar. hence by R4 Az b XX, = 2,00 evar 120 X, ) s, evar =
MX, = 2,00, evar #(2,. X, )a,evar. and therefore e o [{] = e o [#'].

We need to check the axioms for ' 4;7-algebras.
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1ok, o {z, = [Bher o (y; = [B])jer = (Ko )a (2t )ier (y;-1)5e ] = [4]
if k€1, else [#]. whence = {z, = [t,]),er(zr).

2. se{z, = [L])er o {y; = [H])ser o {on = [ rer
= [Salms t)oer ;.15 ) e 1 (0r 1) ke k]
= [t,(Uk.t;:jke[{(y‘,/.t}(“k.t;:jke[{),,e]] ifz =1, forsome 1 €T,
otherwise # and thus
={z, = [L])er(z) o (o = [ rer o (y; = [5] 0 (o = [} kex)jer

3. [#] ez = [t])er = [#(z 1 )er] = [#]-

The equations in Az obviously hold. For the additional conditions on Cy4r-
models we have by definition that ® oW is represented by e. For strictness of & we
notice that [#] represents L (va,m)—p by item 3 above. Hence ®(L(yva,snjnn) =
e e Lwasnosn = [MX,=2) 0 evar #(2, X, )a,evar] =[] by A6 and AT,

What remains to be checked is the retraction condition that W o ®(f) = f for
all f:((Var—=D1) = Di)yep. Soif p= 0[t] then for all {z, = [£])er:

Vo d(u)({z, = [tL]her) = V(P o W)z, = [L]her) = e e[ o {2, = [L])es
= [tz t)er] = Iz, = [h]er) = ul{m = [B]er). o

Lemma 27 |t||9 = [[t;/ X,];est] in Ta(Ax), where g(X;) = [t;] for j € 1.

PROOF: ||¢||9 = [¢] and || X,||* = [#,] by definition. By induction

o [tz t)er|® = It 0a, = 611%)er = ([t X L stlom, = ([t Xjljeti])ier
= [[t;/ Xjlser Hz 4 )er):

e Far any f chaose sf such that [sﬂ = fox(X;) for those j € .J' C .J for
which x(X;) is defined. The choice is arbitrary by the rules B3 and R4,
Also by axiom A4 we may assume that dm(x) N Uepp FP(t;) =8 and no
X, gets accidentally bO}md in the application of e. Then
[t = @ AT = @ Aflls]) X Tienlty/ X Tsen ]
=& (VA [t/ X Jjenrt]) = e o Ax. [t/ Xl jenrd]
= MX = 200 evar (AX [/ Xjlien ) (0 X, ), evar]
= [MX, ’_>>77v>.an7EVnr'[Xv/Xl1 (#)s,ernga[ts/ Xiljenrt]
= Mo/ Xlienst] = ([ X lie A 1],
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Theorem 28 (Completeness) Az =gt =1 = Axbgt=1t.

PROOF: Tf Az g t = ' then [t] # [#] in Ta(Az) and thus |[t]|9 # |[#']]9,
setting g(X) = [X] for all X € Par. Therfore Az [Forpm t =1, O

Corollary 29 The finitary 5-calculus is complete for finitary Aar.

PROOF: If =qrp t =t then Fg t =, and hence by Church-Rosser t>sAt' > s
for some 5. But reduction of finite terms cannot produce infinite terms. Thus,
there is a proof of £ = #, by final application of R1 and R2, which involves no

infinite terms. O

2.4 Structured Objects and Systems of Equa-

tions

Structured objects are distinguished from ordinary objects in that they can be
uniquely decomposed into the component parts, from which they were put to-
gether. Ordered pairs are typical examples, forming an object {(a.b) from two
objects a, b, such that there are projection functions 7y, 79 with m({a. b)) = a
and wy({a. b)) = b. The definition of ordered pairs in the A-calculus will be gen-
eralised for our purposes here. T use the following operation, which allows us to

build STRUCTURED OBJECTS with any number of components.

Ut ert (3t e ) =ar My (w0t e (208 )ern) (y fresh).

Theorem 30 {(z,.4 )eri i (# 8)er ) = {208 ier - (7,87 )1 )
= Ni=ton Nere £ = 5}

PROOF: The z,-component of the kth member is recovered by the projection

R = Ay gy Mo ME M e A 1),
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For ardered n-tuples we write {{...;#;...)) for {(...; (z.#);...)), where z is as usual
the designated role to encode unary ahstraction/application. By n =1 one can
encode assignments, which we write as {z,.1,),e7. The values of an encoded

assignment are retrieved by projection functions m, =4 Ay.y({z,}z,). We have

o (x50 5er) =t for i €.l

Notice that for any = # y. if @, = m, then for all t.# :© ¢ = 7, ({z.t y.t'))
= m,({z.t,y.t'))) = #'. Hence, in a non trivial madel all projections 7, must be

different. We conclude:™
Theorem 31 Any non trivial SAC-madel is infinite.

A particular demand of ST, at the focus of [Aczel & T.unnon 1991], is to
have non well-founded ohjects, obtained from cyclic sets of equations.'® To solve
systems of equations (z, = #,),e7 we use the above encoding of assignments. We
say that an (encoded) assignment a SOLVES A SYSTEM OF EQUATIONS (7, = 1,),e7
iff for all i € T m, (a) = [7a,(a) /2] et

Theorem 32 Fuery system of equations has a solution.

PROOF: Recall that T =g Af. (Az. f(z2))(Az. f(z2)) is a fixed point combinator
with #(Y#) = (T+#) for any term #. Define from a system of equations (z, = 1,),e7
the functor F' =g Az {2, [7, (2)/2;]jert: her. Then (TF) solves the system, as
o, (YF) = (F(TF)) =m0 (o [ma, (YF) [25)iert ier= [0, (T F) [25]5ert. O

As things stand we do not necessarily have unique solutions to such equations.
It may be consistent to assume uniqueness at least for some kinds of systems, to

get closer to the original aims of Aczel and Lunnon.

"Notice that this halds for finitary versions of the SAC as well.

"5An example of a cyclic equation wonld be 2 = {z; )}, any solution of which must provide
a non well-founded pair p whose first component is p itself.

Tn the following, we need to assume that at least three variables do not occur in such a
system, to allow us to form the terms helow without accidentally hinding some of the x, in
them.



Chapter 3
Semantic Theories

I now show how the SAC can provide a framework for specifying semantic theo-
ries, especially recent ones, which do not easily fit into the traditional A-calculus.
Perhaps the key idea for semantics, as conceived of in this thesis, is to think
of properties as functions from assignments to propositions. I will use the term
w-properties to distinguish them from ordinary functions which take entities into
propositions.

In the following T will freely mix the languages A4z, A, and A, according
to whatever notation seems most canvenient. The reader is expected to switch
between the systems according to the translations given in section 2.2.1, though
it will not be necessary to mentally translate every term into A 47, T hope. To the
contrary, the use of A and A should help to avoid tedious complications. which
are the price we pay for A 47's simple proof theory.

The following section on Frege Structures will be presupposed in all three
semantic theories to be discussed, but otherwise those sections can be read rela-

tively independently.

3.1 Frege Structures

For semantics, as I understand it, we need a theary of truth for the propositions
that we hope to denote by our terms. The usual way to approach such a theory

15 to give an inductive definition of truth-in-a-model for terms of the right type.

41
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where the notion of a madel is suitably enriched to fix the base cases. In II.
and similar systems for example we find a basic type of truth values (usually
two), and the theory of truth is given as conditions that determine which truth
value is denoted by a complex formula, depending on its parts. The matter is
complicated by the presence of a number of parameters with respect to which a
formula is evaluated, most prominently an index for possible worlds. The whole
setup leans towards building theoretic assumptions into the system via madeling
choices and implicit consequences of certain definitions, rather than taking things
at face value and saying explicitly what we assume to hold about them.

My aim here is to provide a flexible framework in which different semantic
assumptions can be expressed and tried out. Tt is thus a good idea to lock
elsewhere, namely to Property Theories, for ways to avoid prejudging too many
issues hefore we can even begin to put any of the ideas we have produced into
practise. The kinds of things | want to assume for the envisaged framework are
these: some terms denote propositions, and propositions are the things that are
true or false. $-properties are things that form propositions when applied to
assignments of abjects to certain variables, which we think of as argument roles
for those w-properties. The nation of truth does not primarily apply to formal
expressions, in relation to various parameters of evaluation, but to propositions,
which are things that need no further fixing of any such parameters. This does
not prevent us from introducing such parameters into our framework, but rather
allows us to do so without changing the theory of truth: if an expression has to
be evaluated with respect to certain entities, worlds, situations, time intervals
etc., it simply does not express a proposition. but an incomplete abject, which
needs some open argument places filled.

I do not claim that this approach is the only possible way of making use of
the theory of simultaneous abstraction developed in the preceding chapter, but
merely that this way of proceeding delivers reasonable versions of (the underlying
logics of) DMG, DRT and ST in a simple, econamical. and philosophically sound
way. The addition of new structure in this framework, such as for example a
theory of situations and states of affairs into a Montagovian or Kamp style se-
mantics, does not require us to revise the hasic axioms of truth for DMG or DRT,

which in turn are perfectly compatible extensions of the theory of Proposition
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Structures. What has to be revised in switching from one system to another are
axioms about the lexical meaning of words, and possibly other aspects of the
syntax semantics interface, but not the fundamental apparatus of abstraction,
application, propositions, and truth.

let me then introduce a formal first order language in which to state such
a theory of truth. One might do the job in an informal maodel thearetic way
along the lines of [Aczel 1980] but T will make things look more like the formal
treatment of [Turner 1990], without attaching any philosophical importance to
this.! Tn line with our convention to nse A 45 as our official term language T regard

its parameters as variables v, 1, v5... of FOLgac, defined below.?

Definition 22 We define WFFs of FOLgac over a set of n-ary predicates R
o ifty, ...ty t.t € Nay then RM(ty, .. 1,) 1=t € WFF,
o if). g EWFF then ¢, d Ny, Fugp € WFF.

Other connectives and quantifiers are defined as usual. A MODEL M for
FOLgac 15 a Car-model with an interpretation S for the predicates, such that

the wsual conditions obtain:
e Mg Rt ta) dff (I ll7, o (1]19) € S(RY);
e Mg Et=1tf It = 171
s MyglEony iff Mgl=¢ and M. g =y,
o M gl=~¢iff M.g i ¢;

e Mgk E3Jug iff3de Dy M, g} = ¢.

"Tt has technical advantages thongh, as this allows us to use FOL's well understood proof
theory to show that a (finite) term ¢ implies another (finite) term #', relative to a particular
theory of truth. For this, one wonld have to derive T(#') in FOT. from T(#) plus the axioms of
truth and (8-) identity. Tt seems possible to provide a campleteness thearem for this.

21f we were to stick to A-terms here it would he useful ta add to the A-variables a set of
variahles that do not enter inta the formation of complex terms, in arder to always have fresh
ones when needed.
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We single out a unary relation T as a truth predicate. We define F(t) =4
T(Lt) (falsity) and P(t) =4 T(t) V F'(t) (being a proposition). For dealing with
guantification we define PTY"(t) =4 Y1 .. . v, P(t(v1) ... (v,)) (being an n-place
property).

Logical operations in our calculus are treated as A 47-constants whose seman-
tic behavior is captured by a theary of truth.? The following logical constants are
gingled out: N, U, L, D. X Tl = A, intended to be the operations of conjunc-
tion, digjunction, negation, implication, existential and universal quantification,
equality, and structured predication?. T will take N, L. ¥, =, A as primitive, and
the others to be defined in terms of these.® T assume the logical combinators,
other than A, to have one or two distinguished argument roles zy, z5. One can
of course curry them for standard Maontagovian techniques to run smoothly.® Tn
any case | write them in the conventional form, # N # for N(zy.t. 20.#), Yzt for

Y(z1.Az.1) etc. and (z,.4,),e1 AF for A(z1.8)(7,.1,),e7. to enhance readability.

Definition 23 1. A PROPOSITION STRUCTURE is a model of FOlgac sat-
isfying
Pi=t)AN (Th=t)eot=1t)
P(t) — (P(LH) A (T(L1) & =T®))
PHYAPH) = (Pun)A (TuNn) o TE) ATH))).

2. A Proposition Structure WITH PREDICATION has the additional truth ariom

Ptz t)er) = (Pl t)er A A (T((3, 4 )ier A1) & T2, 1)er) )

IThese constants are not ta be confused with the logical symhols of FOTLgs e, which we use
to express our theories of truth.

4The SAC, in contrast ta Aczel and Tunnon's theory, does not take the idea of strnctured
objects as a starting point. T take the notions of abstraction and application as fundamental
here, rather than structure preserving predication. Tt is crucial that these two notions of appli-
cation/predication are kept distinct. Qccasionally, forms of Sitnation Theary have heen guilty
of conflating them, when they assumed “infons” ta he composed ant of a unique relation and
assignment, plus relations to be infon-ahstracts which apply to assignments to form structured
infons. This implies that r(z,.%,),c7 = (2,.1,),e7Ar for all relations 7, which quickly leads to
the triviality of the madel, by the argument given in [Aczel 1989].

5There may he reasons not to do this, such as to avoid unintended identities in attitude
contexts, ar to he able ta use the less symmetric notion of “strang” implication in [Aczel 1980].

S Avoiding all forms of currying is useful if the predication axiom is to he fully exploited.
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plus the ariom of structure preservation

((z0 t)es ) = (2, 1) AF) = =t A Nt =1,
1€7

3. A FREGR STRUCTURE’ is a Proposition Structure satisfying

PTY'(t) = (P(Xt) A (T(Z) & 30T () ).

4. T speak of a STRONG Propasition / Frege Structure (with predication) if
we have biconditionals for propositionhood, that is P(t) & P(Lt), P(t) A
P(#) < Pnt), P(Hz, 4)er) & P((z, 4),e1A8), and PTY' (1) & P(Z ).

The class of propositions guaranteed to exist by these axioms is rather re-
stricted. in that the relations which have an internal representation by some
property only involve equality and logical constants. In semantic applications
one needs a much larger stock of basic properties. So it is useful to consider
the addition of further predicates to FOlLgac. whose extensions may be fixed in
arbitrary ways. The question arises whether these extensions also correspond to
properties that are internally represented in the Frege Structure, and thus are

denotable by a (possibly newly introduced) term.

Definition 24 A term ¢ INTERNALLY DEFINES a predicate ¢
variables vy, ... v, € FV(1), in some FOLgsac-model, if:

with free

B e tin

PTY™(#) A Yur.u, Ttvr.v,) & ¢

1 Lt

We may apply this terminology to denotations as well, and say in such cases
that a particular relation is internally defined by an n-place property. As Aczel
pointed out in [Aczel 1980] there are limits to what can be internally defined in

"For simplicity, T leave out the axiom for strong implication: (T(t) = P(#')) = P(t>
i) A T(Dt) & (T(t) - T(t')) which may have a useful role to play: it allows us to form
universally quantified propositions Tl (F (v) D G(v)) even when F and (7 ate not properties, as
long as for all d for which F(d) is true, (3(d) is a proposition.
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a Proposition Structure. For example the truth predicate T cannot be internally

defined, for it would lead to the construction of a liar proposition.®

3.1.1 Consistency

T more or less repeat the proof of the existence of Frege Structures from [Aczel 1980]
here, in a somewhat sketchy manner.

Take any non-trivial model for the SAC. To get a model for our axioms we need
a set T that interprets T, such that the axioms are true. The other predicates,
like P, F,... are defined in terms of T, but it is mare convenient to work with
pairs (P, T) of subsets T C P, called PROPOSITIONS and TRUTHS, to interpret
P and T. Such pairs of subsets form a cpo as follows, where F =4 P\ T are the

FATSTTIES:
(P.T)C(P.T) & TCT and FCF

ILub’s of ascending chaing are given by set union. Any monotone operator over a
cpo has a least fixed point. We define a monotone operator 8r whose fixed points
give us FOLgsc-models for the Frege Structure axioms when S(7) =T

As any non-trivial model is infinite we can select for each logical constant [
semantically distinct terms r; such that we can use structured objects to avoid
possible averlaps between the results of applying different lagical constants.® For

binary | we assign the following interpretation:

dr =g [[M 21, 22} (ra 2z 2))|I°.

Similarly for unary ones. Predication is encoded as

da =af AZ Xz, — Xy).mevm.((T’Ai 7z (»777.)(7].17evm))

8T.et I be a term that solves the equation x = Ltrue(x), and assume that true internally
defines T. Then P(I), and hence T(I) & T(Lirue(l)) & -T(true(l)) & =T(l), which is a
contradiction.

®The proof thus would not work for theories that explicitly deny their propositions to be
this highly structured.
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Let dis5 stand for dy e f e hif I = A otherwise d; @ f. The truth axiom
Az for a logical operator d; can be expressed semantically with reference to a

PROPOSITION CONDITION PCy (P, f. k) and a TRUTH CONDITION TCy(T, f, k) as

(/47’1) PC;(P I h] = (dl‘f‘h € P and ( dl‘f‘}, eT & TO[(T I h] ])

For example. the proposition condition for Nis ‘f(z;) € P and f(z9) € P'. and
the truth condition for Lis ‘f(z) & T".

Definition 25 65(P.T) =4 (P'.T'), where for the logical constants 1 of Frege

Structures:

o P’ s the smallest set such that for eachl, f. h:
PC;(P f h] = dl‘f‘h € 'Pl,‘

o T' is the smallest set such that for eachl, f. h:
PCUP. f h) and TC(T ., f. h) = disp €T

Lemma 33 Any fizred point for 8p satisfies Azp.

PROOF: Let 6:(P. T) = (P.T).
() 1 PCUP. f.h) then dysp € P
(i) 16 PCY(P. f.h) and TC(T. f.h) then dipy € T.
(i) Given PC(P, f.h)and dy sy € T there are I'. f' b’ with di;p = dp pp and
TCHT. f',B'). But then r; = rp and f = f' and in case ] = A also h = I, and
hence TC\(T, f, k). O

By the fact that Az is satisfied we see that P is the extension of the predicate
P as it was defined, and thus the axioms Az hold if and only if the formal axioms
for Frege Structures are true. Notice that the reverse direction of (i) is true as
well, giving us in fact a strong Frege Structure. The fact that predication is

structure preserving is ohvious. So we conclude:

Theorem 34 Fuery non trivial SAC-model can be extended to a strong Frege

Structure with Predication.
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As Aczel has shown in [Aczel 1980], it is consistent to add infinitely many
axioms for the internal definition of relations to the theory of Frege Structures,
as long as the extensions of the possibly newly introduced predicates ¢,, ,. in the
SAC-model are given in advance, without reference to T. Tn the construction of
the Frege Structures they are treated just as we treated identity, which is already

internally defined.

Theorem 35 Fuery non trivial SAC-model can be extended to a strong Frege
Structure with Predication in which a countable number of previously given rela-

tions are internally defined by n-place properties.

3.2 Dynamic Montague Grammar

There are several versions of DMG on the market, which use different “dynamic”
relatives of Montagues original logic I.. One such logic, namely the Dynamic
Property Theory (DPT) of [Chierchia 1994], is particularly close to the system
A of the preceding chapter. The additions we have to make to obtain DPT are
very small indeed, as A was first developed as a generalisation of DPTs limited
means of simultaneous abstraction and application.

In DPT, the variables are divided into two kinds: the DISCOURSE MARKERS
DM, and the remaining ones, which I call META VARTABLES MV . T use Greek
letters a, 3... for meta variables, dotted letters z,y... for discourse markers,
and z,y... for variables that can be of either kind. The sorting of the variables
is not a matter of the kinds of denotations they take. Tt is rather a matter of
getting the two crucial operators of the system, M-abstraction and “-application,
to operate on a certain set of variables, namely the discourse markers, only. We
need to protect the other variables, i.e. the meta variables. from the influence of
M_abstraction so that we can hind variables inside the scope of ™, as will become
evident from the examples later on.

The “dynamic” part of DMG can be captured easily by abstracting and ap-

plying to the infinite set of discourse markers via the following definitions:
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o "t =4 ADM. 1, and
o Y=y t(3.3)senm

All other abstractions and applications will be the traditional unary ones.'
We use them to get a fairly standard system that does not require us to rethink
the setup of DMG. T.et me call DPT-TERMS any expressions built from unary

abstraction and application and the “

and " operators.

Caonvenient as DPT-terms may be for the purposes of DMG. one would expect
them to make trouble in the proof theory, given the incaonveniences of A in that
respect. On the positive side, notice that every discourse marker is bound in
a term of the form ", and occurs free in “t. We thus can S-convert a term
Aa.t("#) even if some discourse markers of # end up in the scope of an abstraction
in £. Discourse markers are not free in ™ and hence do nat become bound by
a new operator inside f£. Another reduction we use in DMG beside the more
standard f-conversions is "7t = £,

On the negative side, there are DPT-terms which cannot be reduced to sim-
pler DPT-expressions, although their translations into A 47, may be contractable
into new A47-terms which are not translations of any DPT expressions. An
example would be a term (Aa."a)(z) which translates to (A{a! — )Mzt —
iepu.ot)(z.21). As a DPT-term (Aa."a)(z) is not reducible. In particular
it is not semantically equivalent to "z. which means the same thing as the A-
term {2}.4. The translated term on the other hand beils down to [#}/a?] Mot
#Ysenm-of B M.z} which is the translation of the A-term {}.2, but not of any
DPT expression. Tuckily the terms actually used in DMG do not helong to the
problematic sort. T will think of DPT-expressions as convenient shorthands for
the underlying A 47-terms, for which I have already given a complete proof theory
in 2.2.2, and a calculus for DPT as being obtained via the standard translation
given in section 2.2.1. For computational applications this stance is of course

u

impractical, as the terms involving “ and ™ will be infinite. and thus in real life

something closer to actual DPT-expressions will have to be used. But for an

1MAs an alternative to taking these unary operations as defined in terms of Aaz- or A'-
expressions, one canld introduce them as basic operations, and give them a semantics in an
expanded domain D 2% ((Var = D) = D) 4+ (D = D), in the way [Chierchia 1994] daes.
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understanding of how these expressions have to he handled the translation into
A 47 still 1s instructive.

The sentence 'A man walks in® can now be rendered in our notation as
Ao Yi(man(z) O walkin(z) 0 Ya)

which can applied to "whistle(z) (‘he whistles’) to yield

Ya(man(z) Nwalkin(z) Nwhistle(x))

The important action happens at the level of conjunction of w-properties,

which is achieved by abstracting over “possible continuations” of the discourse."

3.2.1 Some DMG Translations

T only give a short sketch here and refer the reader to [Chierchia 1994] and
[Chierchia 1992] for a more complete treatment. Sentence denotations in DMG
are not propositions, but contexrt change potentials (ccp’s). where a ccp is a func-
tion from w-properties to propositions. As a notational convention T write ¢
as [f]. Two operations are handy to convert propositions into ccp’s and back:
11 =4 da(t N "a) and |t =4 t[true]. T assume the scope of operators to be
narrowest for Y, and increasingly wider for application (bracketing to the left),
N, L, U, 1 | and unary A-abstraction.

Ccep's allow faor clever ways of leaving holes within quantified structures to be
filled by later material in the discourse so that one can use functional composition

t 1 =4 Ao t[t'(a)] for discourse sequencing:

“[a man] walks in. *[he] whistles. '==
(yEz(man(z) Nwalkin(z) N Yy)): Ay, whistle(z) N Yy)
= My (X2 man(z) Nwalkin(z) Nwhistle(z) N "~y)

""T.amhda conversion on "whistle(z) is only one way to make the conjunction happen. Uni-
fication of whistle(#) with the unahstracted variable a, as in UCG, see [Zeevat 1991], is just as
intuitive for this. Hence the chaice of the term ‘meta variables’, reminiscent of its use in UCG.
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The flexibility of ccp’s is shown by various possibilities to define dynamic kinds
of universal quantification for donkey sentences. Here is an example derivation of
the “strong” reading for them. To make things concrete T use a basic, purely ap-
plicative Categorial Grammar, operating on sequents 7 == A : £, of sequences 7
of (indexed) strings, and category meaning pairs A : . We have lexical axioms,
plus the slash elimination rules (/F) and (\F).'” interpreted by “intensional”

function application.

(/E) if7y = A/B:t and 75 == B :#y then 717, = A : #; [15]
(\E) if 7= B :t;and 75 = B\A:t; then 7475 = A : #5[#]

Hevery] = (s/(m\8))fen - 2adG AT L (Va3 [L L(V6 #)1)
‘man’ = en s Az, Tman(z)
‘with’ = rn\rn]/ s/(n\s)) : AaXBAIXy. ("B 8) [Ha [Ay Twith(d y)] ()]
Wl = (/e e - AeA@y S (Ve i) [U8 )
‘donkey’ = en Az Tdonkey(x)
‘heats’ = (n\s)/(s/(n\s)) : Aard."a [Ay theat(d, y)]
Wit] = (s/(n\s)) : da."ay

W[a] donkey’ = s/(n\s) :
ABMy. Xy ((UTAx tdonkey(x)]y)[ 5 y71)
ABAy. Zy ((Tdonkey(9))[ 28 9v1)
ABAy. Xy (donkey(y) N 25 yv)

‘with¥[a] donkey' == en\en :
ABAGAY. (M8 8) [H[ABAy Ty (donkey(y) 0 V8 yy)T [Ay Twith(8. y)] (v)]

2For a full T.ambek calculus we need ta he ahle ta “hypothesise” constituents of any
description. This can be achieved by adding axioms, slash introduction rules, and Cut:

] Aila== A:'a
(/1) T, B:'a== A:tthen T == A/B: lat
) ifB:'a, T == A:tthen T == B\A: lat
(Cut) ifTq, Ay : 19, Ty == Ay ity and Ty == A :io then T4ToTy == Ay 1y

where a is not free in T. The lexical translations wonld have to be spiced with a stronger dose
of ' -s, to make this wark correctly.
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ABAGNy. (M8 8) [Xg (donkey(y) N0 (P [Ay Twith(8.y)T y7))]
ABAOXy. (M3 8) [y (domkey(y) O (Twith(d. y))(v))]
ABAAY (M8 6) [Zy (donkey(y) Nwith(d. y) N “y)]

‘man with ¥[a] donkey’ == en :
Ay (R[Az tman(z)] (8)) [Ty (donkey(y) Nwith(d. y) N “y)]
ASdy (Tman(8)) [Xy (donkey(y) Nwith(s, y) N Yy)]
ASAy.(man(8) N Xy(donkey(y) Nwith(d. y) N Yy))

“levery] man with Y[a] donkey’ == s/(n\s)
AB ATz L ("[A6dy(man(§) N Xy(donkey(y) Nwith(5. )N ")) [ LI (282)])
AB. ATz L (man(z) N Xg(donkey(y) Nwith(z. y) N Y[L L (Y82)]))
AB. ATz L (man(z) N Xg(donkey(y) Nwith(z. y) N L L("8 1))

‘beats i“’[if] = n\s :
A8 P Aa (Mo y)] [Ay theat(d. y)]

Ad(H Ay Pheat(d.y)] (y))
A6 theat(d. y)

“levery] man with ¥[a] dankey beats V[it] * = s
Tz L (man(z) N Xy(donkey(y) N with(z, ) N L L (YA theat(d. )] (2))))
T2 L (man(z) N Xy(donkey(y) Nwith(z. g) N L [tbeat(s.y)))
T3 L (man(z) N Xy(donkey(y) Nwith(z. g) N L(beat(z, y) Ntrue)))

An alternative to the abave “strong” reading of the universal, would assign

the translation:
“levery]” == AaAB. 1Tz L (Y%as) U (Yaz)[L(Y64)]
resulting in the “weak” reading:

1Tz L (man(3) N Xy(donkey(y) Nwith(z, y) Nirue))
U (man(z) N Xy(donkey(y) Nwith(z. y) Nbeat(s, y) N true))
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3.3 Discourse Representation Theory

The SAC mirrors very closely the use of discourse referents in DRSs. The system
I present in this section is inspired Robin Cooper's Situation Theoretic DRT,
[Cooper 1993], where he uses EKN with Aczel T.unnon abstraction to similar ef-
fect. Asin Cooper’s treatment. this version of DRT is not quite faithful to stan-
dard versions, as it imposes a need for some additional abstractions at the right
level. This is because only abstracted variables are linked to their antecedents,
while free variables cannot in this system he “captured” in the way one has come
to expect. T won't go into the resulting complications for the syntax semantics
interface here, as I will explore alternatives which use free variables maore promi-

nently in the next chapter.

3.3.1 Zeevat’s DRT

First, let me briefly sketch Henk Zeevat's compositional semantics for DRT, see
[Zeevat 1989], which is an important reference point for the versions to be pre-
sented in this and the next chapter.

For the usual DRT syntax, we start with atomic conditions x, which are just
atomic first order formulae. DRSs and complex conditions are defined recursively:
DRSs are pairs {I/, C), where [ is a set of variables, and (' a set of conditions; the
connective 3 forms implicational conditions (U, C) >3 (U, C') from two DRSs."?

Atomic conditions have their expected semantics. DRSs, and complex condi-
tions are treated as standardly in DRT, where g ~3s f means g and f disagree at

maost on the variables in M.

o ICI=a {9V eC: gelxll}:

o [{U.CYy > (U O =g {9 |Vf frog AfENCT = Shhmp fAhE
ey

3T will ignare negatian here.

CHAPTER 3. SEMANTIC THEORIES 54

o (IJ.CYis true under g iffys 3f fryg A fE|C].

To this system Zeevat adds a syntactic operation &, for “merging” two DRSs
into one:

(x) (U.CY&(U' . C"Y =4 (UL CuC’y.

DRSs are given a denotation in terms of pairs,
KT O =ay (T

whase first and second component are notated as ||#||y and ||#||o respectively. He
has shown that this makes || - || a homomorphism hetween the syntactic and the

semantic algebra of DRSs. In particular, with respect to & we have:
(o) U C) @O OO = {IKU O W KUY e IO CY 0T ) la).

Notice that there is no unique decomposition of DRSs with respect to ®. In
a more “linear” format, similar to Zeevat’s BL.' ane can have expressions of the
form DRS; ® DRS;. which mention ® explicitly and thus uniquely decompose
along this operation. The fact (*x) then inductively defines the denotation of
such DRSs. My systems will operate along the latter lines. Given such a syntax,

interpreted by (xx), we get the following “merging principle” to hold:
(MP) (U CY){U' . CH = |{UulU', Ccuch],

which semantically reflects Zeevat's earlier syntactic definition in (x).

l.et me try to bridge the gap to our framework a bit further. Syntactically,
sets of conditions may be replaced by conjunctions. Semantically, the sets of
assignments ||C|| can be turned into functions from assignments to truth, and
finer grained propositions should be put in the place of truth values in order to
get closer to our highly intensional approach.

There is of course an obvious difference to he observed. The SAC has an ab-

straction operation. which gives us terms AU.C"' rather than pairs (/. C), denoting

"8ee section 1.3, in [Zeevat 1989].
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functions (under assignments), rather than pairs. In contrast to DRS formation,
we can iterate abstractions indefinitely, and we have a simple nation of applica-
tion at our disposal. The downside is a certain loss of structure, to be faced in the
SAC, as the denatation ||[AU.C|| may be identical to ||AU'C||. although U # U’
There 18 no way of recovering the set of variables U that was abstracted over
from the denotation of a term, while it can be read off from Zeevat's |[{I/. C}||
as the first compaonent. This fact allows him to generate the correct interpreta-
tions for > and & in a compositional way. Thus, we have to find other ways to
semantically identify certain sets of variables as the universes in the denotations
of DRSs, or we need to introduce more structure of the suitable kind into the
semantics for our calculus. T explore the first option here, using a suitable notion
of w-properties. In the next chapter I pursue the route of changing the semantics
of the SAC itself, towards a mare fine grained meaning for abstraction, which
draws on Zeevat's idea even more. The resulting system of A-DRT does seem to

be sufficiently attractive to justify such a move.

3.3.2 w-Properties

et us regard the universe of a DRS as the set of argument roles of an w-property.
We start by defining a propaositional function in the argument roles zy ...z, as

follows:

PF‘{‘““‘T"}(t] =4 Yur..0, /\ nFEH# = Pz 750,)) (v, fresh).
1=1.n
This is not a sufficiently strict notion of w-properties to render Kamp Struc-
tures consistent. We need a notion of PTY™ such that the set of argument roles
M is uniquely determined for any given w-property. The predicate PFM does

not possess this property as abstracts are ingensitive to overdefined assignments:

E Az ama it (mt o Tatn) =420 20 (T Tagm T )

How strict a notion of w-property one ultimately wants remains to be seen.
For now T take it to imply that the set of argument roles M of an w-property is

the smallest set of roles in which it is a propositional function, and that it is a
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propositional function in every set of roles containing M.

Definition 26 We define the notion of w-PROPERTY IN THE ARGUMENT ROLES
M py'®
PTYM(t)y =4 N\ PPV A N —PFN(3).
MCN MZN
We introduce a new notion of internal representation of relations., which re-
flects the definedness requirements for the argument roles of w-properties. A

relation ¢ 18 INTERNALLY DEFINED BY THE w-PROPERTY fif for some 21, ..., 2,

PTV{‘““‘T”}(t] A Yoy, /\ nwEH#E = Tz v, Tovn) © Guy o

1=1.n

3.3.3 Kamp Structures

let us now try to give a theory of w-properties and propositions and truth that is
capable of dealing with basic ideas of DRT. We add to the basic logical operations

N. L, =~ a new quantificational operator. the binary conditional >>.

Definition 27 4 KAMP STRUCTURE s a Proposition Structure which satisfies

the following axiom, where the v, are all fresh:

PTYAmI€T () A PTY 151 5) & P(t> 5) A
T€INT

267
T(t>s) © Yoz Tz, 0)er ) = Fujza T(s (@0, 2;05)icinjens )
The notion of a STRONG Kamp Structure is as expected. Letting 2 =4 AX. L
(X > {}.pn Lp) for some proposition p, we obtain the unselective existential

quantifier that is needed to reflect the truth conditions of non-embedded DRSs:

PTY 12} (1) = PEL) A T(EL) & Fur vppe T(Hzr 01, 25.0,)).

15T use an infinitary version of FOLsac to express this definition. This may seem unelegant,
in particular as we anly need finitary A 4z-terms for DRT. T do not regard this as problematic,
as Tattach no philosaphicalsignificance to the nse of a formal language in expressing the theory.
The system A-DRT in section 4.3 will be axiomatised informally.
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The resulting theory is distinct from standard treatments of DRT in several
aspects, of which one appears to be somewhat warrying: in the axiom of the
conditional only bound variables in s are quantified, in contrast to standard DRT.
This means for example that in {z,y}.t,, > {2}.5,, only the z in s,, will be
bound by universal quantification, while the occurrence of y in s,, remains free,
and thus unaffected by 3. The same need to abstract over anaphoric variables
reappears when we introduce an operation of “merging” of DRSs &, taken from
[Cooper 1993], into the system, usually written in infix notation, where ¥, 7 are

not among the X,.

& =4 \YAXZMX, = 2)sevar- (Y20 X )soevar N Z(2,.X,) s evar)-

Ttem 3 of the following theorem approximates the “merging principle” of the
previous section. It exposes the limitations of &. which in contrast to Zeevat's
® allows no capturing of free variables/parameters. Ways of overcoming this

restriction will be discussed in the next chapter.

Theorem 36 1. PTYM(APTY N () — PTYMUN(t@t)), if the Proposition

Structure is strong.
Lot @t (z b, Taty) =g Har b ) D (2, 20t

3. A<X,>—>J?,),E].t@ A<X,>—>,7?,),EI/.S =3 A<X,>—>,7?,),E]U7/ tNs,
X, i€ I\ YA FP(s) = {X,|ie I'\I}n FP(t) = 0.

PROOF:

1. Tet MUN C I, then PF"(#) and PF"(#), hence PF'(+t @ #).
HWMUN G .. .eg by M g L then =PF"(#). Hence by N being strong
-PFMtqgt).

2. By A5,

3. We may assume no X, to be vacuously bound. Then
MX, =201 1 E MX, =20 er s
D as M7= 2 m,evar [Z2) Xert 0 [ 7] Xiier s

CHAPTER 3. SEMANTIC THEORIES 58

Das MZo= 2heror [Z0) Xiwert V[ 72,/ X ]a,ers
D ag MX, 2 2,)erur. N s,

Using partial application we can define DRT-type quantifiers @, for the “du-
plex conditions” of [Kamp & Reyle 1993], by means of standard generalized quan-
tifiers @ as relations bhetween w-properties. The weak and strong readings are

obtained as follows:
HQ )" =g Q2 B t[z.2], A2 B (1@ #)[7.2]),

HQa)*t =gy Q(A2.E t[x.2], Az t[z.2] > t[z.2]).

3.3.4 Consistency

To prove the existence of Kamp Structures we just need to check that the proof
in section 3.1.2 for Frege Structures goes through for an operator 85 which is like
A7 but replaces Azx with Azs, (or just adds it). The only problem in doing so

stems from the quantification aver sets of variables in the axiom:

(Ars) YM. N CVar: PC(P.f. h. M. N)= (d;e f € P and
diefeT & TCAT. f.h M. N)).

We thus need to adapt the definition of 85 to this format.

Definition 28 85 (P.T) =4 (P'.T'), where for the logical constants 1 of Kamp

Structures:

o P’ s the smallest set such that for eachl, f.h. M. N:
PC;(P f h. M, N] = dl‘f‘h S 'Pl,‘

o T' is the smallest set such that for eachl f. h. M. N:
PCP, f h M N) and TC(T, f.h, M.N) = dys, € T".

Lemma 37 Any fired point for g satisfies Azs,.
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PROOQOF: Only part (iii) of the proof for Frege Structures needs to be exam-

ined. The crucial fact about w-properties that we need here is that
(x) PTYM(d) and PTYM(d) = M= M"

Tet PCs,(P.f.h. M. N)and ds. e f € T. Then there are I. f'. &', M', N' with
ds o f = dypp such that PCy(P. f' b, M, N') and TCy(T. f'.h', M', N'). But
then by I = > and f = f' we have PCs(P.f. h. M’ N'). which implies that
M =M and N = N' Therefore TCs(T. f. h. M, N). O

The other axioms are obeyed as before. Again the result of the construction

is in fact a strong Kamp Structure, as can be easily proved from ().

Theorem 38 Fuery non-trivial SAC-model can be extended to a Kamp Structure
with Predication, where infinitely many relations are internally defined by w-

properties.

PROOF: For each given formula ¢

r4. plus a term r,, distinct from all r;, and variables 1, ..., 2,, and add the following

we take a semantically distinct term

1 i
axiom to the theory of Kamp Structures

Voo, No# gt = P(roirg (2,0)=0a DMTreirg: (200200 ) € )

1=1.n

Given these proposition conditions, the least fixed point for fx makes
{ruirg: (z5.05)jer)) a proposition if and only if for all j € .J v; # #iff z; = =, for

some i € {1,..,n}. Therefore we have
PTV{‘““”‘T”}(A{J:L b rwi e (203 ) =10 ).

Together with the truth conditions, ¢ is therefore internally defined by an
w-property. O
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3.4 Situation Theory

Situation Theory is different from DMG and DRT in that it is not a semantic
theory that hy itself provides at least the outlines of a syntax semantics inter-
face. Providing such an interface for ST is the task of “Situation Semantics” '8
Situation Theory concentrates on the (onto)logical side of the enterprise, as T do
in this thesis. Tt fits less well into this piece of work though, because simulta-
neous abstraction is not really at the focus of ST's attention. AT, is important
for madelling forms of ST, but the central contributions of ST lie in the theory
of situations and their informational content, which has very little to do with
simultaneous abstraction.’” My aim here is not to give a definitive version of ST,
but rather to show how some rather mild assumptions about the part-of structure
of events'™ huys us rather cheaply a fair amount of ST, if we make use of the
theory of Proposition Structures. My aim is to get a theory that is close to that
of [Barwise & Cooper 1991], but rests on rather few axiomatic assumptions over
and abaove those already introduced in previous sections.

We add to FOLsac the predicates Sit (being a situation) and < (part of),
assuming that < is a partial order on situations. Tt seems reasonable to assume
them to form a (complete) lattice, but T just add the weaker condition of direct-
edness here. T.et me use e, ¢’ ... as variables for events. writing ‘Ve .. ' instead of

Yo Sit(v) = ...

Definition 29 the following azioms constitute our THEORY OF SITUATIONS:

(reflexivity ) Ve e<e
transitivity ) Ve el e e<e Ae! <e’ 5e<e
Y/
antisymmetry) Ve.e! e<eANe'<e—ae=¢
Y Y/
(directedness;  Ve.e' 3e” e<e"Ne <€

"6There are of course conuntless ways of going about this task, which may make use of ST to
varying degrees.

""No unique, generally accepted, Situation Theory has emerged from these effarts. Tn
[Barwise 1989] a number of “chaice paints™ have heen isalated, which provide a map for the
various versions of ST one might encaunter. Tleave most of these choices apen, to be fixed in
the light of the semantic application or particularly strong metaphysical intuitions.

"8T use ‘event’ and ‘sitnation’ interchangeably.
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I take these axioms to be fairly uncontroversial among those who believe that
events have a rale to play in semantic theories. One might want to restrict the
last axiom to events which are part of the same possible world, if one assumes
the existence of non-actual “possible situations”, for it would lead to “impossible
gituations” otherwise. T will take an actualist stance here. Non-realised types
of events will hopefully compensate for the absence of other worlds, though the

matter is not of central cancern here.

3.4.1 States of Affairs

Typically in Situation Theory one classifies situations e by certain “states of af-
fairs” (soa‘s) o which they “support”, written e |= . Soa's have traditionally
been taken as fundamental entities of ST, with situations being regarded as some-
thing rather like sets of them. Even when situations are taken as primitives, and
support as the ST carrelate to truth, they still usually are in close correspondence
with the sets {o]e |= 0}.'® and their part-of structure is defined in terms of the
subset relation on those sets.

T do not want to pursue an extreme version of ST here where all propositions
are “Austinian”, that is of the form ‘e |= o'. Given a more liberal view of
propositions, it seems most natural to take part-of as basic, together with truth,
and define support of soa’s in terms of these: soa’s are persistent types of events,
and a situation supporting a soa is just another case of an object having a certain
property. This brings ST closer in line with our versions of DMG and DRT, and
makes consistency a trivial matter: OQur Theory of Situations poses no particular
consistency problem, and so long as Sit and < are given in advance it is also
consistent for them to be internally defined in a Proposition | Frege . or Kamp
Structure.

A critical point for ST is the treatment of “negative soa’s”: there is a crucial
partiality in that a situation may fail to support a soa as well as its negation.

¢

It is tempting to try to capture this by saying that ‘e |= ¢ sometimes fails to
express a proposition internal to the Proposition Structure, thus exploiting the

truth value gaps allowed for in that theory. But this would not lead very far as we

19Tt is thus often assumed that {ole |= o} = {o]e’ = 0} impliese = ¢’
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have no weak negation in that system: our negation only produces a truth if the
negated ohject is a false proposition. The system would be inconsistent if objects
without truth value could be negated, for example to form a true proposition
‘e £ o' in cases where ‘e |= o is thought of as lacking in truth value.® Hence |
have to insist that soa’s and other types of events always yield propositions when
applied to an event, which means that the strong, non-bivalent negation of soa’s

has to be introduced by additional axioms.
Definition 30 We define
o Toe(t) =4 Ye P(t(e))  (“ is a TYPE OF EVENTS” ).

Tuse 7, 7' .. for toe’s and write e |= 7 for T(7(e)).

o Soa(t) =4 Toe(t) AVe e (e=the<e = e |=1) (“t is a STATE OF

AFFATRS” ).

Soa's are referred to by o.0' . Toe's can be conjoined, disjoined, and

weakly negated. We define
o M=y AXAYAZ X(Z)NY(7);
o U=y AXAYAZ X(Z)UY(Z);
o ~ =4 AXAZ. L X(Z).

Theorem 39 In every Proposition Structure obeying the Theory of Situations
holds:

1. Soa(a) A Soa(a') = Soalo N a');
2. Soa(a) A Soa(s') = Soalo U d');
3. Toe(r) = Toe(~ T);
JoeErNTseErAe T,

5 eETUTM elETVEeRET,

belE~ToelfET.

20This is in contrast to Muskens' work, cf. [Muskens 1989], who uses a typed logic in which
weak negation in unproblematic.
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3.4.2 Barwise Structures

We saw above that our standard notion of negation is too weak to capture the
partiality of negation in Situation Theory. The intuition for strong negation seems
to be that a situation supports a negative fact, e |= 7, if some fact in e precludes
o from holding. and does so in a persistent way. Using strong implication and a
property sit which internally defines the predicate Sif, one might try a definition
like 7 =4 AX.TTY 514(YV) D Lo (V). But this would make negative soa’s downward
persistent, and only spuriously situated. Perhaps an internal entailment relation
= between propositions, roughly similar to the “constraints” of ST, could be
used, together with an internally defined <, to express the above intuition as
T =g AXTY sit(V)A X <Y = Lo(V). This would presumably be genuinely
partial and not downward persistent, but T have no results on how appropriate
entailment relations could be internalized, and such a notion of negation may fail
to derive the full set of properties of strong negation, as they are usually assumed
in ST.2

T.et me thus follow the standard ST account more closely, and assume we are
given a list wy, %y, 19, s, . . ., Uy, Uy, of symbols for hasic situated relations which

apply to an assignment and a situation to form propositions.

Definition 31 4 BARWISE STRUCTURE is a Proposition Structure satisfying
the Theory of Situations such that for each j € {1..n} there are roles {z,},er,

e

such that v v, £ #:

Soa(uj(z, v,),er,) A Soa(T;(2,.0,)er,)

Ve e = 7_1‘7(.77,.7),],677 —elE 71‘7(.77,.%],677

Jde e 71‘7(.77,.%],677 Vel 77(.77,.7),],677

210ne may of course wonder whether these assumptions ate well mativated if propositions
are taken to he more fundamental than soa's, as T am inclined to do.
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Definition 32 We can now introduce standard notations for basic and complex
negative soa’'s:?

o Luj (7,4 )er, 1 1> =ap u(2 t)er,

o Luj (7,4 )er, 1 0> =g W2, 1 )er,

o 0 Moy =4 77 Udy,

o yUoy =y 77 N7y,

e T=y40.

By induction on ¢ and the directedness of < we have for all soa's o:

Theorem 40 3ee =7 & Vee fEo.

3.4.3 Consistency

Theorem 41 Any SAC-model can be turned into a Barwise Structure.

PROOF: T.et R, R,. for i = 1..n. be a set of n,-place relations satisfying
Yus. .0, 7 #:

o Ve el Rle va, .. ,up)Ne<e = Rle v ... v,);

2

o Ve ¢ ﬁ,(ﬁ‘ﬂg‘...‘UnJ ANe<e = R(e va ... on):

= 2

o Ve (Rle.vy, . vp) = Ve =R(e vy, . v,));

e Je Rle.vs,...,v,,)V R(e va, ... 0p).

22Tt would be nice to he able to show consistency for a theory that has strong negation
as an internal operation, with appropriate axioms of support, rather than using the following
metasyntactic definitions.
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Such relations clearly exist. and can be internally defined by n,-place properties
t,.1,. We then take
U, =ap Mo, 2 JAT L3 2y,

T, =g MTo, . T0 JATL LT T,

The Barwise axioms are then obeyed as required. O

It is clear from the fixed point canstruction that the additional quantificational
axioms of Frege- and Kamp Structures are all consistent with this theory too.

So we can throw them all together without any worries.

Theorem 42 Any SAC-model can be turned into a Frege-Kamp-Barwise Struc-

ture with Predication.

Chapter 4
Further Directions

In this chapter T will be mainly exploring variations of the SAC that might bring
it closer ta more papular versions of DRT. After a look at dynamic semantics, and
a typed version of the SAC, T will pursue what seems to me a rather promising
direction of giving a slightly more structured semantics to the SAC, inspired by
[Zeevat 1989]. Under this semantics the set of abstracted variables is a defining
ingredient to the meaning of A-terms. This allows us to define versions of the
conditional, and the merge operator, which are closer to the originals than those
of the preceding chapter. Finally T briefly discuss the notions of restriction and
appropriateness, which figure prominently in [Barwise & Cooper 1991].

An understanding of sections 3.1 to 3.3 will be presupposed for most of this

chapter.

4.1 True Dynamics

The system of DRT presented in chapter 3.3 did not use any non standard
kind of binding of variables heyond the scope of an appropriate operator. But
such binding is prominent in so called “dynamic” forms of semantics, which
thus stand in some contrast to my approach. Tt is time to ask what the rela-
tion is between the SAC and systems like the Dynamic Predicate T.ogic (DPT.)
of [Greenendijk & Stokhof 1991], which are based on relational interpretations.
DPT. replaces the non-standard DRT syntax by FOI. formulas. but they have

66
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shown how to give the relational interpretation for DRSs too. let us view rela-
tions between assignments as functions from assignments to sets of assignments.
Call sets of assignments w-sets, and take conditions to denote just w-sets ||¢].

We then get the following denotation for a DRS:

{m1 .10}
{1 an}llpp, = {hlg " ~""h A he|ol}

This should be compared with the extensions of such terms as they are in-
terpreted in Kamp Structures. Tet ext(d) =4 {h|deh € T} We then also get
w-sets as denotations under an assignment, but they are different from the DPL.

ones:

ext([{zr.2,3801%) = {h] 91" F € ext(B(lIglla))}-

The point is that the A's in our set can assign anything they like to the
variables outside {z...z,}, while for the DPI. style of denotation they have to
agree with the incoming g.

A natural development of DPL., carried further in [Dekker 1993], is to view
“information states” as such w-sets, and then lift denotations of DRSs to functions

from w-sets to w-sets. such as:

lollnprs(G) = U l615p:
9€G
which is quite different from the trivial lifting from ¢ to Ap.(p@& ¢) that might be
used in our system to make our meanings less static.

The lack of a requirement for assignments to agree on certain variables has
consequences for semantics. In contrast to DPI. for example we had to abstract
over variables in order to link them anaphorically to preceding discourse by our
discourse sequencing operation &. I will discuss other kinds of sequencing, which
may allow the capturing of free variables, in due course. What is clear though is
that relational compaosition, the hallmark of DPI.-style dynamics, is not an option
for SAC-style meanings. If we would use DPIL. style composition for discourse

conjunction the referential link between identical variables could nat be sustained
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over more than two sentences, because in the SAC any “outgoing” assignment is
free to disagree with the “incoming” one. So I opt for a version of Zeevat's merging
operation to link anaphora to their antecedents. In contrast to composition,
merging is commutative', thus allowing us to capture cataphora in the same way.
A similar divergence between the two approaches is found in the treatment of
the conditional. Again we had to put anaphoric variables into the abstracted set
of the consequence, but only those which are anaphoric to the antecedent, not
those which refer further back.

There is something of a philosophical gap hetween the approach of this paper
and the “truly dynamic” ones, which is brought out by these considerations. On
the SAC view the functions from assignments to w-properties are not regarded as
ways of “updating” information states by incoming material. Tt makes no sense
on this view to talk of “input”™ and “cutput” in reference to the assignments. My
guiding intuition is rather that semantic objects should be plausible as things to
have attitudes towards. These objects. | take it, are rather static creatures with
reference to which such notions as “information change” should be defined. So
if we are to introduce some way of capturing free variables into our system it
should be done in a way that preserves the fundamentally static view of semantic

objects that underlies the proposed framework.

4.2 A Typed System

T will sketch a typed version of the SAC here, with some operators added to
formalize DRT in relatively simple, extensional fashion. The purpose is to illus-
trate how a simple way of typing the SAC can work, and to provide a system of
DRT which looks mare familiar to standard versions than the previous ones. In
particular it provides a way to bind free variables outside of the scope of their
abstracted antecedents. just as it was daone in traditional versions of the DRT
conditional, and with Zeevats merge operator &, described in chapter 3.3.1. By

using the universe of a DRS as part of the typing information we will able to prove

1Strictly speaking this is only so if conjunction is commutative. Still, it's close enough for
Qur purposes.
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as sound the merging principle of DRSs (MP) in full generality, which states that

(MP) EMMigIM ¢ = XMuM tnt

even if some variables in M occur free in #. or same in M’ accur free in . This
means that free variables can be captured to the left and to the right, via merging
with DRSs in which they are abstracted over.

It is clear that we cannot get the equation in full generality for A, under its
original interpretation, when we lock at vacuous abstractions. We would need
to prave for example that ({z}.true) ® ({}.F(z)) equals {z}.(frue N F'(z)). But
under the old semantics |= {z}.true = {}.true, and thus MP would imply that
{z}.(true N F(z)) equals {}.(true N F(z)), which is clearly not correct.

It should be noted that the capturing of free variables as such is not incompat-
ible with the original semantics of A. One could for example capture all discourse

markers in a merger of two terms by defining
DM . DM
[E@ £ =&AL () AN ()

where A is the semantic carrelate of conjunction. The problem wonld be that we
capture too much to validate the merging principle: if M, M' C DM we would
get =AMt & AM' .t = ADM.t N #. What we need is a semantic notion of the
roles of abstracts, corresponding to the sets of their abstracted variables, here M
and M’ This allows us to restrict our catch to M U M’ leaving the rest free to
be caught by other abstractions. The types, with the correspondingly restricted
denotations of Appgry. provide such a notion. Another way to provide it will be
explored in due course.

In arder to type SAC expressions one has to build function-types that reflect
the fact that terms apply to variable assignments. So on the argument side of
such a type we introduce an indication of what type the objects have to be that
are assigned to which variables. A set of typed variables provides this kind of

information.? Hence a function type will be a pair (M. 1), where M is a set of

2Far an Al.-style system on might use typed rtales, or mappings from (untyped) roles to
types.
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typed variables and 7 is a type. We thus define the set of types and the set of

variables simultaneously.

Definition 33 et TYPE and VAR be the smallest set and family of sets such
that

o e t € Type;
o 7 €Type = v} 02 . € Var,;
o 7 € Type and x, € Var, fori €1 = ({z]i €T} 7)€ Type.

Tet Var = Var, and 6(z) = 7 iff z = o7,

reType
Definition 34 The set of TERMS of Apprr are defined by:

o x €Var, = x € Term,;

o 7 €Type = ¢, € Term,;

e t€Term, and M C Var = M1t € Termpu .y,

o t€Termyapen.,y andt, € Termg,y fori €1 = tHz, b )er € Term,;

o t € Termqnyy and t' € Termppyy = tQ 1 € Termuumy and t > 1" €

Termy;
o t. ¥ €Term, = tNt. 1t Termy;
e tteTerm, = t=1 € Term,.

Notice that two DRSs AM.# and AM' .t are of different types if M # M’ The
operations & and > thus have to be polymorphic ones. which cannot be expressed
by typed constants. Such a simple minded typing scheme is too restrictive to be of
much practical use, as it prevents abstraction over DRSs with varying universes.
It seems desirable to investigate conceptions of polymorphism and subtyping for
the SAC to make further progress in this direction.

For illustrative purposes I will nevertheless give a simple, extensional seman-
tics to the system. T.et I/ be a given set of objects, D — D' be the full set of
tatal functions from D to D', and we define the sets I, and type carrect variable

assignments M—= 1) as follows.
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Definition 35 Given a universe U we define TYPED DOMAINS by:
« D.=U;
e D, =401}

o Divry = (M= Uzen Doy) = Ds,
where f € M= U,en Doy iff dm(f) = M and f(x) € Dy for allz € M.

Tet D =df U
The notation {z, — d,),er stands for (truly) partial assignment functions, and

Sl is the restriction of f to M.

reType D7, and A, = be boolean conjunction and negation on D,.

Definition 36 The DENOTATION || - || of Arprr-terms in a model {D. ) under

a type correct variable assignment g are defined by:

o flesll® = S(es);

o |lo7ll* = g(v7);

o |lE=H2 =14 IH]* = ||IF|9, otherwise 0

o It = |1 A IF);
o || Ltllr ==

M
o XM = A, 1P

. ”t(%'nJVE’”g = Ht”9(<,77, = ”n”'g>ve7j;

. M
o Nty > tap gll? =1 iff Vs 170 =1 = Fhwsn 170 (R) =1,
otherwise 0;
/ 9 — )\ . o A (1119
o ltma & tiap o lI* = Maoaesp 70 ) AIENPE(f L)

Naotice in particular the last clause: we conjoin the conditions s and s’ when
evaluating AM.s ® AM's', while making sure that variables in M U M’ are in-
terpreted by f wherever they are free in s’ ar s. This is achieved by not only

applying the denotations of AM.s and AM's’ to suitable restrictions of f. but also
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overwriting g by f on the variables to be captured. Only free variables which are
not in the universe of either of the two merged DRSs receive their values from the
assignment g, and thus hehave as ordinary placeholders whaose values are fixed

by the context of evaluation.
Theorem 43 (Merging Principle) |=pppr AMA @ AM' # = AMUM' tn ¢

PROOF: [AM &AM’ £117 = A fasuurcsn IAM A7 (F 1) A AM21F(F )
MM MY
= Muowsn [HPF 6 AF e = [AMUM tn#|9. O

In a type free, or more liberally typed system. one may need to introduce
additional structure into the semantics to achieve the same result. This is taken

up in the next section.

4.3 A-DRT

In this section T will introduce a modified semantics for A, enriched with the
basic operation &, which integrates the earlier presented ideas of Henk Zee-
vat inta the type free SAC. Tt is also closely related to the system of ADRT
[Millies & Pinkal 1992], which syntactically integrates ordinary typed A-abstraction
with DRS-formation over variables of type e. An official semantics for their sys-
tem has not yet been published, and there is reason to think that giving one is

not an entirely straightforward task.®

Definition 37 The language Apry consists of TRRMS £, built up from basic
CONSTANTS ¢. ¢’ ... #, and VARIABLES 2.y ... € Var by means of ARSTRACTION
AMt, for M C Var, APPLICATION #(,.1,),e7, and MERGE { & .

In contrast to the original SAC semantics we associate not only a particular

applicative behaviour with each object of the domain IJ but also a unique set of

By the time of writing, a semantics for A-DRT, which relies on a somewhat non-standard
interpretation of A-abstraction, had bheen praposed in [Kuschert 1995]. This interpretation
seemed somewhat problematic, and has been impraved upon, in [Kohlhase et al. 1996]. A
camparison between this semantics and my system shauld therefare he of some interest.



CHAPTER 4. FURTHER DIRECTIONS 73

variables. This makes our domain even more intensional, in the sense that for
two abstraction terms to denote the same object, they not only have to have the
same applicative hehaviour but also must abstract over exactly the same set of
variables.® For this to work, we need to turn the power set of Var into a domain,
in a way that allows us to obey the continuity requirements of our semantics.
Unfortunately the naive approach of using the subset relation to form a cpo won't
work. Instead T assume that POW(VAR) is a flat domain of sets of variables, with
an added L py element, rather than a true power-domain. We need to extend the
notions of set-union and assignment updating to the cases involving Lpy. The
cases involving proper (possibly empty) sets of variables remain as before, and
we define MU Lpy = Lpy UM =4 Lpy and g;p" =4t Lvarsn.

The retraction by means of which abstraction and application are interpreted
is thus slightly more complicated in mapping between objects d and pairs (M, ).
where M € Pow(Var) is the set of roles of d (on the outermost level), and

€ (Var = D) = D describes d's applicative behaviour. We thus use domains
D such that
D 23 Pow(Var) x ((Var = D) = D).

From this we define ¥, (d) as the first component of U(d). also called the ROTES
of 4. and U,(d) as the second component, called the APPL.ICATIVE BRHAVIOUR
of d. We write d e f for (Uy(d))(f).

Definition 38 A Aprp-MODEL consists of a retraction D =2 Pow(Var)x ((Var —
D) = D) and an interpretation S which maps constants into D, with S(#) =
Lp. The denotation function || - || for terms, under a variable assignment g, is

given by:

o flell® = S(e);

o all” = glo);

4Translated into A 47 this means that only Axioms A3 and A7 of the proof theory are no
lTonger sound in this system. Notice that Rule 4 still holds, giving ns a weakened form of
extensionality. The change seems to have no further dramatic impact on the theory developed
in chapter 2, as far as T can see. Tn particular, all encodings of A-terms have the same roles,
namely z or whatever we choose, and thus weak extensionality for A is preserved.

5Such a roles-function is also assnmed to exists in [Cooper & Paesio 1994].
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o M = @ (M),
. ”t(%'nJVE’”g = ”t”g o {7, — ”tVHQ)VEU

e freelr =& (MUML AL T e £ A e ),
where M = Uy (||#]|9) and M' = @ (]|#|9).

Theorem 44 AfoHq’fw is continuous.

PROOF: By induction, along the lines of Theorem 1. T leave it to the reader
to adapt monotonicity and the other induction steps, and only show the induc-
tion step for ® here. Recall that * = |l,¢, hn. Tet N, = ‘JJ](HTHq%] N! =
W ([[1%5). N = W([|#]93%) and NI = W, (]|#][9*). Notice fhaf N. = Unew No.

and N} = |, N/, by the induction hypothesis. Also |, <, gh f = pecw g,’,\/”;] =

Qllz‘/*”fv* and Un(wgh,ﬂf = Un<m l);l,v”;] l),’,\/”fv

Thus, Af|t & t‘|\97fv’(h*j = |t ¢

MN, X MN,
=& (NUNL AL |[#]|% o f A #1177+ o £)
B (NLUNL A HrHUm VRN TR RY))

P (Uncw No U Unncw N AL Um HTHW o f A Um@ I#]1%7  £)

B (| (NLUN), Um(Af Hmef o fAE] e f))
= Uncw ® (N,UN, AT, Hfl\”ﬂf o fAIEITT 0 f)
= Upew 1@ )90 = Ucw AfIIER #I7F (By). o

The semantics of ® bears close resemblance ta the ane in the typed system of
the previous section. A is the semantic operation of conjunction, i.e. dAd =4
Hmﬁmlﬂgﬁ’/. The addition of the set of argument roles as a component of the
meaning of terms allows us to capture free variables in the intended way: just as
m Apppr those free variables of a DRS which are abstracted in the other DRS of
a merge-expression are caught, while others remain free to be accessed by other

abstractions.

Theorem 45 (Merging Principle) |=aprr AM A Q AM' # = AMUM' . t0 ¢
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PROOF: [ AM.1 @ AM".£]|?
— & (MUM'Af M o f A M2 o f)
=& (MUM' Xf 77 A )™
= & (MUM, AL A
— & (MUM', AL t0 ¢
= [AMUM' £ ]9, O

Capturing free variables is clearly possible in this way, but we cannot hope
to increase the catch by applications to terms containing such free variables. For
example, we cannat derive an equation where the VP content Az{}.(Gzz contains
an anapharic reference ‘z’ to the content AP.{x} Fz ® Pz of the subject NP.% as

() AP{z} Fz® Pz) (A2{} Gzz)={z} FzQ {}.Gzx.

It has been assumed in A-DRT that such equations hold, without having
given a semantic justification for them. But this is not a problem that can't be
surmounted. We simply use the ™ and “-operators of DMG. from chapter 3.2,
to get a cleaned up version of this form of variable capture. Recall their definition
as ADM.t and #(2.2);epm from that section, where DM is some infinite subset
of the variables. The following is valid in our A-DRT, given 2z € DM:

(A\P{z} Fi@ " Pi) "(A2{}.Gaz) = {i} Fa@(Y " A2{} Gaz)a = {a} Fac{} Gax

which by the MP reduces to {z}(Fz N Gzz).

Notice that this kind of system uses three apparently different kinds of ab-
straction: ordinary unary A-abstraction, abstraction over the universes of DRSs,
and -abstraction to “intensionalize” over discourse marker assignments. Yet
these three aperations are in fact, as I have shown. instances of ane and the same
form of abstraction, namely simultaneous abstraction, as it is formalised in A and

A ar. The present modification in the semantics of the SAC in this section does

SThis example assumes that anaphora are resolved hefare the compositional DRS constric-
tion takes place. Far a different approach see [Asher 1993].
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not affect that result.
T thus propose DMG style “intensional” application #[#'] as a general mode
of semantic composition for A-DRT, in order to extend the capturing of variables

T in the represen-

beyond the scope of &. Having the extra level of abstraction
tation "AU.C of DRSs is also useful for giving a truth axiom for 3. If we would
insist on using free variables, as in standard DRT, we would be unable to regard
> as an operator, or constant, which takes two terms to form a complex one,
whose denotation under assignment g is a function of the denotations of its argu-

M aver all discourse markers allows

ments under ¢.7 The additional ahstraction
us to view 3> as a constant, as we did in the earlier system of Kamp Structures.
Tnstead of PTY ™ we therefore need a similar predicate DRSM = which refers
to the second level of argument roles of ("-lifted) DRSs. Given two lifted DRSs
"AU.C and "AU'.C' we get a condition "AUC > "AU.C’ which is also lifted,
in the sense that it needs to be applied to a discourse marker assignment to form
a proposition.

I will state the new axiom of truth in semantic terms here, rather than in

some variant of FOLgac. Tet > be the operation that interprets the constant

>,

Definition 39 1. DRSM(d) &4 Vfdm(f) 2 DM =
Uy(def)=M AVhdm(h) DM = defeheP.

5. A KAMP STRUCTURE for A-DRT is a Appp-model with subsets T, P obey-
ing the Proposition Structure arioms, such that for alld. d' € D:

DRSM,(d) A DRSY () = CONDpy(d>d) A
YVidm(f) D DM = (d>d)ef eT &
Yhdm(h) D MA(de feh) €T = 3kdm(k) D M A(defMek)eT.

"Naotice that ® is not treated as a term here for this reason: Hf ® t‘”" is not a function of
[[£]17 and ||#']|9, but of ||2], |#']| and g, similarto ||AM.%||? being a function of ||#]|, g and M, not
of ||£]|9 and M
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One might want to always abstract over all discourse markers of a DRS. thus
uniformly representing DRSs (U, C) as "AU.C’ rather than AU.C'. The merge-
operator could be redefined in a suitable way, or simply be lifted to ("t & “#'),
with the expected result. The canjunction of conditions could be lifted similarly.

Here are some simple facts about lifted DRSs and conditions.

Theorem 46 1. DRSY, (1) ADRSM, (1) = M =M"
2 DRSM,(t) ADRSM,(#) = DRSMUM (T(Ytg “i)).
3. ONDDM(?L] /\ONDDM(?U] = ONDDM(H(HTQ ut‘]].

Yet, a sweeping use of abstractions seems unnecessary to me, and 1 prefer
to make only minimal use of cups and caps, along the lines of the earlier DMG
fragment. T hope the resulting variation in the representation of DRSs, sometimes
using ", sometimes not, will not confuse too much here. Perhaps parsimony

should be sacrificed for generality here.

4.3.1 Consistency

T.et me show how to adapt the fixed point construction for Kamp Structures to
the new axiom. We need to make sure that (d>>d') @ f cannot be equal to the
application of any other logical constant to its arguments, or of the same logical

constant to different arguments. We thus set

d>> =df ”A{Z1 Z?}A<X7’_>m7)m7EVnr'<<r>>: (21'21‘ Z?'Z?]: (mV‘XVerEVﬂr»”g

The new axiom may be reformulated as:

(Azs) PCs (P, fh M N)= (ds, e fehePand (dsefefecT &
TCS(T. f.h.M.NJ)).

with the proposition condition DRSM, (F(z))ADRSNy (f(22)) Adm(kh) D DM,
and the truth condition Yk dm(k) D M A (f(z1)ehek) e T = 3k dm(k') D
NA(f(z)eh e k') €T,
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We keep the definition of 8x from 3.3.3, letting di s =g dj@ fehforl = A >

and dj s =ap di @ f otherwise.
Lemma 47 Any fired point for g satisfies Az,

PROOQOF: Again only case (iil) of the original proof is of interest. (ili) T.et
PCs (P, f. h. M, N)and ds,efeh € T. Then therearel, f'. h'. M' N'with ds. e fe
h =dyp g, such that PCy(P. f'. h', M'. N') and TC(T, f'. h'. M'. N'). But then
I=>, f(z1) = f'(z1). f(22) = f'(z2), and h = k. Hence PCs (P, f, h, M'. N},
which implies by theorem 45.1 that M = M’ and N = N’ Therefore
TCs(T. f.h. M, N). o

The other logical constants behave as before. So we conclude:

Theorem 48 Fuery non trivial maodel can be extended to a Kamp Structure for

/\DR’T“

4.3.2 Some A-DRT Translations

I present the same Categorial Grammar fragment as for DMG here, where | try
to give translations that are very close ta DMG yet result in appropriate DRSs.
We use the same categories, and slash elimination rules. T delete the tautological
assertion ‘true’ from any conjunction, to make things more readable. To save
brackets T assume the scope of aperatars to be narrowest for Y, and increasingly
wider for application (bracketing to the left), N, universe abstraction, &, and

unary A-abstraction.

(/E) if7y = A/B:t and 75 == B :#y then 717, = A : #; [15]
(\E) if 7= B :t;and 75 = B\A:t; then 7475 = A : #5[#]
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“levery]’ = (s/(n\s))/en = XaX8. {}"([{2}true ® "az] > [Y8 2])
‘man’ = en o Az {}man(z)
‘with' == (en\en)/(s/(n\s)) : XaABAS (YB48) & "a [Ay.{}with(d, y)]
Wla]’ = (s/(n\s))/en : XaXB. {y}rue® "ay® "By
‘donkey’ = en Az {}donkey(z)
‘heats’ = (n\s)/(s/(n\s)) : Aard "a[dy.{}beat(d, y)]
Wlit] = (s/(n\s)) : Xa.Yay

W[a] donkey’ = s/(n\s) :
AB. A{ytrue ® “[Ax {}donkey(2)]y & “By
AB. {yttrue ® Az {}donkey(z)y & "By
AB {g}true & {Ydonkey() & V6
AB. A{y}true Ndonkey(y) & "By
AB. {5 }donkey(s) & 16 5

‘with ¥[a] donkey’ == en\en
ABAG. (MG 8] @ VIAB. {y}donkey(y) ® U y] [y {}with(d. y)]
ABAS. (VB 8) & (ABAytdonkey(y) @ V8 9) [My A with(3. y)]
ABAS. (U8 6) & ({ytdonkey(y) & “[Ay {Iwith(5. y)]y)
ABAS. (VB 6) & ({ytdonkey(y) & {Jwith(s, 9))
ABAS. (U8 6) & ({ytdonkey(y) Nwith(s, y))

‘man with ¥[a] donkey’ == en :
AS. Uz {Yman(2)] 6 & ({y}donkey(y) N with(d,y))
Ab. {}man(8) ® ({y}donkey(y) N with(d, y))
Ao {y} man(§) N donkey(y) N with(d, y)

“%[every} man with ‘;[a} donkey’” == s/(n\s) :
AB- A} (it true @ YA {g}man(6) 0 donkey(y) Nwith(d.y)] ] > [2547)
3. {(}U([ {3 Hrue & {iman(a) 0 donkey(3) 0 with(s, )] > [49 61)
AB. YV ([{2, 9} man(z) N donkey(y) Nwith(z.y)] > [U64])
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‘beats ¥[it]" == n\s :
Ad. U[ha. Ya gl [Ay.{Ybeat (8, y)]

Ab. B[y {}beat(d, y)] g
Ab. {}beat(, y)

“levery] man with ¥[a] dankey beats V[it] * = s
{}Y([{2. 9} man(z) Ndonkey(y) Nwith(z,4)] > ["[A6.{}beat(8.y)] 1)
(Y U[{2 §) man(s) 0 donkey(s) A with(s 9] > [{Ybeat(z o)1)

4.4 A Note on Appropriateness and Restrictions

The Situation Theory of [Barwise & Cooper 1991] contains a rather sophisticated
theory of appropriateness of assignments for abstracts. Any object carries appro-
priateness conditions with it, which have to be met by its arguments if appli-
cation is to be defined. One particular way of intraducing such appropriateness
constraints on abstracts is by using a RESTRICTION OPERATOR [. It links truth

to identity in a presuppositional way:
(x) TH)Y= 1)Y=t A =TH) = (H1H) = #.

With such an axiom one can impose additional presuppositions t  y into
an abstract, to form A(X, = 2,)/_, (tx,.x, 1 %, x,). This applies to (z,.4,); to
result in [t,/X,]", ¢ only if [£,/X,],# is true.

Unfortunately the axiom (*) is inconsistent with Proposition Structures: take
some term ¢ which does not denote L, then the abave version implies that
Az.(t = (t 1)) internally defines truth, which is inconsistent, as we saw ear-

lier. One might try to use a weaker version instead:
(xx) TH) = (1)Y=t AN F(H') > (11H) = #.

T do not know whether (x*) is consistent with respect to Proposition Struc-

tures. What is demonstrably consistent,® is to have just restricted propositions,

8Tq prove this, one just has to account for the fact that the proposition condition PC, is
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following [Plotkin 1990], such that:

(Az))  PUH)ATH) = PHIEYANTEHIY) & T(4).

This axiom is certainly a less powerful tool for introducing presuppositions
than (*). which might motivate us to change our relatively naive treatment of
undefinedness ® As things stand, T have no mnotion of appropriateness for the
SAC beyond the rather weak principles governing #. and those obtained from

the conditions for the formation of propositions.

4.5 Conclusion

I have shown that a minor change from the strictly ordered A-calculus to a the-
ory of simultaneous abstraction, which would seem well motivated by word order
considerations alone, is enough to recreate three of the currently most influential
semantic theories. T have established some fundamental results concerning vari-
ants of this form of abstraction, including equivalences between the basic SAC,
an Aczel Lunnon style system, and a Combinatory Logic version. Completeness
and confluence theorems were obtained.

I have used Frege Structure style axioms to obtain Dynamic Montague Gram-
mar, Discourse Representation Theaory, and Situation Theary. DMG was obtained
via Chierchia’s Dynamic Property Theary. ST was shown to be easily obtained
by adding a simple theory of events and strang negation to the basic Property
Theaory. A simple minded Property Theoretic DRT was obtained as well, by
adding an axiom for conditionals. The disadvantages of this system motivated a
slight change in the semantics of the SAC, which allowed for a more satisfactory
formulation of DRT. The resulting system can be considered as a semantically

kosher, highly intensional relative of A-DRT, with only one underlying form of

defined with respect to 7, as well as P, in the fixed point construction. Everything else works
as hefore.

T'm indebted to Peter Aczel far pointing out that there is no easy fix for (*) by restricting
the equality axiom of Proposition Structures, to produce propositions only if both sides of the
equation are defined. A deeper re-think of the treatment of undefinedness is required if we want
(%) to hold.
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abstraction, appearing in three different guises.

I believe the SAC together with Property Theoretic axioms provides a pow-
erful framework for linguistic semantics. Tt provides an elegant machinery of
high generality and simplicity, and appears to make good philosophical as well as
methodaological sense. T feel that T have only scratched the surface of the logical
and linguistic issues involved, yet T hope this may suffice to suggest that such a

framework is worth having, and that the effort to obtain it is relatively modest.
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